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A short note on Markov duality in multi-species higher spin
stochastic vertex models
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Abstract

We show that the multi-species higher spin stochastic vertex model, also called
the Uq(AS)) vertex model, satisfies a duality where the indicator function has the
form {nﬁn] > Sﬁ,n]}. In other words, for every particle in the £ configuration of
species ¢ at vertex z, there must be a particle of species 5 > ¢ at vertex x in the 7
configuration. For these duality functions, the dual process has fewer particles than
the original process, making it suitable for applications. The proof follows by applying
charge reversal to previously discovered duality functions, which also results in open
boundary conditions. As a special case, we recover the duality for the stochastic six
vertex model recently found by Y. Lin.
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1 Introduction

In [KMMO16], the authors construct stochastic S-matrices arising from the affine
quantum group Uq(Agll)). In [Kual8], it is shown that the corresponding stochastic
vertex model satisfies a Markov duality with its space reversal. The duality function had
previously occurred as the duality function between multi-species ASEP(g,m/2) and its
space reversal [Kual7], where the function is only non-zero if
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for all lattice site = and species number ¢ € {1,2,...,n}. Here, ¥ € {0,1,...,m} denotes
the number of particles of species ¢ at the lattice site x in a configuration denoted by 7,
and 7§ denotes the number of holes at lattice site x.

On the other hand, the duality function between multi-species ASEP(q,m/2) and
itself (non space-reversed) is non-zero if

Ny A+ .o+ nn >+ &

These types are duality functions are more suitable for applications of Markov duality,
so it is natural to try to find these types of dualities for the stochastic Uq(Agll)) vertex
models. However, for totally asymmetric models such as the stochastic vertex models, it
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is necessary to apply a space reversal (see the Remark after Theorem 2.5 of [Kual7]). In
this paper, we show that the simultaneous inversions in the asymmetry parameter q and
spectral parameter z will play the same role as a space reversal. This results in a new
duality function for the stochastic Uq(AS)) vertex model with open boundary conditions.
For the case of the multi-species stochastic six vertex model, it generalizes the duality
found in [Lin19] for the single-species stochastic six vertex model.

We note that there are duality functions for stochastic vertex models which do not
have any indicator functions [CP16], [Lin20], but we will not discuss these here.

2 Main results

2.1 Stochastic S-matrices

First let us define some notation. Fix positive integers I,m and n. Let H; and V
denote the sets

Hi = {(ag,.. . an) i ag+ ...+ a, =1}, Vi ={(Bos--,Bn) : Bo+ ...+ Bn =m}.

The H; and V,, correspond to the horizontal and vertical lines of vertices, respectively.
The [ and m are the spins of the lines, that is, the level of the symmetric tensor represen-
tation.

Fori < j, let aj; j) = a;+. ..+« , and similarly for $. The paper [KMMO16] introduces
a two-parameter family of stochastic! matrices S(q,z) whose rows and columns are
indexed by H; x V,,,. We let S(q, z)l% denote the matrix entry with row («, ) and column
(7, 9). The matrix S(q, z) satisfies the conservation property that S(g, z) is only nonzero if
a+ 8 =+ 4. There are some explicit formulas for the matrix entries of S(q, z) [BM16],
but we will not use them here. See the end of this paper for a few examples.

We can represent S(g, z) as vertex weights. Associate to each subscript i € {0,...,n}
a color. For ¢ < j, we can consider particles of color 7 to be lighter than particles of color
j. In the example below, we have | = 1,m =2,a = (0,1,0), 5 = (1,0,1),7 = (0,0,1),d =
(1,1,0); black is lighter than red which is lighter than green.

4]

2.2 Transfer matrices

The stochastic S matrices can be used to define an interacting particle system. Let
S(g, z) denote the V x H; by H; x V matrix, where the entries are defined by

S(g.2)} = S(q,2)1%

Given a positive integer L and spectral parameters 7 = (z1, ..., z1,), define the transfer
matrix 77, to be the V,,, X --- x V,,, X H; by H; x Vp,, X -+ X Vy,, matrix, given by the
composition

Tr(q,2) = Sr—1,0.(q, z1) - - - S12(q; 22)So1(q; 21)

In this paper, we follow the common convention among mathematical physicists that a matrix is stochastic
if its columns, rather than its rows, sum to 1.
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Figure 1: This example shows an update of the transfer matrix when / = m = 1. This
update has probability z(¢®> — 1)(1 — z)(¢> — z)~2; also see the examples in Section 3.

