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1. Introduction

Over the last five decades, Stein’s method has been an important tool for study-
ing approximation problems. Charles Stein [34] first introduced this method for
normal approximation in 1972. Thereafter, Chen [13] developed this method for
Poisson approximation in 1975. Several extensions of this method for various
well-known probability distributions are studied in the literature. For a crisp
overview of Stein’s method related to classical distributions, we refer the reader
to [26, 27] and references therein. The method is also extended to some fami-
lies of distributions, such as the Pearson [32], variance-gamma [16] and discrete
Gibbs measure families [15, 25]. We refer the reader to the web page of Yvik
Swan [sites.google.com/site/steinsmethod/home] for the exhaustive historical
development of Stein’s method.

Let X be a random variable of interest with distribution F'x, denoted by
X ~ Fx. Then, the setup of Stein’s method is given in three parts. In the
first part, one identifies a suitable operator A (called Stein operator) such that
E(Af(X)) =0 for all f € F, where F is a suitable class of functions. In recent
years, several approaches are developed to identify a suitable Stein operator.
See, for example, the density approach [35], the generator approach [7], the
probability generating function approach [37]. In the second part, one chooses
a Stein equation as

Af(z) = h(z) — Eh(X) (1.1)

for h € H (a class of test functions) and derives the solution of Stein equa-
tion. In the last part, one derives regularity estimates for the solution of (1.1)
and “Stein factors”. Further, if Y ~ Gy is another random variable of interest
then the problem of Fx-approximation to Gy reduces to bounding the quantity
[ER(Y) — Eh(X)| = |[EAf(Y)| using Stein factors.

Recently, Arras and Houdré developed Stein’s method for infinitely divisi-
ble distributions (IDD) with finite first moment [3], and for multivariate self-
decomposa- ble distributions (with finite first moment (see [4]), and without
finite first moment (see [5])). Note that a-stable distributions is an important
subclass of IDD and self-decomposable distributions. In this direction, Xu [39]
developed Stein’s method for symmetric a-stable distributions with a € (1,2).
Chen et al. [11] and Jin et al. [21] extended Xu’s idea [39] and developed Stein’s
method for asymmetric a-stable distributions with a € (1,2). Later, Chen et
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al. [12] developed Stein’s method for multivariate a-stable distributions with

€ (1,2). More recently, Chen et al. [10] developed Stein’s method for a-stable
distributions with « € (0,1]. A detailed overview of these articles is given in
Section 2.

It is clear from the existing literature that the techniques for developing
Stein’s method for a-stable distributions depend on range of the tail parameter
a, with the cases a € (0,1] and « € (1,2) necessitating different approaches.
This observation raises the following question.

(Question) For o € (0,2), can one unify the Stein’s method for a-stable
distributions?

In this article, we establish a Stein identity for infinitely divisible random
variables. In particular, we establish a unified Stein identity for a-stable random
variables with a € (0,2). We solve our Stein equation in a unified way via
the semigroup approach. Using the fine regularity estimates for the solution
of a-stable Stein equation, we derive error bounds for a-stable approximations.
Finally, we apply these results to obtain convergence rates in Wasserstein-9, ¢ <
a and Wasserstein-type distances for a € (0,1) and « € (1,2) respectively. We
also compare our rates with the existing literature.

The organization of the article is as follows. In Section 2, we discuss some
preliminaries and known results. In Section 3, we state our results concerning
Stein identities for an infinitely divisible random variable, and in particular for
an a-stable random variable. Using regularity estimates for the solution of the a-
stable Stein equation, we compute bounds in appropriate probability metrics for
a € (0,1] and « € (1,2) respectively. In Section 4, we discuss two applications
of our results for a-stable approximations and obtain the convergence rates. In
Section 5, we provide the proofs of the results presented in Section 3.

2. Preliminaries and known results

In this section, we review the relationship between IDD and Lévy processes. We
also establish the classification of a-stable distributions based on Lévy processes.
Further, we discuss the results on convergence rates for a-stable approximations.

2.1. Infinite divisibility and Lévy processes

Let us first define the concept of infinite divisibility.
Definition 2.1. [24, p.3] The distribution of a random variable X is said to be
infinitely divisible, if, for every n € N,

XL X1+ 4 Xy,

where 2 denotes the equality in distribution and X, 1, ..., X, ,, are independent
and identically distributed (ie., X,,; = X,, j = 1,2,...n). X,, is called n-th
factor of X.
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In other words, a distribution function Fx is infinitely divisible if, for each
n € N, Fx is the n-fold convolution of F,, x,, with itself (i.e., Fx = F;;g(n), where
F, x, is the n-th factor of Fx. This can also be summarized using a notion of
characteristic exponent as follows: Define 1(z2) := log ¢x (2) = log E(¢®*¥X), z € R
to be the characteristic exponent of a random variable X. Then, the distribution
of random variable X (Fx) is infinitely divisible, if, for each n € N, there exist
a characteristic exponent 7, (-), such that n(z) = nn,(z), z € R.

Next, we use this property of characteristic exponent for some familiar dis-
tributions and show that these are in fact infinitely divisible.

Example 2.2 (Normal distribution [38]). Let X ~ N(B,02), where B € R, and
o > 0. Then the characteristic exponent of X is given by
2,2

oz (02 /n)z?

) =iz~ T = (i — L) ),

Observe now that, for every n € N, n,(z) is the characteristic exponent of the
random variable X,, ~ N'(B/n,0?/n). Hence the distribution of X is infinitely
divisible.

Example 2.3 (Poisson Distribution [14]). Let N ~ Poisson(\), where A > 0.
Then the characteristic exponent of N is given by

n(z) = M — 1) = n((An)(€* — 1) = np, (2).

Note that, for each n € N, N,, ~ Poisson(\/n). Hence the distribution of N is
infinitely divisible.

Next, we recall the stochastic processes associated with these examples,
namely, Brownian motion and Poisson process, and explore their connection
with infinite divisibility.

Definition 2.4 (Brownian Motion [38]). A real-valued stochastic process
{X:}+>0 on a probability space (Q, F,P) is said to be a Brownian motion, if
(i) Xo =0 a.s.
(ii) For any fixed w € Q, t — X} is continuous a.s.
(iii) For 0 < s <t, Xy — X, < X,_,.
(iv) For any partition of the interval [0,¢], 0 =ty < t; < --- < t, = t, the
increments Xy, — Xo, X¢, — X4,,...,Xs, — X, _, are independent.
(v) For t >0, X; ~ N(0,1).

From (v), it is clear that the process is generated from a standard normal
random variable X ~ N(0,1). Also, from (ii), we see that sample paths are
continuous and not monotone.

Definition 2.5 (Poisson Process [14]). A non-negative integer-valued stochastic
process { N, }1>0 on a probability space (€2, F,P) is said to be a Poisson process,
if

(i) No=0as.
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(ii) For any fixed w € Q, t — NV is right continuous with left limits.

(iii) For 0 < s <t, N, — Ny £ N,_,.

(iv) For any partition of the interval [0,t], 0 = to < t1 < --+ < t, = t, the
increments Ny, — No, Ny, — Ny, Ny, — Ny are independent.

(v) For t > 0, Ny ~ Poisson(At).

n—1

From (v), it is clear that the process is generated from N ~ Poisson(\).
Also, from (ii), we can see that the sample paths are right continuous and non-
decreasing.

Observe now that these two processes may appear to be quite different from
each other, but the distributions that generate these processes are infinitely di-
visible. Let us look at the processes closely. We can see that these two processes
have common properties, such as right-continuous sample paths, stationary and
independent increments (from (iii) and (iv)), and generated from infinitely divis-
ible random variables (from (v)). These common properties lead us to introduce
a general class of processes known as Lévy processes.

Definition 2.6 (Lévy Process [24]). A real-valued stochastic process {X;}i>0
on a probability space (2, F,P) is said to be a Lévy process, if

(i) Xo =0 a.s.

(if) For any fixed w € Q, t — X} is right continuous with left limits.

(iii) For 0 < s <t, X; — X, < X;_,.

(iv) For any partition of the interval [0,¢], 0 = t9 < t; < -+ < t, = t, the
increments Xy, — Xo, X4, — X4,,..., Xy, — Xy, , are independent.

(V) For ¢ > O, hmh_>0 ]P(|Xt+h — Xf| > E) =0.

1

In short, a stochastic process can be characterized as Lévy process if its
sample paths satisfy (ii) and have stationary and independent increments (from
(iii) and (iv), respectively).

Next, we focus on the relation between infinite divisibility and Lévy processes.
From the definition of Lévy process, it is clear that the distribution of X; is
infinitely divisible. To see this, observe that

X = (Xt = Xn—)n) + (X—1)p = Xn—2y) + -+ + (Xn — Xo), (2.1)

where h = t/n and n € N, and these increments are independent and identically
distributed with Xy = 0. Hence, from Definition 2.1, the distribution of X; is
infinitely divisible. We can also use the characteristic exponent to show that X;
has IDD, for any ¢ > 0. To see this, let 7;:(z) = log E(e?*%*), z € R. Assume first
that ¢ = m € N then, from (2.1), with h = m/n, n,(2) = My, /n(2). Similarly,
for ¢ € Q, the set of positive rational numbers, say t = m/n, 7:(2) = Ny (2) =
(m/n)n1(z) follows by choosing h = n/m and (2.1). Now, for ¢ in positive irra-
tionals, construct a decreasing sequence {t,} of positive rational numbers such
that t,, — ¢t as n — oo, then n:(2) = limy 00 N, (2) = limy 00 tnn1(2) = tn1(2).
The last but one equality follows from continuity of sample paths (see, (ii) in
the definition of Lévy process and dominated convergence theorem). Hence, us-
ing the characteristic exponent, we have proved that n;(z) = tn1(z), z € R and
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t > 0. This shows that, for any ¢ > 0, X; has IDD with characteristic expo-
nent 7;(-) and can be generated using the distribution of X; with characteristic
exponent 71 (). The above discussion can now be summarized in the following
theorem.

Theorem 2.7. [14, p.81] Let {X,;}1>0 be a real-valued Lévy process. Then there
exists an IDD F such that X1 ~ F.

In literature, the expression of the characteristic exponent for Lévy processes
has a specific representation known as Lévy-Khintchine representation. The fol-
lowing theorem provides this representation of the characteristic exponent.

Theorem 2.8. [24, p.5] Let {X,}1>0 be a real-valued Lévy process. Then there
exists a triplet (B,02,v), where 3 € R, o > 0 and v is a measure concentrated
on R\ {0} satisfying [ (1 A 2*)v(dz) < oo, such that

E(e®*Xt) = &) for 2 R,
with n(z) =ifz — ‘72;2 + [ (™% =1 —iuzly,<1y) v(du).

Note that n(-) is the characteristic exponent of F' and the measure v(-) is
called a Lévy measure (need not be a probability measure).

This brings us to the important question. Given an IDD F', can we construct
a Lévy process {X;}1>0 such that Xy ~ F? The following theorem provides
the answer to this question, which ensures the existence of the triplet (3,02, v)
associated with F. Hence, it also assures the existence of Lévy process.

Theorem 2.9. [24, p.3] A distribution F with characteristic exponent n(-) is
infinitely divisible if and only if there exists a triplet (3,02%,v), where 8 € R,
o >0 and v, the Lévy measure on R\ {0} satisfying [ (1 A 2?)v(dz) < oo, with

0?22 <
n(z) =iz — 5 + /R(e“‘z — 1 —iuzlyy<1y)v(du). (2.2)
The proofs of these theorems are quite lengthy and involved, we refer the
interested readers to Sato [29] for more detailed discussion.
We have now established the fact that, for any IDD F with triplet (58,02, v),
there exist a unique Lévy process {X;}:>0. Let us understand the concept
through the following examples.

Ex.1. Let X ~ N(0,1). Then n(z) = —22/2. On comparison with (2.2), we
get the triplet (3,02%,v) = (0,1,0) and the associated Lévy process is a
Brownian motion as defined in Definition 2.4.

Ex.2. Let N ~ Poisson()\), A > 0. Then n(z) = A(e”* — 1). On comparison
with (2.2), we get the triplet (3,02, v) = (A, 0,Ad1), where d; is the Dirac
measure at {1}, and the associated Lévy process is a Poisson process as
defined in Definition 2.5.

Ex.3. Let X ~ Gamma(\,7), where A > 0,7 > 0. Then n(z) = —ylog(1—iz/\).
On comparison with (2.2), we get the triplet (3,02, v) = (v(1—e*),0, 1),
where vo(du) = (ve~*/u)du. For more details on computation of the
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triplet, we refer the readers to [24]. The associated Lévy process is known
as a gamma process.

