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Abstract

We study the asymptotics of Schur polynomials with partitions A which are almost
staircase; more precisely, partitions that differ from ((m — 1)(N — 1), (m — 1)(N —
2),...,(m — 1),0) by at most one component at the beginning as N — oo, for a
positive integer m > 1 independent of N. By applying either determinant formulas or
integral representations for Schur functions, we show that 3 log SA(MSA(Z’fz":L)I” )
converges to a sum of k single-variable holomorphic functions, each of which depends
on the variable u; for 1 < ¢ < k, when there are only finitely many distinct z;’s and
each u; is in a neighborhood of x;, as N — oco. The results are related to the law of
large numbers and central limit theorem for the dimer configurations on contracting
square-hexagon lattices with certain boundary conditions.
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1 Introduction

Schur polynomials, named after Issai Schur, are a class of symmetric polynomials
indexed by decreasing sequences of non-negative integers (partitions), which form
a linear basis for the space of all symmetric polynomials; see [17]. Besides their
applications in representation theory, Schur polynomials also play an important role
in the study of integrable lattice models in statistical mechanics (see [1, 2]). One
example of such a model is the dimer model, or equivalently, the random tiling model;
see [8, 13]. In this paper, we study the asymptotics of Schur polynomials on partitions
which are almost periodic; the results are related the law of large numbers and central
limit theorem for dimer configurations on contracting square-hexagon lattices. The
connection between asymptotics of Schur polynomials and scaling limit of random tilings
has been investigated, see [11, 4, 5, 6] for uniform perfect matchings on the hexagon
lattice (random lozenge tiling); [7] for uniform perfect matchings on the square grid
(random domino tiling); and [3, 16, 15] for periodically weighted perfect matchings on
the square-hexagon lattice. This paper further develops the technique in [3, 16, 15] to
study the asymptotics of Schur polynomials on more general partitions. We shall begin
with the definition of Schur functions.
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Asymptotics of Schur functions on almost staircase partitions

1.1 Partitions, Young diagrams and Schur functions

We denote by GTX, the set of N-tuples )\ of nonnegative integers satisfying A\; >
A2...> Ay >0. For A € GTY, let

N
|A| = Z )\i-
i=1

A graphic way to represent a non-negative signature p is through its Young diagram
Y), a collection of |A| boxes arranged on non-increasing rows aligned on the left: with \;
boxes on the first row, A5 boxes on the second row, ..., Ay boxes on the Nth row. Note
that elements in G”JTX, are in bijection with all the Young diagrams with N rows (rows
are allowed to have zero length).

1.2 Main results
Before stating the main theorem concerning asymptotics of Schur polynomials in this

paper, we first introduce a few definitions, notation and assumptions. For any positive
integer a, let

[a] ={1,2,...,a}.

Let
X =(z1,...,zN). (1.1)
and
W = (wl,...,wN)7
where
ug, if 1 <i <k;
w; = ) ) (1.2)
zi, if k+1<i<N,
where £ is a fixed positive integer independent of V.
Of special interest is when a lot of values in z1, ...,z 5 are equal, in particular, when
there are only finitely many distinct values in z;,...,z5 as N — oo. The asymptotics of
Schur polynomials sy(z1,...,2x5) as N — oo in this case are related to the limit shape

and height fluctuations of perfect matchings on a square-hexagon lattice with periodic
weights; see [3, 15, 16]. Let n be a positive integer which is fixed as N — co. We may
make the following assumption.

Assumption 1.1. Let X be given by (1.1), and assume that in z1, ...,z N, there are only
finitely many different values as N — oco. Let x1 > x2 > ... > x, > 0 be all the distinct
values in X. For1 < j <n, let

E™N = |[{i:1<i < Na; = ;).

Then
KN
lim JJV =; €0,1]. (1.3)

N—o0

such that 377, v; = 1.

