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Abstract: We study a non-linear statistical inverse problem, where we ob-
serve the noisy image of a quantity through a non-linear operator at some
random design points. We consider the widely used Tikhonov regulariza-
tion (or method of regularization) approach to estimate the quantity for
the non-linear ill-posed inverse problem. The estimator is defined as the
minimizer of a Tikhonov functional, which is the sum of a data misfit term
and a quadratic penalty term. We develop a theoretical analysis for the
minimizer of the Tikhonov regularization scheme using the concept of re-
producing kernel Hilbert spaces. We discuss optimal rates of convergence
for the proposed scheme, uniformly over classes of admissible solutions,
defined through appropriate source conditions.
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1. Introduction

Within the classical setup of supervised learning we are given random sam-
ples z = {(z;,4:)}, € (X x Y)™, where the elements y;, ¢ = 1,...,m are
noisy observations of g(x;), i = 1,...,m at random points x;, i = 1,...,m of
the form

yi =g(x;)+e fori=1,...,m. (1.1)

In this introduction, we will assume implicitly that ¥ = R, though in the main
body of the paper the more general setting where Y is a Hilbert space will be
considered. We assume that the random observations of z are independently
and identically distributed according to some unknown joint probability distri-
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bution p on the sample space Z = X x Y. Further, we assume that the joint
probability measure p can be described as p(z,y) = p(y|z)v(z), where p(y|x)
is the conditional distribution of y given x and v is the marginal distribution
on X. The noise terms (g;)7*, are independent centered random variables sat-
isfying [, esdp(ys|xi) = 0, so that g(z) = [, ydp(y|x). The cardinality m of the
samples z is called sample size. The goal is to learn the functional relationship g:
this may be viewed as a direct problem. In the nonparametric regression litera-
ture, it is most often assumed either that the design is fixed on a grid, or, in the
case of random design as above, that the X-marginal (denoted hereafter by v)
used for sampling is known, or at least closely comparable (e.g. having upper
and lower bounded density) to a known reference measure such as Lebesgue.
A crucial difference in the point of view of statistical learning is that no such
assumptions are made; the marginal distribution v is unknown to the user and
can be quite arbitrary. This is the point of view adopted in the present work.

It is often assumed that the function g belongs to some reproducing kernel
Hilbert space, say Ho, so that pointwise function evaluations are well-defined
and continuous. There is vast literature for this specific setup, originating in
works on nonparametric regression using spline methods [39], and having known
a resurgence in statistical learning [2, 5]. Since pointwise evaluations can be
represented by scalar products in a reproducing kernel Hilbert space, a math-
ematically equivalent setup consists of assuming that the input x takes values
in a Hilbert space and the function g is linear; this appears in functional data
analysis [6, 12, 20].

We shall contrast this with the inverse problem, given in terms of some, in
general, non-linear mapping A: D(A) C Hi; — Ha, acting between the real
separable Hilbert spaces H; and Ha, and with A(f) = g. Thus, the goal is
to learn the implicitly given element f € H;, still from the finite samples z.
Formally we assume the model

yi:=g(x;)+e; fori=1,...,m, where A(f)=yg. (1.2)

In the case of random observations, the literature is much scarcer than for the
classical setup. For linear mappings A: H; — Ha, this was analyzed in [3, 7],
under the assumption that the norm in .#2(X,v;Y) is accessible to the user (at
least up to a multiplicative constant); again, this is an unrealistic assumption if
the only information on v is available through the sample points (z1,...,zm).
In the case of general random design with unknown marginal distribution v,
this was analyzed in [4].

For non-linear mappings A, some structural assumptions on the nature of
the non-linearity must be assumed. In the present study we shall use the most
classical non-linearity assumption, first assumed in [33], and presented in de-
tail in the monograph [11]. Roughly speaking, the mapping A is assumed to be
Fréchet differentiable at the true solution, and the Fréchet derivative obeys some
Lipschitz property, see Assumption 5 for the precise requirements. Such non-
linear inverse problems occur in many situations, and examples are given in the
seminal monograph [11]. Of special importance are problems of parameter iden-
tification in partial differential equations, and we mention the monograph [16,
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Chapt. 1], and the more recent [34]. In such settings, the model we consider with
random sampling and unknown sampling distribution v (“learning” model) is
particularly relevant if we have a good “physical” knowledge of a complex sys-
tem (the known operator A), but with many unknown parameters, furthermore
this system is only observed “in the wild”, without the possibility for the user
to choose or even know precisely the design distribution. This is typically of
interest in fields such as economics, medicine, etc.

A widely used approach to stabilizing the estimation problem (1.1) is the
Tikhonov regularization or regularized least-squares algorithm or method of
regularization. The estimate of the solution of (1.1) is obtained by minimizing an
objective function consisting of an error term measuring the fit to the data plus a
smoothness term measuring the complexity of the quantity f. For the non-linear
statistical inverse problem (1.2), and hence with g = A(f), the corresponding
regularization scheme over the hypothesis space H; can be described as

fur = argmin {%ZA(fxxi)y¢||§+A||fﬂlil}- (13)
i=1

fED(A)CH1

Here f € H; denotes some initial guess of the true solution, which offers the
possibility to incorporate a-priori information. The regularization parameter A
is positive and controls the trade-off between the error term measuring the
fitness of data and the complexity of the solution measured in the norm in ;.

The objective of this paper is to analyze the theoretical properties of the reg-
ularized least-squares estimator f, x, in particular, the asymptotic performance
of the regularization scheme is evaluated by the bounds and the rates of con-
vergence of the regularized least-squares estimator f, x. Precisely, we develop
a non-asymptotic analysis of Tikhonov regularization (1.3) for the non-linear
statistical inverse problems based on the tools that have been developed for the
modern mathematical study of reproducing kernel methods. The challenges spe-
cific to the studied problem are that the considered model is an inverse problem
(rather than a pure prediction problem) and non-linear. The upper rate of con-
vergence for the regularized least-squares estimator f, » to the true solution is
described in the probabilistic sense by exponential tail inequalities. For sample
size m and the confidence level 0 < 1 < 1, we establish the bounds of the form

Paczn {Ifun = flly, < clm)tog (1)} =1

Here the function m — &(m) is a positive decreasing function and describes
the rate of convergence as m — oco. The upper rate of convergence is comple-
mented by a minimax lower bound for any learning algorithm for the considered
non-linear statistical inverse problem. The lower rate result shows that the error
rate attained by the Tikhonov regularization scheme for a suitable choice of the
regularization parameter is optimal on a suitable class of probability measures.

Now we review previous results concerning regularization algorithms on dif-
ferent learning schemes which are directly comparable to our results: Caponnetto
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TABLE 1
Convergence rates of the reqularization schemes on different learning schemes: the
parameter r refers to the smoothness of true solution in source conditions and b > 1 refers
to the rate of eigenvalue decay of the covariance operators.

General

Learning  Regular- far — £l Smoothness ~ Seurce 1?12151_
problem  ization z,A Hi condi- rates
tion
Caponnetto :
Tikh

et al. [5] reoney v
Rasitog];i et Direct General T 0<r<1 Vv Vv
al. [29
Lin et al General \/ \/
[18]
Blanchard .Lmear General m” T 0<r<1 v
et al. [4] inverse

Non- b
Our Results linear Tikhonov m~ 2ol % <r<l1 Vv v

inverse

et al. [5], Rastogi et al. [29], Lin et al. [18] and Blanchard et al. [4]. For conve-
nience, we tried to present the most essential points in a unified way in Table 1.

In this table, the parameter r corresponds to a (Holder type) smoothness
assumption for the unknown true solution, and the parameter b > 1 corresponds
to the decay rate of the eigenvalues of the covariance operator, both to be
introduced below in Assumption 6, and Assumption 7, respectively.

The model (1.2) covers nonparametric regression under random design (which
we also call the direct problem, i.e., A = I), and the linear statistical inverse
problem. Thus, introducing a general non-linear operator A gives a unified ap-
proach to different learning problems. In the direct learning setting, Caponnetto
et al. [5] established the minimax optimal rates of convergence for Tikhonov
regularization under a Holder source condition. Rastogi et al. [29] generalized
these bounds for general regularization and under a general source condition.
Lin et al. [18] obtained the error estimates in interpolation norms for general
regularization in Hilbert space which particularly gives the optimal rates for
general regularization in the reproducing kernel Hilbert space (RKHS). These
results cover the case when the minimizer of the expected risk does not belong
to the RKHS. Blanchard et al. [4] considered general regularization methods for
the linear statistical inverse problem. They generalized the convergence analysis
of the direct learning scheme to the inverse learning setting and achieved the
minimax optimal rates of convergence for general regularization under a Holder
source condition. They considered that the image of the operator A is a repro-
ducing kernel Hilbert space which can be seen as a special case of our general
assumption that I'm(A) is contained in a reproducing kernel Hilbert space in
the linear setting (when A is the linear operator). Here, we consider Tikhonov
regularization for the non-linear statistical inverse problem. We obtain minimax
optimal rates of convergence under a general source condition. The assumptions
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on the non-linear operator A (see Assumption 5, and the condition (4.5), be-
low) allow us to estimate the error bounds for the source condition under some
additional constraint, which for Holder source condition (¢(t) = t") corresponds
to the range % <r<l.

In this nonlinear setup, other works include the milestone work [26] which
considers asymptotic analysis for the generalized Tikhonov regularization
for (1.2) using the linearization technique. The reference [3] considers a 2-step
approach, in which, first an approximate g° of ¢ in (1.2) is estimated using the
observations {(z;,y;)};~,. Then, the regularization schemes are used to stably
approximate the quantity f in (1.2). Again, the norm in .Z?(X,v;Y) needs to
be known.

The references [1] and [15, 40] consider respectively a Gauss-Newton algo-
rithm and the method of regularization (Tikhonov regularization) for certain
non-linear inverse problems, in the idealized setting where the noise is a (possibly
weak) Gaussian element in a Hilbert space. In this, the noise & is a Hilbert space
process on Hso, such that the random variable £(g) = (€, g) satisfies E (£(g)) =
0, Var (£(g9)) < oo for any vector g € Ha, and E (£(g1)€(g2)) = (Cg1, g2) for
all g1,92 € Ho and a bounded self-adjoint nonnegative operator C. The white
noise setting is when C = I (in that case £ € Hs but £(g) = (£, ¢) holds in a
weak sense), otherwise the setting is dubbed colored noise. This type of noise can
cover random design sampling effects, but the output space of the operator is
then taken to be #?(X,v;Y) in such an approach; thus there again it is implic-
itly required that .#?(X,v;Y) is known for the construction of the considered
methods. Loubes et al. [21] consider (1.2) under a fixed design and concentrate
on the problem of model selection. Finally, the recent work [30] analyzes rates of
convergence in a model where observations are of the form h(K f)(x) perturbed
by noise, but only in a white noise model and for specific, uni-variate non-linear
link functions h, and linear operator K.

