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A product of invariant random permutations has the same
small cycle structure as uniform*
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Abstract

We use moment method to understand the cycle structure of the composition of two
independent invariant permutations. We prove that under a good control on fixed
points and cycles of length 2, the limiting joint distribution of the number of small
cycles is the same as in the uniform case i.e. for any positive integer k, the number
of cycles of length k£ converges to the Poisson distribution with parameter % and is
asymptotically independent of the number of cycles of length &’ # k.
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1 Introduction and main results

We denote by &,, the group of permutations of {1,...,n}, by # o the number of
cycles of o of length k, by # o the total number of cycles of o and by tr(c) := #; 0.

The cycle structure of a permutation chosen uniformly among the symmetric group &,,
is well understood (see e.g. [2] for detailed results). In particular, the following classical
result holds:

Theorem 1.1. [1, Theorem 3.1] If o,, follows the uniform distribution on &,, then for

any k > 1,
d
(#lo.na"'v#ko-n)—>nk = (61762?"'76147)? (11)
n—oo
where —%— denotes the convergence in distribution, &1,&,, ..., & are independent and
n—oo

the distribution of ¢; is Poisson of parameter é.

In this work, we question the universality class of this convergence. We show that a
product of conjugation invariant permutations that do not have too many fixed points
and cycles of size 2 lies within this class. More precisely, we have the following.
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A product of invariant random permutations has the same small cycle structure

Theorem 1.2. Let (0,,),>1 and (p,)n>1 be two sequences of random permutations such
that for anyn > 1, o, € 6, and p,, € &,,. For any k > 1, let t} := #(onpn). Assume that

- For anyn > 1, o, and p,, are independent. (Hy)
- Foranyn > 1, foranyo € &, 0 lo,0 25, or o ppo 4 Pn- (Hz)
- Forany k > 1,
. #1 On F _ . #1 Pn F _
nILH;oE << NG = and nILrI;OE NG =0, (Hs3)
E n . E n
lm 229 g pm EG220) (Hy)
n—oo n n—00 n

Then for any k > 1,

d
(7117 gath) Mk -
n—00

The result can be extended to more than two permutations. We refer the reader to
Section 3.1 for details. Similar results have been obtained in [9] for permutations that
are equicontinuous in both coordinates and converging as a permuton (see definitions
there). With the motivation of random gluing of polygons, a stronger convergence (in
total variation distance) was established in [4] when one of the permutations has all
its cycles of length at least 3 (see also [5]) and in [3] when one of the permutations is
an involution without fixed point. None of the previous results covers for example the
product of two Ewens distributions. They are known to satisfy the convergences required
in H3 and H, so that our result tells that the product of two Ewens distributions behaves
like a uniform permutation, as far as small cycles are concerned. In our framework, in
the case of two permutations, a weaker result can be obtained without any hypothesis
on the cycles of size 2.

Proposition 1.3. With the same notations as in Theorem 1.2, under H,, H, and Hs, we
have convergence of the first moment i.e for any e > 1,

i w1
g Bl = ¢

Note that when one of the permutations o,, or p,, follows the uniform distribution,
under H1, the product also follows the uniform distribution and Theorem 1.2 is a direct
consequence of Theorem 1.1.

Our motivation to understand the cycle structure of random permutations is the
relation, in the case of conjugation invariant permutations, to the longest common
subsequence (LCS) of two permutations. For example, using [6, Theorem 1.2] and that
LCS(o,p) is equal to the length of the longest increasing subsequence of o~ !p, if 0, 1p,,
is conjugation invariant and

#(O',,:lpn> d 0
\6/5 n— oo ’
then for any s € R,
In n—o0

where F5 is the cumulative distribution function of the GUE Tracy-Widom distribution.
Another motivation comes from traffic distributions, a non-commutative probability

theory introduced in [8] to understand the moments of permutation invariant random

matrices. As shown in [8], the limit in traffic distribution of uniform permutation matrices
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is trivial but Theorem 1.1 can be seen as a second-order result in this framework. It
is therefore natural to ask about limiting joint fluctuations for the product of several
permutation matrices, which is a really non-commutative case. To emphasize this
relation, we rewrite Theorem 1.2 as follows.

Corollary 1.4. Under H,, Hy, H3 and Hy, for any k > 1, (tr(op), tr((op)?), ..., tr((op)"))
converges in distribution to (&1,&1 + 2o, . . ., Zdlk dq), where &1,&s, ... are independent
and the distribution of £; is Poisson of parameter %

It means that in this framework, the fluctuations are only governed by an hypothesis
on fixed points and cycles of order two. The optimality of conditions H3 and H, will be
discussed at the end of the paper.

