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k-cut model for the Brownian continuum random tree
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Abstract

To model the destruction of a resilient network, Cai, Holmgren, Devroye and Skerman
introduced the k-cut model on a random tree, as an extension to the classic problem
of cutting down random trees. Berzunza, Cai and Holmgren later proved that the
total number of cuts in the k-cut model to isolate the root of a Galton-Watson tree
with a finite-variance offspring law and conditioned to have n nodes, when divided by
nl=1/2k, converges in distribution to some random variable defined on the Brownian
CRT. We provide here a direct construction of the limit random variable, relying upon
the Aldous-Pitman fragmentation process and a deterministic time change.
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1 Introduction

Let k£ € IN and let T" be a rooted tree. The following procedure is considered by Cai,
Holmgren, Devroye and Skerman [9]. To each vertex v of T, we associate an independent
Poisson process N, = (N,(t));>o of rate 1. Imagine that each time N, increases, the
vertex v is “cut” once; after it receives k£ “cuts”, it is removed along with all the adjacent
edges. The procedure ends when the root is removed. We are interested in the total
number of “cuts” falling on the subtree containing the root, denoted as X (7). Let us
observe that for k = 1, the above procedure reduces to the classic problem of cutting
down random trees introduced by Meir and Moon [14]; see in particular[12, 2,5, 1, 7, 10]
for some recent progress on the classical version. The current extension, on the other
hand, can be seen as a simple model for attacks on computer networks with resilience
([9D.

Let £ = (£(p))p>0 be a probability measure on the set of non negative integers which
satisfies

1/2
Spew) =1, and 0<oi= (Y pp-DEw) " < oo
p=>1 p>2
Forn > 1, let T;, be a Galton-Watson tree with offspring distribution £ conditioned on
having n vertices. Berzunza, Cai and Holmgren show in [6] that

(iT Xk(T")) (T, 7, (1.1)
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k-cut model

where 7 is the so-called Brownian Continuum Random Tree, and Z; is a non degenerate
random variable whose distribution is characterised via its moments. Note that the
convergence of -=T,, to 7, due to Aldous [3], is well known and takes place in the weak
topology of the Gromov-Hausdorff space. We defer the formal definitions of these objects
till a later point. Let us also point out that the joint convergence in (1.1) generalises an
earlier result for k£ = 1 by Janson [12].

In the case k£ = 1, it is also known that Z; can be explicitly written as a functional
of the so-called Aldous-Pitman fragmentation process, thanks to the works of Addario-
Berry, Broutin & Holmgren [2], Bertoin & Miermont [5], Abraham & Delmas [1]. In this
work, we extend this construction of Z; to the general setting of £ > 1, thus answering a
question in [6] on the construction of Z;. To that end, let us start with a brief introduction
to the Aldous-Pitman fragmentation process.

The Aldous-Pitman fragmentation process can be viewed as the analogue of the
1-cut model for the Brownian continuum random tree (CRT). First, we need to construct
this CRT. Let us take e = (e5)o<s<1, where %e is distributed as the standard normalised
Brownian excursion of duration 1. For s,¢ € [0,1], define

d(s,t) = es +e; — 2b(s,t), where b(s,t)= tr<nir<1 , Cu-
sAt<u<sV

It turns out the function d is non-negative, symmetric and satisfies the triangle inequality.
To turn it into a metric, let s ~ ¢ if and only if d(s,t) = 0. Then d defines a metric on
the quotient space 7 := [0, 1]/~, which we still denote as d. In the sequel, we will refer
to the (random) metric space (7,d) as the Brownian CRT. Note that it has “tree-like”
features: each pair of points in 7, say « and y, is joined by a unique path, denoted
as [x,y], which turns out to be a geodesic. Metric spaces with such properties are
called R-trees. Interested readers are referred to Evans [11] and Le Gall [13] for more
background on R-trees and CRT.

Let us also introduce the following notation on (7, d) which will be useful later. We
denote by p : [0,1] — T the canonical projection which sends every ¢ € [0,1] to its
equivalence class with respect to ~. The root of (7,d) is then the point p = p(0) = p(1).
In addition, the map p also induces a probability measure on 7: the mass measure,
denoted as p, is the push-forward of the uniform measure on [0,1] by p. On the other
hand, the length measure ¢ is a o-finite measure on 7, characterised by the relation
U[z,y]) = d(z,y), forall z,y € T.

