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Abstract

In this article we derive Talagrand’s 75 inequality on the path space w.r.t. the maximum
norm for various stochastic processes, including solutions of one-dimensional stochas-
tic differential equations with measurable drifts, backward stochastic differential
equations, and the value process of optimal stopping problems.

The proofs do not make use of the Girsanov method, but of pathwise arguments.
These are used to show that all our processes of interest are Lipschitz transformations
of processes which are known to satisfy desired functional inequalities.
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1 Introduction and main results

1.1 Notation

Let (Q,F,(F:), P) be the canonical space of a d-dimensional Brownian motion W
equipped with the P-completion of the filtration (W : s < t) generated by W. That is,
Q = C(]0,T],R%) is endowed with the maximum norm, W;(w) = w(t), and P is the Wiener
measure. For p € [1,00) and u, v € P(Q2) (the set of all Borel probability on 2) define the
p-Wasserstein distance and the relative entropy by

1/p
W) = (inf [ o=l ntdo,an)” and Hl) = [ o dn
X

where the infimum is taken over all couplings 7 (that is, probability measures on the
product with first marginal ;4 and second marginal v) and we used the convention dv/dy =
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Functional inequalities for forward and backward diffusions

+o0 if v is not absolutely continuous w.r.t. u. Recall that the quadratic transportation
inequality (sometimes called Talagrand’s inequality) reads as

w satisfies T5(C) if Wa(p, v) < /CH (v|u) for all v € P(£2).

The validity of this inequality has several (deep) consequences, for instance for the
concentration of measure phenomenon, the isoperimetric problem and various problems
of probability in high dimensions. We refer the reader e.g. to [36, 53, 49, 37] for an
overview and applications. Let us for instance mention a result by Gozlan, see [26,
Theorem 1.3], who showed that 75(C) is equivalent to the dimension-free concentration

u"( F— / Fdu™
for all x > 0, n > 1 and some constant ¢ > 0, where p” is the n-fold product of x and
F: Q™ — R is a 1-Lipschitz function w.r.t. the [5>-norm on ",

> :17) < 2exp(—ca?) (1.1)

1.2 Main results

In this work, we prove the validity of 75 for various stochastic processes evolving
forward and backward in time. Let us present our principal contribution; the proofs are
postponed to later sections along with applications and consequences.

1.2.1 Optimal stopping

Our first result concerns the value process of an optimal stopping problem.

Theorem 1.1 (Optimal Stopping). Let T': [0,7] x Q@ — R be an adapted process with
continuous paths such that I'; is Lr-Lipschitz for every t € [0, T| and denote by

Sy = ess.sup E[l,|F] (OptStop)
T is stopping time, t<T<T
for t € [0,T] the value process of the optimal stopping problem of I'. Then S has

continuous paths and
the law p° of S satisfies T(Cs)

with C := 2L2.
A generalization of Theorem 1.1 is given in Corollary 2.5. In many applications it is
interesting to approximate the law p° of S. Denote by un := p}; the empirical measure

associated to p := p®, that is, we fix P*° the infinite product of P under which i.i.d.

random variables (S™),cn with distribution p are defined, and we put puy := % Zg 1 0gn

for every N > 1. Applying (1.1) to the 1-Lipschitz function F(y) := VN W, (% Zﬁ;l Sym s 1)

gives the following concentration property of Wasserstein distance between the true and
the empirical measure:

Corollary 1.2. In the setting of Theorem 1.1 there is ¢ > 0 such that

P (|Walin. i) = Bp Wa(pn )| 2 ) < 2exp(—ex?N)

for every x > 0 and N > 1.

Also note that by convergence of Epe|[Ws(u, un)] to zero, the above implies that
there is ¢ > 0 and, for every x > 0, some Ny(z) such that

P (Wa (i, pn) > x) < 2exp(—cz®N)

for all N > Ny(z).
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Another consequence (which could also be shown by simpler methods) is due to the
fact that the T»-inequality implies Gaussian concentration [53, Theorem 22.10], that is,
Theorem 1.1 in particular implies that

P(|S; — E[S{]| > x) < 2exp(—ca?)

for all 2 > 0, where ¢ > 0 is a constant. This means that (on a large scale) F[S;] can be
seen as a good proxy for the value of S;. This is interesting in that F[S;] = sup,<,<r E[l';]
can usually be computed quite efficiently (see e.g. [4]) while the computation of S; might
be hard.

1.2.2 Backward diffusions

We now turn our attention to the backward stochastic differential equation
T T
Y, =F —1—/ gu(Yu, Zy,) du — / Z, dW,, fort e [0,T] (BSDE)
t t

whose solution is given by a pair of processes (Y, Z) on the canonical space 2 with YV’
adapted and Z progressive. We have the following:

Theorem 1.3 (75 for multi-dim BSDE). Let m € IN and assume that

(A) g: [0,T] x Q x R™ x R™*4 — R™ is progressive, g;(-,-,) is Ly-Lipschitz continuous
for every t € [0,T], and E[[, |g:(-,0,0)[2dt] < oo,

(B) F: Q — R™ is Lr-Lipschitz continuous.

Then there exists a unique solution (Y, Z) of (BSDE) and
the law 1Y of Y satisfies T>(C)

with C,, := 2(Lp + TL,)?e*TTs.

Remarkably, the constant Cy in Theorem 1.3 does not depend on m and d, suggesting
that the result can be extended to infinite dimensional BSDEs (e.g. BSDEs on Hilbert
spaces analyzed in [24]). We will not take up this task here. As an (rather direct)
application of Theorem 1.3, we derive in Corollary 2.3 a transportation inequality for
laws of martingales, thus extending a result by Pal [42]. Moreover, we will show in
Section 4 that under additional conditions pertaining to the regularity of g, functional
inequalities can also be deduced for the law of the control process Z.

When Y is one-dimensional (but the Brownian motion still d-dimensional) the regular-
ity conditions on g can be weakened as follows:

Theorem 1.4 (15 for 1-dim BSDE). Assume that

(A) g: [0,T] x R* — R is Borel measurable and convex in the last variable,
(B) gi(2) < C(1+ |2|?) for all z € R and for some constant C' > 0.

(C) inf,cpo,77 9¢(2)/|2| — oo as |z| — oo, and

(D) F: Q) — R is bounded from below and L g-Lipschitz continuous.

Then (BSDE) admits a unique solution (Y, Z) and

the law ;¥ of Y satisfies T»(C))

with C,, := QL%.
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Remark 1.5. Whend =1, g = 0 and F' = id, then Y is the Brownian motion, and C = 2
(which is known to be optimal for Brownian motion) showing that the constant C, in
Theorem 1.3 and Theorem 1.4 cannot be improved in general.