Ex.4. Let X ~ Cauchy(xo,c), xo € R,¢ > 0. Then n(z) = ixgz — ¢|z]. On
comparison with (2.2), we get the triplet (3,02,v) = (zo — 2¢I'/7,0,v1)
where I' = [© (% - %ﬁl}(u)) du, and vy (du) = (c¢/(mu?))du. The

associated Lévy process is known as a 1-stable process.

In the examples discussed above, we see that the IDD and associated Lévy
process are uniquely characterized by the triplet (3,02,v). Also, the behav-
ior of v is different in each of the examples. For Poisson distribution, v(R) =
Jg v(du) = X\ < oo, for normal and gamma distribution, v(R) = 0 and v(R) =
00, respectively, and for Cauchy distribution, f{u:|u\<1} uv(du) = oco. Also, ob-
serve that the behavior ¢ is important for normal distribution. These two com-
ponents of the triplet need to be further classified. Sato [29, Definition 11.9] has
classified Lévy process {X; }>¢ (infinitely divisible distribution (X7)) into three
different classes based on the triplet (3,02, v), as follows.

(Type A) 0 =0 and v(R) < oo. (e.g. Poisson process).

(Type B) 0 =0,v(R) = o0, f{lu\<1} uv(du) < co. (e.g. gamma process)

(Type C) f{lu\<1} uv(du) = oo or o > 0. (e.g. 1-stable process or Brownian
motion)

The examples studied here are by no means exhaustive. The class of IDD is
very rich and includes various well-known distribution like Student’s
t-distribution, Pareto distribution, F-distribution among many others.

Next, we focus on an important subclass of IDD, namely, non-Gaussian stable
distributions. This class is characterized by the triplet (3,02,v) = (3,0,v4),
with 5 € R and the Lévy measure v, is given by

1 1
Va(du) = <m1m1(0’00) (U) + mgml(,m)o) (u)> du, (23)

where a € (0,2), my, mz € [0,00] and mj+mg > 0. (see [2, p.32]). Next, we give
the characteristic exponent representation for non-Gaussian stable distributions.

Definition 2.10. [18, p.168] A real-valued random variable X is said to have
non-Gaussian stable (also called a-stable) distribution, if there exists a triplet
(8,0, v,), such that for all z € R, the characteristic exponent is given by

Na(2) =log da(2) = iz +/ (e — 1 —izulyjy <1y (u)) va(du), (2.4)
R

where § € R, a € (0,2), and v, is the Lévy measure defined in (2.3), and is
denoted by X ~ S(a, 8, m1, ma).

Note here that § € R is the location parameter and « € (0,2) is stability
parameter, useful in determining the decay of the tail of distribution of X.

Observe next that, based on the classification of IDD summarized earlier in
this section, we can classify the a-stable distributions as follows:
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(Type B) «a € (0,1) (as v4(R) = oo, but f{|u\§1} uve (du) < 00).
(Type C) a € [1,2) (as f{\u|§1} uvg (du) = o).

Observe now that, for a-stable distributions of Type B (a € (0,1)), as
/, (ul<1} uvy(du) < o0, the characteristic exponent given in (2.4) can be
rewritten as

Na(2) =iz +/ (eiZ“ — 1) va(du), (2.5)
R
where 81 = 3 — f{|u\§1} uvg (du).
Also, for a-stable distributions of Type C (a € (1,2),a # 1), as f{\u|<1}
uvq (du) = oo, but f{‘u|>1} uvq(du) < oo, the characteristic exponent given in
(2.4) can be rewritten as

Na(2) =120 + / (e — 1 —izu) vo(du), (2.6)
R
where B2 = 5+ f{lu\>1} ulq (du).

Next, we show the connection between our representation and the various
other representations of characteristic exponents available for a-stable distribu-
tions (a-stable random variables). Based on the well-known four parameter rep-
resentation of a-stable distributions, we observe that the parameters « € (0,2),
Yo € R, dy > 0 and 6 € [—1,1] denote the stability, shift, scale and skewness
parameters, respectively (see, [28]). Note here that, on careful adjustments of
the integrals in (2.4) with respect to v, one can obtain a well-known form of
characteristic exponent (characteristic function) of a-stable random variables
of both types from the Lévy-Khintchine representation (2.4) (see, [28]). The
explicit forms are given below:

(Type B) Let § = i—m2 =pB— m=ma) anq

mi+ms? Yo (1—a)

do = (M1 + mg) cos ga/ (1 - e*“)
0

Then

Na(2) = 270 — do|2|* <1 - 1'9% tan ga) .

(Type C) Here we classify further into two cases « = 1 and a € (1,2)
(=1). Let § = 122~y = B4 (my +ma) [ (Siu#—w)du,

mi1tms’ Y1 ”
and dy = (my1 +m2)%. Then
z

. . 2
m(z) = izy1 — di|z|(1 4 i0— =log|z|).
|z| m

a€(1,2). Let = maz=mz o — g (mi=ma) 44
mi+ma (1—a)

du
u1+a .

do = (my + mg) cos ga/o (1—e™)
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Then
z

™
Na(2) = 1276 — da|2|® [ 1 —i0—tan —a | .
2] 2
The derivation of these forms of characteristic exponents is given in the Ap-

pendix A. Observe also that, for X ~ S(«a,0,m,m), characteristic exponent of
a symmetric a-stable random variable is given by

na(z) = /(em‘ — 1 —idzulqy <1y (u)ve(du) = —do|2|%, 2z €R,
R

where d, > 0 is the scale parameter given by

> d
2m cos(%a)/ (1—e7Y) 1fa, a € (0,1),
0 Y

_ oo d
da = 2mcos(§o¢)/ (l—y—e_y)y—z, a € (1,2),
0

™, o =1.

If we choose the scale parameter d, = 1, then the characteristic exponent 72,
simplifies to

na(z) = |2, zeR

Next, we discuss differentiability of the characteristic exponent of a-stable
random variables. Indeed, this discussion is related to the derivation of a Stein
identity for a-stable random variables. Note that, |z|® is differentiable for all
z € R, whenever « > 1. This fact ensures that the characteristic exponent of
an a-stable random variable is differentiable for @ € (1,2). Note also that, for

€ (0,1], |z|* is not differentiable at z = 0. Hence, the characteristic exponent
of an a-stable random variable is not differentiable at z = 0 for « € (0, 1]. To fix
this problem, we consider a tempered a-stable random variable. For a tempered
a-stable random variable Y, , its characteristic exponent is given by

Naqy(2) =128 + /(ei’z“ — 1 —idzulyqy <1} (u))Vay(du), z€R, (2.7)
R

where o € (0, 1], tempering parameter v € (0,00), and v, is the Lévy measure
defined as

e eIl
yaﬂ(du) = (mlml(oﬁm)(u) + mgml(mp)(u)) du.

Cont and Tankov [14, Section 4.5] also show that characteristic exponent
of Y, - is differentiable for all z € R. Finally, we prove the limiting result for
a-stable random variables.
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Proposition 2.11. Let a € (0, 1] and suppose that Y, ~ has a tempered a-stable

distribution. Then Y, ~ S Y,, an a-stable random variable as v | 0.

Proof. By [31, Section 3.3], we write the characteristic exponent of tempered
a-stable random variable as

N~ (2) =128 —|—/(eizu —1-— izul{wgl}(u))qw(u)ua(du), z € R,
R

where v, is the Lévy measure defined in (2.3), and ¢, is a tempering function
given by
g7 (u) = €771 (0,00 (1) + 1L 0 (w).

Note that, 14, is continuous on R. Moreover, 14,,(0) = 0.
Now, using dominated convergence theorem, we have

|77a,'y(z) —1a(2)] =

[ =1 =iz e @) 0y () ~ D)

< / (€5 — 1 — iz (<) () (g (1) — 1) v ()
—0as~v]0.

The desired conclusion follows. O

2.2. Probability metrics

Here, we review some probability metrics used in this article.
(M1) Wasserstein-¢ distance.
Let Hs = {h ‘R — (R,dys)

|hF) (v) — B9 ()| < ds(v, ),k =0, 1}, where

ds(v,z) == |v —z| A v — z|®, b} is the first derivative of h, with h(®) = h
and the range of h(¥) is endowed with metric ds. Then, for any two random
variables V and X, the metric is given by

s (V, X) i= sup [BA(V)] ~ ER(X)], 6<a<1.

This metric is useful in studying a-stable approximations of Type B and
Type C, Case 1 (a € (0,1]). Chen et al. [10] use dy,, distance with § €
(0, ), for a-stable approximations (Type B, and Type C, Case 1 (a €
(0,1])). The metric is given by

w; (V. X) = sup [E[R(V)] - E[A(X)]|, d<a<1,
heH
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where HY = {h ‘R — (R, ds)||h®) (v) — hF) (2)] < ds(v,2),k = 0}. Note

that, Hs C #J. Hence, it can be shown that dy; (V, X) < dj,, (V, X).
(M2) Wasserstein-type distance ([3]). Let

H, = {h R — R‘h is 7 times continuously differentiable and, Hh(k) | < 1} ,

where h'®) | k = 0,1,...,r, is the k-th derivative of h, with h(®) = h and
[If]l = supyecg |f(z)|. Then, for any two random variables V' and X, the
metric is given by

dw, (V, X) := Sup [E[A(V)] = E[R(X)]].

This metric is useful in studying a-stable approximations of Type C, Case

2 (a€(1,2)).
(M3) Mallows r-distance ([22]). For any r > 0, the Mallows r-distance is
given by

S

4. (V, X) = ((‘i/n)f()]EW - X|T> :

where the infimum is taken over pairs (V, X) whose marginal distribution
functions are Fy and Fx respectively.

(M4) Wasserstein r-distance ([6]). For any r > 1, the Wasserstein r-distance
is given by

r

W,(V,X) := ( inf IE|V—XT) ,
(V.X)

where the infimum is taken over pairs (V, X) whose marginal distribu-
tion functions are Fy and Fx respectively. By a duality argument, the
Wasserstein-1 distance between two random variables can be defined as

Wi(V,X) = sup [Eh(V) —Eh(X)],
heLip(1)

where Lip(l)—{h ‘R — R‘|h(v) — ()| < Ju— x|}.

Finally, let us discuss the connections of these metrics. From [10, Subsection
1.2], we note that dy; (V, X) < djy, (V, X) < Wi(V, X) < W, (V,X), p > 1. We
also note that the Mallows r-distance is the Wasserstein r-distance for » > 1
(see, [3, Section 2.3] for more details). Moreover, the metrics defined in (M2)
and (M4) have the following order relationship.

dWT(V;X) S dwl(V7X) S Wl(‘/aX) S Wp(va)v ™p Z 1.
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2.3. Literature review

Here, we review the known results on convergence rates for a-stable approxima-
tions. The generalized CLT states that the sum of i.i.d. random variables when
scaled and centered appropriately, converges to an a-stable distribution. To be
more precise, assume that (a,)n>1 and (b,)n>1 are two sequences in (0, c0) and
R respectively and let (Y},)n,>1 be a sequence of i.i.d random variables. Then
S, = ap Z?:l Y; — b,, n € N converges weakly to an a-stable distribution with
stability index « € (0, 2], see [18].

The problem of convergence rates for a-stable approximations is studied by
many authors, see [8, 9, 20, 22, 23] for more details. In [22], the authors consider
the generalized CLT, and derive the convergence rate for a-stable approximation
in the Mallows r-distance d,., for » > 0, using the following framework.

Let (Y3,)n>1 be a sequence of i.i.d. random variables with distribution function
F such that F(y) = %f’iy) fory<0Oand 1— F(y) = % for y > 0, where
c1,c2 > 0 and b(y) = O(Jy|~4), d > 0. In [22, Theorem 1.2], it is shown that
the partial sum S, = n”a 2?21 Y; converges weakly to an a-stable distribution
with a rate n*~= in the Mallows r-distance d,., where 7 € (o, 2].

Let us now review the results in the literature related to a-stable distribution
approximation and Stein’s method. Recently, Xu [39] develops Stein’s method
for symmetric a-stable distributions with a € (1,2). The author derives the
convergence rate for a-stable approximation in the Wasserstein-1 distance W7,
using the following framework.

Let S, = > | Z; be a sum of n centered i.i.d random variables. By [39,
Theorem 1.4], a Stein operator for symmetric a-stable random variable is given
by

Af(@) = A% f(@) ~ ~of'(2),

where A% is the fractional Laplacian and f € F (a class of functions f with
first and second derivatives bounded by a constant depending on « and that
A% f is y-Hoélder continuous for any 0 < v < 1).

