Electron. Commun. Probab. 26 (2021), article no. 22, 1-9. ELECTRONIC
https://doi. org/lO .1214/21-ECP390 COMMUNICATIONS

ISSN: 1083-589X in PROBABILITY

Sharp asymptotics of correlation functions in the subcritical
long-range random-cluster and Potts models®

Yacine Aoun’

Abstract

For a family of random-cluster models with cluster weights ¢ > 1, we prove that the
probability that 0 is connected to = is asymptotically equal to %X(ﬁ)zﬁjo,w for 5 < Be.
The method developed in this article can be applied to any spin model for which there
exists a random-cluster representation which is monotonic.
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1 Introduction

1.1 Definitions and main result

The random cluster-model (also called FK-percolation) was introduced by Fortuin and
Kastelyn in 1969 [5] and has become a fundamental example of dependent percolation,
in particular because of its relation to the Potts model. Indeed, the spin correlations of
Potts models can be linked to the cluster connectivity properties of their random-cluster
representations. This allows the use of geometric techniques developed for percolation
to study the Potts model. We refer to [2, 7] for books on the subject and a recent
discussion of existing results.

The model is defined as follows. For a finite subgraph A of Z?, a percolation configu-
ration w = (W), yea is an element of {0, 1}72(N), where P2(A) = {{z,y} : 2,y € A,z # y}.
A configuration w can be seen as a subgraph of A with vertex-set A and edge-set given
by {{z,y} € P2(A) : wyy = 1}. Ifwy,y = 1, we say that {z,y} is open. Let k(w) be the
number of connected components in w.

Consider J = (J3,4)z,yca NON-negative coupling constants. Fix §,¢ > 0. Let pa g4 be
a measure defined for any w € {0, 1}7’2(") by

gk«

[T (e

{z,y}eP2(A)

A, q(w) =
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where Z is a normalizing constant introduced in such a way that yx g4 is a probability
measure. The measure jp g, is called the random-cluster measure on A with free
boundary conditions. For ¢ > 1, the measures can be extented to Z¢ by taking the weak
limit of measures defined in finite volume.

We say that z and y are connected in S C Z4 if there exists a finite sequence of
vertices (v;)"_, in S such that vo = z, v, = y and {v;,v;41} is open for every 0 < i < n.
We denote this event by z & y. If S = Z?, we drop it from the notation. We write 0 <> oo
if for every n € IN, there exists x € Z? such that 0 +> = and |z| > n, where | - | denotes a
norm on Z<.

For ¢ > 1, the model undergoes a phase transition: there exists 3. € [0, o] satisfying

=0 ifg <4,

0 o0) =
pzit .o ) {>0 if 8> B..

For 8 < f., it follows from the definition that yz4 5 ,(0 <+ ) goes to 0 as |z| goes to
infinity. In [3], it was proved that if the coupling constants are finite-range, meaning that
there exists R > 0 such that J, , = 0 whenever |z — y| > R, then the probability of two
points being connected decays exponentially fast in distance, i.e. for every g < ., there
exists ¢(f) > 0 such that for every z in Z¢,

Pz g.q(0 < x) < exp(—clz|). (1.1)

In this article, we consider the random-cluster models with strictly positive infinite-
range coupling constants (J, ), ,eza satisfying for every z,y, z € Z4

H1 There exists ¢ > 0 such that Jy , < cJo,, if |2] > |y].
H2 J, .y .= Joy.

H3 E Jo)y < 0
yeZ?

H4 For every x € Z?, for every £ > 0, there exists § > 0 such that for every y € Z¢
lz—yl<édlzl = |Joo—Joyl <cloa

H5 There exist 0 < v < 1,0 < a < 1 and C; > 0 such that > (Jy,)* < oo and such
yeZd
that for every z € Z¢

log(JO,m)QJO,uJO,U S Ol(]O,ac(JO,v)ay
with |u| > |z|/log(Jo .)? and |v] > |z|7/log(Jo . )?.
Remark 1.1. The hypothesis H5 is a technical one and its meaning will become trans-

parent at the end of the proof of Lemma 2.1.

Remark 1.2. Important examples of coupling constants satisfying H1-H5 are Jy , =
|z|=¢ with ¢ > d, Jo. = |z|~'°¢!*| or more generally Jy, = e~ C&®(2)” for some
polynomial p € R[z] of degree at least 1 and C,~ > 0 chosen such that H3 holds.

