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Abstract

Three concepts of local times for deterministic cadlag paths are developed and the
corresponding pathwise Tanaka-Meyer formulae are provided. For semimartingales,
it is shown that their sample paths a.s. satisfy all three pathwise definitions of local
times and that all coincide with the classical semimartingale local time. In particular,
this demonstrates that each definition constitutes a legit pathwise counterpart of
probabilistic local times. The last pathwise construction presented in the paper
expresses local times in terms of normalized numbers of interval crossings and does
not depend on the choice of the sequence of grids. This is a new result also for cadlag
semimartingales, which may be related to previous results of Nicole El Karoui [11]
and Marc Lemieux [23].
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1 Introduction

Stochastic calculus, with its foundational notions developed by Kyiosi It6 in the 1940s,
is a par excellence probabilistic endeavour. The stochastic integral, the integration
by parts formula - these basic building blocks are to be understood almost surely,
and so is the edifice they span. This thinking has proved to be exceedingly powerful
and fruitful, and underpins many beautiful developments in probability theory since
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then. Nevertheless, for decades now, mathematicians have been trying to develop a
more analytic, pathwise understanding of these probabilistic objects. On one hand,
this was, and is, driven by mathematical curiosity. The classical calculus remains an
irresistible reference point and, e.g., in developing a notion of an integral it is important
to understand when and how it can be seen as a limit of its Riemann sums. On the other
hand, this was, and is, driven by applications. Stochastic differential equations have
became a ubiquitous tool for mathematical modelling from physics, through biology to
finance. Yet, they do not offer the same level of path-by-path description of the system’s
evolution as the classical differential equations do. This becomes particularly problematic
if one needs to work simultaneously with many probability measures, possibly mutually
singular. One field where this proves important, and which has driven renewed interest
in pathwise stochastic calculus, is robust mathematical finance, see for example [8] and
the references therein. Both of the above reasons — mathematical curiosity and possible
applications — are important for us. We add to this literature and develop a pathwise
approach to stochastic calculus for cadlag paths using local times.

In his seminal paper [14], Follmer introduced, for twice continuously differentiable
f: R — R, a non-probabilistic version of the It6 formula

flw) = flao) = [ Fla)dent g [ ) diels+ A @), el

where z: [0,7] — R is cadlag and possesses a suitably defined quadratic variation [z]
such that, for 0 <¢ < T,

[x]; = [z]f + Z (Az,)?, where Az; := 2 — x4,

0<s<t

and th (z) is defined by the following absolutely convergent series

J (@)= " (Af(ws) = f(zs)Axy).

0<s<t

In particular, this leads to a pathwise definition of the “stochastic” integral fof f(xs—)dxs,
assuming [z]| exists. Soon after, Stricker [35], showed that one could not extend the
above to all continuous functions f. This could only be done adopting a much more
bespoke discretisation and probabilistic methods, see for example [3, 19]. Accordingly,
the main remaining challenge was to understand the case of functions f which are
not twice continuously differentiable but are weakly differentiable, in some sense. In
probabilistic terms, this realm is covered by the Tanaka-Meyer formula.

For continuous paths Follmer’s pathwise It6 formula was generalized to a pathwise
Tanaka-Meyer formulae in the early work of [36] and more recently in [29] and in [9],
who offered a comprehensive study. Furthermore, we refer to [16] and [2, 8] for related
work in a pathwise spirit. Our contribution here is to study this problem for cadlag paths.
Jump processes, e.g., Lévy processes, are of both theoretical and practical importance
and, as stressed above, our study is motivated by both mathematical curiosity as well
as applications. Already in the classical, probabilistic, setting stochastic calculus for
jump processes requires novel insights over and above the continuous case. This was
also observed in recent works focusing on Follmer’s Itd calculus for cadlag paths, see
[5] and [17]. We face the same difficulty, which of course makes our study all the more
interesting. In particular, we need more information and new ideas to handle jumps.
This is consistent with the definition of quadratic variation for cadlag paths, cf. [5].

Our non-probabilistic versions of Tanaka-Meyer formula, extend the above It6 formula
allowing for functions f with weaker regularity assumptions than C2. More precisely,

EJP 26 (2021), paper 77. https://www.imstat.org/ejp
Page 2/29


https://doi.org/10.1214/21-EJP638
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Local times and Tanaka-Meyer formulae for cadlag paths

we derive pathwise formulae

fa) = fa) = [ fe)de+ 5 [ L@+ @), e,

for twice weakly differentiable functions f, supposing that the cadlag path x possesses
a suitable pathwise local time L(z). As in the case of the Itd formula, there exists
no unique pathwise sense to understand such a formula, see also Remark 2.14 below.
We develop three natural pathwise approaches to local times and, consequently, to
their stochastic calculus. First, we start with the key property relating local times and
quadratic variation: the time-space occupation formula, and use it to define pathwise
local times. Second, in the spirit of [14, 36], we discretise the path along a sequence
of partitions and obtain local times as limits of discrete level crossings and stochastic
integrals as limits of their Riemann sums. Finally, we discretise the integrand via the
Skorokhod map which provides a natural approximation of the “stochastic” integral
and links to the concept of truncated variation. In all of the three cases we show that
a pathwise variant of the Tanaka-Meyer formula holds. Further, we prove that for a
cadlag semimartingale, all three constructions coincide a.s. with classical local times.
This shows that all three approaches are legitimate extensions of the classical stochastic
results to pathwise analysis. Each has its merits and limitations which we explore in
detail. Our aim is to provide a comprehensive understanding of how to deal with jumps in
the context of pathwise Tanaka-Meyer formulae. We thus do not seek further extensions
of the setup, e.g., to cover time-dependent functions f, cf. [12], path-dependent functions,
cf. [6, 18, 34], nor to develop higher order local times in the spirit of [7] for cadlag paths.
These, while interesting, would distract from the main focus of the paper and are left as
avenues for future research.

Outline: In Section 2 we propose three notions of local times for cadlag paths and
establish the corresponding Tanaka-Meyer formulae. Then, in Section 3, we show that
sample paths of semimartingales almost surely possess such local times and all three
definitions agree a.s. in the classical stochastic world.

2 Pathwise local times and Tanaka-Meyer formulae

The first non-probabilistic version of It6’s formula and the corresponding notion of
pathwise quadratic variation of cadlag paths was introduced by H. Follmer in the seminal
paper [14]. Before providing non-probabilistic versions of Tanaka-Meyer formulae and
introducing the corresponding pathwise local times, we recall in the next subsection
some results from [14].

2.1 Quadratic variation and the Follmer-It6 formula

For T € (0,0), let D([0,T]; R) be the space of all cadlag (RCLL) functions z: [0,7] —
R, that is, z is right-continuous and possesses finite left-limits at each ¢ € [0,7]. For
z € D([0,T];R) we set z;_ = limyey s x5 for ¢ € (0,7, zo— := zp and Az, 1= x5 — x5_
for s € [0,T].

In order to define the summation over the jumps of a cadlag function, we need the
concept of summation over general sets, see for example [21, p.77-78]. Let I be a set,
let b: I — R be a real valued function and let Z be the family of all finite subsets of I.
Since 7 is directed when endowed with the order of inclusion C, the summation over [
can be defined by

I'ez
i€l el
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as limit of a net, i.e., limpcz ZiEF b; =: 1 € [—00, 0] exists if, for any neighbourhood! V; of
I, there is I € Z such that for all ' € Z such that T’ >TI (e, r DOT)onehas ) . b €V.
If b; > 0 for all ¢ € I, then it is easy to see that

HZbizsup{Zbi:JeI}e[O,oo]. (2.2)

el ieJ

i€l

We say that the series ), b; is absolutely summable if the limit ), ; [b;| (which

always exists, by (2.2)) is finite, in which case also the limit (2.1) exists and satisfies

| > e bil <3,cr |bil, and there exists? a countable subset K C I's.t. b; = 0ifi e I\ K.
For a continuous function f: R — R possessing a left-derivative f’, we now set

J (@)= > (Af(zs) = f(we-)Axy), (2.3)

0<s<t

provided the sum exists. Furthermore, the space of continuous functions f: R — R is
denoted by C'(R) := C(R; R), the space of twice continuously differentiable functions by
C?(R) := C%*(R; R) and the space of smooth functions by C*°(R) := C*(R; R).

A partition 7 = (t;)%_, is a finite sequence such that 0 = to < t; < --- <ty =T
(for some N € IN). We write |7| := maxjen |[t; — tj—1| for its mesh size and define
7(t) := m N[0, ¢] the restriction of 7 to [0,¢]. A sequence of partitions (7"),cn is said to
be refining if for all ¢; € 7™ we also have ¢; € 7""! and a refining sequence (7"),,cn is
said to exhaust the jumps of z if for all ¢t € [0, 7] with Az; # 0, ¢t € #" for n large enough.
The Dirac measure at ¢ € [0,T] is denoted by J;.

Definition 2.1. Let (7"),, be a sequence of partitions such that lim,_, |7"| = 0. A
function x € D([0,T);R) has quadratic variation [z] along (7"),, if the sequence of
discrete measures

Mn = Z (xtj+1 - xtj)Q(stj

tyemm

converges weakly® to a finite* measure p such that the jumps of the (increasing, cadlag)
function [z]; := u([0,t]) are given by Alz], = (Ax,)? for allt € [0,T]. Q((7™),) denotes
the set of functions in D([0,T]; R) having a quadratic variation along (7™),,.

For z € Q((7"),,), we write [z]¢ and [z] for the continuous and purely discontinuous
parts of the cadlag function [z] and note that by the above definition we have

[z]d = ZO<S§(AIS)2, 0<t<T.

We now recall Follmer’s pathwise version of I1t6’s formula for paths in Q((#™),,). Here
and throughout, fg stands for [ (0.4] and increasing is understood as non-decreasing.

