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Abstract: A weakly dependent time series regression model with multi-
variate covariates and univariate observations is considered, for which we
develop a procedure to detect whether the nonparametric conditional mean
function is stable in time against change point alternatives. Our proposal is
based on a modified CUSUM type test procedure, which uses a sequential
marked empirical process of residuals. We show weak convergence of the
considered process to a centered Gaussian process under the null hypothe-
sis of no change in the mean function and a stationarity assumption. This
requires some sophisticated arguments for sequential empirical processes
of weakly dependent variables. As a consequence we obtain convergence
of Kolmogorov-Smirnov and Cramér-von Mises type test statistics. The
proposed procedure acquires a very simple limiting distribution and nice
consistency properties, features from which related tests are lacking. We
moreover suggest a bootstrap version of the procedure and discuss its ap-
plicability in the case of unstable variances.
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1. Introduction

Assume a finite sequence (X, Y;), t = 1,...,n, of a weakly dependent R? x R-
valued time series has been observed. Here, we interpret X as a covariate (which
may contain past values of the process) and it is assumed that the conditional
expectation of the observation Y;, given X; and all past values of the time series,
does only depend on the covariate Xy, and thus is a function m;(X;). We do
not impose any parametric structure on the regression function. For inference
on the time series it is of importance whether the regression function is time
dependent or not, i.e. the hypothesis

Hy: my(Xy) =m(Xy) as. forallt=1,...,n

(for some not further specified function m) should be tested against structural
changes over time such as change point alternatives.
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Literature on such tests for nonparametric regression functions is rare in the
time series context. Both Hidalgo (1995) and Honda (1997) suggested CUSUM
tests for change points in the regression function in nonparametric time series
regression models with strictly stationary and absolutely regular data. Su and
Xiao (2008) extended these tests to strongly mixing and not necessarily sta-
tionary processes, allowing for heteroscedasticity, while Su and White (2010)
proposed change point tests in partially linear time series models. Vogt (2015)
constructed a kernel-based Ls-test for structural change in the regression func-
tion in time-varying nonparametric regression models with locally stationary
regressors.

We will combine the CUSUM approach as considered by Hidalgo (1995),
Honda (1997), and Su and Xiao (2008) with a marked empirical process ap-
proach. Marked empirical processes have been suggested in a seminal paper
by Stute (1997) for lack-of-fit testing in nonparametric regression models with
i.i.d. data. Since then they have been widely used for hypothesis testing in re-
gression models, see Koul and Stute (1999) and Delgado and Manteiga (2001),
among many others. A marked empirical process approach has been applied
by Burke and Bewa (2013) for change point detection in an i.i.d. setting. In
contrast to our approach they use a process of observations instead of residuals
with a very complicated limit distribution, whereas we obtain a simple limit
distribution and even asymptotically distribution-free tests in the case of one-
dimensional covariates. To this end we show weak convergence of a sequential
marked empirical process of residuals under the null hypothesis. We further
demonstrate consistency under fixed alternatives of one structural break in the
regression function at some time point |nsg] for n — oo.

Moreover we suggest a wild bootstrap version of our test that can be applied
to detect changes in the mean function in the case of stable variances (as alterna-
tive to using the asymptotic distribution, e.g. for multivariate covariates) as well
as in the case of non-stable variances. Wild bootstrap was first introduced by Wu
(1986) and Liu (1988) for linear regression with heteroscedasticity. It was used
in time series context by Kreif§ (1997) and Hafner and Herwartz (2000), among
others. The bootstrap version of our test can detect changes in the conditional
mean function, even when the conditional variance function is also not stable,
but — as desired — the test does not react sensitive to the unstable variance. If
no change in the mean function is detected, a test for change in the variance
function can be applied, which assumes a stable mean function. The latter ap-
proach will be considered in detail in a forthcoming manuscript. Most literature
assumes stationary variances of the error terms (unconditional or conditional)
when testing for changes in regression. However, as Wu (2016) pointed out,
non-stationary variances can occur and will most likely result in misleading in-
ferences when not taken into account. Although this is a legitimate concern, not
many results are available that deal with non-stationary variances. The CUSUM
test by Su and Xiao (2008) allows for breaks in the conditional variance func-
tion. But their procedure does only seem to work for fixed breaks in the variance
function that do not depend on the sample size, whereas we consider changes of
the variance in some |nty| for n — oo. There are some approaches for testing
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for parameter stability in parametric time series models that consider unstable
variances, see Pitarakis (2004), Perron and Zhou (2008), Kristensen (2012), Cai
(2007), Xu (2015) and Wu (2016). But all the settings considered do not fit
into our framework as they either do not allow for autoregression models, by
assuming stationarity of the regressor variables under the null, or they do not
cover heteroscedastic effects. More precisely if heteroscedasticity is considered,
variance instabilities are not modeled in the conditional variance function but
as a time-varying constant.

The paper is organized as follows. In section 2 we present the model and
the sequential marked empirical process, on which the test statistics are based.
Further the assumptions are listed. In section 3 we consider the limit distribution
under the null hypothesis as well as consistency under the fixed alternative of
one change point. The wild bootstrap version of the procedure is discussed
in section 4, whereas simulations and a real data example are presented in
section 5. Section 6 contains concluding remarks, whereas proofs are presented
in the appendix.

2. The model and test statistic

Let (Y;, X;)¢ez be a strongly mixing stochastic process in R x R? following the
regression model
Y;:mt(Xt)+Ut, t € Z.

The covariate X; may include finitely many lagged values of Y;, for instance
X; = (Y;—1,...,Y:_q) such that the model includes nonparametric autoregres-
sion. The unobservable innovations (Uy);ez are assumed to fulfill E[U|F] =0
almost surely for the sigma-field F* = o(U;_1,X; : j < ¢). Our assumptions
on the innovations are rather weak; in particular heteroscedastic models will be
covered. To derive asymptotic critical values for the test statistic defined below
we will assume strict stationarity under the following null hypothesis. Assuming
(Y1, X1), ..., (Yn, X,,) have been observed, our aim is to test the null hypothesis

Hy:mi()=m(), t=1,...,n,

for the conditional mean function E[Y;|X; = ] = my(x), t € Z, and some not
specified function m : R* — R not depending on the time of observation t. To
test Hy, we define the sequential marked empirical process of residuals as

ns]
To(s, z) = % Z(Y — 11 (X)) )won (X)) I{X; < 2}, (2.1)

for s € [0,1] and z € R?, where w,(-) = I{- € J,} with J,, from assumption
(J) below. Throughout I{-} denotes the indicator function, x < y is short for
z; <y;, Vj=1,...,d, and we use the notations |z| = max{k € Z: k < z} for
z€Rand x Ay = (min{zy,y1},...,min{zg4,yq}) as well as f(foo)m] g(u)du =

o T glu, . ua)duy - dug.
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The regression function m is estimated by the Nadaraya-Watson estimator
My, where

n rz—X
Py K(h—]>Y]
My ()

n —X
Zj:l K(m hn : )
with kernel function K and bandwidth h, as considered in the assumptions
below.

The proposed test is a modification of the CUSUM test in Su and Xiao (2008).
They consider the process

(2.2)

1 R

NG Z(Yi — M (X5)) fr (X )w(X5),

where w : R? — R is a weighting function and fn is the kernel density esti-
mator. While the factor fn has technical reasons as small random values in the
denominator of M, can be avoided, the weighting function w plays a crucial
role for the power of their test (see remarks to Theorem 3.2 in Su and Xiao
(2008)). Depending on the alternative, w needs to be chosen appropriately for
the rejection probability to converge to one. Hence, their test (in contrast to
the one based on the sequential marked process) is for fixed w not consistent
against all alternatives.

Under the null hypothesis Hy we formulate the following assumptions in order
to derive the limiting distribution of T, and corresponding test statistics in the
next section.

(G) Let (Yi, X¢)tez be strictly stationary and a-mixing with mixing coefficient
a(+) such that a(t) = O(a™") for some a € (1, 00).

(U) For some v > 0 and some even Q > (d + 1)(2 + ) let E[U;|F'] = 0,
E[U2X,] = 0%(X;) and E[|U|2°% | X;] < ¢(X;)? as. for all t € Z,
for some c¢,0? : R? — R with [ &(u)dF(u) < M for some M < oo and
¢(u) = max {o?(u), c(u)?,...,c(u)?}, where F! = o(U;_1,X; : j < 1).