We introduce a Poisson point measure P(dt,dx) = >, d(, 2,)(dt,dr) on Ry x T of
intensity dt ¢(dz). One can imagine the (¢;,x;)’s as cuts on 7: at time ¢;, the point z; is
removed from 7, which disconnects the tree. As time moves on, more cuts arrive and 7
fragments into finer and finer connected components. The Aldous-Pitman fragmentation
consists in describing the time evolution of the collection of u-masses of these connected
components. It is also known that in the case of £ = 1, the size of the subtree of T,
containing the root, when suitably rescaled, converges to the p-mass of the connected
component of the CRT containing the root ([4]). Thus, the cutting down of 7, which
involves removing z; at time ¢;, can be seen as the scaling limit of the k-cut model on
T, for k£ = 1. On the other hand, the key element in our construction is the following
time-changed version of P: for k € [1,00), define

e

P = 25(&,@)’ where s; = (T'(k + 1)t;)
i>1

Q> 1. (1.2)

Here, I'(+) is the Gamma function. Let us denote by 7; = {z € T : P([0,t] x[p, z]) = 0}, the
subtree connected to the root at time ¢. Similarly, denote T; = {z € T : P([0,t] X [p,z]) =
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0} the remaining subtree in the time-changed cutting process. We define

0o B 0o T k+1 % ') L
xXum) = [ uFae= [ (Ti gyt = LEEDE | umysttas s

For k =1, X;(T) appears in [5, 1, 2] as the scaling limit of X;(T;,). Let us also recall that
Aldous and Pitman [4] have shown that the process (u(7;)):>0 has the same distribution
as ((1+ L) ™')i>0 with (L¢):>0 being a %-stable subordinator. Combined with a Lamperti
time-change, this then implies X;(7) has the Rayleigh distribution ([5]). Note that we
also have the following bound from (1.3):

1 o]
k(D + 1))~ X (T) g/ s%*IdH/ W(T2)ds < k+ X, (7). (1.4)
J1

0

So in particular, X;(7) < oo, a.s. Let us also point out that even though the discrete
model is only defined for k£ € IN, the above definition of X;(7) makes sense for all
k € [1,00). Here is our main result.

Theorem 1.1. For all k € N, conditional on (T,d), X;(7T) has the same distribution as
Zy.

We’ll give two proofs of the theorem. In Section 2, we give a first proof by identifying
the conditional moments of X} (7) given 7 with those of Z;, which were computed in
[6]. In Section 3, we give a second proof via weak convergence arguments. Even though
it takes a bit more space, the second proof is perhaps more helpful in explaining the
motivation for the definition (1.3), as well as in providing an alternative proof of the
convergence in (1.1).

2 Conditional expectation of X (7) given 7

We will need the following notation. For ¢ € IN and s = (s1, s2,..., 84) € [0,1]9, we set
Af$(s) = eg,, and more generally for 2 < r < g,

e j— J— = i
Al(s) = es, I?frxb(s“sr) where b(s, ) sAtrgnulréls\/t cu-

Note that A¢(s) + --- + A%(s) is the total length (i.e. {-mass) of the reduced subtree of 7
spanned by p(s1),...,p(s,), for all » < g. Our goal is to prove the following formulas for
the moments of X (7).

Proposition 2.1. For all k > 1 and q € IN, we have
BL(T) o) =gt [ dsds, [ [T [T
[0,1]4
exp <_k! (A?(s)xlf + Ag(s)xé + -+ Ag(s)xz)) dag---dxy. (2.1)
Proof. Forv € T, we define &, = inf{t > 0: P([0,t] x [p,v]) = 1}, the moment that v is
separated from the root. Then v € 7; if and only if £, > t. Therefore, we can re-write

X (T)? as follows.