It is shown that

no N
E(S,f(Sa) =3 / EENS0 ) d R (28)
i=1Y "

where N > 0 is an arbitrary number, S, (i) = S, — Z;,
Ki(t,N) =E(Ziljo<i<z,<ny — Zil{-N<z.<1<0}) »

and R is a remainder.
It is also shown that

N
A% F(S,) = /_N Kot NYF"(Su + t)dt + R, (2.9)



Stable approzimations 545

where Ko (t, N) = —Ma_(t|l=0 — N1=0) with m, = (fR Lcony dy)_

= ala-1)
Using (2.8) and (2.9), it can be seen that

[e%

n N .
E(Af(sn» — Zl/_NE (’Ca(;:N) _ Kz(taN)) f”(Sn(Z) +t)dt+R”,
(2.10)

where R” is an another remainder. Hence,
n N
’Ca(ta N) Ki(t’N) " 1"
E Sn)l < E — dt R"||,
EAf >|_<;/N =Lt BN ar ) )+ 1R

where ||f"”|] = sup,cp |f”(z)|. Therefore, to obtain a rate of convergence, it
is sufficient to bound ||f”|| and the remainder ||R”||. In [39, Example 1], the
author derives a convergence rate n—*%* for a-stable approximations in the
Wasserstein-1 distance. Note that, Johnson and Samworth [22] show a conver-
gence rate n(F=3) for a-stable approximations in the Mallows r-distance for
some 7 € («,2]. Hence, at r = 2, they show that the convergence rate is at most
nz=. Xu [39] proves that S,, converges to an symmetric a-stable distribution

with the rate n~ = in the Wasserstein-1 distance. Xu also mention that the
convergence rate nz~w is not accessible by his Stein’s method setup.

In Section 4, we show that S,, converges to an a-stable distribution with a
rate n~ " for o € (1,2) in the dy, distance, which is faster rate than the
rate obtained in [22], whenever 7 € (a,2). We also show that the rate nz~# is
accessible in the dyy, distance using our Stein’s method setup.

Next, Arras and Houdré [3] develop Stein’s method for IDD with finite first
moment. In [3, Theorem 3.1], the authors obtain a Stein characterization for IDD
using covariance representation given in [19, Proposition 2]|. In [3, Section 6],
the authors derive a bound for approximation of self-decomposable distribution
in the Wasserstein-type distance dy, which, in turn, helps to obtain bounds
for a-stable approximations with o € (1,2). However, there is no discussion on
convergence rates.

Further, Jin et al. [21] and Chen et al. [11] extend Xu’s idea [39], and de-
velop Stein’s method for asymmetric a-stable distributions with o € (1,2). In
[21], the authors obtain a kernel discrepancy type bound as (2.10), and de-
rive the convergence rate n=%" for asymmetric a-stable approximations in
the Wasserstein-1 distance. In [11], the authors use the leave-one-out approach
developed by Stein [34], and derive the convergence rate n=*%" for a-stable
approximations in the Wasserstein-1 distance. Later, Chen et al. [12] extend the
leave-one-out approach for multivariate case, and develop Stein’s method for
multivariate a-stable distributions with « € (1, 2).

More recently, Chen et al. [10] develop Stein’s method for a-stable distribu-
tions with « € (0, 1]. Due to lack of finite first moment, the strategy in deriving
rate of convergence for a-stable approximation differs significantly from the case
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€ (1,2), obtained in [3, 21, 39]. The authors derive the convergence rate for
a-stable approximation in the djy, distance, using the following framework.

Let S, = e S Y, 00 > O be a partial sum of i.i.d. random variables
in the domain of normal attraction of an a-stable distribution. We discuss the
domain of normal attraction in Definition 3.15 in more detail. For any a-stable
random variable X, Chen et al. [10] show that

(S0 X) < swp [E(L77(S,) - TE(S.7(S) . (2)

f€Fa0

where § € [—1,1] is a skewness parameter, LY is a generator of an a-stable
Lévy process, and Fy, ¢ is a class of smooth functions. In [10, Section 5, Example
1], the authors derive the convergence rate n=! for a-stable approximations in
the dyy,, distance for a € (0,1). Note that, there is a limitation of the rate n~t
This rate is not flexible as it does not depend on a. In Section 4, we show that
our rate is n~ (&1 with o € (0,1), which is flexible. In comparison with the
rate derived in [10], we see that our rate is faster (o € (0,0.5)), same (« = 0.5)
and slower (a € (0.5,1)).

3. Main results

In this section, we discuss the three important components of Stein’s method
for IDD, as mentioned in the Introduction. First, we obtain a Stein identity for
infinitely divisible random variables. Let S(R) be the Schwartz space defined by

SR) := {f € C*(R): lim |xmd—f(x)\ =0, for all m,n € N},
—00 dxm™

||

where C'*°(R) is the class of infinitely differentiable functions on R. It is impor-
tant to note that the Fourier transform on S(R) is automorphism. This enables
us to identify the elements of dual space S*(R) with S(R). In particular, if
f € S(R), and f = [pe ™ f(x)dz, u € R, then f € S(R). Similarly, if
feSR), and f(z fR e f(u)du, = € R, then f € S(R), see [33].

Now, we state our first result on Stein identity for infinitely divisible random
variables.

Theorem 3.1. Let X ~IDD(f3,02,v) with characteristic exponent given in (2.2)
which we assume to be differentiable. Then,

E ((x—mg(X)—an/(X)— / ulg(X + u)—g(X)l{u<1}<u>>u<du>) 0, g S(R).
(3.1)

Remark 3.2. (i) Note that existence of finite first moment implies differen-
tiable characteristic function. But, the converse is not always true, see [30,
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p.75]. To understand this fact, let us consider a symmetric-Pareto random
variable X with density given by

Ix(z) = {fm 7] > a

0, |z| <a,

where a > 0, and c is a normalizing constant. The integral f‘z|>a %dm is di-
vergent. Hence, the first moment of the symmetric-Pareto random variable
is not finite. But, the characteristic function of symmetric-Pareto random
variable is differentiable. We refer the reader to Appendix A for the de-
tailed discussion of this fact. In [36], the author also shows that the Pareto
distribution is infinitely divisible and hence the Lévy-Khintchine repre-
sentation of the characteristic function for the symmetric-Pareto random
variable can be derived. Consequently, a Stein identity for this random
variable follows from Theorem 3.1.

(ii) Observe that the differentiability of the characteristic function plays a
crucial role in deriving the Stein identity. Indeed, for a non-differentiable
characteristic function, our approach for infinitely divisible random vari-
ables does not follow easily. For example, the characteristic function of a
Cauchy random variable is not differentiable (see, Section 2, Ex.4.). We
need to modify our approach to handle this problem (see, Theorem 3.3).

(iii) Arras and Houdré [3, Theorem 3.1] provide a Stein identity for infinitely
divisible random variables using covariance representation. They assume
finite first moment and the function space as bounded Lipschitz. It is
important to note that the assumption of the finite first moment is an
artefact of the technique of covariance representation. Our proof of Theo-
rem 3.1 in Section 5 is without any assumption on the first moment, and
we consider the Schwartz space S(R) as a suitable function space. Observe
that, for f € S(R), f is bounded Lipschitz and the Stein identity given in
[3, Theorem 3.1] follows from the proof of Theorem 3.1 in Section 5.

(iv) Observe also that several random variables such as Poisson, negative bi-
nomial, normal, Laplace, and gamma can be viewed as infinitely divisible
by choosing appropriate triplet (3,02%,v). Also, these random variables
have differentiable characteristic function. Consequently, Stein identities
for these random variables can be easily derived using Theorem 3.1. In
particular, a-stable random variables are also infinitely divisible, but the
derivation of Stein identity is not straightforward (see, Chen et al. [10, 11]).
As noted in Section 2, the characteristic function of a-stable variable is
differentiable for o € (1,2), but the differentiability of the characteristic
function fails at a € (0, 1]. Therefore, we modify our approach in deriv-
ing the Stein identity for a-stable random variables with « € (0, 1] (see
Section 5).

Next, we establish a Stein identity for a-stable random variables.

Theorem 3.3. Let X ~ S(a,,m1,ma) with characteristic exponent given
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n (2.4). Then,

E ((X - 9900 = [ (o +) - g(X)l{.u|§1}<u>>uua<du>) —0, geSE).
- (3.2)

Note here that ¢ = 0, as X has a non-Gaussian stable distribution. The
following corollary immediately follows for symmetric a-stable random variables
by setting my, = mo = m, § = 0 and adjusting v,,.

Corollary 3.4. Let X ~ S(a,0,m,m), for a € (0,2). Then a Stein identity
for X is given by

E <Xg(X) m/ooo 9(X +u) g(Xu)du> —0, geSR). (3.3

ua

In the following remark, we discuss and review the Stein identities available
in the literature and in (i), we compare them with our Stein identities ((3.2)
and (3.3)).

Remark 3.5. (i) For o € (0,1), the following literature is available.

e Chen et al. [10, Proposition 2.4] provide a Stein identity for a-stable
random variables with a € (0, 1), using Barbour’s generator approach
[7]. We note that the authors choose the scale and the location pa-
rameters to be 1 and 0 respectively.

e Arras and Houdré [5, Theorem 3.1] also provide a Stein identity for a-
stable random variables with « € (0, 1), using a truncation technique.

For a = 1, the following literature is available.

e Chen et al. [10, Proposition 2.4] provide a Stein identity for a 1-
stable random variable, using Barbour’s generator approach [7]. We
note that the authors choose the scale and the location parameters
to be 1 and 0 respectively. We also note that the authors set the
skewness parameter to zero.

e Arras and Houdré [5, Theorem 3.2] also provide a Stein identity for
a 1-stable random variable, using a truncation technique.

For a € (1,2), the following literature is available.

e Chen et al. [11, Theorem 1.2] provide a Stein identity for a-stable ran-
dom variables with o € (1,2), using Barbour’s generator approach
[7]. We note that the authors choose the scale and the location pa-
rameters to be 1 and 0 respectively.

For the symmetric case, the following literature is available.

e Xu [39, Theorem 4.1] provides a Stein identity for symmetric a-stable
random variables with o € (0,2), using invariant measure property
of Lévy-type operators [1].
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e Arras and Houdré [3, Examples 3.3, (viii)] also provide a Stein iden-
tity for symmetric a-stable random variables with o € (1,2), using
covariance representation of functions of infinitely divisible random
variables [19].

We see from the existing literature that the techniques for deriving Stein
identity for a-stable random variables depend on ranges of a (« € (0, 1]
and a € (1,2)) and are different.

(ii) Our Stein identity given in Theorem 3.3 is derived using the
Lévy-Khintchine representation of the characteristic exponent given in (2.4)
without any assumption on the scale, location and skewness parameter.
To the best of our knowledge, the Stein identity given in Theorem 3.3
provides a unified perspective to all Stein identities available in the liter-
ature. Observe that, under the assumptions of Chen et al. [10, 11], their
Proposition 2.4 and Theorem 1.2 can be retrieved from Theorem 3.3. Using
Proposition A.4, we see that Stein identities given in [5, Theorem 3.1 and
Theorem 3.2] exactly match with our Stein identities. For the symmetric
case, our Stein identity given in Corollary 3.4 is comparable (g replaced
with ¢') to the Stein identities given in [3, Example 3.3, (viii) and Remark
5.3, (iv)] and [39, Theorem 4.1].

As noted in Section 1, the linchpin of Stein’s method is the Stein operator
A, and the properties of A play a crucial role in the success of this method. In
this context, we adopt the following definition of Stein operator from [17].

Definition 3.6. [17, p.1] For a given target random variable X ~ Fy (where
X ~ Fx means that the random variable X has distribution Fx), a suitable
operator Ax is said to be a Stein operator, if Ay acts on a class of functions F
such that E(Axg(X)) =0 for all g € F.

Remark 3.7. It is now clear from Theorem 3.1 that, for an infinitely divisi-
ble random variable X, Axg(z) := (—z + 8)g(x) + 02¢'(z) + [ u(g(z +u) —
9(x) 1y <1} (w))v(du) is an operator acting on S(R) such that E (Axg(X)) =0
for all ¢ € S(R). Then, by the above definition, Ax is a Stein operator for
an infinitely divisible random variable X. Also, for any g € S(R), A% g(z) ==
(—z+8)g(x) + [ u(g(z+u) — g(x)1{ju<1} (v))va(du) is a Stein operator for an
a-stable random variable. Observe also that A is an integral operator, where

domain of the operator is F = S(R), the closure of S(R) (see, [39] and references
therein [33] for more details).

The existing literature on Stein’s method for a-stable distributions (see,
[3, 10, 11, 12, 21, 39]) suggests a variety of techniques for deriving a Stein
operator depending on the stability parameter « € (0, 1] or (1,2). As mentioned
in Section 1, the purpose of this article is to unify Stein’s method for a-stable
distributions. To achieve this, let us use the Stein operator A% to set up Stein
equation. For any h € Hx (a class of smooth functions), Stein equation of an
a-stable random variable X is

Ak g(x) = h(z) = E(h(X)). (3-4)
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To solve (3.4), we use well-known semigroup approach (see, [7]), and this can
be motivated as follows. Recall first that, for X ~ S(a,0,m,m) with d, = 1,
characteristic function simplifies to

?5(z) =exp(—|z|*), zeR.

