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Abstract

We consider an interacting particle system on the lattice involving pushing and
blocking interactions, called PushASEP, in the presence of a wall at the origin. We
show that the invariant measure of this system is equal in distribution to a vector
of point-to-line last passage percolation times in a random geometrically distributed
environment. The largest co-ordinates in both of these vectors are equal in distribution
to the all-time supremum of a non-colliding random walk.
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1 Introduction

The last two decades have seen remarkable progress in the study of random interface
growth, interacting particle systems and random polymers within the Kardar-Parisi-
Zhang (KPZ) universality class through the identification of deep connections between
probability, combinatorics, symmetric functions, queueing theory, random matrices and
quantum integrable systems. The greatest progress has been made with narrow-wedge
initial data (for example see [1, 3, 7, 12, 18, 26, 27, 31]) and there are substantial
differences in the case of flat initial data, see [2, 6, 10, 15, 24, 29].

The purpose of this paper is to prove multi-dimensional identities in law between
different models in the KPZ universality class with flat initial data. These are closely
related to identities involving reflected Brownian motions and point-to-line last passage
percolation with exponential data proved recently in [16]. The results of this paper,
together with [16], suggests the possibility that there may be more identities of this form
and deeper algebraic reasons for why they hold.
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On the one hand, these identities involve an interacting particle system called
PushASEP (introduced in [8]) in the presence of an additional wall at the origin. This is a
continuous-time Markov chain (Yi(¢), ..., Y, (t)):>o taking values in W2, = {(y1,...,¥n) :
0<wy;...<y,andy; €Z} and with the following evolution depending on 2n indepen-
dent exponential clocks. Throughout we refer to the i-th co-ordinate as the i-th particle.
At rate v;, the right-clock of the ¢-th particle rings and the i-th particle jumps to the right.
All particles which have (before the jump of the i-th particle) a position equal to the i-th
particle position and an index greater than or equal to ¢ are pushed by one step to the
right. At rate v, ! the left-clock of the i-th particle rings and if the ¢-th particle has a
position strictly larger than both the (i — 1)-th particle and zero then the i-th particle
jumps by one step to the left; if not this jump is suppressed. In summary, particles push
particles with higher indices and are blocked by particles with lower indices and a wall
at the origin. Our focus will be on the case 0 < vy,...,v, < 1 when this process has a
stationary distribution.

A second viewpoint is to relate the top particle in PushASEP with a wall to the top
particle in an ordered (or non-colliding process), see Proposition 2.1 and related state-
ments in [3, 4, 26, 32]. Let (Z\"")(¢),..., Z\")(t))¢=0 be a multi-dimensional continuous-
time random walk started from (0, ...,0) where ZZ-(”“”“) jumps to the right with rate
vn_i+1 and to the left with rate v, 4+1- We construct from this an ordered process
(Zi'(t), .., Z}(t))i>0 by a Doob h-transform, see Section 2. In the case 0 < v, < ... < vy,
this is given by conditioning (Zf”"), - Z,(f”)) on the event of positive probability that
Zm <<zl

The other side of the identities we prove, involve point-to-line last passage percolation
times. Let I1%3¢(k, ) denote the set of all directed (up and right) nearest neighbour paths
from the point (k,1) to the line {(¢,5) : i+ j =n+ 1} and let

G(k,l) = max Z Gij (1.1)

melIfat(k,l) (.)€
i,j)€m

where g;; are an independent collection of geometric random variables with parameter
1 — vvp—j4+1 indexed by {(¢,7) : 4,j € Z>1andi+j < n+ 1} and with 0 < v; < 1
for each ¢ = 1,...,n. The geometric random variables are defined as P(g;; = k) =
(]. — vivnquLl)(’Ui'Un*jJrl)k for all k& > 0.
Theorem 1.1. Let n > 1 and suppose 0 < v1,...,v, < 1 and let Y, be distributed
according to the top particle of PushASEP with a wall in its invariant measure, let Z| be
the top particle in the ordered random walk above and G(1, 1) be the point-to-line last
passage percolation time defined by (1.1). Then

VA

n

sup Z; () 4 G(1,1).
>0

The first identity in Theorem 1.1 follows from two representations for Y and
SUp;>g Z1(t) as point-to-line last passage percolation times in a random environment
constructed from Poisson point processes. The equality in law then follows from a time
reversal argument.

The main content of Theorem 1.1 is that either of these random variables is equal in
distribution to a point-to-line last passage percolation time. We provide two proofs; the
first is more direct while the second proves Theorem 1.1 as a corollary of our main result
in Theorem 2. The first method is to calculate the distribution function of sup,~, Z/ (t)
by relating the problem to conditioning a multi-dimensional random walk to stay in a
Weyl chamber of type C given that it remains in a Weyl chamber of type A. This gives
the distribution function of sup,~, Z/ () as proportional to a symplectic Schur function
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divided by a Schur function. This can be identified as a known expression for the
distribution function of point-to-line last passage percolation in a geometric environment
from [5]. This proof of Theorem 1.1 is given in Section 2.

The second method of proof is to view Theorem 1.1 as an equality of the marginal
distributions of the largest co-ordinates in a multi-dimensional identity in law relating
the whole invariant measure of PushASEP with a wall to a vector of point-to-line last
passage percolation times. This leads to our main result.

Theorem 1.2. Letn > 1 and suppose 0 < vy,...,v, < 1. Let (Y7*,...,Y,) be distributed
according to the invariant measure of PushASEP with a wall and let (G(1,n),...,G(1,1))
be a vector of point-to-line last passage percolation times defined in (1.1). Then

Yy,.... YO LG, n),...,Ga,1).

’ n

We give two proofs of Theorem 1.2; one motivation is that each proof establishes
different intermediate statements which we believe will be useful in their own right.
In the first proof, we prove in Section 3 a formula for the transition probability of
PushASEP with a wall, following the method of [8]. From this we obtain an expression
for the probability mass function of (Y;*,...,Y;") in Proposition 3.3. In Section 4, we use
an interpretation of last passage percolation as a discrete-time Markov chain, with a
sequential update rule for particle positions, which has explicit determinantal transition
probabilities given in [14]. In order to find the distribution of a vector of point-to-line
last passage percolation times, we use the update rule of this discrete-time Markov
chain while adding in a new particle at the origin after each time step. In such a way we
can find an explicit probability mass function for (G(1,n),...,G(1,1)) which agrees with
(Y, ..., Y”) and gives our first proof of Theorem 1.2.

The second proof of Theorem 1.2 is to obtain this multi-dimensional equality in law
as a marginal equality of a larger identity in law. We give this proof in Section 5. In
particular, we construct a multi-dimensional Markov process involving pushing and
blocking interaction which has (i) an invariant measure given by {G(¢,j) : i +j <n+1}
and (ii) a certain marginal given by PushASEP with a wall. Moreover, the process we
construct has the same distribution when run forwards and backwards in time up to a
relabelling of the co-ordinates. This is an example of dynamical reversibility. (Dynamical
reversibility is more general than the above statement and we refer to Kelly [20] for
the definition in full generality and applications to queueing networks.) Dynamical
reversibility leads to a convenient way of finding an invariant measure and can be used
to deduce further properties of PushASEP with a wall. In particular, when started in
stationarity the top particle of PushASEP with a wall evolves as a non-Markovian process
with the same distribution when run forwards and backwards in time. This is a property
shared by the Airy; process and it is natural to expect that the top particle in PushASEP
with a wall run in stationarity converges (up to a rescaling) to the Airy, process.