Theorem 2.2 ([14]). Let z € Q((7"),,) and f € C?*(R). Then, the pathwise It6 formula

fa) = fao) = [ Pyt [ Fa)deli+ @, teb T, @

1The space [—o0, o] is given the usual topology which makes it isomorphic to [—1, 1]; in particular one can
take (x — e,z + ¢) (resp. (M, +o0), resp. (—oo, —M)), where 0 < e < 1 < M < oo, as a neighbourhood basis
of z € R (resp. +oo, resp. —oo), and metrize this topology with the distance d(z,y) := arctan(|z — y|), where
arctan(£oo) := %1, z,y € [—o0, o0].

2Since I, := {i € I : |b;| > 1/n} is finite for each n, because #i" <Yier, 1bil <3 cr 1bi] < oo

3Meaning that fOT hdpn — fOT hdp for every continuous h: [0, 7] — R.

41f we were working on the unbounded time interval [0, co) instead of [0, T, we would have to ask, following
[14], that p is Radon (i.e., finite on compacts) and that u, — p vaguely (i.e., [hdpun — [hdpy for every
continuous h with compact support).
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holds with th(;r/) as in (2.3), and with

o0
tyenn(t

t
/ f/(l‘sf) de = lim E f/(xtj)(xtj+l - xtj)? te [Oa T]a (25)
0 n—
)

where the series in (2.3) is absolutely convergent and the limit in (2.5) exists.
We note that, to define fg f'(xs—) dxs, Follmer [14] takes limits of sums of the form

Z g(x¢; ) (¢, ., — v¢;), whereas we consider Z (e, ) (@, At — Tijne)-
T3t <t t;em™

This however has no consequences, since the difference between these two sums is
g(a:ltc(,rn,7,5))(:c,gc(ﬂ,,u)+1 —x¢), where ¢(m,t) :=max{j: 7 >¢; <t}

which goes to zero as |7"| — 0 since g is bounded on [inf,¢[o 1) 24, SUP¢e(0,7] x4], « is cadlag
and ¢t < 41 <+ |7|. In consequence, Follmer’'s pathwise It6 formula (2.4) holds

also with our definition of fot f'(zs—) dzs and we shall exploit it in our proofs. Notice that
analogously

Z g(xtj)(xtj+1 - xtj)Q and Z g(xtj)('rtj+1/\t - 'rtj/\t)Q
T ot; <t tyemm
differ by
9@t ) (@rey = 20)? = (w0 —20,)%), with ¢ = (7", 1),

which goes to zero as |7"| — 0.

2.2 Local time via occupation measure

In order to extend the It6 formula for twice continuously differentiable functions f
to twice weakly differentiable functions f, the notion of quadratic variation is not
sufficient and the concept of local time is required. In probability theory there exist
various classical approaches to define local times of stochastic processes. In the present
deterministic setting, we first introduce a pathwise local time corresponding to the
notation of local time as an occupation measure with respect to the quadratic variation.

The space of g-integrable (equivalence classes of) functions ¢g: R — R is denoted
by LY(R) := LY(R;R) with corresponding norm || - ||z« for ¢ € [1,00] and W*4(R) :=
Wk 4(R;R) stands for the Sobolev space of functions g: R — R which are k-times weakly
differentiable in LY(R), for k € IN. Moreover, LY(K;R) is the space of g-integrable
functions f: K — R for a Borel set K C R and we recall the left-continuous sign-function

. 1 ifxz>0
sign(x) = -1 ifz<0’

We define, for a,b € R,

. [a,b) ifa<b ] -
la,b) := {[b, 0 ifa>b with [a,a) := 0.

Definition 2.3. Let x € Q((7™),). A Borel function L.(x,-): [0,T] x R — [0, 00) is called
the occupation local time of x if

/OO g(u)Ly(z,u) du :/0 g(xs)d[z]S, te€]0,T], (2.6)

— 00

holds for any positive Borel function g: R — [0, 00).
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Naturally, this approach to local time is not new, see for example [1]. To extend It6’s
formula to a Tanaka-Meyer formula, as, e.g., in [31], we will consider the quantity

Ji(z,-) := J{*(z), where f, :== | —ul/2.

We will, at times, drop = from the notation, and simply write L;(u) and Ji(u). It is
straightforward to verify® that

|zs —u| = |Ts —u| —sign(z,— —u)Ars = 2|vs —ullf,,_ 4, (2.7)
which yields the useful compact expression

Ji(z,u) = ZO<SSt |xs — u|1[,557wbD(u)7 u € R, (2.8)

which readily implies that J is a positive and increasing function. In particular, see
Remark 2.7 below, L;(-)/2 + J.(-) € LP(R) if and only if L;(-), J:(-) € LP(R). Notice that
x is bounded, since it is cadlag, and L;(u) and J;(u) equal 0 if u does not belong to the
compact set [inf¢(o 7] s, SUDPse(0,7] xs).

Definition 2.4. We let L,((7"),,) denote the set of all paths = € Q((7"),) having an
occupation local time L and such that Ki(z,-) := Li(x,-)/2 + Ji(z,-) € LP(R) for all
te[0,T].

There is no common agreement in the related literature in probability theory as
to whether L or L/2 is to be called local time, cf. [20, Remark 6.4]; here we decided
to follow the convention made in the standard textbook [31]. A classical approach to
extend It6’s formula and, in particular, the “stochastic” integral fof f(xs—)dzs to twice
weakly differentiable functions f, is to approximate the function f by smooth functions,
cf. [20, Theorem 3.6.22] for the case of Brownian motion. For this purpose we consider
a “mollifier” p, i.e., a positive function p € C*°(R) and such that ffooc p(u)du =1, and
set p,,(u) := np(nu) for n € N. Given a function f € W24(R) we approximate it via the
convolution f,, := p, * f. In this way, f,, € C?(R), f, — f in W%4(R) if ¢ < oo (if ¢ = 00
this is true if one assumes f” is continuous) and, in particular, lim,, . fn(z) = f(z) for
x € R.

Proposition 2.5. Let z € L,((7"),,) and f € W*4(R) with 1/p+1/q > 1 and q € [1,00).
Then, the series (2.3) defining J{ (z) is absolutely convergent, fot fl(xs—)das defined
by (2.5) converges to the finite limit

¢ ¢
/ fl(@s—)das == lim [ f(zs—)dxs, te[0,T], (2.9)
0

n—oo 0

which does not depend on the choice of p, and the pathwise Tanaka-Meyer formula
t
1
f(xy) — f(xo) = / f(ws_)drs + 5/ Ly(z,u) f" (du) + J{ (z), te][0,T], (2.10)
0 R

holds with such definition of fot ' (xs—) das.
The statements hold for ¢ = co if f” is continuous.

Because of Proposition 2.5, it is of interest to ask under which assumptions one can
get that L;(x,-) and J;(x,-) are in L?(R). First, remark that, since both quantities are
equal to 0 outside a compact, the p-integrability requirement in Definition 2.4 is a local
one. Then, notice that if z € Q((7"),,) has an occupation local time then L;, J; € L'(R)
(i.e., z € L1((7™),)), since

[RLt(x,u) du = [z]] < o0, /]RJt(m,u) du = %[x]f < 0.

SEither checking separately the six cases where u < z,_ < x5, zs— < u < x5 etc., or using the
identity (2.12) with the function f,(:) := | - —u|/2 and noting that f},(-) = sign(- — u).
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Remark 2.6. If p € [1,00) and C,, := 1/(p + 1)'/? then

[ Je(z, )ler < Cp Z IAxS\H%.

0<s<t
This can be seen as a consequence of Minkowski’s integral inequality and of the identity

b — q|Pt!
/ |b—u|pdu:¢. (2.11)
[a.b) p+1

A similar bound for L can be given under the stronger assumption x € ]LZV ((m™),), see
Definition 2.17 and equation (2.22) in the next subsection. Alternatively, if x € L;((7"),),
then p-summability for L, for p € (1, 00), is equivalent to:

122t e = up{ [ o) als <ol < 1} < o

Notice that an occupation local time L is only unique up to equality a.e.® u for each t;
in particular, L could be thought of as an equivalence class, and one is then led to look
for good representatives. In particular, it is often of interest to have a version L which
is cadlag in ¢. This can be ensured along the same lines as standard results on cadlag
version of supermartingales since L, < L; a.e. forany 0 < s < t, L; € L'(R) for all ¢ and
t— [ Li(u) du = [z]{ is continuous. Similarly, existence of a cadlag version for .J follows
from the fact that Jr(u) < oo for a.e. u, that « is cadlag and that J;(z,-), see (2.8), is
defined using jumps of x up to and including time ¢.

Remark 2.7. If z has an occupation local time L, then one can choose foreach ¢ € [0,7] a
version L (-) of L; such that L.(u) is positive, finite, cadlag and increasing for each u € R.
Moreover, J.(u) is positive, finite and cadlag increasing for a.e. . In particular, it follows
that L:(-), J:(-) € LP(R) holds for every ¢ € [0,T] if and only if Ly (-), Jr(-) € LP(R).

It can also be useful to have right-continuity of L, J in the variable u. For J here is a
simple criterion; for L, it has to be assumed: cf. Remark 2.15 below.

Remark 2.8. Notice that
N-1

TV(Ji(x,-),R) := Sup{ Z | (2, witn) — Jo(z,w)| : (u)Yg CR, N € ]N} < Z |Azs|,
i=0 0<s<t

and soif } ., |Azs| < oo for all ¢, then Ji(z, -) is cadlag and of finite variation for all
te[0,T].