Remark 1.3. The hypothesis H5 rules out the stretched exponential decay, i.e. Jy , =
exp(—|z|") with n € (0,1). This implies in particular that
|z[*

lim ———— =0
|| =00 710g(J07m)

for every ¢ € (0,1).

We write o, (1) for a function that goes to 0 as |z| goes to infinity. The main theorem
of this article is the following one.
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Theorem 1.4. If (J, ), ,czq satifies H1-H5 then for ¢ > 1,3 < f3. and for every x € ze,
_ Bx(®)?
q

pza p,q(0 < x) Jo.x(1+ 0,(1)), (1.2)

where x(83) := > pza 40 < x).
z€Z4

This theorem was already proved for ¢ = 2 (the Ising model) in [11], and a weaker
form of this theorem was proved for ¢ = 1 (Bernoulli percolation) in [1] and for the
one-dimensional O(N) models with 1 < N < 4 in [13]. They all relied on the Simon-Lieb
type inequalities (see [9]). For ¢ ¢ {1,2}, the Simon-Lieb inequality is not available,
so those approaches cannot be extended. Instead of that, we are going to use the
exponential decay of the size of the connected component of 0 that was recently proved
in [8]. The latter used the so-called OSSS inequality introduced in [3]. This inequality
was already used to prove sharpness in a lot of models (see [3, 4, 10]) for which there
exists a random-cluster type representation which is monotonic (see [7, Chapter 2] for
a definition of a monotonic measure). Therefore, the OSSS inequality coupled with
the approach developed in this article can be applied to study subcritical phases of
long-range spin models for which there exists a random-cluster representation which is
monotonic (for instance the Ashkin-Teller model, see [12]).

1.2 Applications to the ferromagnetic gq-state Potts model

The Potts model is one of the fundamental examples of a lattice spin model undergoing
an ordered/disordered phase transition. It generalizes the Ising model by allowing spins
to take one of ¢ values, where ¢ is an integer greater than or equal to 2.

The model on Z? is defined as follows. For a subset A of Z, the probability measure
is defined for any o = (0,).ca € {1,...,¢}" by

exp(—BH)4(0))

Pagq(o) = with Hp 4(0) = Jeylo,#0, -
Bq( ) Z eXp(_BHA,q(U/)) q( ) w’yzeA Ty - 7 1

o'e{l,...,q?

The model can be defined on Z¢ by taking the weak limit of measures in finite volume.
The measure thus obtained is called the measure with free boundary conditions and is
denoted by Pzq 5 ,. The Potts model undergoes a phase transition between the absence
and the existence of long-range order at the so-called critical inverse temperature S,
see [7] for details. Our main theorem from the point of view of the Potts model is the
following one.

Theorem 1.5. If (J, ), ,cza satifies H1-H5, then forq > 1,3 < 3. and x € Z°,

Bx(B)2qJo (1 + 0.(1)), (1.3)

SEE

IPZd7ﬂ7q(O.O = O’x) —

Q=

where x(8) := 27 Y Pgaggloo =0.) -
€7

Since the Potts model and the random-cluster models can be coupled (see [7]) in such
a way that
qg—1

1
Pga pq(0n =0y) — . 4 Kz p.q(T < Y),

Theorem 1.3 is a direct consequence of Theorem 1.4 and we will therefore focus on
Theorem 1.4

1.3 Background

The following standard properties will be used in the proof of Theorem 1.4.
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Finite energy property For every A C Z% ¢ > 1,0’ € {0,1}7>™ and =,y € A,

B, B,g(Way = lwap = w;,bvv{aa by € Pa(A) \ {z,y}) < Bry.

We refer to [2] for more details about this property.

Monotonicity of measures The following is a standard consequence of the FKG
inequality: for ¢ > 1, two subsets A; C A, of Z? and an increasing event A depending
on the edges in A; (see [6] for definition of an increasing event and the proof of this
inequality), we have

MALBJI(A) < MA27/31Q(A). (1.4)

Finally, the following non-trivial input will be a key ingredient of the proof.
Theorem 1.6. For ¢ > 1,5 < 3., there exists ¢; = ¢1(3,¢) > 0 such that for every n € N

piza 5,4(|C(0)] > n) < exp(—cin), (1.5)

where C(0) := {z € Z% : 0 > z}.
This theorem was proved in [8].

