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Abstract

Let (¢1,m), (€2,m2), ... be independent identically distributed R?-valued random vec-
tors. We prove a strong law of large numbers, a functional central limit theorem and a
law of the iterated logarithm for the convergent perpetuities >, ., pért ey, ) as
b — 1—. Under the standard actuarial interpretation, these results correspond to the
situation when the actuarial market is close to the customer-friendly scenario of no
risk.
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1 Introduction

Let (&1,7m1), (&2,7m2),. .. be independent copies of an R?-valued random vector (&,7)
with arbitrarily dependent components. Denote by (S )ren, (as usual, Ng := NU{0}) the
standard random walk with jumps & defined by Sy :=0and S :=&; + ... + & for k € IN.
Whenever a random series ), -, e Sk Nk+1 converges a.s., its sum is called perpetuity
because of the following actuarial application. Assuming, for the time being, that ¢ and 7
are a.s. positive, we can interpret 7, and e~%* as the planned payment and the discount
factor (risk) for year k, respectively. Then ., e Snu41 can be thought of as ‘the
present value of a permanent commitment to make a payment ... annually into the future
forever’ (the phrase borrowed from p. 1196 in [13]). When studying the aforementioned
random series from a purely mathematical viewpoint, the one-sided assumptions are
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Discounted convergent perpetuities

normally omitted whereas the term ‘perpetuity’ is still used. See the books [7] and [16]
for surveys of the area of perpetuities from two different perspectives.

In the present paper we investigate the asymptotic behavior as b — 1— of the
convergent series ), . b 41 that we call discounted convergent perpetuity. We
intend to prove the basic limit theorems for the discounted convergent perpetuities:
a strong law of large numbers, a functional central limit theorem and a law of the
iterated logarithm. Getting back to the actuarial interpretation, these results describe
the fluctuations of the present value when the actuarial market is close to the customer-
friendly scenario of no risk.

A sufficient condition for the almost sure (a.s.) absolute convergence of the random
series Y .o 0% m+1 with fixed b € (0,1) is E¢ € (0,00) and Elog™ || < oo, see, for
instance, Theorem 2.1 in [13]. This sufficient condition holds, that is, the discounted
perpetuity is well-defined for all b € (0, 1), under the assumptions of all our results to be
formulated soon.

We start with a strong law of large numbers.

Theorem 1.1. Assume that p := E¢ € (0,00) and E|n| < co. Then

3 _ Sk — —1
bl_l)I{l_(l b)kZ%b Mk+1 =~ m a.s., (1.1)

where m := [En.

Throughout the paper we write % to denote convergence in probability, and = and
9, to denote weak convergence in a function space and weak convergence of one-
dimensional distributions, respectively. Also, we denote by D(0, oo) the Skorokhod space
of right-continuous functions defined on (0, co) with finite limits from the left at positive
points. We proceed by giving a functional central limit theorem.

Theorem 1.2. Assume that u = E¢ € (0,00), En = 0 and s? := Varn € (0,00). Then, as
b—1-,

((1 _ b2)1/2 Z busknk-i-l) - = (252M_1)1/2 (/[Ol’oo) e_”ydB(y)) (1‘2)

k>0 v u>0
in the J;-topology on D(0, o), where (B(t));>o is a standard Brownian motion.

Remark 1.3. The limit process in Theorem 1.2 is an a.s. continuous Gaussian process
on (0, 00) with covariance

1
B[ emape) [ emBe) = woso (1.3)
[0, ) v

[0, 00) u
Such a process has appeared in the recent articles [8], [17] and [18]. The latter paper
provides additional references.

Putting in (1.2) v = 1 and using (1.3) with v = v = 1 we obtain a one-dimensional
central limit theorem.

Corollary 1.4. Under the assumptions of Theorem 1.2, as b — 1—,
(1= 6)Y2 3 0%y~ (2012 Normal (0, 1),
k>0
where Normal(0, 1) denotes a random variable with the standard normal distribution.

Finally, we are interested in the rate of a.s. convergence in Theorem 1.1 whenm =0
which is expressed by the law of the iterated logarithm. A hint concerning the form of
this law is given by the central limit theorem, Corollary 1.4. For a family (z;) we denote
by C((z¢)) the set of its limit points.
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Theorem 1.5. Assume that u = E¢ € (0,00), Enp = 0 and s? = Varn € (0,00). Then

1—b2 1/2
S ¥ = @65 as,

lim supy_,;_ (71
loglog =7 =

1—p2 172
liminf, ;. (71) S bt = (2822 s, (1.4)
loglog =7 >0

In particular,

102 1/2
c bk be((1—et 1/2,1>):—1,1 S.
((mbaey) " Srmesseto-e ) = o

k>0

2 Related literature

Random power series. A random power (or geometric) series ), bEni.q for b € (0,1)
is a rather particular case of a discounted convergent perpetuity which corresponds to
the degenerate random walk S, = k for k& € INy. In this section we first discuss known
counterparts of our main results for the random power series.

Law of large numbers. Under the assumption [E|n| < oo, the following strong law of
large numbers can be found in Theorem 1 of [19]

lim (1-b)> b =m as, (2.1)

b—1—
k>0

where m = [En.
Central limit theorem. Under the assumption ]E|77\3 < oo Theorem 1 in [12] proves a
Berry-Esséen inequality which entails

(1- b2)1/2(2bknk+1 — %) LN sNormal(0,1), b— 1—,
k>0

where s? = Varn € (0,00). Theorem 4.1 in [25] is a functional limit theorem in the Sko-
rokhod space for the process ( ,E(:la bt b’fnkﬂ)tzo, properly normalized and centered,
as b — 1—. Here and hereafter, | x| denotes the integer part of real z. The corresponding
limit process is a time-changed Brownian motion.

Law of iterated logarithm. It was proved in Theorem 3 of [11] that

] 1— 52 1/2
limsup,_,;_ (71) Zbknm = 2!/2g
log log 1=z >0

for centered bounded 7;, with variance s2. In Theorem 2 of [19] this limit relation was
stated without proof, for not necessarily bounded 7. Our Theorem 1.5 is an analogue
of Theorem 1.1 in [5] dealing with random power series. In Theorem 1.1 of [22] the
sequence (7 )ren is stationary, conditionally centered and ergodic with En? < co. In
this more general setting the authors prove a counterpart of (1.4) for the corresponding
random power series. Another proof in both settings based on a strong approximation
result is given in Theorem 2.1 of [26]. See also [10] and [23] for related results.
Although a random power series is a toy example of perpetuities, transferring results
from the former to the latter may be a challenge. To justify this claim, we only mention
that while necessary and sufficient conditions for the a.s. convergence of random power
series can be easily obtained (just use the Cauchy root test in combination with the
Borel-Cantelli lemma), the corresponding result for perpetuities is highly non-trivial,
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see Theorem 2.1 in [13] and its proof. The reason is clear: the random power series
is a weighted sum of independent random variables, whereas it is not the case for
perpetuities.

The investigation of (general) weighted sums of independent identically distributed
random variables has been and still is a rather popular trend of research. We refrain
from giving a survey and only mention recent contributions [1, 2] in which a random
Dirichlet series is analyzed.

Discounted perpetuities. To the best of our knowledge, Theorems 1.1, 1.2 and 1.5
are new. Under the additional assumption E¢? < oo (we only require E¢ € (0,00)) our
Corollary 1.4 follows from Theorem 6.1 in [24] which we state as Proposition 2.1 for the
reader’s convenience.