Also, observe that, for any 2z € R, ¢5(2) = ¢% (e t2)¢%((1 — e )z), t >0,
where ¢%,(e~'z) and ¢%,((1 — e~ *)z) denote the characteristic functions of e *X
and (1 — e™)X respectively. Note that e *X and (1 — e™%)X are symmetric
a-stable random variables. Let us now generalize this idea for non-symmetric
case. One can define a characteristic function, for all z € R, and ¢t > 0, by

alZ ;

Be(2) = ¢:ie(—t)z) = /R ¢* Py, (du), (3.5)
where F X1 is the distribution function of X and ¢4 is the characteristic
function of a-stable random variables given in (2.4). The property given in (3.5)
is also known as self-decomposability (see, [29]).

Henceforth throughout the article, let 7 = S(R), the closure of S(R). Fol-
lowing Barbour’s approach [7] and using (3.5), we choose a family of operators
(Pf)i>0, for all z € R, as

1

Pe)@) = 5 [ G )z, g e 7 (36)

Using (3.5), we get
P{(g)(x) = % /R /R g(2)e=me e Py, (du)dz
= % /R /R §(z)e* e py (du)dz
:/Rg(u—ﬁ—xe_t)FX(t)(du), (3.7)

where the last step follows by applying inverse Fourier transform.

Proposition 3.8. The family of operators (Pf)i>o given in (3.6) is a Co-
semigroup on JF.

Proof. For each g € F, it is easy to show that Pf'g(z) = g(z) and
lim;, oo PP (g)(2) = Eg(X). Now, for any s,¢ > 0, we have
alz (2 a(e7%2 e
bra(z) = L 0elD)  Gale) o) (38)

Pale”F9)2)  da(e22) dale”(9)2)

We need to show that P2 (g)(xz) = P (Pgg)(x) for all g € F.
Using (3.8), we have

1

LHS = PL(0)@) = 5= [ 3= o, ()i
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1
_27T]R

G(2)e=e g (e 2)dz. (3.9)

RHS = P (P (g))(x)
- % /R]%(z)ei”eit@(z)dz

_ % /R ( /R eWPg(g)(u)dv) e 6 (2)dz
_ (;)2 /]R < /}R eiv? ( /]R g(w)eiwe‘%s(w)dw) dv> =" 6, () dz

= o Lot [ o) ([ ) daa

1 ~ izze ! —s
= 2n)? /g(w)¢s(w)/ e O1(2)2m0 (e *w — z)dzdw
)% Jr R
(where 0 is the Dirac-d measure )
1 -~ ie Swzet —s
= 5 [ Bl e )
1 -~ jzze” (tFs —s
=5 g(z)e o )qﬁs(z)qﬁt(e z)dz
R

= P (9)(x) = LHS (from (3.9)),
and the desired conclusion follows. O

Next, we find the generator of the semigroup defined in (3.6).

Lemma 3.9. Let (P?)i>0 be a Cy-semigroup as defined in (3.6). Then, its
generator Ty, is given by

Tog(z) = (—z+B)g'(x) + / (¢/(& + 1) — ¢ ()1 uj<ny (1)) wa(du), g € S(R),
where a € (0,1) U (1,2).

Proof. The proof of this lemma is split into two parts.
(i) a€(0,1): For all g € S(R),

1
Tag(z) = lim - (P(g)(z) - g(x))
1 o1 ¢
N [ ~ izx izaz(e”'—1) _
I
_ L g(2)e* [ —z + B — ule (du) + / e upv(du) | (iz)dz
27 Jr {lul<1) R

(using Prop. A.2)
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= % Rﬁ(z)ei“ <sc + 0501+ /Reiww/(du)) (iz)dz

(where 81 = 8 — uVe (du))
{lul<1}

= (—x+ B1)g (z) + /Rg'(x + u)uvy (du)

=~z A)g () + / (6 (@ + 1) — ¢ (@)L a1y (1) Juva(du),

where the last equality follows by splitting 8 (see, (2.5)).
(ii) « € (1,2): For all g € S(R),

Togle) = Jim 7 (PF(9)(@) - 9(v)

t—0+ 1

Lo -~ izx 1 izx(e”t—1)

— lim [ g(z)e E(e ¢i(2) — 1)dz
R

2T t—0+

! 9(z)e* | —x Vg (du e —Nuv(du) | (iz)dz
—5- [ate ( worf G [ e >>< )

(using Prop. A.3)
_ L G(z)e'** (—x + B2 + /(eizu - 1)uu(du)> (iz)dz
R R

2

(where 82 = 3 +/ uvy (du))

{lul>1}

= (~z+ B2)g (2) + / (¢ (@ + ) — g () Juva(du)

R

— (o + A @)+ [ (5o + ) = g (@)1 usen) () uva (),
where the last equality follows by splitting B2 (see, (2.6)).
This completes the proof. O

Next we handle the case o = 1, using tempered 1-stable random variable Y7 .
Recall that the characteristic exponent of Y; , is given in (2.7). Let ¢1 4(2) ==
em(?) z € R be the characteristic function of Y1 . Then, for all z € R, we
define

$1,4(2)
=—= " t>0. 3.10
¢1,t,7(z) (bl,'y(e_tz) ’ = ( )
Using [29, Corollary 15.11], it can be easily shown that ¢; . is a well-defined
characteristic function.

Now, using (3.10), define a family of operators (Ptl’v)tzo, for all x € R, by

PI@) = 5= [ 3@ o2z = [ alurae) Py (@u), g e R
(3.11)
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Following similar steps as Proposition 3.8, one can show that (Ptl’ﬁf)tzo, is a
Co-semigroup on F.
Next, we obtain a generator for the semigroup defined in (3.11).

Lemma 3.10. Let (P");>0 be a Co-semigroup as defined in (3.11). Then, its
generator Ty  is given by

Tl,mq(ﬂc)=(—»’c+6)g'(96)+/]R (9'(x +u) — ¢ (2)1u<1y (w) w4 (du), g € S(R).

Proof. For all g € S(R), we get

Tialo)@) = Tim (P (g)(@) — o(a))

t—0+ t

1 . i L ismte—t—1y D1+4(2)
- 1 2T izx(e 1) Y -1
Tiolo)e) = g tim, [ geget g (0 0alE ) o
1 ~ izx ifu )
=5 g(2)e (—x + 6+ /(e fu _ 1{u|§1})uulﬁ(du)> (iz)dz
™ JR R

(—z + B)d(x) + / (6@ + u) — ¢ (@)1 gpujcry s (dus),

where the last but one equality follows by doing computations similar to Propo-
sition A.3.
This completes the proof. O

Now, observe that, lim, .o+ P}"7g(z) = Plg(z), g € F, as defined in (3.6).
Hence lim., g+ 71,5 = 71, where T; is given by

Tig(x) = (—z + B)g'(x) + /R(g'(w +u) — ¢ (@)L <ip)un(du), g€ SR).
Remark 3.11. Observe that the Stein equation given in (3.4) has an integral
form and the Stein equations studied in literature have integro-differential form
(see for example [3, Lemma 5.8]). Indeed, on careful adjustments of the integrals
with respect to v, for a € (0,2), we see that the operator 7, is also a Stein
operator for an a-stable random variable, see [10, 11, 21, 39]. In these articles,
the authors use 7, to set up their Stein equations. However, we consider A% to
set up our Stein equation. Hence, the properties for the solution of this equation
are different, which help us to obtain optimal convergence rates.

Next, we provide the solution of the a-stable Stein equation (3.4).

Theorem 3.12. (i) For « € (0,1], let X ~ S(a,3,m1,m2) and h € Hs,
0 € (0,a). Then, the Stein equation for X is given by

A% g(z) = h(z) — Eh(X), (3.12)



554

(ii)

N. S Upadhye and K. Barman

and

gi(x) = — /000 et /R W (u+ e ") Fx,, (du)dt (3.13)

solves the a-stable Stein equation (3.12).
For a € (1,2), let X ~ S(a,B,m1,mz) and h € Hy. Then, the Stein
equation for X is given by

§9(x) = h(z) — Er(X), (3.14)
and

02 (z) = — /O Tt /R W (u + we ") F,, (du)dt (3.15)

solves the a-stable Stein equation (3.14).

In the following remark, we review the techniques used by several authors to
solve Stein equations under various constraints and justify our claim of unifica-

tion.

Remark 3.13. (i) Chen et al. [10, 11] derive the solution of a Stein equation

3.1.

for a-stable random variables with a € (0,1] and a € (1,2) respectively
using Barbour’s generator approach [7], and the transition density function
of a-stable processes. Xu [39] also uses Barbour’s generator approach to
solve the Stein equation for a symmetric a-stable random variable with . €
(1,2). Arras and Houdré [3] provide the semigroup approach to solve the
Stein equation for an infinitely divisible random variable with finite first
moment. Recently, Arras and Houdré [5, Remark 4.3] show that semigroup
approach for deriving the solution of the Stein equation is also applicable
for multivariate a-stable random vectors with a € (0,1), and they also
mention that the semigroup approach is also applicable for @« = 1, but
requires different estimates.

Note that, for both parts of Theorem 3.12, we use only the semigroup
approach to solve the Stein equation for an a-stable random variable with
a € (0,2), and this unifies the method of solving the Stein equation for
a-stable random variables.

Properties for the solution of the Stein equation

Let us now study regularity estimates for the solution of our Stein equation.
Recall that the Lévy measure v, for a-stable distributions is given by v, (du) =

(mlﬁl(om)(u) +m2|14%1(_0070)(u)) du, where my,my € [0,00), m; +

mg > 0 and a € (0,2). In the following theorem, we establish estimates of gy,
which play a crucial role in the a-stable approximation problem.

Theorem 3.14. (i) Let o € (0,1). For h € Hs, 0 < § < «, let gff be defined
in (3.13). Then, for any z,y € R

lgill < [1XII (3.16)
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lgi(z) — gi(y)| < |z -yl (3.17)

0+1

Define Aogj(x) := [ ugp(x + u)va(du). Then

a(my +ma)  alm; —ms)

Aogy, <Ca mi,mo +—
|| Ogh”— 757 1,Mm2 5(@—5) + 1_a

(3.18)

(ii) Let a« = 1. For h € Hs, 0 < § < 1, let g} be defined in (3.13). Then, for
any z,y € R

HQ}LH < ||h'|| (3.19)
lgn (@) = gn )| < 5= le -l (3.20)
Define Arg;(x) := [ u(g} (@ +u) — ugp1gju<1y)vi(du). Then
2(m1 + my)

HAlgflLH < 01757’”1177712 = (321)

5(1— 62)

(t13) Let o € (1,2). For h € Ha, let gi be defined in (3.15). Then, g5 is
differentiable on R,

1
lgi Il < X'l and [[(g5)'Il < 5 A" - (3:22)
Let my = my = m. Define Aygp () := [ (g5 (x + u) — git (x))uve (du). For any
z,y €R
|[Aagiy (x) — A2gi ()] < Camllh”[llz — 9>, (3.23)

L 1 1 . ..
where Cy 1= 2m (m + ﬁ) 18 a positive constant.

Next, we provide Wasserstein-d distance error bounds for a-stable approxi-
mations with « € (0, 1]. Before stating our result, let us first define the domain
of normal attraction of an a-stable distribution.

Definition 3.15. [10, p.6] A real-valued random variable Y is said to be in
the domain of normal attraction of an a-stable distribution with « € (0, 1] if its
CDF, Fy satisfies

A+ely)
|y|*

A+e(-y

1—Fy(y) = (14 0) and Fy(—y) = e )(1 —0), (3.24)

where y > 1, a« € (0,1], § = =22 ¢ [—] 1], A(> 0) a constant and e : R — R

mi+ma
is a bounded differentiable function vanishing at +oo. Since e is bounded, we

denote K := sup,cg |e(y)|.
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We denote Y € D,, if Y is in the domain of normal attraction of an a-stable
distribution, and for a positive constant L, the function e defined in (3.24) is
C? with the domain {|y| > L}, and it satisfies ye'(y) — 0 and y?e”(y) — 0 as
ly| = oo.

Theorem 3.16. Let Y1,Ys,...,Y, be a sequence of i.i.d random variables such
that Y; € Dy, and X ~ S(a, B,m1,ma) with o € (0,1]. Define Sy, :=n~Y*(Y; +
Yo+ .- 4+Y,). Then,

(a) for a € (0,1)

(149)

dw; (S, X) < O nt+Cisn'T e

a,6,m1,mz

1_(1+5) 1 d—a
+Cosn == sup (ale(y)| +[ye'(y)]) Lyl dy
L<\y\<né L<|y|<na
(- (-—a)
+ Ca,é,ml,mgn a +n « 1 |y‘dFY(y> + Ra,n7 (325)
lyl<na
where Cojifml,mvaL&h C2.5, Ca,5,m1,m, GT€ positive constants, and

Ram=B1+2 sup (alew)] + lve'w)) / o 5.5 ma ()] ™1y,

(b) Fora=1

dw, (Sn, X) < CHE - pmlg

1,6,m1,mo

mn_‘s (L2 +mq + mg)

n° le(u) — ue'(u)|
1+0 L<|ul<i Jult=?