where | |
S;ji1(q,2) :=1d% @ §(q,z) @ 1d®L~177

isa Vi, X+ Vs X Hi X Vg X oo X Vi ) X (Vg X oo Vi, XH X Vi X oo X Vi)
matrix. Here, m, is the maximum number of particles that may occupy lattice site x.
These transfer matrices can be viewed as the transition probabilities for a discrete-
time totally asymmetric particle system, either on the infinite line or on a finite lattice.
See Figure 1 for an example. We use the bold greek symbols 7, £ to denote elements of
Vi, X -+ XV, where n® € V,,,, for 1 <z < L. By a slight abuse of notation, we allow

L to equal infinity, so that = can take values in Z or Z. Let

€ =>> ¢,

xz =1

and if |£| < co then we say that £ has finitely many particles.
The stochastic matrix of transition probabilities for the discrete-time totally asym-
metric particle system is then denoted P(n,n’), and is defined by

73("77"7/) = Z TL ((77’7), (0777/)) )

YEH.,

where the notation in ¢, 2’ has been suppressed. The sum over £ is a sum over all possible
sets of particles that exit the lattice {1,...,L}.

We also let P, denote the space-reversed version of P. In P, the particles jump to
the right, whereas in Py, the particles jump to the left. More formally, let S (¢, z) denote
the H; x V by V x H; matrix, where the entries are defined by

S(g.2)20% = S(q,2) 1%

Define the transfer matrix 7~'L tobe the H; X Vi, X -+ X Vi, by Viny X oo X Vi, X H;
matrix, given by the composition

7-L(Q> 5) = §01(Q7ZL) ce §L71,L72(Q722)§L71,L(Q7 Z1)
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where as before B o ‘
Sj7j+1(Q7 Z) = Id®] ® S(Qv Z) ® Id®L717J

isa Vi, X+ Vs X Hi X Vi g X oo o X Vi ) X (Vg X oo Vi, X Hp XV,

matrix. Then Pyey is defined by

Prevn"? ZTL YN ,0)).

YEH,

- X VmL)

"a+1

We also let 73rev denote the process Py Where [ particles of color n enter from the
right boundary at every time step. In other words,

Prev(mn’) = > To.(v,m), (',1)),
YEH,

where 1 consists of [ particles of color n. Such boundary conditions had appeared
previously in [Bor17], in the single-species case. See also [BW] for the multi-species
case.

If the dependence on the asymmetry parameter ¢ and the spectral parameter z needs
to be specified, write P(q, Z) or Preyv(q, Z) or Prev(q, Z).

Let D be the duality function

x x . i—1,n] gbn —&7 (i 4 A
Dl =TTty b IT ("0 1) g€t Zone i)
i—1

x =1 n - q
where [k], is the g-deformed integer
gt
[klg = —
q—4q
k], is the g-deformed factorial [1]4[2], - - - [k], and

(o).~

is the g-deformed binomial. If n < k we set (Z)q = 0. In particular, D(&, n) is only nonzero
if n[’; n] > f-[”j n] for all x and j. Note that when all m, = m, then D can also be written as

D(&.n) = const- [ gl -l H(n“ g g“””) @ (i T 20 ),
1

=1 771_ q

where const is a constant that does not change under the dynamics. To see this, write

Moi—1) =~ Min)
for all y and 7. Plugging this into the original definition of D and setting const to be

shows the alternative form of D.
Similarly, define

> v ot TT (Moo — & # (e :
Dieon = o b J (741 5) a0t
i=1 i—1 q

x

The duality result is stated below as an intertwining; this intertwining is the definition

of Markov duality. The * denotes the transposition of the matrix, and # ~! denotes

(2117~ ZLl)'
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Theorem 2.1. For any q and 2,
P*(Qa E)D = DﬁI‘EV(q717 271)'

Proof. We start with an intertwining of the S-matrices, which previously appeared but
had not been applied to duality. Let II, denote the matrix that reverses the order of the
colors. In other words, IIy, and IIy, denote the permutation matrices with entries

1, ifa; =y,—; foralli € {0,1,....,n
HH;(a77) = { { }
0, else
and
1, if 8; = 0,,—; foralli € {0,1,...,n
0, else

Proposition 3.7 of [Kual8] implies that
(y, ®Iy) 0 S(q, 2) o (I, @ Iy) = S(g™",271). (2.1)

Alternatively, one can check directly when | = m = 1, and then use the fusion relation in
Theorem 3.4 of [Kual8].
One consequence of (2.1) is that