Proposition 2.1. Assume that u = E¢ € (0,00), 02 = Varé € [0,00), s2 = Vary € [0, 00),
0% +s% > 0. Then

a~1/? ( Z e Sk-ip — ozm;fl> N Normal(0,1), « — oo,
E>1

where Normal(0, 1) denotes a random variable with the standard normal distribution,
m=En, v? =210y ?n? + ymp=2 + 27 1s%u~! and v := E&n — pm € R.

We stress that our idea of proof of Theorem 1.2 is different from Vervaat’s. Also,
we note that in Theorem 2 of [9] the method of moments is employed for proving a
(one-dimensional) central limit theorem for £>0 b5t as b — 1— under the assumptions
£ >0a.s. and EEP < oo for all p > 0. -

3 Proof of Theorem 1.1

We shall use a fragment of Theorem 5 on p. 49 in [14] that we give in a form adapted
to our setting.
Lemma 3.1. Let (¢ (b)) e be a sequence of real-valued functions defined on (0,1) and
(sk)rew a convergent sequence of real numbers. Assume that
(1) Y )>q lck(b)| < oo forallb € (0,1) and that, for some by € (0,1) and some A > 0 which
does not depend on b, >, |cx(b)| < A for all b € (b, 1);
(ii) limp_ 1 c(b) = 0 for all k € IN;
(111) hmbﬁlf Zk21 Ck(b) =1.

Then t(b) := >, cx(b)s) converges for all b € (0,1). Furthermore, if lim,_, s, =
s € R, then limy_,;_ t(b) = s.

hIIl 1 - b E bsk == /14 a.s. 3.1
b—)l—( )k;> ( )

For z € R, put M(z) = #{n > 0: S, < z}. Since lim, S, = +oco a.s., we have
M (x) < oo a.s. Furthermore, by Theorem B in [20], lim, .., 2~ ' M (z) = p~! a.s. Hence,
given ¢ > 0 there exists an a.s. finite zo > 0 such that [z~ 'M(z) — p~!| < ¢ whenever

x > xg9. Write
OUEEDSULETRREY (R ()
k>0 k>0 (0, 00)

The number of summands in the sum on the right-hand side is a.s. finite, for it is equal
to M(zo), whence limy_1— >, b5k I¢s,<xo} = M(w0) a.s. Integration by parts yields

/ bEAM () + b M (o) = |10gb|/ b M (2)dz < (u=! + )67 (1 + | log blao) /| log b
(20, 00) zo
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Thus,
limsup,_,;_(1 —b) Z ¥r<p !t as.
k>0
The proof of the converse inequality for the limit inferior is completely analogous.
Passing to the proof of (1.1), we use summation by parts to obtain, for b € (0,1) and
{e N,

14 -1
D by = (6% — b9 T + b5 T, (3.2)
k=1 k=1

where Ty := 0 and T}, := 1, + ...+ for k € IN. We have limy_, . %17, = 0 a.s. because
by the strong law of large numbers the first factor decreases to zero exponentially fast,
whereas the second factor exhibits at most linear growth. Hence,

D b = k(BT — b5 (kT T).
k>1 k>1

We are going to apply Lemma 3.1 with c;(b) := u(1 — b)k(b%—1 — b*) for k € IN and
be (0,1) and si := k=T, for k € IN. While (ii) of Lemma 3.1 holds trivially (a.s.), (iii) is a
consequence of Y, -, cx(b) = p(1 — b)Y, -, 0% and (3.1). Let us prove (i). By another
appeal to the strong law of large numbers, given ¢ € (0, ), there exists a random integer
N such that b1 < p(#=2)(k=1) whenever k > N + 1. Fix any b; € (0,1). By the mean
value theorem for differentiable functions, for k¥ > N + 1 and b € (b1, 1),

6551 — bS5 | < max (b1, b%%)|log b||&4] < by Wbk log b]|&s ). (3.3)
Using the inequality ze~* < 2¢~%/2 for « > 0 we infer, for k > N 4+ 1 and b € (b1, 1),
RIBSt = 6% ] < 2 — &) T oy IR | =z bR .
With this at hand, for b € (b1, 1),

(11— 8) 73 Jew() = YRS =6 <23k 3 RSt — b < N(V +1)

k>1 E>1 k=1 k>N+1
ey bR
k>1
In view of (2.1), limy 1~ (1 —b) Y25, B I*/2|¢, | = 2|E¢| /(1 — €) a.s. This justifies (i) in
the present setting.

By the strong law of large numbers limg_, o, sk = limkﬁoo(k:_lTk) = m a.s. Invoking
Lemma 3.1 we arrive at (1.1). The proof of Theorem 1.1 is complete. O

Later on, we shall need the following result. Its proof is omitted, for it is analogous
to the proof of Theorem 1.1.

Lemma 3.2. Assume that E|n| < co. Let (zy)nen and (yn)nen be sequences of numbers
in (0,1) approaching 1 asn — oo. Let A > 0 and M : (0,1) — N be a function satisfying
lim,, 0o M(2,)(1 —y)) = a € [0,]. Ifa = oo, then

1y Ak
dm SaGy 2L w'me=m as,
n k> M (a,)+1
where m = En; ifa € [0,00), then
. A Ak _ —a
nlggc(l —y) Z Yy, e = me a.s.
kZM(Wn)'H

Clearly, these limit relations also hold if we put formally z,, =y, = b and letb — 1—,
that is, if one passes to the limit continuously.
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4 Proof of Theorem 1.2

We shall prove weak convergence of the finite-dimensional distributions and then
tightness.

4.1 Proof of weak convergence of the finite-dimensional distributions in (1.2)
We shall use the Cramér-Wold device. Namely, we intend to show that, for any ¢ € NN,

anyreal ap,...,aqyandany 0 < u; < ... <wuy <o0o,asb— 1—,
1/22 Y b -5 (282070 1/22 / e "VdB(y). (4.1)
i=1 k>0 i=1 0, co0)

For k € IN, denote by Fj, the o-algebra generated by (&;,7;)1<j<k. We shall write
Ex(-) for E(-|F%). For each b € (0, 1), the sequence

n—1

( 1/2; Zbusknk—i—lv )E]N

forms a martingale (the martingale is not necessarily integrable, for the situation that
Eb¢ = oo is not excluded). By the martingale central limit theorem (Theorem 2.5(a) in
[15]), (4.1) follows if we can show that

(1—-1b%) ZEk(Zab Sknk+1)2 LA ;flE Zaz/ e "“YdB( ))2, b—1—

k>0
(4.2)
and, forall e > 0,

u P
1 — b2 ZEk(ZOz b 1Sknk+1) ]l{(l_bz)l/z‘zf:1 Oéibu7'sk77k+1|>€} — O7 b — 1-—. (43)
k>0

We start by proving (4.2):

1—b2 ZEk-(ZOL bt knk-&-l)
k>0
L
=210 (Y a2 Db 2 3 aay Y b)),

i=1 k>0 1<i<j<e k>0
By Theorem 1.1, this converges a.s., as b — 1—, to

14

(E:c)zluZ +4 Z a0 (u; +ujy)” ):2s2,u_1E(Zai/

1<i<j<t i=1 [0, 00)

s

where the last equality follows from (1.3).
Passing to the proof of (4.3) we first conclude that, in view of

(a1 + .+ )’ Lyt tarsyr < (lar] 4+ o4 1ae))® Ljay 4. +ar)>u)
< C(laa] Vo Vad)? Tigar v viah >y < (01 Lijayjsy/ey + -+ 0 L{jag>y/01)

which holds for aq,...,a; € R and y > 0, it suffices to show that, forall¢ > 0 and u > 0,

U P
(1 — b2) ZEk(b Sk?]k+1)2 ]]'{(1—b2)1/2busk|7]k+1\>8} — O, b—1—.
k>0
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Put T := sup{n € Ny : S, < 0} and note that T < oo a.s. as a consequence of
lim,, o S, = +00 a.s. We infer

T

1 b2 ZEk nk+1 ]].{(1 b2)1/2bu5k‘m‘+1|>5}<s (1 b2 Zb2usk —0 as.asb—1—.
k=0

To proceed, observe that, for £k > T + 1, we have puSt < 1, whence
{1 =0°)26"* ey | > €} C {|mpga| > (1 — b))

This yields

(1= Y B0 mei1)? Lya_pey/20m5e s [5<)
E>T+1
S E’I]2 1{|n|>5(1_b2)71/2}(1 — b2) Z bQUSk —- 0 as.as b—1-—.
k>0

The limit relation is justified by the fact that while the truncated second moment con-
verges to 0, limy_,1— (1 — %) 3, o b*“5* = (pu)~! a.s. by Theorem 1.1.

