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Rescaling the spatial Lambda-Fleming-Viot process
and convergence to super-Brownian motion*
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Abstract

We show that a space-time rescaling of the spatial Lamba-Fleming-Viot process of
Barton and Etheridge converges to super-Brownian motion. This can be viewed as an
extension of a result of Chetwynd-Diggle and Etheridge [5]. In that work the scaled
impact factors (which govern the event based dynamics) vanish in the limit, here
we drop that requirement. The analysis is particularly interesting in the biologically
relevant two-dimensional case.
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1 Introduction

Our purpose in this paper is to extend a result in [5] which shows that certain
suitably rescaled spatial Lambda-Fleming-Viot (SLFV) processes converge weakly to
super-Brownian motion (SBM). Our extension is analogous to that of allowing nearest
neighbour interactions in interacting particle models, as opposed to taking long range
limits, and is particularly delicate in the critical two-dimensional case. SBM is a well
known measure-valued diffusion, introduced in [26] and [9], for which there is an
extensive research literature (e.g., for reviews see [10], [13] and [22]). SLFV processes
were introduced more recently, in [12], to serve as models for the evolution of allele
frequencies in populations distributed across spatial continua. An analytic construction
was given in [2], along with a discussion of the biological significance of the model.
A more probabilistic construction was given in [25], one which gives a very useful
connection between SLFV processes and their duals. Following [5], we consider here a
neutral two-type version of the general SLFV model, taking “space” to be R%. Informally,
our process (constructed below) is a Markov process (Ht)tzo where for each = € R?,
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Convergence of SLFV to SBM

u:(x) is a probability distribution on the type space {0, 1}, with the interpretation that
[ 1e(x)({i})dx represents the proportion of the population of type i in a region B C R4
at time t. We will consider an extension of the fixed radius case from [5] (Theorem 2.6
of that reference) and not the interesting variable radius case, also discussed there in
Theorem 2.7, in which stable branching arises in the limit.

SBM arises as the limit under Brownian space-time rescaling of a range of critical
spatially interacting models in mathematical physics and biology above the critical
dimension including critical oriented percolation [17], critical lattice trees [18], the
critical contact process [16], and the voter model [6]; it is believed to be the scaling
of critical ordinary percolation in the same regime. The only scaling limit of the above
which has been verified at the critical dimension is the voter model [6] where the critical
dimension is two. In this case the simple nature of the dual process, a coalescing random
walk, allows one to carry out the required explicit calculations. Now our challenge is to
use the related but more complex dual of the Barton-Etheridge model to carry through
the analysis. It is understood here that we are not taking “long-range” limits (e.g. as
was done for the contact process in [11]) which will weaken the interaction and make
the analysis considerably easier. In our setting this means not letting the impact factor
(described below) approach zero in the rescaling.

We start a rigorous description of the model by recalling the definition of the fixed
radius SLFV process given in [5]. Let » > 0 be the “interaction radius”, let p € [0, 1] be the
“impact factor,” and let II be a Poisson point process on R? ® (0, co) with intensity dz ® dt.
We suppose the distribution of types in the population changes over time according to
“reproduction events” determined by II. Given p;_, if (z,¢) € II, choose an independent
point z uniformly at random from the Euclidean ball

Br(z) ={y:ly—=[ <r},
and (independently) a type « according to the distribution y;_(z), and then set

pe(y) = (1 = p)pe—(y) + pda Vy € By(z).

We keep u:(y) = pe—(y) for y ¢ B,.(x). Writing p¢(x) in the form wy(z)d1 + (1 — wi(z))do,
we can reformulate the above dynamics more conveniently in terms of w; as follows.
Starting from a Borel wy : R — [0, 1] with compact support, for (z,t) € II, choose
an independent parental location z uniformly at random from B, (z), independent of
everything, and then:

(i) with probability w,_(z) put wi(y) = (1 — p)w,—(y) + p for all y € B,(z),
(ii) with probability 1 — w;_(z) put we(y) = (1 — p)ws—(y) forall y € B.(z), (1.1)
(iii) forally ¢ B, (x) keep w:(y) = wi—(y).

As noted in Section 3 of [5], this description gives a well-defined wy : RY — [0, 1] which
has compact support at all times. (See [25] for more details on the construction.) It will
be useful to regard w; as the measure w;(x)dz, and for bounded Borel ¢ : R — [0, c0),
write
we(o) = " o(x) wy(x)dx. (1.2)
Closely associated with the process w; is a dual process of coalescing “lineages”. If
we sample a finite number of spatial locations {z;} at time T, it is easy to see that the
values wr(z;) can be determined from wy by using II to trace the lineages backward in
time. Since II run backwards is still a Poisson process, we may define a version of the
lineages process starting at backwards time 0 from a finite number of locations {xz;} as
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follows. If (z,t) € II, mark each lineage in B,.(z) independently with probability p, and
choose a point z uniformly at random from B,.(z). If at least one of the lineages in B, (x)
is marked, all marked lineages in B, (z) coalesce and the resulting lineage is moved to z.
If no lineage is marked, no lineage moves. Lineages outside of B,.(z) are not affected.
In this paper it will suffice to consider only the one and two-lineage systems, so we will
ignore the higher lineage systems which are more complex to analyze.

We now give a more precise description of these Markov jump processes, using the
language of “particles” instead of lineages. Let |I'| be the Lebesgue measure of I' C R?.
Let U, U, U! be independent random variables uniformly distributed on B, = B,.(0), and
let U have the law of U! + U?, i.e., U has density

_ 1B:(0) N B, (2)]

PU edz) = """z := hi(2)dz. 1.3
( € Z) |BT(O)|2 Z U(Z) Z ( )
We let 621,44 denote the covariance matrix of U, so that if z = (z1,...,24), then
52— 2 / (z1)? da. (1.4)
|Br| /B,

We will use this notation throughout, along with n; for the single particle dual and
& = (&, €2) for the two particle dual.

(a) The single-particle dual n;. If we start with a single particle at z, it is easy to see
that 7, is the random walk on R starting at  which makes jumps at rate p|B,| with
jump distribution given in (1.3). We write P(,) for the underlying law of 7.

(b) The two-particle dual (¢},£2). If we start with two particles, one at z; and the
other at x5 # z1, (& ,¢&?) is the Markov jump process starting at (z1,x2), and with law
Py, 2,1, which makes transitions

(y+U,y+0) atrate p|B,| if y1 = yo =y

(y1,92) = (b1 + U,y_g) at rate p(|B;| — p|Br(y1) N By (y2)]) %fyl 7 Y2
(y1,92 +U) at rate p(|B,| — p|Br(y1) N B(y2)|) if y1 # yo
(U+Uy,ys U + Uy ) atrate p?[Be(y1) N Br(y2)| if y1 # y2,

(1.5)
where Uy, ,, is an independent random variable, uniformly distributed over B, (y;) N
B, (). For y; # ys, the total jump rate at (y1,y2), y1 # v, is 20| B,| — p2|By(yn) N By (ys)|-
To see the above rates consider, for example, the second transition from (yi,y2) to
(y1 + U, ys) for y; # y» where (y1,%2) is the current site of our two-particle dual. The
next jump in the first coordinate can only occur at a point (x,¢) € II with x € B,.(y1) so
let (x,t) be the next such point. At (x,¢) such a jump (affecting the first coordinate but
not the second) can occur in one of two ways: if x lands in B,-(y1) \ (B, (y1) N B,-(y2)) and
the particle ¢! at y; is marked, or if x lands in B,.(y1) N B, (y2) and the particle at y; is
marked and the particle at y- is not. The total rate in ¢ is obtained by integrating out =
and so is

p(|1Br(y1)| = |Br(y1) N Br(y2)]) + p(1 = p)| By (y1) N Br(y2)| = p|Br| — p*|B(y1) N By (y2)].

In either of the above scenarios the particle at y; will jump to z, a uniformly selected
site in B,(x). Given y;, « will be uniformly distributed on B,(y;) and so z — y; will
be uniform on B,. Clearly given (y1,z), z — z is uniformly distributed over B, and so
(x — y1, 2 — ) is a pair of independent uniforms on B,.. Therefore the jump in ¢! at time
tisz—y = (z —2) + (r — y1) and so has law U as claimed. The other transitions are
similar to analyze.
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The coalescence time for the two-particle dual starting at (z1, z2) is
T=inf{t >0:¢& =&} (1.6)

Although (&}, £?) is Markov, the individual coordinates &}, £Z are not (i.e., £! is not Markov
with respect to the filtration o(£!,0 < s < t);>9). However, when B,(¢}) N B.(&7) = 0,
both coordinates move independently according to the single particle dynamics, while
for ¢ > 7, the coalesced coordinates move together according to the single particle
dynamics. It is also clear from (1.5) that the two-particle dual is translation invariant,
that is,

P{w1+x7w2+az}((€17£2) € ) = 1:){w17:102}((‘7j + flvx +§2) € ) Vo, x1,T0 € R (1.7)

The two special cases of the general duality equation in Proposition 2.5 of [5] that
we need are the following. For all ¢t > 0, ¥; € C(R%) N L}(R?) and 1, € C(R? x R%) N
LY(R? x RY),

Ewo [wt(wl)} = /]Rd z/Jl(x)E{x}[wO(nt)]dﬁU, and (18)
Ey, 7 doed
[/}Rdxm o (21, m2)wi (21w (22) day :UQ}
:/Rd o ba(21,29) Bia,y oy [Wo(E) L ir<ty + w0 (& )wo (€)1 (r>0y] dords. (1.9)

By standard approximation arguments, these equations then hold for all Borel 1, 12
which are either nonnegative or integrable (on one side or the other). In particular,
letting 1 denote the constant function 1 on R4, we have

By [wi(1)] = /Rd By [wo(ne)]de = wo(1). (1.10)

Before stating the main fixed radius result of [5], Theorem 2.6, we introduce super-
Brownian motion using the martingale problem formulation. If (X;);>¢ is a stochastic
process, (F7);>o will denote the right-continuous filtration generated by X. Let M (R%)
denote the space of finite Borel measures on R¢ endowed with the topology of weak
convergence, and for 1 € Mp(R?) let 1(¢) = [ga ¢dp. The space of bounded continuous
functions on R¢ is denoted by C,(R?), and C3(R?) is the space of continuous functions
on R¢ which vanish at infinity and have bounded continuous partials of order 3 and less.
Then (see, e.g., Theorem A.1 of [6] for uniqueness, and Theorem I1.5.1 and Remark II.5.5
of [22] for existence) Super-Brownian motion with diffusion coefficient ¢ and branching
rate b, denoted SBM(Xy, 02, b), is the unique M (R¢)-valued Markov process (X;);>0
with continuous paths and initial state X, such that such that for every ¢ € C3(R%),

Mi(9) =Xt<¢>—Xo(¢>—/0th(";A¢)ds (1.11)

is a local (F;¥)-martingale with predictable quadratic variation process

(M(9))e = b/Ole(qbQ)ds. (1.12)

Theorem 2.6 in [5] considers a sequence XtN = Kw{v of scaled versions of w;, defined

with sequences K = Ky, M = My, and J = Jy. Namely, given wév, wé\’ is constructed

in the same way as w;, but with the following modifications. If (z,t) € II then there is

a reproduction event at (17, %) with impact factor £ and reproduction region B x (77).
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Thus, for w}, time is sped up by N, space is shrunk by My, and the impact factor is
reduced by Jy > 1. Denote the rescaled Poisson point process with intensity M?N dz ®dt

by
Iy = {(% %) (z,) € H}.

If nN(A) = #{(s,z) € IV N ([0,t] x A)}, let (F) be the right-continuous filtration
generated by {nlY(A) : s <t, A a Borel set in R%}.

Let D([0,00), Mr(R%)) denote the space of cadlag M r(R?)-valued paths equipped
with the Skorokhod (J1) topology.

Theorem 1.0 (Theorem 2.6 in [5]). Suppose that for a compact set Dy C R?, supp(w)’) C
Dy for all N, and as elements of Mp(R%), X' — Xo € Mp(R?) as N — oco. In addition,
suppose there are constants C,Cs € (0,00) such that, as N — oo,

(1) M — oo,
(2) 7= — Cu,

(3) aipa — Co,

M0 ifd=1,
(4) {2 50 ifd=2,

L=0 ifd> 3.

Then the sequence (X~ ) x>, converges weakly in D([0,00), Mr(R?)) to SBM(Xy, %, b)
with
o? = 2C1p/ (x1)*dz and b = Cyp?| B,|*.
B,

(The constant C'(d) in Definition 4.1 in [5] should be C(d) = fBl (z1)%dz.) As noted
in [5], this result is similar in spirit to Theorem 1.1 in [6], which proves convergence
to SBM for certain sparse “long range” kernel voter models. Due to conditions (1) and
(4) above, Jy — oo and hence the impact factors p/Jy — 0. It is this fact and the mass
scaling condition (3) which make these SLFV processes analogous to the long range
voter models in [6]. As for the duals, conditions (1) and (2) ensure that the single particle
dual motion converges to Brownian motion, while the condition Jy — co ensures that
the interactions between dual particles are weak.

If the sequence Jy were bounded, so that the impact factors p = p/Jy do not vanish
in the limit, the resulting SLFV processes would correspond to the “fixed” kernel voter
models in Theorem 1.2 in [6]. In biological terms this corresponds to keeping the
“neighbourhood size” finite in the scaling limit, while letting Jy — oo effectively allows
this parameter to become infinite; see the discussion in Section 2 of [14] and especially
Definition 2.2 there. In that work they showed in this fixed neighbourhood size setting
(Theorem 2.7 of [14]) that, with an appropriate selection term, the dual particle process
converges to a branching Brownian motion in the scaling limit. The purpose of this paper
is to prove that in this setting, with no selection, there is also a forwards limit theorem
giving convergence to SBM.

Throughout this work we will assume d > 2, and

N > 3. (1.13)

For our scaled SLFV processes w{" we then make the choices

N%—1 ford >3,
J=1, M=+N, K= ' °r¢= (1.14)
log N ford=2.
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If we set J = 1, and take C; = (5 = 1 for simplicity, the conditions (1)-(3) in Theorem 1.0
suggest the choices for M and K above except for the logarithmic correction to K for
d = 2. Without this correction, one can show that the limiting process in Theorem 1.2
would be nonrandom heat flow acting on X, as is the case for the voter model [23].
We do not consider the case d = 1 in (1.14). For this case, the Wright-Fisher SPDE
was obtained in [15] as an appropriate scaling limit of SLFV, but under that assumption
that the scaled impact factors approach zero like N—!/3 (see [21] for the corresponding
scaling limit for the voter model). If the impact factors were bounded away from zero,
the strong recurrence of one-dimensional random walk would lead to heavy clustering,
resulting in scaling limits with segregation of types; the corresponding scaling limit for
the voter model is the Arratia flow [1], not super-Brownian motion.

In order to state our limit theorem for scaled SLFV processes assuming (1.14), we
must first identify certain constants véd) that appear in the limiting SBM branching rate.
These constants are determined by the asymptotic tail behavior of the coalescence times
7 for the unscaled two-particle dual process defined in (1.5). Introduce

1
1)) =100 = 5z [ [ Paran 7> Dz

Proposition 1.1. There are constants v, = yéd) > 0 such that ast — oo,
Jim YD) =, ifd >3 (1.15)
—00
and
lim (logt) v\ (t) = 7, ifd = 2. (1.16)
t—oo

Recall that when outside Bs,, £} — ¢? behaves like a rate 2p|B,| random walk with
jump distribution given in (1.3), and 7 = inf{t > 0 : £} — ¢2 = 0}. Therefore, if d > 3,
the difference will escape to infinity with positive probability by transience, and so
the limit in (1.15), which exists by monotonicity, will have a non-zero limit. For d = 2
the situation is more delicate. One can predict the 1/logt behaviour of ~.(¢) from the
corresponding non-return probabilities for irreducible symmetric random walk on 7?2
with diagonal covariance matrix (see, e.g., Lemma A.3(ii) of [6]), but the slowing rates
when the difference ¢! — £2 is in B,, complicates things. The limit (1.16) can be derived
from Lemma 4.10 in [14]. The analysis there is based on a construction using successive
“inner” and “outer” excursions of ¢! — ¢2 from certain balls before coalescence occurs.
Our argument represents the difference process as a time change of a rate 2p|B,.| random
walk with step distribution A7, and makes use of a reflection coupling. We feel the proof
is of independent interest and so have included it in an Appendix. One advantage of the
excursion approach in [14] is that it should also allow inclusion of a random “interaction
radius”, that is

the driving Poisson point process II is now on R? x [0, 00) x [0, 7max] With intensity
(1.17)

dx ® dt ® p(dr) for some finite measure p on the compact interval [0, 7may].

However, as is discussed below, our time-change representation of the dual difference
process in the fixed radius case will also play an important role in the analysis of
the martingale square function which is the key ingredient in the proof of our main
convergence result, Theorem 1.2 below.