(HV ® HHZ) © g(qv Z) © (HHZ ® HV) = g(q_l’ Z_l)'

Letting I1) denote ITy;, ® Iy,
the previous equation implies

®--- @1y, and I¥) denote Iy, ® - @1y, @Iy,

my myp,

Te(g 2 o®™ =T 0 Tr(q, 7). (2.2)

Letting II is defined on V,,,; X --- x V,;,,, we have that

(Pl 2 ) e mmn) = - (Tala™27) (om). (g’ 1)

YEH,

= (Telg 7Y o 1) ((v,m), (', 0))

YEH:

N (05 0 Tilg.2)) (v.m). (', 0)

YEH,

> (ﬁ(q75)> (3¢, 7,1In), (0", 0))

YEH,
= (H o Prev(Qa 5)) (777 T’/)'

Thus, the conclusion is that
Prev(g™!, 7 1) oIl = I 0 Pre(q, 2). (2.3)

For the single-species (n = 1) case, (2.3) reduces to Proposition 5.1 of [CP16].
The previous duality result (Theorem 4.102 of [Kual8]) says that

P*(q,Z) o DII = DII o Prey(q, 2). (2.4)

2There is a typo in the paper [Kual8]. Equations (16) and (17) of [Kua18], which define DII, cite [Kual7]
but switch the n and the £. This can also be corrected by reversing the direction of the jumps in 7 and £ (which
corresponds to switching 7 and &), as noted by [Lin19]. In any case, we will not use the explicit expression of
DII here.
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To see why (2.4) follows from Theorem 4.10, start with the duality function in Theorem
4.10. The paper [Kual8] uses different notation than here, which amounts to substituting
1 — n+ 1 —i. Next, substitute m, — 77[€+1,n] = n)o,;- Next, the application of II replaces
every n; with n,,_,;. Finally, make the substitution i — n + 1 — i in the index of the product.

As noted in Remark 5 of [Kua], intertwinings of the form (2.3) can be used to produce
new dualities from old ones. Because II = II* and II? = id, plugging (2.3) into (2.4)
implies that

P*(q, Z)DII = DPrey(q~ ", 7 1)L

Multiplying by II on both sides shows the theorem. O

Remark 2.2. If the lattice is the infinite line Z and all m, are equal to 1, then the
theorem can be written as

P*(q,2)D = ¢*!81 DPrey(q™1, 7 71).

This is because the [ particles entering from the right still contribute to the duality, even
as the lattice size grows to infinity. In other words, the full-line duality is obtained by
considering a finite lattice {—L,..., L} and then taking L — co. For large values of L,
the [ particles that enter the lattice will not interact with the particles in £. However,
they contribute a factor of ¢% to the duality, which remains even in the limit. See the
first example in section 3 for an illustrative example.

If, on the other hand, the lattice is {..., —2,—1}, then we have a duality between a
stochastic vertex model with particles jumping to the left and allowed to enter at —1, and
a stochastic vertex model with particles jumping to the right and allowed to exit from
—1. Similar types of boundary conditions have occurred in duality results; see [GKRV09],
[CGR19], [Kua]. The second example in section 3 also illustrates a special case of this
type of boundary condition.

Remark 2.3. In the notation of [CP16], the duality function is

21! z! “ n[i’—l n] fﬁ n] m15$+f‘?(l’7$‘ t2ose )
D(&,m) :const-H[ﬂo]'ql/g -..[Un]L;mH ) , g TSN 2] T ez Hlin] )
- q1/2

X
i=1 i1

Note that the duality function does not depend on z or [. If the size of the lattice is taken
to infinity, then the term const needs to be scaled with the size of the lattice to ensure
that the duality function is nonzero and finite. If all m, equal 1, as is the case in the
following theorem, no scaling is needed as the size of the lattice is taken to infinity.

Theorem 2.4. Suppose that the lattice is the infinite line 7, and all m, and [ equal 1.
Then

P (Y, 271D = DPrey(qt, Z70).

Proof. Now assume the conditions in the second duality result. Let S denote the shift
operator defined by

1, ifn® =¢**! forall z,

0, else.