_ /
ol / le(nu) = nue'(nw)] gy (3.26)
Ju|>1 ‘Ul

du

where Cfé{fnl,mQ’Clyéamlam2 are positive constants, and
"e(y) —e(-y)
/ ely) —el=y) 4 |
0 Y

Remark 3.17. Note that, in view of Theorem 3.16, we consider only real-valued
random variables Y; € D,. Indeed, integer-valued random variables in general
do not belong to D,, see [10]. The problem for developing an approach that
allow to handle integer-valued sums is still open. Recently, Chen et al. [10] also
provide bounds in the djy,, distance for a-stable approximations of a partial sum
of a sequence of i.i.d random variables, belong to D,. Our bounds given in (3.25)
and (3.26) are similar to the bounds given in [10, Theorem 4]. Note also that, our
bounds include non-zero location parameter on a-stable approximations with
€ (0,1]. Chen et al. [10], Chen and Xu [9] give error bounds for a-stable
approximations with a € (0, 1] by choosing the location parameter to be 0.

Rl,n = /8 + 2K + 201,6,m1,m2 / dF|Y\(y) +
0
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Now, we present Wasserstein-type distance error bound for a-stable approxi-
mations of a partial sum of a sequence of i.i.d random variables with « € (1,2).
To derive this bound, we apply kernel decomposition method introduced by
Xu [39] for symmetric a-stable approximations. Later, Arras and Houdré [3]
generalized it for IDD with finite first moment. Before stating our result, define

N ¢
K, (t,N)= 1[07N}(t)/t uz/a(du)—|—1[_N70](t)/N(—u)1/a(du), and

Ki(t,N) =E (Ziljo<t<z,<n} — Zil{_n<z,<t<0}) »
where N > 0 is an arbitrary number. Our theorem is as follows.

Theorem 3.18. Let Y1,Y5,...,Y, be a sequence of i.i.d random variables with
EY; = 0 and E|Y;| < co. Let X ~ S(a,0,m,m) with o € (1,2). Define Z; =
n*§1/} and S, =Z1+ Zos+ ...+ Z,. Then,

dyw, (Sp, X) < Z/ ‘ Ki(t,N)‘dHRn,N, N >0, (3.27)

n Co,m n —«
where I,y =2 (f|u\>zv |ulva(du)+32_, E [|Zz‘|1{|Zi\>N}D4—n’ > i ElZiP

Remark 3.19. In the existing literature, several authors use this kernel dis-
crepancy type bound for a-stable approximations with « € (1,2), see [3, 21, 39].
In these articles, we note that the derivation of this bound heavily depends on
the upper bound of the second derivative for the solution of a-stable Stein equa-
tion. However, our kernel discrepancy bound given in (3.27) mainly depends on
upper bound of the first derivative for the solution of a-stable Stein equation,
as our Stein equation given in (3.4) is an integral equation, and our bound given
in (3.27) is comparable to the bounds given in [3, 21, 39].

4. Applications

In this section, we discuss the convergence rates for a-stable approximations
using two examples and we compare them with existing literature.

Example 4.1 (Pareto distribution with o € (0,1) [10, 23]). Assume that
Y1,Ys5, ..., Y, be i.i.d random wvariables having a Pareto distribution with o €
(0,1), i.e

1 1
>1, PMh <

From the Definition 3.15, we obseme that Y; € D, wzth L =1, and (3.24)
holds for 6 =0, A= %, e(y) = |y| 1( 1,0(y) and O for ly| > 1, and K = %
Let X ~ S(a, B, m1,m2) with a € (O7 1), and S, =n YY1 + Yo+ + V).
Then, by Theorem 3.16, Case 1, one can verify that

P(Y1>y) = g V=L

dyw, (Sn, X) < Cn~ G,
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where C is some positive constant. Moreover, dy,(Sn, X) = O(n~(a=).

In the following remark, we recall the convergence rates available in the lit-
erature and in (i4i), we compare them with our convergence rate.

Remark 4.2. (i) The reference [23] shows a convergence rate doi(Sn, X) <
Can™t, for a € (0,1], where an exact value of C,, was not given.
(ii) Chen et al. [10] prove that the rate n~' is valid for the djy, distance,
whenever a € (0,1).
(iii) For a € (0,1), our rate is dy, (S,, X) < Cn~(a~1 which is flexible with
respect to «. In comparison to the rates derived in [10, 23], we see that
our rate is faster (a € (0,0.5)), same (o = 0.5) and slower (a € (0.5,1)).

Example 4.3 (Pareto distribution with « € (1,2) [22, 39]). Assume that Y1, Y>,
..., Y, be i.i.d random wvariables having a Pareto distribution with o € (1,2),
i.e.,

1 1
P(Y1>y):2‘7|a,y21, P(Y1§y)zw,y§—1.

Assume also that 8 =0 and m; = mg = m. Let X ~ S(a,0,m, m) with o €
(1,2), and Z; = n_%Yi and S, = Z1+Za+ ...+ Z,. Now, using Theorem 3.18,
we show dyy, (Sp, X) = O(n’(%)).

Let us first compute the terms in Remainder Ry . Observe that the first
term 1is zero, and the second term of Ry , is given by

1

n oo no N
QZE (1Zi|1)z,>n) =2n" = /lep(x)dx —|—/ xp(z)dz
i=1 nao —00
= L _Nte— Nt
a—1

The last term is given by

Ca,m = —« Ca,m < 1 —a
Com S mpzpoe = Con 3 [ oty
i=1

n i—1 7 lz|>1

Ca,m _2—a _ 2=«
= —nN [e3 = Dln =2
a—1

Hence,
2—«

Rnyn=DoN'"“+Din "= .

For any N > 0, we have

N t
K, (t,N) =1 N (t)/t uve (du) + 1i_n g (t)/N(—U)Va(dU)

_L l-a _ 4l-«
_l—a(N t )+1—oc

m

(Nl—a _ (_t)l—a)
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_ m l—a 11—«

Using symmetry of Pareto distribution, we have

K;(t,N) = ((m An~F)l-e 7N1*a>.

n(a—1)

Then, from Theorem 3.18, we obtain
dw, (Sns X) < DoN'=* 4+ Dy~ (55%) 4 Dy~ (55,
where Dy, D1 and Do are positive constants. Since N is arbitrary, let N — oo.
2—«a
Hence, dy, (S, X) = O(n=(55)). By [3, Lemma A.4], we have

dyw, (Sn, X) < D3Vn=(35%) = Dgn2 =, (4.1)

where D3 is an another positive constant. Moreover, dy, (Sp, X) = O(n%_%).

In the following remark, we recall the convergence rates available in the lit-
erature and in (¢i¢), we compare them with our convergence rates.

Remark 4.4. (i) Johnson and Samworth [22] show that S, = n~= LY,
converges to an a-stable distribution with a rate n(7=%) in the Mallows
r-distance for some r € (al, 2]1. Hence, at r = 2, they show that the con-
vergence rate is at most nz " «.

(if) Xu [39] proves that S,, converges to an symmetric a-stable distribution
with a rate n~ =" in the Wasserstein-1 distance. From (39, Example 1],
it is clear that the convergence rate nz~a is not accessible.

(iii) Note that, we obtain a rate n=%% with o € (1,2) in the dw, distance,
which is faster rate than the rate obtained in [22], whenever r € («,2).
Observe also that, at » = 2, the rate obtained in [22, Theorem 1.2] becomes
nz~%. From (4.1), it immediately follows that the rate n2 == is accessible
in the dy, distance using our estimates.

5. Proofs
5.1. Proof of Theorem 3.1

Recall first that for X ~ IDD(B,0%,v), the characteristic exponent 7 is given
by

o222

n(z) =logpx(z) =iz — 5

+ /(em‘ — 1 —idzulyy<iy(u))v(du), zeR.
R

(5.1)
Differentiating (5.1) with respect to z, we have

& (2) = (iﬂ — o2z —|—i/]Ru(6iZ“ — 1{|u§1}(u))ll(du)> dx(2). (5.2)
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Recall from Section 2, Fx is the distribution function (cumulative distribu-
tion function) of X and if ¢’y exists on R, then,

bx(z) = / e Fx(dz) and ¢'y(z) = z/ e’ Fx(dz), z€R. (5.3)
R R
Using (5.3) in (5.2) and rearranging the integrals, we have
0=1 isz d
Z/Rxe x (dx)
= (15 [ ate™ = ten ) ox ()~ o0x ()

—i ( /R (z — B)ei*® Fx (dz) — ( /R ueiwy(du)) dx(2)

+ (/R u1{|u|<1}(u)’/(du)> Px(2) — Z'UQZ(?X(Z))
- /R(:c — B)e”** Fx (dz) — (/R Ueizuy(du)> Px(2)
+ (/R Ul{u|§1}(U)V(dU)> ¢x(2) —izo%¢x (2). (5-4)

The second integral of (5.4) can be written as

( /R ueiwu(du)) bx(2) = /R /R e Py (day(du)
_ /R /R e ) (du) Fy (dx)
_ /R /R we ™y (du) F (d(y — u))
_ /R /R we = (du) Fx (d(z — )
_ / gz /R WPy (d(z —w)v(de).  (5.5)

Substituting (5.5) in (5.4), we have
/]R (2 — B)e*® Fy (dx) — /]R gize /R WPy (d(z — u))v(du)
+ < RU1{\u|<1} du)) ¢x(2) —izopx(2)
= [ e (= mrxtan) - [ urstate - )
+ ( /R u1{|u|<1}(u)u(du)) Fy (dz) - izo2FX(dx)> . (5.6)
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On applying Fourier transform to (5.6), multiplying with ¢ € S(R), and
integrating over R, we get

ot ((w=8)+ [ atguenupian)) P
- /R ug(@) Fx (d(x — w))v(du) — o° / d'(x)Fx (dz) = 0. (5.7)

R

The third integral of (5.7) can be seen as
/R /R ug(@) Fx (d(z — u))v(du) = /R /R ugly + u) Fx (dy)v(du)
- /R /IR ug(z + u) Fx (dz)v(du)
_E ( /R ug(X + u)u(du)) . (5.8)

Substituting (5.8) in (5.7) and rearranging the integrals, we have

E ((X - 900~ [ ulg(X + 1)~ 90O ey (1)) ~ 029'<X>) 0.

This proves the theorem.

5.2. Proof of Theorem 3.3

Recall first that, for X ~ S(«, 8, m1, msa), characteristic exponent 7, is given
by

Na(2) =log da(z) = iz8 + /R(eizu —1-— izul{wgl}(u))ua(du), z € R.

Following similar steps to the proof of Theorem 3.1, we get the result for
a € (1,2).

For a € (0, 1], as the characteristic exponent 7, is not differentiable on R. Let
us consider tempered a-stable random variable Y, , with characteristic exponent
(see, Section 2) given by

N~y (2) =128 + /(6”“ — 1 —idzulyy <1y (u))vay(du), z€R,
R

where o € (0,1], 7 € (0,00), and v, 4 is the Lévy measure defined as

e U e~ Ylul
I/a7,y(du) = (mlml(opo) (U) + mgml(,mp) (U)> du.

Observe that Y, , is infinitely divisible and its characteristic exponent 7, -
is differentiable on R. Also, by Proposition 2.11 14 4 — 7o, whenever « | 0.
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Now, applying Theorem 3.1, we get the Stein identity for Y, , as follows.

E [(Ya,'y - 6) g(Ya,’y) - / (g(Ya,'y + U) - g(Ya,’y)l{\u|§1}(u)) uya,’y(du)] =0,
R

(5.9)
where g € S(R). Now, taking limit as v | 0, (5.9) reduces to

E [(X = 5900 = [ (60X + ) = 90 ujeny ) m(du)} 0, g S(R).

This proves the theorem.

5.3. Proof of Theorem 3.12

For the proof of this theorem, we use the connection between the operators A%

and 7,.
Proof of (i). The proof of this part is split into two parts.
(a) a € (0,1): We have

Axgp (2) = (—w+5)gﬁ(x)+4(gﬁ(w+U) = g5 ()L (juj<1y (u)) uva(du)

= Tola)le). (where g () =~ [ (PR () (@) — BR(X)) dt, h € Hy)
-/ TP () (@)t

0
J— > d

_ /O A IE

= Poh(z) — Pxoh(z)
= h(z) —Eh(X) (by Proposition 3.8).