With the choice of renormalization constants in (1.14) we now give a different
description of the rescaled SLFV processes X%V, which will clarify the comparison with
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Theorem 1.2 below of the fixed kernel voter model result in [6]. Assume X, € Mp(R%)
and the compactly supported initial conditions wg’ : R? — [0, 1] satisfy

Kywd (VNz)dz — Xo in Mp(R?). (1.18)

For each N, let w" be the (original, unscaled) SLFV process defined in (1.1) with fixed
interaction radius r, fixed impact factor p and initial condition wév = zD(I)V , and define the
rescaled SLFV process by

w (z) = o¥,(VNz) (1.19)

This process has the same law as w” defined using II"V right before Theorem 1.0, with
J and M given in (1.14). (For example, if (z, s) is the first point in II affecting w”, then
w® # wY_is only possible inside B, (z). Letting Nt = s, this means that w¥ (y) # w" (y)

is possible only for yv/N € B,(z), ory € B, , /(). Thus the interaction radius for wh is
r/ V/N.) Finally our approximating empirical measures are given by
XN (dz) = Kyw) (z)dz := X} (x)dz € Mp(RY), (1.20)

so that (1.18) just asserts that XY — Xj. A simple change of variables shows that in
terms of the unscaled SLFV processes, @', we have for any bounded Borel ¢ on R¢,

. (1.21)
e N oN,(y)e(yN~/2)dy ifd=2.

Here is our main result for the scaled SLFV process. For a measure or function H,
we let supp(H) denote its closed support. Recall the definition of 52 from (1.4).

XtN((b) _ {]il f]Rd w%t(y)ﬁﬁ(yN_l/Q)dy ifd > 3,

Theorem 1.2. Suppose that d > 2, supp(w(’) is compact for each N, and limy _,o, X} =
Xo in Mp(R%). As N — oo, X converges weakly in D([0, ), Mr(R?)) to
SBM(Xy, 0?,b), where
0? = p|B,|¢* and b = p*| B, |*7.. (1.22)
As is usual for SBM limit theorems, the scaling condition on the initial conditions
in (1.18) corresponds to a regime where type 1’s are scarce. For example, if, say, X

assigns no mass to the boundary of [—1,1]¢, then taking ¢ = 1(||z]|. < 1) we have
XN (#) = Xo([—1,1]¢) which implies

Jovm e @0 @)dr Xo([-1,1))
(2V/N)d 292Ky

—0as N — co.

It is important to note that in our scaling regime with J = 1, the original @w" we are
working with is an ordinary SLVF process with fixed interaction range r and impact
factor p, but with an initial condition in which type 1’s are scarce.

Equation (1.21) should be compared to the corresponding rescaled empirical mea-
sures in [6] associated with a sequence of voter models ft(N)(x)7 r € Z% whose rescaled
initial states again converge to a limiting Xy € Mp(R?): if N' = N for d > 3 and
N'"=N/log N if d =2, let

N 1 N
XN = = ST e @)8nse
TEZ

In that reference it is shown that X"V converges weakly in D([0,c0), Mp(R%)) to an
appropriate SBM, whose branching rate is determined by the asymptotics of the escape
probability (from 0) for a continuous time random walk starting at a uniformly chosen
neighbour of 0 in the integer lattice through a two-particle dual calculation. This suggests
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the same should hold (as it does) for the SLFV but now with the asymptotics of the
non-coalescing probability of our two particle dual playing the role of the random walk
escape probability.

The proof follows a familiar outline, based in part on methods in [6]. For appropriate
test functions ¢ the semimartingale decomposition from [5], recalled in Section 2, states
that

XNV(9) = X3'(8) + DY (6) + MY (9),

where M (¢) is a local martingale, and D" (¢) is a drift term of bounded variation.
In Section 2 we provide some elementary simplifications for the explicit expressions
for both DV (¢) and the predictable quadratic variation process (M (¢)); from [5]. In
Section 3 we use the above and the one- and two-particle duals to calculate the first
moments of X}V and give uniform L? bounds on the total mass X;¥(1) (Corollary 3.2)
which will be used throughout.

Assuming the key Proposition 4.1 which is proved in Section 7, tightness of { X"}
is then established in Section 4, where Theorem 1.2 is also proved by showing that
any weak limit satisfies the martingale problem for SBM(Xy, 0%, b). The term D" (¢) is
easy to handle (Lemma 2.3); it is the asymptotic behavior of the quadratic variation
process (M (¢)) which requires some work. The key result here is the aforementioned
Proposition 4.1 which we present here for the discussion below.

Proposition (4.1). Forall A,7 > 0, and ¢ € C3,

t

sup FE [ sup ‘<MN(¢)>t —/ pQBT|2fyeX£V(¢2)dsH —0as N — oo.
xN<a 0<t<T 0

After establishing preliminary random walk results in Section 5 and facts about two-
particle duals in Section 6, it is proved in Section 7. Its proof uses Proposition 1.1 but
the issues go well beyond this result.

The behavior of the quadratic variation process is the main difference in the proofs
of Theorem 1.2 and its counterpart in [5], Theorem 1.0. Lemma 4.3 in [5] shows that
a key term in the variation process is negligible in the limit N — oo. This fact is a
consequence of the assumption J — oo. In our case, with J = 1, this term is non-
negligible, and in fact determines the limiting SBM branching rate. Its analysis is
the main objective of Section 7. The analysis for d > 3 is straightforward; it is the
2-dimensional case (the most relevant from a biological perspective) that is the most
interesting. In this setting the proof requires an extension of the arguments in [6] and
[8] used to analyze the voter model and stochastic Lotka-Volterra models, respectively.
The analogues of Proposition 4.1 in [6] ((I1) in that reference) and [8] (Proposition 4.7 in
this work) involved L2 and LP (p > 1 is used) norms, respectively, instead of the L' norm
in Proposition 4.1, but also had no supremum over time in the expectation. When the L?
norm is expanded in the voter model paper this leads to a four-particle dual calculation,
while for the more general stochastic Lotka-Volterra models considered in [8], a trick
using the Markov property reduced this to a three-particle dual calculation. Here,
because of the non-Markovian property of individual coordinates in the dual, similar
calculations seem out of reach and we are led to the L! convergence in Proposition 4.1
which must be established using only one- and two-particle duals. The first issue here
is that squares are easier to handle than absolute values (the p > 1 in [8] is bounded
eventually by a square using a stopping argument), and here the innocuous looking
Lemma 7.9 below allows one to handle the square (even with a supremum over time)
by using a martingale argument. This then enables us to take absolute values inside
the time integral where two-particle duals (albeit more complicated ones than those in
[8]) can handle the calculation. Here a second issue arises as even in handling a second
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moment calculation in Proposition 7.2 of [8], the use of stochastic calculus there leads
to a three-particle calculation. We follow a more efficient path in its analogue, Lemma
7.8, in Section 7 which only involves the two-particle dual. A third issue is the fact that
the weaker L! convergence in Proposition 4.1 will require some additional technical
work to establish the local uniform integrability of the { M (¢)? : N}, and hence identify
the limiting square function. This is what occupies most of the proof of Theorem 1.2 in
Section 4.

As a small bonus, the fact that Proposition 4.1 controls the square functions uniformly
in time means it also allows one to establish tightness without any higher moments. The
required properties of the two-particle dual are established in Section 6. Lemma 6.1
represents the difference of the coordinates of the dual as the time change of a continuous
time random walk and this result is then used to obtain several probability estimates on
the two-particle dual. These results (notably Lemmas 6.3 to 6.7) then play a central role
in Section 7. The time-change is particularly useful when controlling the two-particle
dual when the particles are close together and the dual motions slow down.

It would be interesting to see if it is possible to extend Theorem 1.2 to the variable
but bounded radius case discussed above.

Constants. In proofs, C' will denote a positive constant whose value may change from
line to line. We will use C7 and C, for constants depending on 7" > 0 or functions ¢ in
a similar way. In some cases constants will be numbered and dependence on various
quantities indicated explicitly. Finally, most constants will have an implicit dependence
on the impact radius r, this dependence will be pointed out in some cases for clarity.

2 Semimartingale characterization of the SLFV

Let B (z) = B, /x(x), BY = BN(0). For d > 2 and ¢ € Cy(R), let

N pN1+d N .
0= | B | / / X / ¢(y)dy*/ o(y) X, (y)dy}dzd:c, (2.1)
R JB( ””) BN () BN ()

2 1+d NZ
o) =T [ ] w{ (-5 () Mz)¢<y>xév<y>dy)2

XN )
—I—%(K /BW) </>(y)dy—/B,N(x) </>(Z/)X5N(y)dy) }dzdx. (2.2)

Lemma 2.1. Let ¢ € C,(R?) and AXY (¢) = | XN (¢) — XN (¢)|. Then with probability
one,

p|B,|/N ifd>3

forall s > 0. (2.3)
p|Br|log N/N ifd=2

IAXT ()] < 9]l {

Proof. By the dynamics (1.1), for (z,s) € N (we may assume there is at most one such
x), wl (y) = w (y) for all y ¢ BN (z), and for y € BY (z),

Ny el (y)+p, or
e {pwﬁv_(y).

wl (y) —wl (y)| < plpy ) (y), and so,

/ W () — wl¥ (y)ldy < sup/ pdy < plBY].
R4 z€R* J BN (z)
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Finally,
AXN ()| < K / Dl () = (W)ldy < [lleopl By KN,

which is (2.3). O

The martingale characterization below is provided by Lemma 3.1 of [5]. The filtration
below is implicit in their argument. Although ¢ = 1 is not included in that result it is
easy to handle it by a localization argument using the stopping times 7,, = inf{t > 0 :
f{lw\Zn} wy(z) dz > 0}. Recall F is defined prior to Theorem 1.0.

Proposition 2.2. Let ¢ € C3(R?) or ¢ = 1 Then X}V (¢) has the semimartingale decom-
position:
X(6) = Xg'(9) + Dy (9) + M (9), (2.4)

t
Ny = [ d¥(e)d 2.5
9) /Osw)s (2.5)

and M} (¢) is a local (F})-martingale with predictable quadratic variation

t
>t:/ m™ (¢)ds. (2.6)
0

Implicit in the above is the fact that the local martingale MtN (¢) is locally square
integrable, but this is already clear from the fact that it has bounded jumps. The latter
follows from Lemma 2.1 and (2.4) which imply

where

p|B,|/N if d >3

for all s > 0. (2.7)
p|By|log N/N ifd=2

[AMY ()] < ||¢|oo{
For the drift term DY (¢) we will need only the following facts.

Lemma 2.3.
(a) d¥ (1) = 0.
(b) For ¢ € C3(R?) there is a constant Cy g = C3 5(¢) > 0 such that

1
aY(9) = plB,|o* XY (3A0) + E2(s), where

XM @

1E2%(5)] < Ca.s

Part (a) follows easily from (2.1), and (b) is the special case of Lemma 4.2 (and its
proof) in [5] for our choices of J, M, K in (1.14). (We note that the constant C(d) in
Definition 4.1 in [5] is || B, (x1)?dz.) Turning next to the martingale square function, for
¢ € Cp(R?) define

M (@) = N2 / 62(z) / / (1= w (1)) (29)dzadzadz > 0. (2.9)
R4 BN (z) /BN (z)

Lemma 2.4.
(a) For¢ € C3(R?), mY (¢) VmY(4) < [lollams (1).
(b) m} (1) = my(1).
(c) For ¢ € C?’(]Rd) there is a constant Cy 19 = C2.19(¢) > 0 such

mN(¢) = mN(¢) + N,y (s), where

L xN(1) ifd>3 (2.10)
|521\.[1o($)|§02.10{1f§NXN 1) ifd—2
VN s ( ) 1 - e
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Proof. Define

I(z1, 22, 23) = (1 — wy (z))wl (m2)wd (23) + wi (21) (1 — wy' (22)) (1 — w( (23)).-

Then replacing X~ with Kw? in (2.2), after expanding and rearranging, we find that

N4y p’N
my (¢) = K d(22)P(23)ZL(21, 22, 23) dzgdzadzrdx
|Br! R®JBY (@) JBY () JBY (@)

On account of 0 < wﬁ’ < 1, 7 is nonnegative, hence (a) follows for m¥ from the above
expression, and is immediate for m™ from (2.9) (integrate out z3 in the first line on the
right-hand side). If we define Ay(x, 20, 23) = ¢(22)¢(23) — ¢*(x), then

N _ P2Nl+d 2 2 N
my (¢) = K ¢ (2)L(21, 22, 23) dzsdzedzidr + E5'14(s),
|B,| Re J BN (2) ) BN () /BN (a)
(2.11)

where

1+d
9N

55\[10(8) =p K2 / / / / Ad)(;p’ 29, 23)1(21, 29, 23) ngdZQledl’.
' | B | R JBY (2) /BN () J BN (2)

Consider the integrals over B2 (z) in (2.11). By a change of variables and order of
integration,

/ / / I(z1, 22, z3) dzsdzedz;
BN (z) /BN (z) /BN (x)
/ 23 / / ]. — Zl)) (ZQ)dZQledZ3
BN(x) BN (z) BN(z)
+ / 1 — 2’3 / / 1 — Zl)) (ZQ)dZQledZS
BN (z) /BN (z

BN
|BN / / 1 — Zl)) (ZQ)dZQle
BY(z) /BN (x)

Plugging this into (2.11), and using the definition of m" (¢), we now have m” (¢) =

Y (¢) + Ex'10(5)-
In the case that ¢ = 1, A = 0 so that £2',,(s) = 0, proving (b). More generally,

|8y (2, 22, 23)] < 2(r/VN) |6l osll$lluip fOr 22, 23 € BY ().

Using the fact that |Z(z1, 22, 23)| < w¥ (22) + w (21), we have

85005 < 7 T K2 V6l | Lo oo oo

+ wf(zz))dZdeldzgdx

N1+d N |2 72 N
[6leléln T BYPE? [ [ w)dada
| T‘ R¢ JBN (x)

LXN1) ifd>3

= 470°| B, ||| 0 || || ip { \éﬁ : i
lfNNXév(U ifd = 2.

— 42"
=4p N1/2

This proves (c). O
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3 Total mass bounds

We start with the dual particle systems for the rescaled SLFV process w;" in (1.19).
If n and (¢£1,£2) are as in (1.8), (1.9), introduce the rescaled duals,

N (N oy = InNe d
P{x}(nt e)_P{Wz}<\/ﬁe), x € RY,
pN N,1 N,2 _p 511\“ 512\/75 R?
{flvfz}((gt &t er) = {\/ﬁm,\/ﬁf"?}((ﬁ’ﬁ) < ) i € ’
and
N = inf{t: N = N2, (3.1)

Then (1.8) and (1.9) imply for Borel ¢/; on R?, and Borel 1, on (R?%)2, and ¢ > 0 (recall
(1.2)),

Buplul W0l = [ in(@BE, ()i (3.2
By [/ Yo (21, z2)wd (z1)wd (2) dmldacg}
R%xR4

= /]Rd " ¢2(I1,$2)Eg¢1,$2}[w(l)v(ﬁivyl)l{flvgt} +w(l)v(gfv’l)w(])\](fivz)l{TN»}] dxydxs.
X
(3.3)

As before, either 1); > 0, or one side is integrable for the above to hold. A simple change
of variables shows that (3.2) implies (for v, as above)

BOGY (00) = Exp (i) 1= | B ()X (). (3.9)

Proposition 3.1.
(a) There exists C5.5 > 0 such that for s > 0,

XN@1) ifd >3

3.5
(log N)XN(1) ifd=2 (35

(1) = m¥ (1) < c{

(b) Assume d = 2. If0 < a < 1 then there exists C53 3 = C5¢6(a)) > 0 such that for
s>0,
E(mY (1)) < C36 (1 +s57*) X (1). (3.6)

Proof. (a) The case d > 3 with K = N%2~1 is straightforward. Using the definition of
mY, Lemma 2.4(b) and the fact that 0 < w <1,

m¥ () =¥ (1) < NKIBY [ [ v Gadzade = PN X (1)

— P°|B,2x) (1),

Now suppose d = 2, with K = log N. Write (1 —w (z1))wl (z2) = w¥ (22) —w¥ (21)wl (22),
and so conclude that

my (1) =my (1) =mt —m"?, (3.7)
where
mM! = p?N?(log N)? / / / w (23) dz1dzodx
R2 J BN (z) J BN ()
mM? = p?N?(log N)? / / / wN (21w (22) dz1dzpdz.
R? /BN (x) /BN (z)
EJP 25 (2020), paper 57. http://www.imstat.org/ejp/
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Thus, mY (1) < m¥Y!, and

S

mM1 = pQNQ\BiVKlogN)/ / XN (2p) dzpda
R2 JBY (x)

= p’N?|BY*(log N) X" (1)
= 0% B, [*(log N)XN(1). (3.8)

This completes the proof of (3.5).
(b) For d = 2, using the two particle duality equation (3.3) with ¥, = 1, we have

E[m?] = p2N2(logN)2/ / / E[wév(zl)wév(@)]dzld@dx

2 JBN (0) JBY (@)

—oNog NP [ [ (B [ @Y <o)
R2 J BN (z) /BN (x) ’

+ Eﬁn,zz} [wév(gév’l)wév(fév’z)l{TN > s}])dzldzgdx

> p?N?(log N) / / / B o (X0 YN < s} dzidzoda
R2 J BN (z) J BY (x) ’

= p2NZ(log N) /}R2 /BN /BN Eﬁ+zi’z+zé}[xév(§év,1)1{71\’ < s}|dzidzydx

= p®N?(log N) /]Rz /BN /BN E{I\ii,zé}[XéV(:ch{iV’l)l{TN < s}|dzdzydz,

the last two equalities by a change of variables and translation invariance (1.7). Let

Py, v,y (1) = fBT fBr Py 2y (-)dz1d2y /| By |? so that Py, u,) (7 > t) = 7.(t). Integrating =
out (inside the expectation), we obtain

Em?) > p2N?(log N)X (1) /

BN
— PEN2|BY [2(log N) Py, v,y (1 < Ns)X{' (1)
= 2B, [2(log N)(1 — 7e(Ns)) X (1).

i P{J\;;,z;}(TN < 8)dzydzb

If we plug this bound and (3.8) into (3.7), we get
E[m{ (1)] < p?|Br*(log N)7e(Ns) X' (1). (3.9)

If s < (log N)~%, then (log N)v.(Ns) < logN < s~/ By Proposition 1.1, if s >
(log N)~=,

(108 N )3 (V) < (1o M (e ) =

as N — oo. This implies that there is a C' > 0, depending on «, such that for all
s> (log N)~%, (log N)v.(Ns) < C. Plugging these bounds into (3.9) we obtain (3.6). O

Corollary 3.2. Ford > 2 and T > 0 there exists C3.19(T) > 0 such that

E[supXtN(l)Z] < 2XN (1) + Ca10(T) X (1). (3.10)
t<T

Moreovert — X}¥(1) is a non-negative square-integrable (F} )-martingale, and for any
¢ € C3(R?), t — M}N(¢) is also a square-integrable (F}¥)-martingale.