Sn.§) = {
We have that S~! = §*, and the translation invariance says that
STIPS =P, S'PreyvS = Prey.
Additionally, from the expressions for D it is immediate that

S~'DS = D.
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Furthermore,
S7IDS =¢ %D

due to the ], [T, ¢>™*¢ term. Let G be the diagonal matrix with entries

G(S;ﬁ) = H Hq72mz§f.

zeZi=1

From the definitions of D and D, the matrix G relates D and D via

D = const-GD.
Once we show
SGS*P*(q,Z )G~ =P (¢, 771, (2.5)

this proves the result. Indeed, assuming (2.5),

P*(q,Z2)D = DPrey(q 1,271
— SGS*P*(q,7 )G™'GD = SGS* DPrey(q™*, 7 1)
— P (¢, 7 D = ¢ 25D Prey (71, 2 7).
The transition matrix P has a particle entering the lattice at each update, which produces

a term ¢2¢! (cf. Remark 1), thus finally yielding P*(¢~',Z ~1)D = DPrey(¢~,Z 7 1).
To show (2.5), first write it in the form

P(g ',z Y =G 'P(q,2)SGS™.

Set )
(1 —=z 1—-2
b1=7(2 )7 by = —
= —Z q~ — =

1 1

and note that b; /b, = ¢2, and the simultaneous inversions ¢ — ¢!,z — z~! switches
by and by. After this inversion, the weight b; is the “west-east” weight and b5 is the
“north-south” weight; initially b, is the “north-south” weight and b, is the “west-east”
weight. Every matrix entry of P(¢~!,Z ~1) is of the form

b by (1 = b) (1 — b2)) ™

for some non-negative integers A, As, A3. Proceed by induction on the value of A.

Suppose A; = 0. Define a block in the configuration £ to be an interval {z, z+1,...,y}
where 71 £ ¢% = 7+l = ... = ¢V £ ¢¥F1 The condition that A, = 0 means that every
particle either stayed put, or was part of a block that jumped one step to the right (i.e.,
if a particle jumps two steps to the right, then there is at least one b; vertex, so A, > 0).
The number of particles that stayed put is A;, and the number of jumping blocks is As.
Thus, the corresponding matrix entry of G=*P(q, 2)SGS* is

Ay
b2 ((1 = bo)(1 — by))™ - (zi) 15

which equals b5 (1 — by)(1 — by))4s.
Now suppose we know (2.5) for every matrix entry satisfying As = r. Let n,& be

particle configurations such that the (n, ¢) entry of P(¢~ !,z ~!) equals

b3 bTFH((1 = b1)(1 — ba)) ™.
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Then there exists a ¢ such that the (¢, &) entry of P(¢~1,Z ~!) equals
by BT ((1 = b1) (1 = b))

for some C7, C5. The configuration ¢ can be constructed from 7 by taking a particle at

lattice site y and moving it to lattice site © — 1 (where x < y), and {z,z+ 1,...,y} isa
block in n. Then C; — A; = y — z. The (¢, €) entry of G~1P(q, 2)SGS* is, by definition,
G(gr, &)

[P(q, Z)](Caé)wa

where the superscript T denotes the particle configuration obtained by shifting every
particle one lattice site to the right. By the induction hypothesis,

+ et
P96 G g = Pl 2 o).
By construction,
b C1—A1+1
G@A)zamnmf@$“>:amnn(é) |

So by translation invariance,

by

4+ et Ci1—A1+1
b1 - ta)(1 = b)) St () — BSB((1— 1) (1 — b)),

which simplifies to

G +7 + ;
(1= b (1= b)) S S (- ) (1 )
Multiplying both sides by ((1 — b1)(1 — by))?2~, we arrive at
~ GE"€) o 1 -
[,P(Qa Z)](naf)m - [P(q 1a < 1)](’%5)7
as needed. O

Remark 2.5. In the single-species (n = 1) case of Theorem 2.4, the stochastic vertex
model reduces to the stochastic six vertex model. After replacing ¢ by ¢'/? and swapping
the roles of left and right jumps, the duality reduces to the duality in [Lin19].

Remark 2.6. In the degeneration of the stochastic six vertex model to ASEP, we recover
a duality for ASEP. Heuristically, as z — 1,

Plg,z) = S — LASEP(qZ,l)S(Z -1)+0((z - 1)2)a
Plgt 2zt = 5 — Lasgp(1,2)S™ (2 = 1) + O((2 — 1)%).

Here, Lasep(,r) is the generator of ASEP with left jump rates [ and right jump rates r.
The two dualities in this paper then become the Schiitz ASEP duality [Sch97] and the
ASEP duality in Corollary 4.7(c) from [Kua]. Note that the latter duality function had
already occurred in [Sch97], using time reversal rather than space reversal. The relation
(2.5) then reduces to the intertwining in the proof of Theorem 4.6(b) of [Kua].