For the proof of Proposition 5.7 we need the following one-dimensional central limit
theorem.

Lemma 4.1. Let M : (0,1) — IN satisfy lim;_,;— M (b) = co. Under the assumptions of
Theorem 1.2, as b — 1—,

M (b) _1/2 M (b)
(Do wk) 73 b5 b (s20 )2 Normal (0, 1).
k=0 k=0

After noting that Z bgsk ~ Zivi(g) b*** a.s. as b — 1— by the strong law of large
numbers for random walks a simplified version of the proof given above applies. We
omit details.

4.2 Proof of tightness in (1.2)

Fix any ¢, d € (0,00), ¢ < d. We have to prove tightness on [c, d].
For each ¢ € (0, ) and k € Ny, define the event Ry (6) := {|Sk — puk| > dk}. We first
check that
Tim (1-5%)1/2 sup (Zbusk g, Tkl =0 as. (4.4)
—1= u€le,d] ' <5y

Indeed, the supremum does not exceed a.s.

>0 L0y Tryo) | + D 0% L, <oy Try (0) [l
>0 k>0

Here, each summand converges a.s. as b — 1— to an a.s. finite random variable.
Furthermore, the number of nonzero summands is a.s. finite in view of )}, . 1z, (5) < o©
a.s. which is a consequence of the strong law of large numbers. Thus, (4.4) has been
proved.

Next, we intend to show that, for any u,v € [¢,d] and b < 1 close to 1,

2
(1- bQ)E( 3B 5 T ) nkﬂ) < Afu — v)? 4.5)
E>0

for a constant A which does not depend on v and v. Here, R{ () denotes the complement
of Ry(0), thatis, R (d) = {|Sk —uk| < dk}. To this end, we observe that R (6) C {S, > 0}
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and then invoking the mean value theorem for differentiable functions we obtain a.s. on
Ri.(9)
%Sk — pUSk| < b°Sk|log bl |u — v] Sk < (1 + 8)bHD*| log b||u — vl
< 2(j1+ 8) (celpn — 8)) B/ — o,

We have used the inequality
sup |log blxb® < 1/e
>0

for the last step. It remains to note that

E(Z(bus’“ = b%) Ie (5) 77k+1) =s"E ) (0" —b"%)% e s
E>0 k>0

<4s?(pu+0)?(ce(p — 6)) 2Zbc(" 6)k — )2
k>0

and that
li 12 c(p—38)k _ _ -1
Jim (1% b 2(c(p — 0))
k>0
Thus, (4.5) holds with A = 16s2(u + 0)%e~2¢73(u — §)~3. By formula (12.51) on p. 95 in
[3], the distributions of

((1 — D)2 0 e ) 77k+1)

k>0 u€le, d]

are tight. The proof of Theorem 1.2 is complete.

5 Proof of Theorem 1.5

Our argument follows closely the paths of (slightly different) proofs of Theorem 1.1 in
[5] and Theorem 1.1 in [22]. In the cited references S,, = n, n € INy, that is, the random
walk (Sp)nen, is deterministic. Of course, we know that in our setting, for large n, S,
is approximately un by the strong law of large numbers. Thus, an additional effort is
needed to justify the replacement of S,, with un.

We start by proving an intermediate result.

Proposition 5.1. Under the assumptions of Theorem 1.5,

, 1—0> /2 _
lim supy,_,;_ (1171) D b < (28772 as. (5.1)
08108 152 k>0
and 2 1o
. 1- _
liminfy ,,_ (1171> S0 = —(28% )Y as. (5.2)
08 108 132 >0

We can and do assume that . = s? = 1. To see this, replace b5+, with b5+-1/ty, /s
and note that 1 — v** ~ (1 —b?) as b — 1—. Pick any 6 € (0,1). For b € (0,1) and such a
6, put

1 1
N2, 5(b) = h s o8 T b25J

and, for b € [(1 — e~1)'/2,1), put
1 1 —1/2
0= (g loglog =) -

We prove Proposition 5.1 via a sequence of lemmas.
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Lemma 5.2. limy1— f(0) Xpsn, ;) 0% ' = O as.

Proof. Pick any increasing sequence (b, ),cn of positive numbers satisfying lim,, o0 by, =
1,

buy1 —bp ~ c1(1=0b,)'"2 n— oo (5.3)
for some ¢y, ¢y > 0 and
> (1=by) <0 (5.4)
n>ngo

for some ng € IN. One particular sequence satisfying these assumptions is given by
b,=1—n"2fornec N (withc; =2and ¢s = 1/2 in (5.3)). Note that (5.3) entails

lim (1 — byy1)/(1 = by) = 1.

n—oo
Suppose we can prove that, for all € > 0,

I:= Z IP{ sup Z bS’“‘lnk‘ > a/f(bn)} < 0.

n>ng - PEDn brial s N7 )

Then, by the Borel-Cantelli lemma,

sup | ] <o/ 0n)

be[bn7 bn+1] k> No S(b)

for n large enough a.s. Since f is nonnegative and decreasing on [(1 — e~ 1)!/2 1), we
have, for all large enough n,

Z bsk—lnk‘ < sup Z bsk_lnk,’ < 5/f(bn) < E/f(b)

k>No. 5(b) bE[bn, bnt1] " > N, 4 (b)

a.s. whenever b € [by,, by41]. Hence, limsup,_,;_ f(0) > y>n, ;) bSk-1n;. < € a.s. which
entails the claim. '
Since the function N s is nondecreasing on (0, 1) we obtain

sup > bs"‘*lnk‘ﬁ sup > v
b€l bl > Ny 5(b) b€lbn: o) k> Ny 5(b,)

Further, by the strong law of large numbers, for large n, the latter is estimated from
above by

_ d(k—1 d(k—1
sup St < ST S VBl > 00V (1wl — Eluk)).
b€, bnt1] 1> N, 5 (bn) E>Na. 5(bn) k>Na. 5(bn)

Thus, noting that E|n| < 1,

I3 ﬂ{zkzNz,M)bi$;1’>s/(2f<bn>>}

n>ng
+ SR > Bl - Blkl) > £/2f )} 5.5)
n>ng k>N3, 5(bn)

Using (5.3) and —logz = (1 — ) + O((1 — x)?) as z — 1— we obtain

5(N2, 5(bn)71)

_ b (1 _ b25)1/2
5(k n 2
ORI S eu TR S I YR
k>Na o (bn) L=byy -0
(1—02)'/2 25—1/2 0
- (2loglog(1/(1 —b2)))1/2 (1 — b2)1/2 — U, n—=oo.
EJP 26 (2021), paper 131. https://www.imstat.org/ejp
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This proves that the first series on the right-hand side of (5.5) trivially converges, for
it contains finitely many nonzero summands. By Markov’s inequality and (5.3), the
probability in the second series is upper bounded by

20(N2, 5(bn)—1)

R0 T =4 ) —
k>N, 5(bn) ntl
L 1-0v2
loglog(1/(1 —b2))’

In view of (5.4), this is the general term of a convergent series. Hence, the second series
on the right-hand side of (5.5) converges. The proof of Lemma 5.2 is complete. O

n — oQ.