Hence, the statistical inverse problems are considered with (most often Gaus-
sian) white or colored noise in general. The 2-step approaches are well-studied
to obtain the approximate solution of the inverse problems. In the present paper
we make the following contributions:

e We consider the nonlinear statistical inverse problem with random design
and random observation noise. The observation noise can be non-Gaussian
(satisfying a Berstein-type moment assumption), and the random design
distribution is unknown, which generally precludes approaches based on
directly modeling the observation error as a Gaussian noise in a fixed,
known Hilbert space.

e To directly approximate the quantity f in (1.2) from the observations,
we consider the (1-step) non-linear Tikhonov regularization rather than
2-step approaches for inverse problems. Furthermore, we establish rates of
convergence in terms of sample size, as the sample size tends to co.

The structure of the paper is as follows. In Section 2, we introduce the basic
setup and notation for supervised learning problems in a reproducing kernel
Hilbert space framework. In Sections 3 and 4, we discuss the main results of
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this paper on consistency and error bounds of the regularized least-squares so-
lution f, » under certain assumptions on the (unknown) joint probability mea-
sure p, and the (non-linear) mapping A. We establish minimax rates of conver-
gence over the regularity classes defined through appropriate source conditions
by using the concept of the effective dimension. In Section 5, we present a con-
cluding discussion on some further aspects of the results. In the appendix, we
establish the concentration inequalities, perturbation results and the proofs of
consistency results, upper error bounds, and lower error bounds.

2. Setup and basic definitions

In this section, we discuss the mathematical concepts and definitions used in
our analysis. We start with a brief description of the reproducing kernel Hilbert
spaces since our approximation schemes will be built in such spaces. The vector-
valued reproducing kernel Hilbert spaces are the extension of real-valued repro-
ducing kernel Hilbert spaces, see e.g. [25].

Definition 2.1. Let X be a non-empty set, (Y, {-,-)y) be a real separable Hilbert
space and H be a Hilbert space of functions from X to Y. If the linear func-
tional Fy .y : H — R, defined by

Foy(f) =y, f(x))y  VfeH,
is continuous for every x € X and y € Y, then H is called vector-valued repro-
ducing kernel Hilbert space.

For the Banach space L£(Y) of bounded linear operators Y — Y, a func-
tion K : X x X — L(Y) is said to be an operator-valued positive semi-definite
kernel if for each pair (z,2) € X x X, K(x,2)* = K(z,), and for every finite
set of points {z;}¥, C X and {y;}}¥, C Y,

N
Z (i, K (i, 25)y;)y > 0.

i,j=1

For every operator-valued positive semi-definite kernel, K : X x X — L(Y),
there exists a unique vector-valued reproducing kernel Hilbert space (H, (-, )%
of functions from X to Y satisfying the following conditions:

(i) For all z € X and y € Y, the function K,y = K(-,x)y, defined by
ze€ X (Kuy)(z) = K(z,2)y €Y,

belongs to H; this allows us to define the linear mapping K, : ¥ — H :
y— Kpy.

(ii) The span of the set {K,y:2z € X,y € Y} is dense in H.

(iii) For all f € H, z € X and y € Y, (f(x),y)y = (f, Koy)#n, in other
words f(z) = K} f (reproducing property).
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Moreover, there is a one-to-one correspondence between operator-valued pos-
itive semi-definite kernels and vector-valued reproducing kernel Hilbert spaces
[25]. In special case, when Y is a bounded subset of R, the reproducing ker-
nel Hilbert space is said to be real-valued reproducing kernel Hilbert space. In
this case, the operator-valued positive semi-definite kernel becomes the sym-
metric, positive semi-definite kernel K : X x X — R and each reproducing
kernel Hilbert space H can be described as the completion of the span of the
set {Kp, e H:x € X} for K, : X - R:¢— Ky(t) = K(z,t). Moreover,
for every function f in the reproducing kernel Hilbert space H, the reproducing
property can be described as f(z) = (f, K;)n.

We assume that the input space X be a Polish space, and the output space
(Y, (-,-)y) be a real separable Hilbert space (both endowed with their Borel o-
algebras). Under these assumptions the conditional distribution p(y|x) exists,
see for example [37, Section A.3.2].

We specify the abstract framework for the present study. We consider that
random observations {(z;,y;)}™, follow the model y = A(f)(x) + & with the
centered noise ¢ = y — A(f,)(z) (ie., [, edp(ylr) = 0). The operator A is
assumed to be one-to-one.

Assumption 1 (True solution f,). Given p, there exists f, € int(D(A)) C H1
such that

/Y ydp(yle) = A(f,) (@), for all z € X.
The element f, is the true solution which we aim at estimating.

Assumption 2 (Noise condition). There exist some constants M,% such that
for almost all x € X,

2
ey e lelly < Z
[ (et = B 1) dotulo) < g

This Assumption is usually referred to as a Bernstein-type assumption. The
assumption implies the bounds of the noise in the second and higher-order mo-
ments as follows:

|
[l aptoie) < Tw2nr=s, oz
Y
Concerning the Hilbert space Ho, we assume the following throughout the

paper.

Assumption 3 (Vector valued reproducing kernel Hilbert space Hs). We as-
sume Ha to be a separable vector-valued reproducing kernel Hilbert space of
functions f : X =Y corresponding to the kernel K : X x X — L(Y) such that

(i) Forallz € X, K, : Y — Hs is a Hilbert-Schmidt operator, and

52 1= sup HKZH?{S = sup tI‘(K;Kw) < 00,
zeX zeX

implying in particular that Ho C L*(X,v;Y).
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(it) The real-valued function s : X x X — R, defined by
S(z,t) = (K, Kyw)y,,

is measurable Yv,w € Y.

Note that the separability assumption on Hs is in particular satisfied if the
kernel K is continuous, see [37, Lemma 4.33], but this is not necessary.

Example 2.2 (Sobolev space). Certain Sobolev spaces satisfy the above as-
sumptions, and the kernel K is completely explicit.
Let WF2(R?) be the Sobolev space of differential order k (based on the space
2(mRd . ; d s :
ZL2(R% v;R)), for the integer k > §, which is defined as the completion of
C°(R?) with respect to the norm given by:

K ! (k
115 = 1 F lea@ay =D D % (u) /Rd

v=0 a€Zi,|a\§I/

2

0" f@) ",

oxv

The Sobolev space W*2(R?) is a reproducing kernel Hilbert space with the re-
producing kernel K, given by (see [32, Sec. 1.3.5])

_ 1 exp(i(z — y,§)) d
K(:c,y)—(%)d /R TERTIRE ¢, x,yeRY,

where ||-|| is the Buclidean norm in RY.
It satisfies Assumption 3 with k2 := (2m)~¢ [o.(1 + 1€]1%)~*de < oo.

Note that in the case of real-valued functions (Y C R) we get K, € Ho
and Assumption 3 simplifies to the condition that the kernel is measurable
2 2
and k% 1= sup, ¢ x [ Kzll3, = sup,ex K(z,7) < oo.
The operator Ix denotes the canonical injection map He — £%(X,v;Y),
that

2 2
gl ez (x 0y = /Ilg 2)|y dv(z) /Il 29lly dv(z) < w2 gl

We denote Ly := I} Ix: Hao — Ho the corresponding covariance operator.

3. Consistency

We establish consistency in expectation and almost surely of the Tikhonov reg-
ularization in the sense that || fzx — fyll2, — 0 as |z| = m — oo. For this, we
need weak assumptions on the operator.

Assumption 4 (Lipschitz continuity). We suppose that D(A) is weakly closed
with the nonempty interior and A : D(A) C Hy1 — Hz is Lipschitz continuous,
one-to-one.
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The inequality [[Ixgl g2(x,.yv) < #llglly, for g € Hz and the continuity
of the operator A : D(A) C H1 — Ho implies that IxA : D(A) — Ha —
£?(X,v;Y) is also continuous. Since D(A) is weakly closed, the mapping Ix A
is weakly sequentially closed!. For the continuous and weakly sequentially closed
operator A, there exists a global minimizer of the functional in (1.3). But it is
not necessarily unique since A is non-linear (see [34, Section 4.1.1]).

The proofs of Theorems 3.1, 3.4 will be given in Appendix B.
Theorem 3.1. Suppose that Assumptions 1, 3, 4 hold true and

02 = / ly — A @2 dp(z,y) < oo.

Assume additionally that I is injective. Let f, » denote a (not necessarily
unique) solution to the minimization problem (1.3) and assume that the reg-
ularization parameter \(m) > 0 is chosen such that

1
A—=0, —=—0am— 0. (3.1

Avm

Then we have that
E, (||fz,>\ - fp||$_[1) — 0 as |z| =m — . (3.2)

Remark 3.2. As can be seen from the proof, the existence of arbitrary moments,
as required in Assumption 2 is not needed. Instead, only the existence of second
moments is used, as seen from the introduction of o,.

Remark 3.3. A sufficient condition to ensure that Iy is injective is that the
marginal px has full support on the Polish space X (this is also a necessary
condition) and that the kernel K is continuous (see [37, Exercise 4.6]).

The previous result can be strengthened as follows.

Theorem 3.4. Suppose that Assumptions 1-4 hold true, and assume addition-
ally that Ik s injective. Let f, x denote a (not necessarily unique) solution
to the minimization problem (1.3) and assume that the regularization parame-
ter A(m) > 0 is chosen such that

logm

Avm

A =0, — 0 as m — oo. (3.3)

Then we have that

|| fzx — folla, = O almost surely as m — oo. (3.4)

lie., if a sequence (fm)men C D(A) converges weakly to some f € Hi and if the se-

quence (A(fm))men C ZL%(X,v;Y) converges weakly to some g € £?(X,v;Y), then f €
D(A) and A(f) =g.
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4. Convergence rates

To derive rates of convergence additional assumptions are made on operator A.
We need to introduce the corresponding notion of smoothness of the true solu-
tion f, from Assumption 1. We discuss the class of probability measures defined
through the appropriate source condition which describes the smoothness of the
true solution.