In Assumption 1.1, for 1 < j < n, we assume the asymptotical density of x; in
Z1,...,Ty is a constant ;. In the periodic case when

x;=24,Y1l,s€[N], [ —s) modn]=0,

it is straightforward to check that (1.3) holds with v; = % foralll1 <j<n.
The main theorem proved in this paper is the following.
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Theorem 1.2. Let A := (A\1,...,A\y) € GT}. Let m be a fixed finite positive integer
independent of N as N — oo. Assume

1. Ay = a1 N + O(1), where oy > 1 is a fixed positive number independent of N.
2. Forallthe2 < j <N, \; = (m—1)(N —j); and
3. Assumption 1.1 holds.

Then

lim — 1 (W)

im log ey = D [Q(w) — Qo)) (1.4)

where

7YL an
= > qjlog { } (1.5)

1<j<n

Moreover, the convergence in (1.4) is uniform when each u; is in a compact complex
neighborhood of x;.

Let A(™) be the staircase partition given by
A = ((m —1)(N = 1),(m —1)(N = 2),...,m—1,0). (1.6)

In this case, the asymptotics of Schur functions can be obtained by the following explicit
formula (see example 1.3.7 of [17])

xt =z
sxom) (T1,...,2N) = H W, (1.7)
1<i<j<N
and the asymptotics limy_,o + log i*(('"i))((v;)) can be shown to be exactly right side of (1.4)
- A m
from the formula (1.7) in a straightforward way. Theorem 1.2 discusses the asymptotics
of Schur polynomials on more general partitions; more precisely, the partition differs
from the staircase (1.6) by at most finitely many entries at the beginning. To prove
Theorem 1.2, we shall split + Llog $>Y) into the sum of 3 terms, one of which is given by

sx(X)
m W
« log S (X0 Since it is known that limy_, o0 = + log Zi(Ti((X))

side of (1.7), it suffices to show that the limit of the sum of the other two terms, as
N — oo, vanishes. Theorem 1.2 is proved in Sect. 2.

1 106 Sa0m (V) is equal to the right hand

1.3 Applications

Recall that a perfect matching, or a dimer configuration, on a graph is a subset of
edges such that each vertex is incident to exactly one edge. We consider the probability
measure on perfect matchings of a finite graph in which the probability of a perfect
matching is proportional to the product of weights of present edges. The asymptotical
formula for Schur functions given by Theorem 1.2 may be used to obtain the limit
shapes and fluctuations of perfect matchings on the square-hexagon lattice with certain
boundary conditions (contracting square-hexagon lattice), by the general arguments as
described in [3, 16, 15, 12]. More precisely,

1. for the weighted perfect matching model on a contracting square-hexagon lattice,
where the edge weights are periodic with period 1 x n and n is an arbitrary fixed
positive integer, the partition function (weighted sum of perfect matchings) can
be computed by the Schur polynomial depending on edge weights and bottom
boundary condition; see Proposition 2.18 of [3].

2. The derivatives of the Schur generating function give the moments of the counting
measure for perfect matchings on each row.
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3. The uniform convergence result given by Theorem 1.2 also guarantees the conver-
gence of the derivatives, hence the limit of the moments of the counting measure
of perfect matchings on each row can be obtained, which gives the limit shape.

4. To consider the fluctuations around the limit shape, one needs to check the Wick’s
formula for the moments to obtain the Gaussian fluctuation.

Following the procedure above, we can prove that when the boundary partition differs
from the staircase partition by at most one component, the limit shape and limit height
fluctuations are the same as those for the staircase partition on the boundary; the latter
was studied in [3, 16].