We end the introduction by comparing with the results on PushASEP in Borodin and
Ferrari [8]. When started from a step or periodic initial condition [8] prove that the
associated height function converges (up to a rescaling) to the Airy, or Airy, process
respectively (see also the seminal work [10, 29]). The choice of a periodic initial condition
thus gives one way of accessing the KPZ universality class started from a flat interface.
In this paper we instead impose a wall at the origin and consider the invariant measure
of PushASEP with a wall. This makes a substantial difference to the analysis and unveils
different connections within the KPZ universality class with flat initial data.
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2 Proof of Theorem 1.1

2.1 The all-time supremum of a non-colliding process

We start by defining Schur and symplectic Schur functions. It will be sufficient for
our purposes to define them according to their Weyl character formulas and we only
remark that they can also be defined as a sum over weighted Gelfand Tsetlin patterns
and have a representation theoretic significance, see [17]. Let W" = {(z1,...,z,) € Z™ :
1 <...<z,}, Wi ={(z1,...,2,) €Z": 0< 21 <...<z,}and W2, = {(z1,...,2,) €
7" x < ... < x,;g 0}. For z € W™ we define the Schur function S;: R™ — R by

det(vf .
T v) = j*l (2.1)
det(v; )ijl

and for z € WZ, we define the symplectic Schur function Sp, : RY, — R by

n

det (vzﬁjﬂ' _ v;(rﬁj))

Sp,.(v) = R Teas =L (2.2)
det(v] —v; *)} iy

Let (Zf”")(t), . .,Z,(fl)(t))tzo denote a multi-dimensional continuous-time random
walk started from (z1,. .., z,) where each component is independent and Zi(v"’i“) jumps
to the right at rate v, ;11 and to the left with rate v;ii 41- We define an ordered random
walk (Z1(t),..., 2} (t))i>0 started from x € W" as having a ()-matrix (generator) given

by a Doob h-transform: for x € W™ and i = 1, ..., n, with off-diagonal entries

Sete; (U)

Qzi(r,xte) = T(U)l{xieieWny (2.3)

The diagonal entries are given for x € W" by Qi (z,2) = — Z?Zl(vjl + v;). The fact
that this is a conservative (Q-matrix is part of Proposition 2.1. This is a version of
(Zf”")(t), ce Z,(L”I)(t))tzo with components conditioned to remain ordered as Z; < ... <
Z,. It is related to a non-colliding random walk with components conditioned to remain
strictly ordered by a co-ordinate change; for more information on non-colliding random
walks we refer to [21, 22, 25].

Define hy : W™ — R by ha(z) = [/, v,% 15:(v) and define he : W2, — R by
hc((El, Ce 7£Cn) = H?:l U;f;_;,_lSp(—xn,...,—ml)(v)'
Proposition 2.1. (i) Qi is a conservative Q-matrix. Equivalently, h 4 is harmonic for

(Z (1), ..., Z5 (£))1>0 killed when it leaves W™,

(ii) We have that

0=tp<t1<...<tp=t i=1

<z,t<t>>tzoi< sup Z(ZS“““”(zsi)—Zf““"“)(ti_l))) L@
t>0

This is a consequence of Theorem 5.10 in [4] and is proved by multidimensional
versions of Pitman’s transformation. It is also closely related to the analysis in [8]. In the
case that only rightward jumps in Z; are present, this corresponds to a construction of
a process on a Gelfand-Tsetlin patten with pushing and blocking interactions [33]. The
statement above can also be proved as a consequence of push-block dynamics by minor
modifications of the proof of Theorem 2.1 in [33] and we describe these modifications in
Section 6. The construction of a corresponding process on a symplectic Gelfand Tsetlin
pattern in [33] leads to the following.
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Lemma 2.2 (Theorem 2.3 of [33]). h¢ is harmonic for (Z\"", ..., z{"")) killed when it
leaves WZ,.

This is a reflection through the origin of the result in [33] which considers a process
killed when it leaves WZ,.

Proposition 2.3 (Corollary 7.7 of [23]). Suppose 0 < v, < ... <wv; < 1.

(i) Let Ty = inf{t > 0 : (Z\"(¥),...,Z"")(t)) ¢ W"}. Then for x € W", we have
P,(T4 = o0) = kaha(x) where

n—1
ka = Jwi —v) [T v; 7.
1<j j=1

(ii) Let T = inf{t > 0 : (Z\")(t),...,Z" (1) ¢ WZ,}. Then for x € W2, we have
P,(Tc = o0) = kche(x) where

n—1
Ko = H (1 — ’U{l}j) ]‘_[(Uz — Uj) H ’U;(nij)
1<i<j<n 1<j j=1

The probability that a random walk remains within a Weyl chamber for all time is
considered in a general setting in [23]. In our setting, we give a direct proof using
Proposition 2.1 and Lemma 2.2.

Proof. Proposition 2.1 and Lemma 2.2 show that h4 and h¢c are harmonic functions for
(Z@Wn)(t),...,Z@)) killed when it leaves W" and W2, respectively.

We now check that k4h4 and kche have the correct boundary behaviour. Let
lz| = 2%, 2 for z € R and define W™ = {z ¢ W™ : 3¢/ € W" with |z — 2/| = 1}
and OWZ, = {z ¢ WZ, : 32’ € W2, with |z — 2/| = 1}. Then we can observe from
(2.1) that S,(v) = 0 for all z € W™ because two columns in the determinant in the
numerator of (2.1) coincide if x; = ;41 + 1 forsome ¢ = 1,...,n — 1. In a similar manner,
he(zt, .y n) = Tim v, 55 1SP(—a,... —a1)(v) = 0 for all 2 € W2 due to the above
observation and that h¢(z) =0 when T, = 1.

We now consider the behaviour at infinity. For hy4, it is easy to see from the Weyl
character formula (2.1) that

n n—1_ n—j
v
o i Ters e T

. : n—i+1 .
ot vmoo L Mic (v = vy)
where we use the limit above to mean z,,...,z, - —oo0 and z; — x;4+; — —oo for each
1 =1,...,n — 1. For the symplectic Schur function we find
n
—x; ( )n H] 1 _7

lim HUnf;‘_’_lsp(—xn,...,—ml)(v) =

T —Tj41—>—00

i=1 det(”i - iJ)i,jzl

and use Eq. 24.17 from [17] to give a more explicit expression for the limiting constant

n
det(v! —v; )7,y = ()" [Joi—v)) J[ @ =wvivy) (2.5)
i<j 1<i<j<n j=1
We conclude that
n
. —x; —
x7—z71-1¢—11n—>—00 e 1_[1 Un7i+lsp(7x"""’7ml) (U) =1

1=
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In the case 0 < v, < ... < v; < 1 the process (Z(*»)(t),..., Z("1)(t)) almost surely has
7") & —ocforeachi=1,...,nand Z") — Z{"t") — —ccfori=1,...,n— 1. Therefore
the above specifies the boundary behaviour of k4h 4 and xkche.

Suppose that (h,T') either equals (kaha,Ta) or (kche,Tc) and let Z; denote
(Z@Wn)(t),...,Z™)(t)) killed at the instant it leaves W™ or W2,. Then (h(Z;))i>o is
a bounded martingale and converges almost surely and in L' to a random variable
Y. From the boundary behaviour specified above, ) equals 1 if T = oo and equals
zero otherwise almost surely. Using this in the L' convergence shows that h(z) =
lim; o0 Ea:(h(Zt*)) = PI(T = OO) O

From this we can prove the second equality in law in Theorem 1.1 for a particular
choice of rates. Suppose 0 < v,, < ... < v; < 1 which ensures that all of the following
events have strictly positive probabilities, and let z € WZ,,. Then

.....

Py ay | sup Z1 <0> =
(@1, <t>g P(m1 xn)(TA _ oo)

Kchc(m)
I'iAhA(x)
Sp(—wn,...,—xl)(v)
1<i<j<n
Let (z1,...,2,) = (=70, ..., —n) and shift co-ordinates by 7. Then

Py (sup zZh < 77> =P, (iglg zZh < 0) = H (1 —vv;) vaSpnm) (v) (2.6)

t20 1<i<j<n i=1

by using that S, _.,(v) = [[;_, v; " and the notation n™ = (n,...,n). We compare
this to Corollary 4.2 of [5] which in our notation states that

n

PG,y <n = [ @=vv)]]e’Spyem(v). (2.7)

1<i<j<n i=1

Equation (2.6) and (2.7) prove the second equality in law in Theorem 1.1 for 0 < v,, <
... < w1 < 1. This can be extended to all distinct rates with v; < 1 foreachi=1,...,n by
observing that the law of the process (Z] (t));>o is invariant under permutations of the
v;. In particular, this holds for sup,~, Z} (t) and also holds for G(1, 1) from (2.7).

