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Exponential ergodicity for general continuous-state
nonlinear branching processes
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Abstract

By combining the coupling by reflection for Brownian motion with the refined basic
coupling for Poisson random measure, we present sufficient conditions for the ex-
ponential ergodicity of general continuous-state nonlinear branching processes in
both the L!-Wasserstein distance and the total variation norm, where the drift term is
dissipative only for large distance, and either diffusion noise or jump noise is allowed
to be vanished. Sufficient conditions for the corresponding strong ergodicity are also
established.
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1 Introduction

In this paper we will study the exponential ergodicity and the strong ergodicity for
general continuous-state nonlinear branching processes, which will be introduced below.
Consider a filtered probability space (Q2, %, %;, P) satisfying the usual hypotheses. Let
{B.}i>0 be an (%,)-Brownian motion. Throughout this paper, we write v (which is allowed
to be zero) for a o-finite nonnegative measure on (0, o) such that [~ (z A 22) v(dz) < occ.
Let {N(ds,dz,du) : s,z,u > 0} be an independent (%;)-Poisson random measure on
(0,00)% with intensity dsv(dz)du, and {N(ds,dz,du) : s,z,u > 0} be a corresponding
compensated measure, i.e., N(ds,dz, du) = N(ds,dz, du) —ds v(dz) du. We are interested
in a general continuous-state nonlinear branching process, which is described as the
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pathwise unique nonnegative solution to the following stochastic differential equation
(SDE):

t t
X =Xo + / ~Y0(Xs)ds +/ V71 (Xs)dBs
0 0

t 0 Y2(Xs-) -
—|—/ / / z N(ds,dz,du).
o Jo Jo

* z — () is a continuous function on R, := [0, 00) such that vo(0) > 0;

(1.1)

Here,

e 2 — () is a continuous function on R such that 7,(0) = 0 and ~;(x) > 0 for
x > 0;

* = — v2(x) is a continuous and non-decreasing function on R such that ~,(0) = 0.

Intuitively, such a process can be identified as a continuous-state branching process with
population-size-dependent branching rates and with competition.

If vo(x) = a+ bx for some a > 0 and b € R and ~;(z) = ¢;x (i = 1,2) for some ¢y, ¢y > 0,
then the solution to (1.1) is reduced to the classical continuous-state branching process
(with constant immigration), see [1, 8, 9, 11, 13] and references therein. We would
mention that, if and only if in this particular case with a = 0, the solution satisfies the
so-called branching property, which means that different individuals act independently
with each other. If ;(z) = c;x (i = 1,2) for some ¢; > 0 and yo(7) = byx — bex? with
some by,bs > 0, then the solution to (1.1) is called the logistic branching process in
the literature and can be used to model the population dynamics with competition, see
[5, 10] for more details. The quadratic regulatory term in the coefficient 7o (z) has an
ecological interpretation, as it describes negative interactions between each pair of
individuals in the population. Similar equations with general coefficients ~y(x) to model
more general competitions were considered in [22].

Throughout this paper we always assume that (1.1) has a unique non-explosive
strong solution, which is denoted by (X;);>0; see Subsection 2.1 for related discussions.
Let Pi(x,-) and (P;);>0 be the transition function and the transition semigroup of the
process (X;);>o, respectively. We are going to study the asymptotic behavior of the
L'-Wasserstein distance and the total variation distance between P;(x,-) and P;(y, -) for
any z,y € Ry. As a direct consequence, we will establish sufficient conditions for the
exponential ergodicity and the strong ergodicity of the process (X;);>o.

To the best of our knowledge, there are few known results on this topic. For the
classical branching process (i.e. vo(z) = a — bz and v;(x) = ¢z (i = 1,2) for some
b > 0 and a,c¢; > 0), by the branching property, [14, Theorem 2.4] proved that the
total variation distance between P;(z,-) and P;(y, -) decays exponentially fast. Recently,
under uniformly dissipative condition on vy (z) (see (3.7) in Remark 3.4(1) below) and
finite second moment condition on the measure v (i.e. flR+ 2’ v(dz) < ), [6, Theorem
4.2] established the exponential decay between P;(z,-) and P,;(y, -) with respect to the
L'-Wasserstein distance. All known results above are concerned on the case that the drift
term 7o (z) satisfies the uniformly dissipative condition, so the approaches used in [14]
and [6] are essentially based on the synchronous coupling (i.e., two marginal processes
of the coupling are driven by the same noises). Instead, in the present paper we will
use the combination of the coupling by reflection for Brownian motion and the refined
basic coupling for Poisson random measure to establish the exponential ergodicity and
the strong ergodicity for general nonlinear branching processes, where the drift term is
dissipative only for large distances and the associated coefficients for driven noises are
much more general.
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To illustrate our main contributions, we present the following statement for the
exponential ergodicity and the strong ergodicity of the process (X;);>o. The reader is
refered to Section 3 for general results. For any probability measures p, pu2 on Ry, the
L'-Wasserstein distance W, between u; and p; is defined by

W , = inf x — y|II(dz, dy),
o) =t f |l dy)

where € (1, 2) is the family of all probability measures on R, x R4 having p; and ps
as marginals. We denote by ||11 — ua|var the total variation norm between probability
measures j; and pz. The process (X;);>¢ is called exponentially ergodic both in the
Wi -distance and the total variation norm, if there are a unique probability measure p on
R, and a constant A > 0 such that forall x € R and ¢ > 0,

Wi(Py(z,), p) < e(x)e™

and
H‘Pt(x? ) - MHVar < C(ﬁ)e_)‘t7
where c¢(z) is a nonnegative measurable function on R . The process (X;):>¢ is called

strongly ergodic, if there are a unique probability measure ; on Ry and constants
A, C > 0so that forall ¢t > 0,

sup [|Py(w, ) — pllvar < Ce M.
JL‘E]R+

It is obvious that the strong ergodicity implies the exponential ergodicity in the total
variation norm.

Theorem 1.1. Let (X;);>o be a unique strong solution to the SDE (1.1) such that as-
sumptions below (1.1) on the coefficients are satisfied. Suppose that there are constants
lg, k1 > 0 and ko > 0 such that

kl(x—y)log(%), 0<z—y<lo,
_k2(x_y)a 'r_y>l0-

Yo(r) = v0(y) < { (1.2)

Then the process (X;):>o is exponentially ergodic both in the W,-distance and the total
variation norm if one of the following three assumptions holds:

(1) the function ~,(z) is continuous and strictly positive on (0, c0), and satisfies

lim inf n(@)
z—0 P

>0 (1.3)

for some S5 € [1,2);
(2) there are constants o € (0,2) and ¢y > 0 such that

v(dz) > c01{0<2§1}z_1_“ dz,

and the function () is continuous and strictly positive on (0, ), and satisfies

>0

lim inf e (;,E )

x—0 €T

for some (8 € [a — 1,a) N (0, 00);

EJP 25 (2020), paper 125. https://www.imstat.org/ejp
Page 3/25


https://doi.org/10.1214/20-EJP528
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Exponential ergodicity for nonlinear branching processes

(3) there are constants o € (1,2) and ¢y > 0 such that

/ 2u(dz) > cer?™®, 0<r<1, (1.4)
0
and the function

Y2(x) = bax™ + 72 2(z),

where by > 0, rg € [1,«) and 72 2(x) is a non-decreasing function on R, .

Furthermore, if (1.2) is replaced by

Bz —y)log (&), 0<a-y<i,

(1.5)
_kQ(x_y)éa x—y>l0

Yo(x) —70(y) < {

for some § > 1, then, under one of the three assumptions (1)—(3) above, the process
(X4¢)e>0 is strongly ergodic.