For b € (0,1) close to 1, ¢ as above and 6 > 0, put

1+46 1
N17579(b) = \\1_7[)2(5 log log 1—71)25J .

Lemma 5.3. lim,1— f(b) >, 2% N1 5 o(b)41

b-1m, =0 a.s.

Proof. Similarly to (3.2), summation by parts yields

N3, 5(b) N2, 5(b)—1
Yoo b= D (O b Db O Ty, b O Ty,
k=N1. 5 0(b)+1 k=N 5, 6(b)+1

where, as in the proof of Theorem 1.1, T, = n; + ... + 1 for k£ € IN. By the strong law of
large numbers, for b close to 1,

|bSN"’*‘5(b)_1TN2,5(b) _ bSNl,J,e(b)TNL&S(b” < b5<N2>“’(b)*1)|TN2,5(b)| + b5N1’5’9(b)|TN1,5,9(b)|-

One can check that

poN1 0] (log lb%) o PN (1?2 asias b—1—.
(5.6)
Further, recall that, as { — oo,
|Ty| < sup |Ti| = O((¢loglog £)'/?) a.s. (5.7)
k<e

by the law of the iterated logarithm for standard random walks. Using this limit relation
we infer

PO Ty, gy = B80Ty, ] = O(((L = b) log(1/(1 — b)))'/?)

loglog(1/(1 — b))
((Gog/a—m+

According to (3.3), for b close to 1,

)1/2) 50 as.as b—s1—. (5.8)

Na, 5(b)—1
3 (bsk—l—bs’“)Tk‘§const|logb\( swp [Te) > .

k=N1,5,0(b)+1 RNz, 5(b) k>N, 5 0(b)+1
With the help of (5.6) we obtain
G B
Z bgk\§k| ~ K¢ ~ a.s.as b— 1—
B Y — B26)))(1+0)/2
o —07 T (1= b9)(log(1/(1 - 5%)))
EJP 26 (2021), paper 131. https://www.imstat.org/ejp
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by an application of Lemma 3.2 with = |£| and a = co. This in combination with (5.7)
yields

N3, 5(b)—1

1
b‘ bSH—bSlezo 0 as.asb—1—. (5.9
f() > )T, ((log(l/(lfb)))o/z) — 0 as.as b— (5.9)
k=N1,5,6(b)+1
The proof of Lemma 5.3 is complete. O

For b € (0,1) close to 1, put

We claim that

N2, 5(b)
li Y b =0 as.
Jim f(b) b7 ig, =0 as
k=N (b)+1

For the most part, this follows by repeating the proof of Lemma 5.3 with Ny (b) replacing
N1 5 6(b), the only changes being that the second summand on the right-hand side of (5.8)
and the right-hand side of (5.9) are O(((1 — b)°log(1/(1 — b)))'/?) as b — 1—. The last
centered formula in combination with Lemma 5.2 enable us to conclude that

. S -
blﬁn}lﬁ f(b) Z b7k, =0 a.s. (5.10)
k>N (b)+1

This limit relation will be used in the proof of Proposition 5.7.
Denote by Fy the trivial o-algebra and recall that, for kK € IN, F; denotes the o-algebra
generated by (&;,7;)1<;j<r and that, for £ € INy, we write E;(-) for E(-|Fy).

Lemma 5.4. Forall p > 0,

N1, 5,6(b)
: Sk-1 _
Jim f(b) ; b1 ls, ) =0 aus. (5.11)
and
Ny, s, 0(b)
: Sk—
Jim £ (b) k; B By (k L) = 0 ass., (5.12)

where S (b) := {|n| > pb~5=1((1 — b*)loglog(1/(1 — b*?)))~1/2}.

Proof. We only give a detailed proof of (5.11) and then explain which modifications are
needed for a proof of (5.12).
Proof of (5.11). For b € (0, 1) and the same § € (0, 1) as before, put

1
Ns(t) = | 7=
Plainly, for all p > 0,

2

. S —1 J—
o f(b);b T L > 0 Sk 1 (1-629) log log(1/(1—b20)))-1/2} = 0 @S

We first show that, for £ > 3, b close to 1 and € > 0 to be defined below,

1 1/2 k 1/2
~Sk >e  (———— s. 1
b ((1 — b2 loglog(1/(1 — b25))) =¢ (1og logk) a-s (5.13)

EJP 26 (2021), paper 131. https://www.imstat.org/ejp
Page 11/25


https://doi.org/10.1214/21-EJP705
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Discounted convergent perpetuities

Let 3 < k < N;(b). The function = — x/loglog z is increasing for large =, whence

1 k
> .
(1 —0b29)loglog(1/(1 — b2%)) ~ loglogk

Further, for 1 < k < Ns(b),

b*sk—l > e(flogb)Sk_l > 6(*logb) info<i<ng(m)—1 5 a.s.

Since lim,,_,o S, = o0 a.s., we infer |inf;>¢ S;| < oo a.s. and thereupon

lim (logh) inf S;=0 a.s.
b—1— 1<i< N (b)

Thus, given € > 0 there exists a random variable b, such that b=5*-1 > ¢~¢ whenever
3 <k < Ns(b) and b € (bs,1) (of course, b=t > 1 a.s. for all k¥ € IN provided that ¢ > 0
a.s.). Thus, (5.13) does hold true in the present range of k.

Let k > N;(b) + 1. By the strong law of large numbers, b%-1 < b*(*=1) a s, for b close
to 1. Put

ag(b) == bé(k—1)( k )1/2

loglog k&
We claim that the sequence (ax(b)),>n;(b)+1 is nonincreasing. Indeed,

1 (0) /ap(b) < BO(1+1/k)Y2 <b°(1+1/(2k)) <b°(1+ (1 —b*)/2) < 1.

We have used max¢o,1) (3% — b3%) = 2 for the last step. Hence, for b close to 1,

bsk—l( k )1/2§b6(k71)( k )1/2§b6N,;(b)( Ns(b) (b))1/2

loglog k loglog k& log log N
_ 1 1/2 1 1/2
< pP(1=b) 1( < e(
= (1— %) loglog(1/(1 — b25))) =\ = 2) loglog(1/(1 — b25)))
having utilized lim;_,;_ 5°1="*)"" = ¢=1/2 for the last inequality. The proof of (5.13) is

complete.
For b € (0,1), let K(b) be positive integers satisfying lim; 1 K(b) = co. In view
of (5.13), for b close to 1,

K(b) K(b)
’ Z bskflnk ]]-Sk(b) ’ < e® Z |77k| ]1{\77k\>p€_5(k/loglogk)l/z} a.s. (5.14)
k=3 k=3
and
K(b) K(b)
Z |77k\ ]lsk(b) < Z |77k‘ 1{|nk|>pe*€(k/loglogk)l/z} a.s. (5.15)
k=3 k=3
It is shown in the proof of Lemma 2.3 in [5] that
> (kloglog k)™ E(|nk] 1jis pe-c i/ tog tog ky1/2}) < 0 (5.16)
k>5

which particularly entails

Z(kloglog k)Y 2|y L jnu|>pe—=(k/ loglog k)1/2} < OO @.S.
k>5

By Kronecker’s lemma, we obtain

K(b)
. —1/2 —
bgr{l_(K(b) loglogK(b)) / kig |7’]k| ]1{\nk\>pe*5(k/loglogk:)l/Z} =0 a.s. (517)
EJP 26 (2021), paper 131. https://www.imstat.org/ejp
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We treat the sums foig’) and Zg;szé g(z(:;)ﬂ separately. Relation (5.17) with K (b) =
Ns(b) implies that, for all p > 0,

