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Abstract: We propose a general maximum likelihood empirical Bayes
(GMLEB) method for the heteroscedastic normal means estimation with
known variances. The idea is to plug the generalized maximum likelihood
estimator in the oracle Bayes rule. From the point of view of restricted em-
pirical Bayes, the general empirical Bayes aims at a benchmark risk smaller
than the linear empirical Bayes methods when the unknown means are i.i.d.
variables. We prove an oracle inequality which states that under mild con-
ditions, the regret of the GMLEB is of smaller order than (logn)®/n. The
proof is based on a large deviation inequality for the generalized maximum
likelihood estimator. The oracle inequality leads to the property that the
GMLEB is adaptive minimax in L, balls when the order of the norm of
the ball is larger than ((logn)%/2/y/n)t/ (?"2). We demonstrate the superb
risk performance of the GMLEB through simulation experiments.
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1. Introduction

In this paper we consider empirical Bayes for heteroscedastic data:

Xi|(65,02) B N(6;,02), i=1,....n, (1.1)
where o2 are known. The problem is to estimate 8 = (y,...,6,) under the
average squared loss

Ln(0,0)=n""0 - 0> =n""> (0 — 0;)°. (1.2)
i=1

This problem has been considered by many in the literature, including recent
studies by [18] and [17]. However, while the existing studies are typically based
on the shrinkage approach, our focus is on the general empirical Bayes [13, 15],
or equivalently nonparametric empirical Bayes [12].

In general empirical Bayes, the unknowns 6; are typically treated as constants
in the compound approach [13]. In a homoscedastic compound decision problem,
the average risk is written as

%Z]Egi,o(t(X,»)—Gi)Q :/U(t(ag)—eff(xa,a)dx dG,(0),  (1.3)

where f (|0, 0) is the density of N(#,0?%), and G,, is the empirical distribution of
6;. Robbins [13, 14] observed that the optimal solution of the above problem is
the Bayes rule t7; (v) = Eg, (/|X = z,0). This can be viewed as fundamental
theorem of compound decisions as it connects the compound problem to the
Bayes approach. The idea is to plug-in estimated G,, to mimic the Bayes rule
or its performance. In the presence of heteroscedasticity, the same calculation
as in (1.3) will not go through as X; — 6; do not have the same distribution. In
the heteroscedastic case with known o;, we may write

%ZEM (t(X100) — 6,)° :/[/(t(’x,a) —0)2f(alf, 0)dx | dG (0, ),

(1.4)
where G, is the empirical distribution of (6;,0;). This still connects the com-
pound problem to Bayes. However, the fundamental theorem fails in the presence
of heteroscedasticity with observable ¢; in general as the meaning and impli-
cation of putting a known quantity in the prior GG, is unclear. Moreover, there
may not be sufficient sample size at each o-value to allow sufficiently accurate
estimation of a nonparametric unknown prior.

One plausible way is to take empirical Bayes view that 6; are i.i.d. variables
with an unknown common prior G. Empirical Bayes methods can be understood
from the point of view of restricted empirical Bayes. Given a class of decision
functions &, with oracular knowledge of G, the oracle benchmark is Ry (G) =
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infrep nEq > i, (H(Xi,04) — 0;)%. The regret of an estimator £, is
~ Ru(G). (1.5)

The aim of restricted empirical Bayes is to seek £, € 2 satisfying the asymptotic
optimality
ra.o(tn) — 0, asn — co. (1.6)

Let G be a normal distribution with mean y and variance 72. With 2 being the
class of all linear estimators, the optimal estimator in 7 is t},(z) = p+ (1 —
B)(z — p) where B = 02/(0? + 72). In the homoscedastic case, 02 = o2, the
James-Stein estimator 0/ = X +(1—B,,)(X;—X) with B, = (n—3)0%/ >_,(X;—
X)? approximates the optimal linear rule ¢,(z) in the sense of (1.6). In the
heteroscedastic case, Xie, Kou and Brown [18] proposed to select an estimator
from the class {72X; /(62 +7%)+02p/(0c?+72): p € R,72 > 0}. The parameters
p and 72 are estimated by minimizing a Stein’s unbiased risk estimate (SURE)
function. Xie, Kou and Brown [18] also suggested a semiparametric shrinkage
estimator of the form (1 — b;)X; + b;u where b; is nondecreasing in 0? . Both
SURE estimators satisfy the asymptotic optimality (1.6). Since o?/(0? + 72)
is monotone increasing in 02»2, any estimator of the previous form is also of the
latter form. Hence, the semiparametric SURE aims at a smaller benchmark risk
than the parametric SURE.

Denote the density of the normal location mixture by distribution G with
scale o by

g

foale) = [ So(*")d6t), (17)

where o(z) is the standard normal density. It is well known that for any prior
G, the Bayes rule is given by Tweedie’s formula [14, 1, 4]

te (X, 03) = Eq (8| X5, 04) = X; 4+ 02 =272, 1.
G( 70) G( | ,(7) +01 fG,o’i(Xi) ( 8)

where fo () is as in (1.7). The Bayes risk under (1.2) is
R,(G)=n"") R;(Q), (1.9)
i=1

where R} (G) = o*{1 - 0° [(f&,/fc.0c)*fc.o} is the Bayes risk for univari-
ate estimation. The general empirical Bayes approach assumes no knowledge
about the unknown prior G but still aims to mimic the Bayes rule t;(-,0;) in
(1.8) or approximately achieve the risk benchmark R (G). Compared with the
parametric and semiparametric methods, the general empirical Bayes is greed-
ier since it aims at the optimal estimator among all the rules. There are two
main strategies to approximate the Bayes rule in (1.8): modeling on the 8 space,
called “g-modeling”, and modeling on the x space, called “f-modeling”. Efron
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[5] provided examples and summarized some advantages of both strategies. As
demonstrated in [7] and [10], compound decision problem is a favorable case for
nonparametric g-modeling. Nonparametric g-modeling refers to estimating the
unknown prior by the generalized MLE [10]

@n = argmafoG,gi (X5), (1.10)
Ge¥y

where fg () is the mixture density as in (1.7) and ¢ is the family of all dis-
tribution functions. The calculation of the generalized MLE is usually difficult.
Recently, Koenker and Mizera [10] proposed a convex optimization approach to
computing the generalized MLE, which is proven to be efficient and accurate.
The heteroscedastic option in the REBayes package [9] facilitates our research.
Fu, James and Sun [6] also considered the general empirical Bayes method for
the heteroscedastic normal mean problem (1.1)—(1.2) with i.i.d. 8;. They sug-
gested an f-modeling procedure to mimic the Bayes rule in (1.8) and proved its
optimality in the sense (1.6). Still, the heart of the question is whether the gain
by aiming at the smaller benchmark risk is large enough to offset the additional
cost of the nonparametric estimation. Our results affirm that when 6; are drawn
from a common prior G, the proposed general maximum likelihood empirical
Bayes (GMLEB) estimator realizes risk reduction over linear methods.