2 Proof of Theorem 1.4

2.1 Upper bound

Fix (Jy,y)s ez satisfying H1-H5, 8 < fB.,q > 1 and = € Z%. If 0 is connected to
x, then there are two possibilites: either there is a big number of ‘short’ open edges
(i.e. open edges whose endpoints are close) in C'(0) or there is a small number of long’
open edges in C(0). In the first case, this implies that the number of vertices in C(0)
is big, which is unlikely to happen by (1.5). In order to make this idea precise, we
introduce some notation. From now on, we will write p instead of uz. g,. Define
f(z) == —2log(Jo,)/c1 where ¢; is provided by Theorem 1.6. Denote by D, the event
that the size of the connected component of y is smaller than f(x). We can partition

(0 <> ) = (0 < =, Do) + p(0 <> z, Dg).
Using (1.5) we easily get that
u(Dg) = 02(1)Jo,a-

This implies that the size of connected component of 0 can be assumed to be smaller
than f(x). In this case, we are going to prove two lemmas. Lemma 2.1 gives terms that
are negligible with respect to Jy , and Lemma 2.2 gives the sharp asymptotics.

If 0 is connected x and the size of the connected component of x is smaller than f(z),
then there must exist an open edge in C'(0) whose endpoints are separated by a distance
at least |z|/f(«). This will be an important observation in the proof of the next lemma.
Before stating the lemma, we introduce some notation.

For a configuration w, define the random variable Ly ,(w) := sup{|y1 — y2|: {v1,y2}
is open, 0 is connected to y; and z to y, without using {y1,y2}}. For y € {0,2} and
A C 74, define RY(A) :=sup{|z —y|: 2 € ANC(y)}. If A = C(y), we simply write RY. If
Lo, < oo, then there exists an open edge {y1,y2} € P2(Z%) such that |y; — y2| = Lo
and 0 is connected to y; and z to y, without using {y1,y2}. If there are several such
edges, take the one that maximizes RY(C(y) \ {y1,y2}). Then, if there are several such
edges, define an order < on Pg(Zd) and choose the one minimal for <. In this case, we
call {y1,y>} the maximal edge with respect to y and we define R, := RY(C(y)), where
C(y) := {2z € Z* : = is connected to y without using the edge {y1,92}}.
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Lemma 2.1. For 3 < 3.,0 < v < 1 given by H5 and z € Z¢
u(OHanO7RO > |l.|’Y) :OLc(l)JO,x' (21)

Proof. Let {y, z} be the maximal edge with respect to 0. Recall that the edge {y, z}
is open by definition. If 0 is connected to z, by symmetry, one can assume that 0
is connected to y and z to xz without using the edge {y,z}. If |C(0)] < f(z), then
ly — 2| > |z|/f(x). Set k(x) := [|z|/f(z)] and Ey, 4, = P2(Z%) \ {y1,y2}. Finally, for n € N,
we set A, (y) := {z € Z¢: |v — y| < n}. Using the union bound, we get

Ey. . By, -
w(0 <> z, Do, Ry > |z|7) < Z Z (0 < y,wy , = 1,2 <5, Do, Ry > |z|7)
y€Z ze A (y)

Ey, . Ey z
= Z Z w0 <5 y,wy . = 1,2 5 x,Do, Dy, Ry > |z|7),
y€Zd ze A (y)

where the last equality follows from the fact that if 0 is connected to z, then C(0) = C(x).
For y € Z4, let D, := {|C(y)| < f(x)} where C(y) is defined above. Notice that the

event D, is included in the event D,. Using the inclusion of events, conditioning on

Ey,- Ey,» = = . .
{05 ytn{z <+ 2} N DyN D, N{Ry > |z} and using the finite energy property, we
get

Ey, . Ey .
(0= y, 2 <5 2,Do, Dy, Ry > |27, wy . = 1) <

< By (0 &5 y, 2 £5 2w, Dy, Dy, Ro > |a])
Ey.- Ey.- L
< CBJO,k(x)el,Uf(O Y,z D07DI3 RO > ‘xp)a
with ¢ given by H1. Plugging this into the inequality above gives
E, z E 1 ~ ad
,U/(O & T, DOa RO > |(E|’Y) < CBJO,k(z)el Z Z ,U/(O 5 Y,z <L> €, D07 Dma RO > ‘$|V)
yeZ zeA{ (y)