2 Proof of results

We begin with a few preliminary remarks and simplifications.

First of all, the equivalence between Theorem 1.2 and Corollary 1.4 is due to the
following classical argument. For any o € &,,, if ¢;(0) denotes the length of the cycle of
o containing 7,

tr (") =D Toriy=i = D Leito)k = D Y Leo)=s = ) J#i0- (2.1)
=1 i=1

jlk =1 Jlk

In the hypothesis H,, we assume that one of the permutations, say ¢,, may not have a
conjugation invariant distribution. In fact, it is enough to prove Theorem 1.2 in the case
where both permutations are conjugation invariant. Indeed, if we choose 7,, uniform and
independent of the 0 — algebra generated by ¢, and p,,, the cycle structure of o, p,, is
the same as

_ _ _ d _
Tn 1Unpn7'n = (Tn 1UnTn)(Tn lpnTn) = (Tn lanTn)pn

and (7, 10,7,) is also conjugation invariant.

2.1 Preliminary results

To prove Theorem 1.2, we will use the same objects introduced in [7, pages 12-13]
where one can get further details and examples. To a couple of permutations and a
subset of p indices, we will associate a set of 2p graphs. For technical reasons, we
prefer working with o, !p,, rather than o,,p,, : for any k > 1, we define t? := # (0, 1p,).

Under H,, o, < o, ! and consequently under H; and Ho, Vk > 1 (t7,t3,...,t?) and
(th,t%,...,17) have the same distribution.
Let us now recall the combinatorial objects we will use.

* We denote by G} the set of oriented simple graphs with vertices {1,2,...,n} and
having exactly k£ edges. We allow here loops but not multiple edges. Given g € G7,
we denote by £, the set of its edges and by A, := [1(; j)eg,|i1<ij<n its adjacency
matrix.

* A connected component of g is called trivial if it does not have any edge and a
vertex i of g is called isolated if E, does not contain any edge of the form (7, j) or
(j,7) nor a loop (7,7). Let g € G}, we denote by g the graph obtained from g after
removing isolated vertices.

* We say that two oriented simple graphs g; and g» are isomorphic if one can obtain
g2 by changing the labels of the vertices of g;. In particular, if g;, 9> € G} then
g1, g2 are isomorphic if and only if there exists a permutation matrix ¢ such that
Ag o =04,.
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* Let R be the equivalence relation such that g;Rg- if g1 and g» are isomorphic.
We denote by Gy, := Un>1G} /R the set of equivalence classes of U,>; G} for the
relation R.

Letn € N* and 0,p € &,,. Let m € {1,...,n} be fixed.

* We denote by (i7" (0, p) = m,i3'(0,p), ..., 1}, »(0;p)) the cycle of o~ lop containing
m, so that k,, (o, p) := ¢,n(071 0 p) is the length of this cycle. For | < k,,(o,p), we
define j;" (o, p) := p(i;" (0, p)). In particular, i{*(0, p),i5' (0, p), - -, 1}, (0, p) are
pairwise distinct and ji* (o, p), 5 (0, p), - - ., jgjn(mp)(a, p) are pairwise distinct. For
sake of simplicity, when it is clear, we will use the notations k,,, 7;* and j;" instead
of kn (0, p), i (o, p) and j;" (o, p) respectively.

+ We denote by Gi"(0,p) € G and GJ'(0,p) € Gj the graphs with vertices
{1,...,n} such that

km—1

km
Eg{”(mp) = {(ZTajl?Zn)}U ( U {(Zm—h]ﬁ)}> and Eg;”(a,p) = U {(Z;nrjlm)}
=1 =1

and by g, the graph such that A4, = 0. By construction, for any positive integer
m < n, GI*(o,p) (resp. G*(o, p)) is a sub-graph of g, (resp. g,). Moreover, we want
to emphasize that G]"(o, p) and G5* (o, p) have the same set of non-isolated vertices.
Fori € {1,2}, let G™ (o, p) be the equivalence class of G™(a, p).