(1.2) on the drift term o (z) for 0 < z —y < [y is the standard one-sided non- Lipschitz
continuous condition, while that for  — y > Iy means that v (z) satisfies the dissipative
condition for large distances (since [ is allowed to be any positive constant). By taking
v(dz) = colz| 711,50y dz for some ¢y > 0 and « € (0,2), one can regard condition (2)
as the extension of (1) from the Brownian motion case to the one-sided a-stable noise
case. When « € (1,2), condition (3) on the measure v is much weaker than condition (2);
for example, (1.4) is satisfied for the singular measure v(dz) := 72 299 5y-;(dz) with
a € (1,2). In this case, it is at price of requiring a stronger assumption on the coefficient
~2(x). According to Theorem 1.1, we can see that the logistic branching process (i.e.,
vi(x) = c;x (i = 1,2) for some ¢; > 0 and 7o(z) = by — bex® with some by, by > 0) is
strongly ergodic; see Example 3.6 below for more general coefficients vy (x) satisfying
(1.5).

In the following, we will remark that conditions (1.3) and (1.5) are sharp in some
concrete examples.

Remark 1.2. (1) Let yo(7) = —22, 71 (z) = 222 and vo(z) = 0; that is,

_ oL ad

L .
v dz? v dx

Let (X;);>0 be the corresponding diffusion process. According to [12, the case (i)-
(ib) after Example 2.18, p. 14], we know that P*(rp = co) = 1 for all > 0, where
P*(-) = P(-|Xo = z) and 79 = inf{t > 0 : X; = 0}. This is, the point 0 can be seen as
the reflection boundary for the diffusion process (X,);>o associated with the operator
L on [0,00). On the other hand, define p(dz) = x~2e~* dz. One can verify that for any
f € CZ(R4) with f/(0) = 0, we have u(Lf) = 0, which implies that x(dz) is an invariant
measure for the operator L. However,

o) 1
w(Ry) = / z%e " dr > eil/ r72dz = oo.
0 0

Therefore, the process (X;):>o is not ergodic, see e.g. [2, Table 5.1, p. 100]. Note that,
for this example, (1.3) is satisfied with 5 = 2, and so this implies that (1.3) with 5 < 2 in
Theorem 1.1 is optimal.

(2) Let yo(x) = d — ba with b,d > 0, y1(z) = v/2cx with ¢ > 0 and yo(x) = 0. Then, the
solution to (1.1) is reduced into the famous Cox-Ingersoll-Ross (CIR) model. In this case,
one can easily see that (1.2) and (1) in Theorem 1.1 hold. Therefore, the CIR model is
exponentially ergodic in both the W;-distance and the total variation distance. On the
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other hand, denote by 7, = inf{¢ > 0 : X; = 1}. According to [4, Corollary 9], for any

T >1,
e —e z d
E” = _ ———du | d=z.
] /0 bz +c2 P (/0 bu + cu? u> :

By letting # — oo in the above equality, we can conclude that sup,.; E*[r1] = co. This
together with [21, Lemma 2.1] yields that the CIR model is not strongly ergodic. In
particular, this implies that (1.5) with § > 1 for the strong ergodicity in some sense is
sharp.

The approach of our paper is based on recent developments of the couplings for
SDEs with Lévy noises via coupling operators, see [15, 16, 19, 20, 23] for more details.
However, there are a few essential differences between continuous-state nonlinear
branching processes and the settings of [15, 16, 19, 20, 23]. For example, all the quoted
papers above are restricted to the case that the driven noises are pure-jump processes
and the coefficients for driven noises are non-degenerate, while in the present setting,
the diffusion term and the jump noise are allowed to appear simultaneously in the
SDE (1.1), and moreover both coefficients ~; (z) and v2(z) are degenerate on R (since
~1(0) = 72(0) = 0). The differences bring out much more difficulties in the present paper
to efficiently apply the coupling techniques as these in [15, 16, 19, 20, 23]. For instance,
due to the presence of non-degenerate diffusion term, to construct the coupling process
here we will take care of couplings for both Brownian motion and Poisson random
measure. Thus, we need to consider the coupling operator that contains both local part
and non-local part of the associated generator (2.1). Because of the degenerate property
of the coefficients, the coupling function (e.g., see (4.2) and (4.19)) and its estimates
(e.g., see the proof of Theorems 3.1) in the applications of coupling process here are
more complex and delicate than those in [15, 16, 19, 20, 23].

The remainder of this paper is arranged as follows. In Section 2, we recall some
results from [7] on the strong solution to the SDE (1.1), and then present a Markovian
coupling of the solution through the construction of a new coupling operator. General
results on the exponential ergodiciy and the strong ergodicity for the SDE (1.1) are
stated in Section 3. The proofs of all main results in Section 3 and Theorem 1.1 are given
in the last section.

2 Unique strong solution and its coupling process

This section consists of two parts. We first recall results from [7] on the existence
and the uniqueness of the strong solution to the SDE (1.1), and then construct a new
Markovian coupling of the solution.

2.1 Existence and uniqueness of strong solution
The statement is taken from [7, Theorem 5.6].

Theorem 2.1 ([7, Theorem 5.6]). Suppose that the coefficients ;, i = 0, 1,2, satisfy the
following conditions:

(1) there is a constant K > 0 so that
Yo(x) < K1 +2x), z>0;
(2) there exists a non-decreasing function H(x) on R, such that
m(z) < H(z), x>0

(3) the function () is nonnegative and non-decreasing on R ;
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4) vo(x) = v0,1(z)—"0,2(x), where vo.1(x) is continuous on R, and vy 2(x) is continuous
and non-decreasing on Ry. For each integer m > 1 there is a non-decreasing
concave function r,,,(x) on R, such that fol rm(2)"1dz = oo, and forall 0 < z,y < m,

170.1() —70,1(Y)] < rnllz —yl);

(5) for each integer m > 1 there is a nonnegative and non-decreasing function p,,(x)
on R, such that fol pm(2)72dz = o0, and for all 0 < z,y < m,

V(@) = V)P + e(@) —%2)] < pm(lz —y)).

Then, for any initial value Xy = = > 0, there exists a unique strong solution to the SDE
(1.1), and the solution is a strong Markov process (X;);>o with the generator given by

Li() = (@) (@) + 22 110) 45 (0) / T (flat2) - f@) - 2 @) r(dz) @.D)

for any f € CZ(Ry).

To investigate the exponential ergodicity of the process (X;);>o, we will assume
that the drift term 7o(z) is dissipative for large distance, see (3.1) below. One can see
that condition (1) in Theorem 2.1 holds with K = supy<,.<;, ®1(r) under (3.1). On the
other hand, we suppose that the function ~(z) is continuous on R such that ~;(0) = 0.
Hence, condition (2) in Theorem 2.1 holds with H () := supy<,<, 71(y). We have already
supposed that condition (3) is satisfied, see assumptions below the SDE (1.1). Therefore,
in the setting of our paper, the SDE (1.1) has a unique strong solution under assumptions
of Theorem 3.1 (or Theorem 3.2), and some locally continuous assumptions on the
coefficients v;(z) for all i = 0,1, 2 (e.g. conditions (4) and (5) in Theorem 2.1).

2.2 Markovian coupling for continuous-state nonlinear branching process

To study the coupling of the process (X;):>o determined by (1.1), we begin with the
construction of a new coupling operator for its generator L given by (2.1). Recall that
(X4, Y1)e>0 is a Markov coupling of the process (X;);>o given by (1.1), if (X;,Y;);>¢ is a
Markov process on ]R2+ such that the marginal process (Y;);>o has the same transition
probability as (X;):>o. Denote by L the infinitesimal generator of the Markov coupling
process (X, Y:):>o. Then, the operator L satisfies the following marginal property, i.e., if
for any f,g € C2(R,),

Lh(z,y) = Lf(z) + Lg(y),

where h(z,y) = f(z) + g(y) for 2,5 € Ry, and L is given by (2.1). We call L is a coupling
operator of L. For example, one of the standard couplings, named the synchronous
coupling, is that the driven noises for the marginal process (Y;);>¢ are the same as those
of (Xy)i>o0, i-e., (Y2)i>0 is given by

t t
th =y + / VO(YS) ds + / V71 (Ys) dBG
0 0

t poo pya(Yeo)
—|—/ / / z N(ds,dz,du), Yy=y e Ry, t>0.
o Jo Jo

In this paper, we will combine the coupling by reflection for Brownian motion and the
refined basic coupling for Poisson random measure. Here the coupling by reflection for
Brownian motion means that we will take (—B;);>o (which is regarded as a reflection
of (By);>0) for the process (Y;);>o before two marginal processes meet, see (2.7) below
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for the full expression. The readers are referred to [17, 3] for more details on the
coupling by reflection for diffusion processes. To explain the meaning of the refined
basic coupling for Poisson random measure, we would like to use the viewpoint from the
coupling operator. Note that the function ~2(z) is non-decreasing on R,. For a given
parameter x > 0, set x, = ¢ A kK for z > 0. Roughly speaking, when z > y > 0, the
jumping system corresponding to the refined basic coupling of the non-local part for the
operator L is given by