Ey,- Ey,- =R
< Cﬂ=]0,k(x)e1 E E (0 =y, 2 <5 2, Do, Dyy Ry > |2]7)
yEZ 27,2

= CBJO,IC(:U)E1E(|C~’(O)||é(z)|ﬂ{Dg,Dw,R02\w\"’)
< Cﬁf($)2J0,k(a:)e1M(Do,Ro > |z]7).

In the last line, we used that |C(0)] < f(z) on Dy and |C(x)| < f(z) on D,. Observe that
if |C(0)| < f(x) and Ry > |z|?, then there exists a,b € Z% such that

* 0 is connected to a in P2(Z?) \ {a, b},
* la =0 = [z["/f(x),
* {a,b} is open.

Using the union bound, we get

~ E.,
(Do, Ry > |z|7) < Z ZN(O &8 a,wap =1).
aczd bezd
[b—a|=|z|"/f(x)

As before, the conditioning and the finite energy property give

(0 &) a,wap =1) < BJgp1(0 @ a).
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Plugging this into the previous inequality gives

w(Do, Ry > |z|7) < Z ZﬂJa p(0 Loy a)
a€Zd be
[b— a|>\$\ /f(x)

< Bx(B ZJOb
\b|>|$\ /f(I)

In the second line, we used that (J; ), yez« is invariant under translations. Therefore,
combining all the inequalities we get

#(0 5 2, Do, Dy, Ro > [2[") < ex(B)(BF (@) Tomrer 3 Joo

bez®
b=/ f(x)
< cadoa Z(Jo,b)a =0,(1)Jo.z
bez®
[b|>]x|7/ f (=)
with ¢y = 4C1c?x(B)3?/c, where C| is given by H5. The second inequality follows from

the definition of f(x), H1 and H5. The last equality follows from ), . (Jo,w)* < oo and
Remark 1.3. This finishes the proof of Lemma 2.1. O

Lemma 2.1 implies by symmetry that
1(0 <>, Do, Ry > |z|7) = 04(1)Jp - (2.2)

We can then focus on the next lemma, which gives the sharp asymptotics of the probability
of 0 being connected to .

Lemma 2.2. For 3 < 3.,0 < v < 1 given by H5 and z € Z¢

< |z|Y < |z|Y 2
i sup P02 2 Ro < ol e < Jal") _ X(8)%8.

(2.3)
|z|—o00 Jo,x q

The upper bound follows by combining (2.1), (2.2) and (2.3).

Proof. Set A = A;+(0),A" = A, (2) and Py, := {Ro < [z]"} N {R, < |z["}. Let A, be
such that A, A’ C A,,. Let {y, z} be the maximal edge with respect to 0. If 0 is connected
tozand R, < |z z} is also maximal with respect to x. By symmetry, one can
assume that 0 is connected to y in A and z is connected to = in A’. The union bound gives

A A
pa, (06 2, Pog) SO pia, (06 ywy . =1,28 2, Ry,

yEAzEA’
=> Z (1 — exp(—By.))pa, (0 & y, 2 & 2, RY < |27, R* < |z])
yEAzEA’
= Z S Jyann, (08 5,2 & @ RO < a7, R < |a|).
yeA zeN’

In the second line, we used the fact that on F; ,, the number of connected components
increases by 1 when w,, , goes from 1 to 0. In the third line, we used that 1—exp(—3J, ) <
BJy,.. Fix € > 0. It follows from H4 and the translational invariance that

Jy,z S (1 + €)Joyx,
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since |z — y — x| < §|z| for |z| big enough. Therefore

M/\n(o AN vaO,:E) < (1 + E)JO7!D Z Z MAn(O A Yy Wy, = 0,2 é; x’RO < |x|'y,R3: < |x"y)
yEAN zeN

Now, we can partition with respect to the possible connected components of x to get

s (08 52 & 2 RO < (2! R < |a]) = pa, (0 & 5, R < |, C(x) = 5),
S

where the summation is over S containing = and z such that R*(S) < |z|". Then
conditioning on {C(z) = S} gives

S pa, 08y, R < |2, C2) = 8) = Y pa, (08 4, R® < |2]" |C(2) = S)pua, (C(z) = 5)
S S

=3 hans(0 8 4, RO < |a])ua, (Clz) = S)
S

<> 1, (0 yua, (Clz) = 9)
S

A A
= 18, (0 & y)pa, (2 & 2, BT < [z]7).