2.2 Time reversal

Up to this point we have considered PushASEP with a wall as a continuous-time
Markov chain with a unique stationary distribution. We now show that PushASEP
with a wall started from (0,...,0) has an interpretation as semi-discrete last passage
percolation times in a environment constructed from 2n Poisson point processes. The
stationary distribution can be recovered by taking a limit as ¢ — oo. In particular,

k n

(Ya(t)p_y = ( sup > (Z"(t) — Zf””(zei_m) (2.8)
0<to<ti<..<tp=t ;3 kel

where the Zi(“) are continuous-time random walks defined above. In terms of the semi-
discrete last passage percolation formulation, it is natural to think of Zi(vi) as a difference
of two Poisson point processes, one acting as a reward (at rate v;) and one as a penalty
(at rate v;l).
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In the proof of (2.8) we will denote the right hand side of (2.8) by (Ux(t));r_,. We
check that the evolution of this process is PushASEP with a wall. When n =1, U; (¢) =
supogtugt(Zf’“)(t) — 7" (#,)) and this evolves as PushASEP with a wall with one particle
started from zero. For the inductive step we note that adding in the n-th particle to
(Ur(t))r_, does not affect the evolution of the first (n — 1) particles. Therefore we only
need to consider the n-th particle given by

Un(t) = sup (Z{)(t) — Z8n) (5) + Y1 (s)) (2.9)

0<s<t

where Y,,_; is the (n — 1)-th particle in PushASEP with a wall. If U,, > Y,,_; then the
suprema in (2.9) is attained with a choice s < t and U,, jumps right or left whenever
Z,(L”") does. If U, = Y,,_1 then at least one of the (possibly non-unique) maximisers of
the supremum in (2.9) involves s = t. This means that if Zr(f’") jumps to the right then
U, jumps to the right; if Y,,_; jumps to the right then U,, jumps to the right (this is
the pushing interaction); and if Z,(f”) jumps to the left then U, is unchanged (this is
the blocking interaction). Therefore U,, defined by (2.9) follows the dynamics of the
n-th particle in PushASEP with a wall started from the origin. Therefore (2.8) follows
inductively.

Equation 2.8 has a similar form to Proposition 2.1 and this along with time reversal
establishes the following connection, see [9, 16] for a similar argument in a Brownian
context.

Proposition 2.4. Let Y, be distributed as the top particle in PushASEP with a wall in its
invariant measure and Zl be the top particle in the ordered random walk with (Q-matrix
given by (2.3) and started from the origin. Then
Y, < sup Z} (1),
>0
Proof. For any fixed ¢, we let t — u; = t;_; and use time reversal of continuous-time
random walks (Zi(”i)(t) — ZZ.(”i)(t —5))s>0 4 (Z(”i) (s))s>o0 to establish that

n—i+1
k n
O = sup (k) = 20 (ki) (210
0<to<...<tp=t i=1 k=1
& n
_ sup Y (Z0 (=) = 20— i) (2.11)
0=up<...<up<t {7 k=1
d : ’
= sup Z(ZSEEJA(UICJJA) - Zr(ffzﬂ(“k*i)) : (2.12)
O=up<...<up <t i=1 k=1

The final step uses that the summands are independent and are increments of the
forwards and backwards in time processes in the time reversal above which are equal as
processes. The equality in law of the largest co-ordinates, relabelling the sum from i to

n — i+ 1 and comparing with Proposition 2.1 part (ii) shows that Y, (¢) 4 SUPg< o<t 21 ().

In particular, letting ¢ — oo completes the proof. O
Lemma 2.5. The distribution of (Y{*,...,Y,¥) is continuous in (v1,...,v,) on the set
0,1)".

Proof. We will use the representation for (Y7,...,Y,") obtained by relabelling the sum ¢

tok —i+1in (2.10) and letting ¢t — oo,

k n
«\n 4 Vk—it1 Vk—i+t1
(Y )k = ( sup Z(Z,(Lfkﬁ )(tk—i—H) - Z,(,fkﬁ )(tk—i))> .
k=1

0=to<...<tp <00 S5
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We fix ¢ > 0 and construct realisations of Z\""~"**) for all ¢ < v; < 1 — ¢ on the same
probability space. To achieve this we define 2n independent marked Poisson point
process Ry,..., R, and Ly,..., L, on R>g x [0, 1] which will dictate the rightwards and
leftward jumps respectively of Zi(”""”l). For each i = 1,...,n, the marked Poisson point
process R; and L; consist of points (¢, wy)r>1 and (tx, Wk )r>1 where (tx)r>1 and (fx)k>1
are the points of a Poisson point process of rate 1 and 1/e respectively on R>¢. The w;
and @; are uniform random variables on the interval [0, 1] which are independent of each
other and (ti)iZh (fi)izl'

We define RE”) to be the subset of (¢;,w;);>1 with w; > 1 — v and Lgl/”) to be the
subset of (¢;,w;);>1 with @; > 1 — ¢/v. The projection onto the first co-ordinate of RE’“)

and LS”) give independent Poisson point process of rate v; and 1/v; respectively which
define coupled realisations of Z\""~***) for any choice of ¢ < v < 1 — €.

Almost surely, the suprema on the right hand side of Proposition 2.8 part (ii) all
stablise (after some random time uniform over (vq,...,v,) € (¢,1 — €)™). For any real-
isation of the marked Poisson point processes, the right hand side of Proposition 2.8
part (ii) is continuous in (v1, ..., v,) except at (1 — w;);>1 and (¢/(1 — w;));>1. Therefore
the distribution of the right hand side of part (ii) of Proposition 2.8 is continuous in
(v1,...,v,) on the set (¢,1 — €)™, and hence so is the distribution of (Y;*,...,Y,r). Aseis

arbitrary this completes the proof. O

Proof of Theorem 1.1. Proposition 2.4 is the first equality in law. At the end of Section
2.1 we proved the second equality for distinct 0 < vq,...,v, < 1. Lemma 2.5 allows us to
remove the constraint that the v; are distinct. O

3 Push ASEP with a wall

3.1 Transition probabilities

We give a more explicit definition of Push-ASEP with a wall at the origin as a
continuous-time Markov chain (Y (¢));>0 = (Y1(%),...,Y,(t))i>0 taking values in W%, =
{(y1,...,yn) v € Zand 0 < y; < ... < y,}. We use ¢; to denote the vector taking
value 1 in position i and zero otherwise. The transition rates of Y are defined for
Y,y +e +...+e; € Wiyandi < j by

qy,y+teitepr+...+ ej) = vi1{yi:yi+1:~~~:yj<y]+1} (3.1

with the notation y,,+1 = co and for y € W, by

a(yy =€) =07 Ly—cews,)- (3.2)

All other transition rates equal zero. We note that in [8] the particles were strictly
ordered, whereas it is convenient for us to consider a weakly ordered system; these
systems can be related by a co-ordinate change z; — x; +j — 1.

To describe the transition probabilities we first introduce the operators acting on
functions f : Z — R with v > 0,

oo

DO f(u) = flu) —vflu—1),  JOf(u) = 0" f(j),

Jj=u

where we will always apply J(*) to functions with superexponential decay at infinity.

We use D@1-vn) = D@1)  D@n) gnd J@isvn) = J1)  jn) ag notation for concate-

nated operators and D,(”), Jff) to specify a variable u on which the operators act.
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We recall Siegmund duality for birth-death processes, see for example [11, 13]. Let
(X¢)1>0 denote a birth-death process on the state space Zx( with transition rates:

i — 1+ 1rate \; fori >0, it — 1 — 1 rate u; fori > 1.
Let (X ):>0 denote a birth-death process on the state space Z>_; with transition rates
t — 1+ 1 rate p;41 fore > 0, i — 11— 1rate \; fori > 0.

The process X has a reflecting boundary at zero while X* is absorbed at —1. Under
suitable conditions on the rates, see [13], which hold in the case of interest to us: \; = v;
fori>0and p; = vy ! fori > 1, Siegmund duality states that

P Xy <y)=Py(X;/>z) forallt>0, z,y€Z>o.

We can find the transition probabilities for X* by solving the Kolmogorov forward
equation. We define forany ¢t > 0 and =,y € Z,

1 dz
_ o E Ly a2y pt(e+1/2)
be(@,y) = 5 j{“o (2 z )e

where I'y denotes the unit circle oriented anticlockwise. The transition probabilities of
X* are given for x € Z>o and t > 0 by P,(X; = y) = oV Te 1t 1/v0y (z,y) for y € Zxg
and P (X7 =-1)=1-3" vV e ot/ v g ().

By using Siegmund duality, the transition probabilities of PushASEP with a wall with
a single particle (which is an M/M/1 queue) are given by

vi’_“:e_t(”lﬂ/”l)Dél/vl)JgE”l)wt(x, y) forallt >0, x,y€ Z>o.

The purpose of the above is that this now provides a form which is convenient to
generalise to n particles. Define for allt > 0 and z,y € Z",

ri(a,y) = [ opr e R det(Fy (s + i — 1y; + = )7y
k=1

with

Fij(twi+i—1,y;+j — 1) = D§/vova) Jorvd gy (i — 1y; + 5 — 1),
Proposition 3.1. The transition probabilities of (Y1(t),...,Y,(t)):>0 are given by ri(z,y)
forz,y € Wi,.

The transition probabilities for PushASEP in the absence of a wall were found in [8]
and related examples have been found in [30, 32]. Our proof follows the ideas in [8].