Example 1.6. By Theorem 1.4, the law of the process Y; := log Flexp(F)|F:] satisfies
T(2L%) for every Lp-Lipschitz continuous function F on €2 which is bounded from below.
In fact, it follows from martingale representation and It6’s formula that there is a
progressive process Z such that (Y, Z) solve equation (BSDE) with g(z) = 1[z|? and
terminal condition F'.

BSDEs provide a powerful probabilistic tool to tackle second order nonlinear partial
differential equations as first noted by [45]. They can be seen as a nonlinear general-
ization of the maximum principle in stochastic control theory. Moreover, BSDEs have
various applications in quantitative finance. The following is a prime example stated in
more generality (and precision) in Section 3.1.

Example 1.7 (Utility maximization). Let F': Q2 — R be bounded and L g-Lipschitz contin-
uous, and consider the Black-Scholes dynamics dS; = S;(dt + dW;) for the stock price.
The process

Vi = esssupE[U(F - /tTpu )‘]—}} with U(z) = —exp(—x),

where the supremum is taken over predictable portfolios p subject to some integrability
condition, defines the value process of the exponential utility maximization problem in
the Black-Scholes market with random endowment F'.

Then (a suitable transformation of) V' and the optimal trading strategy »* are char-
acterized by a BSDE and we will see that both satisfy the T5-inequality. In particular,
concentration of empirical measure as in Corollary 1.2 or Gaussian concentration hold,
showing for example that the value of the optimal utility and portfolio are concentrated
around their mean.

1.2.3 Forward diffusions

Let us finally consider the stochastic differential equation

t
Xt_a;—i—/ b ( du+/ uw(Xy)dW,, fort e [0,T] (SDE)
in dimension 1 (again, the Brownian motion is d-dimensional).
Theorem 1.8 (75 for 1-dim SDE). Assume that

(A) b: [0,7] x R — R is Borel measurable and continuously differentiable in the first
variable,

(B) o: [0,T] x R — R? is bounded, continuously differentiable in the first variable and
L, -Lipschitz continuous in the second variable, and oo’ > ¢ > 0 for some constant c,

(C) the quantities ¢i 1= sup;c( 1y ”Mt( M1 (dz); €2 = supsepo 1y ”Tat( M oo (de); €3 =

SUP¢e(o,T) || ot gtgt( )”Ll(dac) and cy := || SUP¢elo,T] %%(‘)Hﬂ(dx) are finite.

Then, (SDE) admits a unique strong solution and
the law p* of X satisfies T»(C;)

with C, := 6exp(c; + 15 max(c3 exp(2c1), ||o||oca exp(2¢1) + exp(2¢1)L2)).
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Example 1.9. The above result applies for instance to Langenvin’s equations: These
are stochastic differential equations of the form

dXt = —U/(Xt) dt + / 2/Ath, Xo =XZ (12)

where U : R — R is differentiable and plays the role of a potential, and A > 0 (we take
for simplicity d = 1). We will discuss this example further in Section 5.

Remark 1.10. Observe that the statement of Corollary 1.2 remains true for the diffusions
considered in Theorem 1.3, Theorem 1.4 or Theorem 1.8.

1.2.4 Variations and extensions

The arguments leading to our main results for backwards diffusions and the optimal
stopping problem (inspired by techniques used in ‘pathwise control theory’ see e.g. [19,
40]) consist in showing that the processes under consideration are Lipschitz transforms
of Brownian motion. It is likely that this technique also applies to more general stochastic
optimal control problems and that different consequences than the above can be deduced.

To illustrate our point, we derive the logarithmic-Sobolev inequality, which reads as:

w € P(R™) satisfies LSI(C) if Ent,(f) <C IVfI?du
Rﬂl
for every p-integrable and differentiable function f: R™ — R. Here we denote by
Ent,(f) := [ f2log(f?/ [ f? dp) du the entropy of f w.r.t. ;o with the convention 0/0 = 0.

Theorem 1.11 (Log-Sobolev). In the setting of either Theorem 1.3 or Theorem 1.4, for
every t € [0,T] one has that

the law pf of Y; satisfies LSI(T'C,)

with the constant C, given in the respective theorems.
The same holds true in the setting of Theorem 1.1 (if Y above is replaced by S).

1.3 Related literature

Measure concentration is a popular area of modern probability theory. This is
mostly due to its variety of applications, including (and certainly not restricted to)
model selection, random algorithms, quantitative finance and statistics [38, 7, 8, 34,
50, 18, 43]. It is the works of Marton [37] and Talagrand [49] that first underlined
the relevance of transportation inequalities in the description of the concentration of
measure phenomenon. Transportation inequalities are also related to Poincaré inequality,
log-Sobolev inequality and hypercontractivity, see [41, 5].

Talagrand proved the validity of 75 for the multidimensional Gaussian distribution
with optimal constant C' = 2. His work was then extended to Wiener measure on the
path space in [22]. Transportations inequalities for laws of (forward) SDEs have been
extensively studied. We refer to [15, 51, 42] for equations driven by Brownian motion and
to [47, 46] for equations driven by fractional Brownian motion or a Gaussian process. All
the aforementioned works on SDEs assume that the coefficients are Lipschitz continuous
or satisfy a dissipative condition. Note however the exception of [1] who derives versions
of the Poincaré and log-Sobolev inequalities of the so-called skew Brownian motion,
which can be seen as the solution of an SDE whose drift depends on the local time of the
unknown.

Regarding Transportations inequalities for backward SDEs, to the best of the authors’
knowledge the only work on the subject is the paper [3] available online since August
2019. It uses the Girsanov transform technique of [15] to derive quadratic transportation
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inequalities for laws of one-dimensional BSDEs with bounded coefficients, and Lipschitz
continuous generators.

1.4 Organization of the paper

We organize the rest of the paper as follows: The next section is dedicated to the
proofs of Theorems 1.1 and 1.3, we also discuss various extensions and applications,
including functional inequalities for laws of martingales. In Section 3, we present the
proof of Theorem 1.4. The application to portfolio optimization alluded in the introduction
is presented in more details. We prove Talagrand inequality for SDEs with measurable
drifts in Section 5 and conclude with the analysis of the logarithmic-Sobolev inequality.