(m—&-z,y—l—z—&—(m—y),{), % (y)ﬂf (z—y) s ( )
(x—&-z,y—l—z—(x—y),.i), 1 (y)ﬂ(w Y ( )
CO T @ myro) [0 02 b faa)], @
(z+29), [2(z) = 72(y)]v(d2),
where
pe(dz) = (v A (0, x v))(dz) (2.3)

for all z € R. Similarly, we can define the case that 0 < z < y. We briefly explain the
meaning of each row in (2.2) in the spirit of [20, Section 2]. Suppose that 0 <z — y < k.
Then, in the first row of (2.2), the distance of the two marginals decreases from |z — y|
to |[(x+2) — (y+ 2+ (x — y))| =0, and this reflects the idea of the basic coupling - but
only with half of the common jump intensity

1

272 (A7) < S(2(@(d2)) A (12(0) By #)(d2))]

from 2 to  + z and y to y + z + (x — y) (due to the increasing property of 7»(z)). In the
second row of (2.2), the distance is doubled after jumping, with the remaining half of
that common jump intensity. We then divide the remaining mass into two parts. One is to
couple synchronously as indicated in the third row of (2.2) with the maximum remaining
mass of y-component, and the other is to couple independently on only xz-component
as shown in the last row of (2.2) (also thanks to the increasing property of ~o(x)). If
| —y| > &, then the first row of (2.2) shows that the distance after the jump is |z — y| — k.
Therefore, the parameter « is the threshold to determine whether the marginal processes
jump to the same point, or become slightly closer to each other. This is a technical point,
but is crucial for our argument to make the refined basic coupling efficient for the Lévy
measure v with finite-range jumps. See [16, Subsection 3.2] and [15, Section 2] for more
details on the refined basic coupling for SDEs with Lévy jumps.
With the idea above in mind, we then define for any f € C*(R%) and « > y > 0 that

Lf(z,y) =y0(x) f1(2,9) + 70 ) f} (2,y)
+ %%(@fé@(%@/) + %%( Foy(@:y) = Vn@my) f1,(z,9)
320 [ Gt zyt 24 @ =0~ fla)
— [l y)z = f(@, ) (2 + (@ = Y)) oy, (d2)
) [+ nyte— @) - e 2.
= falzy)z = [z, y)(z — (2 = Y)n)) Wa—y), (d2)

+72<y) /Ooo(f(x+zay+z) - f(x,y) - f;(m,y)z

+

1 1
— 1@ )2) (v = 5 — GHe. ) (2)

+ () = 2l [ Tt 2y - Fay) — Fey)2) v(d2).
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9% f(=,
and a:y(x y) c’?fx(gyy)'

and so on. Similarly, we can define Ef(x,y) for the case that 0 < z < y. By using
the fact that p, = §, * p_, for any z € R (see [20, Corollary A.2]), one can check that
the generator L constructed above is a coupling operator of L given by (2.1); see [20,
Subsection 2.11].

Next, we will construct the SDE on 1R§r associated with the coupling operator L
defined above, and prove the existence of the strong solution to the corresponding SDE.
The idea below is partly motivated by [20, Subsection 2.2]. According to [20, Corollary
A.2 and Remark 2.1], pt, = 0, * p4_,, and

of(zy) g1

Here and in what follows, f;(z,y) = =522, fI (z,y) = M

te(Ry) = p—p(Ry) <2v({z € Ry : 2 > |2]/2}) < 0 (2.5)
for all z € R. Recalling p, = v A (é, * v), we define the following control function

Nx(dz)
. 2) = 1
p(TaZ) l/(dZ) 6[07 ]a JUER,ZER+

with p(0, z) = 1 by convention. Consider the following SDE:

t
Xt = 1""/ d5+ VY dB
o (Xoe 0
/ / / N(ds,dz,du)
Y, = / o(Ys)ds + \/71 ) dB*
19(Y )P (U )er2) i (2.6)
/ / / [+ (Us_)u] N(ds, dz, du)
0 Oﬂw V)2 +(Usm)ns2)] i
—|—/ / / [z — (Us=)x] N(ds,dz,du)
0 Jo z'yg Us_)i,z)
0o ’yg(Y
+/ / / z N(ds,dz, du)
0 Jo Ie(=(Us=)r,2)+p((Us— ) ,2)]
where

. —By, t<T,
B = (2.7)
—2Br + By, t>T,
Zlnf{tEOXt:Y;}, and U; = X; — Y;.
Proposition 2.2. For any (x,y) € ]Ri, the system of equations (2.6) is well defined, and
has a unique strong solution (X, Y});>0. Moreover, we have

(1) Ehe infinitesimal generator of the process (X, Y:):>o is just the coupling operator
L defined by (2.4).
(2) Xy =Y, forallt > T, where T = inf{t > 0: X; =Y;}.

Proof. Recall that in the setting of our paper, we always assume that (1.1) has a non-
explosive and pathwise unique strong solution (X;);>o. We are going to show that the
sample paths of (Y3):>¢ given in (2.6) can be obtained by repeatedly modifying those of
the strong solution to the following equation:

t t t oo pva(Ze)
Z, =y+/ Wo(Zs)ds—i—/ vm(Zs)dB; —l—/ / / z N(ds,dz, du). (2.8)
0 0 oJo Jo

By the definition of (B} );>0, we can verify that (B} );>¢ is still an (.#;)-Brownian motion.
Since the driving Poisson random measure for (1.1) and (2.8) is the same, the existence

EJP 25 (2020), paper 125. https://www.imstat.org/ejp
Page 8/25


https://doi.org/10.1214/20-EJP528
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Exponential ergodicity for nonlinear branching processes

of the strong solution (Z;),>¢ to the equation (2.8) is guaranteed by the pathwise unique
strong solution to (1.1).
We first claim that the process (Y;):>0 given in (2.6) is the same as

t t
Yi =y + / Yo(Ya) ds + / SV dB

'YQ
/ / / zN ds,dz,du)
372 (Ys )p(=(Us—)n,2)
AR N(ds, dz, du)

372(Ys)[o(=(Ue=)r,2)+p((Ue— ) r,2)]
_/ sf n/ / N(d&dz,du)

372(Ye)p(=(Us=)x,2)

(2.9)

Indeed, this immediately follows from the fact that forall z > 0, u,(Ry) = p—»(R4) < o0,
and the identity that for any z,y € R4 with « # y,

772 p(—(2—Y)n,2 1 1
[/ dur(d2) =52 o, (Rs) = 572(0)ite—p, (R)

2(W)[p(=(z—y)r,2)+p(2—y)x2)]
/ / duv(dz).

72 (W) p(—(3—y) k,2)

Hence, we next turn to construct the sample paths of (Y;):>0 given in (2.9).

Let (Zt(l))tzo be the solution to (2.8) with Z(gl) = y. Denote by (p;)icp, the Poisson
point process associated with the Poisson random measure N (ds,dz,du) on (0,0)?, and
by AX; = X; — X;_. Let REI) = R§12 + Rélt) where

1
R = 22X~ Z8) X, RE) = Lon(Z)ol(Xe — 27) AXL).

Define the stopping times 77 = inf{t > 0 : Zt(l) = X,}, and
oy = inf{t eD, : p; € (0,00) x (o,Rﬁ”}}.

We consider two cases:

(i) On the event {T} < 01}, we set Y; = Z; M) for all t < T}; moreover, by the pathwise
uniqueness of (1.1), we can define Y; = X; fort > T7.