Following the work of Engl et al. [11, Chapt. 10] on ‘classical’ non-linear
inverse problems, we consider the following assumption:

Assumption 5 (Non-linearity of the operator). We assume that D(A) is con-
vexr with nonempty interior, A : D(A) C H1 — Ha — L2(X,v;Y) is weakly
sequentially closed and one-to-one. Furthermore, we assume that

(i) A is Fréchet differentiable,
(ii) the Fréchet derivative A'(f) of A at f is bounded in a ball By(f,) of ra-
dius d := 4 pr — f“Hﬂ i.e., there exists L < oo such that

||A/(f)||7{1a7-¢2 <L V f € Ba(f,) N D(A) C Ha,

and
(ii1) there exists v > 0 such that for all f € Bq(f,) ND(A) C H1 we have,

12 AU = AUp) = AU = S raenery < 217 = ol

Remark 4.1. The condition (iii) also holds true under the stronger assumption
that A’ is Lipschitz for the operator norm (see [11, Chapt. 10]), i.e.,

Ik {A(F) = A () g, 22 vy S VI = Follae, -

A sufficient condition for weak sequential closedness is that D(A) is weakly closed
(e.g. closed and convez) and A is weakly continuous. Note that under the Fréchet
differentiability of A : D(A) C H1 — Ha (Assumption 5 (ii)), the operator A is
Lipschitz continuous in a ball Bq(f,) with Lipschitz constant L.

The nonlinearity assumption imposed on the operator A is standard, and
its applicability for nonlinear illposed problems has been verified for several
examples, see e.g. [17, Chapt. 4], [14] and also [31, Chapt. 7].

To illustrate the general setting, we also consider the following examples
for nonlinear operators on Sobolev spaces as in Example 2.2. We shall assume
that H; = Ha = H is the Sobolev space W*2(R).

Example 4.2. For H = WH2(R) described in Example 2.2, we consider the
non-linear operator A : H — H given by:

[A(N)](z) = y O(x,5)(f(s))?du(s),  xeR? feD(A)CH,
where ¥ : RYxR?Y — R is k-times differentiable. It can be checked that A(f) € H,
with
1Al < Ch@) 17115 < K2Cu() [1£153;
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where K is as in Example 2.2, and

Cr(9) :=

[ 969duts)
R4 H
(assumed to be finite).

The Fréchet derivative of A at f is given by
[A'(Ngl(x) =2 | O(x,s)f(s)g(s)du(s).

Rn

Then we have

1A' (£ gl < 2Ck @) [1£oll 0 N9lloo < 267 Cr(@) 1 £olly¢ llgllyy -

and

M LA (F)g — A0}
<|A(f)g — A (fo)all < wIA(f)g — A(fp)9ll
§2"€30k(19) ||f - fp”?-[ HQHH )

so that Assumption 5 is satisfied.

Example 4.3. Assume that 2 is of class C*, a nonempty, bounded, open subset
of R%. For H = WF2(R), we consider the non-linear operator A : H — H of
the form:

A(f)(z) = G(z, f(x)), (4.1)
where G : Q@ x R — R, G € C**1(Q x R). Such non-linear mappings are often
called superposition operators.

From [38, Theorem 3.1], we observe that the operator A is continuous and
from Theorem 4.1 ibid., the Fréchet derivative of A at f is given by

[A'(Ngl(x) = g(x) Dy G(x, f(x)),

where D, denotes the derivative of G with respect to the second coordinate.
Further, the Fréchet derivative is Lipschitz continuous, so that Assumption 5 is
satisfied.

Under the above non-linearity assumption on operator A we now introduce
the related operators, which will turn out to be useful in the analysis of regu-
larization schemes.

We recall that Ixc denotes the canonical injection map Ha — (X, v;Y),
and A’(f,) the Fréchet derivative of A at f,. We define the operator B : H; —
L?(X,v;Y) given by

fr Bf = (I o (A(£,))(f) = Ik (A'(f,)])-

We denote T := B*B: H; — H; the corresponding covariance operator.
The operators Ly from Section 2, and T are positive, self-adjoint and compact
operators, even trace-class operators.
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Observe that the operator B depends on Ix and f,, thus on the joint prob-
ability measure p itself. It is bounded and satisfies || B[4, , g2(x ..y < KL

The consistency results as established in Section 3, yield convergence of the
minimizers f, x, as |z| = m tends to infinity, and the parameter A is chosen
appropriately. However, the rates of convergence may be arbitrarily slow. This
phenomenon is known as the no free lunch theorem [10]. Therefore, we need
some prior assumptions on the probability measure p to achieve uniform rates
of convergence for learning algorithms.

Definition 4.4 (Index function). A function ¢ : Rt — RT is said to be an
index function if it is continuous and strictly increasing with ¢(0) = 0.

Assumption 6 (General source condition). The true solution f, belongs to the
class Q(p, ¢, R) with

Qp. ¢, R) = {f € Ha: f — F = §(T)v and |vlly, < R},

where ¢ is an index function defined on the interval [0, k2L?].

The general source condition f, € Q(p, ¢, R), by allowing for the index func-
tions ¢, cover a wide range of source conditions, such as Holder source con-
dition ¢(t) = ¢" with » > 0, and logarithmic-type source condition ¢(t) =
tPlog™" (%) with p € N, v € [0,1]. The source sets Q(p, ¢, R) are precompact
sets in H;p, since the operator T is compact. Observe that in contrast with
the linear case, in the equation f, — f = ¢(T)v from Assumption 6, the true
solution f, appears on both sides, since the operator T itself depends on it
(through A’(f,)). This condition is more easily interpreted as a condition on
the “initial guess” f, so that the initial error (f — f») should satisfy a source
condition with respect to the operator linearized at the true solution. Assump-
tion 6 is usually referred to as a general source condition, see e.g. [24], which
is a measure of regularity of the true solution f,. This is inspired, on the one
hand, by the approach considered in previous works on statistical learning us-
ing kernels, and, on the other hand, by the “classical” literature on non-linear
inverse problems. The true solution f, is represented in terms of the marginal
probability distribution v over the input space X, and of the linearized operator
at the true solution, respectively. Both aspects enter into Assumption 6.

Assumption 7 (Eigenvalue decay condition). The eigenvalues (t,)nen of the
covariance operator Lg follow a polynomial decay, i.e., for fixed positive con-
stants B and b > 1,

tn < Bn~" VneN.

Now under Assumption 5 (ii) using the relation for singular values s;(UV) <
U]l s;(V) for j € N (see Chapter 11 [27]) we obtain,

5i(T) < A (f)l3r, spe, 85 (L) < L2s5(Lic)-

Hence the polynomial decay condition on eigenvalues of the operator Ly implies
that the eigenvalues of T' also follows the polynomial decay.
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Following the concept of Bauer et al. [2], and Blanchard et al. [4], we consider
the classes of probability measures Py and Py .

Definition 4.5 (P, and Pyp). The class of probability measures Py consists
of p such that

(i) The conditional distribution p(y|x) satisfies the Assumptions 1, 2.
(ii) The true solution f,, that corresponds to p, cf. Assumption 1, obeys the
smoothness assumption 6.

Further, we define the set of probability measures Py, C Py consisting of
those p € Py such that the sampling distribution px satisfies the eigenvalue
decay assumption 7.

Both the classes Py, Py depend on the observation noise distribution (re-
flected in the parameters M > 0, X > 0) and the smoothness properties of the
true solution f, (reflected in the parameters R > 0, ¢ > 0). The class Py also
depends on the properties of the covariance operator Lk (reflected in terms of
the eigenvalue decay parameter b).

We achieve optimal minimax rates of convergence using the concept of effec-
tive dimension of the operator Ly . For the trace class operator L, the effective
dimension is defined as

NA) =N, (N :=tr (Lg + M) 'Lg), for A>0.

For the infinite-dimensional operator Ly, the effective dimension is a contin-
uously decreasing function of A from oo to 0. For further discussion on the
effective dimension, we refer to the literature [19, 22].

Under Assumptions 3, 5 (ii), the effective dimension N(\) can trivially be
estimated as follows,

[N~}

tr(Lg) < =, A>0. (4.2)

-1
) Hﬁ(?—tz)
However, we know from [5, Prop. 3] that, under Assumption 7, we have the

improved bound
N < Capa™?, (4.3)

where Cs, is a positive constant depends on the parameters 5 and b.

4.1. Upper rates of convergence

In Theorems 4.6—4.7, we present the upper error bounds for the regularized least-
squares solution f, x over the class of probability measures Pg. We establish the
error bounds for both the direct learning setting in the sense of the .Z?(X, v;Y)-
norm reconstruction error ||Ix {A(fzx)— A(fp)}H;Z’Q(XW;Y) and the inverse
problem setting in the sense of the H;-norm reconstruction error || fo x — fplly, -
Since the explicit expression of f, » is not known, we use the definition (1.3) of
the regularized least-squares solution f, » to derive the error bounds. We use the
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linearization techniques for the operator A in the neighborhood of the true solu-
tion f, under the (Fréchet) differentiability of A. We estimate the error bounds
for the regularized least-squares estimator by measuring the complexity of the
true solution f, and the effect of random sampling. The rates of convergence are
governed by the noise condition (Assumption 2), the general source condition
(Assumption 6) and the ill-posedness of the problem, as measured by an as-
sumed power decay (Assumption 7) of the eigenvalues of T with exponent b > 1.
The effect of random sampling and the complexity of f, are measured through
Assumption 2 and Assumption 6 in Proposition A.3 and Proposition C.1, re-
spectively. In addition to this, we briefly discuss two additional assumptions
considered in the analysis.

The error bound discussed in the following theorem holds non-asymptotically,
but this holds with sufficiently small regularization parameter A and sufficiently
large sample size m. Given the parameters x, L, M, ¥, d (from Assumptions 2—
3, 5), for fixed n and A, we can choose sufficiently large sample size m such

that
L(M+X 4
8k max (1, %) log (5) < V/mA. (4.4)

The condition (4.4) says that as the regularization parameter A decreases, the
sample size must increase. This condition will be automatically satisfied under
the parameter choice considered later in Theorem 4.8.

Under the source condition f, — f = ¢(T)v for ¢(t) = Vt(t), we have
that f, — f = T'/2¢(T)v = T"?w for (T)v = w. We assume that

27 [[wlly, < 1. (4.5)

The additional assumption (4.5) is a “smallness” condition that imposes a
constraint between |lwl|,, and the non-linearity as measured by the parame-
ter v in Assumption 5 (iii). This condition ensures that the initial guess is close
enough to the true solution and the residual error on linearizing the nonlinear
operator A at the true solution is small enough in order to achieve the rates of
convergence. This fact will be clear from the proofs of Theorem 4.6 and Theo-
rem 4.7. For the latter norm to be finite for any function satisfying the source
condition f, € Q(p, ¢, R), it requires that ¢(t)/v/t remains bounded near 0, in
particular, if ¢(t) = ¢", that r > %

The proofs of Theorems 4.6—4.8 will be given in Appendix C.