(Xk(T))q:/]R w(Te ) (Tey) -+ (T, )dtrdts - - dty

/]R /7_ g, >, v Eug >tq}H(dU1) o p(dvg)dty - - - dtg

{gp( ) >t ~--7£p(sq)>tq}d81 e dSq dtl e dtq
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Figure 1: An illustration of R, with ¢ = 2. Here, R, has the shape of a binary tree with
2 leaves, one branch point and three edges (depicted by the line segments in bold). The
edge lengths correspond to the lengths of these line segments.

where we have used in the last line the definition that p is the push-forward of the
Lebesgue measure on [0, 1]. Write E, as a shorthand for E[- | e]. The above yields that

/ / P(Sl) >ty ..., gp(sq) >tq)dt1'~'dtqd81"'d8q
0,12 JRZ

We then split RY into ¢! subdomains according to the ¢! possible rankings of (¢;)1<i<q-
However, (s;)1<i<q is sampled in an i.i.d fashion and is therefore exchangeable, so that
integration from each subdomain will contribute equally. Hence,

Eo[ X5 (T)4]

ty q—1
/ / / / 11(81) > 11, .., ‘Sp(sq) >tq)dtq~~'dt1 d51~~~d8q.
0,1]a

Let R, be the reduced subtree of 7 spanned by v1 = p(s1),...,v, = p(sq), i.e. the
smallest connected subspace of 7 containing these ¢ points and the root p. Note that R,
is a “finite” tree in the sense that it only has a finite number of branch points and leaves.
Here, it will be convenient to think of it as a (graph) tree (V,, E,), where the vertex set
V, consists of the root, the leaves and the branch points of R, and each edge ¢ € E,
is equipped with an edge length I(e) € (0,00). These edge lengths are consistent with
the distance d in the following way: for each v € Vy, d(p,v) = >_.c () l(€), where L(v)
stands for the set of edges on the path from the root p to v. See also Fig. 1 for an example
of R,. Now to each edge e in this tree, we associate an independent exponential variable
E, of mean 1/I(e). It follows from the definition (1.2) of P that (&, )*/k! is distributed as
an exponential random variable of mean 1/d(p, v,) = 1/es,. It is then straightforward to
check that

(Ev,; 1< <q) = @ <e€I%i(ET)(k!E Whil<r< q)
Bearing in mind that ¢; > t; > --- > ¢,, we then find that
Pe(Evy > t1,...,E, > tg)
=P ((KE)* > t,,Ye e L(v,),1<r<q)
=Po((K1E)* > t1,Ve € L(01))Pe((K1E)* > t2,Ye € L(v2)\L(v1))
P ((KLE)T > tg, Ve € L(vg) \ UregL(v,))

= exp <—;' (AS(s)t] + AS(s)th + - - Ag(s)t§)> )
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By the previous arguments, this completes the proof. O

Proof 1 of Theorem 1.1. Comparing (2.1) with equations (8) and (9) in [6], we see
that E[X},(7)9]e] = E[Z]|e] for all ¢ € N. Applying Theorem 2 and Lemma 8 there, we
conclude that conditional on e, X;(7) has the same distribution as Z. O

3 Scaling limit of X (T,)

Here, we give a second proof of the theorem by showing X (7)) is the scaling limit of
Xk (Ty). Throughout this section, we assume k € {2,3,...}.

3.1 Convergence of random trees

We briefly recall Aldous’ Theorem on the convergence of the conditioned Galton-
Watson tree T;,, as well as provide some necessary background on the Gromov-Hausdorff
topology. Further details on these topics can be found in [13, 11, 8, 15, 3].

The Gromov-Hausdorff distance between two compact metric spaces (X, dx) and
(Y, dy) is the following quantity:

dGH(X7Y) = inf dZ,HauS(¢(X)7<p(Y))a
¢4

where the infimum is over all the isometric embeddings ¢ : X — Z and ¢ : Y — Z into a
common metric space (Z,dyz), and dz naus stands for the usual Hausdorff distance for the
compact sets of Z. In our application, we often need to keep track of specified points in
the initial spaces. To that end, let x = (z1,...,2p) and y = (y1,...,¥,) be p € IN points of
X and Y respectively. Then the marked Gromov-Hausdorff distance between (X, dx,x)
and (Y, dy,y) is defined as