(ii) On the event {T} > o1}, we define ¥; = Zfl) forall t < o; and

Y Z(l) + AX + (X[H, - Yalf)m Doy € (O’OO) X (OvRSgL
- “o1— 1 1
_(Xalf - Y(Tlf)ﬁm pal S (0,00) X (R§715)7R2(5 )]

In the following, we will restrict on the event {1} > o} and consider the following
SDE:

t t
74 :Ygl—i—/ VO(ZS)ds—l—/ vV (Zs)dB:

t B v2(Zs-) -
+/ / / z N(ds,dz,du), t>oy.
o1 Jo Jo

Denote its solution by (Zt(z))tzgl. Similarly, we set R,EQ) = th) + RéQt) with

1 1
R = 22~ (Xie = 22 MK, RE) = 50 (Z)p(Xi- = 22), AXY)]

EJP 25 (2020), paper 125. https://www.imstat.org/ejp
Page 9/25


https://doi.org/10.1214/20-EJP528
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Exponential ergodicity for nonlinear branching processes

for all ¢ > o1. We further define 75 = inf{t > 0 : Zt(z) = X}, and
o9 = inf {t €D, N (01,00) : p € (0,00) X (0,R§2)]} .

In the same way, we can define Y; for ¢t < o,. We then repeat this procedure. Note that

1
5'72(}@7)[/‘—(Xt_—yt_)n(]}1+) + N(Xt_—Yt_)K(]R+)}

is uniformly bounded (thanks to (2.5)) for any ¢t < 7,,, with m = 1,2,..., where
Tm =inf{t >0:Y; >mor |X; — Y| <1/m}.

Then only finitely many modifications have to be made in the interval (0,¢ A 7,,,). Finally,
by letting m — oo, we can determine the unique strong solution (Y;);>¢ to the SDE (2.9)
globally. See also the proof of [15, Proposition 2.6] for the details.

With the construction of (Y;),>o above, we can apply the It6 formula to the SDE (2.6)
to obtain the assertion (1). The assertion (2) immediately follows from the SDE (2.6)
and the assumption that (1.1) has a non-explosive and pathwise unique strong solution
(Xt)e>o0- O

In the following, we call (Xt,Yf,)tzo determined by (2.6) a (Markovian) coupling
process of (X;);>o. To conclude this part, we will give the preserving order property of
the coupling process (X;, Y;)t>o.

Corollary 2.3. Let (X;,Y;);>0 be the coupling process determined by (2.6) and with the
starting point (z,y). If x >y, then X; > Y; forallt > 0 a.s.

Proof. Denote by P(*%) and E(®¥ the probability and the expectation of the process
(X4, Y1)e>0 starting from (z,y), respectively. Let

T:=inf{t>0:Y; > X,},

and define f, € CZ(R%) for n € IN such that f, > 0, fuo(z,y) = 1if y > z + 1/n, and
fn(z,y) =0if y < z. Then, for any z > y and ¢ > 0,

tAT
E(m’y)fn(XtAfv Y;AT) :fn(xv y) + E(Ly) (/ Efn(Xﬁ Ye) dS) =0,
J0O

where in the last equality we used the fact that L fn(z,y) =0 for all z > y, thanks to the
definition of the coupling operator L given by (2.4) and the assumption that the function
~2(x) is non-decreasing on R.. Then, for any x > y and ¢ > 0, by the Fatou lemma,

PEI(T < t) = EC¥ liminf £, (X7,

t/\’f“) < %Hing(z’y)fn(XmT’ Yt/\T) =0.

Therefore, for any = > v, B
PEY(T = o0) = 1.

That is, for any = > y, the coupling process (X;,Y;):>o associated with the coupling
operator L satisfies that X; > Y; forall¢ > 0 a.s. O

Remark 2.4. One can use the coupling by reflection of the local part but apply the
synchronous coupling (instead of the refined basic coupling) of the non-local part to
construct another coupling operator for the operator L. For any x > y > 0, the
synchronous coupling of the non-local part for the operator L given by (2.1) is given by

(SC y) SN {(x—i—z;y—i—z), '72(y)y(dz)v
’ (m—l—z,y), (’72(37) _’72(9))V(dz)'
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Then, for any f € CQ(IP&) and z > y > 0, the corresponding coupling operator L* is
defined by

L* f(z,y) =y0(x) fr(z,y) + 70 W) f, (z,9) (2, 9)
5@ aw9) + 5w ) — VIEmE) f9)

() / Tt oyt 2) — fy) — o)z — fay)2) v(dz)
T (12() — 2(w) / S (Fat 2y) - fay) — Fey)?) v(dz).

The difference between L and L* is that the coupling operator L* does not involve
the measures p;_,), and p_,_,), . The coupling process associated with the coupling
operator L* above can be constructed directly. Actually, putting (1.1) and (2.8) together,
we can check by It6’s formula that the generator of the Markov process (X, Y;):>0
defined by (1.1) and (2.8) on IR%r is just the coupling operator L*; moreover, X; = Y; for
t > T, where T = inf{t > 0: X; = Y;}. Similarly, we can see that this coupling process
(X4, Y1)e>0 also enjoys the preserving order property as in Corollary 2.3.

3 Exponential convergence in the ['-Wasserstein distance and
the total variation distance

In this section, we shall give general results about the exponential ergodicity of
the process (X;):>o determined by the SDE (1.1), in terms of both the L'-Wasserstein
distance and the total variation norm. To present our main result, we first introduce
some notation. For a strictly increasing function ¥ on R and two probability measures
w1 and pe on Ry, define

= 1 f — H
Ww(/’('h/’(‘Q) H€<51(I}L1~,IL2) ]Ri 1/’(|37 y|) (dx7dy)7

where % (u1, u2) is the collection of probability measures on ]R?F with marginals p; and
t2. When ¢ is concave, the above definition gives rise to a Wasserstein distance Wy, in
the space of probability measures ; on R, such that f]R+ ¥(z) p(dz) < oo. If ¢(r) = r for
all » > 0, then Wy, is the standard L'-Wasserstein distance as introduced in Section 1.
Another well known example for Wy, is given by 1(r) = 19, (), which leads to the total
variation distance

Wous,i2) = g1 = allvar = 10n1 — )" (R) + o — ) (R )]

The following two results give us the exponential convergence in the L'-Wasserstein
distance and the total variation norm for the SDE (1.1), respectively.

Theorem 3.1. Suppose that there are constants Iy > 0, k2 > 0 and a nonnegative
function ®; € C|0, 2] N C3(0,2ly] satisfying ®,(0) = 0, &} > 0, &} < 0 and ®}" > 0 on
(0,2ly] such that
¢ r—1Y) ng_ygla
() 20y < { 1Y) ’ (3.1)
—ko(z —y), xz—y>lo.

If one of the following two assumptions holds:

(Al) there exist constants 3 € [1,2) and k3 > 0 such that

1
/ @y (r)rPdr < oo
0
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and
(@) +7(y) > ks(z —y)?, 0<z—y <l (3.2)

(A2) there exist constants o € (0,2), 8 € [a —1,a) N (0,00) and C., k3 > 0 such that

1
/ By (r)r* P2 dr < oo, (3.3)
. 0
/ 22 v(dz) > C.or’™, 0<r<1 (3.4)
0
and

(v2(z) = 72(¥)) + V2(Y) L fintoe < fzop- Ry )20} = Ks(T — y)?, 0<z—y<ly, (3.5)
where ., is given by (2.3);
then there exist positive constants C and )\ so that for allt > 0 and x,y > 0,
Wi(Pu(, ), Pu(y, ) < Ce |z —y].

Theorem 3.2. Under the assumptions of Theorem 3.1, if additionally the function ®; in
(3.1) satisfies
limsup ®; (r)r!=# =0

r—0

when Assumption (Al) holds, or satisfies

limsup @, (r)r*#~1 =0 (3.6)
r—0
when Assumption (A2) holds, then there exist positive constants C' and \ so that for all
t>0andx,y >0,
1P:(, ) = Puly, Ivar < Ce™ (1 + |z —y)).