Theorem 4.6. Let z be i.i.d. samples drawn according to the probability mea-
sure p € Py where ¢(t) = V't. Suppose Assumptions 1-3, 5-6 and the condi-
tions (4.4), (4.5) hold true. Then, for all 0 < n < 1, for the regularized least-
squares estimator f, » (not necessarily unique) in (1.3) with the confidence 1—n
the following upper bound holds:

[ fax = folliy < C1 {R\/_+—+ M}log(é>
mA n
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and

2
1Tk (A a0) = AU L2y < cm{zm T E:f;”} g2,

where Cy and Cy depend on the parameters v, L, R.

In the above theorem we discussed the error bounds for the Holder source
condition (Assumption 6) with ¢(t) = /t. In the following theorem, we discuss
the error bound for the general source condition with the suitable assumptions
on the function ¢.

Theorem 4.7. Let z be i.i.d. samples drawn according to the probability mea-
sure p € Py where ¢(t) = Vty(t) is an index function satisfying the conditions
that 1(t) and /t/1(t) are nondecreasing functions. Suppose Assumptions 1—
3, 5-6 and the conditions (4.4), (4.5) hold true. Then, for all0 < n < 1, for the
reqularized least-squares estimator f, x (not necessarily unique) in (1.3) with
the confidence 1 — n the following upper bound holds:

M 22N (A 4
s~ s < C{W P %} (4.

where C' depends on the parameters v, L, [[wl, -

Note that error bounds for [ f,x — f,,, in both Theorem 4.6 and Theo-
rem 4.7 are the same up to a constant factor which depends on the parame-
ters 7, L, [lwlly, -

In Theorems 4.6-4.7, the error estimates reveal the interesting fact that the
error terms consist of increasing and decreasing functions of A which led to pro-
pose a choice of regularization parameter by balancing the error terms. We derive
the rates of convergence for the regularized least-squares estimator based on a
data-independent (a-priori) parameter choice of A for the classes of probability
measures Py and Py p. The effective dimension plays a crucial role in the error
analysis of the regularized least-squares learning algorithm. In Theorem 4.8, we
derive the rate of convergence for the regularized least-squares solution f,  un-
der the general source condition f, € Q(p, ¢, R) for the parameter choice rule
for A based on the index function ¢ and the sample size m. For the class of
probability measures Py p, the polynomial decay condition (Assumption 7) on
the spectrum of the operator T also enters into the picture and the parameter b
enters in the parameter choice by the estimate (4.3) of the effective dimension.
For this class, we derive the minimax optimal rate of convergence in terms of
the index function ¢, the sample size m, and the parameter b.

Theorem 4.8. Under the same assumptions of Theorem 4.7, the convergence
of the regularized least-squares estimator f, » in (1.8) to the true solution f,
can be described as:

1) For the class of probability measures Py with the parameter choice X\ =
(i) P y ) P
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! (m_l/Q) where O(t) = tp(t), we have

Puczn { 1o~ Gl < %0 (07 (m) 1og () b 21,

where C' depends on the parameters vy, L, ||wlly, , R, x, M, ¥ and

lim limsup sup Pyezm {”fz,)\ — foll, > 76 (9_1 (m_1/2)>} =0.

T—00 m—s 00 PEP¢

(ii) For the class of probability measures Py under Assumption 7 and the
parameter choice A = W' (m~1/2) where U(t) = t2T 5 $(t), we have

Paczn {fun = s = €7 (07 (m %) 105 (1)} 21

where C" depends on the parameters y, L, ||wl|y, , R, K, M, %, b, 8 and

lim limsup sup Pezm {Hfz:)\ — folla, > 76 (\If_l (m_1/2>>} =0.

T—00 m— oo P€P¢,b

Notice that the rates given for the class P4 are worse than the one for the
(smaller) class P, ;, which is easily seen from the fact that t1/271/(2) > ¢ for b >
1, and hence ¥(t) > O(¢) for t € [0, 1].

We obtain the following corollary as a consequence of Theorem 4.8.

Corollary 4.9. Under the same assumptions of Theorem 4.7 with the Holder’s
source condition f, € Q(p, ¢, R), ¢(t) =t", the convergence of the reqularized
least-squares estimator f, x in (1.8) to the true solution f, can be described as:

(i) For the class of probability measures Py with the parameter choice A =
m_Tlﬂ, for all 0 < n < 1, we have with the confidence 1 — 1,

r 4 1
[f2x = follze, < C'm™ 75 log (5) forgsr=t

(ii) For the class of probability measures Py with the parameter choice A =
m- 2b"'+bb+1, for all 0 < n < 1, we have with the confidence 1 — 7,

. 4 1
| fox = Foll, < C"m~ 274557 log (ﬁ) for 5 <r<1.

We obtain the following corollary as a consequence of Theorem 4.6.

Corollary 4.10. Under the same assumptions of Theorem 4.6 with the Holder’s
source condition f, € Q(p, ¢, R), ¢(t) = t'/2 the convergence of the reqularized
least-squares estimator f, x in (1.3) to the true solution f, can be described as:
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(i) For the class of probability measures Py, with the parameter choice A =
m*%, for all 0 < n < 1, we have with the confidence 1 — 1,

1 4
1far = follas < Clm™ 5 log (5)

and

1 4
1k {A(fun) — AU} L2 (xery < Com™ b log (5) ,

where C7 and Cy depends on the parameters vy, L, |w|ly, , &, M, %.
(i1) For the class of probability measures Py with the parameter choice A =

mfﬁ, for all 0 < n < 1, we have with the confidence 1 —n,

b 4
||f2,/\ - prHl < C{/m e log (5)

and

_ b 4
i {AUsn) = AE)} |22 ey < CYm™ 757 log (5) ,

where C1' and Cy depends on the parameters v, L, |[wl, , &, M, ¥, b, B.

Now we compare the error bounds established for direct learning setting in the
sense of Z?(X, v;Y)-norm reconstruction error || Irx {A(fsx) — A(f,)} ||$2(X’V;Y)
and the inverse problem setting in the sense of the H;-norm reconstruction er-
ror || fa,x — foll4, - Since under the condition (4.4) from (B.13) we have that f, \ €
Ba(f,) ND(A) C H,y with confidence 1 — 1/2, therefore with Assumption 5 lin-

earizing the operator A at f, (i.e., A(fz2) = A(f)) + A (fo)(far—fo) +7(f2r))
we conclude that

1k {Afan) = AUDY 2 xry (4.6)
= ”IK {A/(fp)(fz,)\ - fp) + T(fz,)\)}H:gz(X’V;y)
S ”B(fz,)\ - fp)||$2(X7u;Y) + ||1Kr(fz,)\)‘|32(x7y;y)

gl
SHTl/Z(fL)\,fp) +§||fz,>\*fp||3-£1'

Ha

Thus bounding the prediction norm |[Ix {A(fz,x) = A(fo)}l 22 (x vy cOT-
responds to learning bound in which the first norm consists of some target
function 7/2 [, which has additional smoothness 1/2, on the other hand, the
second term is square of the reconstruction error in Hi-norm, therefore this
might result in a higher rate. Indeed, this heuristics is validated from Theo-
rem 4.6 and Corollary 4.10, where we observe that the prediction norm has a
faster convergence rate than the reconstruction error in Hi-norm.

The assumptions on the non-linear operator A (see Assumption 5, and the
condition (4.5)) allow us to estimate the reconstruction error bounds in H;-norm
for Hélder source condition (¢(t) = ") corresponds to the range 1 < r. It is well-
known that Tikhonov regularization has the saturation effect at r = 1 (since
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it has qualification 1), therefore we cannot improve the rates of convergence
beyond r = 1. From (4.6) we observe that for the prediction error we have
additional smoothness 1/2 in the bound on the right-hand side, therefore we
only estimate the prediction error for r = % For the higher smoothness (% <r),
the rates for the prediction error cannot be improved.

4.2. Lower rates of convergence

In this section, we discuss the lower rates of convergence for non-linear sta-
tistical inverse problems over a subclass of the probability measures Py ;. The
Kullback-Leibler information and Fano inequalities are the main ingredients in
the analysis of the estimates for the minimum possible error. The Kullback-
Leibler divergence between two probability measures p; and ps is defined as

K(p1,p2) ::/Zlog(g(Z))dpl(Z),

where g is the density of p; with respect to pa, that is, p1(E) = [ g(2)dp2(2)
for all measurable sets E.

To obtain the lower bound, we define a family of probability measures ps
parameterized by suitable vectors f € D(A) C Hy. We assume that Y is finite-
dimensional space with a basis {v;}7_,. Then for each f € D(A) C Hi, we
associate the probability measure on the sample space Z:

d
pi(e,y) = % S (03 (2)8y e, + b3 (2)5y—ar,) (), (4.7)
i=1

where a; (z) = J—(A(f), vaj>7-l27 b](z) = J+(A(f), K$Uj>7-127 J = 46| ACf) ||
and 6,_¢ denotes the Dirac measure on Y with unit mass at y = &.

Following the analysis of Caponnetto et al. [5] and DeVore et al. [9] we
establish the lower rates of convergence for the non-linear statistical inverse
problems that can be attained by any learning algorithm. The main steps are
the following. To obtain the lower rates of convergence for learning algorithms,
we generate N.-vectors (f1,...,fn.) depending on € < ¢y for some gy > 0,
with N — oo as € — 0 such that any two of these vectors are separated
by constant times & with respect to the norm in Hilbert space H; (Proposi-
tion D.2 (i)). Then we construct the probability measures p; = py, from (4.7),
parameterized by f;’s (1 < i < N.) with small Kullback-Leibler divergence to
each other (Proposition D.2 (ii)) and are therefore statistically close. Finally,
we obtain the lower rates of convergence on applying [9, Lemma 3.3] using the
Kullback-Leibler information.

Assumption 8. For the lower rates of convergence, we assume the following
conditions on the non-linear operator A:

(i) A is Fréchet differentiable.
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(ii) At the initial guess f, we denote

A" (P31 —ms =t L.

(i4i) There exists v > 0 such that for all f,f € D(A) C H; in a sufficiently
large ball around f we have,

H[K {A’(f) _ A’(f)}HHS <ANF = Fllos-

(iv) The function ¢ is a continuous increasing function with $(0) =0 and 6(t) =
#(t?) is Lipschitz continuous with the constant Lg. For the operators T' =
A () IgA(f) and T = A'(f)* I Ik A'(f):

$(T) = Ry$(T) and Ry — Il p30,y < CI1F = Flly, -

where f belongs to the sufficiently large ball, Ry : Hi — H1 is a family of
bounded linear operators and ( is a positive constant.

(v) The eigenvalues (t,)nen of the operator T = A'(f)* I Ix A'(f) follow the
polynomial decay: For fixed positive constants o, B, and b > 1,

an~t < t, < Bn_b Vn € N.