Hence, for a € (0,1), gy is the solution of (3.12). Now, it remains to show that,
g5 is well-defined. Let us first consider g5’ : R — R be defined as

30 (2) = — /OOO (P2 (h)(x) — BR(X))dt, h € Hs, € (0,a),

where P is the semigroup as defined in (3.6). We show that, for any h € Hs,
0 <6 <a, gy is well-defined.
Using (3.7), we have

|27 (h)(2) — ER(X)| =

/h(rJre*tx)FX(t) (dr)f/h(r)FX(dr)
R

R

/R (h(r + e™'2) — h(r)) Fx, (dr)
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+/Rh(7")FX<t>(dT)*/Rh(r)FX(dr)

< min {e|z|, (e7t|z])°} + ‘/Rﬁ(z) (¢1(2) — Pa(2)) dz

< miin {efal, (¢ ol)*} + [ F(10n(z) = 0n )l
(5.10)

Now, let us calculate an upper bound between the difference of two characteristic
functions ¢; and ¢4. For all t > 0 and z € R,

_ | _#al2)

6:(2) = 0u(2)] = | 55250 = bl
where wy(z) = izf1e "t +e ' [L (e —1)va(du), and By = Bff{\ulﬂ} uvq (du).
Now, from [29, Lemma 7.9], the function z — e*t(2) is a characteristic function
for all s € (0,00), thus, for all z€ Rand ¢t >0

|¢a —t, —1|=|6wt(z)—1|,

161(2) — 6a(2)|
g
<| [ flexplsn()as

< Jwr(2)]

< [ellBule™ +e7

= |2l|B1le™"
/ (e — 1)vo(du) + / (e — 1)vg(du)
{lul>1} {lul<1}

/ Vo (du)
{lu[>1}

/ (cos(zu) — 1)ve(du)| +
{lul<1}

= = D)

4 eftoz

< |2l|Br]e™" + 2e7"

4 eftoz (

= |2l|Bu]e™" +2

/ sin(zu) Ve (du) >
{lul<1}
+ |2]* (My + M) e™*, (5.11)

MM o
where M; = ’f{luKZ}(cosv )l/a(d’U)’ and My = ‘f{IUK  sinvvg dv)’

Using (5.11) in (5.10), one can easily show that [ |Pf(h)(z) — Eh(X)|dt <
oo. Hence, g is well-defined.
By dominated convergence theorem, we see that §j, is differentiable and

¢
(@)(2) = — lim -~ / (P2 (h)(x) — BA(X))dt

({—o0 dx
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i [ 4 </ (e +u)FX(t)(du)> dt

0
/ / u+ xe” Fx(t) (du)dt = g5 (x),

the desired conclusion follows.
(b) a = 1: To solve (3.12) for « = 1, consider a Stein equation (see, (5.9))
for tempered 1-stable random variable Y7 , is given by

(—z+pB)g(z) + / (g(z +u) — g(x)1{|u|§1}(u)) uvy 5 (du) = h(z) — Eh(Y1 4),
R

(5.12)

where h € H;. Following similar btepb to proof as the Case 1 of (i), and us-

ing (3.11), we see that the function g, — Jo et [o B (utze ) Fy_, (du)dt
solves (5.12) i.

(o B) o @)+ [ (9176 + 0 = g7 @)L guicn) (1)) w1 o)
— h(z) — BA(Y,). (5.13)

Observe that,

lim g, (z) = — lim _t/ u+ze ) Fy,_ , (du)dt

y—0+ y—0+

/ /h’ u+ e ") Fx,, (du)dt

Also,

lim Eh(Y,) = EA(X), (since Y, % X).

y—0+

Hence taking limit as v — 0T on (5.13), we get
(ma+8)ah@) + [ (gh(a+ 1) = (@)1 10y (1) wa(d) = hia) ~ BR(X).

Hence, for o = 1, g} is the solution of (3.12). Note here that, on careful
adjustments of the integrals and Suitably adjustments of parameters as pre-
vious case, we see that the function g} (z) = —fo (P} — Eh(X)) dt,
h € Hs, 6 €(0,1) is well-defined and (g} )’ (= ) = g} () for all x 6 R.

Proof of (ii). Following similar steps to proof of Case 1 of (i), it immediately
shows that g5y (where a € (1,2) and h € Hs) is the solution of (3.14). So, it
remains to show that g;* is well-defined. Let us consider a function g; : R — R
defined as

i) = - / (PR (h)(x) — BR(X))dt, h e Hy,
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where P is the semigroup as defined in (3.6). Now, we show that for any h € Ho
and « € (1,2), gp is well-defined and (gy)'(z) = g5 () for all z € R.
Using (3.7), we have

[P (h) () — ER(X)| =

/h(r—i—e_t:r)FXm(dr)—/h(r)FX(dr)
R

R

/R(h(r +etr) — h(r))FX(t) (dr)
+ /R W(r)Fx., (dr) — /R h(r) Fy (dr)

< e follW| + ' [ 366102 = 6a(2))

< e[| || +/R|71(Z)|I¢t(2) = Pal(2)|dz (5.14)

Now, let us calculate an upper bound between the difference of two characteristic
functions ¢; and ¢,. For all t > 0 and z € R,
Pa(2)

91(2) — da(2)| = dalet2) $1(2)
where w;(z) = et (izf + Jp(e™® — 1 —izulyy <1} )va(du)), B = Beloe=Dt 4
Jp(ulqju<1y — ul{jy<e—})Va(du). Note that the function z — e*¢(?) is a char-
acteristic function for all s € (0,00). Indeed, e***(*) is a characteristic function
of an a-stable random variable with different parameters.

Thus, for all z € R and t > 0,

< ’¢a(67t2) — 1| = ‘e""t(z) _ 1|’

)~ 02 < | [ 4L (explsaz))as

< fwi(2)]

S e—toc

izf + /(6”“ = 1 —izulfjui<iy)va(du)
R
< Cheto(1 4 |Z‘2)7 Cq >0, (5.15)

where the last inequality is followed by [2, p.30, Ex. 1.2.16]. Using (5.15) in (5.14),
one can easily show that [, |Pf(h)(x) — ER(X)|dt < co. Hence, g (z) is well-
defined. The rest of this part follows from similar computations as Case 1 of

().
5.4. Proof of Theorem 3.14

Recall the definition of (P7);>o,

PP (g)(x) = / g(r +e7'a)Fx,, (dr), g€ F,

where a € (0,2) and Fx,,, is the distribution function of Xy (see, (3.5)).
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Proof of (7). Suppose a € (0,1) and h € Hs, § € (0, ).
Let

gn(x) = / / W (xe™ +u)Fx,,, (du)dt.

It is clear that
logll < ' / etal] [ IW1x,, )

= |7,

the desired conclusion follows.
Now observe that, for any =,y € R and h € Hs,

08(@) — g5 (y)] < / / W (et + 2) — H(ye™ + 2)| Fx,, (dz)dt
0 R

< [ et [lomul e p @
S / 1+0)g

(o3

lgh (z) — g (W)| <

the desired conclusion follows.
For a € (0,1), we have

/ ugp (x + u)vy(du)
R

- / / (PP + u) — POh(x)dtva(du)
RJO

(using Proposition A.4)

<a /u|>1 / (Ph — POh(z))dtva(du)

+«

/|<1/0 (PEh(x 4 u) — POh(x))dtvy (du)

= I+I1.

Now observe that

I=«

/u|>1 /0 (POh(x 4 u) — PP h(z))dtve (du)

=«

/ 51 /OOO/R (h((x +u)e " +y) — h(ze" + y)) Fx ., (dy)dtv,(du)
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§a/ |u|5/ e~ dtvy (du)
Ju|>1 0

_a(my +ma)
T a—-0) (5.16)

Consider,

II =« /|u§1/0 (Pfh(x 4+ u) — Pfh(x))dtv, (du)

=

/|<1/OOO/R(’1((I+U)et+y) — h(ze™" +y)) Fx,,, (dy)dtve(du)

Soz/ |u|/ e dtvy (du)
i<t Jo

a(my —ms) .

5.17
< alm (517)
Hence, by (5.16) and (5.17), we get
alm; +msa)  a(my —ms)
Aqg® < = Ua,6,m1,ma>
| Ogh($)| = S(a—20) + 1_ o ,0,m1,m2
the desired conclusion follows. (|

Proof of (ii). The proofs of first two properties are similar to previous case.
To prove the third property, we split g,l1 in terms of the semigroup P} defined
n (3.6). We write

Alg,ll = /Ru (g;ll(a: +u) — gi(w)l{‘ugl}) v1(du)

- / u (g (2 + w) — g} (2)) va (du) + / ugl(z + un (du)
{Jul<1} {Ju|>1}

:/{|u§1}u/ooo (e_t (/}R h’((x-i—u)e_t-l—y)—h/(we_t+y)> FX(U(d?J)) dtvy (du)

+ / / (P h(z +u) — Plh(z))dtvy (du) (using Fubini’s theorem)
{lu|>1} JO
= I4+1IL

By similar computation as Case 1 of (i), it is easy to show that

- /{ e /O h (e_t ( /R h'((x—l—u)e‘t—i-y)—h’(xe‘t—i—y)) Fy,, (dy)) dtvy (du)

1 my + mo

< 0y (du) = ———=2. 5.18
—1+5/{|u§1} il ) = SR (5.18)
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Consider,

= “ z+u)— Ph(x v1(du
H/{|u>1}/o (P; h(z + u) — Py h(x))dtv (du)

1 my + ma

- ul’vy (du) = ———= .
= 5/{u|>1}| o () 6(1-9) (519)

Hence, by (5.18) and (5.19), we get

2(m1 + mg)
[Argnll < S1-07) T C15mymo s

the desired conclusion follows. O

Proof of (%i). Suppose a € (1,2) and h € H,.

Let
/ / B (ze ™t +u VFx ., (du)dt.

/ / W (ze™ +u)Fx,, (du)dt.

It is also easy to show that

Then,

(0% (0% 1
ICgi Il < IR71]; and [[(g5)"ll < S l1R"])

Let my = mg = m. Let Asgy(x) = [ (g (x + u) — g5 (x))uve(du). Then, for
any x,y € R

|A2gy (z) — Aagy (y)| < /R I(gr ( +u) — gi (y +u) — (g5 () — g1, (v))] [ulva(du)

|z+y]
VY i [CESE

(g2 (@) — )] h‘f—“
=: I+II
Now observe that
I=m . I(gﬁ(x+U)—gi’{(y+u))—(gﬁ(m)—g%(y))lg—ll
<m (gﬁf(w+u)—g;‘i‘(y+U)|+|(9%(w)—g;‘i‘(y)))S—ua

[u[>]|z—y|
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<aml) el [~
22—«
<o) 2T (5.20)
Consider,
|z+y| du
H—m/ 106+ ) g+ )~ (0 @) ~ W) o
T—y
|z— y\ du
<m [ gkt =g @)+ 6+~ R W) e
z—y
|z—y|
< 4m (g / —
2—«
< om|h” ¢. 5.21
[ R (5.21)
Hence, by (5.20) and (5.21), we get
4262 () — Aagf (3]l < CoomllB” [z — yI2~,
1 1
where Ca,m2m<2_a+ﬁ>.
O

5.5. Proof of Theorem 3.16

Recall that (Y,,)n>1 is a sequence of i.i.d. random variables such that Y; € D,
(see, Definition 3.15). Denote

Sp=n"=(Yi+Ys+...4Y,), and
Spi =8, —n" =Y.
Note that, S, ; and Y; are independent. To prove this theorem, we first derive

some lemmas. With the help of these lemmas, we obtain Wasserstein-§ distance
error bounds for a-stable approximations with « € (0, 1].

5.5.1. Proof of (a)

To prove this part of Theorem 3.16, we use the following lemmas. Recall the
Lévy measure v, for a-stable distributions is given by

1 1
I/a(d’u,) = (mlml(o,m) (U) + mzml(_mvo) (’LL)) d’LL,

where my, mg € [0,00), my + mg > 0 and « € (0, 2).
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Lemma 5.1. Let o € (0,1). Let g5y be a function defined in (3.13). Then, for
any a > 0,

/Rug;f(x + u)vg (du) = a* = /R ugi (x + au)vy (du)

Proof. We write

1 +mal
/ ugfy (x4 u)ve(du) = / ug? (a4 ) L) (W) F Ml (oo (W)
) . fufTT
1(0,00) (1) + mal(_o
Zal_“/ugﬁ(az+au) (m1l,00) (1) + M2l(—oo0)(W))
2 [ufoT

=a' / ugp (z + au)vy(du),
R
the desired conclusion follows. O

Lemma 5.2. Let o € (0,1). Let Y € D, and g§ be a function defined in (3.13).
Then, for 0 <a <1 and z € R,

E ( /Ru(g,oj(z +aY 4+ u) — gy (z + u)) vo(du)

Proof. We write

dt

L-n(
= (

For « € (0,1), one can write by (3.18) and (3.24),
1< 2Cq 5myms P(IY]>a™1)
< 4o s ma (A + 5D}, 5 0o e(y)]) 0
< AC4 5.my.mn (A + K)ac. (5.22)

) < cAK a®

a,8,my,ma

) o= I411,

1|Y>a1) )
1|Y§a—1> :

/]Ru (97 (z +aY +u) — g7 (z + u)) vo(du)

where

/Ru@z(zmwu)—gs<z+u>>ua<du>

/Ru<gf:<z+aY+u>—gs<z+u>>ua<du>

It is also easy to show that
I < Cua®. (5.23)
Hence, by (5.22) and (5.23), we have

“(

the desired conclusion follows. O

(4Ca,5,m1,m2 +Cq) a®

/Ru<gz<z+ay+u>—gz<z+u>>va<du>

S~
IN
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Recall the definition of D, in Definition 3.15. We see that the function e
satisfies certain conditions with the domain {|y| > L}. These conditions play an
important role for proving the following lemma.