As an application of having a version L of L which is cadlag in ¢, notice that the
occupation time formula (2.6) then extends to all positive Borel h = h(s, u) as follows

/_0:0 (/Ot h(s,u) dis(x,u)> du = /Oth(S,ms)d[x]g, t € [0,7].

Moreover, since J is cadlag in ¢ it also satisfies a restricted occupation time formula: if
h = h(s,u) is a positive Borel function such that hi(s,u) = h(s, z,) for a.e. u € [zs_, zs),
then Fubini’s theorem gives that

/Z </Oth(s,u) dJS(x,u)) du = ;/Ot e, ) dlal,

and this observation seems to be new.

SHere, and elsewhere unless otherwise specified, a.e. u is with respect to the Lebesgue measure.
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To facilitate the proof of Proposition 2.5, as well as for later use, let us recall some
well known facts. A function g: R — R is convex iff its second distributional derivative
g is a positive Radon measure. Thus f: R — R equals to the difference of two convex
functions iff f” is a signed Radon measure. We may then write f = g — h with g,h
convex and |f”| = ¢” + h” being the measure associated with the total variation of f,
TV(f'(-),[0,t]) = |f”|([0,¢]). Given such f, f’ denotes the left-derivative of f, which is
left-continuous and of locally bounded variation and satisfies f(b) — f(a) = fab f'(y) dy
for all a,b € R. Thus for b > a we get that

b
£0) = 5@~ F@O-a) = [ ()= flandu= [ - (dw).
a la,b)
where we used integration by parts. For b < a, we get instead
£0) = fla) = F@b-a) = [ (=) (),
[b,a)
so we obtain the identity
J'(a,b) := f(a) — f(b) — f'(b)(a —b) :/ |b—u| f’(du), a,b€R, (2.12)
[a,b)

which can often be used in proofs in lieu of the following representation
fl@)=ax+b+(]-|*f")(z), zeR, (2.13)

(which holds for some a,b € R), which is often used in the literature. Representa-
tion (2.13) holds whenever [, |a —u| f”(du) < co for all @ (in particular if f” has compact
support), and is proved after Proposition 3.2 in [32, Appendix 3].

A version of the following statement appears without proof during the course of the
proof of [31, Chapter 4, Theorem 70].

Lemma 2.9.If f: R — R is a convex function then the series (2.3) defining J; (x)
consists only of positive terms. If f equals to the difference of two convex functions and

/ () | £ (du) < oo,
R

then the series (2.3) is absolutely convergent. In both cases, the series (2.3) defining
J{ () is well defined’ and satisfies

Jg‘(x)z/ Ju(@,u) £(du), t€[0,T]. (2.14)
R

Proof. From (2.12) we get
T (@, 7) :/ s — ullgs,_ .y (u) £”(du). (2.15)
R

If f is convex the series (2.3) defining th (x) consists only of positive terms, and the thesis
follows from (2.15), summing over s < ¢ and applying Fubini’s theorem. If instead f = g—
h with g, h convex then |f”| = ¢g” 4+ h” and, by assumption, [, Ji(z,u) |f"|(du) < cc. (2.14)
follows again from Fubini’s theorem. The absolute convergence of the series (2.3) follows
writing

|Af(zs) = f'(zs-)Azy| < (Ag(xs) — ¢’ (25— ) Azs) + (Ah(zs) — B (25— ) Azy),

summing the latter over s < ¢t and applying (2.14) to g and h. O
7See (2.1).
EJP 26 (2021), paper 77. https://www.imstat.org/ejp
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Remark 2.10. It follows from Lemma 2.9 and Hélder’s inequality that, if J;(z,-) € LP(R)
and f’(du) = f"”(u)du with f” € L?(R), where p,q > 1 are conjugate exponents, that
is satisfy 1/p + 1/q = 1, then the series (2.3) defining Jif (x) is absolutely convergent.
Moreover, if J;(z, -) is bounded® then the series (2.3) is absolutely convergent for every
f which is a difference of convex functions: indeed, J;(z,-) = 0 outside a compact, and
|f”1(C) < oo for every compact C' C R.

An alternative, possibly more intuitive but also more cumbersome, way of get-
ting (2.15) is to define

g() == |zs — "1[[xsf,wsD(')a

which is in Ll(IR), equals zero outside a compact, and has distributional derivatives
Dg = (A$3)5x57 - l[ws,,oo) + 1[9:3700), ng = (A:Eg)Déa[\i — 59057 + 5%
Then equation (2.15) is simply® the identity [, f(u) (D? = [r 9(u) (D*f)(du).

Proof of Proposition 2.5. The series (2.3) defining th (z) is absolutely convergent by
Remark 2.10. If h € C?(R), from Féllmer’s pathwise It6 formula (2.4), the definition of
occupation local time L and of K := L/2 + J, and Lemma 2.9, it follows that

/t b (zs—)dxs = h(xy) — h(zg) — / Ki(z,u) b (du), t€10,T), (2.16)
0 R

holds with fot h'(zs_)dx, defined via (2.5). Applying (2.16) to h = f,, = p, * f € C*(R)
and taking limit as n — oo, the right-hand side converges to

fa) — Flzo) - /R K, (o, w) £ (1) du

because K;(z,-) € LP(R) and f,, — f in W%9(R) (so f, — f pointwise and f/ — f” in
L%(R)). It follows that the LHS converges as well. O

Remark 2.11. It follows from (2.14) that, whenever Tanaka-Meyer’s formula holds, it
can be written as

f(xt)—f(xo)z/o f’(a:s_)dxs+/RKt(x,u>f”<du>, t e 0,7, (2.17)

where we recall that K, (u) := L;(u)/2 + J;(u). While uncommon, writing (2.17) seems
rather elegant and simpler than (2.10).

Remark 2.12. One can recover a continuous in time, for a.e. level u, version L of the
occupation time L from knowing just a jointly measurable function K;(u) such that K.(u)
is cadlag increasing for a.e. u, Ko = 0, K7 € L'(R), and (2.17) holds for all f € C* with
fo ) dzs defined via (2.5). Indeed, L. (u) (resp. J.(u)) is the continuous (resp. purely
dlscontmuous) part of the increasing cadlag function K.(u). To show this, consider that
for f € C?(R) Féllmer’s formula (2.4), (2.16) and Lemma 2.9 give that

Kl = [ Kt [ K / Pl + [

8This happens for example if >, |Azs| < co, by Remark 2.8.

9This equality holds a priori only when f is C*° (R) (by definition of distributional derivatives). However,
with some work it follows that it holds for any f which equals the difference of convex functions: indeed,
since g is cadlag, convolving against a mollifier with support in [0, co) shows that there exist f. € C*°(R)
such that f- — f uniformly on compacts and [ g(u)(D?f:)(u) du — [ g(u)d(D?f), as shown in [9, Proof of
Theorem 5.2].

EJP 26 (2021), paper 77. https://www.imstat.org/ejp
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where K¢ (resp. K?) denotes the continuous (resp. purely discontinuous) part of K. (u).
In each of the two above representations of the cadlag increasing function th the
first term is continuous and the second purely discontinuous, so by uniqueness of such
decomposition

[ Kiatan=3 [awavs, [ gan= [ rig

holds for any g of the form f”, i.e., for any continuous g; but then it also automatically
holds for any Borel g, so 2K ¢ is an occupation local time of 2 and J; = K¢ a.e. u for each
t; since J; and K{! are cadlagint, J; = K a.e. u for all t.

Remark 2.13. For continuous paths = the above approximation argument can be used to
obtain space-time Tanaka-Meyer formulae without relying on the representation (2.13),
see [12]. Although elaborated in a probabilistic framework, the proofs in [12] are
(primarily) of pathwise nature.

Remark 2.14. The definition of occupation local times and the generalization of It6’s
formula to only twice weakly differentiable functions in Proposition 2.5 is based on
Follmer’s notion of quadratic variation and his pathwise It6 formula (Theorem 2.2).
However, the Follmer-It6 formula is by no means the only pathwise Ito-type formula,
which can be extended to an Tanaka-Meyer formula in the spirit of in Proposition 2.5.
For example, one could also start from the pathwise It6 formula based on cadlag rough
paths ([15, Theorem 2.12]) or the one based on truncated variation ([27, Theorem 4.1])
and proceed in an analogous manner as done in the present subsection.

Remark 2.15. If  has an occupation local time L, then one can give explicit formulae
for L. Indeed, since L;(-) € L'(R), taking lim, o of (2.6) applied to g := Ljy—c ute] gives
that

1 t
L =lim— [ 1j,_ s)d[z]¢, fora.e. u,
(2, u) EIJIB 26/0 [u—eute] (Ts) d[z]§ ora.e. u
meaning that the limit on the right-hand side exists for a.e. © € R and is a version of
L(+). Analogously, if we can apply Tanaka-Meyer’s formula to the convex function | - —ul|

we get the following expression for L:
t
Li(xz,u) = |zt — u| — |20 — ul —/ sign(zs— — u)dzs — 2Jy(z,u), te€[0,7]. (2.18)
0

It is thus desirable to establish if (a version of) Proposition 2.5 holds in the case where
f: R — R equals to the difference of two convex functions. This is the case under the
additional assumptions that the mollifier p has compact support in [0, 00), that J;(u) is
cadlag in « for all ¢ (see Remark 2.8), and that there exists a version it of the pathwise
local time L; which is cadlag in u for all ¢ (in particular, unlike in the stochastic setting,
one cannot use (2.18) to prove that L has a version which is cadlag in « for all ¢ without
running into circular arguments). Indeed, under these assumptions the proof of [9,
Theorem 5.2] shows that [, g(u) f}/(du) — [ g(u) f”(du) for any cadlag g, and if we
apply this to g = K; the rest of the proof of Proposition 2.5 goes through.