In contrast to upper rates of convergence for Tikhonov regularization, we
require the additional assumption (iv) on A for the lower rates. This condition
is the generalization of the following condition used in [13] for the Landweber
iteration:

A(f) = ReA(F) and |[Ry = Il g0y < CI1F = Fllay, » £ € Balh),

which implies that the Fréchet derivative of A is Lipschitz continuous in By(f).
Note that in the linear case Ry = I; therefore, Assumption 8 (iv) may be
interpreted as a further restriction on the “non-linearity” of A.

The proof of the following theorem will be given in Appendix D.

Theorem 4.11. Let z be i.i.d. samples drawn according to the probability mea-
sure p € Py under the hypothesis dim(Y) = d < co. Then under Assump-

tions 3, 8 for ¥(t) = t%+%b¢(t), the estimator f. corresponding to any learning
algorithm | (z — f. € Hy) converges with the following lower rate:

lim liminf inf sup Pyezm {Hfi = follna > 79 <\If71 (mfl/Q))} =1,

7—0 m—oo leAPE'FZp,b

where A denotes the set of all learning algorithms | : z — fL.
We obtain the following corollary as a consequence of Theorem 4.11.

Corollary 4.12. Under the same assumptions of Theorem 4.11, for any learn-
ing algorithm with Hoélder’s source condition f, € Q(p, ¢, R), ¢(t) = t7, the
lower rates of convergence can be described as

lim liminf inf sup Pueczm {||fi = foll#a > Tm_%v'i—TbH} =1.
T—=0 m—oo l€A pep, ,
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The choice of parameter A(m) is said to be optimal if, for this choice of
the parameter, the upper rate of convergence coincides with the minimax lower
rate. For the class of probability measures Py with the parameter choice A =
\Il_l(m_l/ 2), Theorem 4.8 shares the upper rate of convergence with the lower
rate of convergence in Theorem 4.11. Therefore the choice of the parameter is
optimal.

5. Discussion

Our analysis guarantees the consistency of the Tikhonov regularization algo-
rithm and provides a finite sample bound for non-linear statistical inverse prob-
lems in vector-valued setting, therefore the results can be applied to the multi-
task learning problem. We also discussed the asymptotic worst-case analysis for
any learning algorithm in this setting, showing optimality in the minimax sense
on a suitable class of priors. The rates of convergence presented in Section 4
are asymptotic in nature, i.e., all parameters are fixed as m — oco. This pro-
vides a mathematical foundation for nonlinear inverse problems in the statistical
learning framework. The considered framework generalizes previously proposed
settings for different learning schemes: direct, linear inverse learning problem.

Impact of the effective dimension

The upper rates were represented in terms of the index function ¢ from As-
sumption 6, and the effective dimension N'(\) of the governing operator L.
This is seen from the basic probabilistic bound, given in Proposition A.3, and
this holds regardless of the fact that A — AN()) decays at a polynomial rate.
However, the construction for the lower bounds makes use of this constraint.
Also, the Corollaries 4.9 and 4.10 can be given a handy representation of the
upper bounds under power type decay.

Saturation effect

In Theorem 4.6 we highlighted the upper rates, both for the errors || f5 x — foll4,
and ||Ix {A(fz,x) — A(fp)} [ 22(x,0;y) in the limiting case when smoothness is
given through the index function ¢(t) = v/Z; and these differ by a factor v/ X. We
emphasize that for higher smoothness ¢(t) = 1/1(t) with an additional index
function v this cannot be expected to remain valid. This is known from the
linear case and is due to the saturation effect of Tikhonov regularization.

Relation to classical reqularization theory

Within the present study, the smoothness assumption 6 is based on the com-
posed operator B = I o [A’(f,)] through T'= B*B. This is in contrast to clas-
sical regularization theory, when the corresponding operator is [A'(f,)]" A"(f,)-
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By assuming an appropriate link condition between the operators [A'(f,)]" A'(f,)
and T, one can transfer the obtained rates results from the present context to
the standard ones and we refer to the corresponding calculus established in [23].

Parameter choice

The a-priori parameter choice considered in our analysis depends on the smooth-
ness parameters b, ¢. In practice, a posteriori parameter choice rule (data-
dependent) for the regularization parameter A such as the discrepancy principle,
balancing principle, quasi-optimality principle with theoretical justification is re-
quired, so that we can turn our results to data-dependent minimax adaptivity
even in the absence of a-priori knowledge of the regularity parameters.

Approzimate solution of Tikhonov regularization

For non-linear mappings, the solution of the Tikhonov regularization scheme (1.3)
is not explicitly given. Therefore, in practice, we need to find an approximate
solution of the considered scheme. Suppose H; is a reproducing kernel Hilbert
space corresponding the kernel K7, then the general representer theorem (see,
e.g. [35, Theorem 16.1]) holds for the scheme (1.3). By this theorem, the solution
of the scheme is given by

fz,)\ = ZK(',.’Ei)Ci, xT; € AX.P7 c; € Y.
=1

Thus, in this case, by using this representation, the infinite dimensional mini-
mization problem (1.3) reduces to a finite dimensional minimization problem.
Hence, we only need to approximate the coefficients {¢;}.~,. To this end, we
can apply the gradient descent or stochastic gradient approach to approximate
the solution of (1.3), being understood that the theoretical convergence of such
schemes remains a challenging point due to the potential existence of local min-
ima.

Appendix A: Notation and probabilistic estimates

Here we introduce some relevant operators.

Definition A.1 (Sampling operator). For a discrete ordered set x = (x;)74,
the sampling operator Sx : Ho — Y™ is defined as

Sx(9) == (g9(x1), ..., 9(zm)).

We equip the product Hilbert space Y™ with the scalar product{(y;)",
(y)rmy) = 23" (y;,9)), and denote the associated Hilbert norm Iyl =
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LS Nwilly for y = (y1,--.,ym). Then the adjoint Sk : Y™ — Ho is given
by

1 m
S :—E Ky,ci, VYe=(c1,...,cm) €Y™
C m 2 .C c= (a1 Cm)

Under Assumption 3, the sampling operator is bounded by «, since

2 2
ly < K2 gll3, -

1 & 1 &
I8xglln = > o)l = — >~ | K
i=1 1=1

The sampling versions are the operators Bx := Sx o (A'(f,)) and Tk =
B} Byx. The operator Ty is positive and self-adjoint. Under Assumptions 3, 5
(i), the operator By is bounded and satisfies || Bx||y;, _,ym < L. We also recall
that Lx = IjIx for the canonical injection map Ix : Ha — ZL2(X,v;Y)
and T = B*B for B = Ik o [A'(f,)]. These operators will be used in our
analysis.

The following inequality is based on the results of Pinelis and Sakhanenko
[28].

Proposition A.2. Let H be a real separable Hilbert space and £ be a random
variable on (€, p) with values in H. If there exist two constant Q and S satisfying

1 _
B, {ll§(w) = Eu (9%} < gn!SQQ” 2 vn>z2,
then for any 0 <n <1 and for allm € N,
1 m
]P’{(wl,...,wm) cam: HE D &wi) — Eu(9)
i=1

>1—n.

H

In the following proposition, we measure the effect of random sampling using
Assumption 2. The quantities describe the probabilistic estimates of the pertur-
bation measure due to random sampling. These bounds are standard in learning
theory, and can be found in [4, Proposition 5.2, 5.5].

Proposition A.3. Let z be i.i.d. random samples with Assumptions 1-3, then
for m € N and 0 < n < 1, each of the following estimates holds with the
confidence 1 — 1,

m

% D (Lx + M)V K (v — A(f,) (1))

i=1

< (o e ().

m

S Ky — AUf,) (@)

=1

Ho

1
m
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and
K

1558 — Licllonon <2 (4 2 ) 10g (2
xOx KllL2(H2) = m \/m g n :

Proposition A.4. For m € N and 0 < n < 1, under Assumptions 3, the
following estimates hold with the confidence 1 — n/2,

. A
||SxSx - LK||»C2(7'[2) < 5’
1(S5Sw + M) (L + Al 25 (312) < 2

and
1S5S + M) ™2 (Lic + ADM?| £y 00) < V2

provided that
8k%log(4/n) < vVmA. (A1)

The proofs of the first and second expressions are the content of [29, The-
orem 3.1]. The third expression is obtained from the second using the Cordes
inequality [4, Prop. 5.7].

Appendix B: Proof of the consistency results

Throughout the analysis we use the following identity in the real Hilbert space H:

If =Bl = If = gl5 = lg = hllz —2(f =g, h —g)y,  frgheH.

Proof of Theorem 3.1. By the definition of f, » as a solution to the minimization
problem (1.3), we get the inequality

ISxA(fax) = Y112, + Mo — 3, < ISxAS,) = yI15, + Alfo — FlI3, -

It follows that

1S5 {A(f0) = AU + Ml fzr = I, (B.1)
<2 (Sx {A(f,) = A(farn)} s SxA(fp) = ¥) + A fo = Flle, -
Consequently, we get
1k {AUan) = AU x iy + Al far = T, (B.2)

<2(A(fp) = Alf20), Si{SxALp) = Yo, + Ao = Fli,
+ (L =SS {A(far) = Alfo)} Alfan) = Alfp)) gy,

and

_ 2 _
1 fax — Fll, < N IAUzA) = Alfo) . 195 {SxA(fo) = ¥} +11fp = Fl3,-
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Under the Lipschitz continuity of the operator A (Assumption 4) (i.e.,
IA(f) = A(fo)lly, < LIS = follyy, for f € Hi) and triangle inequality we get,

£z = fli3e,
2L . . .
< fen = flls + 1F = Foll) 1949 AFp) = Y + 15 = Flloe,

which implies

_ L 2
(12 = b = S 185085 - ¥
2

- L
< (14 = s + 5 18208A0,) = ¥,

Then it gives

_ L _
Fua = Fllre < ZUSHSCAG) = s + 1o = Flly - (B3)

Using the triangle inequality ||fzx — fP||H1 — ||f— ff’”?—tl < ||fz,>\ — fH?-Ll we
get

2L, .
Hfz,)\ - fp||711 < THSX{SXA(JCP) - y}HHz +2 pr - fHHl :
Now squaring both sides and taking expectation with respect to z we obtain,
2 8L * 2 7|12
By (1far = foll3e) < S B (1S208cAU) — vHZ) + 8116, = I, - (B)

Under Assumptions 1, 3 and 03 = E, <||y - A(fp)(ac)H?/) < 0o we have that

E, (I15:5A() - v} IBz,) (B.5)
ks (_Z (Ko {s = AU @)} Ko, {35~ A(fp><xj>}>%)
=% (ZK@{yz fp><xz>}||m>

2 .2

(Zyz A(f,) x»nY) —

and from [36, Lemma 1] we have,

KQ

Ex <||5i5x - LKH%(’Hz)) <

Using (B.5) in (B.4) we get,

m .