2 The proofs of Theorem 1.3 and Theorem 1.1

The strategy behind the proofs is to show that the objects of interest are in fact
obtained through Lipschitz transformations of Brownian motion. The latter is known to
satisfy the T5-inequality, see [22, Theorem 3.1]. For this reason, the following lemma on
the stability of transportation inequalities under push-forward by Lipschitz maps (taken
from [15]) is fundamental and stated separately.

Lemma 2.1 ([15, Lemma 2.1]). Assume that u satisfies T5(C) and let ¢: Q — § be
p-almost surely L, -Lipschitz. Then the push-forward . u satisfies TQ(Cpr).

The proofs need some notational preparation, introduced below. For ¢ € [0, T] denote
by

0= {y e O([t,T),R) : 7(t) = 0}
the shifted canonical space, by W* the canonical process on €, by P! the Wiener

measure on 2, and by (F!),c[;,r) the P*-completion of the natural filtration of W*. For
weQ, tel0,T], and v € Q' define the concatenation w ®; v €  via

w(s) if s € [0, 1),

(W y)(s) = {7(5) +uw(t) ifse[tT)

Further, for a function X : Q x [0,7] — R* with k € IN and fixed (¢,w) € [0, 7] x ©, define
its shifts by
X9 QP x5, T) = RF, X09(y) i= X, (w @ ).
Similar notation is applied to a function X : Q — R* or a function g: Q x [0,T] x A — RF,
where A is an arbitrary space, that is, X*“(y) = X (w ®; 7) or ¢t (v, a) := gs(w ®; 7, a).
Note that, using the above notation, one has

PIX|FY@) = [ X"(0) PHd) = BpuianlX" ()] = Bpe[X*]

for P-almost all w € €.

2.1 Proof of Theorem 1.3 and first consequences

Proof of Theorem 1.3. It follows from the work of Pardoux & Peng [44, Theorem 3.1]
that the equation (BSDE) admits a unique solution (Y, Z) such that Z is square integrable
and Y has (P-almost surely) continuous paths, that is, Y (w) € C([0,T], R™) for (P-almost
every) w € (). Using arguments close in spirit to [19], we will show that the function
w +— Y (w) is Lipschitz continuous.

Let t € [0,T]. By Lemma 2.2 below there is a P-zero set N C 2 such that for w € N°
one has Y;(w) = Y,"* P'-almost surely and the pair (Y;**, Z}¥) e, 1) satisfies

T T
Y = Fte +/ gL (WhY 09, Z) du —/ Zydw,, Ptas.relt,T]. (2.1)
s s
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From now on fix w,n € N and ¢ € [0,7T]. For r € [t,T] define

§Y, ==Y, =Y,
62, = 7% — 781,
89y = gp (WY, Z09) — g MW Y59, Z09).

As (y,z) — gr(w,y, z) is Lipschitz and therefore Lebesgue almost surely differentiable, it
follows that

gﬁ’w(Wtﬂ K“tw, Zﬁ’w) - g7€7n(Wt7 Y;t’m Zﬁ”)

L 0,0t (WY — adYy, 26 — adZ,)\ | (Y,
=0g, + o) : ¢ e
" 0 azg’f“’n(Wta Yrt7w - aé}/’-") Z’lt“)w - a(sZr) 6ZT

= 5g'r + /BT(SYT + QT(SZT'

Note that the progressive processes § and ¢ are bounded by L,. Moreover, the pair
(0Y,0Z) solves the linear equation

T T
0Y, = 0Yp + / 0gy + BudYy + qudZy du — / 02y, dWﬁ7 Pt-as.
for r € [t,T], and a standard computation as in [21, Theorem 1.1] reveals that

T T
oY, = el Bu sy + / elr Ps 4865, du — / el B dSZu(dWi —qudu) Plas.

T T

For r € [t,T], define

T, ::exp(/trququ—;/tr|qu|2du)exp(/trﬁudu>.

By Girsanov’s theorem, taking the expectation with respect to the (shifted) measure P?
yields

T
16Y;| = ‘Ept [FT(WT n / T, g, dr] ] (2.2)
t
Pt-almost surely. Moreover, by Lipschitz continuity of ¢, it holds that

16g-(7)] < Lgllw ®¢ v — 1 @1 V|| oo
< Lygllw = nlloo

for all v € Q. Thus, as Ep:[[',] < exp(T'L,) for every r € [t,T], it follows from (2.2) that

T
¥ < Ll = o Eps(Ur] + Lyllw ~ nloEre| [ T ai]
t
< (Lrp +TLy)exp(TLg)[lw — o

Pt-almost surely.
As w,n € N¢and t € [0,7T] were arbitrary and P(N) = 0, this shows that

Y:Q— C([0,T),R™) is (Lp+TL,)e’ s-Lipschitz.

Now recall that by [22, Theorem 3.1], the probability measure P (the law of the Wiener
process) satisfies 75(2). Hence, the result follows by Lemma 2.1. O
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Lemma 2.2. For P-almost all w € () it holds that
T T
Y}t’“’ = [t +/ gf;‘“(Wt,Yj"",ZZ“’) du —/ Z}i’“’ dWZ, Ptas.re [t, T

and Y;(w) = Y,"* P*-almost surely.

Proof. Let r > t be fixed and denote by N{ the set of all w € 2 such that (BSDE) holds
true so that P(N;) = 0. Then, for every w € Q and v € Q' such that w ®; v € N¥,
unwrapping the definitions of Y*v, Z** and (BSDE) it holds that

T T

veem) =)+ [ g )= ([ Ziam)we. @)
As the law of the concatenation Q x Qf 3 (w,n) = w ®; n € Q under P ® P! equals P, one
has

P(N3) = P(Ny) =1, where
N§={weQ: P (yeQ :we,y e Nf) =1}

For every w € N§ we have that (2.3) holds for P’-almost all v € Qf. Thus we are left to
show that for P-almost all w € ), one has that

T T
( / ZudW, ) (w0 7) = ( / ZL awt) () 2.4)
for P'-almost all v € Q! and all r € [t,T].

In case that Z is a simple processes, the dW and dWWt-integrals are just finite sums.
Then, as r > t, only increments of v appear in either sums and it follows that (2.4) holds
true for all w € Q and v € Q!. In the general case, approximate Z in L?(P ® du) by
simple integrands Z" which are progressive w.r.t. the raw filtration (in particular, Z™**
is progressive w.r.t. 7! and the same holds true for the limit). Using once more that the
law of the concatenation under P ® P! equals P, one obtains that

Prta B | Nzt ) - 25 ) du]|

T
= Ep(dw) [/t |ZM (W) — Zy(w)]? du} — 0.