The rest of this paper is organized as follows. In Section 2 we provide an
oracle inequality that gives non-asymptotic upper bounds for the regret of the
GMLEB. Some implications are given. In Section 3 we prove a large deviation
inequality for the generalized MLE under the average Hellinger distance, which
is a key element for the oracle inequality. Other elements leading to the oracle
inequality are provided in Section 4. In Section 5 we present some simulation
results. Mathematical proofs of theorems and lemmas are given either right after
their statements or in Section 6.

2. Main results

In the remaining part of the paper, the unknown prior where 6; are drawn from
is denoted by G},. We assume that the variances are uniformly bounded, i.e.,
there exist constants o; and o, such that o; < inf,, min; o; < sup,, max; o; < o,.
In our analyses, we allow approximate solutions to (1.10). For definiteness and
notation simplicity, the generalized MLE is any solution of

117z, .0.(X) = gusup [] fo.o.(X0), (2.1)
i=1 ' Ged i
where g, = (ev/2r/n?) A 1. The GMLEB estimator is defined as
A fe (X)
0; =t (Xi04) = X; +02-5m% =1 . n, (2.2)
T
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where G,, is any approximate generalized MLE (2.1) for prior G} and fg o (z)
is as in (1.7).

2.1. An oracle inequality for the GMLEB

Let 1,(G) = { [ |ulPdG(u)} P be the p-th absolute moment of a distribution
function G The convergence rate ¢,, as a function of the sample size n, the
mixing distribution G, and the power p of the absolute moment, is defined as

/(2+2p) 1
e(n,G,p) = max{\/Qlogn, {nl/lu /log nup(G)}p : }\/ OTgLn. (2.3)

Theorem 1. Suppose that under Pgx, t1,...,0, are i.i.d. random variables
from a distribution G}, and given 6;’s, X; ~ N(Gwol) are independent obser-
vations with known variances. Let 91 = t@ (Xi,0;) be the GMLEB estimator

in (2.2) with an approximate generalized MLE Gn satisfying (2.1). Then, there
exists a universal constant My such that for all logn > 1/p,

1 n. 212 e e 1/2
{E]EGZ Z (t7 (Xiy00) — 6:) } —{R:(G})} 2 < Myen(logn)®/2, (2.4)
i=1

where R (G?%) is the Bayes risk as in (1.9), and e, = e(n, Gk, p) is as in (2.3).

Here is an outline of the proof of Theorem 1. First of all, one problem with
analyzing the GMLEB is that the denominator fg  in definition (2.2) could
be arbitrarily small. In order to rule out that p0551b111ty, we define a regularized
rule t%, (Xj, 043 p) which replaces this denominator with fz V (pn/0i), and
in Theorem 5 we show that this rule relates to the GMLEB as

Moty (Xio) = 0:)" = (ty (Xioipn) —0)°, pn= —m2—. (25)
=1

i=1

Let A, = {d( G, G2) < (2. V1) )en } where x, is the constant as in Theorem 4,
and d(-, -) is the average Hellinger distance defined in (3.2). The large deviation
inequality in Theorem 4 and the analytical properties of the regularized Bayes
rule in Lemma 2 provides an upper bound for Eg: (%, where

n . 9 1/2
i = {Z (8%, (Xi.01:pn) — 1) IA;} . (2.6)
i=1
Because the generalized MLE is based on the same data, 0; = t*a (Xi, 00 pn) is
not separable. We use the following strategy. Let {(t’;Ij (,0150n)5 -+ - U, (-, 0m;

)i <N } be a set of approximated regularized Bayes rules in the sense that
it is a (2n*)-net of

{(t*G(.701;pn)7 ot (o pn): A(GLGE) < x*sn} (2.7)
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under || - ||co,ar, where n* will be manifested in Theorem 7. By the entropy
bound in Theorem 7, there exists a collection of distributions {H;,j < N} of
manageable size N such that

n

’{ Z (%n(Xi,ai;pn) _ 91‘)2],4”}1/2

i=1

. /
_%aﬁi{z (tr, (X, 045 pn) — 9¢)2}1 2

i=1

(2.8)

is small. Since the collection {H;,j < N} is of manageable size, a Gaussian
isoperimetric inequality yields that

n /
G = {3 (e, Ctrinn) - )7}

N 9 1/2
*EG;{ Z (tH_j (X, 04 pn) — 91) } } (2.9)
=1 +
is small. Finally, Theorem 6 provides an upper bound of the regret due to the

lack of the knowledge of G}, which implies that

n

1/2
o =mag{ s Y- (0, (Kacoip) ~ 00} = omi@} " 2a10)

=1

is small. These upper bounds for individual pieces Egx C are put together via

n 1/2 4
{EGZZ(tén(Xiaai)_gi)Q} < {nR;(Go)}"? Z 22 (211)

i=1

2.2. Consequences of the oracle inequality

Theorem 2. Suppose that under Pg:, 61,...,0, are i.i.d. random variables
from a distribution G%,, and given 0;’s, X; ~ N(0;,0%) are independent obser-
vations with known variances. Let 0; = t7, (X, 0;) be the GMLEB estimator in

(2.2) with an approzimate generalized MLE Gy satisfying (2.1). Then,
n % 2
EG; Zi:l (t@ (Xi,01) — 91‘) /n

I _1, 2.12
E R: (G (2.12)

provided that 1o (G?) = O(v/logn) and nR}(G?)/(logn)® — oco.
For a class of distributions ¢, the minimax risk for the average squared loss
(1.2) is

B (G 1nf sup E (X;,00) —0; 2, 2.13
(@) = sup Ba Z ) —6:) (2.13)
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where the infimum is taken over all bivariate Borel functions. An estimator is
adaptive minimax if

SUPgGew, e Z?:l (éz - ei)Q/n
K ()

-1 (2.14)

holds uniformly for a range of sequences {¥4,,,n > 1} of distribution classes. For
positive p and C, the L, balls of distribution functions are defined as

G, c = {G: /\u|pdG(u) < cp}. (2.15)

Theorem 3. Suppose that under Pg:, 61,...,0, are i.i.d. random variables
from a distribution G, and given 0;’s, X; ~ N(0;,02) are independent obser-
vations with known variances. Let 6; = t*@ (X;,0;) be the GMLEB estimator in

(2.2) with an approzimate generalized MLE G, satisfying (2.1). Then, the adap-
tive minimazity (2.14) holds in Ly, balls 9, ¢, in (2.15), provided that C,, — 0
and /nC?"?/(logn)°/? — oco.