We make some comments on the assumptions of Theorems 3.1 and 3.2. First,
(3.1) is the so-called dissipative condition for large distance on the drift term ~y(x).
In applications there are a lot of choices for the function ®;; for example, ®(r) =
Cr corresponds to the standard one-sided locally Lipschitz continuous condition, and
@, (r) = Crlog(4lp/r) is the typical one-sided non-Lipschitz continuous condition. Both
functions satisfy assumptions in Theorems 3.1 and 3.2. Secondly, since we assume that
the function v, (x) is continuous on R, such that +;(0) = 0, (3.2) is satisfied when the

71(=)

function 7 (z) is strictly positive on (0, c0) such that liminf, ,o *-5 > 0. Thirdly, (3.4)

implies that fol v(dz) = oco. Suppose furthermore p,(R+) > C.z~* for all z € (0, ]. This
assumption is concerned on the concentration of the Lévy measure v around zero (small
jump activity), and it implies that the measure v has a component that is absolutely
continuous with respect to the Lebesgue measure, see [20, Proposition A.5]. Then (3.5)
is equivalently saying that v (z) > ks2® for all 0 < x < Iy, which is also equivalent that
2 () is strictly positive on (0, o) such that liminf, g Vi(f) > 0. On the other hand, when
y2(z) — Y2(y) > kz(z — y)? for all 0 < x — y < Iy (this in particular indicates that the
function ~, is strictly increasing on R, ), we only require (3.5), which can be fulfilled
even for singular measures v, see the remarks below Theorem 1.1.

As direct consequences of Theorems 3.1 and 3.2, we have the following statement for
the exponential ergodicity of the process (X;);>¢ in terms of the W;-distance and the
total variation norm. Let &7 be the space of probability measures having a finite first
moment.
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Corollary 3.3. (1) Under assumptions of Theorem 3.1, there exist a unique invariant
probability measure i € £, and a constant A > 0 such that for all t > 0 and
Lo € &1,
Wi (po Py pt) < Cuoei/\ta

where C,, is a positive constant depending on .
(2) Under assumptions of Theorem 3.2, there exist a unique invariant probability
measure p € &, and a constant A > 0 such that for allt > 0 and g € %1,

0 Pe = pllvar < Cpge™™,

where C,,, is a positive constant depending on py.

Remark 3.4. (1) Recently, under the uniformly dissipative condition on the drift term
~o(x), i.e., (3.1) holds with l; = 0, which is equivalent to say that

Yo(x) —0(2) < —ko(z —y), 0<y<u, (3.7)

and the finite second moment condition for the jump measure v, as well as some
growth conditions on the coefficients ~v;(x) and v, (), [6, Theorem 4.2] establishes the
exponential ergodicity in the L!-Wasserstein distance for continuous-state nonlinear
branching processes. On the other hand, Theorem 3.1 and Corollary 3.3(1) establish
the exponential ergodicity under the weaker assumptions. Here the drift term is only
required to be dissipative for large distances as indicated by (3.1), or the jump measure
with finite first moment. In particular, Theorem 3.1 and Corollary 3.3(1) are workable for

v(dz) = (\Z|717°‘11{o<z§1} + |Z‘717al]l{z>1}) dz

with o € (0,2) and o > 1.

(2) We mention that, by the remarks below [12, Example 2.18], one can easily give
examples such that the assumptions of Theorem 3.1 (or Theorem 3.2) are satisfied, but
for any = > 0, P*(7p < o0) > 0 (or even =1), where 79 = inf{t > 0: X; = 0}. Therefore,
under assumptions of Theorem 3.1 (or Theorem 3.2) the invariant probability measure
of the process (X;);>o could be allowed to have an atom at {0}.

The following assertion is furthermore concerned on the strong ergodicity of the
process (X¢)>o0.

Theorem 3.5. Under assumptions of Theorem 3.2, if (3.1) is strengthened into the
condition that there are a constant [y > 0 and two nonnegative functions ®,; and ®, such
that

Py (z —y), 0<z—y<l,

(3.8)
—Po(z —y), x—1y>lo,

Yo(x) = Y0(y) < {
where ®, is the same as that in Theorem 3.2, and ®; € C?[ly, 00) satisfies ®, > 0 and

@4 > 0 on [lg,0), as well as
/ P
s < 00,
1 P2(s)

then the process (X:):>¢ is strongly ergodic, i.e., there exist a unique invariant probability
measure p and constants C, \ > 0 such that for allt > 0 and z > 0,

||5th - MHVar < Ce_M~

Note that since ®4 > 0 on [2]y, 00), Pa(r) > P2(2ly) + P4(2l)r. So, (3.8) is stronger
than (3.1) (by choosing [y > 0 large enough if necessary). A typical example for the
function ®, in Theorem 3.5 is that ®5(r) = cor® with ¢y > 0 and § > 1.

We close this section with the following examples on the coefficient vo(x).
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Example 3.6. (1) Let yo(z) = byzlog(l + 1/x) — box with by, by > 0. Then, (3.1) holds
with @ (r) = byrlog(1l + 1/r) and ko = be/2 for some Iy > 0 large enough.
(2) Let yo(x) = by — bpx® with 6 > 1 and by, by > 0. Then, (3.8) holds with ®;(r) = byr
and ®,(r) = byr® /2 for some Iy > 0.

(3) Let ’}/0(13) = bll‘ — bgeczs with C, (5, bl, b2 > 0. Then, (38) holds with (I)l(’l“) = bl’l“, and
®5(r) = cr? with any § > 1 and some Iy, ¢ > 0.

4 Proofs

4.1 Lemmas
To prove the main results in this paper, we need the following elementary lemmas.
Lemma 4.1. For fixed Iy > 0, let g € C0,2ly] N C3(0, 2ly] be satisfying g(0) = 0 and

g (r)>0, ¢"(r) <0and ¢g”(r) >0 foranyr € (0,2l). (4.1)
Then for all ¢1,co > 0 the function

cir + for e29(5) ds, r € [0, 2lo],

r)= ’ r— " (42)
v {w(%)wﬁ @) [r=2to [1+exp(2$,(§ég>s)} ds, 7€ (2o, 00)

satisfies

(1) v € C?*(Ry) such thatv’ > 0 and¢” <0 on Ry ;
(2) ¥ >0and¥™ <0 on (0,2ly]. In particular, for any 0 < § < r < I,

P(r+6) +P(r —6) — 2¢(r) < " (r)6%

(3) forallr >0,
Y(2lg) '(2p)

0 s < (e

min {cl,

Proof. The assertion (1) follows from the definition of ). The assertion (2) has been
proven in [20, Lemma 4.1]. Since [|¢'||oc = 1 + ¢1 and ¢(0) = 0, the second inequality
in the assertion (3) holds. On the other hand, for any » € [0, 2ly], ¥(r) > c1r; for any
r €[4y, 00), P(r) > L& —91) > Y@l for any r € (2o, dlo], (1) > ¥(2) >
¥ (2lo)

T Combining with all the estimates above, we can prove the first inequality in the

assertion (3). O

We have the following typical choice of functions g in the definition (4.2) for .

Lemma 4.2. For fixed [, > 0, let ®; € C0,2ly] N C3(0,2ly] be a nonnegative function
such that ®,(0) = 0, &} > 0, &/ < 0 and ®{" > 0 on (0,2ly]. Suppose that for some
6 € (0,1],

/ ®1(2)2%72dz < 00, 1€ [0,2lq].
0

For any cy > 0, set
g(r) =r + co/ ®1(2)2' 2 dz.
0

Then g € C|0,2lg) N C3(0,2ly] such that g(0) = 0, and (4.1) holds; moreover,

sup (rg'(r) - Tg//(”) < .