Proof. Observe that for all u,w € Z,

% = Y(u,w+ 1) + P (u,w — 1)

and therefore for all z,y € W7,

dr

a ka_lrt(xa y+er) +opre(z,y —er) — (i + v,;l)rt(x, Y). (3.3)

k=1

We note that y + e, may be outside of the set WZ, but that r has been defined for all
x,y € Z". The proof will involve showing that the terms involving y + ej, ¢ W, in (3.3)
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can be replaced, using identities for r, by terms corresponding to the desired pushing
and blocking interactions.
An important role is played by the identity, that if y; = y; 4, then

v; Yri(z,y +ej) = j__&lrt(x,y). (3.4)

This can be proved by showing that the difference of the two sides is equal to

n
i,j=1

H vzk—zke—t(vk—&-l/vk)det(Aij) )
k=1
where the relevant columns of A are the k-th and (k 4 1)-th which have entries for each
1=1,...,n given by
A = D;tﬁ””ﬂdw +i—Lypyr + k), Ay = Fpp(z +i— 1Lyrr + k).

These two columns are equal which proves (3.4).

We first consider the terms in (3.3) with y — e, ¢ W2, and y; > 0 which corresponds
to right jumps with a pushing interaction. Denote by m(k) the minimal index such that
Ym(k) = Ym(k+1) = - -- = Y. Then by iteratively applying the identity (3.4) we obtain

vpre(z,y —ex) = vp—1re(T, Yy —ep—1 —ex) = ... = Um(k)rt(xvy —Cmk) — - T €k—1— ek).-

This shows that,

n
E :Ukrt(x’ Ul ek)1{ym(k—1)<ym(k):--~:yk} —urre(7,y)
k=1

n
= va(k)rt(xay —€mk) — - — €1~ )Ly oy <ymp ==} — VkTt(2,y)  (3.5)
k=1
where yo := 0. We note that y —e,;,(x) —... —ex—1 —ex € W, whenever y,,(x—1) < Ymk) =
... =y holds.

We next consider the terms in (3.3) with y + ¢; ¢ Wgo which will correspond to
blocking interactions. This means that yx = yr+1 and using (3.4) shows that

n—1 n
Z ”Ell{yk=yk+1}7’t(93ay +ex) = Zvlc_ll{ykq:yk}rt(xvy)'
k=1 k=2

Therefore

n

Zv;lrt(x,y + ek) - vlglrt(xay) = 7”1_1701&(%; y) - ka_l(l - 1{yk—1=yk})rt(xay)

k=1 k=2
n—1

+o tri(m,y +en) + Z v t(1 - Liyn=yea})7e(z,y +ex).  (3.6)
k=1

We note that y + ex € WZ, whenever (1 — 1, —,, .,1) # 0.

The final terms we need to consider in (3.3) are those with y — e, ¢ W2, and yx =0
which correspond to left jumps which are suppressed by the wall. If y; = ... = y;, = 0 for
some k > 1, then

n
ri(T,y —ey) = vy ! H v;“.'jfmje_t(’”ﬁl/“f)det(Bij)ﬁjzl
j=1
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for a matrix B where the relevant entries of B are the columns indexed by 1,..., k.
The first column has entries B;; = Jéfl”'vi)(w(asi —i+1,0) —v; "(x; —i+1,—-1)) which
simplifies to B;; = ngfl"'vi)w(:ci — i+ 1,0) by the fact that ¢)(-,—1) = 0. The columns
indexed by j = 2,...,k — 1 can be simplified to B;; = J;’jl"'”"’)w(xi —i+1,7—1) by using
¥(-,—1) = 0 and column operations. Using this argument for the k-th column and that
we consider the vector y — e;, we observe that the k-th column is a linear combination of
columns 1,...,k — 1 and hence r;(z,y — ex) = 0 if y, = 0 for any k£ > 1.
The remaining case is when 0 = y; < y» and we show that

vre(r,y —er) — Uflrt(x’y) =0.

This follows from multilinearity of the determinants involved in the definition of  and
using (-, —1) =0,

DY vap(z;, —1) — o7 DI, (24,0) = —o7 M (a5, —2) — vy ey (4,0) = 0.
Therefore .
> oeri(@,y — k) Lomyi—.—gy = 01 Ligu—oyre(, ). (3.7)
k=1
We combine (3.3), (3.5), (3.6) and (3.7) to obtain that

dr n n

dt - Z’Um(k)rt(xa Y—€mk) — -+~ €k—1— ek)1{ym(k_1)<ym(;€):.‘.:yk} - Z'Ukrt(xvy)
k=1 k=1
(3.8)
— oy (L= gy mopre(@y) = Do (U= Ly =gy )re(2,y) (3.9)
k=2
n—1
+ v;lrt(a?, y+en)+ Z v,;l(l — 1{yk:yk+1})7"t(357 Y+ ex). (3.10)
k=1
We now consider the initial condition.
ro(z,y) = [ vi* " det(Fy (0;2i +i — Ly; + 5 — 1) (3.11)

k=1

where
Fij(03 i+ — 1,y; +j — 1) = DS/ t0a) Jonvd g (o, 46 — 1,5+ — 1)

and Yo (u, w) = 14, _y—o} for u,w > 0 depends only on the difference w — u and we will
view this as a function of w — u. For any function f:Z — Rand u,w € Z, r > 0

o0
DY/ g f(w — u) = DI/ (Z ¢k (w — k)) = f(w —u). (3.12)
k=u

Therefore the top-left entry in the matrix defining r¢ equals 1, —,,}. Suppose y; > z;
and observe that if a function ¢ has g(u) = 0 for u > 0, then for any j = 1,...,n we have
Dq(tl/”'”l/”j)g(u +j —1) =0 for u > 0. This shows that when y; > x; the top row of the
matrix defining rg equals zero. In a similar manner, when y; < z; the first column in the
matrix defining r is zero. Therefore

n

TO(xay) = 1{x1:y1} H Ulzik_tkdet(Fl](O7xl +i— 17yj +] - 1))2]’:2 (313)
k=2
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and using (3.12) the entries of the matrix in (3.13) have the same form as the entries of
the matrix in (3.11) but with n — 1 particles. Continuing inductively,

y) = H L npmyi)- (3.14)

Therefore r;(x,y) satisfies the Kolmogorov forward equations (3.8) and (3.14) corre-
sponding to the process (Y (t));>0. These equations have a unique solution given by the
transition probabilities of (Y (¢));>o because the process does not explode. O

Lemma 3.2. Let (f;)j_, and (g;)}—, be functions Z>_1 — R such that g; decays super-
exponentially while f; grows at most exponentially at infinity.

(i) Suppose further that f;(—1) =0 foreachi=1,...,n,

> det(DA/ 000 (s 4§ — 1)7 et (T gy (g i — 1)1,
wEW;O

= det Z fi(u)g;(u)

u>0 ij=1
(ii) With no extra conditions and the notation D? = Id,
> det(D 20 fi(g 4 — 1)) det (T8 g (a i — 1)y
er;O
= det Z fi(u)g;(u)
u=0 i,j=1

Proof. The proof is similar to Lemma 2 in [16] and so we give a description of the proof
and refer to [16] which carries out some of the steps more explicitly. We prove (i) first
and (ii) is almost identical.

We first observe that

b

S (DY )+ 1)) (u+1) Zf )+ f(b+1)(J M) (b +1) = fla)(J " g) ().

o (3.15)
We apply (3.15) repeatedly to show that

Z det(DW/vr /03 fi(ws + § — 1)1y det(J D g (@ 4+ i — 1)1,
zeWl,

Y det(fi(z; — )i o det(g; (@i — 1)7;—y. (3.16)

zeWl,

The general procedure is to use a Laplace expansion of the determinants on the left
hand side, apply (3.15) with a particular choice of variable and parameter, and then
reconstruct the result as a sum of three determinants. A key property is that all of the
boundary terms in (3.15) will end up contributing zero.

The first application of this procedure is with the parameter v,,, variable x, and
summing z,, from z,,_; to infinity. This shows that the left hand side of (3.16) equals a
sum of three terms which all take the form:

Z det(A;;) j—1det(Bij); j—1-
b
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In the first term, ¥ = {(z1,...,2,) € WZ,}. The A,; are given by the entries of the
first matrix on the left hand side of (3.16) except with the application of D(*/*») in the
n-th column removed and the argument z,, + n — 1 replaced by x,, +n — 2. The B;; are
given by the entries of the second matrix on the left hand side of (3.16) except with the
application of J(!/*) in the n-th row removed and the argument z,, + n — 1 replaced by
=, +n — 2. There are two boundary terms which have ¥ = {(x1,...,2,_1) € W, ,} and
are evaluated at x,, = z,,_1 and z,, = co. These terms are both zero: when evaluated at
Zn, = Tp—1 two columns in A;; are equal, and the boundary term at infinity vanishes due
to the growth and decay conditions imposed on f and g.