Lemma 5.3. Leta € (0,1). LetY € D, and X be a random variable with finite
d-th moment, which is independent of Y. For any 0 < a < % and g; defined
in (3.13), define

Ji = |E(Yg(X +aY)) —E (Y1 1(aY)) E (g5 (X))

)

Then,
i< Crond + Casd® sup (ale)| + @) [ Iyl
L<lyl<1 L<|y|<d
207 s (@le)+ W) [ assmaams Wl
ly|>a=—1 [y]>1
where C1 5.1, = 72 L1740 and Co 5 = 72

i+
Proof. We have by (3.24),

146

= [ [ a0 + ) = 1 0N |

Since e is in C?, for any |y| > L,

_ Aa+ae(y) —ye'(y)

dFY(y) |y‘1+a K@(:lj)dy,

where #g(y) = (14 60)1(0,00)(y) + (1 = 0)1(_sc,0)()-
Thus, we have

Ji<E / Iyl g5 (X + ay) — g5 ()] dFy ()
ly|<L
FE [ ullgh e + o) — GROO]dF ()
L<|yl<}

VE [ g0+ ay)ldFv ()
lyl>2
= [4+IT4111.
It is easy to verify by (3.17),
1< La‘g/ ly" P dFy (y)
T+ Jiy<r
< 2 L1+§a§
~ 1496 ’
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and

é !
I < 2a love(y) _y: ()l d
144 L<|yl<d |y|a

2a9 / 5
ly]°~ (ale(y)] + |ye' ()]) dy
1+46 L<lyl<i

4

IN

<

sup (ale(w)| + lve' () / P dy.

1406 pejyj< L<|yl<i

For the third term, we have,

_ / a(x
I < 2 / |ae(y) — ye (y1!|+2419h( + ay)| a
ly|> L ly|

X +a
<2 sup (ale(y)|+ \ye’(y)l)/ wdlf
ly|>a-1 lyl>% vl

<200 sup (ale)]+ O | s @l dy,
ly|>a~t ly|>1

where the last inequality follows by Lemma 5.1 and Proposition A.5. Combining
the estimates obtained in I, IT and III, the desired conclusion follows. d

Proof of (a). With the help of above lemmas, we now derive bound in the dy;
distance for a-stable approximation with e € (0, 1).
By (3.4), we have

E[R(S,) — h(X >]|—\ =S.00(5,)+ Auai(5.)+ [ gg<sn+u>uua<du>H
< THTI4111,

where,

I::—Z]E

I:=n 1Z]E‘ Yign (Sn) +Yil(Z11)(In”~ O‘Y|)E9h( i)

(7St 0 Y w) = g (S ) valdu)

IIT :

Ise [ w0+ ualaa) + i 5,
=1

1 1 o
—n! «Yil_1(In” 2 Yi))Egy (Sni)| -

1

For a € (0,1), we have by Lemma 5.2 with a =n~ =

)

AK
1< a,6,m1,ms

- n
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By Lemma 5.3 with a = n~w, we have
_(+8) _a+é) _
HECn™ 5 o™ sup (alel @D Py
L<|y|<n@ L<lyl<na
42 sup (@le)] + W) [ apsmms Wl .
|y|>né ly|>1
Using Lemma 5.1 with a = n_i, we have

_(-a) _(-a)
III < Ca,é,ml,mzn = +0i+n “ / | |y|dFY(y)
ly|<ne

Combining the estimates obtained in I, IT and III, the desired conclusion
follows.

5.5.2. Proof of (b)

The following two lemmas play an important role for deriving bound in the dyy,
distance for 1-stable approximation. Recall that Ayg; () := [, u(g)(x + u) —
ugp 1gju<1y)vi(du), where g; is defined in (3.13) and vy is the Lévy measure
(see (2.3)).

Lemma 5.4. Let a = 1. Let Y € D, and g} be defined in (3.13). Then, for
any 0 <a<1andz €R,

1,6,m1,m2

E (|Alg,1l(z) - Alg}L(z + aY)D < cAK a+ 2C1,5,my ms /a dFy|(y),
0

CA,K

where Cy 5 my m,

and C1,5.m, m, are constants.

Proof. We write
E (|A1gh(2) — Argh(z + aY)]) = I+]I,
where
1= (|Augh(2) ~ Aigh(z +a¥)[ 101 |
=K (|A1gh(2) = Aigh (= +aY)[ 1,21 )

When o = 1, one can write by (3.21) and (3.24),

I S 201,6,m1,m2P(|Y| 2 a_l)
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< ACY samyms (A 5D} 1501 le(v)]) @
< 401751m17m2 (A + K)aa

and

1
11 < 261 sym s P(Y] < )
1

= Cl,(s,ml,mg / dF‘|Y|(y),
0

Combining the estimates obtained in I and II, the desired conclusion follows. [

Lemma 5.5. Let o« = 1. Let Y € D, and X be a random variable with §-th
finite moment such that X and Y are independent. For any 0 < a < %, define

Jo = |E(Ygp(X +aY)) —E (Y1_11)(aY))E (g5(X)) — E (Aogn(X))] .

Then,
1 5 a’ le(u) — ue'(u)]
L — ————d
T2 = s+1” (L7 ma +ma) L+ Jocpu<t |uf = !
_ /
caf WD),
Ju|>1 |ul

and

E (Yg(X +aY)) = E (Y1(_11)(aY)) E (g, (X))

=K </R (ugh (X + au) — ul(_y 1)(au)gp (X)) dFy(u)) )

Since e is C2, for any |y| > L

Aa+e(y) — ye'(y
dFY (y) = (|y)|2 ( )K’Q(y)dya
where #g(y) = (14 60)1(0,00)(y) + (1 = )1 (_s0,0)(¥)-
Thus we have,

7 <E /| (X ) — ugh O] (F, () + 1 ()
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}Iae( u) — ue'(u)]

BE du

+]E/ lugh (X + au) — ugh (X
L<|u|<

o
+IE/ lugh (X + au)| Mdu

= I+II+III

Moreover, by (3.20), it is easy to verify

1
o+1
1
<
To+1

I<

a5 u1+5 yiu rviylau
/WL (dFy (u) + 11 (du))

a® (L2 +mq +m2).

Using (3.20), we also have

5 _ /
[ @ e(w) — ue' ()]

T 1496 L<|ul<1 [u[t=2

For the third term, using (3.19), it can be immediately shown that

o [ Lol wactujel,
Ju|>1

|ul

Combining the estimates obtained in I, II and III, the desired conclusion
follows. |

Proof of (b) With the help of above lemmas, we now find bound in the dyy,
distance for 1-stable approximation. By (3.4), we have

[E[A(Sn) = M(X)]| = [E[(=Sn + B)gn(Sn)

+ [ (G +0) = (S ) () ()]
R

< TTI11,
where
== zn: |EA1 g} (Sn.i) — EA1g}(Sy)]
n= 3 E(th(Sm—k 1)) - (%l (1% Dok (50)
B (Augh(50)
= 237 8 (Yt (1 iDah (500) — BBk (S2)
=1
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For a = 1, we have by Lemma 5.4 with a = %,

1 n
AK
I< 01757m1,m2 ﬁ + 201,6,m1,m2 /0 dFIY\ (y)

By Lemma 5.5 with a = L, we have

n’

= 1+0 =2

N l/ le(nu) — nue’ (nu) o
Ju|>1 |u‘

1 = !
m<—n° (L2 +mi + mg) + i / Mdu
d+1 L<|u|<i

n

Using (3.24) and (3.19), we have

II <

/n ely) —e(=y) dy| + 2K + 8.
0 Yy

Combining the estimates obtained in I, II and III, the desired conclusion
follows.

5.6. Proof of Theorem 3.18

Recall that (Y,)n>1 is a sequence of i.i.d. random variables with EY; = 0 and
E|Y;| < oo for 1 <i<n.Let Z; = n~*Y; and define,

Snzzl—f—Zg—‘r—‘an and
S (i) = Sp — Z;.

Note that S, (i) and S, are independent. To prove this theorem, we use the
following lemmas.

Lemma 5.6. Let v, be a Lévy measure for a-stable distributions with o € (1,2).
Let g5y be a function defined in (3.15). Then for any N > 0,

N
/(gf{(SmLU)*gi‘(sn))wa(dU):/ Ky, (t, N)(g5) (Sn + t)dt + Ry (Sn),
R —N

where

t

N
K, (t,N)= 1[07N](t)/t uVq (du) +1[—N,0](t)/N(*u)Va(dU)’ and

Ry($0)= [ (67 (504 0) =" (50wl
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The proof of this lemma follows by similar computations [3, Lemma 5.3].

Lemma 5.7. Let g be a function defined in (3.15). Then for any N > 0, we
have,

n N
E[Sng®(Sn)] = Z/NIE[Ki(t,N)(g,O;)’(Sn(i) +t)|dt + Ry,
i=1"Y"

where

Ki(t,N) = E[Z1(o<t<z,<ny — Zil{_N<z,<i<0}], and
Ry =Y E[&{g5(Sn) — 9°(Sn(i))} Lyje, =7
=1

The proof of this lemma follows by similar computations [39, Lemma 4.5].
Next, we derive a result using the above two lemmas which is as follows.

Lemma 5.8. Let g be a function defined in (3.15). Then,

E [ [0S+ 0 = g (Sw)ura(dn) ~ Sugi(S:)
R

=3 [ et gm0y a6 + oar

where Ry () and Ry are defined in Lemmas 5.6 and 5.7 respectively,

Ra= 1 38 | [ GR(S 4 0) = g (5, ura (i)

- [+ - gﬁ(&(z‘)))uw(duﬂ .

Proof. We have,
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the desired conclusion follows. O
Proof of Theorem 3.18 With the help of above three lemmas, we now find

bound in the dyw, distance for a-stable approximation with « € (1,2). By (3.4),
we have

E[h(S,) — h(X)] = E (sngz*(sn) + [ sa+) - g,?(sn))uua(du))

E <B+/ o uua(du)> i (Sn).

To get a bound on E[h(S,) — h(X)], it is sufficient to bound the right hand
side of the above equality relation. By Lemma 5.8 and (3.22), we have

ool g, ) a8 (S0ti) + 1y

f2|\h"||2/ ] Bl ) )|

Note that,

ZE RN (S

SESR[ PS040 - £ (S0 wala)

i=1 |lu|>N

< 2||n]] |u|ve (du), and
|lu|>N

|R1| =

D E[ZAf(Sn) = £ (Su@))} 122
i=1

< 2||r|] ZE[|Zi|1{\Zi|>N}]~

i=1
Using (3.23), we have

n

Ral < 130 (B[ (6705, + ) = g7.(Su)yuvala)

=1

- / (97 (S () + 1) — g5 (S0 (0)))urve(du)]

< 5 2B [0S+~ gk 500+ )

—(95 (Sn) = 91 (Sn(9)))uva(du)]
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17L
<Coum= E|Z)*°.
< Cam Y E|Z|

i=1

Also, for m; = mg = m and 8 = 0, we have

E UVq (du Sy uve(du) | Egi (S,
<ﬂ+AMM} <>>%<> <ﬂ+1mx} ( 0 gi
=0,

where the last equality holds as the integral || {ul>1} uVq(du) = 0. Combining
all the estimates above, we get the inequality of the theorem, as desired.

Appendix A: Appendix

In this section, we prove some technical results used in the previous sections.

Proposition A.1. Let X ~ S(a, 8, m1,ms). Then, its characteristic exponent
Na given in (2.4) can be written in the following form.

290 = dal2| (1= i85 tan o), a € (0,2)\ {1},
Na(2) =9 0z 2
iz — daz[(1 + 05 2 logz]), a=1,

where a € (0,2), 74 €R, dy >0 and 6 € [-1,1].

Proof. Recall that for X ~ S(a, 8, m1,m2), the characteristic exponent is given
by

Na(z) = iz8 + / (e — 1 —izulyjy <1y (v))va(du), z€R,
R

where v, is the Lévy measure given by

1 1
Va(du) = (mlml(o,oo) (’LL) + mgml(,m’o) (’LL)) du.