Remark 2.7. As mentioned in the appendix of [CP16], the degeneration of the stochastic
six vertex model to ASEP does not work for higher spin (m > 1) models, because non-
negativity fails to hold. Thus, the m = 1 case can be regarded as a unique case; (2.5)
does not hold in general, for example.
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3 Examples

When [ = 1, there is a simple expression for S(z) from (25) of [Kual8]. Note that in
the notation of [Kual8], particle colors are written as (7, ..., 7,+1), where 7,1 are the
holes. The notation can be matched with the replacement n; — n + 1 — n;.

For 0 < j < n, let¢; € H; denote the vector (0,...,0,1,0,...,0), where the 1 is located
the jth index. Forany 0 < < j < n, let af g = @+ i+t oy

q2ﬁ[k.yn,]7m+1(1 _ q—25k+m—1z)’ if k = j,
(4" = 2)S(2)Eh G = Ly apmantay X § —g2P0stm T HI(1 = g2), ifk<j, 1)
_q2/8[k+1,n]z(]_ — q26k)7 if k> j.

The stochastic matrices from Definition 2.1 of [CP16] uses the notations «, ¢, I, which are
related to the notations here by the substitutions m — I,q — ¢'/2, 2 — —aqu~', where
u = q~™; see also Proposition 3.10 and Appendix A.2 of [Kual8] for a matching of the
notations when [ > 1.

Below are the four nontrivial vertex weights for / = m = 1 and n = 1; the number of
arrows coming in from the southern direction is equal to (i:

********************** —_—
1
! !
| |
| |
| |
| |
2(¢°—1) a’(1-2) -1 1—z
g% —=z g% —z q%—=z q-—z

In the image below, the image shows 77, which has weight (¢* — 2) 3(—2(1 —¢?)) - (1 —

2) - (=(1 = ¢%)).

e

Below are the eight nontrivial vertex weights when [ = 1,m = 2 and n = 1; again the
number of arrows coming in from the southern direction is equal to (:
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,,,,,,,,,,,,,,,,,,,, J |
| |
| |
| |
| |
| |
2(¢*=1) a*(1—gz) 2(¢°-1) ®(1-q"'2)
=2 P pp ®—2 F—z
1
1 | |
1 | |
1 | |
1 | |
Al AN Lo — — y  e——)
L ? L >
1 1 I |
1 1 I |
1 1 I |
1 1 I |
1 1 I |
1 (1=gz) CI U] a(l—q_'2) (G )
9*-z Pz T F—z e

We work out some examples; assume below that n = 1:

e Let us verify that on the infinite line,

[P*(a, D)€, ) = [DPrev(a™", 7 1)](&m)

when £ consists solely of one particle at lattice site 0 and 7 consists of k particles
at lattice site 0, and mgy = m. The left-hand-side simplifies as

qm+1(1 _ q—(m—l)z) qk _ q—k A

[P (0. 2))(6 D& m) = T i g

The right-hand-side has two terms, one corresponding to when all particles in n
stay still, and the other corresponding to when one particle jumps:

[D,Prev(q_laz_l)](gvn)
N I
= g— D) — ;-1 q—q1 q gt -1 g _ g1 q q-

The factor of ¢ comes from the particle entering from the right. From a direct
calculation, both sides equal

(" =) (¢ + q2)
(@=¢ (g =2

 Let us verify thaton {...,—3,—-2,—-1},

[P* (¢, 2)D)(&,m) = [DPrev(q™", 2 )] (&, m)

where £ consists solely of one particle at lattice site —r and 7 is empty. The
left-hand-side is

z(q2 _ 1) q—m,,TJrl—i-l — 2 q—m,l-i-l —z
(qn—tT = 2) ' gt — T gt
ECP 26 (2021), paper 63. https://www.imstat.org/ecp
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where the right-hand-side is

q*m71+1 — o q*m71«+1+1 — . q*m—r“i’l(qsz'r _ 1) D(g 5)
qm,1+1 — 2 qm,7\+1+1 —z qm,r-‘rl —z s z—1 1 ’
»q—q
q2m,1(q7m,1+1 _ Z) o q2m,T+1(q7m,r+1+1 _ Z) ' qu,rfl . qu,TJrl(qu,r _ 1)
- qm—1+1 —z qm—r+1+1 — 2z qm—r"l‘l —Zz
1 q*(mfrfl)*zs_:l_r-u 2ms
[m_r]q 7

which equals the left-hand-side.
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