We continue this process of using (3.15) with the following orders of parameters and
variables: (zn,vn), (Tn—1,Vn-1)s--, (Z1,01), (Tn-1,0n), (Tn—2,Un-1),..., (z2,v1), (Tpn,v1)-
For each j = 2,...,n — 1 the sum in (3.15) when applied to the z; variable is from
x;—1 to ;41 and all boundary terms are zero. In the generic case, the boundary term
corresponding to the upper limit of summation is evaluated at x; = x;;1 + 1 and is zero
because two rows in the determinant of B;; are equal. When (3.15) is applied to the z;
variable the sum is from 0 to x5 and the boundary term at zero vanishes by the condition
that f;(—1) =0foreachi=1,...,n.

This proves (3.16) and we apply the Cauchy-Binet (or Andréief) identity to the right
hand side of (3.16) to complete the proof of part (i).

Part (ii) is identical except that we do not apply (3.15) to the z; variable. Thus the
condition f;(—1) =0 for each ¢ = 1,...,n can be omitted. O

3.2 Invariant measure

Proposition 3.3. Let (Y{,...,Y") be distributed according to the invariant measure of
PushASEP with a wall and suppose that the rates 0 < vy,...,v, < 1 are distinct. Then
the probability mass function of (Y7*,...,Y,) is given by

(X1, Tp) = Cp H v,f’“det(D(l/”l“'l/”f)qﬁi(zj +i=1)=
k=1

_ . —(z=+1) z+1 _ 1 n n
where ¢;(r) = v, —v; " andcy, = H1§i<j§n wi—v;) szl Yy

We note that the Markov chain is irreducible, does not explode and the invariant
measure is unique when normalised.

Proof. We use Lemma 3.2, noting that ¢;(—1) = 0 for each 7 and that the conditions at
infinity are satisfied, to find

n

Z W(x)rt(:c, y):cn H UZk:e*t(Uk*Fl/’Uk)det D?(é/vl...l/vj)z ¢¢(U)¢t(u7yj +j— 1)
zeEW?, k=1 u>0 i =1
We recall that 1) is related to the transition probabilities of a process (X;):>¢ defined
through two independent Poisson point processes Nt(l) and Nt(g) of rate 1 as X; =
Nt(l) - Nt@) forall 0 <t < 7.7 and X; = —1forall ¢t > 7_4, where 7_; = inf{t > 0 :
Nt(z) = Nt(l) + 1}. The transition probabilities of X* are given for £ > 0 by P:(X; =
n) = e 2 (€,n) forn > 0and Pe(X; = —1) =1 - e >4 (& n). On the other hand,
(v~ X7+ X7+ e=(v+1/v)t4+2t i 3 martingale for X* for any v > 0. In particular,

D Wiy + 5 — Lu)gs(u)e Y = gi(y; 4+ j - 1).
u>0
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Using this and the fact that ¢ is symmetric in the right hand side of the first displayed
equation in this proof shows that

> w(@)ri(z,y) = co [] vitdet(DY/ 1) (y; 4§ — D)7y = 7(y).
mGWﬁ’D k=1

We defer the proof that 7 is positive and the identification of the normalisation constant.
These two properties will follow by identifying 7 as the probability mass function for a
vector of last passage percolations times in the proof of Theorem 1.2. O

4 Point-to-line last passage percolation

Point-to-line last passage percolation can be interpreted as an interacting particle
system, where at each time step a new particle is added at the origin and particles
interact by pushing particles to the right of them. We define a discrete-time Markov chain
denoted (GP'(k)),<r<n where GP(k) = (G¥'(k),...,G? (k)). The particles are updated
between time k — 1 and time k by sequentially defining G2 (k), ..., GP!(k) starting with
G’fl(k) = gn—k+1,; and then applying the update rule

GP' (k) = max(G¥' (k — 1), G" (k) + gn—ks1h—js1,  for2<j<k (4.1)

where (g;x)jk>1,j4+k<n+1 are an independent collection of geometrically distributed
random variables with parameters 1 — v;v,_4+1 and 0 < v; < 1foreach j =1,...,n. The
geometric random variables are defined as P(g;x = u) = (1 — v;Vp—g+1)(VjVn—g+1)" for
all w > 0.

The initial state is szl = gn1. The connection to point-to-line last passage percolation

is that the largest particle at time n has the representation

Gil(n) = max > g
(i,j)em

where H?ﬁt is the set of directed up-right paths nearest neighbour paths from (1, 1) to
the line {(4,5) : i +j = n + 1}. Moreover, GP!(n) is the vector on the right hand side of
Theorem 1.2. The advantage of this interpretation is that the transition probabilities
of (GP!(k))1 <<, have a determinantal form and this can be used to find the probability
mass function of GP!(n) as a determinant.

In the context of point-to-point last passage percolation the transition kernel of a
Markov chain analogous to the above is given in Theorem 1 of [14]. This can be used to
describe the update rule of G”!(n — 1) to GP!(n) from time n — 1 to time n by viewing
GP!(n—1) as being extended to an n-dimensional vector with zero as the leftmost position.
We first define: for functions f : Z — R with f(u) =0forall u <0,

DW () = f(u) —vflu—1), ITWf(u)= iu"*jf(j) for u >0
=0

and I™ f(u) = 0 for u < 0. Suppose p~! = (1/p1,...,1/p,) and for a function g : Z — R
with g(u) = 0 for u < 0 define

D(l/Pi+1~-1/Pj)g(u) forj >
g (u) = { 1O/psv PO g(u)  for j < (4.2)
g(u) for j = .
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Lemma 4.1 (Dieker, Warren [14], Theorem 1, Case A). As above, suppose the geometric
random variables g; ;11 used in the update rule (4.1) from GPl(n — 1) to GP/(n) have
parameters 1 —vyv; forj =1,...,n. Then

P(Gpl(n) = (y1,-.- ,yn)|Gpl(n —1)=(x2,...,25))

= [T = vron)ron) = eyl 0,y (03 = i + 5 = D)
k=1

where z; := 0 and wi(u) = 1{y>0}.
The proof uses the RSK correspondence; a more direct proof is given in the case with
all parameters equal in [19] and with the geometric replaced by exponential data in [16].
We will iteratively apply these one-step updates and use the following lemma to find
the probability mass function for GP!(n) as a single determinant.

Lemma 4.2. Suppose thatp = (p1,...,p,) andp; > 0 fori =1,...,n. Let (f;)’_, be a
collection of functions from Z>¢ — R and g : Z — R with g(u) = 0 for all w < 0. Then

Z det(D /P2 /%3 fy(z; + 5 — 1))ij:1det(g§f§11(yj —xi+j =)
zeW;O

n

= det | D(1/P2-1/p5) Z filw)gr(yj +j —1—u)

u=0 ij=1
Proof. We have g(u) = 0 for all u < 0 which means that (J®)g)(z —-)(u) = (/P g)(z —u).
We apply Lemma 3.2 part (ii) with the functions g;(-) = D(/P2--1/Pi)g(y; + j — 1 —-) where
DY = 1d. We note that as g is zero in a neighbourhood of infinity the condition on the
growth of f can be omitted. O

4.1 Proof of Theorem 1.2

Proof. We prove by induction on n that the probability mass function for GP!(n) is given
by the stationary distribution of PushASEP with a wall denoted by n(z1,...,2,) and
given in Proposition 3.3. We note that the case n = 1 holds. The proposed probability
mass function for GP!(n — 1) is

w(@2, .. wn) = ey | [ vitdet(DS/ 2 (x5 + 5 — 2))7 5,

k=2
. o —(u+1) u+1 . _ . ) —1 n n—1
where ¢;(u) = v; —v/" fori=2,...,nand cu—1 = ([[ocicjcn(i—v;)) T [[oo v
We define
A1, an) = e | [ vitdet(DS/ 200 gy + 5 - 2))7 -y (4.3)
k=2

where DY = 1d, q@l(u) = 1{y=—1) and ¢; = ¢; for each i = 2,...,n. We first show that for
(xla ce 7'In) € Wgo;
(@1, 00) = Lg —oy (T2, .., Tp). (4.4)

Consider a Laplace expansion of © where the summation is indexed by a permutation
o. If 0(1) = 1 then the top-left entry in the matrix defining # is given by q@l(xl — 1) which
equals 1 if z; = 0 and 0 otherwise. Therefore the terms in the Laplace expansion with
o(1) = 1 will give the desired expression for 7 and we need to show the remaining terms
in the Laplace expansion of & are zero.
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Let (1) = j for some 2 < j < n and o(i) = 1 for some 2 < i < n. For any
2 < j < n, the (1,j) entry in the matrix in (4.3) is only non-zero if z; = 0 by using the
definition of ¢?1. On the other hand, the (i, 1) entry in the matrix in (4.3) is given by
gisi(xl —1) =v* —v; " = 0if 2y = 0. Therefore as z; < z; all terms in the Laplace
expansion of 7 with o(1) # 1 are zero. This proves (4.4).