Remark 2.16. As in'? the stochastic setting, if we can'! apply Tanaka-Meyer’s formula
to the convex function f(z) = (x — u)™, we find that the measure dL.(u) is supported by
the set {s € (0,t] : s = 25— = u}, and correspondingly, the measure dJ.(u) is carried by
the set

{s €(0,t] :u € (xs—,xs) Or u € (xs,x5_]}

100ne can apply the proof found in [31, Chapter 4, Theorem 691, which simplifies somewhat as we do not
need to deal with the dependence on w.
11See Remark 2.15.
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of times at which z jumps across'? level w.

2.3 Local time via discretization

An alternative approach to achieve a pathwise Tanaka-Meyer formula goes back
to Wirlmi [36] and is based on a discrete version of the Tanaka-Meyer formula. For
continuous paths x this approach is well-understood and led to several extensions,
see [29, 9, 7]. One feature of this discretization argument is that the “stochastic”
integral fot f'(zs—) da, is still given as a limit of left-point Riemann sums, see also [8]. In
the present subsection we generalize Wiirlmi’s approach to the case of cadlag paths z.
Given a partition m = (;)_, of [0, 7], we define the discrete level crossing time of x at u
(along 7) as the function

K (2,u) = 3, cr im0 = 0l om0 (w), € [0,T). (2.19)

Then, applying (2.12) to a = z4,A¢, b = x4, , o+ and summing over ¢, we obtain the discrete
version of Tanaka-Meyer formula

Flae) = (o) = D (@) (@ nt — Tepe) = /}RK;T(u) £ (dw). (2.20)

t,em

Taking limits along a sequence of partitions (7"),,, with |7"| — 0, we obtain the following
definition of LP-level crossing time. We note that it extends the previous works for
continuous paths, e.g., [8, Definition B.3]. We also note that using the same notation K,
as before will be justified by Proposition 2.19.

Definition 2.17. Let = € D([0,T];R) and let (n"),, be a sequence of partitions such
that |7™| — 0. A function K: [0,T] x R — R is called the L?-level crossing time of z
(along (7"),) if K" converges weakly in LP(R) to K, for eacht € [0,T] as n — oo, and
t+ [z K¢(u) du is right-continuous. The set I, ((7"),,) denotes all paths = € D([0,T]; R)
having an LP-level crossing time along (7™),,.

Lemma 2.18. The level crossing time K in Definition 2.17 is increasing int € [0,T], i.e.,
K,(-) < Ky(-) a.e. for each s < t.

Proof. Given 7 = (t;);, let m(m, s) be the value of j such that t; < s < t;,,, and write

KI= Y aj(u)+ |z, - ullp, wa(u), where aj(u) = ey, —ullpe, ) (w)-
j<m(m,s)

If s < t, analogously write

KT — > a5(u) = apir o) (u) = > aj(u) + oy —ullpe, o wp(u) = R5,

j<m(m,s) m(m,s)<j<m(m,t)

Thus
K[ — K — Ry, = sy (u) — |25 — ul1],

,m(ms),st(u) =: Ss(m,u),

and since R, > 0 the thesis follows once we prove that S,(7",u) — 0 for every u when

7| — 0. This holds since if m(n) := m(«"™, s) then t,,(,,) and t,,,(n)+1 converge to s, and
(n) (n)+

tm(n) <s< tm(n)-{-lr SO

U (n)(u) and |xs—u|1[[zfm(n)7zs[)(u)

both converge to |z, — u|lp,, .. )(u)asn — oo, since x is cadlag. O
12More precisely, if the jump is downward, then « is allowed to jump from zs_ = u.
EJP 26 (2021), paper 77. https://www.imstat.org/ejp
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Notice that K, is only defined as an equivalence class. Using the same arguments as
in the discussion preceding Remark 2.7, for each ¢ we can take the version of K; such
that the resulting process is cadlag increasing in ¢ for each u. From now on, we will
always work with such a version and we let K¢ (resp. K 4y denote the continuous (resp.
purely discontinuous) part of the increasing cadlag function K.(u).

Proposition 2.19. Suppose that x € ]LZV((ﬂ")n) forp,q € [1,00], with1/p+1/g =1, and
let K be the LP-level crossing time of x along (7™),,. If f € W4(R), then the following
limit exists (and is finite)

¢
/ f(zs—)dzs ;== lim Z (@) (@ ont — Tene),  t€[0,T7, (2.21)
0 n— oo

t;emm

and the pathwise Tanaka-Meyer formula (2.17) holds with this definition offot f(xs—)das
and K. Moreover, 2K°¢ is the occupation local time of x and J;(u) in (2.8) satisfies
Ji(u) = K}(u) for a.e. u and for allt < T. In particular, also the pathwise Tanaka-Meyer
formula (2.10) holds (with L = 2K°¢), the two definitions (2.9) and (2.21) offot f(xs—) das
coincide, and I, (")) € LP((7"™)y).

Proof of Proposition 2.19. Taking the limit as n goes to co of the discrete Tanaka-Meyer
formulae (2.20) applied to ™, the RHS converges and hence also does the LHS. The
pathwise Tanaka—Meyer formula (2.17) thus holds if using the definition (2.21). Now,
from Remark 2.12 it follows that 2K ¢ satisfies the occupation time formula and the
remaining statements readily follow. O

Remark 2.20. Following the seminal paper [14], we consider the “stochastic” integral
as limit of left-point Riemann sums (2.21) and not as limit of

Z f/(xti—)(xtHlAt —Te;nt), t€[0,T].

t,emn

In a probabilistic setting, where z is assumed to be a semimartingale, these limits
coincide with the classical It6 integral almost surely (see [31, Chapter II1.5, Theorem 21])
and so they are equal. In the present pathwise setting however, they could be different.

Remark 2.21. Applying Minkowski’s integral inequality and using the identity (2.11),
we obtain that if p € [1,00) and C, := 1/(p + 1)'/?, then

1
HKZT”LP S Cp Z |xti+1/\t - 'rti,/\t‘1+p~
t,em

In particular, if z € L}V ((7"),), then the occupation local time L equals 2K and so
satisfies

IZelLr < 2|1 Kl|ze < 20, lim inf > |zt — 2| TP foreveryp € [1,00). (2.22)

t,Emn

Remark 2.22. Given the definition of .J;(u), it seems natural that, if z € L}V ((x"),,) and

J(u) == Z Lo, )Wz, —ul, weR, te[0,T],

tiEﬂ'(t)

then JJ " also converges weakly in L”(R). If we assume this and denote by L% the limit,
if (7"),, are refining and U, 7" 2 {s € [0,T] : Az, # 0}, then LY = J; = K a.e. In

EJP 26 (2021), paper 77. https://www.imstat.org/ejp
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particular, K7 — JI" converges weakly in LP(R) to K¢. Indeed, if f € LI(R), (2.12)
gives

g = 2:f@ﬂ—ﬂ%J—f@wN%fﬁsz/JfWV%Wm% (2.23)

t,enn(t) R

so our assumptions and Lemma 2.9 imply that the series (2.3) defining th is absolutely
convergent. Using the dominated convergence theorem we conclude that th Y th ,
so taking n — oo in (2.23) we get

5 = [ Ll wdu,
R
so by Lemma 2.9 LY = J, a.e.

2.4 Local time via normalized numbers of interval crossings

In Proposition 2.5 above we approximated f with regular functions f, for which the
“stochastic” integral fg fl(xs—)dx, was defined via Theorem 2.2. An alternative regular-
isation idea would be to approximate the path = by sufficiently regular functions (z"),
ensuring that the “stochastic” integral fg f'(z™_)dz, is well-defined for each z™ (via
integration by parts). We pursue this approach now using for z™ the solutions to the
so-called double Skorokhod problem. This choice of approximations has the additional
feature that it leads to a natural interpretation of the resulting local time in terms of
interval crossings.

Let V1([0,7];R) C D([0,T];R) and V*([0,T];R) C D(][0,T];R) be the space of all
functions on [0,7] with bounded variation (also called of finite total variation) and
of all non-decreasing functions, respectively. Let us recall that for [0,¢] C [0,7] and
y: [0,T] = R, the total variation of y on the interval [0, ¢] is given by

N-1

Tv(?/? [07t]) ‘= sup { Z |yti+1 — Y

=0

. (t;)N, is a partition of [0,1], N € ]N}.

Definition 2.23. Given z € D([0,T];R) and ¢ > 0, a pair (¢°,—z°) € D([0,T];R) x
V1([0,T]; R) is called a solution to the Skorokhod problem on [—¢/2,¢/2] if the following
conditions are satisfied:

(i) xy — x5 = ¢ € [—¢/2,¢/2] for every t € [0,T],
(i) ¢ = 27 — 2% with 2T 2%+ € V*([0,T);R) € D([0,T);R) and the corresponding
measures dz5' and dz$* are supported in {t € [0,T] : ¢ = ¢/2} and {t € [0,T] :
@5 = —e/2}, respectively,
(iii) ¢§ = 0.

A solution to the above Skorokhod problem exists and is unique, see [28, Proposi-
tion 2.7], and its properties are well studied in the literature, see, e.g., [22, 4]. Let us
emphasise that for any ¢ > 0, z° is a cadlag and piecewise monotonic path of bounded
variation, which uniformly approximates x with accuracy /2.