After passing to a subsequence, one may assume that the inner expectation converges
to 0 for P-almost all w € (, that is Z™/% — Z%“ in L?(P! ® du). The triangle inequality,
Ito’s isometry, and the fact that the law of - ®; - under P ® P! equals P then show that

Ep(dw) |:EPf(d'y) H(/TT Zy, qu)(w ®¢ ) — (/T Zhe dWi)(*y)‘QH =0,

r

which implies (2.4).

To complete the proof, we are left to prove that Y;(w) = Ytt"" Pt-almost surely. This is
a consequence of Blumenthal’s 0-1 law, i.e. conditioning on the right-continuous filtration
is up to P-zero sets the same as conditioning on the raw filtration. The raw filtration at
time ¢ is generated by paths up to time ¢, hence Y;(w) = Y;(n) for all w,n € Q such that
w=mnon|0,t]. O

In the next corollary we show that in our Brownian filtration, laws of martingales
satisfy transportation inequalities: This corollary as well as the subsequent subsection
use the notion of Malliavin derivative. We refer the reader to [39] for an introduction to
this topic and the (little bit of) Malliavin calculus used in the article.
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Corollary 2.3. Let ¢: [0,T] x Q — R%™ be a bounded progressive process and let M
be an m-dimensional martingale under the probability measure Q9 := Law(W + f qdu).
If Mt and q are both Lipschitz continuous in (2, then the law of M satisfies T5(C) for
some constant C' > 0 depending on d.

Here ‘q is Lipschitz continuous in {2’ means that there is a constant L, such that
lg:(w) — qe(n)] < Lyllw — nlloo for allw,n € Q and t € [0, 7.

Proof. By Lipschitz continuity, M7 is square integrable. Thus, it follows from martingale
representation and Girsanov’s theorem that the process M satisfies

T T
My = Mr + / ZuQu du — / Zy AWy, (2.5)
t t

for some progressive, square integrable process Z. In particular, (M, Z) satisfies the
equation (BSDE) with generator g defined by ¢;(w, y, z) := ¢:(w)z and terminal condition
F .= MT.

As My is Lipschitz continuous and ¢ of bounded Malliavin derivative (this follows
from the Lipschitz assumption on ¢, see e.g. [11, Proposition 3.2]), we have by [11,
Theorem 2.2] that Z must be bounded, say by C. Thus, M also satisfies (2.5) with the
now Lipschitz continuous generator §;(z) := g:(2)11zj<cy + 9(2C/|2])1¢ 2>y The result
then follows from Theorem 1.3. O

2.2 Proof of Theorem 1.1

We shift our focus on the proof of Theorem 1.1. Denote by 7 the set of all stopping
times o: Q' — [t,T), that is, {o < s} € F! forall s € [t,T].

Lemma 2.4. It holds that

ess.sup E[l,|F](w) = sup Ep:[['t*]

T is stopping time, t<7<T oceT?

for P-almost all w € Q).

Proof. In a first step, note that one may restrict everywhere to stopping times w.r.t. the
raw filtration. Indeed, for a general stopping time 7 there is a stopping time 7’ w.r.t. the
right-continuous version of the raw filtration such that 7 = 7’ almost surely. Further,
integrability and pathwise continuity of I' guarantee that E[l'in(r/4c,1)] — E[I'+/] as
¢ — 0. It remains to notice that min(7’' + &, T) is a stopping time w.r.t. the raw filtration
for every € > 0. The same arguments apply to conditional expectations.

We start by showing that the left hand side is smaller than the right hand side.
To that end, by definition of the essential supremum, there exists a sequence (7,,) of
stopping times with values in [¢, 7] such that, P-almost surely, the left hand side equals
sup,, E[L';, | Fi]. For every n and w € ) one has that 7/ € T*, which shows that

El'r, | F](w) = Ept(ay) [Ftr’gfwmﬁ)]

< Eptay[The
hS 52797 Pt (dy) | 0—(7)(’7)]

for P-almost all w. Taking the countable supremum thus yields the first claim.
As for the reverse inequality, assume first that

I =" f"lan(w) foreveryw € Q,
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where (A™") is a Fp-measurable partition of 2 and f™ are functions from Q! x [t, T] to R.
Then

sup Ep:[['5¥] Z 1an(w) sup Ept[f2]
oeT? oeT?

for every w € Q). Now, let ¢ > 0 be fixed and, for every n, pick some ¢" € 7! which
achieves the supremum above up to an error of ¢ > 0. Define

7: Q= [t,T) 7(w ZlA" o™ (Wl —w(t)),

that is, one has 7(w ®; v) = >_,, 1an(w)o™ (7). Then it holds that

E[l,|F](w Zlm VEpe[f] > sup Ep T —¢
oeT?

for P-almost all w € 2. Further, it can be checked that 7 is a stopping time. Hence,
under the assumption made on I', the second claim follows.

We are left to argue why this assumption is not restrictive. First, by tightness of P?,
for every € > 0, there is some compact K C Q! for which

|Epe[TL¥] — Ep T8 1 k]| < €

uniformly over all o € 7¢. Now note that w — I'"*“1 is a function with values in the
separable space C'(K x [t,T],R). Thus, it can be approximated uniformly by functions of
the form ), f"1n(w). O

Proof of Theorem 1.1. By [20, Proposition 2.3] one has that S is the value process of
the solution of a ‘reflected BSDE’ with barrier I'. Recall that a triple (Y, Z, K) (where Y
and K are adapted, Z progressive and K continuous, increasing with Ky = 0) solves a
reflected BSDE with barrier I' if

Yi=F+ [ :(Ys, Z,) ds + Kp — K, — [} Z,dW,
Y, >T, forallte[0,T]

and it holds fUT(Yt —T;) dK; = 0. Therefore, S has continuous paths.
Let ¢t € [0, 7] be fixed and denote by N the set of all w € 2 such that

Si(w) == ess.sup E[T|F](w) # sup Ep:[T4¢].
T€T: o€eT!

By Lemma 2.4 one has P(N) = 0. Fix w,n € N°.
For every s € [t,T] and v € Qf, unwrapping the definition of X*“ yields

T (v) = T5(y)| = [Ts(w ¢ ) — Ts(n @¢ )|
< Lrflw®:y —n®¢ oo
< Lr|lw = 7loo-

Thus, for every o € T, it holds that
|Ep:[[5°] = Ept[I57]] < Lrflw — 1l
In particular, as w,n € N¢, this implies that
St(w) = Se()| < Lrllw — 7.