EJP 25 (2020), paper 57. http://www.imstat.org/ejp/
Page 13/56


https://doi.org/10.1214/20-EJP452
http://www.imstat.org/ejp/

Convergence of SLFV to SBM

Proof. By Proposition 2.2 and Lemma 2.3(a), X}¥(1) = X' (1) + M}¥(1), and so
XN(1)? <2x{V(1)? + 2MN (1)2.

Now X/¥(1) is a non-negative local martingale which by (1.10) satisfies E[X}¥(1)] =
X¥(1), and so is a non-negative martingale. By Doob’s L? submartingale inequality,

T
E[sup MM (1)%] <4B[(MN(1))r] = 4/ E[ml(1)]ds.
t<T 0

As we don’t know the square integrability yet, the first inequality holds by consider-

ing a sequence of localizing stopping times and applying monotone convergence. By
Proposition 3.1(a), for d > 3,

T T
/ E[mY (1)]ds < 0345/ E[XN(1)]ds = C3 57X (1).
0 0
By Proposition 3.1(b), for d = 2 and taking o = 1/2,

T T
/ E[mY1))ds < 03,6(%))(5(1)/ (1+s7Y?)ds = Cs.6(3)(T + 272 XV (1).
0 0
Combining the above bounds we obtain (3.10) and hence the next to last statement as
well.

It is easy to repeat the above reasoning using Lemma 2.4(a) and see that

E[jgg MM (¢)?] < Cy[T + VTIXY (D). (3.11)

This in turn shows that the local martingale M~ (¢) is in fact a square integrable
martingale. O

4 Proof of main result

The proof of Theorem 1.2 proceeds by taking limits as N — oo in Proposition 2.2 to
derive the martingale problem for the limiting super-Brownian motion. The main issue is
the identification of the square function of the limiting martingale part and the key here
is the following result:

Proposition 4.1. For all AT > 0, and ¢ € C},

¢
sup FE [ sup ‘(MN(¢)>t —/ p2|Br|2yeX§V(¢2)ds” —+0as N — oo. 4.1)
xN<a 0<t<T 0

This will be proved in Section 7. In this section we will establish Theorem 1.2,
assuming this result. If S is a metric space, recall that a sequence of laws on D(R, S) is
C-tight iff it is tight and all limit laws are continuous. C-tightness on D(R,S) x C(R4, S)
is then defined in the obvious manner. The first step is to prove:

Lemma 4.2. If ¢ € C3(RY), then {(XV(¢), (MY (4))) : N > 3} is C-tight in D(R,,R) x
C(R4,R).

Proof. Let ¢ € C3(R?) and AN (t) = [} p*|B,[>7. XY (¢%) ds. Thenfor0 < s <t < T,

B(|AY — ATP?) < CE(sup XY (1)%)(t — 5)* < C(T)(t - 5)%,
u<T
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by Corollary 3.2 and (1.18). Therefore, the collection of continuous increasing processes
{AN . N > 3} is tight, and hence relatively compact, in C(R.,R) by Prohorov’s theo-
rem. It then follows from Proposition 4.1 that the sequence of continuous (recall (2.6))
increasing processes {{M% (¢)). : N > 3} is relatively compact in C(R,R), and so also
tight by Prohorov’s theorem again.

Next, recall DV (¢) from Proposition 2.2. Lemma 2.3 implies that D} (¢) = fot dN (¢)ds,
where

| (¢)] < C,XN(1) Vs> 0.

Therefore if 0 < s <t < T, then by the above and Corollary 3.2,
t t
(DY)~ DY) <63 [ [ B @XY W)dvdu < 0@, T 51

This implies {DV(¢) : N > 3} is tight in C(R,,R). Lemma 2.1 and Proposition 2.2 imply

sup |[AMYN (¢)] = sup |[AXN (¢)| = 0 a.s. as N — oc. (4.2)
s<T s<T

Using (4.2) and the C-tightness of {(M"(¢)). : N > 3}, established above, in Theorem
VI1.4.13 and Proposition IV.3.26 of [20], we see that {M"(¢) : N > 3} is C-tight in
D(R4,R). C-tightness of {X™(¢)} now follows from the above, our assumption on
the initial conditions {Xév } (i.e., (1.18)), and the semimartingale decomposition in
Proposition 2.2. Having obtained C-tightness of each component, the result is now
immediate. O

Proposition 4.3. For d > 2, under the assumptions of Theorem 1.2, the family
{P(XN €.): N >3} is C-tight in D(Ry, Mp(R%)).

Proof. By the Kurtz-Jakubowski theorem (e.g. see Proposition 3.1 in [6]) it suffices to
show:

1. For each T, e > 0 there is a compact set K7 . C R? such that

limsupP(supXtN(K%E) > 5) <e. (4.3)
N—oo t<T
2. Foreach T > 0,
lim limsup P(sup X;" (1) > H) = 0. (4.4)
H—oco N0 t<T
3. For each ¢ € C§°(RY),
{XN(¢), N > 3} is C-tight in D(R,, R). (4.5)

The last (4.5) holds by Lemma 4.2, and (4.4) is immediate from Corollary 3.2. The
compact containment (4.3) is proved exactly as for the voter model in Lemma 3.3 of [6].
The argument there will now use the semimartingale decomposition in Proposition 2.2,
the convergence of the initial states from (1.18), Lemma 2.3, and first moment bounds
which are immediate from (3.4). This completes the proof. O

We are ready to turn to the main result.

Proof of Theorem 1.2. By Proposition 4.3 it suffices to show that every weak subsequential
limit is the super-Brownian motion described in the Theorem. Fix ¢ € C3(RY). By

EJP 25 (2020), paper 57. http://www.imstat.org/ejp/
Page 15/56


https://doi.org/10.1214/20-EJP452
http://www.imstat.org/ejp/

Convergence of SLFV to SBM

Lemma 4.2 and Skorokhod’s theorem, and then taking a further subsequence, we may
assume that we are on a probability space where

(XNe (MPNE(9))) = (X, A%) a.s. in D(Ry, Mp(RY)) x C(R4,R). (4.6)

Since the limit is continuous a.s. one has in fact a.s. uniform convergence on compact
time intervals. It also follows from the above and Corollary 3.2 that

fgg[lXtN’“(l) = Xe (V)] + X7 (9) = Xe(@)|H X (67) = Xo(6°)| + | XP* (Ad) — X (Ad)]]

—0a.s.andin L' as k — oo forall T > 0.

4.7)
This and Proposition 4.1 show that
t
A? = / P2 | B [27. X 5(¢?)ds for all ¢t > 0. (4.8)
0
It follows from (4.6), (4.7), and Proposition 4.1 that
sup |(MN*(¢))y — A?| — 0 a.s. and in L' as k — oo for all T > 0, (4.9)

t<T

Lemma 2.3, Corollary 3.2, and (4.7) imply

t
sup [ DNV (¢) — / p|B,|6*X(A¢/2)ds| — 0 as k — oo a.s. and in L' as k — co. (4.10)
0

t<T

Define an a.s. continuous process by M;(¢) = X:(¢) — Xo(¢p) — fot p|Br|5? Xs(A¢p/2)ds.
Then the above, the convergence of the initial conditions in (1.18), and the semimartin-
gale decomposition for XV (¢) in Proposition 2.2 show that

?Eg |MNe(¢) — My(¢)] — 0in L' and a.s. as k — oo for all T > 0. (4.11)

Since M™*(¢) is an (F"*)-martingale by Corollary 3.2, it follows from the above
that M(¢) is a continuous martingale and a standard argument (e.g. see the proof of
Theorem 3.5 in [6]) shows it is in fact an (F;X)-martingale.

Recalling (1.12), (4.8), and the value of b in Theorem 1.2, it remains to identify the
square function of M(¢) as A? by showing

M;(¢)? — As(¢) is a local martingale. (4.12)

For d > 3 this is fairly easy, but we give a stopping argument to include the more delicate
2-dimensional case. For J € IN define

TY =inf{t: MY (9)| 2 T}, Ty =f{t: [My(e)] > J}.
The convergence in (4.11) readily shows that
%gfﬂk >T; VJeNas. (4.13)
We claim that

. . Ny, N ¢ —
kli)rgo ?;1? ‘MtAijV’“ (¢) — Minr, ()| + (M k(¢)>t/\T§Vk — Al || =0forallT > 0as.
(4.14)
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The reason there is an issue here is that we do not know whether or not limy, ij k=Tja.s.
It follows from (4.13) that for ¢ < T; we have limy T}V" At =1t=Tj; At (the convergence
is uniform for t < T; AT for any fixed T') and therefore by (4.11) and (4.9),

. Ny, . N, _q® _
Jim sup {|MMT;% (9) = Minz, (&)] + [{M™(8)), e AMTJ|] —0forall T > 0as.
(4.15)

A simple calculation using (4.13) shows that (sup () := 0) with probability one for any
T>0,

limsup ~ sup {|MNk (¢)—MMTJ(¢)|+|<MNk(¢)>MT;Vk—Afm\} (4.16)

N
N AT,k
k—o0 TJk<t§T J

= timsup L(TY < 1) [[M%, (6) = M, (6)] + (M (8)) v — A7, []

k— o0

In view of the above and (4.15), to prove (4.14) it suffices to show that for 7" > 0 fixed,

limsup  sup  [|MY(0) = My (6)] + (MY (@), — A%, || =0as.  @17)

k—=oo 1, ct<To AT

By (4.9) and (4.11) this would follow from

lim sup sup [|Mt(¢) — My, (¢)| + |A? — A%}q =0 a.s. (4.18)

k=oo ;<4< YRAT

For this we will use the following lemma, whose proof is deferred to the end of this
section.

Lemma 4.4. With probability one, for all 0 < s < t, M,(¢) = M(¢) for all u € [s,t]
implies that A? = A¢.

By the Dubins-Schwarz theorem we may assume M;(¢) = B((M(¢)):) for some
Brownian motion, B, on our probability space. We let 77 and 777, denote the exit times
of B from (—J, J) and [—J, J], respectively. On {limsup, T"* AT < Ty}, (4.18) follows
from the a.s. continuity of M (¢) and A?. So assume w is in {limsup, 77" AT > T} and
also outside of a null set so that:

(i) (4.9) and (4.11) hold;

(ii) for all s < ¢, (M(¢)), = (M(¢))s implies M, (¢) = Ms(¢) for all u € [s,t];

(iii) the conclusion of Lemmas 2.1 and 4.4 hold;

(iv) TP =T7,.

Use the conclusion of Lemma 2.1 and our choice of w to see that V¢ € [0, lim sup,, T;V’“ AT),

log Ny,
Ny

[B(M(@))0)] = [M(6)] = Hm M (9)] < limsup ] + C =J.
We easily see that TP = ((M(¢))r,, and so the above shows that |B(u)| < J on
[T5, (M(¢))(limsup, T7* A T)), so the fact that T2, = T'? (by our choice of w) implies
this interval must be empty. We conclude that (M (¢))(limsup, T2* A T) = (M ($))(Ty),
which by our choice of w implies that M, (¢) = Mr,(¢) for all u € [T, limsup, T* A T7.
Lemma 4.4 (and again our choice of w) shows that this gives A;ﬂ’ = A%} for all u €
[T;,lim sup,, ij * AT]. We have proved (4.18), and hence completed the derivation of
(4.14).

Turning at last to (4.12), we see from Lemma 2.1 and Proposition 2.2 that

log N,
sup [ MY (8) v | < T+ C Ojgvk k< C(J,4) forallk. (4.19)
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This, together with the L' convergence of (MY (¢)); to A? from (4.9), implies that
{sup,;<r |[MNk(¢)Tfk PR (MNk(¢)>T§k .| - k € N} is uniformly integrable. From (4.14)
and the above we can conclude that for each ¢t > 0,

= (MY (9) g ,)? = (MY () g,

k
NTNk At
J J J

— M(¢)7,pr — A%M in L! and a.s.

As N;;vk ., s a martingale (Corollary 3.2), this implies that N; = M(0)F, pe — A%M isa
martingale for all J which establishes (4.12) and so completes the proof. O

Proof of Lemma 4.4. By continuity it suffices to prove the result for a fixed pair of times
0 < s < t. For J k,n €N, define

UM* =inf{u > s : [(MN*(@)(TYF Au))? — (MV(¢)(TVF As)?| >0t (infd = o0).
It follows from our jump bounds in (2.7) that

log N,

AL (9)%)] < 27)16]lC for all 5 > 0.
Recalling that M? (¢) is a square integrable martingale (from Corollary 3.2), we have by
optional stopping,

B((MN(0)) s i pg = 4 (0)) v ) (4.20)
= B(MY (@)U AT A1) = MY (@)U AT A 5)?)

1 log IV,
< 2Tl O

Next use (4.13), and the convergence in (4.9) and (4.11), together with Fatou’s lemma,
to see that

B((A7 41Ty > 01( sup M6~ M(6)] < 5-))

s<u<t %
< B(Timinf (M (), — (MY (@) )UTI* > 01( sup [MY*(6) — M (6] < 1)

k— o0 s<u<t

< lim inf E(((MNk (D) g pps = (MVE(D)) v ) LT > 1)

k—o0
1
X 1( sup [MN*(6)2 = MY<(9)?] < =)
s<u<t n
1

— b

n

where the last is by (4.20). Let J — oo and then n — oo to prove the result for s < ¢
fixed, as required. O

5 Random walk preliminaries

Recall that (£}, £?) is the two particle dual with initial state (z,22). We will need to
work with the difference process,

gt = gtl - 51527
which is a Markov process starting at z; — z5. When || > 2r, it makes the same
transitions as a rate 2p|B,.| random walk with jump distribution that of U, with density

EJP 25 (2020), paper 57. http://www.imstat.org/ejp/
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hg(z) given in (1.3). We will need basic information about this random walk, as well as a
way to compare ft to it.

Throughout the paper, Y; = Y;* will denote a rate 2p|B,| random walk with jump
distribution that of U starting at = under P,. That is, Y;* will be the pure-jump Markov
process on R? with generator

AY f(x) = 20| B,| (f(z+2) — f(2)hg(2)dz (5.1)
B2,.(0)
defined for suitable f. We will often make use of the Poisson process construction
}/;O = SNtv t> 07

where N, is a rate A = 2p|B,| Poisson process on [0, o) which is independent of the iid
random variables Uy, Us, ... which have the samelawas U, and S, = U, +---U,, n > 1
(So = 0). We will often write Y; for Yt and Y;* for z + Yt , where x may be random. Recall
from (1.4) that = E[|U|?] = d&2.

Lemma 5.1. (a) There is a constant Cs 5 > 0 such that for all t > 0 and Borel B C R¢,

B
P(YY € B) < Cs.o| |, and
14 td/2 (5.2)
_ C5.2|B| '
2p| B, |t 5.2 d
P,(Y; € B) < e 2Bt p(2) + T4 1972 for all x € R”.
In particular, for all x € R4, t > 0, and nonnegative Borel f,
Yy —9
- < plBrlt .
B [1(E)] <e ||f||oo+C5,2/]Rdf(z)dz (5.3)

(b) For allt > 0, Ey[|Y;|?] = 2p|B,|d5?t. For k € IN there is a constant Cs 4 = Cs 4(k) > 0
such that

Eo[sup |Ys|?**] < Cs 4" forall t > 1. (5.4)
s<t

(c) For k € IN there is a constant Cs 5 = C55(k) > 0

k

t
Po(sup Y| = a) < Cs5 o foralla > 0,¢ > 1. (5.5)
s<t

Proof. (a) According to Theorem 19.1 of [3], there is a uniform bound on the densities of
Sp/v/n, n=1,2,..., so that

Sn d
paL < > . .
P(\/ﬁeB)_C\B\ Vn>1, Borel BC R (5.6)

By a standard large deviations estimate, for 0 < a < 1,
P(Ny < adt) < exp(—caAt),
where ¢, =1 —a+ aloga > 0. Using Y;* = z + Sy, and the density bound (5.6),

P(th S B) = e_AtlB(x) + i e—)\t ()‘t
n=1

(j% c B\/—ﬁx)
ge_’\tlg(x)—&—C{ Z + Z }e_)‘t()\;!)n%

1<n<At/2  n>1V(At/2)

< e Mpg(x) + C|B|(P(N, < At/2) + E[1{N, > 1V ()\t/2)}N_d/2])

< e Mp(z) + O|B] ( —e12Mt 4 (1y ()\t/2))‘d/2)
< e Mlp(x)+ C|B|(1+t)"92,

EJP 25 (2020), paper 57. http://www.imstat.org/ejp/
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where we have used the largg, deviation bound with o = 1/2. Thi_s proves (a) for Y
starting at z. The result for Y,V follows from the observation that Y,V has the same law
as Sn(t)+1 and a slight alteration in the above calculation.