While f oy is of finite variation for all y : [0, 7] — R which are of finite variation if and
only if f is locally Lipschitz (see [24]), we can nonetheless assert that f(x¢) is of finite
variation for any f € W24(R), because z¢ is a special function of finite variation: it is
Dpiecewise monotonic, i.e., there exists a partition 0 = ap < a; < ... <ayy1 =7 of [0,T]
s.t. ¢ is either increasing or decreasing on each I;, where'3

L; = [ai,aiﬂ),i = 0, .. .,N - ]., IN = [G,N,a]\u,lL

13128, Remarks 2.5 and 2.6] imply that there is finite number of such intervals: otherwise, the cadlag function
¢ would have no left limit at the point lim;_, o a;, a contradiction.
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see [28, formula (2.4)], where even a more general Skorokhod problem is considered.
Thus, keeping in mind integration by parts for the Lebesgue-Stieltjes integral, for ¢ > 0
and f € W*9(R), ¢ > 1, we can define

/ F@s ) day = f'(@5)z — (@50 / r @)~ Y AnALGS), (224
0 0<s<t

where fg xs— df’(x%) exists as the Lebesgue-Stieltjes integral and we recall the conven-

tion fo f 0.4]" For a brief summary of the theory of Lebesgue-Stieltjes integration, we
refer to [33 Chapter 4, Section 3.18]; we also remind the reader that, if x, y are of finite

variation,
t
/ Ys dz, = / Ys— dz, + ZA?JSA%
0

s<t
We will define the pathwise local time as normalised limits of the numbers of interval
crossings. To this end, for z € D([0,T];R), z € R, ¢ > 0 and ¢t € (0,7] we define the
number of upcrossings by the path x of the interval (z — /2, z + £/2) over the time [0, ¢]
by

z,€ . E
u (Iv [Oat]) ‘= sup sup l{xt <z—e¢/2and x5, >2+e/2}"
nelN0<t1<s1< - <tpn <sn<t

The number of downcrossings d**(z, [0, ]) is deﬁned analogously. We set
n**(z, [0,1]) :== d**(x, [0,¢]) + u**(x, [0,1]) (2.25)

for the total number of crossings.

Definition 2.24. Consider a sequence (c,), such thatc, > 0 and ¢, — 0. For z €
D([0,T];R) denote by (¢™, —a™) the solution to the Skorokhod problem on [—c, /2, ¢, /2],
n € IN. We denote L] ((cn)n) the set of all paths = € D([0,T];R) such that, for all
0<t<T,

(i) the sequence of functions
R >z ¢ 0 (2,[0,t]), neN,

converges weakly in L?(R) as n — oo; and
(ii) the sequence of functions

R3zm Ji(2",2), neN,
defined by formula (2.8), converges weakly in LP(R) to Ji(x,-) as n — oc.
A function L: [0,T] x R — R which is the weak limit in (ii) is called an LP-interval
crossing local time of = along (¢, ).

The corresponding pathwise Tananka-Meyer formula reads as follows.

Proposition 2.25. Suppose that « € LJ((cp)y) for p,g > 1 with 1/p + 1/q = 1. If
f € W24(R), then the following limit exists and is finite

[ ey = im [ e, oo,
0

n— oo 0

where the right-hand side is defined using (2.24), and the pathwise Tanaka-Meyer
formula

f(a:t)—f(xo):/o f’(:cs,)dxs—&—%/}RLt(x,u)f”(du)—&—th(:z:)7 te 0,7,

holds with such definition of f(f f'(zs_) dz, and with J{ (z) as given in (2.3).
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Before proving Proposition 2.25, we prove the following very intuitive lemma, where
we write g(x) for g o .

Lemma 2.26. Let I C R be an open interval (i.e., I is open and convex), x: I — [c,d] be
cadlag and monotonic (i.e., increasing or decreasing), and g: [c,d] — R be absolutely
continuous and increasing. If dx is concentrated on a Borel set F, then so is dg(z).

Proof. We can w.l.o.g. assume that I = R, since otherwise we can trivially extend x to
R in a way that R \ I has dz mass 0. We have to prove that the dz null set £ := R\ F
is also a dg(z) null set. Denote with £ the Lebesgue measure on R. Let y be cadlag
monotonic, so if I, J C R are intervals with disjoint interiors, then so are y(I), y(.J) (even
if I NJ = 0 does not imply y(I) Ny(J) = ). Set s(y) := 1 (resp. = —1) if y is increasing
(resp. decreasing). Since

[ atwdy, = s(w) [ 1,000 du =)L) (2.26)
R R

holds (by definition of dy) when A is an interval, it holds whenever A C R is a countable
union of intervals (I,,), with disjoint interiors (because the interiors of (y(I,)), are
disjoint).

Fix arbitrary ¢ > 0 and recall that there exists a § > 0 s.t. £(V) < § implies
J 1y dg = L(g(V)) < £ whenever V is a finite union of intervals with disjoint interiors (by
definition of absolute continuity), and thus whenever V is a countable union of intervals
with disjoint interiors.

Now cover FE with an open set A O E s.t. |j 14dz| < J; since A is open, it is
a countable union of disjoint open intervals, so (2.26) with y = z gives L(z(A)) < 0.
Since V := z(A) D z(FE) is a countable union of intervals with disjoint interiors we get
L(g(x(A))) < e, and so (2.26) with y = g(x) gives | [ 14 dg(x)| <e. Thus | [1gdg(x)| <e
for any € > 0, concluding the proof. O

Proof of Proposition 2.25. We introduce first slightly modified numbers of interval (up-
, down-) crossings by replacing <,> with <, > in the inequality involving z;, in the
definition of up- and down- crossings: for z € R, e >0, ¢t € (0,7] and = € D([0,T]; R) we
set

n
~Z78 pp—
u (x7 [Oat]) ‘= sup sup § l{xti<z—s/2 and x5, >2z+¢/2}>
nENO0<t; <51 < <tn<sn<t ;]

S

~Z,E

d (Ia [Oa t]) ‘= sup sup Z 1{90%. >z+e/2and x5, <z+e/2}>

neN0<t;1<s1 < <tp<s, <t =1
717 (2,[0,1]) == d”" (=, [0, ¢]) + @*°(x, [0, 1]) .

As f € W24(R), f’ can be decomposed as the difference of two increasing AC (Absolutely
Continuous) functions; since the result we want to prove is linear in f, we can assume
w.l.o.g. that f’ is increasing and AC. Moreover, since x (as defined on [0, ¢]) is bounded,
and the result only depends on the behaviour of f on [inf z, sup 2|, we can additionally
assume w.l.o.g. that f”/ has compact support. As the proposition holds trivially for affine
functions, thanks to (2.13) we may further assume that

fl@)=(-=f") (), zeR.

Let us consider the integral fg f'(z7_)dzs. Fort € [0,T] we have

/0 P de = e — P aan - [ aoaf@h) - 3 AnAPED, @)

0 0<s<t
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where fo xzs— df’(2?) is the Lebesgue-Stieltjes integral. Further, we have

/Otzg_df 3 AnAf( :/txsdf’(xg)

0<s<t (2.28)

t t
- / (s — a?) df (a7 + / 2 df ().
0 0

To calculate the first integral we use the properties of f/ and z".
Recall that the positive (resp. negative) part of dz™ is concentrated on {z—z" = ¢, /2}
(resp. {x — 2™ = —c¢,/2}). Thus, the identity

@ —anaran = $vir @).o). (2.29)

holds if I is the interior of an interval on which z™ is increasing (resp. decreasing), by
Lemma 2.26, and if [ is a singleton, since in that case it reduces to the identity

(zs —a)AF (22) = ZIAS @),

Since z™ is piecewise monotonic, we conclude that (2.29) holds for I = [0, ¢].
Using (2.27), (2.28) and (2.29), we finally arrive at

t
/ Pt de, = e = £y - [ a2 @) - FIV0 )04 @30

Let us note that the right side of (2.29) may be also calculated using the following
generalisation of the Banach indicatrix theorem:

V(S (&), [0,1]) = /R NV (' (@), [0,1]) dy, (2.31)

where NV (g,[0,t]) is the number of up- and down- crossings of the level y by cadlag g,
as defined in [26, Remark 1.3], which is closely related to the number of crossings n¥¢
via the relation
NY — 1 y,e
(9.[0,¢]) = lim n*%(g,[0,2]),

of which we will not make use, and which can be proved similarly to [26, Remark 1.4].
Moreover, the relationship

/Ny 10,4)) dyf/NZ [0,4) df’ (2) (2.32)

clearly holds for any monotonic h: I — R defined on an open interval I, and thus holds
for any completely monotonic h.
Thus, equation (2.30) may be rewritten as

C

t
[ s = = pin - [t i - GV ). 0.0
0
which, thanks to (2.31), (2.32), takes the form
t
[ s ) =1 o~ £ - / fn) da,
0

(2.33)
/ N (2", [0,4)) df’ (2).
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Now we will compute an alternative expression for fot 2 df'(z?). Since z™ and f’ (™)
have finite total variation the rules of the Lebesgue-Stieltjes integral (integration by
parts and the substitution rule) apply here and we have

t
/xgdf'(mg):f'(xg)x" /f ydal + Y AxlAf(al)  (2.34)
0 0<s<t
and .
/0 Famydat = (@) - fen) - 3 (AfED) - FEhA).  (@2.35)
0<s<t
Since

(Af() = f/eAL) + At AS (o) = Af(al) = [l ) Aal,

whose sum over s < ¢ equals J; (#™), substituting in (2.34) the value for fot () da?
obtained from (2.35) we get

/0 P df ) = [ — ) — () — f@) + T @), (2.36)

Finally, equating the RHS of (2.36) and (2.33) we get

flap) - /f dxs+f/Nz " 10,4]) df’ (=) + JE (")
P @) (o — a?) + £ (@) (20 — ).