We use (4.3), (4.4) and the update rule in Lemma 4.1 to find the probability mass
function for GP!(n) as

C1 Z H ’U:kdet(Dg/Uz"'l/W)é)i(.ﬁj +j— 2))2]_:1
(mg,..‘,xn)ewgofl k=2

n

. H(l — v1vg ) (vyvg ) YR Tk det(wyj(i/(vwk))n (yj —xi+j—1)7 = (4.5)
k=1

where 1 := 0. We use the identities:
D) f(u) = DD (f(u)B™"), 1 fu) = g 1D (f(u)B~)
to show that with u = y; —x; + 7 — 4,
oy T/ i) M 0re0) (4 () = 70302100 (wyy (w)o) for i > (4.6)
oy DO/ rves ) ) (yyy (u)) = DO/l /0) (wy (upo}) for j > 4. (4.7)

We use (4.6) and (4.7) in (4.5) to obtain the probability mass function for Gpl(n) as

Cn—1 Z H vyt det (D(l/“2 1/v5) g, (z;+j— 2))

5,j=1
(T2, zn)EWZS tk=1

H (1 — vyvg)det(w gzz))_l(yj —zi+j =)=

where 1 (u) = w; (u)vl and Ag”)_l is defined by (4.2). We apply Lemma 4.2 to show this

equals

n yi+i—1
Cn—1 H(l — vyug)vpFdet Dg/”z‘“l/”j) Z bi(u— Dwi(y; —u+j—1) . (4.8)
k=1 u=0 .
3,j=1
In the case i = 1, recall ¢ (z) = v{"™" — o7 ") and observe that
yj+i—1
—utj—1 +i-1
Z ¢1 u— 1 y7 +j— U%J‘FJ 1 U D(l/vl)d)l(y +_7 _ 1) (49)
-
In the case 2 < ¢ < n observe that
iti—1 s L L i
S e A e e
! V1 — Vg 1—Ui/v1 1—1/(’01%) vlvi—l

VU1

_ B »
(=) (v - 'Uz) Wiy 3= 1)+ Cof (4.10)

where C' is independent of y;. Using (4.9) and (4.10) in (4.8) and removing the terms
CvY’ using row operations we find

o 1 H 1 j H 'Ukvl) deet(D(l/m 1/1;J)¢ <y 4+ _1))13 .-

i lfvlv] vlfvj Pt
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The prefactor equals ¢,, where ¢, =[] <i<j<n (u,—u,) T =1V} and so we establish induc-

tively that the probability mass function of G*!(n) is given by

T(Y1,s -y Yn) = Cn H vprdet(DY 1 ) g (y; 4+ 5 — 1)1y (4.11)
k=1

We recall that in Proposition 3.3, we deferred the proof of positivity of = and the nor-
malisation constant. This is now proven as we have identified 7 as the probability mass
function of Gpl(n). Moreover, Equation (4.11) and Proposition 3.3 proves Theorem 1.2
when vy, ..., v, are distinct. The distribution of (Y,...,Y;’) is continuous in (v1,...,v,)
on the set (0,1)" from Lemma 2.5 and the distribution of (G(1,n),...,G(1,1)) is continu-
ous in (v1,...,v,) on the same set as a finite number of operations of summation and
maxima applied to geometric random variables. This completes the proof of Theorem
1.2. O

4.2 The largest or rightmost particle

Proposition 4.3. Let F(n) = P(Y,F <n) = P(G(1,1) < n). Fordistinct 0 < vy,...,v, <
1,

n

F(n) = H 1 - U?,U] H vUj Spn(n) (Ul, . ,’Un)

1<i<j<n

where Sp denotes the symplectic Schur function from (2.2), and 77(”) denotes an n-
dimensional vector (n,...,n).

For point-to-line last passage percolation this was proven in [5] and related to earlier
formulas for point-to-line last passage percolation in [2] and [6]. We could appeal to this
and Theorem 1.1 to prove the same expression for the distribution function of Y. We
now show that it follows quickly from Proposition 3.3.

Proof. From Proposition 3.3 we have

F(n) =cn > H v det(D/ /0 g (g 4 G — 1)

YisenYn SNYEW T, k=1

We perform the summation in y, from y,_1 to co which replaces the last column by
o1 DA/vr1/on=1) gy () 4 — 1) — ¥ DA/ /o) g (4 4 — 2). The second term
differs from the penultimate column by a factor of v;," ™"~ 11;;3}’1 which is non-zero and
independent of . Therefore the second term can be removed from the last column by
column operations. We now apply this procedure inductively in order z,,_1,...,z1 to

obtain
(Hw) det(D/ vz t/on=) g (n 4 j — 1)1y

where D? = Id. We relate this to a symplectic Schur function by using column operations.
The entries in the first column are ¢;(n) = v, ~n) _ v7*!. In the second column, the
entries are D/, (n + 1) = (v; ") — v;’”) — vy (v, ") — 71 and the second
bracketed term can be removed by column operations. This can be continued inductively

and leads to

F(n) = (H Uk) det(v n+j v] (77+J))7] )
(Hvk> Spym (v1, -+ -5 v )det(v! — v )” 1
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Xiy—X13—X0— X1y
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Figure 1: The interactions in the system {X;; : i +j <n+1}.

The proof is now completed by using (2.5) to equate the normalisation constants. O

5 A dynamically reversible process

We will suppose throughout that 0 < vy,...,v, < 1. Let ¢;; denote the vector taking
value 1 in position (¢, j) and 0 otherwise. Let S = {(¢,) : ¢,j € Z>1,i+j <n+1} and

X = {(%ij)ij)es : Tij € L0, Tiy1,; < Ty and x; j11 < x5}

We define a continuous-time Markov process (X;;(t) : ¢ +j < n+ 1,t > 0) taking values
in X by specifying its transition rates. For z,z +e;; +e;;—1+...+ e € X, (4,7), (4, k) € S
and k£ < j define

I
q(z,x+eit+eii1+. . tein) = Vnjr1(Vn—jp1vio1)  FuEtimta e, o o gy (B5.1)

with the notation that zg; = co for j = 2,...,n+ 1. For o,z —¢;; —ej415 — ... — € €
X, (i,7),(l,5) € Sand [ > i define

— 1 Yai>e;q
q(x,x—eij—eiﬂj—...—elj) = 'Un—j+1(,u7;*1vnfj+1) {z;;>z 1J+1}1{307‘_7':-’107‘,+1;:---:-’£Lj}' (52)

All other transition rates are zero. The fact that ¢(z,2’) # 0 only if x, 2’ € X corresponds
to blocking interactions. This defines a multi-dimensional Markov chain with interactions
shown in Figure 1, where the arrows in Figure 1 correspond to the following interactions.

(i) A push-block interaction denoted A — B. If A = B and A jumps to the right by one
then B also jumps to the right by one (this may then cause further right jumps if
B — C). If A = B and B jumps left then this jump is suppressed.

(ii) A push-block interaction denoted A | B where A is at the base of the arrow and B
at the head of the arrow in Figure 1. If A = B and A jumps to the left by one then
B also jumps to the left by one (this may then causes further left jumps if B | C). If
A = B and B jumps right then this jump is suppressed.

(iii) An interaction A ~» B in which the rates of right and left jumps experienced by B
depend on its location relative to A. The particular form is given in (5.1) and (5.2)
and is chosen such that (X;;(t) : i +j <n+1,t > 0) is dynamically reversible, see
part (ii) of Theorem 5.2.

(iv) An interaction with a wall in which all left jumps below zero are suppressed. This is
depicted by the diagonal line on the left side of Figure 1.