(b) It is easy to see from the representation Y;? = Sy, that Fy[|Y;|?] = 2p|B,|[tE[|U|?].
Now consider k € N. There is a constant Cj, > 0 such that E(max,,<y |Sm|?*) < CinF.
To see this we switch to component notation, and write Uj = (U;l), e U;d)) and S, =

(S,(ll), . Sfld)), where SV = S Ui(j). Then

d
2k () k—1 2k| — o g (1) 2k
E[max|S | [irllg% Z|S } <d E[Zmaxw’ | ] d [rfllg)ﬁSm 1*].
j=1 j=1 " -
Now 57(11) is a sum of bounded, mean zero independent random variables, so a martingale
square function argument (e.g. see Theorem 21.1 of [4]) shows that for each k > 1 there
is a constant Cy, = Ck(r) > 0 such that F[max,,<, |S§,P|2’“] < Cynk for all n € IN. This
implies
00 k—1

BV, [*) = Ze*”%iansﬁ’“] < C’dk“(Z e QD" ey Z e

n=1 n=1

The first sum is bounded by (k — 1)*. The second sum is bounded by

> )k B
At)F —At < (A)FEF.
(A" _e (n—k:)!Hn—j—I—l_( )
n==k j=1
This proves (5.4) fort > 1.
(c) This is immediate from (b) and Markov’s inequality. O

For a, A > 0, define the hitting times
to =1nf{s > 0:|Y;| <a} and Ty = inf{s > 0:|Y,| > A}. (5.7)

Proposition 5.2. Assume d > 3 and 2r < a < |z|. Then
a \d-2
Py(te < 00) < (m) (5.8)

Proof. Let A > |z|. By radial symmetry and (5.1), f(x) = |z|>~? is a harmonic function
forY. If welet o =t, AT}y, then |Y5AU|2*d is a bounded martingale (recall a > 2r), and
SO

2278 = B, [|Yy, [ (ty < Ta)] + Eo[|Yr, >~ 41(Ta < to)]. (5.9)

Clearly |Y7,[?2~% < A2~4if Ty < t,, and |Y;, |>~¢ > a®>~ ¢ if t, < T4. This means that if we
let A — oo in (5.9), then

|22~ > E,[a®> %1 (t, < 00)] = a®> P, (t, < 20),
proving (5.8). O
Lemma 5.3. Assume d = 2. If A > 2 and 2r < a < |x| < A, then

log || — log(a — 2r)

P.(Ts <t , 5.10
(Ta<ta) < log A — log(a — 2r) ( )
log(A + 2r) — log |x|
P.(t, <T 5.11
(ta <Ta) = log(A + 2r) —loga ’ ( )
and

hm (logA) »(Ta < tg) =log|z| — E[log Yz, |]- (5.12)
EJP 25 (2020), paper 57. http://www.imstat.org/ejp/
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Proof. By radial symmetry and (5.1), log |z| is a harmonic function for Y. If 0 = t, A Ta
as before then log|Y;a,| is @ bounded martingale, and

log |z| = E.llog |Y:,|;ta < Ta] + Ex[log |Yr, |; Ta < ta]. (5.13)
Using |Yr,| > A and |Y;, | > a — 27 in the above gives
log|z| > (log(a —2r))(1 — Pp(Ta < tq)) + (log A) P, (T4 < tq).

Rearranging gives (5.10). A similar argument yields (5.11).
For (5.12), rearranging (5.13) gives

log |z| — E.[log|Yz, |;ta < Ta)] — (log A) Py (T4 < t4)

A+ 2r
= E,[(log |Yr, | — log A)1(T4 < t,)] < log ( — ) 50

as A — oo. Also, by recurrence and bounded convergence, E,[log|Y; |;t, < Ta] —
E.[log|Y;,|] as A — oo, which means that (5.12) must hold. O

Lemma 5.4. Assume d = 2. There is a constant C514 > 0 such that for A > 2 and
|x| < A/2,
p(T ¢[A2 A21 A] < COs.14/(log A)? (5.14)
T —_—, O, < . O, . .
A log A g 5.14 g
Proof. By (5.5) with k = 2, for all z, A as in the Lemma,

2

P.(Ty < =P, su r+Y|>A) <P su Y| > A/2
(Ta 10g14) O(SSAQ/Il)ogA| | ) O(sSAQ/II)ogA| | / )
A?/log A)?
< 0 A AN 6o 10 A)2. (5.15)

(4/2)*

To handle P,(T4 > AZ?log A) we must first estimate E,(73). Let oo = E(|U|?),
o4 = E(|U|*) and \ = 2p|B,|, and define the functions

us(t,y) = y> = Aoat,
ug(t,y) = y[* — Ao2ly|*t + 2(Ao2)*t* — Aot

It is a straightforward calculation to check that both v = us and u = u4 satisfy

This and the fact that for p = 2,4, |y|?, and AY (|y|?) are bounded on {|y| < A+2r}, so that
up(t A T4,Yar,) is uniformly bounded for ¢ < ¢, easily imply that both us(t A T4, Yiar,)
and uy(t A Ta,YiaT,) are martingales. Therefore Eglus(t A Ta,Yiar,)] = 0, and since
|YTA| < A+ 2r,

A2 Eo[Ta] = lim Ao Eo[Ta A t] = lim Ey [(Yrane)?] < (A4 2r)2 (5.16)

Now, since Eg[us(Ta At, Y1, At)] =0,
2(Ao2)2Eg [(Ta A1)?] = —Eo[[Yrune*] + 4Ao2Eo [(Ta A ) [Yrune|*] + AoaEo [Ta At]
< 4Xoo (A + 2r)2Eo[Ta] + Aoy Eo[T 4]
<4(A+2r)' + A+ 22,
op)
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where we have used (5.16). Let ¢t — oo on the left-hand side of the above to conclude
that
Eo[T3] < C(A+2r)* forall A > 1. (5.17)

On account of this bound and Markov’s inequality, we have for |z| < A/2 and A > 2,
Py(Ta > A%log A) < Py(T3a/2 > A%log A) < EO[TgA/Q}/(AQ log A)? < C/(log A)>.
Together with (5.15) this proves (5.14). O

The following technical result will play a key role in the proof of Lemma 6.5 below.

Lemma 5.5. Assume d = 2. For o, > 0 and t > 0 there is a constant (513 =
Cs1s(a, B,t) > 1 such that if (log N) =7 < s < t and w € R? satisfies 0 < |w| < (log N)~2,

then
log(1/|w|)

1
log N (5.18)

P, /5t < Ns) <Cs.13

Proof. We may suppose |w| > 3r/+/N, because otherwise C5 5 can be chosen large
enough so that the right side of (5.18) is at least one. Now for any A > \w|\m

P, n(tsr < Ns) < P, x(ts, <Ta)+ P, 5(Ta < Ns). (5.19)
To handle the first term, we apply Lemma 5.3 with x = wvN and a = 3r,
on (3)
o ()
Now set A = |w|v/N + v/Ns(logN)®. Using s < t and |w| < (log N)~?, and taking
N > Ny(t), we see that for some C(t) > 0,

A+2r 2v/t(log N )* 2¢/t
log <|w|\/lv T) <log (1 + —) < C(t) log(1/|w)).

|wl?
Using s > (log N)~# gives for N > N;(a, ),

(M) > log (ﬁ(logg)w(mz))

P, (s <Ta) < (5.20)

)glog(l-l-

A+2
log( + T) > log
3r
1 3 1
= 510gN+ (o — E)loglogN —log(3r) > ZlogN.
Plug the above bounds in (5.20) to see that for N > Ny(¢) V Ni(a, 8),

log(1/ul)

Pw\/ﬁ(t&' < TA) < 4C(t) IOgN

(5.21)
For the second term in (5.19), take & > 1/« and use (5.5) to get

P, /5(Ta < Ns) = PO( sup |wVN + Ya| > A) < Po( sup Y| > A — \w|\/ﬁ)

u<Ns u<Ns
N k
= PO( sup |Y,| > \/Ns(logN)a) < Cs5(k) (Ns) o
usNs (VNs(log N)«)

< C(log N)*" < C(log N) 2

for Ns > N(log N)*B > 1. Plugging this bound and (5.21) into (5.19) we get (5.18) for
N > N, depending only on «, 8, t. By the upper bound on |w| we may increase Cs 15 to
get (5.18) for all N > 3 (recall (1.13)). O
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6 The two particle dual

In this section we collect some properties of the two-particle dual which will be
needed in our analysis of the martingale square functions. Our main focus will be on the
difference of the two particles. Define

2 .
p*B, A B,(a)] ifa+0
Yr(a) = .
p| B | ifa=0,
and observe that 1,(a) is decreasing in [a| and 0 < %,(a)/p|B;| < 1. Consider the
two-particle dual (¢1,€7) starting at (z1,22), * = 21 — 72, the difference process & =
£F = ¢} — €2, and the coalescence time 7 defined in (1.6). By the dynamics defining the

two-particle dual (recall (1.5)), the fact that |B,(a) N B,-(b)| = |B,(0) N B,-(a — b)| shows
that for y # 0, £ makes transitions

] atrate 2p|B,| — 21,
, s Jy+U atrate pIBr| = 2¢r(y) 6.1)
0 at rate ¥, (y),
while 0 is a trap for é Let
F=7(x)=inf{t >0: £ =0}(=7) (6.2)

be the time at which ff jumps to 0. By standard results (see Sections 4.2 and 4.4 of [19])
éw is a pure jump Feller process which is the unique in law solution of the martingale
problem for its generator A on the space B (R9) of bounded Borel measurable functions.
A is given by

Af(x) = (QPIBTI—21/)r(a?))/Rd(f($+U)—f(fﬁ))hU(U) du + ¢, (2)(£(0) — f(2))-  (6.3)

Recall from Section 5 that Y/ is the rate 2p|B,.| random walk starting at z € R¢ under
P,, and with jump distribution that of U and generator AY given in (5.1) for f € B(R).
For a random variable V we let YV denote the same random walk with initial law that of
V', and will use this notation with other Markov processes below.

We will construct a version of éf by absorbing a random time change of Y* at 0.
Define B(y) = 1 — LW and

pIBr]
b
I(t) = / ———ds. (6.4)
o BYE)
Note that for = #£ 0,
1/Jr(Yf) plBr(YsI) N Brl
su =su <1a.s.
et pIB L& B

and thus inf,<; 8(Y) > 0 a.s. This implies that I(t) is finite and strictly increasing a.s.
for all ¢t. Evidently I(¢t) = oo for all ¢ > 0 if x = 0. We will allow x = 0 later, but until
otherwise indicated we will take our initial point x # 0. From the definition of I we see
that for 0 < s < ¢,

t—s<I(t)—I(s). (6.5)

Therefore 1-1(t) exists for all ¢ a.s., and

171t 1 p
— — _ds=1t. 6.6
/o RN ©0
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If we define Y;* = Y7

1-1(t) then it follows from (6.6) that for all but countably many ¢,

(IH'(t) = B 1)
and therefore that

I~Yt) = /Ot B(Y.E)ds. (6.7)

Clearly, I71(t) < t. For z = 0 it is natural to define /~1(t) = 0 for all ¢ > 0, which means
that Y0 := YIO,l(t) =0 for all ¢t > 0. Thus (6.7) holds for all = and

t
VP =Y = YT(/O 5(1?;)ds) VazeR? (6.8)

We may apply Theorems 1.1 and 1.3 of Sec. 6.1 of [19] to see that Y is the unique
solution of the martingale problem for

AY f(z) = B(2)AY f(z) = (2p|B| - 2¢r(2)) /Rd(f(x +u) = f(2)hg(w)du, e BR?).

Here we note that the continuity of f is not needed for Theorem 1.3 of [19] in our jump
process setting as the proof there shows. Uniqueness of the martingale problem is
classical for such bounded jump generators, e.g., see Theorem 4.1 in Chapter 4 of [19]),
and so Y* is the unique Feller process with generator A, and in particular is strong
Markov. Finally we send Y to its absorbing state, 0 according to the continuous additive
functional

t
Cy=CY} :/ U, (YF) ds.
0

For an independent mean one exponential random variable, e, define the absorbing time

K= ke =inf{t > 0: C} > e}, (6.9)
and the absorbed process
o Ye(t) ift <k
S N if t > k.
Then é ' is a Feller Jjump process and an elementary calculation shows that it solves the
martingale problem for AY f(x) + 1, (x)(f(0) — f(z)) = Af(z), f € B(R?) (from (6.3)).
From (6.1) we see that the two-particle dual difference, &, is the Feller jump process
satisfying the same well-posed martingale problem, and so, as the notation suggests, § .

has the same law as £”.
We have proved:

Lemma 6.1. If (z1,22) € R x RY, and = = x; — x5 define [~'(t) by (6.6) and set
Vo) = Ye(I-1(t). If

& Ye(t) ift <k,
"o ift >k,

where k = Kk, is as in (6.9), then
t ~
10 [ s
0

and 50” is a version of the dual difference &} — &2 under P4, z,}- Moreover

7(z) = Kk, forallz # 0. (6.10)
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We often denote the starting point = of §~ in the underlying probability as P,. The tail
behaviour of the coalescing time «, will be important for us. Introduce

Yr(a)

— 0 aeR% (6.11)
B~ dr(a)

k(a) = p| B;|
Lemma 6.2. Ifz € R?\ {0}, then

Py(k>t) = E, (6.12)

exp ( - /OI_I(t) k(YS)ds)

Proof. By definition of &,

Po(k>1t) = E,le %] = exp / (Y, = exp / U (Yi-1(s ))dsﬂ

Now change variables with I(u) = s and use I'(u) = 1/8(Y,) to get the required
expression. O

The following result shows that /~1(¢) is close to ¢, and so Y;* is a good approximation
to Y/~.
Lemma 6.3. There is a constant Cg3 > 0 such that forall0 < o« < 1 andt > 1, and
Yo =a,|x| > 2r, orYy =U,

log(1 + )t~ ifd =2,

Py (I7Yt) ¢ [t —t*,1]) < Cg.: 6.13
vo (17H(t) & [ ]) < 6.3{ta ifd > 3. ( )
Proof. Let Yy = x,
t t
p|Br| p|Br N B, (Ys)|
Oglt—t:/——lds: ds. (6.14)
O =t= ), 2B (V) o B~ p1B, N B, (V)]

By an elementary argument, there is a constant C 15 = Cg.15(d, ) > 0 such that

|B- N By(a) < | B |
|Br| — | By 0 Br(a)| ~ |B| = |B. N By(a)

1
1(la| < 2r) < Ca5—1{|a| < 2r}, ac R

lal

(6.15)
We are assuming |z| > 2r, so using the density bound (5.2), we see that
<1
E, [|Y Yl < 274}} /0 S Pu(|Ye] < u A 2r)du
2r 1 o) 1
= EPI(Y; € By)du + ﬁPL(Y& € Bay,)du
0 2r
Cs.2 r |
< m{/o |B |du+/ 2\B2r‘du}
_ C)
ZENE
On account of (6.15), plugging this bound into (6.14) gives
t .
C(r) log(1+1¢) ifd=2
E.(I(t)—t) <C ———ds < C
=(I(1) —1) < 6'15/0 sd2 4170 = { if d > 3.
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Applying Markov’s inequality we obtain

log(1+ ¢t~ ifd =2,
P, (I(t) —t>1tY) <C 6.16
(I(t) >1%) < 6.3{t_a ifd> 3. ( )

This proves (6.13), because by (6.5), P, (t —I7!(t) > t*) < P,(I(t) —t > t*), and we also

have I~!(t) < t by I(t) > t. The proof for YV is essentially the same. O
Lemma 6.4. For 3 € (1, 1) there exists a constant Cs.4 = C.4(3) > 0 such that

P(IVY| <o) < Coat®®~" forallt > 0,7y < t°.
Proof. The bounds on § imply that 0 < 1 — 28 < 28 < 1. This means we can choose

a € (0,1) such that 1 —28 < « < 2. For this « choose ¢ large enough so that log(1+t) > 1
and ¢t — t* > t/2. By (6.13),

P(|Y7| < ro) = P(IY{%1 )| < 70)

(0 ¢l ea) + P(_inf Y] <o)

P
Coslog(l+ 1)t~ + P([Y, u| <70+ t°)+

+ PV | > 7o + 17, L YI| < ). (6.17)

<
<

By rg < t?, (5.2), and the above choice of ¢,

d d
(ro +t7) s (2t%) < OB < o261,

P(|YY,.
(| t—t (t — te)d/2 = (t/g)d/z =

<r+th)<C

For the last term in (6.17), the Markov property and (5.5) imply that (recall ¢ > 1) for all
k>1,

PV | > 7o + 17, [inf | YU < 7o) < P(sup |YO] > t7) < Cs5(k)tH>=29),
sEft—t>t s<te

Plugging these bounds into (6.17) gives
P(IYT| < ro) < Ct~ log(1 4 t) 4 2671 4 F(a=20)),

Recalling that a > 1—-28 and a—28 < 0, and choosing k large such that k(a—23) < 251,
it follows that for large t, P(|Y;Y| < r) < Ct?/~!. Increasing C appropriately to handle
small ¢ completes the proof. O

For 0 < a < b define
Gla,b) = {|Y1_1(u)| >2rVue [a7b]}, (6.18)

and for ¢ > 1 introduce
sy = (log N)~74. (6.19)

Lemma 6.5. There is a constant Cg.20(q) > 0 such that

Nsy c loglog N
AN < Cpog—22810 : .
P, (G( - ,QNSN) ) < Cozomyo e forallfe] > 2r (6.20)
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Proof. Recall from (1.13) that N > 3. Let uy = Nsy /4 and u’N =un — u}f. Then since
I7Y(u) <,

P, (G(uN, 2N5N)C> <P, (I—l(uN) < ugv) + P,(|Y,| < 2r for some u € [uyy, 2Nsn]).