Ns(b)
: Sk_
Jm f(b) g_l b1y s,y =0 a.s. (5.18)

To deal with the second sum, we write, for b close to 1,

N1, 5,0(b) Ni,s,0(b) Ns(b)
Z bSkilnk ]lSk(b) ’ < Z b5(k—1)‘77k| ]]-Sk(b) — _pONs(b) Z ‘nk| ]]-Sk.(b)
k=Nj(b)+1 k=Nj(b)+1 k=1
Ni,s,0(b) Ni,s,0(b)—1 k
A PN N g Ly +(1=00) D> BETD Y | s,
k=1 k=N (b)+1 =1

=: 11(b) + Iz(b) + I3(b)

having utilized the strong law of large numbers for the inequality and summation by
parts for the first equality.

Analysis of I;. The limit relation lim;_,;_ bVs(") = ¢=1/2 together with (5.15) and (5.17)
in which we take K (b) = N;s(b) proves limy_1— f(b)I1(b) =0 a.s.

Analysis of I. Using (5.15) and (5.17) with K (b) = N; 4 ¢(b) we infer

Ni,s,6(b)
. —1/2 _
Jim (N1,5,0(b) loglog N1, 5,4(b)) ; 7k Ls, ) =0 a.s.

Combining this with the first part of (5.6) we obtain lim;_,;_ f(b)I2(b) =0 a.s.
Analysis of Is. Write

I3(b) < (1 —b°)( sup Ti (b)) Y 6%V (kloglog k)'/?
Ns(b)+1<k<Ni, s, 0(b)—1 k>3

oglo — b))\ 1/2
~ (7_‘_1/2/2)(1 gl gflz(zg b ))) /

sup Te(b), b—1—,
Ns(b)+1<k<Ny 5, 6(b)—1

where

k
Ti(b) := (kloglog k) ™/ " |n;| Ls, ) -
=1
We have used Corollary 1.7.3 in [4] for the asymptotic equivalence. In view of (5.17)
with K (b) = Ns(b) + 1 and (5.15), limp—1— SUP (1) 11<k<ny . 50(0)—1 Lk(b) = 0 a.s., whence
limp_,1— f(b)I3(b) = 0 a.s. The proof of (5.11) is complete.
Proof of (5.12). Similarly to (5.18), we obtain with the help of

K(b) K(b)
’ > b (e ﬂsk(b))‘ <€ Y Bkl Lijpyispee (k) 1oglogkyi/2) a5
k=3 k=3

(a counterpart of (5.14)) and (5.16) that

N5 (b)
: 2 : Sk—
b]_l}I{l_ f(b) < bk lEkfl(nk ]lSk(b)) =0 a.s.

By the same reasoning, we also conclude that lim,_,1_ f(b)I;(b) = 0 a.s., £ = 1,2,3,
where [7(b) is a counterpart of /,(b) in which || 15, () is replaced with Ex 1 (|nx] 1s, (1))
The proof of Lemma 5.4 is complete. O

EJP 26 (2021), paper 131. https://www.imstat.org/ejp
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As usual, S5 (b) will denote the complement of S (b), that is,
Sg(b) = {Im] < pb~5=1((1 — b*) loglog(1/(1 — b*)))~1/2}.

Denote by B the class of increasing sequences (b, ), of positive numbers satisfying
the following properties:
(@) lim,,_y00 by, = 1 and lim,,_, o0 1:";:1 -1

: bpi1—bn 1 3/2 _
(b) Timy o0 25252 (loglog 25 ) " = 0;
(c)foralle >0, 4 (log (ﬁ)) e < 00.

One can check that any increasing sequence (b,,),cn of positive numbers satisfying
b, = exp(—(1 — (logn)~3)") for large n belongs to the class B. For instance, for the so
defined b,, we have

bn+1 - bn
1—-b,

~ (logn)™® and loglog

1_bn~logn, n — oo

which verifies the property (b).
Recall that ‘i.0.” is a shorthand for ‘infinitely often’ and that, for a sequence of sets
Al, AQ, ey
{An i.O.} = {mn21 Uk>n Ak}

Lemma 5.5. Let (b,,),en € B. Then, foralle > 0,

Nl,J,B(bn)

]P{ ; b5 (bn) > ((2+€)N(by,) loglog N (b,)) "/ i.o.} =0,

where ﬁk(b) =Mk ]ls,g(b) —Ekfl(nk ]ls,g(b)) for k € IN and N(b) = (1 - b2)_1 forbd € (0, 1).

Proof. The proof below follows the path of the proof of Lemma 3.6 in [22].
We start by showing that

Ny, 5,0(b)
limsup, ,;_(1—5%) Y 0B 1 (77(h) <6 as. (5.19)
k=1

(recall that = 1 by convention). Indeed, Ex_1(777(b)) < En? = 1, whence

N1, 5,6(b)
> IR (D) < Y0 as.
k=1 k>0

By Theorem 1.1 withn =1 a.s,,

lim (1-5%)) v** =4 as.

b—1—
k>0

which entails (5.19).
Forn € N, put

_ ((2+¢)loglog N(by)\1/2
e e S R

and define the event

Nl,s,e(bn)
B, = { 3 b (ba) > ((2 +6)N(bn)loglogN(bn))l/2}.
k=1

EJP 26 (2021), paper 131. https://www.imstat.org/ejp
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Equivalently,
Ny, s,6(bn) N1, s,6(bn)
Bui={tn D b5i(ba) — (£2/2)e0H) 3T BB ((bn))
k=1 k=1
Ni,s,0(bn)
> 2N () (1= (0 /2N(b,) Y. E B (7 (b)) }-
k=1
In view of (5.19), given 8 > 0,
N1,5,9(bn) N1.6,9(bn)
BuCAui={tn 3 bIti(by) — (/2?03 B (7(by))
k=1 k=1

> 2N (b,) (1= (¥019/2)(5 + 8)) }

for large enough n. Thus, by the Borel-Cantelli lemma, Lemma 5.5 follows if we can

check that
> P(A,) < co. (5.20)
n>1
As a preparation for this matter, we intend to show that

N1, s, 0(bn) N1, 5,0(bn)
Er, = Eexp (tn 3 bt (b,) - (£2/2)e 0 bisk—lmk,l(ﬁ,i(bn))) <1.
k=1 k=1

(5.21)
Using e” < 1+ + (22/2)el®! for 2 € R and Ey_ 7% (b,,) = 0 we infer

By exp(t b3 (b)) < 1+ (£2/2)025 By (17 (ba) exp(tabS— i (b,)]))  as.

Further,
b 1|7k (b)) < 2p(2 +€)Y2 < 4p(14¢) as.