20_2 2 B
Ex (I far — folld) < =5z + 815 = 1B (B.7)
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from which with the parameter choice rule (3.1) we deduce that

timsup B, (Ifar = Fol) < 817, = Fl (B.8)

Hence, we observe that a? := sup E, (Hfz’,\ - fp||311) < 0o. Now, we show
meN

that there exists a subsequence of (fz x)men, denoted by (fz(k),x)ken, such that
Ez(k) (<fz(k),)\ - fp7 f>”7’-tl) - <f, f>’H1 as k — 00 (B9)

for some f € H; and for all f € H;.

We define the sequence (&,,) of random variables &, = f,A — f, € Hi.
Since E,(||&m ||§_[1) < a?, Banach-Alaoglu-Bourbaki theorem and the fact that H;
is a Hilbert space imply that, possible passing to a subsequence §i = f(x),x —
fo € M1, there exists £* € H; such that

Jlim By (k& py,) = By ((€5,6)5,,) »  VE € Ha.

Define f = E, k) (&) € H1 and, given f € Hi, choose { = f be the constant
random variable, then, since the scalar product commutes with expectation,

kILHQO]EZ(’“) ((foc),A - fp’f>H1) - <f’f>7ﬁ

which is (B.9).
From inequality (B.2) we get:
Ex (1 {A(fa) = AU (x vy ) + Vs (1o = FlI3)

2B, ([|55{5xA(fp) = ¥ [l A(fz ) = A(Fp)lI32)
+Ey (1958x = Licll can 1A(fa0) = AU3) + Al fo = FliFe

<2 [Eq (I85{5xAU) — )] [Ea (1A(fan) — AU)IZ,)]
A (CE A Ry A(TTANERTATEN) B

Under the Lipschitz continuity of A, from (B.5), (B.6), (B.8) with the pa-
rameter choice rule (3.1), we obtain

+ A = Fli3, -

E, (I11x{A(n) = AU 2 (xy) ) = 085 m = oc. (B.10)

We have D(A) is weakly closed and A : H; — Ha is Lipschitz continuous,
this implies that Ix A : Hi — £%(X,v;Y) is weakly sequentially closed.

Now from (B.9), (B.10) we obtain a subsequence again denoted by (f,(x),x)ken
such that <fz(k)’>\—fp,f>7{l — <f,f>H for some f € My, for all f € H;

and [[Igx{A(fat),n) — A(fo)}H22(x0;v) — 0 as k — oo almost surely. The
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assumed injectivity of the mappings Ik and A yields the injectivity of the com-
position I o A. Therefore the weak closedness of I o A implies that f =0.

Our next aim is to prove the convergence (3.2). By contradiction, assume
that there exists an € > 0 and a subsequence (fy (k) )ren such that

Ez(k) (”fz(k),)\ — fPH%ﬁ) > € for all k£ € N. (B.ll)
We have the identity

1ty x = Follie, = Wfatmyn = P51 o = 50, +2(F = faoyns fo = Haw - (B12)

Using the same arguments as above, we can again find a further subse-
quence (f(x),x)ren such that E, <fz(k)7,\ — fos f> — 0 for all f € Hy as k — oc.
Hence from the inequalities (B.8) and (B.12), we obtain

limsup By o) (Il faeyx — foll3,)
k—o0
<2||fp — fll3, + QIiinsupEz(k) ((f = fatkyno fo — )
—00

=2limsup E, ) ((f» = fatyno fo — [)#s) =0,

k—o0

which contradicts (B.11). This completes the proof of the desired result (3.2).
O

Proof of Theorem 3.4. From the inequality (B.3) and Proposition A.3 under
Assumptions 1-4, the following inequality holds with the confidence 1 — n/2:

lfon = e < G g () 418y = o (B3

Choosing the parameter n(m) = 4/m?, we obtain
3 logm . 2
Paezm {Em | fax = fll;,, > 8KL(M + E)W + £ — f||H1} <=

Therefore, the sum of the probabilities of the events E,, is finite:

e oo 9
mZ:l]P)zezrn (Em) S mZ:lW < 00.

Hence applying the Borel-Cantelli lemma we get,

P, (lim sup Em> =0

m—o0

from which with the parameter choice rule (3.3) we deduce that

limsup || fzx = flla, < 1fp = Fllw, (B.14)
m— 00
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almost surely. Note that f, » is finite almost surely due to (B.14). Hence, there
exists a subsequence of (fz x)men which weakly converges to some f . We denote
the subsequence by (f5(x),\)ken, -6, faeyx — f. The next step of the proof is
to show that f = f,.

From inequality (B.2) and Proposition A.3 under Assumptions 1-3, the fol-
lowing inequality holds with confidence 1 — 7,

15 {A(f20) = AU HZ2 (x0v)

<M ) - Ao ()

4K? 4 -
+ T AU — A tox () + M, — T

Using the arguments similar to above, with the parameter choice rule (3.3)
we obtain || Ix{A(fzx) — A(fp)} | #2(x vy = 0 almost surely. Now f, ) » — f
in Hy and [[Ix{A(fa), ) — A(fo)}H 22(x,0;v) — 0 as k — oo almost surely,
hence the weak closedness and one-to-one assumption on assumption on Ix A
imply that f: fo-

Our next aim is to prove the convergence (3.4). By contradiction, assume
that there exists an € > 0 and a subsequence (fy (k) )ren such that

| fayn — Foll3e, = e (B.15)

We have the identity

[ fayn—Follae, = Ifateyn—Fll3e, 10— FllF, +20f = fageyns fo— F)ns- (B.16)

Using the same arguments as above, we can again find a further subse-
quence (fy(k),x)ken which weakly converges to f,. Hence from the inequali-
ties (B.14) and (B.16), we obtain almost surely,

Hmsup || foepn — follz, < 2015 — Fll3, + 2himsup(f — fon, fo —

= 211msup<fp - fz(k),)n fp - f>'H1 = 07
m—r0o0
which contradicts (B.15). This completes the proof of the desired result (3.4).
O

Appendix C: Proof of upper rates

Regularization schemes given by an explicit regularization formula for direct
and linear inverse learning problems are well-studied in the reproducing ker-
nel Hilbert space setting [29, 4]. Optimal convergence rates were established for
these kernel methods. In contrast, the main difficulty for the problem considered
here arises from the nonlinearity of the operator A. Because of this, the mini-
mizer in the Tikhonov regularization scheme is not explicit, and in the proofs we
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have to rely only on optimality properties of the variational formulation (1.3).
For classical nonlinear inverse problems [11] the convergence analysis is devel-
oped for 2-step approaches. The approach in this study finds its difficulty due
to the random sampling and then the empirical error based on the samples.
To achieve the optimal convergence rates, the error bound should be bounded
in terms of S, = H(LK + AI)Y285(S A(f,) — y)HH2 which then yields error
bounds in terms of effective dimension, allowing us to achieve optimal conver-
gence rates.

We introduce the operator = := Sy (SiSx + A)~1S% and the element A :=

SxA(fp) -y

Proof of Theorem 4.6. By the definition of f, ) as a solution to the minimization
problem (1.3), the inequality holds true:

1Sk A(fan) = Y112+ M| fer = Fll, < ISk ACS) = Y12, + Ao = Fll5,
which implies

1Sx {A(fax) = AU, + Ml fax = Foll3,
§2)‘ <f/7 - f’ fp - fz/\>7.[1 +2 <A(fp) - A(fZ,A)7 S;A>'H2 .

Under the conditions (i) and (iii) of Assumption 5, for f € Bq(f,) we get

A(f) = A(fp) + A(fo)(f = fp) +7(f) (C1)
holds with ~
k()22 (x,0v) < 5||f - fp||3-[1 (C.2)
and
1730, = NACH) = A(fo) = A (fo)(f = fo)llpy, (C.3)

- H/ (A (fy 4+t = £,)) = AU~ 1) dt’

Ho

1
< / A (10 = 1) = AU lgs s 1 = Follzg, @ < 2L = Folyg, -

Note that under condition (4.4), from inequality (B.13) we get f, x € Ba(f,)
with confidence 1 — /2 for d = 4 pr — fHH17 therefore using the linearization

of the non-linear operator A in (C.1) at f, » and under Assumption 6 we obtain,

1k {AUfan) = A H o x iy + AN Far = Foll3,

<27 <T1/2v, fo— fz,A>Hl +2(A(fp) = A(far)s Lic (L + M) 71SKA),
+ 20 (A(f,) = Afan), (L + D)7 SEA),,
(L = 8x5) {A(far) = Alfp)} s Alfan) = Alfp))a,
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S0 T (Fy = far)), + 280 I {AUnn) = AU 20w,
+2VALS | far = Follyg, + T [ACf20) = A(f) 13,

S2AR Ik {A(fp) = A(fz0) + 7 (f2 ) Ml g2 x vy
+ 28 M {A(f20) = AUfo)Hl 22 (x 0y
+ 2VALS, || far = Follyy, + L2111 far = Foll3,

2R+ S.) 1k {A(fen) = AU H g2 (x ey + 2VALSe [ far = Follay,
+ L0y || far = follzg, + MR | far = Foll3, -

where It = [|S%Sx — Li|| g3,y and Se = ||(Lxec + A1) "2S5(SxA(f,) = V)| 40,
It gives

2
(I TAUGa) = AU H 20y — AR = S.)
L 2
+ <\/ /\'Yl ||fZ,)\ - fp”'Hl - ﬁSe>
L2
<(AR+8.)" + —8?
71

where 3 = 1 —yR — L?I; /. This implies

L
175 {Afan) = AU | s ey < 2RA+ (z ¥ _> s.

RVARS!
and
1 1 2L\ S
) — S—R\/X+<—+—)—e~
||.f A fp”Hl ﬁ v Y1 \/X

Now under Assumptions 1-3 using the estimates of Proposition A.3, the
inequality (4.4) and (4.5), we obtain that 74 = 1/2 —yR > 0 and with the
probability 1 — 7,

[ {A(fan) — A(fp)} l.22(x0y)
coma g 2L+ 2 ( RM 22J\/(/\)> log (é)

Naz mvA m "
and
] 2L+ ) (kM [Z2N(N) 4
lfzx — folln, < ﬁRﬁJr o (m)\ * mA ) tog (77) .

which implies the desired result. O
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For the analysis of Tikhonov regularization under general source condition, we
consider the linearized and population version (i.e. using theoretical expectation
under p) of the regularization scheme (1.3):

fi= argmin{/z 1A (@) + A'(f)(f = fo) (@) —yllTdp(z,y) + Allf - fllil}

fEH

Under Assumption 1, using the fact £(f) = [, [|A(f,)(x) + A'(f,)(f —
fo)@) = yl$dp(e,y) = |ITV2(f = fo)l3y, + E(fo), we get

L= (T +X)"HTf, + Af). (C.4)

In the following proposition, we estimate the error bound of approximation
error fi — f, which describes the complexity of the true solution f,. The ap-
proximation error is independent of the samples z.