(2.37)

Let us now compute
lim ¢, / N* ) df (2).
n—oo

Since the set of local extrema (maxima and minima) of any function f: R — R is
countable (see e.g. [30, Lemma 5.1]), the numbers N* (2", [0,t]) and 71*° (2", [0,]) are
equal for all z € R except a countable set, because they are equal if z ¢ {xg,z:}
and z is not a local extremum of x. Similarly, for all z € R except a countable set,
the numbers " (z, [0,t]) and n*°"(z, [0,t]) are equal, because they are equal if z ¢
{z(0) £ ¢, /2, z(t ) + ¢, /2} and z=+c, /2 are not local extrema of x. Next, by [28, Lemma 3.3
and 3.41, i*°(z",[0,¢]) and 2*“"(z,[0,t]) differ by at most 2. Thus N* (z",[0,¢]) and
n*cn(z,[0,t]) differ by at most 2 for all but a countable number of z € R. Using this
observation and noticing that N7 (2", [0,t]) = n®"(x,[0,¢]) = 0 when z < inf,co 4 zs —
€n/2 0T z > SUPy¢[g 4 Ts + ¢/2 We have that

Jim. cn/ N*(z D) dff (z) = Jim. ]ch -0 (2, (0,¢]) ' (2) dz = /]RLt(z)f” (z) dz,

where the last equality follows from the first assumption in Definition 2.24. Also, by the
second assumption in Definition 2.24 and Lemma 2.9

lim J/(2") = lim Jt(w”,y)f”(y)dyz/RJt(:ay)f”(y)dy:Jf(w)-

n—oo n—oo R
The last two limits together with (2.37) give the thesis. O

Remark 2.27. To apply Proposition 2.25 we need to know when J;(z", ) converge
weakly in L? (R) to Ji(z,-) € LP (R) and ¢, - n>°"(z, [0, ¢]) converges weakly in L? (R) to
some L, € L” (R). However, in general, it is not even clear when ¢, - n*"(z, [0,¢]) and
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Ji(z™, ) belong to LP (R) although we now give some sufficient criteria. If for some r > 0,
the r-variation is finite, i.e.,

N-1

v (.’17, [O7T]) ‘= sup { Z |‘Tti+1 — Ty,

=0

" (t;)Y, is a partition of [0,T], N € ]N} < o0,

then ¢, - n"°"(z,[0,t]) is bounded (and is equal 0 outside a compact subset of R) and thus
belongs to L? (R) for all ¢ < T'. It follows from the easy estimate: for any z € R
V7 (z,[0,t
07,0, ) < 00
C'I’L

Unfortunately, this observation does not yield any condition which guarantees L; €
L? (R), except in the rather trivial case r < 1.

Similarly as in Remark 2.6 we have that if p € [1,00) and >, _,, |Az|'T1/P < oo then
Ji (2™, ), Je(x, ) € LP (R): this follows from Minkowski’s inequality and the fact that for
any s > 0, |Az?| < |Axg| (see [28, (2.5)] or [25, Section 2]).

Since 2™ — x uniformly, there exists ¢ € R s.t., for all s € [0,¢],

|25 | < cforalln € IN,

Flim [ — ullpgr enp(u) = |25 — U1z, 4, (u) forall u # x5, xs. (2.38)

Now let ¢ be s.t. 1/p+1/q =1, and fix any f € W29 (R) and s € [0,t]. Since f" is locally
integrable, it follows from (2.38) and the dominated convergence theorem that

/ 2% — ullpgn any(u) f7 (u) du — / s — ullp, p(w)f’(u)du asn — oo.
R e R

We can then apply again the dominated convergence theorem to obtain weak conver-
gence of Ji(z",-) to Ji(x,-) in L? (R), using the domination

1 1
[ 1% =l @)1 ] du < Gy |ATE I un < Cy A
R

which follows from the estimate |Az”| < |Az,

, Holder’s inequality and (2.11).

3 Construction of local times for cadlag semimartingales

The purpose of this section is to give probabilistic constructions of the pathwise local
time, as introduced in Definitions 2.4, 2.17 and 2.24, for cadlag semimartingales. In
particular, we show that all three definitions agree a.s. and coincide with the classical
probabilistic notion of local times for cadlag semimartingales.

3.1 Local times via discretisation and as occupation measure

Let (Q2, F,IF, P) be a filtered probability space where the filtration I := (IF¢);¢[0,00) iS
supposed to satisfy the usual conditions. Given a cadlag semimartingale X = (Xt);c[0,00)
and u € R, one can define J;(u)(w) := Ji(X.(w), u), with Ji(z,u) given by (2.8), and the
increasing cadlag adapted process K(u) by

2K (u) = | X — u| — | Xo — ul f/ sign(X,- — u) dX,. (3.1)
(0,2]

It can then be shown that there exists a jointly measurable version of K;(u,w) such that

the family of processes £ = 2K — 2.7, called the (classical) local time of X, satisfies
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the Tanaka-Meyer formula (2.10) for © = X (w) P(dw)-a.e., is cadlag in ¢ and is jointly
measurable: see!® [31, Chapter 4, Section 7].

In the following we denote by LP(u) the LP-space with respect to a measure u. If
7 = (7k)ken, Where 7 are [0, co]-valued random variables such that 70 = 0,7, < Tx41
with 7, < Ti41 on {7g4+1 < 0o}, and limy_,o 7 = oo, then 7 is called a random partition.
If moreover {r <t} € F; for all k,t, then 7 is called an optional partition. We recall K*
was defined in (2.19). The following is the main theorem of this subsection.

Theorem 3.1. Assume that f: R — R is a difference of two convex functions, (7™),, are
optional partitions of [0, 00) such that |7 N [0,t]| — 0 a.s. for allt and X = (X¢)e[0,00) 1S
a cadlag semimartingale. Then, there exists a subsequence (ny) such that, for w outside
of a IP-null set (which may depend on f"),

sup | KT @(X (w), u) — Ks(w,u)| = 0 in LP(|f"|(du)) as k — oo

s€0,t]
simultaneously for all p € [1,0), t € [0, 00).
Remark 3.2. Theorem 3.1 says that the pathwise crossing time K™ (X.,u) sampled
along optional partitions (7"),, (defined applying (2.19) to each path X.(w) and partition
7" (w)) converges to K(u). Applying Theorem 3.1 with f(x) = 22 /2 gives in particular that
P(dw)-a.e. X(w) € L)Y (7™ )x) C Ly((x"™*);) for all p < oo and T' > 0, i.e., the LP-level
crossing time and the occupation local time exist for a.e. paths of a semimartingale.
Indeed, K7 " (X,-) — K(-) strongly (and thus weakly) in L?(R) for a.e. w, locally
uniformly in ¢.

To prove the previous theorem we need some preliminaries. Given p € [1,00) we

denote by SP the set of cadlag special semimartingales X which satisfy

/ v,
0

where X =Y + V is the canonical semimartingale decomposition of X,

< 00,

1Xlls = |[[¥12L2]
Lr(P)

Lr(P) ‘

t
Y], := 3;2—2/ Y,_ dY,
0

is the quadratic variation of the martingale Y, and |V|; is the variation up to time ¢ of
the predictable process (V;)icjo,-). We recall the existence of ¢, < oo such that the
inequality

sup |Xt|
t€[0,00)

< ¢l X|lse s (3.2)
Lr(P)

holds for all local martingales X (this being one side of the Burkholder-Davis—-Gundy
inequalities), and thus also trivially extends to all X € SP. The core of Theorem 3.1 is
the following more technical statement.

Proposition 3.3. Let (7"),, be optional partitions of [0, c0) such that |7 N [0, t]| — 0 a.s.
forallt. If X € SP forp € [1,00), and

n

AT (u) = , ueR,

LP(P)

s KT (X, (@), 1) ~ Kolw, )|

te[0,00

then, for every u € R, h™" (u) — 0 asn — oo and 0 < h™" (u) < ¢, || X||s» for alln € IN.

14Recall the identity (2.7) and notice that the notations used in [31] differ from ours: he calls A* what we
call 2/C(u).
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As discussed in detail in [9] after Theorem 6.2, for a continuous process X and
properly chosen (7"),, the convergence of K™ (X.,u) is closely related to the number
of upcrossings of X from the level u to the level u + ¢, > u. While stronger versions of
the above theorems have already appeared in the case of continuous semimartingales
(the strongest being [23, Theorem I1.2.4]), in the cadlag setting we were only able to
locate in the literature a version of Theorem 3.1 where, under the strong assumption that
Y ect |AX| < 00 as., the LP(| f”|(du)) convergence is replaced by pointwise convergence
for all but countably many values of u, see [23, Theorem II1.3.3]. Thus, compared to the
literature, our method provides a novel strong conclusion, with the benefit of a simple
proof. Other differences are that we consider the crossing time instead of the number of
upcrossings, and we use any optional partitions such that |7#"| — 0 instead of “Lebesgue
partitions” (in the language of [9]).

Proof of Proposition 3.3. Consider the convex function f(z) := |z — u| and let us take
its left-derivative sign(z — ) and its second (distributional) derivative 24,. Subtracting
from the discrete-time Tanaka-Meyer formula (2.20) its continuous-time stochastic
counterpart (3.1) and considering the process K7 (u)(w) := K (X.(w),u) we obtain

0= /t(H;T" (u) — Hy(u)) dXs + 2(KT (u) — Ki(u)), (3.3)
0

where for " = (7]*); by H™" and H(u) we denote the predictable processes

HT (u) == Z sign(Xen = u)lirp or 1(s) and  Hg(u) :=sign(Xs— — u).