(6.21)
By (6.13) with & = 1/2 and N > Ny(q) (recall |z| > 2r),
_ log(1 4+ upn) C
(171 <uy) < ) .
P, (I (uy) < uN) < OB < (6.22)

Next, using the Markov property at time «/y,, we have for N > Ny(q),

P,(|Yy| < 2r for some u € [uly,2Nsy])
< Po(|Yu | < snvVN) + sup P g(tar < 2Nsy — uly)

lyl>sn
VN)d log(1/sn)
< —2p| B, i} (on
< exp(—2p|B|uy) + C (uyy)4/2 +C log N

(by (5.2), (5.18) (if d = 2) and (5.8) (if d = 3))
< C C,loglogN'
~ log N log N

In the next to last line we have used the d = 2 bound; if d > 3, (5.8) gives a much smaller
bound. Here we have also used the strong Markov property and applied (5.18) (if d = 2)
with wv/N equal to the location of the first jump into B, ~- Use this bound and (6.22)
in (6.21) derive (6.20) for N > Ny(q). Now adjust Cg o0 to handle the remaining values
of N. O

We will also need a bound on the two-particle dual & = (¢!, £2) after the coalescing
time x for any d > 2. In this setting assume

whe w222 and W3° are independent rate p|B,| random walks in R? with step
(6.23)

distribution U (now in R?) and starting at points z;, 22,0 € R, respectively.
Define W, = (W,"™, W2>*2), and

p|Br|wr(yl 7@/2)
p‘Brl - wr(yl - y2>

Yw (y1,y2) = k(lyr — y2|) 1(y1 # yo2) = L(y1 # v2),

and D(t) = fot Yw (Ws)ds. Although vy (y; — y2) becomes unbounded (if p = 1) as
y1 —y2 — 0, as for I(t), D(t) < oo for all t > 0 a.s. Let e be an independent exponential

mean 1 random variable, and introduce & = inf{¢t > 0 : D(¢) > e} < oo (it will be a.s. finite
if d = 2). Assume also that conditional on (W, W39 e), Uw (r) has a uniform distribution
on B,.(W})*")NB,(W2™"?) (the intersection is non-empty a.s. by the definition of & because
Yw (y1,y2) = 0 if |y1 — y2| > 2r), and given (W, W3 e, Uy (), U is an independent r.v.
uniformly distributed on B,. We can use the above to define a version of our two-particle
dual but now “run at a constant rate” by

(th,ml’ thyml) if 21 = w9,
W= W, if t < % and 2 # a2, (6.24)
(U+Uw, + W20 U+ Uy, + W20 ift>kand 2y # xo.
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Note that when W is at (y1,¥2), y1 # y2, W jumps to the diagonal in R? x R? at rate

Yw (Y1, Y2)-
We now extend our earlier time change and define

By, y2) = [1 - W} Wy #yo) + 1y1 =y2) <1, Vy€RY, (6.25)
t

I(t) :/ (W) tds < oo ¥Vt >0, (6.26)
0

&=W(I (1), (6.27)

where 7! is the inverse of the strictly increasing continuous function I. Asin (6.7), one
sees that

t
f—l(t):/ B(€,)ds Yt > 0. (6.28)
0

The following result shows that ¢, is a version of the two particle dual.
Lemma 6.6. If (v, 72) € R? x R? define W by (6.24), 3 by (6.25), I by (6.26), and £ by
(6.27). Then .
10 = [ 8
0
and ¢ is a version of the two-particle dual described in (1.5) under Proy 2oy

Proof. The jump rate of W to the diagonal becomes unbounded as it approaches the
diagonal (for p = 1), so we proceed more carefully than in the proof of Lemma 6.1,
making use of optional stopping. Let

Ry ={(y1,12) ERIXRY: 0 < |y — | <n™ '}
and
TV =inf{t >0: W, € R,} < o0.

Then W,,(t) = W(t ATV) is a pure jump process on R? x R? with bounded jump rates
and generator

Anf(w) =p|BeI[E(f(yr + U, y2) + f(y1, 92 + U) = 2f ()]1(Jyr — y2| > 1/n)
+YwW[Ef(U +Uy,U+Uy) = f(y)1(lyr — y2| = 1/n)
+ | Bo[E(f(y + (U,0)) = fF)1(y1 = y2)-

Here U, is uniformly distributed on B, (y1) N B,(y2) and is independent of the uniform
(on B,) r.v. U. Tt is easy to check that W,, solves the martingale problem for A,, on the
domain B(R? x RY) of bounded Borel functions on R¢ x R¢.

Let T, = inf{t > 0:& € R,} < co. Using the properties of I~! and (6.28), it is easy
to check that

T,
TV = [Y(T,) = /0 B(E.)ds.

It follows that

ITYEAT) =T t)ATY = tﬁ(gs)dsAT}j":/tﬁ(f(sATn))dsATX".
0 0

_ - _ B t
If we define /" = £(t A T},), the above implies £/ = Wn(/ B(f?”))ds, and thus we
0

may apply Theorems 1.1 and 1.3 in Chapter 6 of [19] to conclude that EtT” solves the
martingale problem for

an(y) = ﬁ(y)Anf(y)7 fe B(Rd X Rd)'
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Here we recall again that the continuity of f assumed in Ch. 6 Theorem 1.3 of [19] is
not needed in our jump process setting. A bit of arithmetic shows

Gnf(y) = (p|Br| = r(y1 — ) [E(f(yr + U, y2) + fy1, 92 + U) = 2f ()] 1(|lyr — y2 = 1/n)
+ r(y1 — ) [E(f(U + Uy, U+ Uy) = f(y)]1(ly1 —y2 = 1/n)
+ 0B [E(f(y+ (U,0)) = )1 (y1 = y2)-

If £ = (¢4, €2) is the two-particle dual process, as described in (1.5), the above is the
generator of the Feller pure jump process £(t A T,,), where T,, = inf{t > 0: & € R,}
and so ¢Tn(t) = £(t A T,,) also solves the martingale problem for G,, (f € B(R? x R%)).
By well-posedness of this martingale problem ((Section 2 and Thm. 4.1 of Chapter 4 of
[19]) we concluded that §T" and ET" are identical in law for all n € IN. Since R,, | § and
&(Ty),&(Ty) € R, when these times are finite, it follows that T},, T}, 1 0o a.s. as n — 0o
(in fact for large n they will be infinite a.s.), and therefore ¢ and ¢ are identical in law. [

The following result is now an easy consequence of (6.24), Lemma 6.6 and the bound
I7'(t) <tforallt>0.

Lemma 6.7. Assume £® is the two-particle dual in R? x R?, starting at v = (x1,z2). Then
we may assume there are random walks Wi (j = 0,1,2,29 = 0) as in (6.23) such that

3
sup |¢2] <[> sup (Wi
s<t i—0 s<t

} T2V (6.29)

7 Analysis of the square function: Proof of Proposition 4.1

In this section we analyze the martingale square function (M (¢)); for ¢ € C3(R%),
and in particular give the Proof of Proposition 4.1. We recall from Proposition 2.2 and
Lemma 2.4 that

AV (), = /0 m ($)ds = /0 (1 (6) + EDyo (6, 9)) ds,

and that the integral of £¥,,(#, s) is negligible for all d > 2 on account of (2.10). We can
thus focus on mY (¢) defined in (2.9), which we write in the form

mlY (¢) = m (@) — ml 3 (9), (7.1)
where

() = PNHPIBY K [ G [ wd @)z,
R4 B

()

. (7.2)
m2(¢p) = p? N1+/2 K2 ¢2(:17)dx/ / w (21w (20)dz1d2s.
R BN (z) J BY (x)

Recall that K = K'N%2~1 where K’ = 1if d > 3 and K’ =log N if d = 2, and define
7N (s) = K'7e(Ns). (7.3)

Lemma 7.1. There is a constant Cr; 4 = C7 4(¢) > 0 such that for s > 0,

B(m"H(9)) = p?|B, PK'X¢ (¢°) + E7.4(¢, 9) (7.4)
where )
|E7.4(¢, 8)| < 07.4Kl<ﬁ + \/E)Xév(l)
EJP 25 (2020), paper 57. http://www.imstat.org/ejp/

Page 29/56


https://doi.org/10.1214/20-EJP452
http://www.imstat.org/ejp/

Convergence of SLFV to SBM

Proof. By a change of variables,
/ / ) dzdx = / wl (2) / $*(z) dedz
R4 BN(I) R4 BN (z)
- [ we) / ( )W( 2+ (6%(@) — 6*(2)] dadz
BN (=
= |BY| / ( ) dz + el

where we have set )Y = [, fBN(:c) N(2)[¢*(z) — ¢*(2)]dxdz. For z € BN(z) and
Co =2/|¢lloclldlluip, [6*(x) — ¢°(2)] < C¢27“/\ﬁ- Thus

2r

N Ny, N

eg | < C / / z)dxdz = C, B, |lwg (1).
les'| VN N(z) @ ﬁN‘ lw' (1)

Returning to the definition of m”1(¢) we see that

B (9) = pAN' 2 BY K2 (|BY|E(w (6) + B(eY)) = p*| B P K E(XY (6%)) + €
(7.5)

with

2rK’

VN

by the martingale property of X~ (1) (Corollary 3.2).

Next, we bound the difference |E(XY (¢?)) — X' (¢?)|. By the single particle duality
equation (3.2) and a change of variables,

CK'
VN

€] = PPNTRIBNIKPE(|e)]) < Cop®|B P T=E(XY (1)) = ==X (1) (7.6)

BOE@) = [ F@EL O N = [ RS0 @ )
= [ B - )X @i
= XP@)+ [ B[ - ) - )] X @

Using the smoothness of ¢ and scaling, we see that Lemma 5.1(b) (it applies to the rate
p|B,| walk n as well) implies

/]Ra Bty (1% =) = @)X @)ie” < € |n\/Nst )X (1) < CoOVEXY (1),

Combining this bound with (7.5) and (7.6) gives (7.4). O

To handle m’¥2(¢) we apply the two-particle duality equation (3.3) and then split the
resulting expression into two pieces, obtaining

E(m?(¢)) = JN(¢) + J2(9), (7.7)
with
TN = NRE [ ) [ e e
R BN (x) J BN (x)
x 1V < s}]dzidzada (7.8)
o) =N [ [ B T e )
R BN (x) J BY (x)
7N > s}]dzideadz. (7.9)
EJP 25 (2020), paper 57. http://www.imstat.org/ejp/
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Lemma 7.2. There is a constant C7.10 = C7.10(¢) > 0 such that for s > 0,
JN @) = | B P (K" — N () X3 (¢°) + Er.10, where

1
|€7.10] < CHOK/(W + \/§>Xév(1)~

Proof. By translation invariance, changing of variables and order of integration, we see
/ / / {21722} [wév( MOV < 3}} dz1dzedx
Re J BN (z) BN(J:
= / / ¢2(x)E{$+Z, ot} [wév(gév’l)l{TN < s}} dzydzhdx
Re¢ J BN JBN e

:/ E{z zg} / ¢* (x)wy' (x + 1Y <3}d$}dz1d22

(7.10)

Changing variables again with 2/ = z + ¢M'! and adding and subtracting ¢?(z’), the
right-side above equals

L et [ o6 - et wni < saasas
= / / ¢2(x’)wév(x’)P{]\zliyzl2}(7N < s} da'dzdzh
BN JBN JRd
s ] B[ (#6 -€ - )1 < shud @),
BN JBN R

= w) (¢?) /BN /BN P{IZ;7Z5}(TN < s} dzidzh + N

— o @N [ [ Pl < N} deadzy 4 &
B, JB,
= IBT|2N_dwéV(¢2)(1 —7e(Ns)) + Ei\/’

where
|eN| = ‘ EN, [(ng(l‘l . A (bz(w’)) N < s}} wi (¢') da'dz}dz)
s sy Joy Jra {z],24} s
< c¢,/ / / B oy [IE9 1Y < s} wh (o) da'dz 2}
BN JBN JRa Ve
= C¢wév(1)/ / E{I\i, Z/}(|§§’1|1{TN < s}) dzydzb
BN JBN e
1
_ C(bwéV(l)N_d\/iN/B /B By oy (€8 1{r < Ns}) dzydas. (7.11)

For fixed z1, 20 € B,, letting z3 = 0, Lemma 6.7 implies that

3
By (k) < 2v2r + 30 B[ sup W™

i=1 t<Ns

} < 2\fr+3(r+E( sup |Y} \)) < C,+CVNs

t<Ns

using Lemma 5.1(b) for the last inequality. Plugging this bound into (7.11), we obtain

V| < c(\/% + \/E)N_dwév(l).
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Returning to JSN 1 we now have

JVH@) = N2 (1B, 2N (67)(1 = 7e(Ns)) + )
= P’ Br[PK'XG (6%)(1 = 7e(Ns)) + €
= P*|B:PX3 ()K" =N (s)] + £,

where
1
€] < ON'"FER2eN| < CN“gKN_d(ﬁ + \/E)Xév(l)
1
:CK/(——&— S)XN 1),
\/N \/7 0 ( )
which proves (7.10). O

Using Lemmas 7.1 and 7.2 in (7.1) and (7.7), we arrive at the following:
Corollary 7.3. Fors > 0,
1
VN

We turn now to the analysis of JV2(¢) < [|¢[|2,72*(1). Recall Y and ¥;* = Y= (I~ 1(t))
from Section 6, 7 from (6.2), and the process £ = Y;*1{7 > t}, which by Lemma 6.1 has
the same law as ¢} — £2 under Py, .,y when z; — 25 = 2. As in Lemma 6.3 we will write

Y;U when the initial law of Y; is the law of U.

Lemma 7.4. Fors > 0,

[BmY () = 1B P2 ()X (6%)] < TN2(0) + CriaK' (= +V5)XF (1), (7.12)

g YU N
IN2(1) = 2| BN~ /Rd Xév(y)E[Xév (y - T%j)l{r > Ns}] dy. (7.13)

Proof. By changing variables and orders of integration, and using the difference process
EN = e _ N2, we have

J2(1)
= p?N1HI/2 2 / / Eglm} {wév(ac + N wi (x + V1N > s}} dz1dzadx
Rd JBN JBN

= p2N1+d/2K2/ / / w(])\[(y)Eglym} [wév(y — N L NN > s}] dydzidzo
By JBy JRd

:PZNHd/QKz/ wév(y)/ / E{]\ilzz}(wé\[(y*gﬁv)l{TN > s})dzdzody
R BN JBN

_ Nt [l v, Gy
PPN /}Rd wp (y) /B /B Ber ey [0 (y \/N)l{T > Ns}|dydzidz,

}721*22
_ 2p7l-d/2 702 N N( _ Ins -
p°N K /Rd wy' (y) /BT /BTE[wO (y Wii )1{7’ > NS}]dde:[dZQ

which is (7.13). O

Recall sy from (6.19) and define 65 so that
sy = (logN)™%, &x = (log N)°sy = (log N)°~9, (7.14)

where § € (0, 3] and ¢ > 4 are fixed constants.
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Lemma 7.5. There is a constant C; 15 > 0 such that

log log N
sup  JN2(1) < 07_15[%)(5(1)

s€[sn,2sn]
Nz—%

P XY )XY ()1 {|y1 — y2| < V/on Ydyrdys|. (7.15
+5NlogN ot S o (W1)Xy (y2) {|y1 ya| < N} m 92} ( )

Proof. Let s € [sn,2sn], let ty = Ns/4, and define

£ =N'"% Xév(y)E[Xé\’ (y - YNUS)l{ LA VN, 7> Nsty

e VSR
£ = N4 RdXéWy)E[XéV(y— 3}%)1{% <o, fﬁ' < Vo, 7> Ns}|dy
& = N4 RdXéV(y)E{XéV(y— %) {| Ul'> 2r, \/]% < \/a,%>Nsty

To prove (7.15), by Lemma 7.4 it suffices to show that each &; is uniformly bounded in
s € [sn,2sn] by terms in the right side of (7.15).
Since I71(Ns) < Ns < 2Nsy, for k > 2/§ and N > Ny(q,r) large enough,

P('ZI}% > \/E,T>Ns) gP(Ks,QI}\P vl > N5N)
>~ SN

2Nsy)*
< P(swp V012 Ny —2r) < 02N < lan fo)F < O/log N,
t< SN

where we have used (5.5). With this bound and X/¥(-) < K we obtain from the definition
of & that

C C
£ <N1_2K7/ XV (y)dy < —— X (1).
1> 2 (10gN)2 R 0 (y) Y= IOgN 0 ( )
The above bound is then extended to all N > 3 by increasing C.
Using X{'(-) < K again, we have
&< N'EK [ X3 )P (78,0l < 200y = KXFP(VF, il < 2r).