Proposition C.1. Suppose Assumptions 1, 6 holds true. Then under the as-
sumption that ¢(t) and t/P(t) are non-decreasing functions, we have

155 = folls0, < ROON).
Proof. From the definition of f{ in (C.4) and Assumption 6 we get,
fo = B =XNT + X))~ ¢(T)v.

Under the assumption that ¢(t) and t/¢(¢) are non-decreasing functions, we
obtain,

153 = Foll3y, < RO m

Under Assumption 6 from Proposition C.1, we observe that fﬁ\ € D(A)N
Ba(f,), provided A is sufficiently small.

In the following theorem, we estimate the quantity fi — fz,» and use the
bound of the approximation error from the above proposition to find the error

bound for f, — fz .

Proof of Theorem 4.7. The main idea of the proof is to compare f, y and fi.
From the definition of f, x in (1.3), we have

1S Afan) = Y12 + M fox = Flde < [S<AGD =y |2 + A = FlZ,. (C5)

Using the linearization of operator A in (C.1) we reexpress the inequal-
ity (C.5) as follows,

1fer = Al <20 = fars i = Flaw + % {I1B<(fx = fo) + A+ Sx(r(£))15
~|1Bx(fax = fo) + A+ Sx(r(fa )7}
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Now we decompose the second and third term in the right-hand side as fol-
lows:

lfen— £l
U~ funo £ = P + 5 {120+ SO
FREA Su(r(7), Belfl — f) + (I~ )
~|Bx(far = f3) + EA + Sx(r(fza)) [
2(Belfun — F3)+ EA + Su(r(far). Balfh — £) + (1 =2}

The fourth term in the right-hand side is negative, therefore it can be ignored,
leading to:

1 far = £, (C.6)
<3208~ Fan AU = )+ A — ) + BT~ D) A,
+20r(f3) = 7(far), SuBx(f{ = f,) + Sx(I = E)A),
+IEA + Su(r(F)) 7}
The definition of f} in (C.4) implies that
A =D =T~ 1) (C.7)

Therefore, from inequality (C.6), using Assumption 5 (ii) and (C.7) we get:

e~ Rl <520~ Fas (B~ TV~ Fy) + By ~D)A)w,  (C8)

207 (f) = 7o) SeBx(f4 = fo) + S5l = E) ),
+20ZAI, + 20 Sk (r(£D)) 12}

< LU= far (T =T~ 1)
+ AA'(f,)" (SxSx + M) TESEA) 4,
() = r(fan): (S35 = LOA () (f — £,)
T A(SESx 4+ M) TLSEA) 4,
(T {r () = r(fa)} BUL = Fo)) 2 o + 122,
a2 oy + (S5 = Laedr(£),m(F) s}

g; {Hfz,A — s, (L211Ae + \/XLIZSS)
+ () = (), (EDAC A+ VALS,)
+ [k {r () = r(fer) 22 o) IBUFX — o)l 22 (xiy)
IS+ 1k (P2 ey + BB, }
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where Ac = ||/} = foll,,s Se = [[(Lx +A)7255(SxA(f,) —y)
1S58 = Licll £(yz) and T2 = [[(S58x + )72 (Lic + MDY £

We have [|Bf|| g2(x,,.yv) < (T + )\I)1/2fHH1, f € D(A) C H,, therefore we
obtain,

H'Hz’ Il

I1B(f, = A||BT+ A1) Aewlly,

(C.9)

f/\ Hz? X,v;Y) L2 (X, )

Using the inequalities (C.2), (C.3), (C.9) in (C.8) we obtain,
2 2
an = BB <2 (Xl 1o = A0, + 0ulfor — Fill + 62}
where 0; = 3L°I1 A, + 3VALLS, and 0y = I3S? + 4VALLA.S, + 72 A%/4 +

3y wllyy, AZ/2 + 8L 1 AZ.
Under the condition (4.5) we have,

2
1 fzx — A3, < o {811 far — fillae, + 62},
V2

where 72 =1 — 27 [|[w|ly,, -
We have,

1) 2 (52 20

l 1 1 2
— — < =

(fz7/\ f,\”?{l B\ 2) =2 % )\nya

which implies

2, [

Using the triangle inequality ||fz. — fp”yl < Hfz,A - f,l\HH1 + ||f,l\ - fPH’Hl
we obtain,

[fzx = Folla,
<{cl+02—+03\/>—|— 4\/7}./4 —I—{cs —I—CG\/T}(‘\S/C_)

where ¢1 = 1+ 7 [Jwlly, /vV272 + /37 |[wllyy, /72, c2 = 3L? /72, c3 = /8L /72,
cs = \/AL/y2, ¢s = 27/2/72 + 12/2L /v and cg = 2+/4L /7.

Now using the estimate of Proposition A.4 with the inequality (4.4), we get
with the probability 1 — /2,

2V > '
Under Assumptions 1-3, 6 from Proposition A.3, C.1, we obtain with the
confidence 1 — 7,

I fax—follr, < (c1tcatestes) Ro(N)+(cs+co) <ﬂ + 22/\/()‘)) log (%) )

S
| f2x — Folly < (e1+co+cs+ca)Ae + (5 + o) (

mA\ mA\
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which implies the desired result. O
Proof of Theorem 4.8. (i) Under the parameter choice A\ = ©71! (m_1/2) we
have
1o
m\ — m’

(i)

From Theorem 4.7 and the bound (4.2), it follows that with the confi-
dence 1 — 7,

||fz,/\ - fp”Hl < C/(ZS (9_1 (m_l/Q)) log <%> . (C.IO)

where C' := (¢c1 + ca + 3+ ca+c5 + ) (R+ kM + kLY).
Now defining 7 := C’ log (%) gives

n=n-= 46_T/C/~

The estimate (C.10) can be reexpressed as

Poczm {Ifun = follw, > 7RO (071 (m™1/2)) } < e (C.11)

From the condition (4.4) we have 8x* < \/mA. This together with the
parameter choice A = U1 (m_l/ 2) implies that

1

1 A7eteg()) _ Azfae))
mA vm - 8k2

g

Now for A > 1 and b > 1 we have A\"373 < 1, therefore -1 < ¢(\
On the other hand, for A < 1 we have \3+35 < 1, therefore - < 2

mA — 8k2 °
Hence, from Theorem 4.7 and the inequality (4.3), it follows that with the
confidence 1 — 7,
4
_ <" -1 —-1/2 = )
I fun = Sl < €76 (%7 (m172) ) g (n) L (ca)

where C" := (01 +co+c3+cqatcs +06)(R+ kM max(l, 8%) + Ew/Cgﬁb).
Now defining 7 := C" log (%) gives

n="nr= 467T/CN~

The estimate (C.12) can be reexpressed as

Poezm {Ilfz,A — folls, > TR (\rl (m*1/2))} <. (C.13)

Then from (C.11) and (C.13), our conclusions follow. d
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Appendix D: Proof of lower rates

The following proposition is a variant of Proposition 4 [5] for the non-linear
statistical inverse problem.

Proposition D.1. For the probability measure py, defined in (4.7), parameter-
ized by f € D(A) C Ha:
(i) The solution f, for the probability measure p = pys is f.
(it) The probability measure py satisfies Assumption 2 provided that
dJ 4+ J/4 < M and 2dJ < X. (D.1)

Proof. The first point can be easily observed. Now we check the condition on
the probability measure ps for the second point.

Under the condition (D.1) for the conditional probability measure ps(y|z) we
have,

/ <e|y APy /M _ w 1> dpy(yle)
— (dJ + A (@) ]ly)' 2
< [ - v CIEZEDS e
dJ +||A(f)(x)]v)"?
<942 J2 ( <

which implies that for the solution f, = f the probability measure py satisfies
Assumption 2. |

Proposition D.2. Under Assumptions 3, 8, there is an €9 > 0 such that for
all 0 < e < gq, there exists N. € N and each fi1,..., fn. € Hi (depending on €)
satisfying:

(i) Fori=1,...,Ng, fi € QUpy,, ¢, R) and for any i,j =1,..., N, withi # j,

ev < || fi = fillas,

where v =1~ |[I — Ry, || z(3,) — III — Ry, || £(3,) is positive for sufficiently
small € and Ry, are defined in Assumption 8 (iv).

(ii) Let p; :== py,, p; = py; be given by (4.7) for fi € Qpi, ¢, R) and f; €
Qpj, ¢, R),i,j =1,...,N;, then Kullback-Leibler information K (py,, py,)
fulfills the inequality:

16
K(py.s ps,) < m\\b{{fl(ﬁ) — Ao (x vy (D.2)
Further, it holds
2
Ko <€ (G +'). (D.3)

S

"

1/b ~
where Ne > e'/?* for (. = \‘% (%) J and €' = 1156:16J2-
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(iii) The eigenvalues (t)nen of the operators T; = A'(fi)* I Ik A'(fi) follow
the polynomial decay for the each f; (1 < i < N_.): For fized positive
constants oy, B; and b > 1,

ant < tiL < Bm*b Vn € N.

Proof. For the initial guess f of the solution of the functional (1.3), let (e,)nen
be an orthonormal basis of the Hilbert space H; of eigenvectors of the op-
erator T = A'(f)*I;; Ik A'(f) corresponding to the eigenvalues (ty)nen. For

given € > 0, we define
20

en e,
v= 3 :
n=~0+1 \/z¢(tn)

where m = (r!,...,7%) € {~1,+1}".
Under the polynomial decay condition o < n’t, on the eigenvalues of the
operator T, we get

2¢ 2 2
o, = < o S ey < R
" me S v ey ey

=3 (tm) | e

where |z] is the greatest integer less than or equal to x.

We choose ¢, such that ¢, > 16. Then from Proposition 6 [5], for every
positive € < &, (£ > f.,) there exists an integer N, € N and 7,...,7n. €
{—1,+1}% such that for all 1 <i,j < N, i # j it holds

Le
D (ap—a)? > L (D.5)
and
log(N.) > ¢./24. (D.6)

Now we construct N.-vectors satisfying the source condition (Assumption 6).
For € such that 0 < € < €., we define

ea

Z T (D-7)

n=~Lc+1

Lo me) e {=1,41}% for i = 1,..., N.. Hence from (D.4), we
observe that [[v;l|l,,, < R.