Now A" (u) — 0 for each u € R follows from (3.2) and (3.3) if we show that

/ | HT (u)dX, — / | H,(u)dX, in SP.
0 0
To this end fix n and v and notice that from
HT (u) = sign(X;» —u), forisuch that 7' <s <7/,
and |7" N [0,t]| — 0 a.s. for all ¢ it follows that H7"(u) — H,(u) a.s. for all s. Since

"(u) — Hqs(u)| < 2, it follows that [ H™ (u)dX, — [ Hs(u)dX, in y the domi-
HT H < 2, it foll h o Hi dX o H dX SP (by the d
nated convergence theorem) and that

B (w) < 2

/ (HE (u) — Ha(u)) dX,

0

< ¢l X||ls» forallu e R,

Sp
concluding the proof. O

Proof of Theorem 3.1. Let (7,,)m be a sequence of stopping times which prelocalizes X
to SP (see e.g. [31, Chapter V, Theorem 4]), i.e., 7,,, T o0 a.s. and X™~ € SP for all m.
Let p;(A) := |f"|(AN[—i,4]) and set, for T > 0,

Gy = Gp(w, T, u) := sup,<p |Kt7rnk(w)(X. (w),u) — Ki(u,w)|

and G} := 1{7<,,,3Gn. Since p; is a finite measure, Proposition 3.3 implies that, as
n — oo, G converges to 0 in LP(P x ;) for all m,i € IN and T' > 0. By Fubini’s theorem
[|Gol|Lr(u;) converges to zero in LP(IP), and so passing to a subsequence (without
relabelling) we find that, for every w outside a P-null set Ni’f;f NG W, Ty )|l e,y — 0.
Then along a diagonal subsequence we obtain that G (w, T, -) converges to 0 in L?(u;)
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for all ¢, m,p, T € IN\ {0} for every w outside the null set Ny~ := Ui,m,T,pEN\{O}Ng;Z' Since
G, =G on{T < 7,}, G, — 0in LP(y,;) for all i,p, T € IN\ {0} for every w outside N~ .
Since outside a compact set G, (w, T, -) = 0 for all n, convergence in LP(u;) for arbitrarily
big i, p implies convergence in L?(|f”|(du)) for all p € [1,00). Since G, (w,-,u) = 0 is
increasing, convergence for arbitrarily big 7' implies convergence for all T € [0,00). O

3.2 Local times via interval crossings

Recall the definition of LP-interval crossing local time of a deterministic path along a
sequence of positive reals tending to 0 in Definition 2.24. In this subsection we prove
the following theorem.

Theorem 3.4. Let X = (Xt);c[0,0) be a cadlag semimartingale and T' > 0. There exist
a IP-null set E such that for any w € Q\ E and any sequence of positive reals (c,),
which converges to 0, x; = X; (w), t € [0,T], belongs to L7 ((cy)nen) and for any t € [0, 7]
the L'-interval crossing local time of z along (c,,) Ly, coincides (in L' (R)) with the
classical local time of X, L;.

nelN”

We note a difference in the above result when compared with Theorem 3.1. In the
former, we obtained pathwise convergence on a subsequence and outside a null set which
depended on the discretisation, i.e., on the optional partitions (7™),, of [0,c0). Here, the
method of discretisation is fixed and implicit in the Skorokhod problem, however we are
able to obtain pathwise convergence, outside of a common null set F, simultaneously for
all sequences (c;,).

As noted already after the statement of Proposition 3.3, a similar result was proven
in [23, Theorem III.3.3], namely that for any cadlag semimartingale X, as ¢ — 0,
c-n"°(X,[0,t]) — L} a.s. for all but countably many v € R, where n* was defined
in (2.25). However this was only established for semimartingales whose jumps are a.s.
summable, i.e., ) _ ., |AX,| < oo for any ¢ > 0.

Theorem 3.4 is easily proved using the following technical statement (of independent
interest), about the quantity

1 [rtd/2
20— d.n*(X,[0,]) — = LY¥du, te€0,00).
d z—d/2

Theorem 3.5. Let X = (X;)/c[0,o) be a cadlag semimartingale and L}, t > 0, u € R, its
Iocal times. If (dy)rcw is a sequence of positive reals such that ), .\ di < oo then

/ Q7% |dz — 0 P(dw)-a.e. as k — oo, (3.4)
R
and if X € 8% forp € [1,0) and | X| is bounded by a constant then for any t € [0, )

. z,d
Hg{gH/RQt |z

Let us now prove Theorem 3.4; the rest of the subsection will be devoted to the proof
of Theorem 3.5.

=0. (3.5)
L (P)

Proof of Theorem 3.4. By standard properties of convolutions, for example [13, Theo-
rem 8.14], %f;fj/; L£Ydy — L7 in L' (R) as d — 0+. By this and Theorem 3.5 there
exists a P-null set E; such that for any w € 3 = Q\ E; and ¢ = X (w) the limit
of dj, - n»%(x,[0,¢]) in L' (R) (thus also the weak limit in L! (R)), where for example

di, = k=2, exists and is equal £;(-) as k — co. Now, for the given sequence (c,), and n
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such that ¢, < 1/2 define k(n) to be such natural number that dj(,)+1 < ¢, < dj(p). For
such n we have bounds

di(n ,
(252 dy 0 00,8 < -0 00,1

di(n
< (d k(n) )dk(n)—H . n',dk(n)+1 (.’E, [O,t]) .
k(n)+1

Notice, that since dy/dr+1 — 1 as k — oo, we have that for any w € ; the limits in
Lt (R) of both - lower and upper - bounds in (3.6) as n — oo coincide with the limit of
dy - 0% (z,[0,¢]) which is equal £;(-). Thus for w € Q4, ¢, - n*"(z,[0,]) tends in L' (R)
to the same limit £ (-).

Let us denote Qs = Q1 N{w € O : [X]r (w) < co}. Naturally, P (Q2) = 1. For w € Qs
we also have ) ., (AX, (w))? < co. This observation together with Remark 2.27 yields
that if w € Q5 and z = X (w) then the sequence (J;(z",)), converges weakly in L' (R) to
Ji(z, ).

Thus we proved that for w € Q5 and 2 = X (w) both required (weak) convergences
hold, thus = € LY ((¢,),,). O

We now begin the proof of Theorem 3.5. It is achieved via several lemmas. From
now on, X = (X¢)ic[o,00) Will be a cadlag semimartingale, and L}, t > 0, u € R, its local
times. We will also need to consider, given d > 0 and z € R, the semimartingale X zd the
processes Y *¢, X*4, the functions F*¢, [¢: R — R and the sequence of stopping times
(77%),,en defined as follows:

X% = F>4(X,), where F*%(z):=(z—d/2)V (z A (z+d/2)),
viti=Xp" - X4 - 14 (X,-) AX,, where IX(z):=1(¢_a/2-1a/2(T),

oo
o z,d .d
XP% = ZX;"’L 1[Tz,dl,_’_7zl,d) (t),
n—1 n—1 n-—
where the sequence of stopping times is defined by induction as follows: 7; .=,

z,d

{inf {s>0: X% e{z—d/2,z+d/2}} it X7"¢ {z—d/2,2+d/2}
T1 =

inf {s >0: ‘ngd - Xg@‘ - d} if X7% e {2 —dj2,z+d/2}’

and, forn > 1,

e {inf {s > 2 ‘Xj’d — x| = d} if 724 < 00

if 754 = 00 7
Zd =

where we apply the usual conventions inf () := oo and |00, 00) := 0.
The first step in the proof of Theorem 3.5 is to obtain a convenient formula for the
quantity to be estimated, as we will now do.

Lemma 3.6. There exists a cadag adapted process R*? with values in (—2,0] such that
z,d z,d 1 d 2 2 ¢ z,d z,d d
QY =Rd+ = E (AXZ9)" + —/ (X;_ —Xg’_) dX2>% te|0,00).
d d 0 & £
0<s<t
In the proof of Lemma 3.6, and later on, we will make use of the following simple

lemma.
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Lemma 3.7. X*¢ is a semimartingale and the following identity holds

1/ . ¢
xp? - X =3 (ct 4/2 755”/2) +/ IT(Xoo) dX,+ > YP?, te0,00).
0 0<s<t
Proof. Expressing F'*? as
o 1 1
F* (x)=z+§|x—(z—d/2)|—§|x—(z—|—d/2)| (3.7)

shows that it equals the difference of convex functions, and allows to quickly calculate
its derivatives as follows. Its first left-derivative is (F*)’ (z) = I¢(z), and its second

(distributional) derivative is (Fz’d)" = 0._q/2 — 0.44/2. The thesis follows from the
Tanaka-Meyer formula applied to X and F*? (see e.g. [31, Chapter IV, Theorem 70]). O

Proof of Lemma 3.6. We have

n**(X, [0,t]) = n** (X [0,1]). (3.8)
We can now define
1 oo 2
z,d | z,d z,d z,d z,d
Ry =0 (X9 [0,t]) — = 21 (Xﬂ?% - Xﬁ*‘ﬁm) : (3.9)

Notice that R; 4 e (—2,0] since only the first and last non-zero term in the above sum
may differ from d?, and they are then strictly smaller than d2. Let us now work out an
alternative expression for R 4 Using integration by parts we get

[e’s} 2 t
z,d z,d z,d _ z,d S, z,d z,d
§71 (Xﬂi% - Xri’”’wt> — [x79], = 2/0 (XS, Xs,) dx=d, (3.10)

where [X*?] denotes the quadratic variation of X*“. Lemma 3.7 shows that

t
Xp4— x4 — / I (X,_) dX,
0

is a process of finite variation and thus, denoting by [Y] the continuous part of the
quadratic variation of the semimartingale Y, we get that

. . c +
z,d _ d _ d -
ey = | [ rtonoyax] = [

t 0

and so by the occupation formula (2.6) we get

z+d/2
[x=d), = (x> + 3 (ax29)’ :/ Cydut Y (AX29)°. (3.11)
0<s<t z—d/2 0<s<t
Combining (3.8), (3.9), (3.10), and (3.11) yields the thesis. O

To take advantage of the formula in Lemma 3.6, we need a more convenient expres-
sion for the integral with respect to X*¢; to obtain one, we again employ Lemma 3.7.
This leads us to have to estimate the integral in dz of three stochastic integrals (with
respect to £5+4/2 — £#=4/2, X and " ,_, . Y4, respectively); we will now do that, using
a lemma for each integral. B
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Lemma 3.8. Fort € [0,0), one has

/ t (x5 - %29) aczt2 <o,
0 S§— S— S
z£d/2

Proof. By [31, Chapter IV, Theorem 69]), each of the atomless measures d.l;
carried by the corresponding set

is

{s>0:X,=X,_ =2z+d/2},

and since the sets -
{s>O:XS — X, :zj:d/27éX§’_d}

are countable (because they are subsets of the jumps of the cadlag process X=d), we

conclude that dﬁﬁid/ % is carried by the set

{s>0: X, =X, =z4dp2 =X} {s>0:x20 = X2} 0

The stochastic integral with respect to X will be estimated using the following lemma.