Proof of Theorem 3. By definition of minimax risk in (2.13), we have

n

1
B Gpc,) = swp infEe Y (HXi00) —0:)°

GeYp.cp i=1

1 — 2
= sup Eg— t (X;,0;) — 0,

sup R; (G ) (2.16)
GeYyp.cn

By Theorem 1, (2.16) and /nC2"?/(logn)®/? — oo, there exists a universal
constant M7 such that

sup Eg— Z (Xi,09) — 9i)2 < sup RA(G)+ Mi(logn)®?/v/n
GeYy e, GEYp,cy
< Ry c,) +0(1)CEN. (2.17)
Donoho and Johnstone [3] proved that as C,, — 0,
Rn(G,c,) = O(1)CE2{21og(1/C2) M /P (2.18)

Thus, (2.17) and (2.18) lead to that

bU-p EG Z Xzaaz - 91) S (1 + 0(1))‘%ﬂ(gp7cn)'
GeYp,c,

This is the adaptive minimaxity in ¥, ¢, . O
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3. A large deviation inequality for the generalized MLE

In [7], the analysis of risk is divided into two parts. One is outside a Hellinger
neighborhood {d( féw fax) < xsn}, the other is inside this neighborhood. An
essential ingredient is a large deviation inequality for d( fén’ fazx). In the het-
eroscedastic case, it seems that certain omnibus distance between fg - and
fcx o, should be used. We use the average Hellinger distance E(@n, Gy) as de-

fined in (3.2) below. We provide a large deviation inequality for E((A?n, G?). This
result plays a crucial role in the oracle inequality stated in Theorem 1.
Define the collection of n-dimensional vectors of marginal densities as

— (e (@), forrn (2)),G €9}, (3.1)

where G is the family of all distribution functions. For two vectors (fg o, (%), .. .,
fa.on (@), (fa,e,(2), ..., fr0,(x)) € %y, define the average Hellinger distance

ac.m = {3 Zd? fGa,,me)}l/Q, (3.2

where d*(f,9) = (1/2) [(V/J — /9)? is the square of the Hellinger distance
between probability densities f and g. Define the supreme norm in bounded
intervals,

|R]lco,ns = maxHh lloo,as = max sup ’h |, (3.3)
where h = (hy(z),..., hy(z)) is an n-dimensional vector of functions.
Theorem 4. Suppose that under Pg:, 01,...,0, are i.i.d. random variables

from a distribution G, and given 6;’s, X; ~ N(0;,02) are independent ob-
servations with known variances. Let fg ., be as in (1.7). Let @n be certain
approzimate generalized MLE satisfying (2.1). Then, there exists a universal
constant x, such that for all t > x, andlogn > 1/p,

2., -2

t“ne 2
n < —t“logn 3.4
210gn) =¢ ’ (34)

Pg- {E(én, Gr) > tan} < exp ( -
where e, = e(n, G%,p) is as in (2.3) and d(G, H) is the average Hellinger dis-
tance (3.2).

Proof of Theorem 4. Let n=1/n? and M = 20un€i/(log n)3/2. Define

h*(z)

(3.5)

We consider any approximate generalized MLE satisfying

H fG,L,aL i) > 4P nen /15, (3.6)

fG 01
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Let {(fu,.0,(®),-- ., fH,.0,(2)),j < N} be an n-net of .%, under the semi-
norm |- ||eo,amr, With N = N(1, Fn, || - |lco,m)- Let Hy ; be distributions satisfying

d(H()Jv G, ) > ten, rin<az( ||fHo,_7‘707: - ij-,Ui, (37)

oo, M < B

if they exist, and J = {j < N: Hy; exists}. For any distribution G with
d(G,G%) > tey, there exists j € J such that for i =1,...,n,

f (LU) < fHO‘iji (x) + 277 = fHo,_j,Ui ($) + 2h*($)7 ‘$| < M>
Groi\t) = 1/(vV270;), |z| > M.
It follows that when E(@n, Gy) > ten,
H n o’, H o H fG o Z)
fG* 0'1 z X, \<MfG JI( |X \>MfG 01( z)
5 2h* (X /(v i
< sup fHo,y 1( )Jr H 270 )
jeJ X, | <M fGi‘l,Ui(Xi) IX.|>M fGn,m( )
< sup fHo,qu: (XZ) +2h (XZ) H 1/( V* 27Tai) )
jed i faz 0. (Xi) xion 2h(X)

Thus, by (3.6),

IPG{ (G, G2) >t£n}

< {supH fHo,.00(Xi) +207(X5) H 1/(v2na;) > e—4t2nsi/15}
]EJZ N fe, al(Xz‘) xion 2B
]EJ fG;;,m(Xi)
1/(\/27T0i) A2 ne?
P~ _— > nen/3 . .
+ Gn{ H (%) Z° (3.8)
| Xi|>=M

We derive large deviation inequalities for the right hind side of (3.8). For
j € J in the first term,

Pe. ﬁ fHO,j70'i (Xi) + 20" (X;) > 678t2’ﬂ€i/5
mLt fer 0,(Xi)

exp (4t*ne /5) ﬁ / \/fHUJ.,g,. + 2h* \/fG;,a,-
[ i ) e

IN

IN
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By Jensen’s inequality, d(Ho j, G%) > te,, and [ h* = 4nM,

Z (/ \/fHO-,J"Uz‘ +2h*\/fG;,0'i - 1)
1

Zn: (f *(fy, 000 faro0) + (2/h*)1/2>
i=1

< —t?*nel +ny/8nM. (3.10)
Since |J| < N, (3.9) and (3.10) yield

]PG*{ - fH()’j,Oi(Xi) +2h*(Xl) > e—StQ’nEi/5}

IN

sup >
jeJ E far 0 (Xi)

t2ne?
< exp{logN—T+n\/8nM}. (3.11)
Since 7 = 1/n? and M = 20,ne2 /(logn)®/? > 40,+/logn, by Lemma 4,
M
log N +n+/8nM < C(2logn)? max (W7 1) + V8M