Now, we have to consider three different cases to proceed to the derivations
of these expressions.

(i) a €(0,1)

As noted in Section 2, for o« € (0,1), the integral f{|u\§1} uvg(du) < oo.
Indeed f{\u|§1} uvg (du) = ™="2 Denote f; = 8 — ™="2. So, one can write
Na as

Na(z) = 1281 + /(eizu — Drg(du), z€R (A1)
R
Suppose z > 0, then from (A.1)

0

m@zmm+éﬂw“4mww+/ (€ — )va(du)

— 00
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S du 0 . du
— izu _q izu _q
1231 + mq /0 (e )u1+0‘ + mg/ (e ) e

. «@ > v du > —iv dv
= Z,Zﬂl +z (ml/o (6 — 1)m + m2/0 (6 — 1)@) (AQ)

Applying Cauchy’s Theorem of contour integration on (A.2), we have

Na(2) = izB1 + 2% (mie "2“L(a) + mzei%O‘L(a)) ,

where L(a) = [;°(e7¥ — 1)y§ifa < 0, see [18, p.164].
Thus,

Na(2) =128 + 2°L(a) ((m1 +ma) cos(ga) + i(mg —mq) sin(ga))

. a ([ .Mm9 — My T
’LZﬂl +z L(a)(ml + mg) COS( B Oé) ( + ’Lml s an( 5 Oz))

For z < 0,

. T Mg —Mmy 2 ™
== - « - 1 - T . t ey .
iz01 + (—2)*L(a)(m1 + ma) cos(2a) ( +1 T 7] an( 2a))

Therefore, for any z € R

Na(2) = izB1 + |2|*L(a)(my + mo) cos(ga) <1 + z%‘% tan(éa))
=127, — do|2|” (1 - i@é tan(%a)) ,
where 7, = f1 = f— ™=22 d,, = (mq + mg)cos(3a) [T (1 — e’y)yf% and
= mrms-

(i) a € (1,2)

As noted in Section 2, for a € (1,2), the integral f{‘u|>1} uve(du) < oo.
Indeed f{|u|>1} uvy (du) = ™="2 Denote f2 = f — ™="2. So, one can write
Mo, S

Na(2) =iz02 + /R(eizu —1—idzu)ve(du), z€R (A.3)

Suppose z > 0, then from (A.3)

9] 0
Na(2) =128 + / (€ — 1 —izu)vy (du) + / (€ — 1 —izu)ve (du)
0 —oo
* d ° d
:izﬁ2+m1/o (ezzu—l—z’zu)ul%—l-mg/ (ezzu—l—izu)w%

— 0o
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. < ., du < L, dv
zlzﬁ2+za (ml\/o (elv*]-*,l’v)m +m2A (6 'L'U1+Z,U)m>
(A.4)
Applying Cauchy’s Theorem of contour integration on (A.4), we have
Ho(z) = i2f + 2 (mae E° M (a) + mae'FOM (a))

where M(a) = [ (e7¥ — 1+ y)yfl% > 0, see [18, p.164].
Thus, for any z > 0

s ™
a(2) = iz + 2" M (@) ((m1 +ms) cos(Sa) + i(mz —my) sin(Fa) )
=iz20s + 2*M(a)(m1 + ms) cos(ga) (1 + z% tan(ga))
For z < 0,

77@(3) = na(_z)

=izfs + (—2)*M(a)(m1 + ma2) Cos(ga) (1 + zmm tan(ga)) .

Therefore, for any z € R

mo —My 2

Na(2) = 1282 + |2|* M (a)(my + ms) cos(goz) <1 + me tan(;ra)>

= 129 — do|2|” (1 - i@é tan(ga)) ,

where v, = 1 = f — ™=22 d, = (my + m2) cos(F) fooo(l —eV—y) yffa
and § = M2
mi+ma’
(iii) a =1
For z € R, it is easy to show that

/‘X’ coszu — 1 ™
———du =~z
2
0

u

Now, suppose z > 0, then
n(z) = izB + / (e -1 — izul )y <1y)vi(du)
0
O .
+ / (e =1 —dzul gy <1y)v1(du) (A.5)

— 00

Let us consider second integral of (A.5). Then, we have

/0 (e — 1 —izulyjy <1y)v1(du)
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* coszu — 1 Y e du
=m ————du+i (sin zu — zulyy<1y) —
0 u 0 -u

oo s 1 “
=my <—gz—|—i lim (szu | |§1}) du) (A.6)

e—0t Jf, u? u?

Using the transformation zu = v and changing suitably the limit of integration
on (A.6), we have

/ (e — 1 — izulyjy <1y)vi(du)
0

€z _: %) . 1
=my (—Zz+ lim —z/ Sm”dv+z/ sinv - Lqpj<yy ) o
2 e—0Tt . U2 . 'U2 v
[e’e] . 1 .
=my <7Tz —izlogz+iz/ <s111211 — {|§1}> dv> (A7)
2 0 v v

The last equality of (A.7) follows, since lim,_,o+ f:z Sivnzv dv = lime_,o+ f;z %dv =

log z. If we set T' = [ (Slv# — 1“”%”) dv, then (A.7) simplifies to

e — 1 —izul gy <1y)vi(du) = my —Ezfizlogz+izr
. {lul<1} 2

Similarly, the last integral of (A.5) leads to

0
/ (eizu 11— lZUl{|u|§1})V1(du) = Mgy (—gz + 9z log(—z) — ZZF)

— 00

Thus, for any z > 0

m(z) =izB — (m1 + mg)gz + i(mg — my)zlogz + iz(my; — m2)T
=iz(B+ (my —mo)T) — (my + mg)gz (1 — zwz log z)

For any z < 0,

\o}

= i2(B+(m1 — ma)D) — (my +ma) & (—2) <1 - zm;i log(z)).

Therefore, for any z € R

m(z) =iz(B+ (m1 — mo)T) — (mq + mg)g|z| <1 — zwi% log |z|>
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2
=idzyy —di|z| [ 1+ 0= = log|z| |,
2| =

where v1 = 8+ (m1 —m2)T, dy = (m1 +mg)Z and 0 = (ma—ma)

2 mi+ma

This completes the proof. O
Proposition A.2. Let x,z € R and o € (0,1). Then, for allt > 0,

t—0+ t

lim 1(a‘zw(e"‘*l)(;s,ﬁ(z) - 1) - <x+ﬂ1 + /R ue”“ya(du)) (iz), (A.8)

where 1 = 8 — f{lu\<1} uvy(du), and v, is the Lévy measure given in (2.3).

Proof. Recall from Section 2, if X be a a-stable random variable with a € (0, 1)
one can write

o(z) = (b:iae;(—zt)z) = exp (izﬂl(l —e) +/R
where 31 = 3 — f{lulﬁl} uvy (du) (see (2.5)).
Now, let us consider LHS of (A.8),

(eizu o eiue“z)ya(du)) ’ t> 0,

lim
t—0+

(=™ gu(z) —1)
(exp (izx(e‘t — 1) 4izB(1 —e ) + /R(e"w — ei"“Z)ua(du)) — 1>

(exp (A+iB) — 1), (A.9)

= lim
t—0t

= lim
t—0t

= k| = o =

where

A= /R(cos(zu) — cos(zue™ "))V, (du) and

B- (zx(e—t S4Bl et + /R (sin(2u) — Sin(zue_t))z/a(du)) .

Applying Euler’s formula for complex exponential to (A.9), and rearranging
the limits, we have

1/ . -t
lim n (ezzw(e Dy (z2) — 1) = lim

t—0t

(A.10)

It is easy to show that at t = 0, e cos(B) — 1 = 0 and e“ sin(B) = 0. Thus,
on applying L’Hospital rule on (A.10), taking limit as ¢ tend to 0T, and using
dominated convergence theorem, we have

lim ! (ei“(eitl)qﬁt(z) — 1)

t—0+ ¢
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= (/R iusin(zu)vy (du) — z + B1 + /Rucos(zu)ya(du)> (iz)
= (—az + 61+ /Ru(cos(zu) + z'sin(zu))ua(du)> (iz)

_ <_x LB+ /R ueiz“ya(du)) (i2),

the desired conclusion follows. |

Proposition A.3. Let z,z € R and a € (1,2). Then, for all t > 0,

lim © (em@“*l)@(z) - 1) = <x + B+ /R ue®™ — 1)1/a(du)) (i2),

t—0t ¢
where B2 = B+ f{lu\>1} uve(du), and v, is the Lévy measure given in (2.3).

Proof. Recall from Section 2, if X be a a-stable random variable with a € (1,2),
one can write

o) = G
= exp (izﬂg(l —e )+ /(eiw — e (1 — et))ua(du)) . t>0,
- (A.11)
where B = B+ [(,51) UVa(du).
Now, let us consider LHS of (A.11),
s e 0001
— fim 2 (exp (C +iD) — 1), (A.12)

t—0t ¢

where

C= /R(cos(zu) — cos(zue™ ")), (du) and

D= (zx(e‘t—l)—i-zﬁg(l—e_t)—i- /R (sin(2u) —sin(zue—t) — zu(l — e_t))ua(du))

Applying Euler’s formula for complex exponential to (A.12), and rearranging
the limits, we have

1/, .
lim - (e”x(e til)qbt(z) - 1) = lim

t—0t+ t

(A.13)

It is easy to show that at t = 0, e“ cos(D) — 1 = 0 and e% sin(D) = 0. Thus,
on applying L’Hospital rule on (A.13), taking limit as ¢ tend to 0%, and using
dominated convergence theorem, we have
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lim ! (ei”(e_tfl)gbt(z) - 1)

t—0+ t

_ < /}R fusin(zu)va(du) — 7 + B + /R w(cos(zu) — l)Va(du)> (i2)
_ <_3; F B+ /R w(cos(zu) + i sin(zu) — l)ya(du)> (i2)

(oot [t ) o)

the desired conclusion follows. O

Proposition A.4. Let o € (0,2). Then,

léuy@+uw¢mo:/YmI+M—gw»%um,gesmx

o R
where v, (s the Lévy measure given in (2.3).

Proof. We use Fubini’s theorem and change in the order of integration in the
following proof.
For a € (0,2), we have

o e+ u) 0 ug/(x + u)
, () = / ug' (x d / J
/Rug ( + u)ve(du) = my e U+ mo  (Cue u

oo/ 0 /
=m1/ Mdu_m/ g+,
0

u® —o0 (7U’)a

o0 o0 1
0 u 1
/
— ame g(r+u / —————dzdu
[

o0 1 z
=am / S / g (z + u)dudz
o 2y

— amy /_0Oo ﬁ /ZO g (x + u)dudz
—a [ (ale+ )~ o) 1

0 m
o [ (gata)-olo) S

—00

:a/XMx+M—gm»%wm,
R

the desired conclusion follows. O
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Proposition A.5. Let a € (0,1) and h € Hs with § € (0,«). Then,
|29k ()] < Na,p,6,m1,ms () = Bal || + Ca6,my,ma + ] A |35|(S +]E|X|6~

Proof. For @ € (0,1), we have by (3.4),

Iwgﬁ(w)l—‘ﬂlg%(x)Augﬁ(w+U)va(dU)+(h(x) = h(0)) = (EA(X) —EA(0))

Thus, by (3.16) and (3.18), we have

5 5
g ()] < BBl + Cas.mrms + €] Al2]” + BIXT® := na,8.5m1,ms (2),

the desired conclusion follows. |

A.1. A continuous distribution without finite first moment and
differentiable characteristic function

In this appendix, we present that the characteristic function of symmetric-Pareto
distribution is differentiable. For more examples on probability distributions
having no finite first moment and yet a differentiable characteristic function, we
refer the reader to [30].

Let X be a symmetric-Pareto random variable with density

0, |z| <a,

fx(z) = {I%’ 7] > a

where @ > 0, and ¢ > 0 is a normalizing constant. Then its characteristic
function is given by

o
it t
¢(t):/emgdx:20/ oSty
R a

2 T

Observe that, ¢(t) is even. We can write the difference l%i(t) for t > 0 as
follows.

1—¢(t):/Oo1—costacdm:/1/t1—costmdm+/°°1—costmdx
a a 1

2¢ x? x? /t x?

Observe also that 1 — ¢(t) is a real-valued and non-negative function. For an
arbitrary u € R, we have 0 < 1 — cosu < min{2,u?}. This fact implies that
1—¢(t) is not greater than some constant multiplied by the function h(t) where
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1/t 0o
h(t) :t2/ d:z:+2/ izdx.
a 1/t

However, since h(t) = o(t) as t — 0, we find that

o(t) =1+o(t) as t — 0.

Therefore the characteristic function ¢(t) is differentiable at ¢ = 0.
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