Lemma 3.9. Let (H?).cr be a measurable'® family of predictable process and assume
that there exist constants d, M € (0, c0) Zl<da.s. forall z € R, and
H? =0a.s. forall|z| > M + d/2. Given a semimartingale S, define

/ HZI¢ (X, ) dS,

If we assume that S =V has finite variation |V|; < co a.s., then

Wi(S) := W7 (S) :=

(We(V)| < 2d-[V]e,

whereas if S = N is a martingale s.t. E[N]} < oo, then there exists a constant C,, € (0, 00)
(which depends only on p) s.t.

E(W,(N))? < (2M + d)**~" dC,E(N)?. (3.12)

Proof. Since I¢ (X,_)=1if X,_ — % <z < X,_ + %, and I? (X,_) = 0 otherwise, we get

/ I (X, )dz=d (3.13)
R

and so by Fubini’s theorem

W) < Q/R (/;1? (X,.) d|V|8) dz = 24|V, .

Since ([ |g|du)? < [ |g|P dpx holds for any probability measure p, we get that

p
(/ Igdu> SM(Q)’H/ lgI? du (3.14)
Q Q

for any positive finite measure p on 2. Since

G; =2 [V HZIY (X,_) AN,

15We mean that the function (z,w,t) — Hf(w) is B(R) x P-measurable, where B(R) are the Borel sets and
‘P the predictable o-algebra.

EJP 26 (2021), paper 77. https://www.imstat.org/ejp
Page 24/29


https://doi.org/10.1214/21-EJP638
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Local times and Tanaka-Meyer formulae for cadlag paths

equals 0 when |z| > M + d/2, applying (3.14) it follows that

M+d/2

E(W,(N))* =E (/ 1G7| dz) ! < (2M 4+ d)*7'E (/R (G3)? dz) . (3.15)

—M—d/2

Burkholder-David-Gundy inequality applied to G* gives that

E(G?)* < ¢,E (,/[Gz}t)% = ¢,E (/Ot (%H;Ij (Xs_) )Qd[N]s)p — A%, (3.16)

Using first (3.14), and then |H| < d and (I%)?? = IZ, we get the two inequalities

ai < ([ (Gt xo)” aw).)

. (3.17)
<we (N [ 06 dv).).
0
Applying Fubini’s theorem and combining (3.15), (3.16) and (3.17) we get
t
EW(N))? < 0,201 + B (I [ ([ 1 x0) az)aiv,),
0 R

and now (3.13) yields the thesis with C), := 4Pc,,. O

To deal with the stochastic integral with respect to > ,_ .. Y74 we will use the
following lemma.

Lemma 3.10.

/}R dz 3 V< Y (AX)2ga(AX),

0<s<t 0<s<t

where

()=t ll=d gy
T) = , T , .
9 o ifla > d

Proof. Since the expression Af(X;) — f/(Xs_)AX; is linear in f and equals 0 when f is
a constant, using (3.7) and (2.7) shows that

ysz,d = Zjv_d — Zsz’d, where Z7" := [ X, — (2 +u/2)| 1x,_ x,) (¢ +u/2), zucR,

and to conclude we only need to compute the L'-norm
> [ szt zz
o<s<t/R

of == — zzd,
Ifd > |AX,

, then (2.11) with p = 1 gives that

/ de|z274 — 72
R

To deal with the case d < |AX,

g/ dz (1227 +|227) = (AX,)2 (3.18)
R

, let us notice that

if 2 +d/2< X, AX,orz—d/2>X,_ VX, then 279 =274 =
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and
if X, AX,<z—-d/2<z+d/2<X,_ VX, then |Z57% - 729 < d.
The last estimate follows from the fact that if
X NXs<2z—-d/2<2z+4+d/2< Xs- VX,
then Z%~4 = | X, — (2 — d/2)],

la —b].
Finally, in the case

774 = | X, — (2 +d/2)|, and the inequality ||a|] — |b]| <

EXs- NXy—d/2, Xs- NXs+d/2]U[X— VX;—d)2,Xs— V Xs+d/2]

we apply the estimate |
Putting together three considered cases we have the estimate

Xo_ AXo+d/2 Xo_VXs—d/2
[ asizz-zza < [ az (12274 +1224) + [ ad:
R AXo—d/2 Xe AXo+d/2

X VXs+d/2 (319)

+ de (1724 +1734))
Xo VXs—d/2

<2d|AXs| + (|AXs| — d) d + 2d|AX| < 5d|AX|.

From (3.18), (3.19) it follows that the L!-norm of Z?~¢ — Z* is bounded by

> 24+ 3 1ggax.) (@)5dAX,| = D (AX,)?ga(AX,),
0<s<t:d>|AX, | 0<s<t 0<s<t
which concludes the proof. O

Proof of Theorem 3.5. For now assume that X is in S?" for some p € [1,00), and |X]| is
bounded by a constant M. Since n*%(X,[0,]) and £¥ are equal 0 for |z|,|u| > M; :=
SUPg< <t | Xs| < 00, Q7 =0 for any z ¢ [—-M; — d/2, M, + d/2], and thus

My+d/2
[leias= [ Joi) as
R ~M,—d/2

We can now apply Lemma 3.6 to estimate the latter as a sum of three terms. The first is

M+d/2
/ d-R"dz
—M;—d/2

<2d-2-(M;+d/2) = 4M,d + 2d°. (3.20)

The second term is

Mi+d/2 M+d/2
/ =Y (axehide= Y / (AX2h)? da. (3.21)

~M—d/2 @ 0<s<t 0<s<t’ —Mi—d/2 d
By definition of X*¢ we have that [AX*?| < |AX,| Ad, and if X, < X, then AX>4 =0

whenever z ¢ [X,_ — 4, X, + 2], and analogously if X, < X,_ then AX?¢ = 0 whenever
z ¢ [Xs— %, Xso + g] This gives the first of the following inequalities

/%(AXj’d) dz < = <|AX |/\d) (|AXS|+d> §$(|AXS|/\d>22(|AXS\vd). (3.22)
R
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Thus, using the identity

%QAXSI A d)2 (1AX,| v d) = (AX,)? A (dAX, ),

which can easily verified separately for the cases d < |AX,| and d > |AX;|, combined
with (3.22) and (3.21), gives that
Mi+d/2 4 )
/ S 3 (AXPN dz<2 Y (AXL)? A (dAX,]) =: DY (3.23)
—Mi—d/2 % g o<y 0<s<t

The third and last term which we need to estimate is

2 K z,d oz,d z.d
‘ (X;_ fX;_> ax=d| d. (3.24)

rIdJo ) ‘ )

To do so, we use Lemma 3.7 to write this as the sum of the integrals with respect to
L2442 — £z=d/2 X, and 3,_,.. Y. The first integral is zero, thanks to Lemma 3.8. To
estimate the second integral (in d.X), we write the canonical semimartingale decomposi-
tion X = N +V of X as a local martingale N and a predictable process of finite variation
V, and apply Lemma 3.9 with

H? = x4 — x27,

Assumptions of Lemma 3.9 are satisfied because
’Xj’_d - X’jf’ <d foralld,s>0,zcR, (3.25)

X € 8% implies [N]w € LP (R), |V |« € L? (R), and from the implication
if X, ¢[z—d/2,2+d/2] then X>?—-X>'=0

it follows that X>% — X>% = 0 unless |z — X,_| < d/2, and since the constant M satisfies
M > supy<, | X,|, this implies that X>% — X*% = 0 for |z| > M + d/2. To estimate the
third integral, we apply Lemma 3.10 and (3.25). Combining these three estimates we can
bound the third term (the one in (3.24)), and this bound, combined with those obtained
in (3.20) and (3.23) for the first and second terms gives that

/ Q7% dz < AMyd + 242 + DY + 2d|V |, + W7 (N) + 2 Z (AX,)?g4(AX,).  (3.26)
R

0<s<t

Clearly (3.5) follows from (3.26) and the dominated convergence theorem, since any X in
S? satisfies E([X]} + sup, <, | X;|*?) < oo (see e.g. [10, Chapter 7, Section 3, Number 98,
Page 295, Equations 98.5 and 98.7]), g4 satisfies 0 < gg(z) <5 and g4(z) - Oatall x #0

as d | 0, and we use the fact that E(W;*(N))? < \/E(W;/*(N))2r, which goes to zero
thanks to Lemma 3.9.

If X is an arbitrary semimartingale, to prove (3.4) we can assume w.l.o.g. that X is
in S2 by pre-localisation, see e.g. [31, Chapter IV, Theorem 13]). Now let d;. > 0 be such
that )77 | di < oo; the term W7%(N) is controlled by the estimate (3.12), which gives

that .
E W7 ’ 00
. <k1( t (N)) ) =

from which we conclude that Wf’d’“(N ) — 0 a.s. as k — oo. As the remaining terms

in (3.26) converge to 0 a.s. as k — oo (the term Df’“ and the last term by dominated
convergence, the others trivially), (3.4) follows. O
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