(t*)Q} 32 _ tone;
Y Lara /2 « 2 =n
{ 50 s MUogn)" < —5

IN

for t* < t. Thus, by (3.11),

fHo s + Qh*(X ) _8t2ne? } 422
su 3.7 > 78 /5 L < et e /10 (312
{]GI;H fG* m(Xz) - - ( )

By (3.5), 1/h*(z) = 22/(nM?) = (nx/M)? for |z| > M. So that

1/(\/27‘(0'1‘) At2ne?
P AT > ne, /3
Gn{ H 2h*(X;) =€

1X,|>M

2t2ne? 1/logn
< exp ( - ) ”{ ‘ } . (3.13)
3logn ey \/EM

Since M = 20,ne2 /(logn)®/? > 40,1/Togn, Lemma 5 is applicable with a; =
n/(y/oiM) and A = 1/logn < 1. Because a; < n/(y/a; M),

. H nX; ‘ 1/logn
G \/J_IM

| X1 >M

< exp{(e/al/(2l°g”))(mjtn(%’]\(fm)p)}. (3.14)
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By the definition of ¢,
ne2 /logn

n(20p(G3)/M)"
Therefore, (3.13) and (3.14) give

IPG;{ H 1/ (V2ro,) > e4t2nei/3}

2h*(Xi) -
| X5 |>M
2t2 1/(2 log n) n52 e/o_ll/(Q log n)
) N E . 3.15
< CXP{ (3 e/o, )logn+ ¥z (3.15)

Inserting (3.12) and (3.15) into (3.8), we find that for large n and t > .,

DR t2 2
Pg- {d(Gn, Gr) > tan} < exp ( _ LN ) < et logn _ [ —t*
" 2logn
This completes the proof of Theorem 4. O

4. Other elements of the oracle inequality

In this section we provide other elements of the oracle inequality in Theorem
1. We divide this section into four subsections to study: (1) the connection
between the GMLEB and the regularized rule, (2) some analytical properties
of the regularized Bayes estimator, (3) regret of a regularized Bayes estima-
tor with a misspecified prior, and (4) an entropy bound for regularized Bayes
rules.

For the Bayes rule t&(z,0) = x + 0 f§; ,(2)/ fa.o(x), we may want to avoid
dividing by a near-zero quantity. Define regularized Bayes rule as

0% 16,0 (x)

(/o) V fao(z)

Denote t(x) = @ + f4(2)/fo(@) and t5(x) = @ + f4(@)/(p V fo(x)) as the
Bayes and regularized Bayes rules for the unit-variance normal mean problem
with prior G respectively, where fo(z) = [¢(z — u)dG(u). Let F be a scale
change of G:

to(w,05p) = @ + (4.1)

/ h(w)dF (u) = / h(u/o)dG(u). (4.2)

With y = z/o, by the condition on F, we have t},(x,0)/0 = t}.(y) and

M :y+% = 3 (y; p)- (4.3)

This is a scale invariance of the Bayes and regularized Bayes rules.
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4.1. Connection between the GMLEB and the regularized rule

The connection between the GMLEB estimator (2.2) and the regularized Bayes
rule in (4.1) is provided by

te (Xi,00) =tz (Xi,0i50n),  pn = qn/(V2men), (4.4)

where 0 < ¢, < 1. This is consequence of the following theorem.

Theorem 5. Let @n be an approzimate generalized MLE satisfying
117z, ...(X) > an sng a0 (X1) (4.5)
i=1 i=1

for certain 0 < q, < 1. Then, forallj=1,...,n,

fe,.0,(X5) (4.6)

n,0j

> dn
~ V2meno;

Proof of Theorem 5. Define ényj =(1- E)én +¢€dx,, where §, is the unit mass
at u. Since f@njm(Xi) >(1- s)f@nm(Xi) and fénj,a'j (X;) > ¢/(V2moj), so
that ’ ’

/e 0.0 2 0 [[ fo, 0. (X0) 2 0a(l = )" e/ (V270)) [ f, 0 (0)-
i=1 i=1 i#j

Thus, fg, . (X;) > qu(1 — )" te/(V2mo;) after the cancelation of fa, 5, (Xi)
for ¢ # j. The conclusion follows by taking e = 1/n. |

Remark 3. In the proof of Theorem 1, for notation simplicity, we set ¢, =
(ev2m/n?) A1 so that p, = 1/n3.

4.2. Some properties of the regularized Bayes estimator

In this subsection we give some analytical properties of the regularized Bayes
estimator. Denote the inverse function of y = ¢(x) by

L(y) = /=log(2my?), y>0. (4.7)

Since max;<, |X; — 6;| < ouv2logn with large probability, we expect that
max; <, |t&(z, 05 p) — x| < cov/logn for some constant c¢g. This is established in
the following lemmas.

Lemma 1. Let fg ,(z) be as in (1.7) and L(y) = \/—log(27y?). Then,

o @)Ne (@)
fem) <3e%@

11+ 1 .
+5< ;LQ(UfG,U(x)) =2 log (Wé(@)
T (48)
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Proof of Lemma 1. Let Y|¢ ~ N(§,0?) and € ~ G under Pg. Then,

) EG{@;%)Q‘YZ

— J6.q0(@)
S Y‘Y:x}: G.o(T KD

o? fe.o(x)

EG[ x}_ Golr) 1

This gives the first inequality of (4.8). Let h(z) = e° #/2. The second inequality
of (4.8) follows from Jensen’s inequality,

fé - (@)
h(fg:a(i) + %) < Eg [h(u) v =a]= m
This completes the proof. O

Lemma 2. Let t}(x,0;p) be the regularized Bayes estimator in (4.1). Let
= /—log(2my?) be the inverse of y = w(x) as in (4.7). Then, for all

r €R,
|t”’(‘;(x,a;p) - x’ < oi(p),~ 0<p<(2me)~1/2, (4.9)
0 < (9/0x)tg(z,03p) < L2(p), 0<p< (2me3)~1/2. '
Proof of Lemma 2. By Lemma 1,
x Doy o feelx) f6.0(T)
e —e| = o o @ Fa
fG,U‘(x) ~
UmL(Ufc,g(x)). (4.10)

If fa.o(x) > p/o, since L(y) is decreasing in y > 0, [t&(z,o5p) — o] < oL(p)
by (4.10). If fg.o(z) < p/o, since yL(y) is increasing in 0 < y < (2me)~1/2,
[t&(z,o;p) — ] < oL(p). This is the first line of (4.9).