dp,GH (X7 Y) = ¢i,g,fZ (dZ,Halls(¢(X)7 @(Y)) V max dZ (¢(x7)v @(yi)))a

1<i<p

where the infimum is again over all the isometric embeddings of X and Y into a common
metric space. For each p > 1, it turns out that the space of metric spaces with p
marked points is a Polish space with respect to d,, cu ([15]). Now the convergence of 7T,
mentioned earlier can be given a precise meaning. Let us recall that the Brownian CRT
(T,d) is a metric space by definition. Recall also p € T stands for its root. Equipping its
vertex set with the graph distance, we can also view the tree T,, as a metric space. Let
us denote by ~=T;, the rescaled metric space where the graph distance is multiplied by
a factor ﬁ Denote also by p,, its root. We have

(%Tn,pn) 9 (T.0), (3.1)
in the weak topology of the marked Gromov-Hausdorff distance.

We note that 7 is further equipped with a probability measure p. Let us define its
discrete counterpart: for n > 1, let u,, be the uniform probability measure on the vertex
set of T),. In fact, Aldous’s Theorem in [3] also implies the following convergence of
reduced trees. Given T, let (V;);>1 be an i.i.d. sequence of points in 7 sampled with
p. For p € N, denote by R, the reduced tree of 7 spanned by Vi, ..., V,. Similarly, we
sample an i.i.d. sequence (V;*);>1 from T,, with law p,,. Let R;} be the reduced subtree of

7

T, spanned by Vi",..., V"', namely, the smallest subgraph of 7}, (an edge of the subgraph

is also an edge of 7;,) containing V",...,V," and the root p,,. As above, we denote by
=R, the metric space obtained from R} by equipping its vertex set with = times the

Vn' P vn
graph distance. Then we have
vpeN, (Zrrve... v -2 (R, W,..., V) (3.2)
p 9 \/ﬁ pr V1l Vp n—so0 ps V1y---5Vp)s .
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with respect to the marked Gromov-Hausdorff topology. We have seen that R, can be
viewed as a (graph) tree with edge lengths. But so is TR" where the edge length is
simply —%=. Note that the convergence in (3.2) implies the “shape” of R} coincides with
that of R, for large n and

n )
AR
where # stands for the counting measure on the vertex set of R and / is the length
measure of 7.

Let us recall the Poisson point measure P has an intensity d¢ ¢(dz). Since {(R,) < oo,
there is a finite number of cuts (¢;,z;) from P which fall on R, before time ¢. So a
convenient approach to studying the cutting of 7T is first look at those cuts which fall on
Rp, p > 1. We'll also see the convergences in (3.2) and (3.3) will be our starting point for
proving the convergence of X (T;,).

YL UR,), p=1,2,.... (3.3)

3.2 Convergence of the cutting process

For each vertex v of T, let us denote 7, = inf{t : N,(t) = k}, the time when v is
removed from 7;,. We show here that the point measure P, := ZveTn d(y,,v) CONVETgEs
in an appropriate sense to P. Let us start with the following observation.
Lemma 3.1. For each m € N, suppose a,, € (0,00) and let (G, ;)1<i<m be indepen-
dent Gamma(k, %) random variables whose probability density function is given by
(kll),a’fnack lemam® > (. Let

Nm(t): Z l{Gm,iSt}7 t>0.

1<i<m

Ifmak, — a € (0,00) as m — oo, then we have

(Non()) 1og —s (N(#¥/K))) sy in D(R+,R),

>0 m—o0

where (N (t)):>0 is a Poisson process on R, of rate a and D(R, R) is the space of cadlag
functions endowed with the Skorokhod topology.