Theorem 1.3. Consider a contracting square-hexagon lattice consisting of 2N 41 rows of
vertices as defined in Definition 2.3 of [3], and let I> be defined as in Definition 2.4 of [3].
Assume that the edge weights are assigned periodically with period n, i.e. x; = x; and
y; = y; if (i—j) mod n = 0, where n is a fixed positive integer independent of N. Assume
that the boundary partition is given by (A, (m—1)(N —2), (m—1)(N—=3),...,(m—1),0) €
GTy and satisfy the assumptions of Theorem 1.2. For x € (0,1), let m* be the weak
limit of the counting measure for partitions corresponding to dimer configurations at the
level k as N — oo, where assume that the bottom boundary is at level 0, while the top
boundary is at level 1. Then

p+1

. _ 1 dz , - z
/]Racpm (dz) = 2(p+ 1)ri 7{@1” z 2Qu(z) + Z n(z — z;) ’

Jj=1

where Cy, ... .., is a simple, closed, positively oriented, contour containing only the poles
x1,...,%, Of the integrand, and no other singularities; and

, B 1 mumfl 1 K Yi

1
1<j<n J i€{1,2,....,n}NI

The proof of Theorem 1.3 follows from Theorem 1.2 and the same arguments as in
Section 8.2 of [3].

The effects of changing boundary conditions to the distribution of dimer configu-
rations have been studied, see, for example, [8] for the case of limit shape of perfect
matchings on square grid via a variational principle. In particular, it is proved in [8]
that if the rescaled (by a % multiple) boundary height function has a fixed limit as
N — o0, then the limit shape is uniquely determined. See [14] for the case that the local
statistics of uniform perfect matchings on the hexagonal lattice are preserved under
small perturbation of boundary heights. The paper [14] discusses the distribution of
uniform lozenge tilings near an interior point of the domain, yet the global limit shape is
not discussed. In our assumption, when the boundary condition satisfies Condition (1)
in Theorem 1.2, the rescaled region (by an % multiple) of the tiling is different, indeed
larger even in the scaling limit, from the region of the tiling when the boundary condition
is staircase. Theorem 1.3 shows that the weak limit of the counting measure at each
level does not change.

2 Proof of Theorem 1.2

In this section, we prove Theorem 1.2.
Assume that m is a fixed positive integer independent of N. Let A\(™) e GT} be the
staircase partition of length NV as given by (1.6), and let

A=(A1,..., Av) € GTF.
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be a length-N partition such that the entries of A differ from those of \(") by at most ¢
entries A1, ..., \; at the beginning, where / is a fixed positive integer independent of N.
We consider the asymptotics of

L s\(W)

— ) 2.1
N %5 (X) @D
as N — oo. Note that W)
S\
=558
SA(X) 1 2 35
where
_ S)\(W) . o S)\(m)(W)' o S)\(m)(X)
S1= ————= 2= T S3 = ————
S/\(m)(W) Sa(m) (X) S)\(X)
Lemma 2.1. Suppose that Assumption 1.1 holds. Let W be given by (1.2). Then
. 1
Jim - log Sy = Z [Q(us) — Q(4)];
1<i<k
where Q(u) is given by (1.5).
Proof. By example 1.3.7 of [17], we have
"t — "
— R
Syom (X) = H p——
1<i<j<N
Then by (1.2) we have
1 1 wit —wit x; — x;
Nlogsgzﬁ Z 10g< pre fn v xj)
1<i<j<N Lo Ty Wi Wy
1 Uﬂ”—unl‘r.fx, 1 U”L_.Tm{z-—l"
_ - 1 i J i J = 1 i J i i)
N Z Og<$m—$mui—Uj>+N Z Z Og<xm—xmui_3§j
1<i<j<k ? J [1<i<k] [k+1<j<N] v J
When £ is fixed as N — oo, we have
1 u™ —ul g — 1
li —1 ! J_ 7] =o0.
N Z N0g<xm—xmui—uj 0
1<i<j<k i J

Then the lemma follows from explicit computations. O

Hence to study the asymptotics of (2.1), it suffices to study the asymptotics of % log S1
and 3 log S3, as N — occ. Let

™ = (N = 1)m, (N = 2)m,...,m,0).