By the definition of t{,(z, o3 p),

f6.0(®) 2

) 1.0 ) ,
V(v o) _ J1+o i — o wem) s Jael@ zole
ox 1+ 2pr7§$), fe.o(x) <p/o.

If fe.o(x) > p/o, by (4.11) and Lemma 1,

oty (z, 03 p) é,o(ff) = 7
GT < 1+02m < LQ(UfG,U(x)) < LQ(IO)~

If fe.o(x) < p/o, by Lemma 1,

0<1_Jeo@ o of6.® | Jao(@)

-, -
< o S e St (L*(cfao(x)) —1). (4.12)
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Because y(L?(y) — 1) is increasing in 0 < y < (2me3)~Y/2, for o fq.q(z) < p <
(2me) 12

0 f.o(x) (L3 (0 fao(x) — 1) < p(L(p) — 1). (4.13)
Putting (4.12) and (4.13) together, we have
// (.,L,) -
0<1+0*==222 < L*(p).
) /U (p)
This gives the second line of (4.9). O

4.3. Regret of a regularized Bayes estimator with a misspecified
prior

Let F; and F} be scale changes of G and G, under parameter o; according to
(4.2), respectively. Let Y; = X;/o; and §; = 6;/0;. It follows from (4.3) that

Ec: (t5(Xi, 053 0) — 0:)" )0? — Ea (t5. (X, 00) — 0:)% fo?

= ]EF;(t*F,;(K;P)*&) *EF*(tF*( i) — &)~ (4.14)

Then, by Theorem 3 of [7] and Lemma 6.1 of [19], for all 0 < p < (27e?)~1/2
and xg > 0,
Er (th, (Yisp) = &) — Er; (15 (Vi) = &)
< MOma’X{“ng'ga|10gd(fFi7fFi* }d2 fFufFi*)
+2{Pr: {|&| > v} +200pL(p) + 20(L*(p) +2)"* |,

where Mj is a universal constant. Note that the Hellinger distance is invariant
under scale change: d(fF,, fr+) = d(fG.0;, fax o). Thus we have the following
risk bound for the regularized Bayes rule for misspecified prior, which will be
used to bound (3, in (2.10).

Theorem 6. For any 0 < p < (27e?)~Y/2 and xq > 0,

1
“Ec; Y (t6(Xi,01:0) = 0:)" — R3(G7)

i=1

M n
70 > o?max {|log pl?, |log d(fc o, fos.0.)

i=1

+= Z {PG* |9 /O'z‘ > J)o} “1‘21'0/)112( )

IN

}dz(fG,a'q‘, 9 fG:‘l,O'i)

+2p(L2(p) + 2)”2} (4.15)
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. TABLE 1
Average of 3" ,(0; — 6;)2 based on 100 replications: n = 1000, o; ~ Unif(0.5,1.5),
0; € {0, u}, #{i: 0; # 0} =5, 50 or 500.

#10; £ 0} 5 50 500
1 15 2 25 3 |15 2 25 3 |15 2 25 3
James Stein | 18 23 33 46 | 101 168 242 318 | 387 538 665 744
SURE-M |13 22 32 44 | 97 157 221 287 | 349 482 601 681
SURESG | 16 25 35 45| 99 159 220 284 | 357 492 615 695
Group-linear | 27 37 46 57 |110 170 232 293 | 364 494 611 690
NEST 119 123 133 130|182 213 238 248 | 400 499 563 559
GMLEB |13 21 26 28|87 121 141 144|333 425 473 454
Oracle 10 16 21 24 | 82 117 136 138|326 418 468 448

4.4. An entropy bound for regularized Bayes rules

We now provide an entropy bound for collections of regularized Bayes rules. It
is used to bound Eg: (3, in (2.9) with a Gaussian isoperimetric inequality. For
any family S of functions and semi-distance d, the n-covering number is

N(n, #,d) = inf {N: H C uj.Vleau(hj,n,d)}

with Ball(h, e, d) {f d(f,h) < 77}. For each fixed p > 0 define the collection
of the regularlzed Bayes rules t%(x; p) in (4.1) as

Z’:{(tg("al;p)’"'7t*G’('7Un;p)>:Geg}. (416)

where ¢ is the family of all distribution functions. The following theorem pro-
vides an entropy bound for (4.16) under the seminorm || - ||o,as defined in (3.3).

\/ log(2my?) be the inverse of y = p(x). Then, for

Theorem 7. Let L =
all0<n<op< (27re) Y

log N (1%, T, || - [loo,m)

< {4(6L%(n) + 1) (2M/L(n) + 3) + 2}|log 7], (4.17)
where
2 3 2 2
* nj= Oy Ou Ty Ty
= KL Uy
K P{ (77)( 12 vV 27real V4 27ml)
203 203 o3

+ w4 u u + u ) 4.18
V12wo?  V12n 27320} \/2mec? } ( )

5. Numerical studies

In order to investigate the adaptivity of the GMLEB to different heteroscedastic
mean vectors, we carries out a simulation study. In Table 1, 6; are drawn from
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) TABLE 2
Average of 3.(0; — 6;)? based on 100 replications: n = 1000, o; ~ Unif(0.5,1.5),
0i ~ (1 —p)do +pN(3,7%).

2 0.1 1 10

D 02 04 06 08|02 04 06 08]02 04 06 08
James-Stein | 640 749 750 651 | 669 782 801 748 | 846 935 967 982
SURE-M | 578 683 687 588|606 718 739 686 | 782 890 931 946
SURE-SG | 583 696 701 595 | 608 729 751 695 | 769 890 935 950
Group-linear | 587 693 696 597 | 613 725 746 694 | 781 892 934 949
NEST 459 576 588 492 | 458 618 689 673 | 446 650 811 919
GMLEB |355 481 499 407|374 557 646 649|372 607 790 915
Oracle 349 474 493 401 | 366 549 638 640 | 360 595 775 898

two points: 0 or . The number of nonzero 6; is 5, 50 or 500. The values of u are
1.5, 2, 2.5 and 3. The scales are generated by o; ~ Unif(0.5,1.5) independently.
We report the sum of squared loss 3, (6; — ;)2 for n = 1000 based on average
of 100 replications. We display our simulation results for five estimators: the
extended James-Stein [2], the shrinkage estimator SURE-M and the semipara-
metric shrinkage estimator SURE-SG [18], the group-linear method [17], the
NEST [6] and the GMLEB. We also display Oracle as the risk of the oracle
Bayes rule t%. (-, 0;) in (1.8). In each column, boldface entry represents the best
performer. The sum of squared loss of the GMLEB happens to be the smallest
among the reported estimators and tracks the oracle risk very well. Indeed, here
the oracle Bayes rule in (1.8) is nonlinear.