(M) For some b > 2 let E[|Y1|’] < oo and X7 be absolutely continuous with
density f:R?— R such that sup,cgs E[|Y1]’| X0 = @|f(z) < oo and
SUP,cRrd f(ZC) < oo. Let supml’mj E“}/l}/]HXl = ;cl,Xj = ;cj]flj(ccl,wj)
< oo for all j > j* and some j* < oo, where fi; is the density of (X1, X;).

(J) Let (¢n)nen be a positive sequence of real valued numbers with ¢,, — oo
and ¢, = O((logn)'/?) and let J,, = [—cy, ca]®.

(F1) Denote I, = [~¢, — Chy, ¢, + Chy]? for some C < oo and ¢, from
assumption (J) and let for all n € N, 6,1 = infzey, f(x) > 0 and

Pn = max  sup |D¥f(x)| < 0o
keNg z€l,
1< |k|<I+1+47
0<gq, = max  sup |DFm(x)| < oo,

keNg z€l,
0<|k|<l+1+r
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for some 7,1 € N, where for i = (iy,...,iq) € N&, |i| = Z;-l:l’l:j and
i gl
D= Bril...ax;‘i ’
(F2) For ¢, from assumption (F1), ¢, from assumption (J) and C from as-
sumption (K), let SUpge(_c,—2h,Cren+2h,C)4 |D¥m(x)| = O(gy) for all
k € N¢ with |k| = 2.

(K) Let K : R? — R be symmetric in each component, /41 times differentiable
with [, K(z)dz = 1 and compact support [—C, C]%. Additionally, let
r>2and [, K(2)z8dz =0 for all k € N§ with 1 < |k| <r — 1, where
2k =20k Forall L e {KYU{D*K : k € Ng with 1 < |k| <1+1}
let |L(u)| < oo for allu € R? and |L(u)—L(u’)| < Alju—u/|| for some A <
oo and for all u,u’ € RY. (Here, r,l and C are from assumption (F1).)

(B1) For 0, pn,qn and 7,1 from assumption (F1) let

logn r 141 sl+2
( nhd+2(l+l)+hnpn> Py 6, " =0(1),

and for some 7 € (0,1) let

logn . " _
< W + hnpn> D5 qn 0, T = o(1).

(B2) For I, ppn, Gn,dy from assumption (F1) and 7 from assumption (B1), let
h,, satisfy the following conditions
3+

(logn) log h,
o262 = o(1), —o(1
- hd e . V/nhi M

and
VIR ppgn = o(1), (logn)>h,q? = o(1).

Remark 2.1. Under assumption (G) it is not needed that the innovations {Uy }+
are 1.i.d., e.g. one can obtain a strictly stationary, but non-i.i.d., white noise
by defining U, = o?(e? — 1), where {ove4}¢ forms a strictly stationary GARCH
process, see Kreifs and Neuhaus (2006), 14.2.

Under aforementioned assumptions, consistency properties hold for m, uni-
formly on J,, from assumption (J) which will be shown in section A.1 of the ap-
pendiz. The key tool here is an application of Theorem 2 in Hansen (2008). As-
sumption (G) implies polynomial mizing rates of the underlying process needed
in Hansen (2008). Moreover, together with the first bandwidth condition in (B2)
the bandwidth constraints in Hansen (2008) are also fulfilled. Assumptions (M)
and parts of (K) are reproduced from aforementioned paper.

In order to satisfy the first bandwidth condition in (B2), a necessary condi-
tion on the smoothness of f and m then is | +n > d, meaning that for higher
dimensional covariate Xy, the existence of higher order partial derivatives of f
and m is needed. In order to satisfy both the first and third bandwidth condition
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in (B2) at the same time, the order of the kernel needs to be large, in particular

r> %l-il-—;zd‘ The second bandwidth condition in (B2) is implied by the first one,

if the bandwidth h, has a polynomial rate of decay in n (or slower), meaning
if there eists a k € (0,00) such that h, = O(n=*). Note that k < % — ﬁ is
necessary then. Note, however, that rates of convergence that are known to be
MSE-optimal for estimation, namely O(n=/(4+21)) " can not fulfill the third con-
dition from (B2) asr/(d+2r) < 1/2. However, it is common that for hypothesis

testing different bandwidth rates are needed than for estimation.

3. Asymptotic results

To derive the asymptotic distribution of test statistics built from the sequential
marked empirical process T,, defined in (2.1), we apply the following expansion,
which uses Y; = m(X;) + U; for all i = 1,...,n under the null hypothesis,

To(s,2) = Apa(s,z)+ Ani(s, z)
with
| Les)
Api(s, 2) ::% Z(m(Xl) — M (X)) )wn (X)) I{X; < 2} (3.1)
[ns]
A (s, ) :Z% S Ui (XX, < 21, (3.2)

Lemma A.3 in the appendix shows that A,2(s,z) = T,,(s, z) + op(1) uniformly
in s € [0,1] and z € R? with the process

[ns]
To(s,2) = —= Y UI{X; <z}, s€0,1],z€R" (3.3)
vn i=1
Further, Lemma A.2 in the appendix shows that

Ani(s,z) = sv/n y (m(x) — mp(x))wn(2) [ {x < 2z} f(x)de + op(1)

holds uniformly in s € [0,1] and z € R%. Inserting the definition of 7, from
(2.2) one obtains one term of the form

5 o f(y)
— m —m(X;)) K, (y — Xi)wy, - dy,
ﬁ;[mf@ (X0 Ko (3 = X)) 3 Doy

which is negligible by Lemma A.4 and one term of the form

5 — f(y)
_ U; K n — X)wn = d
V%; [«m 0= X (w) 5 2y




2244 M. Mohr and N. Neumeyer

which can further be expanded applying Lemmata A.5 and A.3 such that one
obtains

Ani1(s,2) = =sT,(1,2) + op(1)

uniformly in s € [0,1] and z € R%. From this the expansion given in the first
part of Theorem 3.1 below follows. In the second part of the theorem weak
convergence of T,, from (3.3) is stated.

Theorem 3.1. (i) Suppose that (G), (U), (M), (J), (F1), (F2), (K), (B1)
and (B2) are satisfied. Then under Hy

To(s,2) =T,(s,2) — sT,(1,2) + op(1),

holds uniformly in s € [0,1] and z € R%.

(ii) Suppose that the assumptions (G) and (U) are satisfied. Then under
Hy the process T, converges weakly in (>°([0,1] x R?) to a centered Gaussian
process G with

Cov (G(s1,21), G(s2,22)) = (51 A $2)8(21 A 22)

and ¥ : R - R, x f(_oo@] o?(u) f(u)du.

The proof of the first part follows from the considerations above applying
Lemmata A.2-A.5 in the appendix, while the proof of the second part is given
in section A.2 of the appendix. The proof of the second part in particular makes
use of a recent result on weak convergence of sequential empirical processes
indexed in function classes that can be applied for strongly mixing sequences,
see Mohr (2019). Note that Koul and Stute (1999) show a weak convergence
result applicable to the non-sequential process {T,(1,z) : z € R} under less
restrictive assumptions on the dependence structure and moments (see Lemma
3.1 in aforementioned reference). From Theorem 3.1 and the continuous mapping
theorem one directly obtains the limit distribution of T,,.

Corollary 3.2. Suppose that the assumptions of Theorem 3.1(i) are satisfied.
Then under Hy the process T),, converges weakly in £°([0,1] x R?) to a centered
Gaussian process Go with

Cov (G0(81721),G0(827Z2)) = (81 N 8o — 8182)2(21 AN ZQ)

and ¥ as in Theorem 3.1(i3).