In the second line, we used the spatial Markov property (see [6, Chapter 3]) as well as
the fact that if w € S and 2z ¢ S, then {w, z} is closed. In the third line, we used the
inclusion of events and (1.4). Plugging this into the inequality above and taking the limit
as n goes to infinity, we get

10 6 2, Pog) < (14 s>§Jo,z S5 w08 gtz & B < Ja)
yeN zeN’

<+ s>§x<mm,

for |z| big enough. We used the translational invariance in the second inequality. This
finishes the proof of Lemma 2.2. O

2.2 Lower bound

We will use the same argument as in [11]. In this part, we don’t use H5. Set
6€(0,1/2], A1 = A5 (0), Ay = A5 () and A = Ay U Ay, As we work on Z¢, we can
take 6 = 1/2, but a smaller value may be needed to extend the proof to a different graph
and to more general coupling constants. Let N be the number of open edges from A;
to A,. Then the inclusion of events and the monotonicity of the measure (1.4) give

pa(0 ¢z, N =1) < pa(0 < 2) < p(0 < ).
Fory € A1,z € Ay, let G, . be the event that there exists an unique edge {y, z} such that

. 0A<—§y,
* {y, z} is open,
.« 2%

In this case, 0 is connected to x and N = 1. Therefore

Z Z ,uA(O<A—}y,wyyz = l,zA<—§x,N:1) = pa( |_| Gy:) Spua(0 <z, N=1).

YyEA] zEA, yeﬁl
z€Ag

ECP 26 (2021), paper 22. https://www.imstat.org/ecp
Page 7/9


https://doi.org/10.1214/21-ECP390
https://imstat.org/journals-and-publications/electronic-communications-in-probability/

Asymptotics of correlation function in the long-range random-cluster model

In the first equality, we used the fact that the events G, ., are disjoint for different edges.
Using the fact that on the event N = 1, the number of connected components increases
by 1 when w, . goes from 1 to 0, we get that

1 f
pa0 & yw,. = 1,282, N=1) = 5(1 —exp(—BJy,.) a0 2y, 2 £ 2, N =0).

Finally, on N = 0, all the edges between A; and A, are closed, and therefore we can
factorize the measure as

A A
1a(0 %y, 2 2 2N = 0) = 1, (0 ¢ y)pa, (2 < 2).
Combining all the inequalities we get
1(0 < x) Z Z (1 —exp(—BJy,:))pa, (0 y)ua(z < x)pa(N =0). (2.4)
[ISYAN z€A2

Fix ¢ > 0. It follows from H4 and the translational invariance that
Jy’z > (1 - E)JO,ZIH

since |z — y — z| < §|z| for |x| big enough. Therefore, using (2.4), we get

(06 2) > (1—exp(=B(1 =)o) 3 7 Luas(0 4 sy (= € 2)ua(N = 0). (2.5)
YyeEAL zEA,

By the translational invariance and the monotonicity (1.4), we get

m Y > pa, (0 y)pa,(z ) = X(8)*.

T|—0o0
| I YEA] zEAg

Now, let us prove that pua (N = 0) goes to 1 as |z| goes to infinity. If N > 1, then there
exist y, z in Z¢ such that

s ye A,z €Ay,
* {y,z} is open.
Therefore, the union bound gives

paN =1 <> S palwy=1)<B Y > Jye < (1+2)Joa| A1

YyEA] zEA2 YyEAL zEA

The second inequality follows from the finite energy property and the third inequality

from H4. Since § < 1/2and ), .4 Jow < oo by H3, it follows that

JO,.'E|A1 |2 = 0:10(1)

and therefore lim|,|_,o pa(N = 0) = 1. The lower bound then follows from (2.5) com-
bined with the fact that

. 1 _eXp(_BJO L)
hm _ = = 1.
|| =00 BJO,I
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