Proof. Let G denote a Gamma(k, 1) random variable and let X be a Poisson random
variable of mean ¢. We note that

P(G<t)=P(X >k)= Ze : + t*L R(1), (3.4)
=k it

where R(-) is bounded on any finite interval. Let 7' > 0. For all ¢ < T and p > 0, noting
P(Gm1 <t) =P(G < ant), we deduce that

P(Non(t) = p)
_ ’Z) (JP(Gm,1 < t))p(]P(Gm,1 > t))mfp
_ %)

( W +m(amt)k+1R(amt)>p<l N (az!t)’f N (amt)’“lR(amt))mp

ath\p
1 (?t') exp(—at® /K1) = PN (" /K1) = p).

mp
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We now extend this to multidimensional marginals. Let{ > 2,0 <t; <ty <---<t;and a
sequence of non negative integers p; < ps < --- < p;. Then for m > p;, we apply (3.4)
again to find that

PN (t) = pi [N (ts) = pi 1 <i <1—1)

m—pi-1 PL—Pi-1 m—p;
- pi—Dp (IP(G"LJ St |Gma > tl—l)) (]P(Gm,l >t |G > tz—l))
! — Pi—1
1 atfC atf_l PI—Pi-1 a(tf - tf_l)
il ) ()

which is precisely P(N(tf/k!) = p; | N(t¥/k!) = p;;1 < i < 1—1). Combined with an
induction argument, this readily yields the distributional convergence of (N, (¢;),1 <
i <1)to (NMpn(t;),1 <i<l)forall (¢;)i1<i<;, | > 1. Since t — N,,,(t) is non-decreasing, we
may conclude that the convergence holds in D(R, R). O

Recall the reduced trees R}y and R,,. Let us take the vertices v € R}y and rank them in

the increasing order of the 7,’s. We write the ranked sequence as (v:’ P )195#73? so that
Nopr < Mypr < -+ < Moyt Similarly, since P([0,1] x R,) = #{(si,2i) : @i € Rp,8i <t} <
oo for each ¢ > 0, we can rank the elements of {(s;, ;) : #; € R,} in the increasing order
of their first coordinates and write the ranked (infinite) sequence as (71, x}), (73, x%), .- .-
Let us also denote

Oy = U%n_ﬁ7 n > 1.

Proposition 3.2. For eachp > 1, asn — oo, we have forall j > 1,

o _ — (d)
n ,n,p n,p 1 1 p P p p
((\/ﬁ p’vl 7"'7Uj >7(5n n{,?,p,...,én 771;;7’*?’) —>n—)oo ((thle'-'7Xj)77—17~'~77-j)7

where the convergence of the first coordinates is with respect to the marked Gromov-
Hausdorff topology.

Proof. Since the 7,’s are i.i.d, the law of (v;"", ..., v}"") is that of a uniform sample with-
out replacement of size j from R,, and is further independent of (7, »)1<;<;. Combined
with the convergence in (3.2), this implies that (v;"”,...,v}"") convérges in distribution
to j independent uniform points in R, which is precisely the distribution of x7, ..., Xf .
So it remains to check the convergence of 7, ». Let us define

Nn’p(t) = Z 1{77v§5nt} = max{i : U < dpt}, t>0.
’UER;’

Since each ¢, 'n, is distributed as an independent Gamma(k, (%) applying Lemma
3.1 with m = #R} and a,, = J,, we obtain from (3.3) that (N p(t))e>0 converges in
distribution to N (t*/k!);>0, a Poisson process of rate £(R,). By (1.2), the latter has the

same law as (P([0,] xR;))¢>o- Since the law of (17'n.»)1<i<; is determined by (N, (t))i>0

in the same way that of (77)1<i<; is by (M (t¥/k!));>0, this completes the proof. O

Let T,,(t) be the subtree of T,, formed by the vertices connected to the root at time
t. Note that a vertex v € T,,(¢) if and only if none of its ancestors nor v itself has been
removed by time ¢. Let us denote 1i,,(t) = pn(T},(t)). Recall that 7; is the subtree of T
connected to the root at time ¢ from the cutting process P. Proposition 3.2 implies the
following

Lemma 3.3. As n — oo, jointly with the convergence in (3.2), we have that ({,(,1)):>0

converges to (u(7;)):>o0 in distribution with respect to the Skorokhod topology on
D(R,,R).