Remark 3.3. There is an asymptlotic effect from estimating m. If m was known,
one sees by setting m, = m in the above formulas that T, (s, z) = Ty (s, z)+op(1)
and therefore the following weak convergence holds,

{T,,(s,2) : 5 €[0,1],z € R} — {G(s,2) : s € [0,1], 2 € R},

where G is the centered Gaussian process from Theorem 3.1 (ii).
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Continuous functionals of the process T,, can be used as test statistics for
Hy. We consider the following Kolmogorov-Smirnov and Cramér-von Mises type
statistics and combinations of both,

1
Thoe = su /
) n2 p
s€[0,1],z€R4 z€R4

2
Sw/ v(2)dz, Mf//
s€[0,1] JRd R

where v : R? — R is some integrable weighting function. Applying Corol-
lary 3.2 and the continuous mapping theorem gives convergence in distribu-
tion of those test statistics. One can obtain distribution-free tests in the case
of dimension d = 1 as follows. Denote by {Ky(s,t) : s € [0,1],t € R} a
Kiefer-Miiller process, i.e. a centered Gaussian process with covariance function
COV(Ko(Sl,tl), K0(527t2)) = (81 N So — 5152>(t1 AN t2). Then Ko(', 2()) has the
same distribution as Gy (-, -). Let further o(-) be continuous and consider the con-
sistent estimator ¢, = n=t 3" (V; — in(X;))?w,(X;) for ¢ = [ o?(u) f(u)du.
Applying a scaling property of the process Ky in its second component and
substitution in the integrals it is easy to derive convergence in distribution as
follows,

T = sup T (s, 2) Tn(s, z)

2
‘ ds,

TnS TTI(Sv Z)

(z)dzds,

T, T,

1/12 2 sup |Ko(s,t)|, = 2 sup / |Ko(s,t) | ds,
Gl T T sel0,1],t€(0,1] Cn — t€[0,1]

T, T,

A—23 sup / |Ko(s,t)|? dt, A—4 / / |Ko(s,t)|? dtds.
Ch, n—>oo s€[0,1] Cn n—)oo

For the latter two tests however the unknown weight function v = ¢ f needs to
be chosen to obtain the limit as stated above. To obtain feasible asymptotically
distribution-free tests, 7,3 and T;,4 should be replaced by

n

TnS = Sup lz

- 2 -~
T, X0)| 62(X), T =
s€[0,1] n 1

2
T, X)| 62(Xp)ds

applying a nonparametric estimator for the variance function such as

S K () (4 — (@)
Zj:lK(w;Xj) .

n

To conclude the section we will have a closer look at the alternative of one
change point. For simplicity reasons we will only consider the test based on T, .
To model the alternative we assume a triangular array

Yn,t = mn,t(Xn,t) + Un,tv t= 1; ey n
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and validity of the alternative of one change point, i.e.

Hy 350 € (0,1) 2 o) = {m(1)(-)7 t=1,...,|nso] (3.4)

meg)(-), t=[nso|+1,...,n

for some not further specified functions m 1y # m 2. Let f,, ; denote the density

of X, ; and assume that for all s € (0, 1] there exists a function f(*) : R — R

such that
Lns]

LS (@) = FO (), V@ e R (3.5)
t=1

lim —
n—o0o N,
Even though assumption (3.5) is rather difficult to varify in practise, we refer
the reader to the following example, Y; = a; - Y31 + ¢; with standard normally
distributed innovations (e¢); and a; = a € (—1,1) for t < |nsp], ar =b € (—1,1)
for t > |nsg], a # b (see section 4 in Mohr and Selk (2020)).

Under some regularity conditions it can be shown by applying Kristensen’s

(2009) results that

sup |y, (x) — my(x)| = op(1), (3.6)
xeJ,

where my, () = D1 fri(@)mn(2)/ D1 fa,i(x) converges to the mixture

f(s())(x) f(SO)(gc)
m(l)(w)fT(T(:l:) + <1 — W) m(g)(w) (37)

of the regression functions before and after the change (for details see Theorem
2.3 in Mohr (2018)). Now for fixed z € R? and s € (0,1) with s < s, it holds
that

Tn(87 z) = \/EA(& z) + OP(\/ﬁ)a
where

)
()

M= [ (o) = me(w) (1

(7oo}z]

) 7 ().

As under H; this integral is non-zero for s = sy and some z, convergence of T},1
to infinity in probability and thus the test is consistent. For a rigorous proof we
refer the reader to Theorem 3.4 in Mohr (2018).

Remark 3.4. Consider the non-marked CUSUM process Ty(s,00) which is
analogous to Su and Xiao’s (2008) procedure. Considerations as above for the
fized alternative Hy of one change point in |nsg| leads for s < sg to

£(s0) u
Asioo) = [ (o) = mes(w) (1‘ J;<1><(u>)

The integral can be zero even if m(1y # my2y. Then tests based on the CUSUM
process will not be consistent, while tests based on the marked CUSUM process

) 7 (u)du
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are. We will consider some examples in section 5. Note that the above integral
equals

S(1 - s0) / (1m0 (1) — may () f () s,

in case of a stationary covariate process.

4. A bootstrap procedure and the case of non-stationary variances

As alternative to the asymptotic test considered in section 3, in this section
we will suggest a wild bootstrap approach. This resampling procedure can in
particular be applied in the case of multivariate covariates, where the critical
values for the asymptotic tests based on Corollary 3.2 have to be estimated.
Moreover, the bootstrap approach can be applied to obtain a test that detects
changes in the conditional mean function, even when the conditional variance
function is not stable. As desired, the test does not react sensitive to the unstable
variance. In contrast to the bootstrap approach, the limiting distribution from
section 3 cannot be applied in the case of changes in the variance.
We consider the model

Yn,t = mn,t(XnJ,) + Un7t, t= 1, Lo, n,

with E[Uy | Ft] = 0 and E[UZ ;| Xp:] = 02 (X;,¢) a.s. for some functions o7 ; :
R? — R and F! := o(Un,j—1,Xn; + j <t). We assume X,,; to be absolutely
continuous with density function f;, ;. The model considered in section 2 and the
first part of section 3 is the special case where f,,(-) = f(-) and o2 ,(-) = 0*(-)
forallt =1,...,n and for some f,o? : R — R not depending on ¢ and n. Both
models allow for heteroscedasticity, but the more general model also allows for
possible changes in U%’t, which should not effect the rejection probability of the
test for
Ho:mu(-)=m(:), t=1,...,n,

(for some m not depending on ¢ and n). We again consider the procedure

ns]

L
1 ~
Tn(Sv Z) = % Z Un,iwn(Xn,i)I{Xn,i S z}
i=1

with residuals Um =Y, — my(X,,;). Here 1, is defined as in (2.2), but
replacing (X;,Y;) by (X,;,Yn;),7=1,...,n.

First define the wild bootstrap innovations as U, = Un.int, where {n;}
are i.i.d. random variables, independent of the original sample with E[ng] = 0,
E[n3] = 1 and E[n3] < co. Then the bootstrap data fulfilling the null hypothesis
are generated by

Yr;k,t = mn(Xn,t) + U:;,t'

Note that if the original data follow an autoregression model, say d = 1 and
Xn,t =Yy —1, by the above choice the resulting bootstrap data does not follow
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the same structure. As was pointed out by Kreifl and Lahiri (2012) this boot-
strap data generation is still a reasonable choice in particular if the dependence
structure of the underlying process does not show up in the asymptotic distri-
bution. Another possibility might be a dependent wild bootstrap as suggested
in Shao (2010).

The bootstrap residuals are defined as Unt =Y, —m;(Xn,), where 1), is

defined as 7, in (2.2), but replacing (X;,Y;) by (X J,Y ;) d=1,...,n. The
bootstrap process is defined as

[ns]
T*sz U* iwn (X)) IH{ X, < z}.
\/—Z

Bootstrap versions T0r,, £ = 1,...,4, are defined analogous to the test statistics

Twe, £ =1,...,4, but based on T* instead of T},. Then Hy is rejected if T,y is
larger than the (1 — «)-quantile of the conditional distribution of T%,, given the
original data.

To motivate that we obtain a valid procedure (which holds the level asymptot-
ically and is consistent) even in the case of changing variances, we will consider
the limiting process G of the original process T,, and the conditional limiting
process G of the bootstrap version 77 in subsections 4.1 and 4.2 below. We
will see that the processes Gy and G coincide under the null hypothesis. Note
that some steps of the derivation can be proven rigorously, see Mohr (2018) for
details, but deriving the weak convergence (see assumption (ii) in the next para-
graph) would require a limit theorem for sequential empirical processes indexed
in function classes for weakly dependent non-stationary triangular arrays. Such
a result is, to the best of our knowledge, not yet available in the literature and
thus a rigorous proof is beyond the scope of the paper (see Mohr (2019) for a
related limit theorem that requires stationarity).