0<r<2lg
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Proof. Let gi(r) = r? and g2(r) = co f; ®1(2)2° 2 dz for some 6 € (0,1] and ¢y > 0. It is
clear that ¢;(0) = 0, and g; satisfies (4.1). We next claim that g- also enjoys the property
(4.1). Indeed, by assumptions, it is clear that g»(0) = 0, gh(r) = co®1(r)r’~2 > 0, and
95 (r) =co(0 = 2)@1(r)r®~> + cg® ()1 7% = cor’™? (0 — 2)@1(r) + @} (r)r)
SC(ﬂ'giB (—(I)l(T') + q)/l( ) ) S 0

for r € (0,2lp], where in the first inequality we used the facts that € (0,1] and ®;(r) > 0
for all » € (0,2lp], and the last inequality follows from the facts that ®;(0) = 0 and
@Y (r) < 0forr € (0,2ly]. Furthermore, for r € (0, 210],

gy (1) =co®" (1)1 72 + 2¢0(0 — 2)®) (1)1 73 + (6 — 2)(0 — 3) Dy ()14
=cor? ™ [(0 = 2)(0 — 3)@1(r) +2(0 — 2)@’( )r+ @ (r)r?] .
By the facts that ®,(0) = 0 and ®}” > 0 on (0, 2ly], and the mean value theorem,

0=2(2 — 0),(0) < 2(2 — 0)®,(r
<(3-0)(2 — 0)®1(r) ~2(2— 0

) = 2(2 = )@ (r)r + (2 — )27 (r)r?
)& (r)r + @ (r)r?
for all r € (0,2ly], where in the second inequality above we used the facts that 6 € (0, 1],
®; > 0 and ®{ < 0on (0,2ly]. This implies that ¢g5" > 0 on (0, 2/y]. Combining with all the
estimates above, we prove the desired assertion for g». Since g = g1 + g2, we show that g
satisfies (4.1).

Since ¢g(0) = 0 and ¢"(r) < 0 for all r € (0,2ly], r¢’(r) < g(r) for all r € (0,2ly] and so

sup rg'(r) < sup g(r) = g(2lp).
re(0,21p] r€(0,2lp]

On the other hand,
g (r) = 0r' 4 cy® (r)rf =2

and

—rg"(r) =001 — 9)1"971 +co(2 = 0)1"972@1(7’) - coreflil)ll(r)
<01 —0)r' 4 co(2 — 0)r? 2D (r),

where we used the fact that ®} > 0 on (0, 2l]. Thus, by 6 € (0,1],

—rg” 0(1—0)r’* 2—0)r' 20
ap T oy WO R0y,
re(0,2ly] 9 (r) re(0,210] Or +co®y(r)r
Therefore, the proof is complete. O

In the following, for any f € C%(R.), Lf(x —y) := LF(x,y), where F(z,y) = f(z —y).
Lemma 4.3. For anyn > 1, let ¢,, € C?*(R,) be satisfying 1,,(0) = 0 and

Lpp(z —y) < —Mpu(z —y), ln<z—y<n,
where A > 0 is independent of n, x and y. Then for anyt > 0 and z,y € Ry,
Wy (Pe(z,), Pe(y, ) < ¢(jx —yl)e ™,
where v := liminf,, . V.

Proof. This lemma follows from the preserving order property for the coupling process
(X4, Y1)i>0 associated with the coupling operator L proved in Corollary 2.3, and the
arguments in part (2) of the proof for [20, Theorem 3.1]. So, we omit the details here. O
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4.2 Proofs of the main results

Now, we are in a position to prove Theorems 3.1 and 3.2.

Proof of Theorem 3.1. (1) We first verify the assertion when (A2) is satisfied. At the
beginning we will prove it under the assumption that

pe(Ry) > Cuz™®, 2z € (0,K]. (4.3)
In this case, (3.5) is reduced to
Y2(x) > ks(z — )P, 0<z—y<ly,

which is equivalent to
vo(x) > ks, 0<z<ly. (4.4)

Throughout the proof, without loss of generality we can assume that [, > 1 and « € (0, 1].
According to the definition (2.4) of the coupling operator L, we know that for any
feC?*R,)and any z >y >0,

Lf(e ) =)@~ 9) + (@~ 90 + F(@ ) — (0~ y)) ~ 20w — )
X P(z—y), (R+)
+(0(@) =) [ (le—y+2) = o =) = fo =92 r(d2)

+ (vo(x) = 70(y)) f'(z —y) + %(\/%(x) + VW) —y).

In the following, we will take f to be the function v defined by (4.2), where the con-
stants c1, co > 0 and the function g will be determined later. According to Lemma 4.1(1),
¢"(r) <0 forall » > 0, and so by the mean value theorem, for any z >y > 0 and z > 0,

b@—y+2)—v@—y) - (z-y)z <0 (4.6)

moreover, thanks to Lemma 4.1(2), for 0 <z —y <lp and 0 < z < [y, we see

o=yt o)~ e —y) ~ W@ - y)s < e g+ @ - y)P @)

(4.5)

and

P —y)+ @ —y)e) + 0z —y) — (@ —y)s) = 20(@ —y) <"z —y)(z —y)Z. (4.8)
Note that for any 0 < r < g,

Y1) = e14+e7290) (1) = —cag/ (1)e 290 " (r) = —cog’ (r)e 29 {czg'(r) +

Then, by (4.7), (3.4) and the increasing property of y2(z), for any ¢y € (0,1/ly] C (0,1]
(whose value will be chosen later), and any z >y > 0 with 0 <z — y < o,

co(z—y)
((z) — 12(1)) / (e —y+2) — (@ —y) — ¥ (& — y)2) v(dz)

co(z—y)
< (ala) =) @=w) 5 [ #vla

co(w = 9)(12(@) = 22)) 1 /00@‘” 2 ()
0

T/*y)'i
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On the other hand, according to (4.8) and (4.3), forany x >y > 0with0 < x —y <,

Cy .
< 5@V (- )@ -y);
C*C KQ—a . . X
=2 2 7= 2 (y)g' (x —y)e 29(1=9) (3 — )2
0

Therefore, putting these two estimates and (3.1) in (4.5), we arrive at that for any
co € (0,1/lp] € (0,1] and any >y > 0 with 0 < z —y < lo,

Lt~ y) <37 [9(( — 1) + (2 = y)) + 9@~ ) — (2 = y)) — 26(z — )]
X f(z—y), (R+)

co(z—y)

+ (1a(z) = 12(w)) / (e — g+ 2)— d(x —y)— V(@ — y)2) v(d2)

0

F 01— ) ) + 5 (@) + V) e )

Cicy K27 o B (4.9)
<= e ) (@ —ye T (@ -y
0

CQC’*C(?)*”‘

50— (12(2) = 1)y (@ — y)e™ =TT (@ — y)*

" [1 _ M <029,(I —y) — MH

+ @1 (x —y) (1 + e =Y,

where in the second inequality we used the fact that ¢”(r) < 0 for all r € (0, l].
Next, we choose

o) =1 e [ ()57 2,
0

where the constant c¢3 will be chosen later. Note that, by (3.3), g(r) is well defined. Set

1 1 sup 77“9”(7’)

. 0<r<ly ~ g/ _

co = min = —7 o (0 2= 9/(7") . e = e 29llo),
0 SUPo<r<iy ~g'(r) SUPg<r<i, 79 (1)

Since 0 < a — 8 < 1, according to Lemma 4.2, we know that ¢y, co € (0,00). It follows
from the definition of ¢y that for 0 <z —y <y

RN R Cat ) 9" (1)
(@ ”(29( ) /x—y>><2o<r£’zo g

This along with the definition of ¢y in turn immediately yields

e R CCRE = E

1
3 g@-y)) =3
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By substituting the above inequality into (4.9) and using the definition of ¢;, we see

~ Cicy K22

Lo —v) <= =5

CCQC @

Y2(y)g' (x — y)e= 9@V (g — y)2 e

== () = 2(y)g (x — y)e =9 (@ — y)*~°
+2<I> ( y)e c2g(z—y)

2 min 12 —, }72(@9/(% . y)efczg(l’*y) (x — y)27a (4.10)

_,’_2(1) ( )6—629(90 y)