This in combination with e* > 1 + z for z > 0 yields
Ex1 (exp(tabSF ik (b,))) exp(— (12 /2)eHID2 By (72 (b,) < 1 ass.
Inequality (5.21) is a consequence of this and the tower property of conditional expecta-

tions:

EN, 5 0(00)-1Tn

N1, 5,0(bn)—1 N1, 5,6(bn)—1
—exp(tn > S (ba) = (£2/2)e0H) 3T B2y (7 (b)) )
k=1 k=1

X ENl, s5,0(bn)—1 ( eXp(tanSL’“—lﬁNL 5,0(bn) (bn)>)

x exp(—(t2 /2)e* IO E N, 6,01 (TR, 5 o(0n) (Bn)

Ni,s,0(bn)—1 N1, 5,60(bn)—1
<exp(te > S (b)—(12/2)eM )N 2R (7 (ba)) as.
k=1 k=1
Further,
N1,5,9(bn)_2
E _otn =E _o(E _1Tn) <exp (t b -17(b,,)
N1, 5 0(bn)—2"n Ni,s,0(bn)—2UBNy 5 0(bn)—1Tn) = €XP | In n  Nk\Dn
k=1
N1,5,6(bn)—2
— (/)0 ST B (7 (ba))) as,
k=1
EJP 26 (2021), paper 131. https://www.imstat.org/ejp
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Repeating this argument N; s ¢(b,,) times we arrive at (5.21).
We are ready to prove (5.20). By Markov’s inequality and (5.21),

P(A,) <exp (—t2N(b,)(1 — (e*79)/2)(6 + 3))) ETy
<exp (—t2N(b,)(1 — (e*F)/2)(6 +9))).

Given small enough € > 0, and ¢ € (0,1) and 8 > 0 satisfying d + 8 € (0,1) we can find
p > 0 such that (2 +¢)(1 — (e*(1+2)/2)(§ + 3)) > 1. This together with the property (c) of
B ensures

Y exp(—taN(by)((1— (e*1179/2)(6 +6)))) < oo,

n>1

and (5.20) follows. The proof of Lemma 5.5 is complete. O

Lemma 5.6. Let (b,,),en € B. Then

N1, 5,6(b) Ni,s,0(bn)
lim sup ‘f(b) b1, — f(by) bik‘lnk‘ =0 a.s.
n—oo bE[bn,bn+1] ]; ;

Proof. Throughout the proof we tacitly assume that the equalities and inequalities hold
a.s. We start by writing, for b € [b,,, by, 41],

N1, 5,6(b) N1, 5, 0(bn) Ni.s.6(bn)
FO) > b= fba) Y by me= Y (FB)BT — F(ba)byE )
k=1 k=1 k=1
N1, 5,0(b)

+ b)Y b = L (b) + Ju(b).
k:le(s_’g(bn)%*l

Summation by parts yields

Lu(8) = (JO* 50001 — f(ba)bu ™ )T, | o)
N1, 5 0(bn)—1
+ (FB)BF=+ = b%) = F(bn) (b~ = b)) The =: L 1(b) + L 2(b),
k=1

where Ty = n; + ... + nx for k € IN. For large enough n for which Sy, ; ;b,)-1 >

0(N1,5,0(by) — 1) a.s. (this is secured by the strong law of large numbers) and, given

e>0,
d|logb,1|/(1—b%)>1/2 —¢ (5.22)

(this is ensured by the property (a) of B),
(N1 n)—
sup |11 (B)] < 2£(0a)b) N VI Ty, |
be by, bnt1]
2b7 % f(by) (log(1/(1 = b7°))) = /2= UHOO((Ny 5,4(bn) log log N1, 5,0(bn))"/?)

= ( (loglog(1/(1 — by)))/?
(log(1/(1 = by)))(1/2=6)(1+0)

IN

) — 0 a.s.as n — oo.

having utilized (5.7) for the inequality. We are now passing to the analysis of I, »(b). By
the strong law of large numbers, with the same ¢ € (0, 1) there exists an a.s. finite 7 such
that max(dk,1) < Sy < (2 —9)k for all k > 7+ 1. Since, for b € |b,, b,11],

IO =) < 7(0) Y5+ 65T < F(ba) (b5 + bE)IT
k=1 k=1 k=1
EJP 26 (2021), paper 131. https://www.imstat.org/ejp
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we infer

lim  sup if(b) (bs’“*1 - bS")Tk‘ =0 a.s.

n—oo bE[bn bn+1] k=1
We need some preparation to treat the remaining part of the sum. Using the fact that
when &, > 0 the function b +— f(b)(1 — b**) is nonincreasing for b < 1 close to 1 we obtain
on the event {¢;, > 0,7 < k — 1}, for b € [b,, b,11] and large n € IN,
Fba) (b7 = b ) (1 = bE) < f(ba) (b — bJk) — f(B) (3% — %)
< b (f(bn) (1= b5) = F(bnga)(1 = b3 ).

Combining this with a similar inequality on the event {{; < 0,7 < k — 1} we arrive at

| £(bn) (51 — b5K) — F()(b%1 = b5%)| < f(bn) (0757 — bSH—1)[1 — bS]
+ b5k (f(b)[1 — b8 | — f(bngr)|1 — bS4])

for b and n as above. Thus, for b € [b,, b, 1] and large n € IN,

Ny, 5, 0(bn)—1
ST (PO =% = f(ba)(65 — b)) Ty
k=7+1
Ni,5,6(bn)—1
< S [FO)O% =) — f(bp) (bRt — bR [T
k=7+1
Nl,g,g(bn)—l
< flon) YD (bR —bSe) |1 — bE |7
k=1+1
Ny, s,6(bn)—1
+ > b (o)L = b5 = fbpa)[1 = 05 [)[Th] =2 In21(b) + L 22(b).
k=141

Forall k ¢ Nandalln € N,
11— bS] < |log by |(& + &, bSF), (5.23)

where, as usual, 7 = max(z,0) and = = max(—z,0) forz € R. Fork > 7+ 1andn € N,
by the mean value theorem for differentiable functions,

bt — b5t < S 10 T (bt — b)) < bTESE 10557 (byst — by) (5.24)
and thereupon

(b7 —bSE=1)[1 = b8 | < (2= )by (bt — b log by k(D57 & + (brg /D) 1b5RE).

Thus,
Nl,é,G(bn)_l s
2-6)""br > (bh7 = bk )1 — bl ||Tk]
k=141
Ni,s5,0(bn) s
k—1 — _
< (bn+1 - bn)| log bn| Z k\Tk|(bn(+1 )flj + (bn+1/bn)(2 6)kbik§k )
k=1
< (i1 —ba)llogbu Ny s o(ba)( s [T (Db Vet
1§k§N1,6,9(bn) k>1
+ (bn+1/bn)(276)N17 ,6(bn) Z bikfk_) .
k>1
EJP 26 (2021), paper 131. https://www.imstat.org/ejp
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By Theorem 1.1, as n — oo,
SToVel ~ 1-bd,) T EET and > blFer ~ (1-b))T'BET as. (5.25)
E>1 k>1

Using (5.7) in combination with the property (a) of B for the first equality and the
property (b) of B for the second we infer

J(Bu)(bns1 = Bu)llog bl Nyso () sup [T Y b Ve
1<k<Ni, s, 6(bn) k>1
bn _bn 1 3/2
O (et ) ) <o) e o

Invoking once again the property (b) of B we obtain lim,,_,« log(b,,+1/bn) N1, s, 6(bs) =0,
whence lim,, o0 (byy1/by,) 2~ N15,6(0n) — 1. With this at hand we can argue as before to
conclude that a.s.

lim f(bn)<bn+1 - bn)‘ log bn|N1,5,O(bn)(anrl/bn)(Q_é)Nl’J"G(b")

n—oo
x(sup TRl Yo boke =0,
1<k<Ni 5,0(bn) E>1

Thus, we have proved that lim,,_, I, 21(b) = 0 a.s.