* Let I = (s1,89,...,s;) a set of distinct indices of {1,...,n}. We denote by

G'(a.p) = (G (0,0). G5 (0. 0). G1* (0, p), - .., Gi" (0. ), G' (9, p))
and R R R R R R
G'(0.p) = (G (0.0).G5' (0.0), G1* (0, p), - .., G (0. ), Gs' (0, ).
 Foric {1,2},let 951’2""’6}(0, p) be the graph such that ng’2"”’“ (0,0)
and g“j“ """ 2}(0, p) be the equivalence class of Qi{u """ e}(a, p).

_ ¥ )
=Uj=186i (6,p)

Using the conjugation invariance, Theorem 1.2 is a direct consequence of the follow-
ing: under the same hypotheses, for any ¢ > 1, for any ej,es...,ep, > 1,

Gmo S (G (0 ) = (1,002 50) = Corenners ()

9i,9;€Ge,, 1<i<t

where C¢, e, ..., is @ constant independent of the laws of the permutations. Note that,

for any e; > 1, the cardinal of ([A}e,i and therefore the number of terms of the sum is finite.

Let us explain briefly why (*) implies Theorem 1.2. First, for any ey, ..., e;,, we have

.....

P (ci(oy o) = €1, - oo pn) = )

= Z P (6{1727...7€}(0n’pn) = (glagllag% .. gé)) . (2'2)

3i,9/€Ge,;, 1<i<e

Moreover, using the relation (2.1), one can check that the joint moments of (t~7f, o ,f};)
can be expressed as follows: for any ¢1,...,4, in {1,...,k},

. - 1 m n

p=1li,=1

1
=— Z P (ci, (07, pn) = b1, ... cin (07 pn) = ) -
T e
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Fori := (i1,...,im) € {1,...,n}™, denote ker(i) the partition of {1,...,m} such that
p and ¢ are in the same block whenever i, = i,. By conjugation invariance, for any
ie{l,...,n}™, the quantity P (c;, (c,,'pn) ={1,...,¢i,, (07 pn) =€) depends only on
ker(i) and is denoted PP(ker(i)). For any partition A of {1,...,m}, if |\| denotes the number
of blocks of a partition ), there exist ey, ..., e[y such that

P)\) =P (cl(aglpn) =eq,.. .,cw(a;lpn) = ew) ,
so that L
E(&),...0 )= ﬁZn(n —1)...(n— |\ + )P,
ol 5

which together with (2.2) makes the link between (*) and Theorem 2.
Before getting into the proof of (¥), let us gather some useful combinatorial and then
probabilistic results.

Lemma 2.1. [7, Lemma 15] If my € {i"*,1 <1 < ky,, }, then G{"* (o, p) = G{"* (0, p) and
2 ' (0,p) =G5 (0, p).
Lemma 2.2. For any m < n, for any permutation o,p € G,

_ AT
Ag{n(o—7p) - Agé’(m) (p—170.—1) :

Proof. 1t is easy to see that by definition &,,(p, o) = kn (0o, p) and

]Zn(pvo-) = jl?:n(o',p)7£+1(0-7 p)7 V1 < 14 < km(J, p)a

-1,

2 (pv U) = i?m(a,p)few(ff’ p)7 V2<({< km(aa p)v
it'(p,o) =ii" (0, p) = m,
and Lemma 2.2 follows O

Lemma 2.3. If all non trivial connected components of G (o, p) and G5 (o, p) have 2
vertices then both G{"* (o, p) and G3"* (o, p) have no 2-cycles.

Proof. Using the symmetries of the problem (Lemmas 2.1 and 2.2), it suffices to prove
that if all non trivial connected components of G; (o, p) and Gi (o, p) have 2 vertices then
it is impossible to have at the same time (1,2) € Ga (o, p) and (2,1) € Ga (0o, p). To simplify
notations, let k1 := ki (0, p) = c1(c7 0 p), il :==il(o,p) and j! := jl(o, p).

Let A= {n>1;j} € {i1,45,...,i, 1} ori, € {ji,j3,...,j5_1}}. Suppose that (1,2) €
Gi(o,p) and (2,1) € G (o, p) then k; > 2 and there exists a unique 1 < I < k; such that
i; =2 and j} = 1 so that A is non-empty. Let ¢’ := inf(A) > 2. Assume that ¢ > 2. If j, €
{it,id,...,i},_,}, then there exists ¢/ < ¢ such that j}, = i}, and since the component
of G3(o, p) containing i}, has two vertices and by definition (i}, j},) and (i}, j}.) are two
edges of G (o, p), then jj, = iy Since (i}, 3 1) = (jjr,jp_1) and (if, 1, jjn ) are edges of
Gi(o, p) and since Gi (o, p) has only connected components of size 2, we have necessarily
i¢ny1 = jpi_1- One can check easily that ¢/ < ¢’ — 2 otherwise either G (o, p) or G3(a, p)
has a loop. Indeed, if /" = ¢' — 2, then (i, 1. jjnyy) = (Gp_1:Jpri1) = (1. dp_1) is an
edge of G; (o, p) and if /" = ¢’ — 1, then (Z%”—s—l’jl}”) = (Jpr—1,dpn) = (Jir_1:Jb—1) is an edge
of Gi(o, p). This implies that ¢/ — 1 € A, which is absurd. i}, € {j{,j3,...,j}_,} can be
treated using the same techniques and one can extend easily to ¢/ = 2. O