C,coks min K2« 0(2)_“
=’ 3

+ 20, (2 — y)e o290,

< —

} J (& — o9 (g — y)PHho

where in the second inequality we used the fact that

H2—a c2—a ) HQ—Q C2—a
o) + O (a(o) =) 2 min { S 2 )

and in the last inequality we used (4.4). Furthermore, taking
Cicoks . (K2 cgfo‘ !
c3 =2 min { ——,
2 5 3

g(r) = (o= B)ro Pt 4 e3®y (r)r= P2

we arrive at that for any z,y € Ry with 0 <z —y <,

B _ 22—« 2—a
Lz —y) < _w min {’;’2_0” 003 } e=c29(@=1) (3 _y))
0

Creaks(a — T e
_M i { f;éfa = } e (@ —y).

and recalling

(4.11)

On the other hand, by (4.2), for any r > 2I,

wir) = L) (1 T exp (W(T . %)ﬂ , V)

Then, it follows that ¢/(r) > % for any r > 0, since ¢’(r) is decreasing on (0, c0).
Hence, for any = — y > ly, according to (4.5), (4.6), (3.1) and the fact ¥" <0,

L(a— ) < 2@ [0l(@ — 9) + (@ — 9)e) + (& — ) — (@ — 9)) — 20(z — 9)]

2
X f(a—y),. (Ry) = ka(z — y)¢' (x — y) (4.12)

where in the last inequality we used the fact that

Wir+6)+(r—08) —20(r) <0, 0<45<r, (4.13)

thanks to " < 0 again.
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According to (4.11), (4.12) and Lemma 4.1(3), we know that for any 0 < y < z,

Ly(z —y) < —Mp(z —y),

where

N = 1 min Cicaks(o — ) min K2 Cg_a e—c29(lo) kot (2lo) )
14+¢ 2 =’ 3 ’ 2

This along with Lemma 4.3 yields that for any ¢ > 0 and x,y € R,

Wy (Py(z,-), Pi(y, ")) < (jz — y|)e .

Hence, the required assertion follows from the inequality above and Lemma 4.1(3).
When

Yo () = Y2(y) > ks(z —y)?, 0<z—y<lo, (4.14)

one can follow the arguments above to obtain the desired assertion. Indeed, in this
case we can get rid of the term involving j(,_,), (R4 ) in estimates for Ly (x — y) for any
z,y € Ry with 0 < z — y < lp, since this term is non-positive. We also note that under
(4.14) we can also directly apply the coupling operator L* and the associated coupling
process mentioned in Remark 2.4; however, such a coupling can not deal with the case
that (4.4) is satisfied. This explains the reason why we adopt the refined basic coupling
for the non-local part of the operator L, rather than simply applying the synchronous
coupling.

(2) We next verify the assertion when (Al) is satisfied. Let ) be the function defined
by (4.2). From the fact 9" < 0 and the increasing property of v2, we see the first two
terms in the right hand side of (4.5) is non-positive. Then, we get from estimates for v,
(3.2) and (3.1) that, forany z > y with 0 < z — y < I,

Lt — ) <(r0(x) ~ 20 (@ — ) + 2w — )" — )

< g (@~ y) + )P (@ ),

where in the first inequality we used the fact that

(V@) + vVnw)? > ks(z —y)’, 0<z—y <l

thanks to (3.2). Furthermore, we choose

-
g(r)=r*"F 4 03/ ®(s)s~" ds.
0
Similarly, with possible choice of constants ¢1, ¢ and c3 in the definition of ¢/, one can
follow the argument in part (1) to verify the desired assertion. The details are omitted
here. O

Proof of Theorem 3.2. For simplicity, we only verify the case that (A2) is satisfied and
that u,(Ry) > C.z=* forall z € (0, k] (i-e., (4.3) and so (4.4) holds), since one can prove
the desired assertion similarly (and even easier) for other cases.

Without loss of generality, we assume that lp > 1 and « € (0, 1]. For any n > 1, define
fn € C?(R.) such that

= (r), , 0<r<1/(n+1),
() +v@), Yo+ <r<im
0
:1+b(ﬁ) +Y(r), r>1/n,
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where b > 0 will be chosen later, § = (o — )/2 € (0,1), and ¢ is defined by (4.2) (which is
the one in part (1) of the proof of Theorem 3.1 with some modification on the associated
constant c3). We will verify that there exists a constant A > 0 such that for any n > 1 and
x—y>1/n,

Lfn(z—y) < =Afu(z —y). (4.15)

If (4.15) holds, then, the assertion follows from Lemma 4.3 and the fact that
iminf fo(2,9) = Loy (1+ bz — 1/ (1412 = y)° + (12 = y]) < Dgapy (1 + 2 — y]),
where for any nonnegative functions f,g on ]Ri, f =< g means that there is a constant

¢ > 1such that ¢! f(z,y) < g(z,y) < cf(z,y) for all (z,y) € R3.
In the following, let ¥y (r) = b(r/(1 4+ 7))?. Then,

() = b0(1 + 1) ( ) (4.16)

147

and

v(r) = bl [(9 -1+ (1 i r>“ —2(1+7r)73 (1 i r>911 : (4.17)

Moreover, it is easy to see ¢’ > 0 and 1/)84) < 0. Following the argument of Lemma 4.1(2)

we know that (4.8) still holds with ) in place of ¥, and can obtain that

2
Yo(r +8) — Yo(r) — PYi(r)s < % 0(2r), 0<s<r. (4.18)

Since 1" < 0, (4.6) and (4.13) also hold with 1)y replaced by . Then, by (4.5), (4.16)
and the fact that 0 € (0,1), for I§ € (0,x] (which is determined later), n > 1 and
1/n<Il§ <z—y<lp.

Lypo(z —y) <@1(z —y)p(e —y) <061 (z —y)(1+15) " (15)" ™" < b1 (2 — y)(I)" .

On the other hand, with the same function ¢ (i.e, with the same function g and the
constants ¢y, ¢1, ¢z) in the proof of Theorem 3.1, we find that for n > 1 and 1/n < [§ <
r —1y < lg, the inequality (4.10) still holds. Combining both estimates together, we obtain
that foranyn > 1land 1/n <[ <z —y <ly,

- Cicak e g
Lfae—y) < — =2 3min{n %

/ —c r— 24+ 8—a
o g(z—y)e 29( y)(l‘—y)
o {4
+ @ (2 — y)e29@Y)(2 4 phec29(lo) 50T,

Furthermore, choosing b = e~°29(%0) and noticing that # € (0, 1), we arrive at

. 2—a 22—«
ifn(w—y)g—c*czkj . {KJ ch

! —cag(x— 24—
= g (x —y)e I (@ —y)
2 I 3 }
+ @y (z —y)e 9@ (2 4 1507,

Now, replacing the constant c3 in the proof for Theorem 3.1 by

1

_ Cucoks . (K2 @ cg_o‘ -
63:(24—[39 1)[ mln{ —, ,
2 I 3
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we can get that foranyn > 1 and 1/n <[ <z —y <o,

N Cok _ 2—a 22—«
Lfsa—y) < - Celsle =) min{’;_a,“g }ecw<l°><x—y>.
0

Next, we turn to the case that 1/n <  —y < [ with any n > 1. According to the
definition of the function ¢ and the proof of Theorem 3.1, we know that (4.11) still holds
true for any 0 <  —y < [j. On the other hand, according to (4.3) and the facts that
[ < k and (4.8) holds with ¢ in place of ¢, we find forany 0 < z —y <[ < &

DN =

Yo(y) |Yo((z —y) + (2 — y)x) + Yo((x — y) — (. — y)x) — 2%0(z — Y)|pta—y (R+4)
Sl — )~y

IN

By (3.4) and (4.18), we have forany 0 <z —y < [j < K

(r2(a) = a0 [ T ol — g+ 2) — ol — y) — e — 1)2) v(d2)

< 5 (a@) = W) —) [ ()
C

< 5 (2(2) = @) ¥ 2z - y) (@ - y)*
Note that, by ¢{’(r) > 0 and (4.17), for r € (0,13] and § <1,
Ty < gl (2r) < —bO(1 — 0)2072(1 + 20%5) 707202,

Thus, combining with all the estimates above with (4.4), we arrive at forany 0 <z —y <
lo <k,

Sa)[i0((x — 1) + (&~ )a) + vol(@ — 9) — (& — 1)) — 2ol — )]sy (By)
T (@) — 2 (y)) / " ol —y 4 2) — dole — y) — (e — y)2) v(dz)
< —bOC,k3(1 — 0)2073(1 4 215) 707 2(x — y) P~ H0.