Hence, the function v — S;(v) is P-almost surely a Lp-Lipschitz function. The claimed
functional inequality for (the law of) S follows again from Lemma 2.1 and [22, Theorem
3.11. O
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Corollary 2.5. Let (Y,Z) solve (BSDE) and let I': [0,7] x C([0,T],R™) — R be an
adapted process with continuous paths such thatT'; is Lr-Lipschitz for every t € [0,T].
Under the conditions of Theorem 1.3 (in case m > 1) or Theorem 1.4 (in case m = 1), the
process

Sy = €ss.sup El'-(Y)|F)

T is stopping time, t<7<T

has continuous paths and its law satisfies T»(C) with C = 2L} and Ly = Ly + TLgeTts
(in case of Theorem 1.3) or Ly = L (in case of Theorem 1.4).

Proof. SetI” :=ToY. Then I" is still adapted and it has continuous paths. Moreover,
from (the proof of) Theorem 1.3 (resp. Theorem 1.4) it follows that I'; is Lipschitz
continuous with a constant not depending on ¢t. The claim now follows from Theorem
1.1. O

3 The proof of Theorem 1.4
Recall the definition of the convex conjugate

g;(q) = sup (qz — gi(z)) foreveryt € [0,7] and q € R%. (3.1)
z€R?

Remark 3.1. The proof of Theorem 1.4 uses [2, Lemma 5.1], which assumes

* T
lim inf 9:(9) =400 and /
lg|—+o0 t€[0,T]  |q] 0

sup g;‘(q)‘ dt < oo. (3.2)

lg|<r

When the equation (BSDE) admits a solutions, the conclusion of Theorem 1.4 remains
valid if the assumptions (B) and (C) are replaced by the assumptions (3.2). These are in
fact weaker assumptions, as the following lemma shows.

Lemma 3.2. Assume that sup;c(o 1 9:(2) < oo for every z € R?. Then it holds that
infieo,r) 97 (0)/q] = oo as |q| — oo.

On the other hand, assume that infc(o 7] g:(2)/|2| = oo as |z| — oo. Then it holds that
sup,c(o,7] 97 (¢) < oo for every g € R?.

Proof. To show the first claim, let m > 0 be arbitrary. As z — sup,c[o 1] 9:(2) is convex
and real valued, it is continuous. Hence, there exists ¢ > 0 such that g,(z) < ¢ for all
|z| <mand all t € [0,T]. Plugging the choice z := mgq/|qg| in (3.1) implies

nf gt(Q)Z o (@_gt(z))Zm_g_)m
tefo,r) gl T eelor \|g| g

lq

as |¢q| — oo. Since m > 0 was arbitrary, this implies the first claim.

To show the second claim, let ¢ € R? be arbitrary. We distinguish between small and
large z in the representation (3.1). By assumption there is ¢ > 0 such that g:(z) > 2|q||z|
for all t € [0,7] and |z| > ¢. For such z one has ¢z — g:(z) < |z||q| — 2|q||z| < 0. On the
other hand, g > 0 implies that ¢z — ¢g:(2) < c|g| for all |z| < ¢. This show the second
claim. O

Proof of Theorem 1.4. In a first step we focus on the case where F' is bounded.

It follows from the condition (B) and [31, Theorem 2.3] that equation (BSDE) admits
a solution (Y, Z). Let C3(Q)) denote the space of bounded continuous functions on (2.
For any generator h, consider the functional p": C,(Q2) — R which maps the terminal
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condition F' to Y, where Y is the solution of (BSDE) with g substituted by h. By [14,
Theorems 2.1 and 2.2] and convexity of g one has

T
Yo = p?(F) =sup Eo[F - [ gi(au) du], (3.3)
q 0

where the supremum is taken over all progressive and square integrable processes ¢
with values in R?, ) a probability measure absolutely continuous with respect to P and

with density
dQ r 1T,
ﬁ.—exp(/o ququ—§/O |Gu| du).

In particular it follows that

Ip?(F) — p?(G)| < sup [F(w) — G(w)] (3.4)
we
for all bounded functions F,G: 2 — R.
As in the proofs of Theorems 1.3 and Theorem 1.1 we use shifts of paths, however,
this time defined with intrinsic scaling: For ¢ € [0,7) and w,n € Q with n(0) = 0, define

w @ € Qvia
s—1
(Wen)s =wltNs)+ VT —t- U(ﬁ)l[t,T](s)-
Only Brownian motion will be plugged in as the second argument, hence w & 7 only
needs to be defined for paths n which start in 0. However, to be formally correct, one
can define w ®; n := w &, (n — n(0)) for all paths n which do not start at 0. Moreover,

define ¢®: [0,7] x R — R by

z
gV (2) = (T — t)Gt+s(T—1) (T_,)

Since (Y, Z) is the unique solution of (BSDE) with generator g, it then follows from
[14, Theorem 2.2], [17, Theorem 4.5] and [2, Lemma 5.1] that

g(t)

Yi(w) = p? (F(w®: )

for P-almost all w € Q and every t € [0,7). Using the 1-Lipschitz continuity of the
operator pgm (+) shown in (3.4) it follows that

|Yi(w) = Yi(n)] < sup |F(w @t y) — F(n @)l
Y

< Lpsup|lwv—1B 7| oo
YERN

< Lrlw =l

for P-almost all w,n €  and every ¢t € [0,7). As Yy = F and Y has P-almost surely
continuous paths, we conclude that Y: Q — Q is Lp-Lipschitz P-almost surely. It thus
follows by [22, Theorem 3.1] and Lemma 2.1 that the law ¥ of Y satisfies TQ(QL%).

In case that F' is not bounded it follows by Lipschitz continuity of F' that it has
exponential moments. Denote by Y the solution to (BSDE) with F' replaced by F'An
for each n € IN. As F' A n is Lp-Lipschitz, by the above, Y": Q — Q is Lg-Lipschitz, and
it follows from stability of BSDE with terminal conditions having exponential moments
(see [9, Proposition 7]) that Y — Y P ® dt-almost surely (where (Y, Z) is the solution
of (BSDE)). As Lipschitz continuity is stable under pointwise convergence, Y remains
L p-Lipschitz and the claim again follows from [22, Theorem 3.1] and Lemma 2.1. O
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Remark 3.3 (Supersolutions). The condition (B) in Theorem 1.4 serves as a guarantee
that the (one-dimensional) BSDE with generator g admits a solution (Y, Z) such that Y’
satisfies the representation (3.3). Without that condition, the BSDE still admits a unique
minimal supersolution (Y, Z) in the sense of [16], and it follows from [17] that Y satisfies
the representation (3.3). Therefore, the proof of Theorem 1.4 shows that the law of Y
satisfies T»(C,) with C, = 2L%.