We now introduce the following notation: given g € G}, we denote by
Gn,g = {0' € Gn,V(Zh]) c Eg,cr(i) = ]}

In other words, G,, , is the set of permutations o such that g is a sub-graph of g,. It is
not difficult to prove the two following lemmas.
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Lemma 2.4. Let g1,91,92,...,9;, € UG} and let g,g' be such that E, = Uf_ | E,, and
Ey = Ui?:lEglf. Assume that there exists p, o such that

Gt M (o, p) = (g1, 91, 92, -, 91)-
Then for any random permutations p,,, o,

k
P (ﬂ{an € GngirPn € Gwi}) =P (g{l’z’""k}(ﬁn,pn) = (91,9192, - -- ,gfc)>

=1

_p ( 1{1,2,...,16}(0"7;)”) —g 2{1,2,...,k}(gmpn) _ g') .

Proof. We will only prove the first equality. The second one can be obtained using the
same argument.
Let o/, p’ be two permutations. We have seen that G5*(¢’, p’) is a subset of g,/, so that

G5' (0" p') = G = P' € G g,
and that G7"(o’, p') is a subset of g,/, so that
g{n(o,/’p/) = Ggm = o € 6n,gm~

Consequently,

k
P (g{1727“.7k}<0n7pn) = (glagiag27 e 79;9)) S P (m{an S 6n7gi7pn S 6n,g:}> .
i=1

Now suppose that there exists p’, ¢’ such that

G2 (o' o) = (g1, 91, 92, - -, G1)-

Leto, psuchthato € N}_, &, 4, and p € Nf_, &, ;. By definition and by iteration on £, one

can check that for any ¢’ < k, it,(o/, p') = i%, (0, p) and jf (o', p') = jk (o, p). Consequently,

G2 (g, p) = (g1, 91, 92, - - -, G1)-

Finally we obtain

k
P (g{1’27“"k}(0n»pn) = (9179’1,927.--,92)) > P (ﬂ{on € &y givpn € Gn,g;}> . O

i=1

Lemma 2.5. [7, Lemma 16] Let g1, g2 € G}}. Assume that there exists p € &,, such that
Ag,p = pAy, . If p has a fixed point on any non-trivial connected component of g;, then
Gngr NGy, =0 orAy =A,,.

Lemma 2.6. For any graph g € G} having f loops, p non-trivial connected components
and v non-isolated vertices, for any random permutation o, with conjugation invariant
distribution on &,

Plon(1)=1,...,0n(f) = f) _ (n—0)!
Plon € Gny) < ) = op)
(n—w)! P
ECP 25 (2020), paper 57. http://www.imstat.org/ecp/
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Proof. It is an adaptation of the proof of [7, Corollary 17]. By conjugation invariance,
one can suppose without loss of generality that the loops of g are (1,1),(2,2),...(f, f)
and the set of non-isolated vertices of g are {1,2,...,v}.

If there exist 4, j, [, with j # [ such that {(¢,7) U (4,{)} C E4 or {(j,7) U (,7)} C E, then
S,y = 0. Therefore, if G,, ; # 0, then non-trivial connected components of g having w
vertices are either cycles of length w or isomorphic to g,,, where A = [L=it1)i<ij<w-

Let g € G} such that &,,, # 0. Fix p vertices 1 = 1,20 = 2,...,25 = f,Zf41,...,2p
each belonging to a different non-trivial connected components of g. Let 2,11 < zpy2 <
.-+ < m, be such that {zp41,...,2,} ={1,2,...,v} \ {z1,...2,} be the other non-isolated
vertices. Let

F ={(yi)p+1<i<o; ¥ € {1,2,...,n}\ {z1,...2p} pairwise distinct}.