4.1. Asymptotics for non-homogeneous variances

Heuristically under Hy one can proceed as in the proof of the first part of
Theorem 3.1 in the beginning of section 3. Under some regularity assumptions
similar to those in section 2 and the assumption that the limit f(*) as in (3.5)
exists one obtains the expansion

To(s,z) =Tp(s,1,2) —Tn(1,s,2) + op(1)
with the process
L)
Cn(s,t,z) = — Z UpiGD( X )on(Xi){ X, < 2} : 5,6 € [0,1],z € RY,
where g*) := f) /f(1) Now assume that
(i) the limit h()(-) := lim, oo n~t 2173 02 () fni(+) exists for all s € (0,1],



Consistent nonparametric change point detection 2249

(ii) the process I';, converges weakly to a centered Gaussian process I

The limiting covariance then is
E[L(s1,t1,21)l (82, t2, 22)] :/ A1) () g (w) gt'2) () du.
(—o0,z1A22]

Then with the continuous mapping theorem the weak convergence of T, to a
centered Gaussian process {Go(s, 2) : s € [0, 1], 2 € R} follows with covariances

Cov(Go(s1, z1), Go(s2,22)) = / (B(sﬂ\sz)(u) _ }_L(Sl)(u)g(sz)(u)

(—o00,z1A\22]

—p(52) (u)g (Sl)( )—|—B(l)(u)g(sl)(u)g(s2)(u)) du.

Note that this is consistent with the stationary case as then h(®)(-) = sa2(-) f(-)
and g(®)(-) = s and the same covariance function as in Corollary 3.2 is obtained.
The convergence of the test statistics Ty¢, £ = 1,...,4, in distribution follows
again from the continuous mapping theorem.

Under the change point alternative H; from (3.4) with m() # m(y), anal-
ogous to the considerations in section 3 it holds that the test statistic T
converges to infinity in probability.

4.2. Derivations for the bootstrap process

Concerning the weak convergence of the bootstrap process T . conditionally on
the sample, we have again a look at the expansion in the beginning of section 3
for the derivation of the first part of the proof of Theorem 3.1. In what follows let
P* denote the conditional probability and E* the conditional expectation, given
the observations. Further let Z,, = op- (1) be short for P*(|Z,| > €) = op(1) for
all € > 0. Here we obtain

To(s, z) = Ajo(s, z) + Ay (s, 2)
with

[ns)
Aly(s,2) == \/_ZU* wn (X)) { X0 < 2}

and (similar to Lemma A.2 in the appendix)

Lns)
Af L (s,2) = f Z — 10 (X)) won (X ) I { X i < 2}

—Vn (1 (@) — 1, (@) eon (@) ) (@) + 0 (1)
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with f(*) as in (3.5). Inserting the definition of /¥ this leads to a term (similar
to Lemma A.4) of the form

7777, . xr — iJwn T f_(S)(w) T
\/—Z/ oy ) X)) K (3= X e () 75

which is negligible, and a term (similar to Lemma A.5) of the form

[ ()
,J/( ooz] B —Xn,j)wn(w)mdw
£(s) .
Z M[{X,ﬂd < Z} +0p*(1)

i) (X5 5)
Thus one obtains (under suitable regularity conditions) the expansion
Ti(s,z) =Th(s,1,2) — i (1, 8,2) +op« (1),

where

Lns)
Iy (st 2) \/_ Z Up.iwn(Xn,i) )3 X ) { X < 2}, 5,6 €[0,1], 2 € RY,

and g is defined as in section 4.1. In what follows we will assume that the pro-
cess I'?, conditionally on the sample, converges weakly to a centered Gaussian
process, in probability. Then, by the continuous mapping theorem, T ., condi-
tionally converges weakly to a centered Gaussian process, say G§. We will calcu-
late the asymptotic variances in order to show that under Hy those coincide with
the covariances of Gy as in section 4.1. First note E*[U} Uy .] = Uf”I{z =7}

n,i - n,j
holds almost surely. Under Hj it holds that Un’t =m(Xpt) — M (Xnt) +Uny
and m,, consistently estimates m, and thus

E* [F;(Sl7 t17 Zl)F:(SQ, t27 22)]

[nsi]A|[nsa | .

== Y U2 wn(Xni)g" (X3 (X ) { X < 21 A 20}
1=1

[nsi]A|[nsa |
Z Un zwn( n i)g(tl)(Xn,i)g(t2)(Xn,i)I{Xn,i S FARAY ZZ} + OP(I)
=1

[C(s1,t1,21)[(s2,t2, 22)] +op(1)

S|

1
n
E

under Hy, where I' is the limiting distribution of I';, in section 4.1. Thus, under
Hy, T indeed (presumably) converges weakly to G in probability, and thus
the test statistic T)r, converges conditionally in distribution, to the same limits
as Tpe (respectively for £ =1,...,4).
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Under the alternative Hy as in (3.4), Uy,i = my,i(Xn,i) — 10 (Xpni) + Uni
and thus it holds that

E* [F:(Sla tla zl)F;(SQa t23 ZQ)]
|ns1|A[nsz|

1 N
= - Z U? 'wn(Xn,i)g(tl)(Xn,i)g(tz)(Xn,i)I{Xn,z‘ < z1 Az}
n

1=1 7
1 |nsi|A[nssa|
“n Z Uz,iwn(Xn,i)g(tl)(Xn,i)g(tz)(Xn,i)I{Xn,i < z1 A 22}
=1
+ 7rn1 + T2

for fixed sy, 89,t1,t2 € [0,1] and 21, 2o € R The first term again converges in
probability to E [I'(s1,t1, 21)T'(s2, ta, 2z2)]. It can further be shown that

[nsi]A|[nsa ]

Tnl = n Z Un.i(man,i(Xni) = 1in (X))o (Xn.i)
=1
G (X )7 (X)) { X s < 21 A 2}

converges to zero in probability. However,

ns1|A|nsz2]
Tno = E Z (mn,i(Xn,i) - mn(X’ﬂ,i))2w’ﬂ(X”7i)
=1
g (X)) (X ) { X i < 21 A 22}
1 [ns1|A[nsa]
= E Z (mn,i(Xn,i) - mn(Xn,i))zw"(X"»i)
=1
G (X )7 (X)) { X s < 21 A 22}
+ OP(l),

with the same m,, as in (3.6), which converges to
(M) (@) = m ) ()3 (@) + me) (@)

(see (3.7)). Thus, it can be shown that

|ns1]A|ns2|Alnso]| 9 2
Th2 = " Z (m(l)(Xn,i)_m(Q)(Xn,i)) Wn(Xn,i)<1 - g(so)(Xn’i))
i=1

g (X)) (X ) I{ X i < 21 A 22}

1 [nsi|A|nsa | )
+ - Z (m(l)(Xn,i) - m(2)(Xn,i)) wn(Xn,i)g(SO)(Xn,i)2

i=|ns1]A|ns2]Alnso]+1

g X)) (X)) I{ X i < 21 A 20}
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+op(1).

It can be seen that these terms do not vanish but converge to some limit
in probability. Thus the limiting distribution Gf under H; is not equal to Gy
and in particular depends on the changepoint sy. As seen before under H; the
original test statistic 7,1 converges in probability to infinity. On the other hand,
the bootstrap test statistic 1)y, conditionally converges in distribution to some
non-degenerated limit, in probability. Thus the bootstrap test is consistent.

5. Finite sample properties

A small Monte Carlo study is conducted in order to compare the results for T},;
and T},5 from section 3 with those of the traditional CUSUM versions denoted by
KS :=sup ¢ 1 |Tn(s,oo)| and CM = [ \Tn(s,oo)\st. Note that the results
for T3 and T},4 are similar and omitted for reasons of brevity. Asymptotic tests
are applied to data satisfying models 1 and 2, while the bootstrap versions are
applied to model 3 and 4 explained below. All simulations are carried out with a
level of 5%, 500 replications and 200 bootstrap replications and for sample sizes
n € {100,300,500}. For the nonparametric estimators we use a fourth order
Epanechnikov kernel (and the corresponding product kernel in model 4 below)
and the bandwidth is chosen by the cross validation method. For simplicity we
set wy, = 1. The data is simulated from the following models.