Corollary 3.4. Assume that

(A) g: [0,T] x RY — R is Borel measurable, convex in the last variable, satisfies (B)
in Theorem 1.4 and there is b € R and bounded Borel a: [0,T] — R? such that
gt(z) > arz +b.

(B) F: Q — R is bounded from below and L g-Lipschitz continuous.
Then (BSDE) admits a unique solution (Y, Z) and

the law 1% of Y satisfies T>(Cy)
with C,, := 2L%.

Proof. Since (Y, Z) satisfies (BSDE), we have
T T
Y +th=F+ Tb+/ 9u(Z) = (auZ +b) du — / Zu( AW,y — ay du).
t 0

By Girsanov’s theorem, the process W := W — fot a, du is a Brownian motion under the
probability measure P with density

dp T 1T,
d—P.—exp<—/0 auqu—§/0 | dU)~

Thus, putting
Y,:=Y,+thy F:=F+Tb and §(z):=g:(2)— (a2 +b),

it holds that (Y, Z) solve equation (BSDE) driven by the Brownian motion W with
generator g and terminal condition F'. In oder words,

T T
Yt:F+/ gu(Zu)duf/ Z,dW, P-as.
t t

Observe that in this case, the function g is convex, positive and satisfies the growth
conditions g (z) < C(1+|z|?) for some C and lim|y_,o infyep0,77 §(q)/|g| = +00. As argued

in the proof of Theorem 1.4, the process Y satisfies Y;(w) = P (F(w @, -)) for a 1-
Lipschitz continuous operator (depending on P). In particular, w — Y (w) (and therefore
w — Y(w)) is Lp-Lipschitz continuous and thus, the result follows from [22, Theorem

3.1] and Lemma 2.1. O

3.1 Portfolio optimization

Let us come back to the quantitative finance application alluded to in Examples 1.7
in the introduction. Consider a market with m stocks whose prices are given by the
m-~dimensional process S following the Black-Scholes model

dSt = St(bt dt + Ot th)
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with b and ¢ two bounded functions of ¢ with appropriate dimensions (recall that W
is a d-dimensional Brownian motion). A basic task in quantitative finance consists of
optimizing the expected utility of a given claim by dynamic trading. Concretely, let us
fix the exponential utility U(x) := — exp(—ax) for some « > 0 modeling the investor’s
preferences and a claim F': ) — R. Then the problem in question reads as

U = ilog(—ess;upE[—exp(—a(/tTps (dWy + 0,dt) —F))’]—'tD. (3.5)

Here A is the set of admissible strategies, i.e. the set of all predictable processes
p with values in a convex and closed set A C R¢ for which E[fOT Ip¢|?dt] < oo and
{exp(—a [ pt (AW + 6,dt)) : 7 is stopping time} is uniformly integrable, and 6, :=
o' (o4ol™)1b;. In particular, o,0!" is invertible and we assume moreover that 6 is a

bounded function of time only.

Theorem 3.5 ([29, Theorem 7 and Proposition 9]). Assume that F' is bounded. There is
an admissible portfolio p* which is optimal for all t simultaneously (i.e. p* achieves (3.5)
for every t € [0,T]).

Moreover, defining g by g;(w, vy, z) = (o/2)dist?(z 4 6, /o, A) — 20, — |6,|?/(2cv), the pair
(u,p* — 0/a) solves (BSDE) with generator g and terminal condition F'.

Since the constraint set A is convex, the generator g satisfies the conditions of
Corollary 3.4. Thus, if F is Lipschitz continuous, then the law of v satisfies 75(C)
for some constant C' > 0. If A = R¢ and we additionally assume that F is Malliavin
differentiable with Lipschitz continuous Malliavin differentials, then by Corollary 4.5
below the law of p* satisfies 75 as well.

These imply that (under the above assumptions made on F' and A), convergence of
empirical measure as in Corollary 1.2 can be deduced, or the Gaussian concentration

)
)

for every x > 0 and L y-Lipschitz continuous functions f and g of appropriate dimensions.

P(]f ()
P(lg(py)

E[f(ut)]|
Elg(py)]]

v

Xp(—CJ,‘Q/L?)’
xp(—ca?/L2)

— ) <2e
— ) <2e

Y

4 Transportation inequalities for the control process

This section presents (modest) results on transportation inequalities for the control
process Z. Its main finding is Corollary 4.5 which shows that for a linear equation the
law of Z satisfies the T, inequality.

We use the notation D¢ for the Malliavin derivative of the random variable ¢ in the
direction of the i*" Brownian motion.

Lemma 4.1. In addition to the assumptions of Theorem 1.3, assume that

(C) We have ¢.(0,0,0) € L2([0,T]), for every (t,y,z), the function w + g;(w,y,z2) is
Malliavin differentiable and it holds

|Dlgi(w,y",2") — Digi(w,y?, 2%)| < Ku(t) (Jy' — y°| + 12" = 2°))

for every w € Q, y',y? € R™, 21,22 € R™*9, t,u € [0,T] and i = 1,...,d and
for some R, -valued adapted process (K.(t));ucjo,rj Such that we have
T T

fo E[(fo | Ko ()2 dt)?] du < oo.

(D) The function F' is Malliavin differentiable and t — DgF is continuous.
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Then Z has continuous paths and is bounded. In particular, the law u* of Z satisfies
Wa(u?,v) < C.H(v|u*)Y* forallv e P(), (4.1)

with C, .= 2(1 4 (mL%e(Lg-‘rl)ZT n ngT)4)1/4,
Remark 4.2. Notice that the Malliavin differentiability of ¢ and F' are consequences

of the Lipschitz continuity assumptions made in Theorem 1.3. The additional property
needed in Lemma 4.1 is the regularity of D! g.

Proof. First assume that the function ¢ is continuously differentiable in (y, z). Since g
is L4-Lipschitz continuous, it follows by [11, Proposition 3.2] that ¢:(-,y, z) is Malliavin
differentiable for every t,y, z and |Dig:(y,z)| < L, for alli = 1,...,d. Similarly, F is
Malliavin differentiable and for every ¢ € [0, 7], it holds that |D;F| < Lg foralli =1,...,d.
Thus, since t — D!F is continuous, it follows by [21, Proposition 5.3], that the process Z
has a version with continuous paths. Moreover, Z is bounded, see [33, Lemma 3.2]. In
fact, it is shown therein that Z satisfies

12,2 < mLEe@Lot )T 4 2T = C. (4.2)

If ¢ is not continuously differentiable in (y, z), let ¢” be a sequence of smooth functions
converging to g and denote by (Y, Z") the solution of equation (BSDE) with generator
g". Then, it follows for instance by [21, Proposition 2.1] that Z" converges to Z in
L?(P ® dt). Therefore, Z also satisfies (4.2).