It follows from Lemma 6.4, taking § = 1/3, that for N > Ny(q),

K/
(Nsj4)1/3

log N
(Nsn/4)1/3

(log N)+a/3

&L C TN 0 (1).

Xyy<c Xjy<c

As before, the above bound is then valid for all V > 3 by increasing C.

We split & into two parts, letting G(a,b) = {|Y/ 1 () | > 2r for all u € [a,b] }. If we let
Gy = G(Ns/2,Ns) then we can write &3 = &, + 5”, where

_a
£ = N4 RdX()N(y)E[XON (v

. VU -
gy = N7 Xév(y)E{XéV(y—\/A]’v)lgNl{|Yt%|>2r

RA

3%)1Gg1{|ﬁg|>27“ ¥ <\/> >N5Hd
<\ﬁ >Nst

Applying the Markov property at time ¢ty = Ns/4, and letting Pyo (@) denote the law of
N
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Y with Yy =YY (w),

gy <KN'"% /R X P ({1 > 2n720) > tn} 1 G ) dy
— K'E [1{|}7[17V| > 2, 7(U) > tN}
% Py ([Y (17! ()] < 2r for some u € [Ns/4, 3Ns/4})} xN(1)
< K’P(%(U) > NsN/4)
x sup P(Y*(I"(u))| < 2r for some u € [Nsy /4, 3N sy /2]) X{ (1)

|z|>27

loglog N _ n
<C—————X;'(1
— 10gN 0 ( )7

where we have used Lemma 6.5, sy = (log N)~9, and the fact that K'P(7(U) > Nsy/4)
is bounded in N for d = 2 by Proposition 1.1, and at most one if d > 2. .

Set thy = 3Ns/4 and t, = ty — txy = Ns/2. By the Markov property of YV at time
tN = N8/4,

g - N 1—7/ XY B[V > 2 7(0) > i} (7.16)

< By (X (s _jt'ﬁ) (Tl < api{oten 006 > )

On the event G(tn,ty) N{7 >ty }, forall u € [tn,t)y],

I1(u):11(tN)+/u[1—w|g|)}d =I"Ytn) +u—ty.

tN

Using the above and Lemma 6.1, we see that on the above event and for u as above,
under P{;ff] ,
‘N

Y(u)—Y(tn)=YI tn)+ (u—tn) = Y (I tn)) = YO (u —ty). (7.17)

Set F, = ]-'}/,1(5), where we recall that FY is the right-continuous filtration generated
by the random walk Y. Then I~!(s) is an (F})-stopping time. By the strong Markov
property of V,Y%isa copy of Y starting at 0 and is independent of ]:tN Since Y;N
]-" ~-measurable, we may conclude from (7.17) and (7.16) that

Nl"/ XNy 1{|YU|>2T F(U) > tn}
}jrt +Y(/)/ t” i}t +}>9/ ﬁ”
< gy (X7 (y* S W= W = v
N N
<Nt [ X E o >>tN>,|ﬁZ\>2r}}
N t” t// t” t”
xsup E | X, y—\/tT {‘\/tT <+ }dy, (7.18)

where Y* = 2 + Y°. Apply (5.3) to f(z) = X (y z1/ %)1{|z| # < V0n}, to see that,
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uniformly in z,
Y " "
N t” t t” t
Bl (v SV 7)1 (- el = Vv
e~ 20IBr |tNK+C/ xXN( —ZU | M/ <6 dz

d/
< e*P\Br\NsNK_'_ C(W / Xé\/(y —x')1{|x’| < /5N}dl'/
SlogN d/2/ XN (y —2)1{|2’| < \/on}da'.

Use this and the fact that P(7(U) > tx) < % (from Proposition 1.1 if d = 2) in (7.18), to
see that

£ < o)A P(E(0) > ) [

1
L[] XWX - ) < V']
N JR4 JRA

XN syN)LI—%
C’{ 0 (1) | (snv )/ / X0 () X3 (y2){|yr — ol < \/EdyldyQ}
syK R? JRd

IN

(log )
co[AEW), nit X5 () X8 () o — vl < /o]
= llogN) ' sylogN Jga Jga ° 0 - ’

where the last line is very crude if d > 3, and is an equality if d = 2. Combining the
bounds for &, &2, E4, EY, we establish (7.15). O

Corollary 7.3, Lemma 7.5, and ¢ > 4 imply the following:

Lemma 7.6. There is a constant C7 19 = C7.19(¢) such that

_ _ loglog N
sup  [B(m (6)) = o2 B, P3N (5) X3 (6)] < Crao |2 222 X (1)
sE€[sN,25N] 0g
Ni~d N N
T X0 (1) X0 ()1 {lyr — 92 < v/ 5N}dy1d92}~ (7.19)
snlog N Jra JRra

Remark 7.7. To identify the square function of M (¢) we will need to use the above
and the Markov property to bound

B (8) | FY.,) = 218,23 (sn) XY (6%)]

This means we will need to bound the expected value of the last term in (7.19) with
XN sy replacing X}V. For d > 3 we only need to bound the resulting double integral

on the right-hand side of (7.19) by X _ L )2, but for d = 2 we require the following
additional result.

Lemma 7.8. Assume d = 2. For T > 0 there exists C7.59(T") > 0 such that foréy < s <T,

E[/JRz /]Rzl{lyl — el < \/E}Xév(yl)Xév(yz)dmdyz}

5 (7.20)
< Crao(T) (“X X3 (1) + 6 log(1/6) XY (1) ).
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Proof. By the duality equation (3.3) and then a change of variables,

E[/ / iy — w2l < \/5N}X§V(y1)X§V(y2)dy1dyz}
R2 JR2
= (logN) /]R2 /]R2 1{|y1 —y2| < m}Egl,yz} [Xév(géV,l)l{TN < 3}}dy1dy2

[t vl < VEVER, y [XE DX €D > 5} ddye
R? JR?

=& +&.
Here
&= o) [ [ Wl el < VENYEY, oy [XYE DU < ) de

= og ) [ [ 1l = ol € VENYED, i [X5 + €501 (Y < 5}

=g N) [ [l < VANV 0y X8 2+ €Y < 53 dad,
and

&:34%42HWh;¢EHEQQJX§@Q+£§UX§QH+§§%H&N>sﬂ}wwy
First, integrating y» out in &; yields
& < (loxN)X3 (1) [ 1ol < Von | (Y < )y
— g )XY () | 1{ll < VB | Py < Ny,
By Lemma 6.1, switching to éy\/ﬁ and using 7~ !(u) < u,
Py o (7 < Ns) = PEXY = 0) < P( inf [72Y7] < 3r)

: VN —
< P(ulgnjgs [YIVH| < 3r) =P, /x(tsr < Ns).

By Lemma 5.5, which is applicable because T' > s > §x and we consider only |y| < +/dn,
the last probability above is bounded by C % (C = C(T)). It follows that

& <ox) /Rz 1{[y| < v/on }log(1/|yl)dy

Von
= CX(])V(I)/O ulog(1l/u)du
<CXY(1)dy log(1/6x).

By definition,

&= [ 10l < VAN By um o [X5 (e + fj%)xav(yg n j%)w > Ns)}dyady

— &+ €,
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where, with G = {|¢] — €2| > 3r for all u < Ns},

g;:/w/ 1yl < VN By oy [ X0 (yﬁ%)x—o (y2+5%)

X 1GN1{’7' > Ns)}}dygdy,

o= [ M0 = VB [0 (o + 55 (o £2)
X 1(;?\]1{7' > Ns)}}dygdy.

We use the representation of ¢ = (¢£1,¢£2) in Lemma 6.6 and the fact that on

Gy N{r > Ns}, &n = Wey. Then, dropping the indicator of Gy N {r > Ns}, we
see that

el 3/2/21{Iyl < VonYE[X) (v + W%)Xé\](yz-k V\V/%V)]dyzdy
yvVN 0

//1{|y|<\ﬁ}E[XO (y2+Wﬁ )]E[Xév(yﬁvjs]ivv)}dyzdy,

the last equality by independence of the walks Wym, WO, By the density bound (5.3)
applied to f(z) = X{ (y2 + 21/s), and s > sy, for all y»,

B (v + V%)} = E[f(f/%)] < EWog N4 [ X (o - 2R

C C C C
< — | XN (y2—2)dd = =X (1).
_logN+ s Jr2 0 vz = =)dz logN+ (1)

With this bound, integrating out y, first and then y, it follows that

£ < 0(1 glN / / H{lyl < \r}E[Xo Y2 + W\;N\ﬁ)]dygdy
(i + 1Xo ()X 1B < 1+ L] x s

Using XV (-) < K’ =log N and integrating out y, gives

EY < (log N)XY( / 1{|y\<\/7} y\/ﬁ,o}(G?Vﬁ{T>Ns)})dy.
By the representation of £ = (¢1,£?) given in Lemma 6.6, for any y,
P{ymo}(va n{r> Ns)}) < P(IW2VN — W9)| < 3r for some u < N's).
Using Lemma 5.5 again, for o5 < s < T, we have
£ < (log N)X{ (1) /R 1{Jy| < \/E}P(\YUWW < 3r for some u < Nis ) dy

< C(T) /Rl{ly|<\/;}10g 1/]yl)d
< O(T)XY ()5 log(1/6).

Combining the bounds on &, &5, £ gives (7.20).
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We are almost ready for the proof of Proposition 4.1. The proof is lengthy, so we
separate out one of its key steps in the following lemma. For s > sy define

[sly = (= Dsn if s € [sn, (j+1)sn), j =1
For T > 0 define jr = jr(N) € IN by
(Jr — sy < T < jrsn.

Lemma 7.9. Assume ¢ € C3(R?) and T > 0. There exists g = ely(¢,T) — 0 as
N — oo such that

B sw | [ @) - s | Ay ef ] <anedarey o2

sN<t<T

Proof. Define

JsN
AY = / (m'(9) = B (9) | Figy))ds, 5> 2.
(G=1)sn
Then A
JSN J
[ e - B ()| 7 0ds = DAY = Q)04 Q)
SN i=2
where , )
J J
Q;-V“’ = ZAlNl{i is odd} and ij’e = Z AN1{iis even}.
=2 =2

Noting that ]-"[QEN = ]:(1\2[1‘71)SN for all s € [2isy, (2i + 1)sy), we see that fori > 1,

N N (Zi+l)en N N N N
BN | Fa) = [ B[0n2(0) = B (0) | 7)1 Fi o]
@i+ Don _ N N _N N
=/ (BN (6) | FSim1yay) = B0 (0) | F¥i1yay) ) ds
=0

)

(7.22)
which shows that (Qévj’fl,j > 2)isan (Fly, ,,,) martingale. Similarly, (Qévj’e,j >1)is
an (]-'QJgSN) martingale. Using Doob’s L? inequality, we have

JSN 2
B[ swp | [ (m¥ @) - B (0) | 7, ))ds]
2<j<jr' Jsn
2
:E[ sup Q;y’ol{jodd}‘FQ;y’el{jeven} }
2<5<jr
<op[ s @Fr sw @ <om[@r @]
2<j<jr,j odd 2<j<Jr,j even
(7.23)

Now if j7 = 2k — 1, then by (7.22),

liap] = el(a2) ] < S p[(a0)]

JT 1SN

2
<2) E[( [ mos) ]
i=2 (i—-1)sn
jT iSN )
L B[([7 B | AL i) ] a2
i=2 (i—-1)sn
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which also holds if j7 is even. Define X7 (1) = sup,., X{¥(1). By Lemma 2.4(a), (3.5)
and (3.10) we have

Sel(f"

SN

) } ZE (/ o (logN)XéV(l)ds)T

Jjr
< O¢(logN)2252 BIXY (1) (7.25)

)SN

< C(¢,T)(Xév(1) +1)(jrsn)sn (log N)?
< C(o, T)(Xg (1)* + )(logN)2 ..

This and (7.24) imply E[(Q V-0) } < O(6, T) (XY (1)? + 1)(log N)29, and it is clear this

bound also holds for E[(QjT’ ) } Plugging into (7.23) we obtain

] < €T ) + 1) (tog M)
(7.26)

E{ sup
2<j<jr

[ o - B o)1 2, )
Now if (i — 1)sy <t < isy, then
(/ (2 (6) ~ B (6) | FYj,)ds)
< (| / T ) - B (9| Fi))ds|

SN

. /( (mY (¢) + B (6) | FY,))ds)

i*l)sN

<2 /(l_l)SN (7 (8) = B(m () | 7Y ))ds) +2(2Cu(1og sy X (1)

SN

JSN _
<2 sup (/ (ml (¢) — E(mY (9) | ]—'[J;HN))ds)Q +Cy(log N)221XN, | (1),

2<j<jr

where we have used Lemma 2.4(a), (3.5), and the martingale property of X‘ﬁv (1) (Corol-
lary 3.2). Thus from the above, (7.26), and Corollary 3.2, the left side of (7.21) is bounded
above by

2<j<jr

ZE[ sup (/SM (mY () — E(mY (¢) | fg]N))ds)Q] + C¢(1OgN)2—2qE[X%V+1(1)2}

C(6, T)(X5' (1)* + 1) (log N)*70. (7.27)
O

Define 7V (s) = ¥V (s — [s]n) = K'7.(N (s — [s]n)). Note that for s > sx, s — [s]x > sn,
and so by Proposition 1.1,

AN (s) = 7. uniformly in s > sy as N — oo, (7.28)
and there is a constant 'y > 0 such that

sup N (s) < C,. (7.29)
N2>3,s>sN
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Proof of Proposition 4.1. It follows from Proposition 2.2, Lemma 2.4, and Corollary 3.2
that

log N log N
E[ sup MN t—/m <c o8 / B(XN(1))ds = CT22 X2 (1),
ogth \/ﬁ
and so to prove (4.1) it suffices to show
sup E{ sup ‘/ — p?| B, | fyeXN(qSQ))ds” —0as N — oc. (7.30)
XN(]. <A 0<t<T
Furthermore, by Lemma 2.4(a), Proposition 3.1(a) and Corollary 3.2,
E(m (¢) + pQIBereXf(as?)) < E(CK'X}(1)) = CK'X{'(1), (7.31)

and therefore

30N
E / (M2 (9) + p°| B, 7 XY (¢%))ds | < OK'n X' (1) < C(log N)'0 71X (1).
0

So by our choice of §, ¢ (recall (7.14)), we need only integrate over [3y, 7] in (7.30).
Let us write

sup ] (MmN (¢) — p%| B | %XN(ng))dsH <E +E+E+E, (7.32)
36N<t<T 36
where
& = sup ‘/ E(m; () |f[s]N]))d8},
36N<t<T 36N
£ = [/ [BORY (6) | F) — 7213, 3 () X0, (62| as].
30N
T
£ = p2|Br|2E[/36 3 (5) | X0 (%) — X2 (67)]ds].
TN
Eo= 1B PE[ [ 5 =l (6.
30N
By Lemma 7.9,

& < eNo(x{F(1)? 4+ 1). (7.33)
The error term &, is simple:

T
£ <C sup |7V (s) *%\P2|Br\2/ B(XY(1))ds < CT sup [7™(s) — 7 X' (1) = 0
5>30N 30N 5>30N
(7.34)

as N — oo, by (7.28) and s > 30y > sn.
We now consider &3. Let jr be as defined before Lemma 7.9, and let j, € IN be defined
by
(Jo — 1)sy < 36N < josn-

By the martingale decomposition in Proposition 2.2 and then Cauchy-Schwarz,

E(XY(6%) — X, (6)) < E(DY (¢)) — DR, (7)) + E( MY (¢%) — M, (6*)])

s 1/2
< /[ B @+ [BM )~ ()]
s|N
(7.35)
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By Lemma 2.3 and Corollary 3.2,
| Ba @D cs [ XY @du < Coasn Xy (1),
[sln [sln

By Proposition 2.2, Lemma 2.4 and (7.31),

s—[s]n
B (@), = (@) = BlExy ([ mif(6%)au)]
28N
< C¢(logN)/0 E(X)(1))du
= Cy(log N)sy X3 (1).