Given y = (¥;)p+1<i<o € F, we denote by g, € G} the graph isomorphic to g obtained by
fixing the labels of 21, 29, ..., 2, and by changing the labels of x; by y; forp+1 <1i <.
Since non trivial connected components of g of length w are either cycles or isomorphic
to gu, if y # ¥ € F, then g, # g, and by Lemma 2.5, &, 4, N &, 4, = 0. Since o, is
conjugation invariant, we have P(o, € &,,4,) = P(0n € Gp,g,) = P(0, € 6, 4). Remark
also that for any y € I’ and any ¢ < f, (i,7) is a loop of g,. Thus, &, ,, C {0 € &,;Vi <
f,on(i) =i} and thus

ZyeFIP(an €6,y,) Plo,€ UyerGn,g,)

Plon € Gng) = card(F) - card(F)
Plon(l) =1, ...00(f) = f) _ (n—v)!
: (n—p)! St-pt ©

(n—wv)!
Lemma 2.7. Let 0, be a random permutation with conjugation invariant distribution on

k
&,, such that, for any k > 1, lim,,_, o |E <<#\1FZ“) ) = 0. Then, forany f > 1,

I
2

P(on(1) =1,...,00(f) = f) = o(n™ ).

Lemma 2.8. For any p > 1, let g be a graph with p non trivial components each having 2
vertices. Assume that at least one of these components is a cycle. Then for any random
permutation o,, with conjugation invariant distribution on G,

(n —2p)!P(cy(on) = 2)
(n —p)!

P(op, € G, y) < .
Proof. Remark that by conjugation invariance, one can suppose without loss of generality
that the set of non-isolated vertices of g are {1,2,...,2p} and that (1,2),(2,1) € E,. Using
the same definitions as the previous proof with f = 0 and v = 2p and by choosing x; =1,
we have 6,, ,, C {0 € &,;c1(0) = 2}. Thus,
verp Plon € 6, P(o, € UyerS, P n) =2
IP(CTn c 67;,_9) — ZJGF ( 191/) — (U yeF 7gy> S (Cl(g ) )
’ card(F) card(F) card(F)

(n—2p)!P(c1(0,) = 2)
(n—p)!

O

By the previous combinatorial lemmas, we get that the main contribution will come
from the following subset of graphs. Let 7, C G} be the set of graphs g having exactly &
non trivial components each having one edge and two vertices.
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® & & o O O
Oaoloaol0a6loa0l0a0I0a0]

Let 7A7C be the equivalence class of the graphs of U,7,". Their contribution is as
follows.

E.g. T2 =

Lemma 2.9. For any p > 1, n > 2p and any graph g € 7', for any random permutation
o, with conjugation invariant distribution on G,,,

(n —2p)! PP -p
(n—p)! (1 n—1

(n —2p)!
(n—p!

P(on(1) = 1) < Ploy € 6,.) <

Proof. The upper bound is due to Lemma 2.6 with v = 2p. Using the conjugation
invariance again, one can suppose without loss of generality that

Eg = {(Lil)a (27i2)a ) (p7 Zp)}

where i; > p are all distinct. Let
&P = {0 €6,,Vi <p,o(i) > p}.

By conjugation invariance, for any 7 < p,

=P(on(1) =1) + (p — DP(on(1) = 2)

P(on(1) = 1) + (p— 1) 22 IE;(TLF) — i)

= B(o, (1) = 1) LR =)L)

Again by the conjugation invariance, we have that

P(o,€62)=1-P(0,€6,\62)>1-— iP(Jn(i) <p)
! (1= Ploa() = ))p— 1)
n—1

L=p|P(on(l) =1) +

2 _
>1-P f—pIP(anu) =1).

In particular, if P(o,, € &2) = 0, the lower bound is trivial and one can now assume that
P(o, € 62) > 0. AsP({0, € &, 4} N {0, € 6, \ &2}) =0, one can write P(0, € &,, 4) =
P(o, € 6, 4lon € G2)P(0,, € GF).

Using again the conjugation invariance, we obtain

(n —2p)!

P(on & Gnglon € &) = =0

and conclude the proof. O
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2.2 Proof of Proposition 1.3

Proof. We will adapt the proof of [7, Lemma 14]. Let ¢; > 1 be fixed. In the case £k =1,
since C,, = 1, (*) holds if we have:

LA - o Cor s 1
V91,92 € G, P (G100 p0). B30 p)) = (91,92)) = =222 40 (n)

and Z Ch..90 = Ce, = 1.