In particular, it has exponential moments of all orders. Thus, it follows by [6, Corollary
2.4] that the law p* of Z satisfies (4.1). O

In the next corollary, we show that when the Malliavin derivative of the function g is
bounded, it does not need to be Lipschitz continuous in z in order to have a transportation
inequality for the law of Y. In fact, the function g can grow arbitrarily fast in its last
variable.

Corollary 4.3. Assume that g : [0,7] x Q x R™ x R™*? — R™ satisfies

(A) There is an increasing function ¢ : Ry — R, such that for every w',w? € C,
yl,y? € R™, 21, 22 € R™*? jt holds

lge(wh,y' 2h) = ge(w?, 52, 2%) < Lg (llw! = w?[loe + [y' = 471) + (21| V [22])]2" = 2.
(B) F: Q — R™ is Lp-Lipschitz continuous.
(C) Condition (C) in Lemma 4.1 is satisfied.
Then, if T is small enough the equation (BSDE) admits a unique solution (Y, Z) and
the law 1% of Y satisfies T>(Cy)

with Cy := 2(Lp + T'max(Ly, p(Q)))?e*T max(Lav(A)  where A is given by A := (2dm(L3 +
TLQ))1/2
s .
Furthermore, if the map t — D}:F is continuous, then the law p* of Z satisfies
Wa(u?,v) < C.H(v|u*)Y* forallv e P(),
1/4

with C. = 2(1 + (m e T i a1, o(A)?)
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Proof. As argued in the proof of Lemma 4.1, F' is Malliavin differentiable and has a
derivative bounded by L. Therefore, the existence of a unique solution (Y, Z) follows
from [33, Theorem 3.1], where it is further proved that the process Z satisfies |Z| < A,

provided that T' < %ﬁ%. The truncated function

. gi(y, ) if[z] <A
Gi(y,2) = .
gi(y, Az/|z]) if[z] > A

is Lipschitz continuous with Lipschitz constant smaller than max(Ly, ¢(A)), and since
oY, Z) = ¢(Y1, Z;) P-almost surely for every ¢ € [0,7] we conclude by uniqueness
that (Y, Z) solves the equation (BSDE) with g replaced by §. Thus, the results follow by
Theorem 1.3 and Lemma 4.1. O

Remark 4.4. When the function g is deterministic, it is automatically Malliavin differen-
tiable and its Malliavin derivative is zero. In this case, all the conditions pertaining to
the Malliavin derivative of g in Lemma 4.1 and Corollary 4.3 are trivially satisfied.

On the other hand, the smallness condition on the time horizon 7T is necessary because
Y is a multidimensional process. It is well known that in the multidimensional case, and
when the function g is allowed to grow as fast as the quadratic function, backward SDE
are typically ill-posed for arbitrary time horizons, see for instance [23] for a discussion
of this issue. The smallness condition is not necessary in one dimension.

In Lemma 4.1 and Corollary 4.3 we derived a transportation inequality of the form
Wa (1%, v) < ¢(H(p?|v)) for the law of Z, with ¢(x) = z'/%. While this type of inequality
(extensively studies e.g. in [27]) allow to derive deviation inequalities, they do not
tensorize or allow to derive other important inequalities as Poincaré inequality.

The next corollary provides a simple example under which Talagrand inequality holds
for the law of Z. It is the case of a linear equation.

Corollary 4.5. Assume that

(A) F: Q — R™ is Malliavin differentiable and its Malliavin derivatives D'F,: Q — R™
are Lp-Lipschitz continuous.

(B) gt(w,y,2) = au(w) + By + vz for some constants (,v and a progressive, square
integrable process o such that for each t, oy is Malliavin differentiable and its
derivative are L-Lipschitz continuous.

Let (Y, Z) be the unique solution of equation (BSDE). Then, the
the law u* of Z satisfies T»(C,)

with C, := 2(Lr + TLg)%*e?"!¢ and Lg := max(La, 8|, |7]).
If in addition F' and o, are respectively Lr- and L.-Lipschitz continuous, then

the law ;% of (Y, Z) satisfies T>(Cy,.)
with C, , := max(Cy, C,).

Proof. 1t follows from [21] that for every ¢ € [0,T], the pair (Y3, Z;) is Malliavin differ-

entiable and a version of the derivatives (D!Y;, D'Z;), i = 1,...,d satisfies the linear
equations
DY, =D.F + / Do, + BDLY, +~D.Z, dr — / D.Z,. dW,., (4.3)
t t
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fori =1,...,d and D}Y; = Z}. Moreover, by (B), the function G(w,y, z) given by
G(w,y,2) = Dja,(w) + By + 7z

is Lipschitz continuous, with Lipschitz constant L¢g := max(L,, |8],|7y|). Thus, it follows
by Theorem 1.3 (and its proof) that the process (D;Y;); is a Lipschitz continuous function
of W, and its law satisfies T5(C.). Since Z; = D,Y; P ® dt-almost surely, the first claim
follows.

If @ and F are Lipschitz continuous, then it follows by Theorem 1.3 that Y = ¢(w)
for some Lipschitz continuous function ¢. Thus, the second claim follows by Lemma 2.1
since (Y, Z) is a Lipschitz continuous function of W. O

5 Proof for SDEs

Proof of Theorem 1.8. It follows from the conditions (B) and (C) that the function b is
bounded. Thus, the existence of a unique strong solution follows from [54, Theorem 4].
Define the following three functions

fi(x) :==exp (/f -9 bt(/a) da),

or0;(a)

Fy(z) := a)da, and
1

()

for all (t,z) € [0,7] x R. Note that it follows from the integrability assumption (C)
that Fy(-) is bijective and therefore G is well-defined. Moreover, as b.(z) and o.(x) are
differentiable by assumption (A) and (B), it follows from (C) that f.(z) (and therefore
F.(x)) is differentiable for every x € R. Further F(-) is differentiable with deriva-
tive 0, F;(x) = f(z) for every (t,z) € [0,7] x R and 9, F(-) is absolutely continuous
w.r.t. Lebesgue measure for every ¢ € [0,T]. Thus, it admits a weak derivative which we
denote 9., F;(-). That is, F belongs to the Sobolev space W21’2([0, T] x R).
Putting Y; := F;(X,), it follows from It6-Krylov’s formula [32, Theorem 2.10.1] that

1
Gi(z) = [Fy(1)]™

t 1 t
Y, =Yy + ath(Xs) + iaachs(Xs)UsU;(Xs) ds + 83:F9(Xs)be(Xs) AW,
0

=%+A@E@ﬁw%+Aﬁ@ﬁw%@ﬁwﬂ%

By assumption (C) one has exp(—c;) < f < exp(c1). Hence, for every ¢ € [0,T], both
mappings
Fy(-) and Gi() are exp(cy)-Lipschitz.