ECP 26 (2021), paper 46. https://www.imstat.org/ecp
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Proof. The arguments are similar to the ones in Section 2.3, [4], so we’ll only sketch the
proof. Recall that (V;*);>1 (resp. (V;);>1) is a sequence of i.i.d. uniform vertices of T,

(resp. i.i.d. points of 7 with law p). By the Strong Law of Large Numbers, we have for
eacht >0,

1

J J
N 1 s A
52 Lpenoy o () and =3 ey S50 u().

i=1 i=1 Imee
On the other hand, V" € T,,(¢) if and only if the first 7, for those v in the path from the
root to V" arrives after ¢. Therefore, according to Proposition 3.2, for each j > 1,

. . (d) . .
(1{\/;LeTn(ant)}7 1<i< j) — (1{\467@)}, 1<:< .7)

n—oo

It follows that we can find a sequence k,, — oo slowly enough such that

k

1 & (d) .
D e,y —— 1(To),
=1

kn ; n— 00

jointly with (3.2). Invoking the Strong Law of Large Numbers again, we deduce that
tn (0nt) = wu(Tz) in distribution, jointly with (3.2). These arguments can also be adapted
to prove the convergence of the multidimentional marginals. The functional convergence

then follows thanks to monotonicity. O

By Skorokhod’s representation theorem, we can assume from now on that jointly
with (3.2), we have

(10 (0nt)) g~ (1(T0)) ;5o @S- in D(Ry, R). (3.5)

3.3 Records and numbers of “cuts”

Recall the Poisson process N, associated to each vertex v € T,. Let us write
Ny, = inf{t : N, (t) = r} for the r-th jump of N,; in particular, 1, =7n,. Forr=1,--- |k,
we say v is a r-record if v is still connected to the root at time 7, .. Denote by X}, ,.(T,)
the total number of r-records in T;,. Clearly, X (T%) = >, <, <i Xk,r(Tn).

To find the scaling limiting of X} ,.(7,), let us introduce a,, ,(t) = #{v € T,(t) :
N,(t)=r—1},r=1,2,..., k. Standard tools from stochastic analysis yield the following

Lemma 3.4. Foralln > 1 andr € {1,2,...,k}, we have

B[ Xk (Th)] = E[ /0 b an,T(t)dt]

and
oo

]EKX,W(Tn) —/Ooo an,r(t)dt)Z} :E[/O an,,(t)dt]

Proof. Fort > 0, let us denote

Xn,r(t) = Z 1{77,U,,,.§t} 1{v is an r-record}»
veT,

the number of r-records which have occurred by time ¢. Clearly, X, ,(o0) = X (T},).
Note that given 7,,,—1 <t < 0y, M, — t is distributed as an exponential variable with
mean 1, with the convention that 7, o = 0. It is then classical that

t
Mo(t) = X () — /0 tnr(s)ds, ¢ 0,

ECP 26 (2021), paper 46. https://www.imstat.org/ecp
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is a martingale which further satisfies that E[M,(t)?] = E| fo an,-(s)ds]. In the termi-

nology of point processes, this is saying that fot an,-($)ds)i>o is the compensator of
(X (t))t>o On the other hand, for each fixed n, one can easily convince oneself that

fo an.r(8)ds] < co. Therefore, (M, (t)):>o is also bounded in L?. Taking ¢t — oo yields
the desired result. O

Lemma 3.5. For eacht > 0, we have %an,l(ént) — pin(6,t) = 0 in L' and Ela,, »(6,t)] <
n(d,t) "1, forr € {2,3,...,k}.

Proof. Conditional on i, (t), a,(t) is distributed as Binomial(n ju,,(¢), e~ =1 /(r — 1)!).
Hence,

Hfanldt pnét’ E{pr (0,1)] (17676"‘t)§5nt*>0, as n — oo.

Similarly, we have E[a,, . (6,t)] < E[np, (6,t)](6,8)" 1 < n(,t) L. O

Lemma 3.6. We have -
lim hmsupE[/ un(éns)ds} =0.
1= poo t

Proof. The first part of the proof is identical to that of Lemma 3 in [5]. We include it
here for the sake of completeness. Let p(t) = P(n, > t) be the probability that v is not
removed at time ¢. We note that v € T,,(¢) if and only if n,, > t, for every vertex w in the
path from the root to v. Letting ht(v) be the number of vertices in that path, we can
write