To find the invariant measure of X we use a result which has found applications in
the queueing theory literature.
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Lemma 5.1 (Theorem 1.13, Kelly [20]). Let X be a stationary Markov process with state
space E and transition rates (q(j,k))jzxer. Suppose we can find positive sequences
(4(4. k))jrer and (7(j))jer with 3~ c p 7(j) = 1 such that:

() q(j) = d(j) where g(j) = ¥,.; a(G, k) and 4(j) = ¥y, (5, k)-
(i) 7(5)q(j, k) = 7(k)a(k, 5).

Then 7 is the invariant measure for X and § are the transition rates of the time reversal
of X in stationarity.

The proof is straightforward: using (ii) then (i)

S owGaG k) = Y w(k)qk,j) = w(k)q(k) = w(k)q(k).

JEBE\{k} JjeEN{k}

Nonetheless this gives a convenient way of verifying an invariant measure if we can
guess the transition rates of the time reversed process. In general, this is an intractable
problem. However, in this case we can make the choice that the invariant measure
is a field of point-to-line last passage percolation times and the reversed transition
probabilities are given by reversing the direction of all interactions between particles
in Figure 1 and changing the order of the parameters (vy,...,v,) = (vUn,...,v1) (the
interactions with the wall remain unchanged). This is motivated by the construction of
[16].

More precisely, we define the reversed transition rates as follows. For z,z + e;; +
€ij—1+ ...+ ey € Xfor (i,7),(i,k) € S and k < ¢ define

~ , _ -1 lep. >z _
Q(x +teéyte1t...+ eikwr) =1 (Un—k+2vi) Eik 2201513 1{w1j=xij—1=<~~=$ik}

with the notation that z;0 = cofor j =2,...,n+ 1. Forz,zv —e;; —€;41; —... —e; € X,
(1,7),(l,7) € Sand [ > i, define

) oy o1y
4z —€ij —€iy1j — .. — €15, T) = V(Vp—jyovr) TR o )

Our proposed invariant measure is the probability mass function of (G(4,5) : ¢ +j <
n + 1). This has an explicit form:

m(z) = H (1= 0ivn 1) (Vi iy )70 s Tia) H(1 — v}
{i+j<n+1} i=1
Theorem 5.2. Suppose that 0 < vy,...,v, < 1. Let (Xi(;l“'”")(t) ti+j7<n+1,t>0)be

the continuous-time Markov process with transition rates given by (5.1) and (5.2). This
process has a unique invariant measure (Xi*j :i+j <n+ 1) which satisfies

. d SN
(X5:i+j<n+1)=(G@,j):i+j<n+1).
When run in stationarity,
V1y..-yUn d Uny---3 V1
(Xi(j () seryitjcntt = (X](,L, (1)) teRritj<nti-
The process (X;;(t) : ¢ +j < n+ 1,t > 0) is irreducible, does not explode and has

a unique invariant measure. The second statement is the statement that when run in
stationarity (X;;(t) : ¢ +j <n+1,t > 0) is dynamically reversible.
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Proof. We will use Lemma 5.1. We first prove that for all z,z’ € X,
m(@)q(z,2") = m(2')§(a’, x). (5.3)

First consider the case when 2’ = + €;j +e€;j—1+ ...+ e;;. Both sides are zero unless

Tij = Tjj—1 = ... = Tik- When these equalities hold, max(a:ip,a:i_l,pﬂ) = Ti—1,p+1 for
eachp = j — 1,...,k and max(x;41,p—1,%ip) = X;p for each p = j,...,k + 1. Therefore
when Tij = Tij—1 = .. = Tik,

(@) = 71 (0ivn—j41) " (Vi1 V1) T R (00 ) T TR L)

where 7; does not depend on z;;,x;j_1,. .., . In particular, with 2’ =z 4+ e;; + e;;_1 +

_ iy se ST
= vivnfjJrl(UiflvnquLl) (eijzeii01) (v, kao) {eip2eip k-1

We compare to the ratio

/
m = V41 (Vim1Op 1) T R (00 pyg) T kL),
)

Combining the above two equations proves (5.3) in the case '’ = z+e¢;; +¢€;;—1+. .. + €.

The second case is when 2/ = = — €;j — €i+1,; — ... — €; and proceeds in a similar
manner. Both sides are zero unless z;; = x;11; = ... = x;;. When these equalities
hold, then max(a:p_lj,acp,j_l) =zp;_1forp=1I,...,14+1and max(xp_LjH,pr) = Xp;

forp=1,...,i+ 1. Therefore
_ . S P @il ws
7(x) = To(VVn—j+1)"9 (VUn—ji2) "7 o1t (v g, jpq)” "9 i)

where 7, does not depend on z;;, z;11j,. .., x;. Therefore letting 2’ =z —e;; — e; 41, —
... —e;; we have

7T(13/)) _ (Ulvn_j+1)(Ulvn_j+2)*1{xlj>wl+1,j71}(Ui_lvn_j_‘_l)—l{z”>z¢71,j+1}
ey
and
q(z', x) S TR sy as
W = (VUn—j41)(V1vn—jpa) TN (Vg U ) T
The two above equations prove (5.3) in the case when 2’ =z —¢;; — €41, — ... — €.

Both sides of (5.3) are zero in all other cases and so we have proven (5.3).
We now show that for all z € X we have ¢(x) = §(z). This follows from comparing,

n—1
—1 —1
q(x) =v1 + v 1{$1n>0} + Z Un—k+1 + vn—k+11{w1k>llk+1}
k=1

EICITET T
+ E Un—jt1(Vn—jp1vi—1) W= Timtatt e, o0y
{i#1,i+5<n+1}

-1 I )
+ § : Un7j+1(’l)n7j+11}i,1) teig= 171’J+1}1{5L’ij>xij+l}
{i#litj<nt1}

+ Y vl ) T Ly (5.4)
{i#1i+i=n+1}
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and
n—1
j(x) = v + vl + o, +u
q - k k. Hzri>zrp1} n n +{xn1>0}
k=1
e, i >wys
+ § Vi1 (Vim1Vp—jy1)  FimLa1Z LJ}I{wi—l,j+l<Ii71,j}
{i#1,i+j<n+1}
-1 Tie, 1 s>z}
+ E V; 1 (Vi 1Vn—j41) DI L >}

{i#1,i+j<n+1}

-1 g, . s
+ Z ’Uifl(viflvnfjJrl) Fi-1541> 1]}1{1}1’_1,]‘_§_1>0}' (55)
{i#1,i+j=n+1}

One way to check that ¢(z) = ¢(z) is to check the equality first in the case when the
inequalities x;; < ;1 ; foreach ¢ # 1, x;; < x;j—1 for each j # 1 and z;,—;4+1 > 0 hold for
each i =1,...,n. This case can be seen directly from (5.4) and (5.5). We now consider
the rates of jumps which are suppressed in each case when these inequalities no longer
hold:

(1) If z;5—i+1 = 0 then both forwards and backwards in time a jump of rate vi_l is
suppressed by the wall.

(ii) If 2;; = x;j—1 then forwards in time the left jump of the (4,5 — 1) particle is
suppressed and the suppressed jump has rate v;ij” because z; ;1 = x;; < Ti_1 ;.
Backwards in time, the right jump of the (4,j) particle is suppressed and the

suppressed jump has rate U;ij+2 because x; ; = x; ;-1 > Tit1,j-1-

(iii) If 2;; = ;_1; then forwards in time the right jump of the (7, j) particle is suppressed
and the suppressed jump has rate vi__ll because x;; = x;_1 ; > x;_1,4+1. Backwards
in time, the left jump of the (i — 1, j) particle is suppressed and the suppressed
jump has rate v;_ll because x;_1; = x;; < T5-1.

Using Lemma 5.1, we have now established that 7 is the invariant measure and ¢ are
the reversed transition rates in stationarity of (X;;(¢) : i+ j < n+1,¢t > 0). The second
statement in the Theorem follows from comparing ¢ and ¢ and observing that they are
identical after the swap z;; — x;j; and (v1,...,vn) = (Un,...,01). O

We end by discussing two further properties of the the process X. These properties
can both be proved by running the process (X;;(t) : i +j < n+ 1,¢t > 0) in stationarity,
forwards and backwards in time, and follow in exactly the same way as Section 5 of
[16] as they depend on the structural properties of the X array rather than the exact
dynamics.