Plugging these bounds into (7.35), and using (7.29) and (7.14), we obtain

N|=

EggCT((logN)’qXév( ) + (log N) = XV (1) ) (7.36)

Turning to &, first use the Markov property and Lemma 7.6, and then Corollary 3.2,
to conclude that

T loglog N
E < FE Ccl—=——xN (1
2= [/35 { log N ol (1)

AL / / Hlyr — ol < \/7}X (s (Y1) X (y2)dy1dy2:|d$}

leogN
loglog N
CTiX 1
ey o)
CNi—i
1 - < E(xY X dyrdyad
leogN/&;N /]Rd/ {ly1 — v2l < VONYE(X(, (1) X{) 5 (2)) dyrdyads.
(7.37)
If d > 3, use Corollary 3.2 to bound the last term by
CTN%_% N 2
—(Xo(1) + X' (1)7). 7.38
T oD+ XY (1)) (7.38)
If d = 2, then by Lemma 7.8,
T
Lot = el < VB, X7, (0) dindyads
36n JRE JRI
T 6N N
< CT/ { X5'(1)% + 6 log(1/6n) X (1)}‘13
35y L[SIN
T
N(q1)2 1 N
< OT(SNX() (1) —du + CrTén 10g(1/(5N)X0 (1)
oN
= COrdn log(T/on)(Xg' (1)% + X3 (1)).
Now insert the above or (7.38) into (7.37) to arrive at
loglog N Snlog(1/6n) + N2=%
7X X5 (1 1
£ < On 2 R X0 (1) 4 O =28 8 e (XY (1) 4 1)
loglog N _ (log N)?loglog N , _n xvo
Cr—————X;'(1)+ C X5 (1 1 7.39
— T IOgN O()+ T IOgN (0()+)’ ( )
where the last inequality is rather crude if d > 3. The required result now follows from
(7.32), (7.33), (7.34), (7.36) and (7.39). O
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8 Appendix: Proof of Proposition 1.1

From the discussion following the statement of Proposition 1.1 we may assume
d = 2 throughout. Recall the definitions and time change construction from Section 6
(especially Lemmas 6.1 and 6.2), using the rate 2p|B,.| random walk Y;, the difference
process f{ and absorption time 7 = k. By Lemma 6.2, if z = 1 — xo,

P(F>1t) =Pk >t) =B, [eXp(—/OIl(t) k(YS)dS)] (8.1)

Thus, to prove (1.16) in Proposition 1.1 we need to show existence and positivity of

75li)m (logt)Ey {exp ( - /I " k(YS)ds)}, x #0. (8.2)
i 0

As the exact form of the killing rate k(x) will not be important in our arguments, we will
replace it with a general radial function ¢ : R? — [0, 00| satisfying

¢(x) < oo forx #0, ¢(x)is | in |z| and ¢(z) = 0 for |z| > 2r,

where | in |z| means non-increasing in |z|, and similarly for 1. We assume throughout
that ¢ has these properties. Recall the stopping times ¢4 and T4 from (5.7).

Proposition 8.1. Let Y = z € R?,
such that the limit

x| > 2r, or Yy = U. If there is a constant c,(Yy) > 0

Ta

Yo) = lim log(A2)Ey, - Y,)d (8.3)
co(¥p) = Jim log(4) By, [exp (~ | o(¥:)de)]
exists, then
1711
Jim (logt)Eyo[eXp(— / ng(Ys)ds)] = cy(Yo). (8.4)
— 00 0

Proof. Suppose (8.3) holds. We first prove that this implies

tlirgo(logt)Eyg {exp ( - /075 QS(YS)dsﬂ = c4(Y0). (8.5)

If we let I'4 be the event {A4%/log A < Ta < A%log A}, then by Lemma 5.4, for A >
(21Ya]) V 2, Py, (%) < C/(log A)2. Thus

T A TA

By, [exp ( - ¢(Ys)d5)} < By, [1FA exp ( - qS(YS)dsﬂ + Py, (T9)

0 0

< Ey, [eXp ( - /OAQ/logAgb(K"‘)dS)} + (105A)2'

It follows that
2

log (ﬁﬂ)Em [exp (- /0 e o(:)ds ) |

> log (IC:L:A) (EYO {exp ( B OTA ¢(Ys)d8)] — (logCA)2> — cy(Yy) as A — oo.

This proves

ntxggf(logt)EYO{exp(—/ot ¢(Y5)dxﬂ > ¢ (Yo). (8.6)
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Similarly;,

Ta Ta

Ey, {exp ( - ¢(Ys)ds)] > Ey, [1pA exp ( - ¢(Ys)dsﬂ

0 0

> by [e (- [ e $(¥.)ds) | - Py (%),

It follows that
log (A2 log A) Ey, {exp( - /OA2 ool (/ﬁ(Ys)dsﬂ

< e (o) e (- | a0)] + o)

0 (log A)?

— ¢y(Yp) as A — occ.
(8.7)
Along with (8.6), this proves (8.5).
We can now prove (8.4). By (8.1), (8.5) and I~1(¢) < t,

i nf(log ), [ exp (~ | " )] > i o) B oo (- / 90)ds)| = (0.

On the other hand, by Lemma 6.3, taking o = 1/2,
I~
(log t)E, [exp ( - / (;S(YS)dsﬂ < (logt)Ey, [1{1*1(75) > ¢ 11/2)
0

X exp ( - /01 N d)(Ys)dsﬂ + Py, (I71(t) <t —t/?)
-Vi

¢ log(1+t
< (logt) By, [exp ( - / (z)(Ys)dsﬂ 4 (log 1)C 5 221 £D)
0 Vit
— cy(Yp) ast — o0
by (8.5). Along with the previous lim inf bound this proves (8.4). O
To prove (8.3) we first establish a number of properties of
Ta
Oz, A) = B, {exp ( - ¢(Ys)ds)}. (8.8)
0

It is elementary that 0 < ®(x, A) < 1 and that by recurrence, ®(z, A) — 0 as A — co. The
next two results will show that ®(z, A) is increasing in |x|.

Lemma 8.2. Let N € N. If0 = 59 < 51 < --- < sy and f : RV*! — R is bounded and 1
in each coordinate then

y = Ey[f (Yol s [Yan D] is T in |yl (8.9)

Proof. Let U,U;,Us,,... beiid rv’s uniform on B,, and let S,,, = U; + - - - + U,,. The first
step is to prove that if N =1 then form=1,2...,

E[f(lyl, |y + Sm]|)] is increasing in |y|. (8.10)

Let v > 0, and define

|Br n Bu(_y)‘ _ |Br n Bu(?/)'
|By| | B, |

ho(y) = P(ly +U| <) = (8.11)
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It is easy to see that h,(y) is decreasing in |y
in |y

, so that |y + S1| is stochastically increasing
, which proves (8.10) for m = 1. Now suppose m = 2, and consider

P(ly+ S2| <u) = P(ly+ S1 + Us| < u) = E[hy(y + S1)].

, the
, which shows |y + S5
, proving (8.10) for m = 2. The general inductive step

Clearly h,(y) depends only on |y|, and having established it is decreasing in |y
m = 1 case of (8.10) implies that E[h,(y + S2)] is decreasing in |y
is stochastically increasing in |y
for (8.10) is similar.

Consider next, the N =1 case of (8.9). With A\ = 2p|B,.

’

By 1l 1) = 3 e O (g g+ S

m=0
By (8.10), this shows Ey, [f(|Y5,], [Ys,|)] is increasing in |yo|, proving (8.9) for N = 1. Now
suppose N > 1, let (Y/) under P’ be an independent copy of (Y;), and define f : RV — R
by

Fllyols 1yl - lyv—1l) = Eyy  fvol - luv =1l 1Yy —sn 2 DI (8.12)
Then f is increasing in |yo|, ..., |yn—2| by definition, and is increasing in |yy_1| by the
N =1 case of (8.9) just established. By the Markov property applied at time sy_1,
By F(Yaol s Yoo | Yo D) = By [BY, | [F( Yool o Yoy o[ 1Yy )]
= Eyo[f(Yaols s [Yan ]
This provides the inductive step to complete the proof of (8.9) for general N. O

Lemma 8.3. Let g : (0,00) — [0,00) be continuous and |.. Then for all A,t € [0, ],

TaNt
y»—)Ey[exp(—/ g(\YS|)d5>} is 1 in |y|. (8.13)
0
In particular, x — ®(x, A) is increasing in |z|.

Proof. By monotone convergence, we may assume A, ¢ are finite and g is bounded. Let
9(0) = limsog(s). For N € Nlet My € Nand 0 = s/ < s <--- < s); =t satisfy
sy — s <2 N for 0 <i < My, and define

™ = min{s) : |Yiv| > A} AL

By right-continuity of |Y,|, 7V | T4 a.s. as N — oo. By continuity of g on [0,c0) and

dominated convergence,

£, [exp ( - /OTAMQ(YSI)dSﬂ

MN—l
: N N N N
= lim B, |exp (-~ > Hal <oVl = )]
My—1

_ N

~ lim B, | 1_1 G (Yo, Yo )]
where

GV (Yl V) = exp (= 1Y < 7V hg([¥ip 5N — ).

It is easy to check that GV is increasing in each of its variables, and hence applying
Lemma 8.2 to their product, E, {Hi]\iﬁ*l GN([Ysols- - -, |YS|)} is increasing in |y|. The
result (8.13) now follows from the above. O
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A consequence of the strong Markov property we will use repeatedly is
Oz, A) = Pp(Ta < ty) + By |H{ta <Ta}®(Y:,,A)| if2r <a<|z| < A. (8.14)

Lemma 8.4. There exists Cs 15 = Cs.15(r) > 1 such that forallk > 2 and 0 < || < k < A,

log k
Oz, A) <Csi15————. 8.15
(z,4) < 51500 (A2) (8.15)
Proof. By the monotonicity in Lemma 8.3, it suffices to prove (8.15) for x = z; = (k,0).
Assume additionally k£ > 6r Vr~! and A > r2. By (8.14), |Y;,,| < 3r, and monotonicity, we
have

®(zp, A) = Py, (T4 < ta,) + Eq, |1{ts, < TA}(P(YZS,.,A)} (8.16)

< P (Ta < tsy) + Py, (ts, < Ta)®((3r,0),A).

Using the strong Markov property at time T4,, and noting |Yr,.| < 6r < |zi| < A, we
again have from Lemma 8.3,

Tar

®((3r,0), A) = E(sp0) lexp ( - ¢(m)ds)<p(YT4r,A) < a(r)®(xx, A),

where we have set o(r) = ®(z3,,4r) < 1. Insert this into (8.16) and rearrange to conclude

ka (TA < tgr)
P(xp, A) < 1——a(r) (8.17)

By Lemma 5.3, taking a = 3r,

log(k/r) _ log(k?)  8logk
PoeTa <tor) < 300 (477) = Tog(v/A) — log(42) (19

where the second inequality uses k& > 1/r and A > r2. In view of (8.17), letting

C =8/(1— «a(r)), we now have

1
(zp, A) < 008K

< Crog(a7) (8.19)

forall k > 6rVr~'v2and A > k V% Itis easy to see that C can be increased so that
(8.19) will hold for all £ > 2 and A > k, completing the proof of (8.15). O

We will construct a coupling of the random walks Y; started at 2’ # x in order to obtain
good bounds on the difference ®(a’, A) — ®(z, A). We start in discrete time. Let {U;} be
iid r.v.’s which are uniformly distributed over B,, and for o’ € H, = {(x1,z3) : z; > 0}
define

n
Sr=2'+> U
i=1

Let 7 denote the reflection mapping m(z1,22) = (—x1,x2) and set x = w(z'). We will use
a reflection coupling to define (S% : n > 0). Let Hy = {(z1,22) : 1 <0}, , and define

N, = N** =min{n >1: 5% € B, (x(S*_ )}
Lemma 8.5. N, < N, := min{n > 0: Sfl’ € H,} a.s., and so Sﬁ’ € H, forall0 <n < N,

a.s.
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Proof. S}(,; € Hy and W(S%Z_l) € Hy imply that

1SN, — m(SN,—1)| < [7(SK,) — 7(SR,—1)| = |SK, — Skl <7
The result follows. O

We now define (S7),>0 by

(8.20)

Gr m(S¥) ifn < N,
sz’ if n > N..

Then S§ = z, and it follows from Lemma 8.5 that forn < N, Sﬁl isin H, and so Sﬁ/ # S¥,
which implies that

N, =min{n >0: 5% = §*}. (8.21)
That is, N, is the coupling time of (S5%) and (S%'). If we let ]—';fz/ = 0(S%,m < n), then
N. is an (FJ" )-stopping time, and S” is (F2" )-adapted. We next show that S? is an
(FS ’ )-random walk starting at « with step distribution U;, as the notation suggests.

Lemma 8.6. For any Borel A C R?, P(S*,, € A| ]-'SL )(w) = P(SE(w) + Upy1 € A) a.s.

Proof. This is obvious on {N. < n} (in },51 ) since then S}, and S} | equal 5" and Sn+1:

respectively. Suppose now that N, > n, and define B = B(w) = B,(S* ) N B,(7(5%")), so
that

m(B) = B, (8.22)
and
B C B.(S%). (8.23)
This last inclusion holds because S¥ = S%’ or 7(5%') for all n.

For simplicity we will write F,, for ]-";le in the rest of this proof. By the definition of
sz,
P(S; 1 € A|F)1(Ne > n)
= P(S% € Bp(n(S%)), N, > n, 5 + Ups1 € AlFy)
+ P(S2.1 ¢ Br((SE), Ne > n,m(Si4y) € AIF)
= P(S% € BNA,N, >n|F,) + P(S%., ¢ B,N, >n,n(8,,) € A|F,)
= P(n(S%.,) € BNx(A),N. > n|F,) + P(n(S%.,) € BN A, N, > n)|F,) (by (8.22))
= [P(S% + 7(Ups1) € BN7(A)|F) + P(S2 + 7(Uns1) € BN A|F,)]L(N, > n).

Next introduce the dependence on w in the above, and use the fact that, conditionally
on F,, SF(w) + m(Un41) is uniformly distributed over B, (SZ(w)) to see that if |C] is the
Lebesgue measure of (', then the above evaluated at w is a.s. equal to

[I7(A) N B(w) N Br(Sg(w))] 4+ |A N B (w) N B(Sk () [[1(Ne(w) > n)/| By
= [|[ANB(w)| + AN B (w) N B (S5 (w))11(Ne(w) > n)/|Br|
(by |7(C)| = |C
= [|[AnBw)N ( 2(@)| 4 [AN B (w) N B(Sk(w))[[1(Ne(w) > n)/|By|  (by (8.23))

= [AN B (S5 (wW)[1(Ne(w) > n)/| By
= P(S;(w) + Unt1 € A)1(Ne(w) > n).

The result follows. O
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Let S, = (ST(LD, 57(12)) denote a copy of the random walk starting at 2’ under P,..
Lemma 8.7. There is a constant Cg; so that for all ' in the positive x-axis and all

n € N,
’ CS.? ‘JJ/‘
P(N® > ) < —(1 —)
( ¢ - n) - \/ﬁ + 2r

Proof. Use Lemma 8.5 and then the reflection principle to see that

P(N** >n) < Pp(Ny > n) =1— Py (N, <n)
=1-2P, (S < S}, Ny < n)
<1-2P(S) < —[a'| 1)
= Py(ISV < v+ Ja')).
The step distribution of (S,(Ll)) has density f(u) = 2vr?2 —u?/|B,| < 1/r on [-r,r]. It

follows from the d = 1 version of (5.6) applied to random variables with this distribution
that for a constant C = C(r),

2(r+|2']) _ 4C ||
AT 2 2
vn oo T n( + 2r)’

so we are done. O

<

PBy(ISV| <r+a')) <C

We now use translation invariance to extend the above to points z,2’ € {(z1,0) :
x1 > 0} such that 0 < |z| < |2/|, where now £ = (m,0) plays the role of the origin,
H}" = {x: z1 <m}, and 7™ is reflection in the plane {z; = m}. So we define

N®* = N, =min{n >1: 5% € B.(x#™(S* )} < N =min{n >0: 5 € H*}, (8.24)

where the inequality is by Lemma 8.5, and

¢ =

n

m(SE) ifn < N,
{ﬂ' (S¥) ifn< N, (8.25)

s’ if n > N..

The above results imply that both S* and 5% are (]-';fm/ )-random walks with step distri-
bution Uq,

N&*" =min{n >0: 5% = $%'} (8.26)
is their coupling time, and
’ Cg 7 |.T/ - LL’|
P(N® >p) < =% (1 ) 8.27
(N2* >n) < NG + o ( )

Next define coupled copies of the discrete time random walk with step distribution
Uy + U, by Y* = S and Y = S% , and also set F*' = F5 . We will write F, for
FZ' if there is no ambiguity. Then it follows from Lemma 8.6 that both Y;* and Y;*" are

(F,)-random walks with step distribution U; + Us, that is, they are (F,,)-adapted and
P(YZ, € AF) (W) = P(VE(w) + Uy + Uz € A) as., (8.28)

and similarly for Y. 1t follows easily from (8.26) that

Ng””lw

N&* = min{fn >0: V7 =V} = [ 5

(8.29)
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z,2’

Next use (8.25) and the fact that 2n > Ng’*””/ iff n > {NCQ W to conclude that

Yr = " (8.30)

v if n > N&*'

) {wm(fm') if n < N’
Letting Y,;T S be the first coordinate of }Af;/, define
N (m) = min{n >0: V") < m}.

Lemma 8.8. With z, ', m as above, N** < N* (m) a.s.

Proof. It follows from Lemma 8.5 that for all n, 5§, # S%. implies that Séil)’m/ > m. This
shows that n < N, g@' implies n < N @’ (m) which clearly gives the required result. O

Lemma 8.9. With x,z’, m as above, and for alln € IN,

/_
P(Ng’m, Z n) S 08.7’[7,_1/2 (1 + 7|$ 9 JJ|)
r

Proof. By (8.29)

N:z:,:v'

Pz 2 n) = P(| == 2n) < POVZ"" 2 20-1)
The result follows from (8.27). O

We move now to the continuous time random walks. Let N(¢) be an independent
Poisson process with rate A = 2p|B,| and jump time sequence (s, )nez,, i.€., s, = inf{t >
0: Ny =n}. For K > 0putz’ = (K +2r,0), and let z € [K, K + 2r) x {0}. Define coupled
continuous time rate A random walks with step distribution U; + Us, starting at =’ and z,
respectively, by

V¥ =YE =V if s, <t < spp1,

n
and
Y =Yy =Y ifs, <t <spp1.
The coupling time of these random walks is

S2 = inf{t>0: Y =Y} =imf{t >0: Y& =Y§} (8.31)

Note that ¢t < ngf’ = S caa iff Ny < fo’x’, and so by setting n = N; in (8.30), we have

e

m Yac' if x,z’
Y:c — {ﬂ— ( t ) 1 <Sc (832)

v if ¢ > 5%’

Let F; be the right-continuous filtration generated by (Y%, YI',N ), and let Y; (respec-
tively Y,) denote a generic rate A continuous time (respectively, discrete time) random
walk with step distribution U; + U,, starting at 0 under F.