In Table 2, we report another simulation for independent 6; and o?. The
means are generated by 0; ~ (1 — p)dy + pN (3, 72) where 6, is the degenerate
distribution at u. We set p = 0.2 to 0.8 with an increment of 0.2, and 72 = 0.1,
1 or 10. The GMLEB is the best throughout all combinations.

6. Proofs

Proof of Theorem 1. We use Mj to denote a universal real constant which may
take a different value on each occurrence. For simplicity, we take ¢, =
(ev2m/n?) A1 in (4.5) so that (4.4) holds with p, = 1/n®. Let ¢, and .
be as in Theorem 4 and L(p) = y/—log(2mp?) be as in (4.7). Let n* be as in
(4.18) and

w1 20,ne>
L Tulten (6.1)

P T M e

Let * = max(x,,1) and {(t}‘{j(., T13pn)s s b, (5 0ns pn))s J < N} be a (2n%)-
net of (2.7) under || - ||co,r-
As we have described in the outline, we divide the proof into four steps.
STEP 1. Let A, = {E(@,L,G;) < x*en} with z* = max(z.,1) and (i,
be as in (2.6). Since z* > 1 and ne2 > 2(logn)? by (2.3), it follows from

n

Theorem 4 that Pg:{AS} < exp{ — (2%)?ne2/(2logn)} < 1/n. Thus, since
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L?(p,) = —log(27/n%) < Mylogn, Lemma 2 gives

n

2
Ec: ¢, = Eo: Z {(t*@n(XmUi;Pn) - Xi) + (Xi — 92)} Lae
i=1
< 2 0L (pn)Pa: {AL} + 2Eay > (Xi — 0;)*Lac
i=1 1=1

IN

My logn + 22/ min (P{|N(0,07)| > z},1/n)dz*. (6.2)
i=170
Since P{N(0,1) > 2} < ¢=*"/2, we have

n fe'e) ) , ,
S [ min (P02 > 2} 1)

< / min (Zne_rZ/(%ﬁ), 1)da® = 207, + 207 log(2n). (6.3)

0

By (6.2) and (6.3),
Eg: (7, < Mologn < Myney. (6.4)
STEP 2. In this step, we bound E’G’;‘LCQQn~ Since {(t’;Ij (,0150n)5- - U, (-, 0n;

pn)),j < N} form a (2n*)-net of (2.7) under | - ||o, s, it follows from Lemma 2
and (2.8) that

n

. " " 2
C22n < jﬂgj{} (t@n(XuUz‘;Pn)_tHj(XivgiZPn)) 14,
==

< (@) H# 0 | X < M)+ {20, L(pn) Y #{i | X, > MY

By (2.3), (ne2/logn)P*t > n{\/lognu,(G:)}", so that by (6.1),

N BT I T
< (EEnl)T < =(=) —=. (.
/u|>M/2dG”(u) _( M/2 ) - (M(logn)3/2) logn (au) logn (6:5)

Thus, since 7* = n~{c1L(n™*) + ¢o} by (4.18) and M > 40,,/Togn by (6.1)
and (2.3),

Ec: (3, < n(2n*)* + 40322(71*3)1@0;#{@: | Xi| > M}

< Mo(logn)<% + n/ dGp(u) + ZP{|N(O,U?)\ > 20u\/logn})

lu|>M/2
1 ne? ”

< Mo(logn)<g + logn + ZP{\N(0,1)| > 2\/logn})
i=1

1 ne? 2
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Since ne2 > 2(logn)?, we find
Eg- (3, < Mone? 6.6
G;CQn = one, - ( . )

STEP 3. In this step, we bound Eg= (3,. Let h(x) = (Z?Zl(té (z5,04;p) —
91-)2)1/2. It follows from Lemma 2 that for 0 < p < (27e3)~1/2,

n . . 2y 1/2
@)~y < {3 (te@ioip) ~talioin)’ |
i=1
< o — ylmaxsup|(9/02)t (2. 015 p)
< Lple—yl.

Thus, h(z)/L?(p) has the unit Lipschitz norm. The Gaussian isoperimetric in-
equality (e.g., [16]) gives that for any deterministic distribution G and x > 0,

Pa:{(i (te(Xs, 065 p) — 91-)2)1/2 > JEG;<Z”: (t5(Xi, 041 p) — 9i)2)1/2 . x}

i=1 i=1
2

e (= o,)

This and (2.9) imply that

Eg: (3, = /O h Pa: {(sn > x}da®
< /00 min {1, Nexp (— x2/(2z4(pn))) }dx2
0
= 2L%pn)(1 +log N). (6.7)
The entropy bound for regularized Bayes rules in Theorem 7 and (6.1) give that
log N < My(logn)3/2M /2 < Myne?. (6.8)
Hence by (6.7) and (6.8),
Eg: (3, < Mone?(logn)®. (6.9)

STEP 4. In this step, we bound EG:LCZ’I’L' First of all, it follows from (2.10)
that

n

G < gngagri {EG; Z (t*Hj (Xi,005pn) — 91»)2 - nR:‘l(G:L)} (6.10)

i=1



2290 W. Jiang

By Theorem 6, for any 0 < p, < (27€?)~%2 and zo > 0,

n

B Y (t, (Xi,0i0n) — 0:)° — nR}(G3)

i=1

< MOZO—Z'QmaX{“ngan‘IOgd(ij,aivfG;‘l,ai)
i=1

+22 {Pg* 16 /04 > 20} + 2200 L (pn)

}d2(ij,Ui7fG;,o'i)

+2p0 (L2(pn) + 2)1/2} (6.11)

Let 29 = M/(20y) and ey = z*¢,, > d(H;,G},). It follows from (6.5) that

Po; {16/1] > @0} _ Juzapp 40000 _ (1) (eh/logn) _

6.12
08 u P e = NogpaPren = (ogmpez = o (012
Since M = 20,ne2 /(logn)®/2 and L2(p,) < Mylogn,
2(M/(200) + Vpul*(pn) . Mo(ney/(logn)* + 1) /n’
(log pn)3(z*en)? - (logn)2eh
My
Thus, by (6.10)-(6.13),
2 < Mon|(log pn) /3|32 = Myne? (logn)?. (6.14)
Adding (6.4), (6.6), (6.9) and (6.14) together, we have
4
Z EG* Cm 1/2 < Monl/zan(logn)g/Z.
j=1
This and (2.11) complete the proof. O