(model 1) E/t = mt(Xt) + 1/ 14+ O.5th€t7 gt ~ N(O, 1),

) = {057 t=1,...,|n/2]
T 054+ Age 0 e, t=|n/2] +1,....n

)

where X is an exogenous variable following the AR(1) model X; = 0.4X;_; +&;
with &; being i.i.d. ~ N(O, 1) and Ap € {0,0.5,1,1.5,1.5,2,2.5,3,3.5,4}.

(model 2) Y, = my(Yi—1) + o (Yie1)er, ¢ ~ N(0,1),

() = —0.9z, t=1,...,|n/2]
e (—0.9+Ag)z, t=|n/2]+1,....,n

)

with Ay € {0,0.2,0.4,0.6,0.8,1,1.2,1.4,1.6,1.8}. Consider the homoscedastic
case, where 0?(x) = 1 and the heteroscedastic case, where o%(z) = 1 + 0.122.

(model 3) Yy =my(Yi—1) + 0e(Yio1)er, e ~ N(0,1),

() = 1+012% t=1,...,|nto]
1+0.82% t=|nto]+1,...,n

)

)

m(2) = 0.9z, t=1,...,|n/2]
CUTl09-20) 2, t=[n/2]+1,...n
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with Ag € {0,1.3} and t, € {0.25,0.5,0.75}.

(model 4) Yy = my(Yi—1,Yi—2) + 0(Yi1,Yioa)er, e ~ N(0,1),

{0.9331 — 0.4z, t=1,...,n/2]
my(z1,22) = :
(0.9—A0)1‘1—0.41‘2, t= Ln/2j—|—1,...,n
with Ag € {0,1.3}. We consider three different choices for the conditional vari-
ance function, namely 02(x1,22) = 1 for an AR(2) model, 0%(z1, 22) = 1+0.427
for an AR(2)-ARCH(1) model and 0?(z1,x2) = 1+ 0.22% +0.223 for an AR(2)-
ARCH(2) model.

Model 1 is a regression model with autoregressive covariables. In model 2 we
consider both a homoscedastic and heteroscedastic autoregression model, while
model 3 is a heteroscedastic autoregression with non-homogeneous variances.
In model 4 we consider both homoscedastic and heteroscedastic second order
autoregression models. All models fulfill Hy for Ag = 0 and H; for Ay # 0
with a change in regression function occurring in |n/2]. Further, note that
for model 1 the covariate process {X;} fulfills the required stationarity and
mixing conditions (see 2.6.1 (iii) in Fan and Yao (2003)) which are inherited
to {Y:} under Hy. Model 2 also fulfills the stationarity and mixing conditions
under the null (see 2.6.1 (iii) in Fan and Yao (2003) and Theorem 1 in Lu
(1998) for o%(z) = 1 and o?(z) = 1 + 0.1z2, respectively). Note that model
3 is not stationary as one change occurs in the conditional variance function
under both Hy and H;. For model 4 the limiting distribution from Corollary 3.2
does not result in an asymptotically distribution-free test as the covariate is
multivariate. Thus for both model 3 and 4 we apply the bootstrap procedure
from section 4.

Figures 1, 2 and 3 are visualizations of the performance of T,; and T3, as
well as S and CM in model 1 and 2. Under the null the rejection frequencies
for all tests are near the nominal level. For model 1 the CUSUM tests are
not consistent against H;, while the tests based on the marked process are.
In model 2 the rejection frequencies of all tests increase with increasing break
size. Note however that the increase is much faster for T,; and T, than for
the CUSUM tests. Also note that the influence of the conditional variance is
rather small resulting in a similar performance in both the homoscedastic and
heteroscedastic case.

Table 1 shows the rejection frequencies of the bootstrap procedure for model
3 using T}y, and T, as well as the bootstrap version of the CUSUM tests K S
and CM under both the null and the alternative hypothesis. The level sim-
ulations show that all tests perform reasonably well under Hy, approximately
holding the level indicating that the bootstrap test is — as desired — not sensitive
to changes in the conditional variance function. Furthermore, it can be seen that
for all models and all tests the rejection frequency under H; exceeds the level,
indicating that the change point is detected. With increasing sample size, the
number of rejections increases rapidly for T, and T}, while it stays approxi-
mately constant for the bootstrap versions of K.S and C' M. This is presumably
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due to the fact that the test statistics based on Tn(s, 00) estimate some inte-
gral that might be small under H;. As was pointed out in subsection 4.2, this
integral not vanishing is essential for the consistency property for the bootstrap
tests.

Table 2 shows the rejection frequencies for model 4 in all three cases of
variance function, when using the tests based on T, and T};,, as well as the
bootstrap versions of K.S and CM under both Hy and H;. It can be seen that
under Hj the tests reject a little more often than in the models considered
in section 5, overestimating the level of 5% sometimes for finite sample sizes.
Under the alternative the number of rejections increases rapidly for 7% and 775,
with increasing n, while it stays relatively low for K.S and C' M. In summary,
the bootstrap tests perform reasonably well and are therefore an acceptable
alternative to the tests using critical values of the limiting distribution, which
are here not known due to multidimensional covariates. Furthermore in these
models, they outperform the bootstrap versions of the CUSUM tests.
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FiG 2. Rejection frequencies in model 2 with o?(x) = 1

Finally, we apply the asymptotic test based on T}, to 36 measurements of
the annual flow volume of the small Czech river Raztoka recorded between 1954
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FIG 3. Rejection frequencies in model 2 with o2 (x) = 1+ 0.1x2
TABLE 1
Rejection frequencies in model 3 (o = 0.05)
under Hy under H;
to n ni n2 KS CcM nl n2 KS CM
0.25 100 0.030 0.046 0.030 0.054 0.286 0.270 0.192 0.168
300 0.068 0.064 0.080 0.052 0.652 0.644 0.248 0.172
500 0.060 0.052 0.058 0.046 0.878 0.868 0.264 0.194
0.50 100 0.068 0.048 0.068 0.056 0.420 0.438 0.316 0.256
300 0.066 0.050 0.056 0.046 0.868 0.894 0.378 0.292
500 0.046 0.040 0.058 0.040 0.994 0.996 0.434 0.324
0.75 100 0.060 0.056 0.072 0.070 0.404 0.388 0.332 0.266
300 0.048 0.048 0.050 0.056 0.830 0.848 0.382 0.250
500 0.034 0.040 0.046 0.056 0.986 0.988 0.350 0.202
TABLE 2
Rejection frequencies in model 4 (o = 0.05)
under Hy under H;
model n ,;:1 ;:2 KS CcM ,;:1 ;:2 KS CcM
AR(2) 100 0.082 0.068 0.082 0.074 0.124 0.110 0.080 0.070
300 0.064 0.070 0.054 0.048 0.284 0.308 0.096 0.070
500 0.076  0.058 0.068 0.060 0.480 0.532 0.098 0.070
AR(2)- 100 0.076 0.060 0.094 0.068 0.098 0.106 0.070 0.058
ARCH(1) 300 0.084 0.098 0.086 0.096 0.252 0.282 0.088 0.074
500 0.098 0.078 0.080 0.074 0.476 0.484 0.120 0.078
AR(2)- 100 0.076 0.064 0.064 0.044 0.096 0.104 0.072 0.050
ARCH(2) 300 0.100 0.082 0.092 0.076 0.226 0.236 0.108 0.074
500 0.082 0.068 0.076 0.056 0.392 0.420 0.094 0.068

and 1989. It was considered by Huskovd and Antoch (2003). We set X; as the
annual rainfall and Y; as the annual flow volume. The asymptotic test clearly
rejects Hy with a p-value of 0.0006. The possible change point is estimated by
5p, from section 6 and suggests a change in 1979. Note that this is consistent
with the literature. As was pointed out by Huskovd and Antoch (2003) defor-
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estation had started around that time, which is a possible explanation. Figure 4
shows on the left-hand side the scatterplot X; against Y; using dots for the
observations after the estimated change and crosses for the observations before
the estimated change. On the right-hand side the figure shows the cumulative
sum, sup,cg |15 (-, 2)|, as well as the critical value (red horizontal line) and the
estimated change (green vertical line).
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F1G 4. Rdztoka data: scatterplot (left) and CUSUM (right)

6. Concluding remarks

We suggested a new test for structural breaks in the regression function in
nonparametric time series (auto-)regression. Our approach combines CUSUM
statistics with the marked empirical process approach from goodness-of-fit test-
ing. The considered model is rather general. It requires strict stationarity un-
der the null, but no independence of the innovations, nor homoscedasticity.
We show favorable asymptotic properties and demonstrate that the new test-
ing procedures are consistent against fixed alternatives, while the traditional
CUSUM tests are not. An estimator for the change point is given by §, :=
arg maX,e(o,1] SUPeRd |Tn (s, z)|. Asymptotic properties of this estimator will be
considered in future research.