91,§2€GCe,
Let 1,02 € @el. We denote by
a A L 51 1 A oA
Pu(1,32) =P ((G1 (00, pn) G3 (s p0) ) = (91,4)) -

Let B, ., be the set of couples (g1, g2) € (G?,)? having the same non-isolated vertices
such that 1 is a non-isolated vertex of both graphs and, for i € {1,2}, the equivalence
class of g; is §; and there exists o, p such that G}(o,p) = g1 and Gi(o,p) = g2. By

Lemma 2.4 and H;, we have

pn(glv.@Q) = Z P ((g%(o—napn)vgzl(an»pn)) = (91792))

(91:92)€By, 5,

_ Z IP(CTn S Gn,gl,Pn S 6n,g2)

(91:92)€By, 5,

= ]P(Un S Gn,gl)IP(pn € Gn,gg) (2.3)
(91,92) B3, .62

The graphs g1, g2 being fixed, it determines the number v < 2e; of vertices of the graphs
g1 and gs. In particular,

n n—1 2
card(By, ;,) < <v B 1)1;! .

Indeed, there are (Zj) possible ways to choose the non-isolated vertices (other than 1)
and for every choice of non isolated vertices, there is at most v! possible labellings of §;
(to obtain the graph g;) and at most v! labellings g» (to obtain the graph g-). Let p; and
p2 be respectively the number of connected components of g; and gs.

Starting from (2.3), we now distinguish different cases, depending on the structure
of !71 and 92.

» Case 1: §; and g» have respectively f; and f> loops i.e edges of type (i,i) with
f1+f2 > 0. Then2p17f1 gvand2p2—f2 S"U.
Consequently, by Lemmas 2.6 and 2.7,

Pn(G1,G2) = 0<nw> Z (n—=2v)! (n—0v)!

(91,92)€B (n_pl)! (n_pz)!

o
91,92

n—uov)! (n—o)! —f1—fa
= card(B, ,,) ((”—pl))!((n _p;)!o(” 2 )

n—1\ 5 (n—uv)l (n—2ov)! —hota
= (vl)vl (nfpl)!(npr)!O(n )
= pvTl-(v=pitv-p), (n7f127f2> =o(n™t).
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* Case 2: g1 and g2 do not contain any loop, so that p; < 7 and p, < 5. Then, again
by Lemma 2.6,

0,9 (n—v)! (n—v)!
p’n(glag2) < (91,92)2351@2 (’ﬂ 7p1)' (n 7p2)|
= card(thgz) (n—v)! (n—uv)!

(n —p1)! (n— p2)!
< (n - 1)1}!2 (n—v)! (n— U)!! e <nv—17(v7p1+v7p2)) '

v—1 (n—p1)! (n—p2)

Therefore, if p; < 3, asp; < ”51 we have

3
2

).

Pn(g1,G2) = O(n~
The same holds if po < 7 and the only remaining terms are the cases when
p1 = % =e; and py = % = e;. In this case, both graphs have necessarily connected
components having two vertices. By Lemma 2.3, we obtain that the only non trivial
contribution comes from §; = §» = 7.,. By Lemma 2.9, we obtain

card (B2 (n—v)! (n—v)!

) o e GO S pa(Ter 7o)

(n—ov)l (n—2o)!
< card(B% - .
(57, 7.,) (n—p1)! (n — p2)!
Moreover, each element of BZ. . can be characterized by a choice of 03,18, ... i¢,
o1 Tey
jis---Jje, pairwise distincts in {2,3,...,n}, so that
(n—1)!
card(B: -~ )= —F"—.
( 7—6177—61) (n—2€1)!

Since v = 2p; = 2ps = 2¢1, we get that

1—&-0(1)'

pn(’?\—ela’?\—el) =

~

Summarizing all cases, we get that Cy, 45, = 0 unless §; = §» = 7¢,, in which case

Cﬁ17ﬁ1 =1. O

2.3 Proof of Theorem 1.2

The proof of Theorem 1.2 is similar to that of Proposition 1.3. Instead of studying
G}, we study g}l*Q""’k}. We will prove using the same argument that only the event

{(o, p); Vi e {1, 2},9}1’2""”“} (o,p) € Up217;"} will contribute to the limit.