Lemma 3. Leta > 0,n = ¢(ao;/o,) and M > 0. Given any mizing distribution
G, there exists a discrete mizing distribution Gy, with support [—-M — aoy, M +
aoy] and at most m = (2|6a?| + 1)[2M/(ao;) + 2] + 1 atoms, such that

o < (1 + \/—27)011 (6.15)

max HfG,UL fG o
i<n

Proof of Lemma 3. Let j* = [2M/(ao;) 4+ 2] and k* = [6a?]. Let

Ii=(=M+(j—2)ao;, (—M + (j — Vaoy) A (M +aoy)], j=1,...,5%,
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be a partition of (=M — ao;, M + aoy]. It follows from the Carathéodory’s
theorem (e.g., [11]) that for each distribution function G there exists a discrete
distribution function G,, with support [-M — ao;, M + ao;] and no more than
m = (2k* 4+ 1)j* 4+ 1 support points such that

/ude(u):/ uFdG o, (u), k=0,1,...,2k*, j=1,...,5%
I; I

Since the Taylor expansion of e~*'/2 has alternating signs, for ¢2/2 < k* + 2,

E*

IR e DG
0 < Rem(t) = |o(t) kgo Varkl | S Vet s

Thus, since k* + 1 > 6a?, for « € I; N [~ M, M], the Stirling formula yields

o) ~ Jormmel| < ‘ /(Ij—lUI_7'U1j+1)L‘ Jiisp(x;u>d(G(u) - Gm(u))’
1 R
+‘ /Ijluzjum ERem( o )d(G(u) - Gm(u))‘
1 rao ((2a)%/2)F" +1
: o (Uiu) + m

1 /ao (e/3)k"+1
< —pl— —_— . 6.16
Furthermore, since (¢/3)% < e=%/2 and k* + 1 > 6a® > 6(a0;/0,)?, we have
(¢/3)F"+1 < ¢=(@01/7w)*/2 Hence (6.15) follows from (6.16), (e/3)F" 1 <

6_(aal/au)2/2 and n= SO(G,O'l/Uu) =

Lemma 4. There exists a universal constant C' such that

M
1ogN(na¢gna || : HOO,M) S O| 10g77|2 max (75 1)) (617)
V[ log |
for all 0 < n < (2m)~Y/2 and M > 0.
Proof of Lemma 4. Let a be the value such that n = p(ao;/0,,) and
9 M
m = (2|6a?] + 1)[2M/(ac)) + 2] + 1 < C|logn| max (ﬁ 1). (6.18)
0g 1

It follows from Lemma 3 that there exists a discrete distribution G,,, with sup-
port [-M — ao;, M + ao;] and at most m atoms such that

o < (14 \/%) Uﬁl (6.19)

max ||fG707‘, - me,cn
i<n
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The next step is to approximate the fg,, », in (6.19) by fa,. o where G, ,
is supported in a lattice and has no more than m atoms. Let £ ~ G,, and
& =nsgn(€)||€|/n]. Define Gy, 5, as the distribution of &,. The support of Gy,
is in the grid Q, pr = {0, £n, £2n, .. .} N[=M —aoy, M + aoy]. Since [ —&,| <n
and sup, (0/02)|(1/a:)p(x/a;)| = 1/(v/2mea?),

max || f6,.00 = fGin .00 (6.20)

1
< —1.
> 7 2reo}? 7
The last step is to bound the covering number of the collection of all fg,, , o,

Let 2™ be the set of all vectors w = (wr,...,wy,) satisfying w; > 0 and
>oimywj = 1. Let 2™ be an 7)-net of ™

inf w—w™"||, <n, YweP",
wvn,neg}nz,n
with N(n, 2™, || - ||1) elements. Let {u;,j = 1,...,m} be the support of G,, ,
and w™™" be a probability vector in ™" satisfying 37" | |G,y ({u;})—w]""| <

n. Denote ém,n = Z;ﬂ:l w;"",,. Then,

I?SafoGmmm —JG il = Worel (6.21)
since sup,, |(1/0:)p(z/03)| = 1/(V270;).
Summing (6.19), (6.20) and (6.21) together, we have
1 1 1 \n
max || fa.o; — f& : < (1+ + + )—
naxll e = o, aloc.u Vor " Ve T Var) o
= 7™ (6.22)

The support of émm is also in €, pr. Counting the number of ways to realize
{u;} and w™", we find

k% Q ’ m
N Ful ) < (P )@, 02)

with m satisfying (6.18) and [Q, ar| = 14 2| (M + aoy)/n)].

Since &™ is in the ¢; unit-sphere of R™, N(n, Z™ | - ||1) is no greater than
the maximum number of disjoint Ball(v;,n/2, || - ||1) with ||v,|| = 1. Here is the
argument. Suppose there exists w € &™ such that w ¢ U;Ball(v;,n, || - |l1)
Then Ball(w, /2, - ||1) N Ball(v;,n/2,] - ||1) = 0, Vj. This is a contradiction
with the maximum number of disjoint balls. Hence & C U;Ball(v;,n, || - []1)-

Since all these disjoint Ball(v;,n/2,] - ||1) are inside the (1 + 7/2) ¢;-ball,
volume comparison yields N (n, 2™, ||-|1) < (2/n+1)™. This, (6.23) and another
application of the Stirling formula yield

N(n™, Fn, || : ”oo,M)
(2/n+ )™ Q™
m/!
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< ({1 D) 2D
- { ol +;(M Haoile }mn“(zm)v% (6.24)

For n = o(1), a = oo, so that m > (1+0(1))24a(M/o;4+a) — oo and (n+2)(n+
2(M +a01))e = (1+0(1))4e(M+ac) < m. Hence, N(7°*, Fo, |- loe.a1) < 12"
by (6.24). This and the definition of n** in (6.22) give (6.17). |

Lemma 5. Suppose that under Pg:, 01, ...,0, are i.i.d. random variables from

a distribution G, and given 0;’s, X; ~ N(0;,02) are independent observa-

tions with known variances. Then for all constants M > o,+/8logn, 0 < A <
min(1,p), and ai,...,a, >0,