Lemma 8.10. (a) Both Y* and Y*' are rate \ continuous time (Ft)-random walks (and
(F:)-strong Markov processes) with jump distribution U, + Us. That is for y = x or 2/,
t > 0, and any a.s. finite (JF;)-stopping time S,

P(YY,, € A|Fs)(w) = Py(Y¥(w) + Y € A) a.s. for any Borel A C R?. (8.33)

(b) S¥*" is an (F,)-stopping time.
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Proof. (b) is obvious from the definition of Sf*zl.
(a) This is an easy and standard consequence of (8.28). O

Fory =z orz’ and 2r < § < A we let
tY =inf{t >0:|YY| <6}, T4=imf{t>0:|V! > A},
and also set , )
5" =ty Ay, TyY =TiNTY .
We define 7%, 7Y, f?’x/, and TAf"wl in a similar way, using the discrete time random walks
Y®, v, for example,
t9 =min{n >0:|Y}Y| < §}.
Lemma 8.11. Let K > 3r and 2’ = (K + 2r,0).
(a) For all z € [K, K + 2r) x {0}, t%. > S%¢ \/ {& .
(b) Forall z € [K, K +2r) x {0}, if 1§, < S2', then [V;§ | < 2K + 10r.
(c) Fore € (0,1) and § > 3r there is a constant Cg 34 = Cgs34(d,¢) > 0 such that for all
K>6Vv1,

’ e ! C
inf PS5 < 5" ANTHE ) > 1— 23

— . 8.34
z€[K,K+2r)x {0} - Kl-=¢ ( )

Proof. (a) First consider the discrete time walks. For = € [K, K + 2r) x {0}, we have
m = Iw%ﬂ > K > 3r. This shows that Bz, C {1 < m} and so Y* must first enter
{1 < m}/ before it can enter Bs,. That is, #%. > N* (m). Therefore by Lemma 8.8,
NZ® < t3. and hence

’
T, x
S;t =s

’
Y
g S Sggr = e

Since the random walks must couple before Y*' can enter Bs,, we also have 5. < tgf;
and (a) follows.
(b) Let z and m be as in (a). If 5. < Sg”’“:/, then by the coupling definition (8.32),

Yii = ﬂm(Yér). (8.35)

For any a = (a1,a2) € Bs,, |[7™(a)| = [(2m — a1,a2)| < 2m + 3r + 3r < 2K + 10r, so by

(8.35),

Vg | = [=™ (V)| < 2K + 10r.
This proves (b).

(c) Let Y1) be the first coordinate of Y/, and let z,z’, m be as above, with K > § > 3r,
so that § < |z| < |2/| < 2K. Let n = [K27%¢]. Then, using Lemma 8.9 for the second
inequality and symmetry for the second to last inequality, we have

P(NZ* < {2 ATme
> P(N®* <n) — P2 AT <n) — P(EE AT <n)

r_ A~
>1- (f/gg(u |5”27f”|) ~ Pofmax Vil > (K —2r) A (K + 20 = )
~ Po(max|Vi| = (K —2r) A (K — 9))
2057 .
>1- — — > -
>1 NG 2P (max Vi = K —0)
C (1) K—-9§
>] - ——— — >
> 1= g 4R (max I 2 =)
1Y _up vV > K/2
> 1= e ~ 4P (maxl¥ 71 2 K/2),
(8.36)
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provided K is larger than some K(9) > 0. We recall Theorem 21.1 in [4], which in the
present context implies

Bo| max [VV ] < (BT + (2r)7) < Cpr/? (8.37)

for a constant C, > 0. By Markov’s inequality,

/2
(1) CpnP C
Po(gglek | > K/2) < K27 < o

If we take p = po(e) large enough so that K¢ > K!7¢, substituting into (8.36) we obtain
for a constant C' > 0 depending on ¢,

C
B Klfs’
provided K > Ky(4). Multiplication of C by a large enough constant depending on ¢
allows us to remove the restriction K > K(d). That is, for some Cs 34(d,¢) > 0,

. ~ ’ ~p ! ~x.x 08.34(5 8)
f P N:E,z < tJf,l‘ A TJf,x > 1 _ oA\ =)
eI, K2 % {0} (Ve J 2 ) 2 Kl-¢

PNZ < i AT ) > 1

(8.38)

forall K >0V 1.
The corresponding inequality for the continuous time walks follows at once. First,
note that
t5 = inf{t : [V¥,| <0} = inf{t : Ny = 5} = s,

and similarly for the other hitting times. So in view of (8.31), for every z € [K, K + 2r) x
{0},

P(TH" <t5" NTy ) = P( r < Spawt N St

SN‘Z"T 5 2K
= PN < 2% AT,
So (c) is now immediate from (8.38). O

Lemma 8.12. There is a constant Cg3g = Cg39(r,¢) > 0 such that for K > 5rV 2,
A>2K +2r, z,2' € [K, K + 2r] x {0} with |z| < |2/|, and ex = (log K)/VK,
€K
0< ®(z', A) — ®(x, A) < Cg 30 ————. 8.39

< @2, A) (2, 4) < 839100 (A2) (8.39)
Proof. The first inequality in (8.39) follows from monotonicity (Lemma 8.3). For the
second, it suffices to take z’ = (K + 2r,0) and z € [K, K + 2r) x {0}. Recall the times
to" =t AtE, TY" =T AT%, etc. for the coupled walks (Y, Y*'), and write S.. for the
coupling time Sf’ml. By Lemma 8.11(a),

e o (8.40)

If S, < 12, AT%, then
Ty ) T3
[ etvhas= [ ovas
0 0
As a consequence,

Az, 2, A) == ®(2', A) — ®(z, A)

7’ T

—Elexp (= [ o(v)ds) —exp (— [ " o(v)ds)]
0 0
, i
< E[l{SC > 42 ATS bexp ( - SV )ds)].
0
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We now introduce
Ay (z,2', A) = E[l{Tj’w < S, TH" < tgr}exp(—/ o(|YF |)d8)},
0

Ag(z,2' A) = E{l{tgjr < Se, by, <TH" }exp(—/ o(|YF |)dsﬂ7
0
so that A = A; + Ag, and bound A, A, separately. For A4, using (8.40) and Tj_{/ #* tg;,

Ay(z,2', A) < P(T% < Se AtE) + P(T% < Se AEE). (8.41)

It suffices to consider the first term, as the second follows in the same way. By the strong
Markov property

P(T% < S At5,) < E[{T5 < Sc}Pre, (Ta < t3,)]. (8.42)

Now taking a = 3r in Lemma 5.3, and noting that 3r < 2K < |Y7’§;K| < 2K +2r < A, we
have

log (Y. |) —logr log(¥ +2>
Pyo (Ta < t3,) < i < 3.
Vi (Ta <tor) < logA—logr — log(A/r) s

Choose K large enough so that K > K, implies K? > % + 2. If, in addition we have
K > Ky and A > r?, then

log(K?)  8logK

log VA  log(A?%)’

By replacing 8 with a sufficiently large constant C' we may drop the additional conditions
K > Ky and A > 72, and so obtain for all K > 5r A2 and A > 2K + 2r,

Pyy (Ta <t3) <

log K
Pyy (Ta <Ts) < Olog(AQ)'

Plug this bound into (8.42) and use the coupling bound Lemma 8.11(c) with § = 3r,e =
1/2 to obtain

. . log K log K
P(T3 < Scnts,) < C——P(T5% < S¢) < Cs. 3r, hyo—=——.
( A 3 ) = IOg(AQ) ( 2K ) = 834( 2) \/?log(AQ)
The above and (8.41) imply
log K
A(z, 2", A) < C—=2——. (8.43)
i V= OUR log(A2)

Now consider Ay. Recalling from (8.40) that 5, < tg;, A, is bounded by the sum of

’ ’ .Z/ ’
Baa(@,a’, A) = B[1{t5, < So,t5, <t < T5 Yexp(~ / o1 )ds)]
0

’
T
TA

Aoy, 2", A) = E[l{tg,. < St < T3 < tg;}exp(— ¢(|Y:’|)ds)].
0

In A,,, the event in the indicator function belongs to F. 2 and so by the strong Markov

property, Ytﬁi | <5r < K, monotonicity from Lemma 8.3, the coupling bound (8.34) with
3r
EJP 25 (2020), paper 57. http://www.imstat.org/ejp/

Page 51/56


https://doi.org/10.1214/20-EJP452
http://www.imstat.org/ejp/

Convergence of SLFV to SBM

¢ =1/2 and § = 3r, and Lemma 8.4,
’ ’ TA
Az, A) = B |1{th, < S.,t5, < t5. < T§ }Ey. [exp(— ¢(|YS|)ds)”
e 0
< P(t5, < 5.)8((K,0), A)
< C&. (8.44)
VK log(A?)

Finally, consider Ay,. Dropping the exponential and applying the strong Markov
property to Y*' at time t5,., we have
Agy(z,2', A) < P(t5, < Se 5, <T% <8

- E[l{t;z,jr < S ATEYP,. (T < ts)]. (8.45)

By Lemma 8.11(b), on the event {t3, < S.}, Ytlii\ < 2K + 10r. Let Kj be large enough
so that K > K, implies K? > (2K/r) + 10, and assume additionally that K > K, and
A > (2K + 10r) V 2. By the hitting probability bound (5.11), with ¢ = 3r we see that if
Vg | > 3r, then

log(2£ +10) - log(K?)  8logK
3, log 4 ~ log(VA)  log(A?)

The same bound holds if |Y1€;; | < 3r because then the left-hand side is zero. Now the
additional restrictions on K, A can be dropped by replacing 8 with a larger constant C,
so we may conclude that for A, K as in the Lemma and on {#3, < S.},

log K
Py (Th < t3,) < C :
v (Ta < tar) < Cp0 3y

Insert this into (8.45), apply Lemma 8.11(c) as before, to obtain
Clog K < log K

Agp(x, 2’ A) < P(85,. < S,) log(A%) = /R log(A2)" (8.46)

Combine (8.43), (8.44) and (8.46) to complete the proof with ex as claimed. O
Theorem 8.13. For all z # 0 there exists c,(x) > 0 such that

Jim. log(A?)®(x, A) = cy(x). (8.47)

Proof. We may assume z is on the positive z;-axis, and for now that |z| > 3r. Assume
K > (Jz| +2r) v2and A > 2K + 2r, put zx = (K,0) and e = (logK)/VK as in
Lemma 8.12. By the strong Markov property,

Tk
&z, A) = E, |exp ( - ¢(Ys)ds)<I>(YTK,A) (8.48)
0
By Lemma 8.12, noting that |Y7, | € [K, K + 2r],
€K
&Yy ,A)— D Al < . 8.49
|®(Yr,, A) (zr, A)| < C8.3910g(A2) ( )
Using this bound in (8.48) we obtain
Dz, A) = O(z, K)P(ak, A) + &1, (8.50)
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where |€;| < Ceg/log(A?). Now consider ®(zk, A). On account of ¢(Y*x) = 0 for
s > ts,, (8.14) and the strong Markov property, we see that

B(wx, A) = Py, (Ta < ts,) + Eo. [1{@ < Ta}By,, [exp ( - ¢>( 2)d ) (YTK,A)}

= o (T < tyy) + (s, A) By [Utar < Ta}(V,, K)| + 2,

0

(8.51)
where |&| < C’log el by (8.49). If we set
a(zk, A) = By [I{tsr < Ta}®(V,,, K)] <1
then (8.51) can be rearranged to obtain
Px (TA < t3r) +€2
P A) ==K 8.52
(I'K, ) 1—0&(1‘}{,14) ( )
Plugging this into (8.50) gives
P, (TA < t37-) + &
O(x, A) = d(x, K)—X
(J}, ) (JJ, ) ].—CE(:L’K,A) +81a
and thus Bz, K)
log(A2)D(z, A) = —— ) 1og(A2)P,, (T .
0g(A?)B(r, A) = T s 10g(A) Payc (T < i) + &5 (8.53)

where |&| < Ceg /(1 — a(rk, A)).
Now consider a(zk, A). By recurrence, 1{t3, < Ta} — 1 P;,-a.s. as A — oo, which
implies the limit
oz, 00) = hm oz, A) = By [(Yy,,, K)]

A—o0

exists. By monotonicity (Lemma 8.3), |Y3,,| < 3r, and recurrence, we have o(zk,0) <
®((3r,0), K) — 0 as K — oo. If we let Kj satisfy a(xg,00) < 1/2 for all K > K, then
|€5] < 2Ceg. Thus, assuming in addition that K > Kj, we have from (8.53) and the

above,
log(A%) Py, (T4 < t3,)

li log(A%)®(z, A) — ®(z, K < Cek. 8.54
im sup 0g(A%)®(z, 4) — &(z, K)— S Py < Cexk (8.54)
By (5.12), (log A?) xK(TA < tsr) is bounded above for large A and approaches
p(3r,zx) :=2(log|zk| — By [log|Ye,,|]) > 0as A — oc. It follows from (8.54) that
. 9 p(3r, xK)
limsup |log(A*)®(z, A) — ®(x, K) ———F———| < Ceg. (8.55)
A—o0 1- Oé(ﬂ?K, OO)

The fact that ex — 0 as K — oo now implies A — log(A?)®(z, A) as A — oo is Cauchy,
hence there exists c4(x) € [0,00) such that lim 4, log(A?)®(x, A) = cy(z).
To check that c¢(x) > 0, note that (for K large as above) (8.55) implies

O(z, K)

B ek Rl > _ )
T p—— Cex > p(3r,zg)®(x, K) — Ceg

lgn inf log(A?)®(x, A) > p(3r, vx)
— 00

The right-hand side above is positive if, for large K, ®(z, K)/ex — o0 as K — oo (note
that p(3r,zx) — o0 as K — o0). Using ®(z, K) > P,(Tk < t3»), we have

oz, K) _ VK VK
> P,(Tk <tsy) = ———=log(K)P,(Tx < t3.) — K —
ek logK (Tk ar) (log K)? 0g(K) P (T ar) = oo as o0
by Lemma 5.3. Hence, cy(z) > 0.
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Finally, suppose 0 < |z| < 3r. By the strong Markov property, for A > 6r,

T4

O, A) = Bu[exp(— [ 6(¥)ds) @ (¥, 4)].

0
By monotonicity (Lemma 8.3) and Lemma 8.4,
log(A%)®(Yr,,, A) <log(A%)®((6rV 2,0), A) < Cg.15log(6r V 2),
and also converges to c4(Y7,,) > 0 a.s. as A — oo, by the above and |Yy,,.| > 3r. Apply
bounded convergence to obtain existence of the limit

Tar

lim log(A%)®(x, A) = E, [exp ( - ¢)(Ys)ds) c¢(YT4,,,)} > 0.

A—o0

This completes the proof of (8.47). O

Proof of Proposition 1.1 (d = 2). Let ¢(z) = k(z), so ®(z, A) = E, [exp (— fOTA k:(Ys)dsﬂ.

By Theorem 8.13, for z # 0, the positive limit c;(x) = lim 4, log(A42)®(z, A) exists. By
Lemma 8.4, there is a constant C' > 0 such that for all large 4, (log A%)®(z, A) < C for
all |z| < 2r. Therefore, by bounded convergence, if Y, = U, the limit

Ta
lim (log(A%))Ey, [exp ( - k(}’s)dsﬂ = lim E(log(A%)®(Yy, A)) = E(cx(Yo)) > 0
A— oo 0 A— o0
(8.56)
exists. That is, (8.3) holds for Y; = U, and by Proposition 8.1, the limit
tlim (logt) Py, (k > t) = E(cr(Yp)) > 0
exists, which is exactly (1.16). O

Remark 8.14. Theorem 8.13 is proved for continuous time rate 2p|B,| random walks
Y; with step distribution (1.3). The result is needed in our proof of Proposition 1.1
because the dual particle difference ét behaves like Y; when |£t\ > 2r in our fixed radius
case of the SLFV. With a view to the variable radius case in (1.17), we remark that
Theorem 8.13 holds for more general radially symmetric step distributions. Assume
rmax > 0 and suppose v is a probability measure on [0, rmax] with a bounded density such
that [;™ p~?v(dp) < oo, and consider the step distribution on R? given by

/mwmmee» (8.57)
0

where U is uniform on B;(0). A bit of calculus shows that in the variable radius case
(1.17), ét behaves like a fixed rate random walk with step distribution satisfying (8.57)
for appropriate v when |£t\ > 2rmax. Theorem 8.13 holds when Y, is a continuous time
rate A > 0 with this step distribution (8.57). The modifications needed to prove this are
minor. Of course this will not immediately give Proposition 1.1 as we no longer have an
identity like (8.1) which arose from our time-change representation for the difference of
the dual components.
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