Moreover we have suggested a bootstrap version that can also be applied to
detect changes in the regression function in the presence of changing variance
functions. In a forthcoming paper we will consider testing for changes in the
variance function.

Appendix A: Proofs and derivations

In subsection A.1 we give some auxiliary results for the proof of Theorem 3.1.
The proof of the first part of the theorem was given in the main text, while the



Consistent nonparametric change point detection 2257

proof of the second part can be found in subsection A.2. Lemmata are proved
in subsection A.3, while more detailed proofs can also be found in Mohr (2018).

A.1. Auxiliary results

The following assumptions are formulated for the first lemma that gives uni-
form rates of convergence for the regression estimator m,, from (2.2) and its
derivatives. They hold under the assumptions of Theorem 3.1.

(P) Let (Y, Xt)tez be a strictly stationary and strongly mixing process with
mixing coefficient a(-). For some b > 2 let a(t) = O(t~?) for t — oo with
some 3> (14+(b—1)(1+4d))/(b—2).

(B3) With b and 8 from assumption (P) let (logn)/(n’hd) = o(1) hold for
6= (F—1—d—(1+B8)/(b—1)/(5+3—d—(1+8)/(b—1)).

Lemma A.1. Under the assumptions (P), (M), (J), (F1), (K), (B1) and
(B3) the following rates of convergence can be obtained for the Nadaraya-
Watson estimator m,,

(@) sup |ita() — ((\/ ,Lpn) G ),
(8) sup [D* (i (@) = m())| = Or ( Gk + W ) DI g0 for

allkeNO wzth1§|kz|§l+1,
DF (10, () — — D* (1 (y) —
) sup 1A al) = mi@) = D* naly) )|
zyed, e —yl"
£y
N¢ with |k| = L.

The proof of Lemma A.1 is analogous to the proof of Theorem 8 of Hansen
(2008) and omitted for the sake of brevity. The proofs of the following lemmata
are given in subsection A.3.

Lemma A.2. Under the assumptions of Theorem 3.1 (i) and under Hy we have
for Ay from (3.1)

Ani(s,z) = sv/n » (m(x) — 1 (x))wy () [{x < 2} f(x)dx + op(1)

uniformly in s € [0,1] and z € R,

Lemma A.3. Under the assumptions of Theorem 3.1 (i) and under Hy we have
for Aye from (3.2) and T,, from (3.3)

Apna(s,2) =Ty(s,2) + op(1),

uniformly in s € [0,1] and z € R%.
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Lemma A.4. Under the assumptions of Theorem 3.1 (i) and under Hy

RN fy)
— m —m(X;)) K — X,)wn - dy = op(1
GX ) ) m ) K (o= Xoen) By = or ()

holds uniformly in z € RY.

Lemma A.5. Under the assumptions of Theorem 3.1 (i) and under Hy

Ly f(y)
J— Ui Kn —Xiwn = d _w’nXiIXi_z —op(1
ﬁg(lmh@ )@mwy(>{<9 p(1)

holds uniformly in z € R<.

A.2. Proof of Theorem 3.1(ii)

For the proof of the second part of Theorem 3.1 we use a recent result on weak
convergence of sequential empirical processes indexed in function classes that
can be applied for strongly mixing sequences, see Mohr (2019). It is stated in
Lemma A.7 and uses the following notion of bracketing number.

Definition A.6 (Bracketing number). Let X' be a measure space, F some class
of functions X — R and p some semi norm on F. For alle > 0, let N = N(e),
be the smallest integer, for which there exist a class of functions X — R, denoted
by B and called bounding class and a function class A C F called approrimating
class such that |B| = |A| = N, p(b) < e, YV be B and for all ¢ € F there exist
a* € A and b* € B such that | — a*| < b*. Then N(¢) is called the bracketing
number and denoted by N[ (e, F, p).

Note that the usual notion for bracketing number (as in Definition 2.1.6 in
van der Vaart and Wellner (1996)) will be referred to as Ny (e, F, p).

Lemma A.7 (Corollary 2.7 in Mohr (2019)). Let {X; : t € Z} be a strictly
stationary sequence of random variables with values in some measure space X.
Let F be a class of measurable functions X — R. Let furthermore the following
assumptions hold.

(A1) Let {X, :t € Z} be strongly mizing, such that > ;o t9 2a(t)"/ 27 < oo
for some v > 0 and even Q > 2.

(A2) Let fol VNN (2, F, || - o)) Qda < oo for Q and ~y from as-
sumption (A1), where X1 ~ P. Furthermore, assume that each € > 0 al-
lows for a choice of bounding class B, such that E [|b(X;)|!2+7)/2] bz <e
for allb e B and for alli =2,...,Q.

(A3) Let F possess an envelope function F, with E[|F(X1)|%] < oo and let
there exist a constant L < 00, such that sup,e r £ [lp(Xy)|@E+/2) < L.

Furthermore, let for all K € N and all finite collections @i, € F, s € [0,1],
Ek=1,...,K, (Gn(sk,cpk))k:L.__,K z (G(sk,gok))k:l,m’]{, where we denote
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Gn(s,0) = n='2 1 (p(X0) = Blp(X,)) for s € [0,1],¢ € F and where
G ={G(s,p) : s €[0,1], € F} is a centered Gaussian process.
Then {Gn(s,¢) : s €10,1], 0 € F} converges weakly to G in £>°([0,1] x F).

Proof of Theorem 8.1(ii). First notice that due to assumption (G) and under
the null hypothesis (Uy, X})iez is a strictly stationary sequence of random vari-
ables with values in R x R%. Denote by P the common marginal distribution of
(U1, X1) and define F := {(u,x) — ul{x < 2} : z € R?}. The convergence of
T, is then implied by the weak convergence of

G,L::{Gnsgo f%sf( (Ui, X;) /gde):se[O,l],goe}"}

in £°(]0,1] x F). We apply Lemma A.7. Condition (A1) on the mixing coef-
ficient of (Ui, X¢)tez is implied by assumption (G) on the mixing coefficient
of (Y, X¢)iez and the null hypothesis as measurable functions maintain mix-
ing properties. To show condition (A2) on the function class F, the choice of
approximating functions and bounding functions, as in Definition A.6, will be
discussed in more detail Denote with ¢ from assumption (U)7 h(x) = ¢(x) f(x)
and H(x f( co.z] t)dt for x € R and for all i = 1,...,d and z € R,

/ /h L1yeoo 3 Ti—1,T, J;Z+1,...,xd)dx1...dxi_ldxiﬂ...dxd

and Hi(z) = [*_hi(t)dt. Let ¢ > 0 and choose for all i = 1,...,d some
N; = N;(e) e Nand —co = 2p; < -+ < zn,,; = 00, such that

Hi (Zji,i) - Hz (Zji—l,i) S ij = 1, e 7Ni; 1= 1, .. .,d. (Al)

<
d )
Since H; is continuous and H;(—o0) = H(—oo) =0 and H;(00) = H(oco) < M
for M < oo from assumption (U), N; can be chosen to be smaller than 2dMe~2

foralli = 1,...,d. By using cartesian products, a partition of R? is obtained. For
simplicity reasons the following notation will be used. For j = (j1,...,jq4) € N¢
let zj = (2j,15-++52j,.d), and j — 1 = (j; — 1,...,jq — 1) € N For all
j € xL {1,...,N;} define approximating functions

aj(u,z) =ul{x < z;}
and bounding functions
bi(u,) = |ul (I {z < 27} — [ {z < z;1}).