Therefore, by (4.5), (3.1) and the fact that ¢ <0, forany 1/n <z —y <[ < k, we see

Lol — ) <512) [bo((z — 9) + (@ — y)) + ¥ol(z — 4) — (&~ ) ~ 2o(x — )]
X /Jmfy(RJr)

+ (o) = 20) [ Y (@ — g+ 2) — ol — v) — e — 1)2) w(dz)
+ (Yo(x) — 0 (y)) Vo (z —y)
< —bOC,ks(1 — 0)2973(1 4 215) 7072 (z — y)P 72T 4 00D (z — y)(x — y)? !

_Ciks(1 - 0) + sup (®y(r)re P,

<bl(x — y)P—at?
<b0(z —y) 216 0<r<iy

where in the last inequality we used the facts that 0,1} € (0,1). This along with (3.6)
yields that there is [§j € (0, 1] small enough such that foralln > land 1/n <z—y <[ <1,

bOC. k(1 - 6)

Lipo(z —y) < Yo y)Pmet?,
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Recalling that § = (« — 3)/2, we then get that foranyn > land 1/n <z —y <I§,
_ bCks(1 — G)Z*,(a,ﬁ)ﬂ
432 0 '

Finally, according to (4.12), (4.5) and the facts that ¢){ > 0 and ¢{ < 0, we find that
forany x —y > |y,

Lfn(z—y) < Lip(x — y) < —ka(z — y)¢ (x — y) < _w@; —y).

Combining all the estimates above for L fn(x —y), we can obtain (4.15), thanks to the
fact that there exists a constant Cp > 1 such that Gy *(1 4 1) < f,.(r) < Co(1 + ) for all
r € R4 and n > 1. The proof is complete. O

Proof of Corollary 3.3. Denote by IE” the expectation under the probability measure
P* =P(:|Xo = z), and pP(A) = fR+ Pi(z, A) p(dx) for all probability measures p, ¢ > 0
and A € #(R+). By [7, Proposition 2.3], we see that under assumptions of Theorem 3.1
(or Theorem 3.2), there exist constants C, K > 0 such that forall z € Ry and ¢ > 0,

E*X, <Ci(1+ x)eKt.

This is, [ ¥ (0aP)(dy) < C1(1 + z)eft < 0. S0 §,P, € &, forany z € Ry and t > 0,
and so uP; € &, for each p € &1, where &2, is the space of all probability measures on
(R4, Z(R;)) with the first finite moment. With this at hand, the proof of Corollary 3.3
essentially follows from that of [18, Corollary 1.8]. We omit the details here. O

Proof of Theorem 3.5. Similar to the proof of Theorem 3.2, we only verify the case that
(A2) is satisfied and that p,(Ry) > C.2~“ for all z € (0, x] with C,,x > 0 and « € (0, 2)
(i.e., (4.4) holds). To verify the desired assertion, we will use the following test function

cir + [ ee290) ds, r € [0, 2],
'(/J( ) :{ ' I fO A r—2lg 1 d SA r—2lg 1 d [ I 0] (4.19)
w(2 0>+ fO T5(Bs12lo) s+ fO T5(s1200) S, reE (2 0,00),
where A — %, B = 71"”5}?2)?;2;;2;?2)55)“) —§ and ¢ > 0 is sufficient small such

that B > 0. Note that the modification between the test function v given by (4.19) and
the one in the the proof of Theorem 3.1 is only made for r € (2lp, 00). It is easy to see
that ¢ € C?(Ry) such that ¢/ > 0 and ¢” < 0 on R, ; moreover, by [, ﬁ(s) ds < oo,
¥ € Cp(Ry).

With the test function ¢ above, we can define a sequence of functions {f,},>1 C
C?(R, ) such that

= (r), , 0<r<1/(n+1),
Fulr) §1+b<1jﬂ) +o@),  1n+1)<r<1/n,
%
:1+b<1ir) +Y(r), r>1/n,

where b and ¢ are the same as in the proof of Theorem 3.2. In particular, {f,},>1 is
uniformly bounded, i.e. sup,,~1 || fn|lcc < 0.

Following the proof of Theorem 3.2, we know (4.15) still holds true with some A > 0
when 1/n < z —y < lp. Next, we consider the estimate for + — y > ly. First, let
Yo(r) = (r/(1+7r))’. By (4.5) and the facts that ¢}, > 0, ¢ < 0 and ¥’ < 0, for any
x —y > 2ly, we have

Lfn(x —y) < —®o(z —y)¢)' (x — y) < —0A.
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On the other hand, for any [y < z —y < 2l,
Lfa(z —y) < =02z —y)i/(z —y) < —c1P2(z — y) < —c1P2(lo).

Combining with all the estimates above, we obtain that there is a constant A > 0 such
that forall z,y € Ry withz >yandn > 1,

f/fn(xa y) < =\

This, along with Lemma 4.3 and the fact that there is a constant Cy > 1 such that
Cy "L0,00)(r) < fu(r) < Col(g ) foralln > 1 and r € R4, in turn yields that there exists
a positive constant C' so that forall¢t > 0 and z,y € R4,

”Pt(xv ) - Pt(xv ')”Var < Cei)\t-
Hence, the desired assertion follows from the proof of Corollary 3.3. O

Next, we turn to the

Proof of Theorem 1.1. Condition (1.2) means that (3.1) holds with

41
Dy (r) = kyrlog (TO) .

When (1) holds, Assumption (Al) in Theorem 3.1 is satisfied; see the remarks below
Theorem 3.2.

When v(dz) > coljgc.<132 '~ *dz for some ¢y > 0 and « € (0,2), by [20, Example
1.2], we know that p.(Ry) > C.z~ for all z € (0, x| with some C,,x > 0. Then, that
condition (2) holds implies that Assumption (A2) in Theorem 3.1 is satisfied too; see also
the remarks below Theorem 3.2.

For ~v2(x) given in (3), we have forall z >y > 0,

Y2(z) — 72(y) = ba(2™ —y™).
Since 15 € [1,a) with « € (1,2), forall z > y > 0,
" yrz > 1‘T2_1($ _ y) > (1. _ y)T2'

Hence, Assumption (A2) in Theorem 3.1 is satisfied. With all the conclusions above, we
can obtain the desired assertion from Theorems 3.1, 3.2 and 3.5, as well as Corollary 3.3.
O

Finally, we present the
Proof of Example 3.6. (1) Forany x >y > 0,
Yo(z) — Y0(y) =[brzlog(1l + 1/z) — biylog(1l + 1/y)] — [bax — bay]

<bi(z —y)log(l+1/x) — ba(z —y)

<bi(z —y)log(1+1/(z —y)) — ba(z —y).
This implies that (3.1) holds with ®;(r) = byrlog(1 + 1/r) and ky = b2/2, by setting
lp > 0 large enough such that b; log(1 + ;') < by/2. We note that, by some elementary

calculations, ®;(r) = byrlog(1l + 1/r) satisfies all the assumptions in Theorem 3.1.
(2) Note that forall 6 > 1and x > y > 0,

-y > e —y) > (x—y).
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Then,

Yo(x) — Y0(y) =[br1a — bry] — [b22° — by’
<bi(z —y) — ba(z — y)°.

Hence, we know that (3.8) holds with ®; (1) = b7, ®o(r) = bor? /2 and Iy = (2b; /b2)/ O~ 1),
(3) We consider the function = — <’ with ¢, 0 > 0on Ry. Forany z,y € R4 with
x —y > lp and some [y > 0 large enough,

s 5 ecm(S
e’ e > ) > a®(a—y) > cola—y) .

where ¢y and f are positive constants. Here, in the first inequality we used the fact that
C,’L‘é

& — is increasing for z > 0 large enough, and the second inequality

follows from the fact that > cox? for > 0 large enough, where # > 0 can be chosen

to be any positive constant. With aid of this inequality, we can prove the desired assertion

by following the argument in (2). O

the function z —

€

ca®
x
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