Further,
Nlﬁgvg(bn)fl
Li2a(b) = (f(bn) = f(bng1)) D bEF=[1— b |[Tx]
k=71+1
Nl,é,e(bn)_l
4 flbns) Y b (1= bS] — 1= b5 )Tk
k=1+1
In view of (5.23),
N1 5 0(bn)—1 N1 5 0(bn)—1
> b 1-bSH||Tk| < |logbn|( - sup Tel) > (bgi bR
k:T+1 1§k§N1,5,9(bn) k‘,:T—',—l
<|logbu|( sup |Tu]) D> _(03* Vg +biFe).
1<k<Ni, s, 0(bn) E>1

Invoking (5.25) and (5.7) in combination with lim,, . N1, 5,6(b,)(f(bs))? = (1 +6)(26)~!
we conclude that

Nl,é,e(bn)_l
(F(bn) = flbuy1)) D b1 = b T5
k=1+1
_ /
- O(W(loglog 1—1bi)1 2) =o0(1) a.s.as n— .

The last equality is justified as follows. Using subadditivity of = + x'/2 on [0,00) we
obtain, for large n,

b,) — f(by, 2 1
(f( ) — I +1)) log log ——
f(bn) 1-b2
1 b2,, — b2 1\ loglog =5
< (log log ———— — loglog 4 It ™ Jog log ) n
1-b2,, 1-b2 1-b? 1-b2 1oglogﬁ
EJP 26 (2021), paper 131. https://www.imstat.org/ejp
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The property (a) of B entails

log(1/(1—by 1)) . loglog(1/(1=b}4))
0 gty —bt) L e /(= 62)

=1, (5.26)
and the first of these ensures

1 1
i (10 log ——— —1loglo 7):0.
"I_’H;O & g1*b721+1 & glfbi

Finally,

— p?
m ———"loglog =0

n—oo 1 —b? 1-b2

is a consequence of the property (b) of B. Thus, the equality that we wanted to justify
does indeed hold.

For the analysis of the second piece of I,, 22(b) we need an estimate similar to (5.24):
for k,n € IN,

[1—b5 | —]1- bi’l1| = |bff+1 — b8 < (bpy1 — bn)(&jbfﬁﬁl +& b5
< by (bag1 —by) (6 + &, b5,

This implies that

Ni,s5,6(bn)—1
Flbongr) Y b (L= = [1— b )T
k=141
< by f(bn)(bpt1 —b,)( sup ITe) > (03 DgE + b3Fe,)

1<k<Ny, 5, 0(bn)

= O(%(loglog

k>1
1
1-b,

)1/2> =o(1) as.as n— .

Here, while the first equality is ensured by (5.7) and (5.25), the second is a consequence
of the property (b) of B. The proof of lim,,_, I,,(b) = 0 a.s. is complete.
We proceed by analyzing J, (b): for b € [b,, b,11],

In(b)
N1 s o(b)—1

= f(b) Z (bSki1 - bSk)Tk + f(b)(bSNl’S'Q(b)ilTNLs,s(b) - bSNl’é"S(b"L)ilTNl,a,e(bn))
k=N1,s,0(bn)

= Jn,l(b) + Jn,Z(b)

As before, appealing to the strong law of large numbers, we conclude that
sup [ Ja2(b)] < 2f(b,)op YUY sup |7y
bE[br, brt1] k<N1, s, 0(bnt1)
< 207 % f(ba) (log(1/(1 — b7°)))~ /2D O((Ny, 5, 6(bn1) log log N1 5,6 (b 41))/?)

_ ( (loglog(1/(1 —b,)))*/?
(log(1/(1 — by,)))(1/2=9)(1+6)

) — 0 a.s.as n — oo.

We have used (5.7) and (5.22) for the inequality and the property (a) of B and its conse-
quences (5.26) for the equality. Invoking (3.3) we obtain, for large n and appropriate

EJP 26 (2021), paper 131. https://www.imstat.org/ejp
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constant C' > 0,

Ny, s, g(b)fl
sup  [Joa()| < sup f(B) > [T — 05| Ty
be by, brt1] be[br, brt1] k=N 5. 0(bn)

Ni,s,0(bny1)—1
< Of(bn)llogba| > BLIGIC sup |T%|)
k=N1,6,9(bn) kSNl,é,G(anrl)

<Cf(by)llogba| > BN IEIO((V1, 5 6(bni1)loglog N1 5 0(bni1))"?).
k>N1,s,0(bn)

We use Lemma 3.2 with n = [£|, A = 6, M(b) = Ny 5,0(b) — 1, z, = b, and y,, = bp41.
Recalling the property (a) of B we conclude that lim,,_,. N1 5 ¢(bn)(1 — bfLH) = oo0.
Hence, an application of that lemma yields

Ny b, _
S bl ~ Bleb) i (1-b0,,) 7 as.as n— .
kE>N1, 5 0(bn)

Using once again the property (a) of B and (5.26) in combination with the estimate for

b,]:[i’f‘ o®n) \which is implied by (5.22) we infer

(loglog(1/(1 — bn)))l/2
Tog(1/(1 — b,)))1/2-115D

sup | na(8)] = O ) =+ 0 asas n oo

bE(bp, bpii]
The proof of Lemma 5.6 is complete. O
We are ready to prove Proposition 5.1.

Proof of Proposition 5.1. We only prove (5.1), for (5.2) is a consequence of (5.1) with
—ny replacing 7.
By Lemmas 5.2 and 5.3 and (5.11), (5.1) is equivalent to

N1, 5, 0(b)

lim sup;_,;_ f(b) Z bSk=1y, Isey <1 as.
k=1

The latter limit relation holds true by Lemma 5.5 in combination with (5.12) and the fact
that Ekfl(nk 1513(17)) = —Ek,l(nk ]]-Sk(b))l and Lemma 5.6. O

Proposition 5.7. Under the assumptions of Theorem 1.5,

: 1—b% \1/2 -
lim sup,_,;_ (1171) stknkJrl > (282 )2 as. (5.27)
oglog =5 =
and . p
- 1— 1 _
Tim infp_y1 (1171) S bt < (28202 as. (5.28)
08108 5= k>0

Recall the notation: for b € (0,1) close to 1,
1 1
o) = [ ;= o8 735 |

Denote by B* the class of increasing sequences (b, ),cn of positive numbers satisfying
the following properties:
(a) lim,, o0 b, = 1 and lim,,, (1 — b,,) logn = 0;

EJP 26 (2021), paper 131. https://www.imstat.org/ejp
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(b) for large n, N,,11 > Ny(b,,), where

~log(1—1/logn)
N = { 2log b, J

—a

(c) foralla € (0,1) and some ng € N, >° -, - (log (ﬁ)) = o0,
It was shown in Section 3 of [6] (see also pp. 180,181 and 184 in [5]) that the sequence
(b)n>3 given by

1
b, :=exp ( - = - = )
n! Hj:2 (log 7)? [[_5 loglog k
belongs to the class B*.
As in the proof of Proposition 5.1 we proceed via a sequence of lemmas.
Lemma 5.8. Under the assumptions of Theorem 1.5,

Nn,
lim_f(b,) D bt =0 as.
k=1
Proof. We start by noting that
lim f(b,)(N, loglog N,,)*/? =0 (5.29)
n—oo
or, equivalently,
1—b2

li N, loglog N,, = 0.
roboo loglog(1/(1 —62)) glo8 0

The latter is an immediate consequence of (1 — b2)N,, ~ (logn)~! — 0 as n — oo and

lim sup,,_, log log N, <1.
"7 loglog(1/(1—b3))
Formula (3.2) with / = N,, and b = b,, reads
N, N,—1
SO = > (b5 — 65Tk + bV Ty,
k=1 k=1

where Ty, = m1 + ... + ni for k € N. Using lim,,—,~ N(n)logb,, = 0 in combination with
the strong law of large numbers we infer

lim 65~' =1 and lim b5 =1 a.s. (5.30)

n—0o0 n—oo

This together with the law of the iterated logarithm for standard random walks entails

lim sup ng"ilTN" =22 as
"7 (N, loglog N,,)1/2 o
Further, with the same [V as in (3.3) (we replace u — ¢ with §),
N
nhHH;O ;(bg’“l —b5)T, =0 a.s.