Notice that a; € F while b; ¢ F for all j € x¢_,{1,...,N;}. For each z € R?
there exists a j € x%_{1,..., N;} such that z € (z;j_1, 2j]. Therefore for each
¢ € F there exists a j € x¢_{1,...,N;} such that |p — a;| < bj. Further for
j € x4 {1,...,N;} it holds that

”ijiz(P) =FE [|Ut|2 (I{X: < zj} - I{X; < zj—l})]
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d
< H(z) - H(zj—1) <Y (Hi(2),4) — Hi (2,-14)) < €2

=1

due to (A.1). Furthermore for all ¢ = 2,...,Q by Jensen’s inequality and (U),
it holds that

Q=

[|Ut|%—\Xt] <E [\Ut|f—|xt} < (X)) E = ¢(X,) as.,

and thus

/\ij“T”dP = B0 (1 {X: < 23} = 1{X: < 2j-1))]
< H(zj) — H(zj—1) <&

Since N; = O(e™2) for all i = 1,...,d, we have N[ 1 F - lapy) = O (e729).
As Q > d(2++) holds, assumption (A2) from Lemma A.7 is therefore satisfied.
Assumption (A3) is also satisfied as F : RxR? — R, (u, ) ~ u is an envelope
function of F such that

- 75
/|F|QdP E[[U|?] < B || 0*F | < (/c(u)Qf(u)du> < o0,
and additionally, it holds that

sup / ¢l 2% aP = sup B[00 11X, < 2}] < / c(w)? f(u)du < .

peF z€R4

What is left to show, is the convergence of all finite dimensional distributions
of T},. To this end we will apply Cramér-Wold’s device. Let A1, ..., Ax € R\ {0}
and consider

K n
E Sjazj E gn,ia
j=1 i=1

where &, ; = ﬁUl’ Zf:l NIH{X; < zj}I{% < sj}. Now Corollary 1 in Rio
(1995) can be applied, which is a central limit theorem for strongly mixing trian-

gular arrays. Following the notations in Rio (1995) define V,, ; := Var(Zizl &ni)
foralll=1,...,n, and n € N. Let furthermore @),, ; be the cadlag inverse func-
tion of t — P(|&, ;| > t), i.e

Qn,i(u) :=sup{t > 0: P(|&, ;] > t) > u}, Vu>0,

with the convention that sup® := 0. Let {&,(t) : ¢ € N} be the sequence
of mixing coefficients of {¢,; : 1 < ¢ < n,n € N}. For t € (0,00) define
G (t) := G, ([t]). Let its cadlag inverse function be defined by

a,t(u) = sup{t > 0: Gy, (t) >u}, Y u>0.
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Condition (a) in Corollary 1 in Rio (1995) is easy to verify. Concerning con-
dition (b) in aforementioned corollary note that by Markov’s inequality, it holds
that for all ¢ > 0 and with ¢ := QZ‘*'T'Y

P(|€ni] >t) <t~ %M,

where M := (Z;il |X;)IM for M < oo from assumption (U). Hence, for

all w > 0 we have Qy ;(u) < wan~3Ma. By similar arguments, we obtain
a;t(u) < A —log,(u) for all u > 0, where A := log,(A). Furthermore, V,, ,

n
converges to Zﬁzl Zgzl Ny Njs (85, A sj,)E(25, A zj,) > 0. Putting the results
together, it can be obtained that

< W0V (A= 108, () o F nf{(A - o, (3)) 4018, Vi Vo) o

converges to zero, and thus condition (b) is satisfied.
Applying Corollary 1 in Rio (1995), it holds that .1 | &,.i/(Vnn)'/? con-
verges to the standard normal distribution and thus the assertion follows. [

A.3. Proofs of lemmata

Note that within the proofs we will make use of the following notations

(g())" =9(){g() 2 0}, (9()™ = g(-)I{g(-) < 0}.

Proof of Lemma A.2. For some [-times differentiable function A : J,, — R define
the norm

|D¥h(z) — D*h(y)|

[Alli45 == max sup [D*h(z |+maX sup
keNg e, heNy @ e, [l — yl|”
1<|kl<I |k|=l =x#y

and H = C{P(J,) o= {h: Ju = R |hlligy < Lsupyey, |h(=)| < z,/logn}
with 2, := ¢,0,((logn)/(nh%))'/2. The third bandwidth condition in (B2) im-

plies
logn - logn
nhz + h‘npn Q7L6n =0 WQn(Sn

and thus Lemma A.1 implies that P(h, € C{1"(J,)) — 1 as n — oo holds for
() = (m(2) =1, (2))w, (). Let furthermore F := {x — I{x < z} : z € R4}
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and X; ~ P. Then the assertion of the lemma follows if we show

s smy s |3 (106006 - [ )| = ortr),

s€[0,1] pEF heH

To this end let €,1 = £p0 = n /2 and €,3 = n_1/2/(logn) and let fur-
ther 0 = s; < .-+ < sk, = 1 partition [0, 1] in intervals of length 2g,,
such that K, = O(e,,}). Furthermore, let J, := N (gn2,F, || - |lz,(py) and
M, = N (6n3,7-L Il lloo), where || - ||(><> is the supremum norm on J,. Let
[l ot ... [} ¢4 ] denote the brackets needed to cover F. Note that they
can be chosen to be indicator functions and therefore non negative. Let further-
more [h4,h{], ..., [hY, ,hY; | define the brackets needed to cover #. It can be

shown that J, = O (£,,39) and M,, = O(exp(cde, &) and further

[ns]
sup sup sup Z hpdP

s€[0,1] pEF heF

[nsk]
< _
< 1223}}({” sup sup \/» Z < X)) /h(de)

1< welph ¥ helhl, by
1<m<M,,
n
+ max sup sup sup LZ <h(X-)<p(Xl)/hcde>
? K2
LSHSKn selo] pelel oy helnt ] | VIS

1<m< M, [s—sk|<en1

-<f{%§s}—f{%s8k}>\

< 2 (7R 2 (000 - o ger)
RECE
n %LJ (e xr e - fom)-gar)
s
+ 7 L_J (et e300 = [ tgpar)
Fo(b)

In what follows we only consider the first line on the right hand side, while the
other ones can be treated similarly. We apply Theorem 2.1 of Liebscher (1996)
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to the random variable (for m, j, k fixed)
7
zi= (s - [umyrerar) r{f<sl.

The mixing coefficient of {Z; : 1 < t < n} can be bounded by the mixing
coefficient of { X : ¢ € Z} due to Bradley (1985), Section 2, remark (iv). Further,
the variables are centered and have a bound of order O(z,logn). Applying
Theorem 2.1 to Y1 ; Z; yields for all € > 0 and n € N large enough

1<k<K, :
1<5< T, i=1
1<m< M,

[nsk ]
Pl | = 3 (B e - [anear)| >

< Z P \/Lﬁ U_ijj ((h?n(Xi))+¢;‘t(Xi) - /(h%)Jrcp;dP) >

1<k<K —

1<i<Tn

1<m<M,,
< K, J,M,de ne

nJYni¥in X -
- P\ "6 |(nhd)1/2] 22 log(n) + §v/ne | (nhd)1/2| 2, log(n)/?
n d\1/2

 HndnMnd [(nhd) 72" Q(”h") J)

=o(1),

where the first and second bandwidth constraints in (B2) were used. Details
are omitted for the sake of brevity. O

Proof of Lemma A.4. First, using the uniform rates of convergence results in
Lemma A.1 applied to (m(Xy), X;)iez together with the first and the last
bandwidth condition in assumption (B2) as well as the second condition in
assumption (B1), it can be shown that

sup
z€R4

. Z o) = m(X0) o (= X ) (£ o )iy = orl),

(—oo,z]

Defining the function class

Foi = {sc - /( ) w2 w)dy = € Rd} ,

and imposing X; ~ P, the assertion of the lemma follows if we show

% Zz: (w(Xi) - /@dP>

sup
PEFn1

— op(1), (A.2)
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sup /cde‘ =o0 <n71/2> . (A.3)

PpEFn 1
For the proof of (A.2) let ¢, := n~/?/(logn) and Jpn =N (En,fn,lv [l - ||L1(p)).
Then there exists a partition z1,..., 2z, of R? such that oy — <p§||Ll(p) <ep

for all j € {1,...,J,}, where

() = / ((m(y) — m(@))Kn, (g — x))  wn(y)dy

(—o0,2;]
b [ () - m@)K, - ) ey
(—00,z;-1]
and

A@i= [ () - m@)K, v - 2) ey

(—o0,z;-1]

T / ((m(y) — m(@))Kn, (y — ) "wn(y)dy.