E[n 1, (t)] = ]E{ > Pwe () |Tn)} = IE{ > p(t)ht(”)] = > p(t)"E@m(T)], (3.6)

veT, veT, m2>1

where Q,,,(T;,) = #{v € T}, : ht(v) = m}. Now according to Theorem 1.13 in [12], there
exists some constant C' € (0, c0) which only depends on the offspring distribution £ such
that E[@Q,,(T},)] < Cm for all n and m. It follows that

Cp(t)
<sz>:1mp W

On the other hand, since 7, has the same distribution as the sum of k¥ independent
exponential variables of mean 1, we deduce the bound p(t) < kexp(—t/k). For small
values of ¢, we will use instead:

t Skrfl . t Skfl tk .
1—pt) =P, <t)= | ———eSds>e" — _ds=—et, t>0.
p(t) =Pn. < 1) /0 k—1ni° ©=° /0 k-1 w° =

Let tp be such that kexp(—tg/k) < 1. Applying the previous bounds, we find that for n
large enough,

B[ [ i) < [ e

- /to/5n ds e C /OO ke—0ns/k p
= s
=205 (8, 5)2F /(K1) vo/6, (L — ke 0ns/k)2

C(k!)2e?to -2k Ck? e to/k
n 62k nd, 1 — ke to/k’

where we have used a change of variable u = ke~ "'/* to compute the integral over
[to/6n,00). Since n 62k = o2 and nd,, — oo, the conclusion follows. O
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Proposition 3.7. As n — oo, we have the joint convergence

o 1 (d)
(%Tn, nTnXk(Tn)) s (T, XK(T)), (3.7)

where the convergence of the first coordinate is in the Gromov-Hausdorff sense.

Proof. We first note that E[X;(7)] < co as a consequence of (1.4) and the fact that a
Rayleigh distribution has finite mean. Together with Lemma 3.6, this implies that for
€ >0, we can find ¢ty = to(€) € (0,00) such that

[e.¢] - o 1 o
E{/ u(ﬁ)dt} <e and E[/ —an(ént)dt} < E[/ Mn(ant)dt} <e foralln > 1.
t to T t
0 0 0 (38)
Let m € IN and take M € IN large enough such that M2~™ > ty. Since t — a,(t) is non
increasing, we have

/ / M G—
27"2 (2m>_/0M2 (Snt)dt = Z/ﬂm (Snt)dt < 2 z:: (32"1L )

Replacing a,,(d,t) with x(7;) yields a similar bound for IN M/2m 1(T;)dt. Then,

‘/OM/W ian(ant)dt—/oM/Qm Tode| <27 427 "’“Z‘* (%) _"(7-%)‘

<2 [ () () oo () (7 )
- = Un ™"\ 2m "\ gm 2m 7 )|

As a consequence of Lemma 3.5 and (3.5), we obtain

M2 M/2m
IP(limsup ‘ / lan(ént)dt - / ,u(’ﬁ)dt’ > 2_m+1) —0, asn—oo, (3.9
0 n 0

n—oo

jointly with the convergences in (3.2). On the other hand, Lemma 3.4 and a change of
variable yield

el (S - [ L) = o [ ona] o

as n — oo. Combining this with (3.9) and (3.8), we obtain

n—oo

1
WXM(T ) — X,(T) in probability, (3.10)

jointly with the convergences in (3.2). On the other hand, for r = 2,3, ..., k, appealing to
Lemma 3.4 and Lemma 3.5, we find that

EXe.r (T)] _ EE[/OO anr(n)dt] < to(Outo) " + IE[/

N0y, n 0 to

oo

1
Ean(zint)dt} .

It follows that —— X, (T,,) — 0 in probability by (3.8) and Markov’s inequality. Since
Xi(Ty) = Zl<r<k Xk, (Ty), we deduce from (3.10) that

TXk(T ) 2% X,,(T) in probability, (3.11)
n

jointly with the convergences in (3.2). Combined with (3.1), this shows the convergence
of both marginals in (3.7). To get to the joint convergence, it suffices to note that the law
of (T, X, (T)) is the unique limit point of those on the left-hand side, which follows from
the joint convergence in (3.11) and the fact that the family (R,),>1 uniquely determines
the law of (7, d, 11). O
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Proof 2 of Theorem 1.1. This follows by comparing the convergence in Proposition
3.7 with (1.1). O
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