(i) The marginal distribution of any row (X; ,—i+1,...,X;1) run forwards in time is
PushASEP with a wall with rate vector (v;, ...,v,). The marginal distribution of any
column (X,,_;414,...,X1;) run backwards in time is PushASEP with a wall with
rate vector (vp—j{1,...,01)

(ii) Let @} denote the transition semigroup for PushASEP with a wall with n particles.
Let P,_1_,, denote the transition kernel for the update of the Markov chain GP!
defined in Section 4 from time n — 1 to n. There is an intertwining between Q?_l
and @)} with intertwining kernel given by P,_;_,,. In operator notation,

1 ,
Q? Pnflﬁn = nfl—)an-

EJP 26 (2021), paper 92. https://www.imstat.org/ejp
Page 21/26


https://doi.org/10.1214/21-EJP661
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Invariant measure of PushASEP and LPP

6 Push-block dynamics and Proposition 2.1

The aim of this Section is to describe how Proposition 2.1 can be obtained by a
construction of an interacting particle system with pushing and blocking interactions.
This section is adapting the proof of Theorem 2.1 in [33] with a different intertwining
(6.2) replacing Equation 3.3 from [33].

We follow the set-up and notation of [33]. For each n > 1, let (X(¢) : ¢ > 0)
be a continuous-time Markov process X(t) = (:{g(t))lgigjgn taking values in K, =
{(#])1<i<j<n with /™" < 2] < 271}, We use 27 to denote the vector 27/ = (z1,...,27)
and describe X7 as the positions of the particles in the j-th level of X. Let v; > 0 for each
i>1.

The dynamics of X is governed by n(n + 1) independent exponential clocks, where
each particle in the j-th level has two independent exponential clocks with rates v; and
vj_l corresponding to its right and left jumps respectively. When the clock of a particle in
the j-th level rings, that particle attempts to jump to the right or left but will experience a
pushing and a blocking interaction which ensures that X remains within KK,,. In summary,
a particle at the j-th level pushes particles at levels k£ > j and is blocked by particles at

levels k < j. More precisely, suppose the right clock of 36{ rings.
@{) If .’{f = %{71 then the right jump is suppressed.

(i) If %{ < %{71 and Z{f = %Zill then %f jumps right by one and pushes %fill to the
right by one. The right jump of xgj} may then cause further right jumps in the
same way.

(iii) In all other cases xf jumps to the right by one and all other particles are unchanged.

If the left clock of Z{f rings then we have the same trichotomy of cases: (i) if }If = .’{{:11
then the left jump of 3€Z is suppressed; (i) if 3€Z > 3E§:11 and 36{ = x{ 1 then 36{ jumps to
the left and pushes %{ *1 to the left by one which may then push further particles to the
left; and (iii) in all other cases X jumps to the left by one and all other particles are
unchanged.

Let n > 1 and for z € K,, let w,(z) =[]
and |z°| = 0. For any z € W" we define K, (z) = {(z!)1<i<j<n € K, : 2" = 2} and a
probability measure on K,,(z) by M,(z) = w,(x)/S,(v) for all x € K, ().

no o=zt
i=1"Y%

where |z| = ijl z; for x € RY

Proposition 6.1. Suppose z € W" and that (X(t) : t > 0) has initial distribution M, (-).
Then (X" (t) : t > 0) is a Markov process with conservative Q)-matrix, given for x € W" by

Ste, (v)

Q(z,zte;) = S, (0)

l{a:ieiewn}7 fori = 1, RN

with Q(z,x) = — Y i (v, + vy).

We prove this Proposition inductively in n by analysing the two consecutive bottom
layers of X and include the statement that () is conservative as part of the induction argu-
ment. Forx € W" and y € Wt we will write z < ytomeanthaty; <z <y < ...z, <
Yns1 and define W "+t = {z € W,y € W"*! .z < y}. By the inductive hypothesis, the
marginal distribution of the two consecutive bottom layers of X is a continuous-time
Markov process (X (¢), Y (t))i>0 = (X1(¢), ..., X0 (£), Y1(2), . .., Ynt1(t)) >0 taking values in
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Wmntl and with Q-matrix given by the off-diagonal entries: for (z,y), (z/,y') € Wmntl,

T, +e; x+e;,y) and z; < Yit1,

(@, y') = (

(@',y") = (v +€;,y + €i+1) and z; = Y41,

A((z,y), (2", y")) = if (/') = (x — e;,y) and x; > y;,
(@, y') = (
(@,y') = (

, L — €

Qx( )
Qx(x,x+e;) if (¢,
Qx(x )
Qx(z,x —€) T —e;,y —e;) and x; = y;,

+
vn+1

with Q) x given by the @-matrix from Proposition 6.1. All other off-diagonal entries are
zero and the diagonal entries A((2',y’), (’,4’)) equal the negative of

Dovit D vt Y vanilycon + Y vl sen T O 0 (6.1)

i=1 i=1 i=1 i=1

The inductive hypothesis that Q) x is conservative means that .4 is conservative. We
define the function

|| Sz (v) n,n+1
m(z,y) = v, , for (z,y) e W™
( ) +1 Sy('U) ( )

and an intertwining kernel given by A : W+ — jymn+tl

A(y7 (xla y/))) = m(x’, y/)l{y:y/}'

The key step in proving Proposition 6.1 is to prove the intertwining Qy A = AA where
Qy is the desired @-matrix from Proposition 6.1 with n + 1 particles. This is equivalent
to the statement that

) = X D A((0,0), (), o all . € W 6.2)
z<y ’

Once this is established it follows from general theory [28] that Y is an autonomous
Markov process with the desired @)-matrix and this )-matrix is conservative; therefore
Proposition 6.1 follows inductively. For a more detailed argument we refer to [33]: w
are replacing Equation 3.3 from [33] with equation (6.2) and the rest of the argument is
unchanged. It remains to show (6.2).

We first show (6.2) in the case y’ = y. The right hand side of (6.2) equals

|I |—|a| S (v) / ’oo
Z;J n+1 SL/(’U)A((‘r’y)’(x’y))
and A((z,y"), (2',9')) can be non-zero if t =2 or x =’ +e;. If =2’ then A((z',v’), (z/,y))
equals the negative of (6.1). If = 2’ — ¢; then A((z, '), (z/,v')) = Qx (2’ — €;, 2") 1y <0y
and if = 2’ +¢; then A((z,y'), (2',y')) = Qx (¢’ + €;,2") 1y,  >a}. Using these expres-
sions we find that the right hand side of (6.2) is equal to

n n
B (Z vi t Z P D UnLygeay + D Vnti L, e + Ot + ml)
=1 1=1 1=1

.L—(il ) Sz ( ) -1 Si"‘ez ) Sx/(v)
* Zvn—'ﬂ ac/ U Sz/ €; ( )1{y1<$/} * Z n+1 Sm’+€i ('U) 1{y£+1>1;}

This equals — Z”H P — Z?Jrll vy = Qy(y',y’) and proves (6.2) for y’ = y.
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Suppose that 3’ = y + e; and consider two cases: depending on whether or not there
was a pushing interaction. If i = 1 or¢ > 1 and «,_; < y;, the right hand side of (6.2)

equals
ly' —ei|—|2’|
Un+1 Sy (v) y’('U) ’ ’
1|yt v +1:QY(y _6‘,y)~
”Ly+l1 T Sy e, (v) S (v) " '

The second case is if i > 1 and z}_; = y;, when the right hand side of (6.2) equals

Ulﬂ;a\‘ﬁ —eil Szliei (’U) Sy/ (1)) Sy (U)
Ullyﬁ;\z/l Sy/_ei (v) Sy (U) Szi—e; (1;)

=Qv (Y —e,y).

Finally suppose that 3’ = y — ¢; and split again into two cases. If i = n or ¢ < n and
y; < x} then the right hand side of (6.2) equals

w3 s 0) Sy ()
&1 Syrye; (V) Sar (v)

[v/1— U;il = QY(y/ + eiay/)
v,
n+1

If i < n and y; = 2 then the right hand side of (6.2) equals

y +ei|—|x +e;
o el g (0) Sy (v) S (v)
TSy e, (0) Sar(0) Sare, (0)

=Qyv( +enYy).

This completes the proof of (6.2) and as described above completes the proof of Proposi-
tion 6.1.

Proof of Proposition 2.1. We construct the process X in Proposition 6.1 started from the
origin with the rate of right and left jump rates on level j given by v,,_;1 and v;ﬁ 41
respectively. Part (i) is an immediate consequence. Part (ii) follows from the fact that
(X7(t))t>0 is the largest particle in two Markov processes (X7 (t), X5(t),..., X2 (t))i>0
which has Q-matrix given in Proposition 6.1 and (X}(¢), X3(¢),..., X"(t)):>0 which is
PushASEP (without a wall) where the i-th particle has right jump rate v,,_;4+; and left
jump rate v,,_;4+1. The top particle of PushASEP (without a wall) is equal in distribution
as a process to the right hand side of Proposition 2.1 by the argument used to prove

equation (2.8). O
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