(700,2]']

It then holds that J, = O(e,;¢). Using these brackets of F,, 1, it can be shown

that
ap [ LY (wtx) - [ ar)]
LPEJ:n,l \/ﬁ i=1 ’

= max  sup
<<
1STSIn pefpl o)

[5G - for))

K2

where it is sufficient to discuss the proof of

as the other assertion works analogously. By defining

max =op(1)
1<j<Jn

@)= [ (nly) - m(@) Ko, (v - 2) onlw)dy

and
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it holds that ¥ (x) = ¢}, (x) + ¢} »(x). Thus, again the problem is reduced to

showing
1 n
% 1:21 (%’%(Xi) - /‘P?gdP)

the other assertion works analogously. Similar to before we apply Theorem 2.1
of Liebscher (1996) to the random variable Z; := ¢%, (X;) — [ % dP for fixed j.
Note that the mixing properties are the same as the ones of the original process.
Further the variables are centered and posses a bound of order O(h,,gy,). For all
€ > 0 and n € N large enough it can then be shown that

)
2

<_64H(L(10gn)2J +1)h2q2 + §v/ne(|(logn)?| + 1)hnqn)
(L(log n)QJ + 1)

max

1<5< =or(l),

n

3= (- [ epar)
1n an (%ﬁﬁl(Xi) - /sa}fldP)

P | max
1<j<Jn

Sl

n
I g nE 11

=o(1),
where eventually the last bandwidth condition in assumption (B3) was used.

The assertion in (A.3) can be shown by using Taylor’s expansion for both m
and f up to order » — 1 and the assumptions in (F1). Thus

/(de‘

L [ ) =5 (4" ) wntwity < 2dayf(a)da

n

sup
PEFn 1

= sup
z€R4

= /Rd /Rd (m(y) —m(y — tha) K(t)wn(y) f(y — thn)dt‘ dy

= O(hpugn) = 0 (n’l/z) :

where the last equality holds by the third condition in (B3). |

Proof of Lemma A.5. First, using the uniform rates of convergence results in
Lemma A.1 applied to (U, X¢)tez together with assumptions on the bandwidth,
it can be shown that

sup
z€Rd

= Op(l).

sy, X (1w
\/ﬁ;Uz/Rthn(y Xi)wn(y){y < }<fn(y) 1>dy
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Furthermore, it can be shown that uniformly in z € R¢ and for ¢ := Q%T"’ > 2
1 n

= Uz(/ K, (y = Xi)wn(y)dy — wn (X)) [{X; < Z})

\/ﬁ i=1 (—o0,2]

-=y (UJ{UA <n ([ K (= X (w)dy - (X)X < 2})

(—OO,Z]

-

ULI{|U| Snl/q}( [ ity = Xy —en (X1, sZ})D

(_Oovz]

+ OP(l).

Defining the function class

Fno = {(u,w) = ul{|u| < nl/q}</ Ky, (y — @)w,(y)dy

(_oovz]

— wp(@){zx < z}) L ze Rd}’

and imposing (U, X¢) ~ P, the assertion of the lemma follows if we show

% ; (so(Ui,Xo -/ <de>

To this end let &, := n~'/2/(logn) and J,, :== N[ (en, Fn2, [ l|2,(p)). Then
there exists a partition z1,..., 2z, of R? such that e} — g0§»||L1(p) < ¢, for all
jef{l,...,J,}, where

sup
YEFn,2

= op(1). (A4)

@?(uﬂw) = 90;,1(11'7:3) + @}",2(“»@ + @}",3(% :13),

where
eia(u ) = ul{u < O} {[u| < nl/q}(/(_ooﬁzj] K, (y — w)wn(y)dy
— wp(x){z < Zj}> ;
o2, ) = ul{u > 0} I{u] < n/%} ( [ K@y

—wp(x){z < zj1}> ;

@i a(u, @) = ul[{]u] < nl/q}(/( (K, (y — ) "wn(y)dy

—00,z;]
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—/(_ | ](Khn(y—w))ern(y)dy),

and similarly,

QDé- (’LL, il:) = 902',1(”’ :13) + 902',2(“’ ili) + gaé-’B(u, ;l:),

where
@l 1 (u, ) = ul{u > 0}I{|u| < nl/q}(/(_ .] K, (y — z)wn (y)dy
— wp(z){z < zj}>’
ha(u,2) = ul{u < 0} {|u| < nl/"]’(/(_ooyzj_l] K, (y — x)wn(y)dy

— wn(2)[{z < zg‘l}>7

—00,2;]

—/(_ | ](Khn(y—w))+wn(y)dy>-

It then holds that J, = O(e;, d). Using these brackets of F,, 2, it can be shown
that

¢ a(u, @) = —[ulI{Ju| <n'/7} (/ (K, (y — ) "wa(y)dy

5 swn o)

YEFn,2 ni:l
1
< U
25| nZ(% v ) [ egar)

‘\FZ ((p] Ui, X;) /apé-dP)‘} +o(1).

We will only consider the first term, as the second one is treated analogously.
Similar to before we apply Theorem 2.1 of Liebscher (1996) to the random
variable Z; := @Y, (U, X;)— [ ¢} dP for fixed j. Note that the mixing properties
are the same as the ones of the original process. Further, the variables are
centered and posses a bound of order O(n'/9). For all € > 0 and n € N large
enough it can then be shown that

u
P (m 2 (h x0 ~ [ epar)




2268 M. Mohr and N. Neumeyer

JIn n
ZP (@?,1(Ui7Xi) /‘P;L,ldp>
j=1 i=1

(5 )

< Jndexp <_ 64n([log(n)2| + 1)h, + Sy/ne([log(n)?] + 1)n1/q>
+ JAWa ([log(n)*] +1)

=o(1),

due to the third bandwidth condition in assumption (B3) and as ¢ > 2. O

IN

Proof of Lemma A.3. It will be shown that uniformly in s € [0,1] and z € R?,
1 [ns]
7 ; Ud{X; < z}I{X; ¢ [—cn, cn]®} = 0p(1). (A.5)

To this end define the function class
Fi={(u,z) > ul{z < 2}[{z ¢ [-a,a]’} : z e R, a e R, }
and for s € [0,1] and ¢ € F
[ns)

Gn(s, ) IZ( (Ui, Xi) /gde),

where (U, X;) ~ P and [ @dP = 0. Similarly to the proof of Theorem 3.1 (ii)
an application of Theorem 2.5 in Mohr (2019) yields for all §,, \, 0 and with

d(p, ) = [lp — wHLQm(P)?
2

sup Gn(s,0) = Gn(t, 9)] = op(1). (A.6)
{st€(0,1),p peF:
|s—t|+d(,9)<dn}

Note that @ > (d+1)(2+7) is needed here as N[ 18, F, || pacpy) = O(e72044D),
Defining ¢, (u,x) := ul{x < z}{x ¢ [~c,,c,]¢} for some fixed z € R?, it
thens holds that ¢,, € F for all n € N and

2
2+

AP 0) = [0l gy (7)< ( JECRIEY: [—cn,cn]d}ﬂm)dm) g,

Q=

where the convergence holds by the dominated convergence theorem because
[ e(z)? f(z)dz < co. With

2

( [e@® i ¢ [-encal'} @) >__ 6\
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it can therefore be concluded that
[ns]

sup sup |— U, I{X; < 2YI{X; ¢ [—cn, cn]?

1, | S S K

{s,t€[0,1],p,peF:

[s—t|+d(p,))<dn}
With (A.6) the last term is op(1) which proves the assertion in (A.5) and there-
fore the assertion of the lemma. O
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