EG;;{ ﬁ aiXi|1{Xi|>M}}A ~ exp { Zn:(aiM)/\(Mii;% N (ZMpA(JGZ))p> }

i=1 i=1

Proof of Lemma 5. Tt follows that

n A
EG;{ H |a¢Xi|I{X7"2M}}

i=1

< (1+ag\E|Xi|/\I{|Xi|ZM})

i=1
n
A A
exp{ a; / lz|” fax o (x)dx} (6.25)
iz:; || >M
Let Z ~ N(0,07) and 6 ~ G;;. Since Z + 60 ~ fg: o, and 0 < X <1,

[l e (e)da
|z >M
= E|Z+0M{|Z+06|> M}

IN

M M
< ERzP{121 2 5} + 0P {j6) = 5
M
< 2M*—1E|Z|1{|Z| > —} +/ (2|z]) G (). (6.26)
2 o>
Since A\ < p, it follows from the Holder and Markov inequalities that

[ e ac )

IN

213(G3) (o {lal = /2})

MA(%]&GZ))E

IN

Moreover, since M > o,+/8logn,

M M
A—1 > < A-1 . >
oM E\Z|I{|Z| > 2} < oM UUE|Z/UJI{|Z/JZ| > }

u
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oo

4M* 1o, xo(x)dx
M
204

- AM*o,
- Mn2r

Inserting the above inequalities into (6.26) yields

A A 4oy, 24, (G)\P
/szm fo; (w)de < M {Mn\/ﬁ ( M )}

This and (6.25) imply the conclusion. O

Proof of Theorem 7. Tt follows from (4.1) and Lemma 2 that
|tE (z,045p) =ty (2, Ui;P)’
_|fGal fHa'l |+ ’fG'm fHUT( )| (6-27)

Let a satisfying 1) = (a0, /0y) so that aoy /o, = L(n). Let 5* = [2M/(ao;) +
2] and k* = [6a?]. Let

I = (=M +(j —2)aoy, (=M + (j — Dao)) A (M +am)], j=1,....5",

be a partition of (—M —ao;, M+aa;]. It follows from the Carathéodory’s theorem
that for each distribution function G there exists a discrete distribution function
G, with support [-M — ao;, M + aoy] and no more than m = (2k* 4 2)5* + 1
support points such that

/ude(u):/ uFdG(u), k=0,1,...,2k +1, j=1,...,5"
I I

J J

Since the Taylor expansion of e=t"/2 has alternating signs, for t2/2 < k* + 2,

Kk 2 2 /9\k*+1
—t*/2)k (t/2)
0<R E .
em(t — Vemk! | \/27‘('(]{3* + 1!

Thus, since k* +1 > 6a? and aoy/o, > 1, for x € I; N [—M, M], the Stirling
formula yields

|fGU1 me 0,7(1')|

< [, e (7)ol G0 -G
+‘/I¢_1ulﬂu1v+1 (utf_?x)Rem<x;u)d(G<u) _Gm(u))’
< % max  to(t) M
i

07 t>ao; /oy 0’12\/277(]{3* +1)'
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R 2a(e/3)F +1
< —nL —_—. 2
- 01277 () + of2m(k* +1)1/2 (6.28)
Similarly, for |z| < M,
k*+1
| feon (@) = fao (@) < L + ECTL) (6.29)

o] 0’1271'(]{5*4-1)1/2.

Furthermore, since (e/3)% < e='/2 and k* + 1 > 6a® > 6(ao;/0,)?, we have
(e/3)F"+1 < e=(aa1/9u)*/2 o by (6.27), (6.28) and (6.29),

Iglgaf Htg(-,ai;p) — ta,,L('7Ui5p)’|m,M

0.3 - 2ae—(aol/0u)2/2 03E<P> e—(aol/ou)2/2
< 2 (77L(77)+ V6a2 )+ (+ V6a2 )

arp 21V 6a aip 2mv6a

2 3 3

N[~ (au 0u> 203 o }
< —=<L —+ =)+ + . 6.30
- p{ ) o o}/ 12mo?  V12r (6.30)

Let & ~ Gn, & = nsgn(égug\/nj and G, ~ &, Since

sup, (0/0z)|(1/0;)p(x/0:)| = 1/(v2meo?) and sup, (0%/0x?)|(1/o:)p(x/0:)| =
V2/m/(e¥?07) and [ — & <,

2
< ———n.
oo = \/27re3/201377

Hme,ai - me,mJi

1 I /
o = W"L Hme,Ui - me’""”

This and (6.27) imply

nf 273 o2L(n)

t* . . _ t* . . < I U 3
IZHSa;(H Gm( i) Gm’"(’gup)nw - P{V27r63/20l3 \/271'6(712
Moreover, Gy, , has at most m support points.

Let 2™ be the set of all vectors w = (w1, ...,w,,) satisfying w; > 0 and
>ty wj = 1. Let 2™ be an n-net of N(n, #™,|| - [|1) elements in 22"

}. (6.31)

inf H'w—'wm’”H1 <n, YweP™

wNE PN

Let {uj,j =1,...,m} be the support of G, ,, and w™" be a probability vector
in Z™1 with 357 |Gy ({ug}) — w7 < 0. Set Gy = 3270, wi""8,,,. Then,

1 1
— fx < ! — fL < —
HfG-m,mO'q, me‘n,gi 0o — /—27_[_0_1 1, Hmey,, memHoo = /—27'('60'12 m,

since sup, |(1/0;)¢(x/0;)| = 1/(v/270;). This and (6.27) imply

o A o2L(n)
v 27reorl2 V2o

055 < -
(o)l p

m,n

}. (6.32)

* . *
max tG,.. Croip) —t5
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The support of Gy, ,, and émm is Q= {0, £n, £2n, .. }N[-M —ao;, M +aoy).
Summing (6.30), (6.31) and (6.32) together, we find

ta (s 0isp) — t@mm(-,ai;p)Hw,M <,
where n* is as in (4.18). Counting the number of ways to realize {u;} and w™",
we find

* Q m
NG Tl ) < (P NG 0

with m = (2k* + 2)7* + 1, [Q, m| = 1+ 2[(M + aoy)/n], n = ¢(aoi/ow),
j* = [2M/(ao;) + 2] and k* = [6a?].

The rest of the proofs follow the same line in Lemma 4. The bound is
N*, Tpo || - loo,m) < p2™ where m < 2(6a? + 1)(2M/(aoy) + 3) + 1. O
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