Further, as |0; f| is bounded by exp(c;)cs, it follows that

O F:(+) = / Ofi(a)da is c3exp(cy)-Lipschitz
0

forevery ¢t € [0,T]. Thus 0. F;(G(t,)) is c3 exp(2c; )-Lipschitz for every ¢ € [0,T]. Moreover

fi(+) is ca exp(c1)-Lipschitz,
fi(Gi(+)) is co exp(2¢)-Lipschitz, and
0¢(Gi(+)) is L, exp(eq)-Lipschitz
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for every ¢ € [0,T]. As f is bounded by exp(c;) and o by ||o||~, one obtains that the
product
F1(Ge()ot(Gi(4) i ||o||oc2 exp(2¢1) + exp(2¢1 ) L,-Lipschitz

for every ¢t € [0, 7.
Therefore, [51, Theorem 1] shows that the law p¥ of Y satisfies TQ(Cy) with

Cy = 6 exp(15 max(cs exp(2c¢i, ||o]|ooc2 €xp(2¢1) + exp(QCl)L[z,))).

Moreover, by the above, X = G(Y) and the mapping G is exp(c;)-Lipschitz. An applica-
tion of Lemma 2.1 shows that x” satisfies Th(exp(c1)Cy). O

Example 5.1. Let us come back to the Langenvin dynamic presented in the introduction,
see (1.2). These equations play a fundamental role notably in the modeling of physical
phenomena, see for instance the survey of [48] for applications in Physics, and the
more recent mathematical treatments [30, 13]. It follows by Theorem 1.8 that if U’ is
integrable and bounded, then the law of X satisfies T5(C') for some C' > 0.

It is well-known that if U grows fast enough for e=*Y to be integrable, (and it holds
xU'(x) > c12? — ¢y for some c1,co > 0) then the measure p on R with density (with
respect to Lebesgue measure) e*AUW)/ fR e~ V() dz is the unique stationary measure
of the solution of the Langenvin equation, see e.g. [35, Lemma 1.2]. Since U’ does not
depend on time, the constant C; in Theorem 1.8 is time independent. Therefore, it
follows by Theorem 1.8 that the measure p satisfies T5(C).

It is well-known, see e.g. [36, Theorem 5.2], that log-concave measures! satisfy
the quadratic transportation inequality. Notice that in the above arguments we do not
require U to be convex, but simply a differentiable function on the real line. Nevertheless,
a standard tensorization argument for 7, inequalities allows to extend the argument to
measures on R¢ with density of the form e~ Y U@),

6 Logarithmic-Sobolev inequality

In this final section we prove the logarithmic-Sobolev inequality for the law of Y;.
This requires some notational preparations.
Let H denote the Cameron-Martin space

T
H = {h € Q : h is absolutely continuous, hy = 0 and / \h5|2 ds < oo}.
0

Then H becomes a Hilbert space when equipped with the inner product (h,¢)y =
fOT hsgsds for h,g € H and associated norm ||hl|g := (h,h)}f. Let F: Q@ — R be
Malliavin differentiable, with D,F € L? for all t € [0,7]. Given h € H, consider the
directional derivative
D"F(w) := lim Flw+eh) = F(w) .
el0 >

This defines a continuous linear operator on H, so that by Riesz representation theorem,
there is a map w — Dy F(w) with values in H such that

D"F(w) = (DF(w), h) .

It is well-known that DF = DF P-almost surely, see e.g. [52, Remark B.6.2]. In particular,
as H is separable, this implies that [DF|y = supjcy sm. ), <1 |D"F| P-almost surely.

1 A probability measure p is said to be log-concave if its density with respect to Lebesgue measure is of the
form e~V with U convex.
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The following Lemma is in spirit the same as Lemma 2.1. It states that, since the
Wiener measure P satisfies the log-Sobolev inequality

f2

[ f?dpP
for every P-integrable and Malliavin differentiable function f: {2 — R™, the push forward
of the Wiener measure under any Lipschitz transformation to the Euclidean space again
satisfies the log-Sobolev inequality. It is likely to be known, but we could not find a
reference and therefore provide its proof. Note however that the finite dimensional case
is given in [12, Section 1].

Lemma 6.1. Let ¢: (Q,] - ||oc) = R™ be Ly-Lipschitz continuous. Then v, P satisfies
LSI (2TL12/J).

Entp(f) ;:/f2log( )dPgQ/Q \Df|? dP

Proof. In a first step, note that by Lipschitz continuity of v, it is Malliavin differentiable
(with derivative bounded by L), see e.g. [11, Proposition 3.2]. Let f: R™ — R be
differentiable. We need to show that Ent, p(f) < 2TLfb IV fld(.P).

To that end, let w € 2 and h € H be arbitrary and note that

imsup | 10221 = F(0(0)
el0 P €
< timsup [V (0(e)) - XTI <900 - Lol

by L,-Lipschitz continuity of 1) and the Cauchy-Schwarz inequality. Further, Holder’s
inequality implies that ||| < vT|h|m, hence

D"(f o)) (w) < LyVT - [V f(@(w))| - |hln
for every h € H. By the discussion preceding the lemma, this therefore implies that
ID(f o) < LyVT - [V f o

P-almost all surely.

Now notice that Entp(f o 9) = Enty, p(f) by the transformation lemma. Hence, as
the Wiener meausre P satisfies LST(2) by [28] (see also [10] and [25, Theorem 1.1] for a
formulation using the Malliavin gradient as ours), it follows that

Entw*p(f) = Entp(f 9] ’L/))

<2 [ (vl dp <27} [ |9Sd(.P)
Q R™
This proves the claim. O

Proof of Theorem 1.11. Recall from the proof of Theorem 1.3 that Y: Q — Q is Ly-
Lipschitz with Ly = /C, /2 (where C, is the constant given in that theorem). In
particular Y;: 2 — R™ remains Ly -Lipschitz. The proof is completed by an application
of Lemma 6.1. O
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