Suppose F(f) = ¢(T)v + f for B = IxA'(f), T = B*B and some v € H;,
then from Assumptions 3, 8 (iv) for the Lipschitz continuous function 6(t) =

where m; = (7}
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¢(t?) from Propositions D.4, D.5 under the Lipschitz continuity of the Fréchet
derivative of the operator A we obtain,

OGR!
< |[to@) = oo, < 10T — o2y,
<l 0@ o), <l 0@ o)

<Lo ol [TV2 =TV < V2Lolloly, ||B - B|,

<V2Lo vl |1 {4 (D = 4D}, < V2Lollol,

f—fHHl,

where B = I A'(f) and T = B*B.
If /2Ly [vll4, <1, then F'is a contraction map. Hence, there exists a fixed
point f. € H; such that

fe=F(f) = o(T)v+ f, (D.8)

where T, = (I A'(f:))* Ik A’ (f+).
Hence for each v; defined in (D.7) from (D.8) there exist f; (1 < i < N¢)
such that

fi = f=o(T)vi,
where B; = IxA'(f;) and T, = B!B,, ie., fi € Q(py,, ¢, R) provided that
V2L |vill4, <1 for 1 <4i < N. which can be satisfied by making the quan-
tity |[vil|,,, arbitrarily small as e — 0.
Under Assumption 8 (iv) from eqn. (D.7) for all 1 <4, j < N, we get,

2ea 7L7Z5
_ _ em ce
fim I =0(Tvi = Rpd(Mpwi = {I = (I = Rp)} ), — 7=
n=~Lc+1 €
and
20, n—~. n—~le 2L n—~
e(m — 7 )en, ent e
fz_fJ: Z - : _(I_Rfi) Z : = (D9>
n=t.+1 Ve n=f.+1 Ve
20, n—~0
emy Cen
+ (I —Ry,) -4
fJ n:KZEJrl \/Z
which implies from (D.5) that
Ifi = Flla, < e+ 1T = Ryl emn)) (D.10)

and
ev < ||fi = filla (D.11)
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where v =1 — I = Ry, [l c0) = I = Ryl 2y
Then under Assumption 8 (iv) and (D.10) we have,

11 = Rflleeny < CIF = fllyy, <6+ = Rylleu))

which implies that
Ce
1— (e

From Assumptions 3, 8 (ii) and (D.9) we get,

11— Relleeryy <

IB(fi = )l z2(x v
<IBO(T)(vi — vj)ll 22 (xvsv) + L[] — Ry,

cony) T =Rl cenny)s

where B = I o (A'(f)).
Now from Assumptions 8 (iv), (v) and (D.10) we get,

IB(fi — fi)llz2(x0iv) (D.12)
1/2
ot t,e? (wpte —mpte)’
< : 4 exLO(Ifi = Flls + 1 = Flle)
n=~>:+1 €
2 1/2
2 ‘. —e.
26 Be (W;L 7r]" ) ,
< + ce
lonb
n=~>:+1
20 1/2 1/2
€ 4 2 4 2 20 1
< Z ng +ee? < pe / —dx 4?2 < C'% + ce?,
n=~_c+1 ZETL 85 . T fe/

1/2
where ¢ = KLC(2+| I =Ry, || copy) HIH =Ry, | £(3y)) and ¢ = ((b4—,61) (1—5=)) "
Note that the Lipschitz continuity of the Fréchet derivative of the operator A
(Assumption 8 (iii)) imply that

A(fi) = A(F) + A(H)(fi = ) +r(fi)

holds with 5 B
xr(fi)llz2x vy < = fi — Fll3,-

Hence, for 1 <i,j < N, from the inequality (D.10), (D.12) we have,

T {A(f) = AU 2 (x 0v) (D.13)
={IB(fi — Iz (xuivy + HxcAr(f) = r(F) Ml 22 x0 )
<2B(fi — I3z x 0y + 20 {r(£2) = v () 2 (x)
<2B(fi — )2 (x vy + V2N = Fle, +721F5 = P,
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< (5 +¢).

where ¢ = 4c? +4¢"? + ¥ {(1 + I = Ry, |l cm)* + (L + 1T = Ry, |l ea)) '}
Under Assumption 8 (iv), if Hf — fHH1 < 1/¢, then from Neumann series,

we have that HR;IH < 00. Therefore,
L(H1)

¢(T) = Ry¢(T.) and  ¢(T.) = Ry '6(T).

Now using the relation for singular values s;(AB) < ||A||s,;(B) for j € N (see
Chapter 11 [27]) we obtain,

6(55(T)) = 3 (8(T)) < | Ryll g, 55(S(T)) = 1Ryl sy Ss5(T))  (D14)

and

0(s,(T)) = 5;(0(T.) < || R} ($(1)) (D.15)

HL(H1 o H Hc(Hl

Consequently, for small enough || fi—f H 1 corresponding to small e, the
eigenvalues of T; and T, decay in the same order, hence in the polynomial
order.

The inequality (D.2) can be proved similar to Proposition 4 [5]. We obtain
the desired results from the inequalities (D.6), (D.11), (D.13), (D.14), (D.15)
with (D.2). |

The following theorem is a restatement of Theorem 3.1 of [9] in the non-linear

statistical inverse problem setting.

Proposition D.3. For any learning algorithm (z — f, € Hi) under the hy-
pothesis dim(Y) = d < oo, Assumption 8 and the condition (D.1), there exists
a probability measure p. € Pyyp and f,, € Hi such that for all 0 < e < €,, [
can be approximated as

. 1 i—s—éggfz —Cme*
Hi >EU/2}ZH1H’I{W7’[96< € )

1/b
where 9 = e=3/¢ and (. = F (W) J ‘

Proof. Let € <¢p and f1,..., fn. be as in Proposition D.2. Then we define the
sets,

o

IEDZEZm {”fz - fp*

Ai:{zeZm:Hfz fillw, < 2} for 1 <3< N..

It is clear from (D.11) that A; N A; = (0 if ¢ # j. On applying Lemma 3.3 [9]
with the probability measures p%;, 1 <4 < N, we obtain that either

N,
= ) >
pi= max pp(A7) 2

(D.16)
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or
N

155N, Z (P} PF) = ¥n.(p), (D.17)
i=1,i

where ¥y _(p) = log(N:) + (1 — p)log (1%”) plog (NE p) Further,

Uy, (p) 2(1 —p)log(N:) + (1 — p)log(l — p) —log(p) + 2plog(p)  (D.18)
> — log(p) + log(v/N.) — 3/e.

Since minimum value of zlog(z) is —1/e on [0, 1].
For the joint probability measures P p}’; (pgi>pp; € Pop, 1 <45 < N)
from the inequality (D.3) we get,

2
Ko o) = milogpr) < O (55 21 (D.19)

Therefore the inequalities (D.16), (D.17), together with (D.18) and (D.19)
implies

v my (Ploe 21— il > T})
_3_Cm 2 ot
A/ Nee © “ <f?+ )}

> mi Ne
min
= N. +1

From the estimate (D.6) for the probability measure p, such that p = pi*(AS)
the desired result follows. O

Proof of Theorem 4.11. From Proposition D.3 for some probability measure p* €
Psp with 0 < e < g9 we get,

ve
zEZ’” {Hfz fp* Hy > 7}

1 “ l/b_N 2 22b_1¢_1(5/R) _A 4
>min{ 1 ﬁe‘ﬁe{ t (=i ) - Ome* (S Smet=tly ) ~Ome
- 1

)

+ e—le/247

) 1/b
where 9 = e3/¢ and ¢, = {5 (m) J

Given 7 > 0 for all m € N, we choose ¢,, = TR¢ (\Il’1 (m’1/2)). Since &,
tends to 0 when m tends to +oo, therefore for m large enough &, < €y. So
Proposition D.3 applies to ensure,

Poezm {”fz follwy > @¢( <m1/2))}

> min { _ 19641866(m)} ,
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where

96 a — 2201y -1 (m—1/2)

o (20|

c(m) = (\Tl (m—1/2>)71/b {al/b B Cr2 R292b-1

p—1 (m—1/2)

Now as m tends to oo, € — 0 and /. — oo. Therefore, we conclude that

lim lim inf inf sup Pyezm {Hfi — Folly > g(é (\I/_l (m—l/Q))} =1. O

T—=0 m—o0 I€A jep,

Proposition D.4. [8, Lemma 7] Let F, F:H — H be the self-adjoint, Hilbert-
Schmidt operators over the separable Hilbert space H. If 0(t) is Lipschitz con-
tinuous with Lipschitz constant Ly > 0, then 6 is also operator Lipschitz in
Hilbert-Schmidt norm:

oy =0y = 2o 7 = -

HS
Proposition D.5. Let B, B Hi1 — Ho be the Hilbert—Schmz;dt operators over
the arbitrary separable Hilbert spaces Hy, Ho and T = B*B, T = B*B. Then

e e ™
HS HS

Proof. Let (e;, fi, pti)ien and (é;, fi, fii)ien be the singular value decompositions

~ o ~ =) ~
of the operators B and B, i.e., B = Y pi(,ei)n, fi and B = 3 fi;(-, &), fi-

i=1 i=1

The values (p;)ien and (fi; )ien are the singular values of the operators B and B,
respectively. The vectors (e;);en and (é;);en are the orthonormal basis of the
Hilbert space H; and the eigenvectors of the operators ' = B*B and T =
B* B, respectively. The vectors (f;)ien and (f;)i;en are the orthonormal basis
of the Hilbert space Hs and the eigenvectors of the operators BB* and BB*,

respectively.
We have
1/2 _ AF1/2 2 - 1/2, 1/2
(/2 =T 2yey | =tes, Tesym + (e Teshuy — 2T 26, T2,
1
(D.20)
2 oo
2 - ~ ~
= 11Bes 5, + | Bes||, =201 D" heles,
=1
and
- 2 9 ~ 2 ~
|(B—Bie)|| = IBe,lls, + |Bes|, —2(Be;. Bejh, (D.21)
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N
—[|Be;l, + || Bes

2 > -
=25 > fiiless €)ay (Fis Fias
Ha i—1
2 oo
2 jg ~ - ~
> 1Beylfg, + |[Bes |, =y Do i (e 03, + (5 J3,)
i=1

Similarly,

(e é*}fjHil > ||B*fjuil+H§*fjH; — fju (tes 603, + s Tk
=1

(D.22)
and

[mBye = @By, = 1B s, + B, —2n S il P
i=1

(D.23)
From (D.20), (D.21), (D.22), (D.23) we obtain,

ez = zrzye| o+ msrye - BBy

<[~ 51

2 ~
B* — B*}f;
R Hi

which implies

~ 2 o~ 2 ~2 ~ 12
|72 -7t oBy e = BB < |8 B, o+ B~ B,
HS HS HS HS
Hence,
~ 2 12
frore =7 < 2B - B, .
HS HS
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