Proof of Theorem 1.2. Lete=(ey,eq,...ex) be fixed. Our goal is to compute P((c,, p,) €
Ae) where

Ao :={(0,p);Vi < k,ci(07 p) = e}
If Vi < k,c;(0~'p) = e;, then

{1,2,....k >{1,2,....k =~
G2 o), G Mo e | G,
p<23°F e
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Since [, <, sk e, Gp is finite and A can been as the disjoint union

Ae = |_| ) ({( P); (5{12 ..... k( )é{ 2,0 k}(o,ﬂ))=(§1,§2)}ﬁAe)

91,92€U,, <5 SE e Gp

it is sufficient to prove that for any pair g;, g2 € Up<2 Tk en @p having the same number
of non-isolated vertices, there exists a constant Cj, 5, e such that under the assumptions
of Theorem 1.2,

P ((7:00) € {(:0): (61" (020). 88 (0.9) ) (31,52 | 1 Ao)

C.‘A]l)gZ:e 1
= o)

Let §1,92 € Up<2 Tk en @ be two unlabeled graphs having respectively p; and po

n,e

connected components and v vertices. Let B;' - be the set of couples (91, 92) with n
vertices, having the same non-isolated vertlces such that

- 1,2,...,k are non-isolated vertices of both graphs,

- for i € {1, 2}, the equivalence class of g; is §;,

- there exists o, p such that fori € {1,2} and j € {1,...,k}, gi{l’Q’“'k}(a, p) = g; and
ci(c™tp) =e;.

As before, we denote by

Prc(d1,92) = P ((on pu) € {(020)s (G2 (020), G5 (0,0)) = (31.32) } N1 A )
and we have

Pra@ng) = Y P((61 (00 p0), 655 (00 p0)) = (9192))

(91,92)€B5%,

= Z ]P(O'n S Gnhqlapn S 67’1,92)

(91,92)€B3%;,

= Z P(o, € 6n,g1)IP(pn € 671,92)-

(91,92)€B 91‘92
Starting from there, we distinguish different cases:

» Case 1: §; and g§» have respectively f; and f> loops i.e edges of type (i,i) with
f1+ fo > 0. Then 2p; — f; < v and 2p, — fo < v. Consequently, by Lemmas 2.6
and 2.7,

(n—v)! (n—wv)! —f1-f2
(n—pl)!(n—pg)!o(n ’ )

n—k\ o (n—-v) (n—2o)! —f1-f2
(v—k‘)v! (n—pl)!(n—pg)!o(n ’ )

v—k—(v— _ —f1-f2 _
= pv k= (=pitu=p2), (n 2 )ZO(N ").

pwt,e(gla.@?) - card( 01,02)

IA

 Case 2: g; and g do not contain any loop. Then p; < 3 and p2 < 3. Consequently,
(n—ov)! (n—2v)!
(Tl 7])1)' (Tl 7[)2)'

n—=k (n—v)! (n—wv)! ke (v— _
< vl? < Opv—k—(v=pitv—p2)
- <v—k> (n—p)!(n—p2)! —

pn,e(gla ﬁz) < Card(Bgle!h)
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Therefore, if p; < § or p; < § then p, c(41,92) = o(n~*). The only remaining terms
are the cases when p; = % and p; = % In this case, both graphs have necessarily
only connected components having two vertices. Assume that one of the two graphs
has a cycle. Then, by Lemma 2.8, we have

(n—v)! (n—wv)!

Pne(d1,G2) < Z (P(ci(0n) = 2) +P(cr(pn) = 2))
(91,92)€B%;, (TL - pl)! (n - pg)!

< O(P(ei(00) = 2) + Pler(pa) = 2))n .

Under H,, we have P(ci(0,) = 2) + P(c1(pn) = 2)) = o(1) so that py.e(d1,G2) =
o(n~*) as soon as one of the graph has a cycle.

~

As before, the only non-trivial contributions come from the cases when §; = g2 =7,
for some p < Zle e; and by Lemma 2.9, we obtain

card(BX°. ) (n—v)! (n= U)!! (1 -0 (i)) < Pne (ﬁv 7\;)

70T/ (n— p1)! (n — p2)

n,e (TL*U)' (n—fu)!
< B ) =l (=)t

One can conclude since, for any n > 2p,

n, i n—k
card (Bﬁeﬁ) = card(B%%) (Zp B k:)

Indeed, one can write Bﬁ’e% as the disjoint union
py’p
(B;i;e% N{1,...,k,41,..., 0l are the non-isolated Vertices})
hH1<h<o<lopp<n "

where each set has the same cardinal, which is equal to card(B;’”f’? ).

py’p
Consequently, Cj, 5, = 0, unless there exists p < Zle e; such that (g1, g2) = (T, 7p)
and then
2p,e
card ( = 7A_)

p>'p

CF e = (2p—k)!