According to (3.3), for large enough n and a constant ¢ > 0,

N,—1 N,—1
|3 (65— 68T < 3 15— b IT < cllogbu| 3D B sup [74])
k=N = k<Nn
=N+1 k=1 k>1
= O((N, loglog N,,)/?) a.s.
EJP 26 (2021), paper 131. https://www.imstat.org/ejp
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The last equality is a consequence of Theorem 1.1 (which gives
lim,, o0 [log bn| Y45 097 |€x| = 07" E[¢] a.s.) and (5.7). An appeal to (5.29) completes the
proof of Lemma 5.8. O

Lemma 5.9. Under the assumptions of Theorem 1.5, for alle € (0,1),

N2(bn)

IP{f(bn) S oS> 1-c i.o.}:l. (5.31)

k=N,+1

Proof. Assume that we have already proved that, for all £; € (0, 1),

P{C.(e1) i.0.} =1, (5.32)
where
NQ(bn)
Cnl(er) == {f(bn)b;SN" Z b1y, > 1 —51}, n € IN.
k=N, +1

Setting, for each g5 € (0,1), Dy, (e2) = {b;?N" > 1 — &3} we conclude with the help of
the second equality in (5.30) that, for all e; € (0,1), P{D, (¢2) eventually} = 1. This in
combination with (5.32) yields, for all 1,5 € (0,1),

]P{Cn(al) M Da(e2) i.o.} -1

Since

N2([’n)

Cale)(\Dule2) € {f(Ba) Y B> (L—e)(1-22)}, neN,

k=N,+1

we arrive at (5.31).
By the property (b) of B*, N,,+; > N(b,,) for large n which implies that, for large n,
the random variables

NQ(hn)

s +1 Exm 1+ Eng (o)

by Y bk, = vyt + 0 e o B N (b)
k=Nn+1

are independent. Hence, by the converse part of the Borel-Cantelli lemma, (5.32) is a
consequence of

N2 (by)
;]P{f(bn)bnsN" k:%;l b1y > 1 — g} = . (5.33)

We intend to prove (5.33). Fix any § € (0,1). For each n € N and ¢ > 0, put

G (t) 1= 272 {1og1og — b%J.

For notational simplicity, we shall write g, for ¢, (¢). Further, for each n € IN and each
nonnegative integer k < g,, define numbers 7y, ,, by 7o, := 0,

7j—1
. . 287K_1 n _
P i= {5 =m0 N b2 > a2g ) REN R <01,
k=ri_1n
EJP 26 (2021), paper 131. https://www.imstat.org/ejp
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where 02 := ,ICVQS’ M =Nl p2k and r, ., := Ny(b,) — N, + 1. One can check by a direct

calculation that the numbers are well-defined and that, for k € N, k < g,

Thon—Tk—1,n—1 2
n

Z 2k g
bn ~ Tk — Tk—1n

——, n — oo. (5.34)
=0 an

2N5(b,)

For the latter we have used the fact that the relations lim,,_, o, b5 =0 and

lim,, o b2V» = 1 entail

o2 ~ (1-063)"' n— o

Foreachn € N, k € Ng, k < ¢, and t > 0, put

’l"kynfl

e A S

J=Tk—1,n

and
Thyn—1

2 _—1,(1+8)rk—1,n S S”k ,n
Ziw = g0 0y, v Z by’ R/ TEER

J=Tk—1,n

Observe that the random variables Z; ,,,..., Z,, , are independent, and

Thyn—Tk—1,n—1

—1, (1406 n ,
Zjn L qn/z 15( +0)rk—1, Z bf/njﬂ,
j=0

where < denotes equality of distributions. Noting that lim,,_, SM)T’“I’" =1 and then
using (5.34) we infer with the help of Lemma 4.1 that
lim P{Z, <z} =P{Normal (0,1) <z}, z€cR. (5.35)

n—oo

In view of
f(bn) ~ (U qn/zt) = Qp, N — 00,

it suffices to prove (5.33) with «,, replacing f(b,,). Then with r_; ,, := 0

N2(bn) N2(bn)_Nn_1
IP{anb;SN“ S oS> 1 5} = IP{an Y b > 1 5}
k=N,+1 k=0
qn

= ]P{anqnﬂtoznqn1 sz n >t — e)} IP{an >t(l—e),1<k< qn}

Zk n > t 1- 5) Srk_lm, - Srk_gm, < (]- + 5)(71]671,71 - rk72,n)71 < k < Qn}

\/

{Zk n > t ) Srk,l_n - Srk,zyn S (1 + 5)(7"16—1,71, - Tk—Q,n)a 1 S k S Adn

qn

=TI P{Zkn > t1 = 2), S = Seia S (1 0) (10— Th2) |-
k=1

Using (5.35) and the weak law of large numbers for random walks we conclude that,
uniformly in k € N, k£ < q,,

lim IP{Zk n>t(1=€),8 1, = Srs, (A48 (rk—1,n — ’f‘k;,g’n)}

n—oo
= P{Normal (0,1) > t(1 —¢)}. (5.36)
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Given constants ¢ € (0,1) and p € (0,1) we can choose t so large that
A(t) :== 2t 2(log(1/c) + p+log(t(1 — &) + (1 —e)* < 1

and that, for large n,

log P{ Zn > (1= £), Sy, = Snyn < (14 8) (ko0 = Th-2.0) }
> log P{Normal (0,1) > t(1 — &)} — p > —(log(1/c) + p + 27 1#*(1 — £)? + log(t(1 —¢)))
=212 A(¢),

where the first inequality is a consequence of (5.36), and the second inequality follows
from Lemma 12.9 on p. 349 in [21]. Hence, for ¢, p, t and n as above

N2 (br)

]P{anb;SN" Z b1y > 1 — 6} > exp(—27'2A(t)qn)
k=N, +1

= exp (= A(t) loglog(1/(1 — b2))] ).

This is the general term of a divergent series, hence (5.33) holds, because

Z (log 1 1b%)A(t) o

n>ng

by the property (c) of B*. The proof of Lemma 5.9 is complete. O
Now we can prove Proposition 5.7 and Theorem 1.5.

Proof of Proposition 5.7. Relation (5.27) is a consequence of formula (5.10) and Lem-
mas 5.8 and 5.9. Replacing in (5.27) n; with —n; we obtain (5.28). O

Proof of Theorem 1.5. Relation (1.4) follows from Propositions 5.1 and 5.7.
Recalling our convention that ;z = s = 1 it remains to prove that

C((f(b) > by cbe (1—e )2, 1))) =[-1,1] as. (5.37)

k>0

To this end, we first note that the random function b — >, -, b1y is a.s. continuous
on [0,1). Indeed, while the function b — bSs-17, is a.s. continuous on [0,1), the latter
series converges uniformly on [0, a] for each a € (0, 1) with probability one. This follows
from the inequality b+t < p**=1) < 9(~1) which holds for large k and b € [0,d]
and the fact that EY", ., a®®*~V|n| < oco. Thus, the function b — f(b) >, <, b5 1

is a.s. continuous on ((1 — e~1)'/2,1) with limsup,_,,_ = 1 and liminf, ,;_ = —1. This
immediately entails (5.37) with the help of the intermediate value theorem for continuous
functions. g
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