As the constants Cjy, 4, e do not depend on the distributions of o,, and p,, this concludes
the proof of Theorem 1.2. O

3 Further discussion

3.1 Extension to the product of more than two permutations

Using the same technique of proof, one can obtain a similar result for the product of
m permutations.

Proposition 3.1. Let m > 2. For1l < { < m, let (oﬁ)nzl be a sequence of random
permutations such that for anyn > 1, o, € &,,. For any k > 1, let t} := #([[,~, 0%).
Assume that

- Foranyn > 1, (¢},...,0') are independent. (Hy)

— Foranyn >1and1</{<m, foranyo € G,
U_lafla 4 Ufl, (H>3)

except maybe for one £ € {1,...,m}.
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— There exist 1 <1 < j < m such that for any k > 1,

i\F i\ *
nler;oE<<#\>g”) ) =0 and nler;oE<<#\>g%> ) =0, (H})

E(#2 o7,) E(#20))

lim ————"* =0 and lim ———2~ =0. (H})
n—oo n n— 00 n
Then for any k > 1,
(67,85, ) —— g
n—oo

The case m = 2 is given is Theorem 1.2. To extend to m > 2, we will proceed by
induction on the number m of permutations using the following lemma.

Lemma 3.2. Let (0} ),>1, (02),>1 be two sequences of random permutations such that

foranyn > 1, o},02 € &,,. Assume that (H;) and (H,) hold and that, for any k > 1,

1\ * 1
lim E((#“’") ):o and Tim C02%) _

n— oo \/’ﬁ n— 00 n
then
1.2\\F 1.2
E
i E((#()) ):o and 1 E2(0iod) _ o 31)
n— o0 \/ﬁ n— 00 n

Proof. We will only give a sketch of the proof. The idea is to repeat the same study as in
the case m = 2 in the two particular quantities.

e Take k > 1and e; = e; = --- = ¢, = 1. One can show that, under the hypotheses of
Lemma 3.2,
. k A{1,2,. kY1 2\ _ (s ol oo N ) _
n114>ngo Z nz2P (g (Jnvan) (glvgla927"'gk) 0.

9:,9/€G1,1<i<k

This leads to the first limit in (3.1).
* Take k = 1 and e; = 2. One can show that, under the hypotheses of Lemma 3.2,

T S P ((Gloh02),G(0h,02)) = (31,62)) = 0.
41,5260,

This leads to the second limit in (3.1). O

3.2 Optimality

In this last subsection, we make a few remarks on the optimality of the assumptions
Hs and H, in Theorem 1.2. We assume hereafter that H; and Hs hold true and consider
for the sake of clarity the case m = 2.

e The assumption Hj is optimal in the sense that
if liminfn~ % min(E((#1 0,)"), E((#1 pn)")) = e > 0,
n—oo
then liminf B((#1(0npn))*) > E(EF) 4 &2,
n—oo

Indeed, going back to the equation (*), one can see that in the case ¢y = e; =

- = e, = 1, if § is the class of the graph with adjacency matrix Id, the event
{(3}727“-”“(%,%), gAé’Q""’k(on,pn)) = (g, 9)} will contribute to the limit, leading to
the term 7.
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e Similarly H, is optimal in the sense that if

(min(E(#z on), E(#2 pn))

n

lim inf
n—oo

) —¢' >0, then liminfE ((#1(0npn))2) >94e?
n—oo

Indeed, as above, in the case e; = ey = 1, if §’ is the class of the graph with
adjacency matrix (91), the event {(G1'** (o, pn), Go > * (0, pn)) = (9, §)} will
contribute to the limit.
¢ Assume now that one of the bounds in Hs is not satisfied. More precisely, assume
that there exists £ > 1 such that
liminfn 2 B((#100)F) = £, > 0, or liminfM =¢' >0.

n— oo n—oo n

Then, by similar arguments, one can check that the convergences

: . E "
Vk > 1, lim n E((#1 p2)") =0 and lim Bl#zom) _

n—00 n

are a necessary condition to obtain (1.1) and that the convergences

Vk > 1, lim nng((#l p")k) =0, limsup nng((#l crn)k) < 00
n—oo

n—oo

and lim,_, M = 0 are a sufficient condition to obtain (1.1).
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