Let A(X) (resp. A(WW)) denote the Vandermonde determinant of the variable X (resp.
W). From the well-known formula to compute the Schur function, we obtain

det[eitN = loswi] o o

s = AGV) ) (2.2)
srom (W) = det[e(m(N—Ai)(;i;”f]1<i,j<N ’ 2.3)
sn(X) = det[e()\i+NAi();g)a:j]lgi7j§N’
sy (X) = det[em(N‘zgj)’”fllsmgN
ECP 25 (2020), paper 51. http://www.imstat.org/ecp/
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Lemma 2.2. Suppose that \ € G’EE differs from A\ by at most | components at the
beginning, where [ > 1 is a positive integer. Then

sx (W)
sxem (W)

s

J=j1<j2<...<ji

1 m(i=1)+ o (1) +N =0 (1)
det [ o0 )
H [T, (wi? wm)> Z( b’ 1<i i<l

red gES;

Proof. By (2.2), (2.3) and Condition II of Theorem 1.2, we obtain

sx(W) _ det[ePiTN=logws], , .
sxem (W) det[em(N=dlogwi]; o ;v

det[em(th) log ws]

L B log ws I4+1<t<N,s€[N]\J
= Z (_1)Zt:1(.7t+t) det[e()‘tJrN t) log is) 1 <r<i1<s<l +1<t<N,s€[N]\ .

SUSH IS det[em(N—i)logw; .
J=j1<j2<...<ji [ ]19,331\/

For each set J C [N] with |J| = ¢ we obtain

det[em (V-1 logws]l+1§t§N,se[N]\J _ Hi,je{[N]\J},Kj(w;n —wy')
det[em(N_i) lOng}j]lSi’jSN H1§i<j§N(wzm _ w;_n)
_ 1
{Hieun(wm _w;n)} [HjeJie[N]\JKj(wl” _w;n)}
H H 7 1
7:<j,i,j6J reJ HS’” wm -

Moreover, let S; be the symmetric group of [ elements,

H (wi" — wy") detleP TN =HIoBws ]y )y ooy

i<j,i,jeJ
l
_ B 1(1—1) m(i—l):| 1\ At+N—t
= (-1 det [u] Ki,Kl(Z( e [Tkt )
-7 = og€S; t=1
_ wi-1) m(i=1)+ A (1) +N - a(t)]
- (-5 dt{ .
0 [ Sy o]
oES]
Then the lemma follows. O
sx (W)

Now we discuss the asymptotics of % log y as N — oo, when )\ differs from

sy (m) (W
A(™) only in the first component. The proof is inspired by [11]. Let i be the imaginary
unit satisfying i = —1.

Lemma 2.3. Assume the assumptions of Lemma 2.2 hold with [ = 1. Then

%% 1 AM+N—-1+m—1
aW) _ 1 fmen T (2.4)
sxen (W) 271 Jo [TV, (zm — wi)
Here the contour C' encloses only the poles of the integrand at z = w;, t =1,...,N.

Proof. By Lemma 2.2, when [ = 1 we obtain

N AM+N-1
SA(W) — w] o (2 5)

Sx(m) (W) =1 He;ﬁ]( - wm)
The right hand side of (2.5) is exactly the sum of residues of the integrand of (2.4) at all
the poles z = w;. Then the lemma follows. O
ECP 25 (2020), paper 51. http://www.imstat.org/ecp/
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Let £ = 2™ and

M +N-1
== (2.6)
Then (2.4) becomes
sx(W) 1 f &Ny
- — ¢, 2.7
sxem (W) 271 Jo TIY, (€ — wim) ¢ @7

where the contour C' encloses all the singularities of the integrand. The goal is to analyze
the asymptotics of (2.7).

Suppose that Assumption 1.1 holds. Define a piecewise continuous, decreasing
function f : [0,1) — [z}, z7"] as follows

i—1 i
fy) == ifye > v v, (2.8)
— —

where ¢ € [n]. Then it is straightforward to check the following lemma concerning f:
Lemma 2.4. Let o be a permutation of [N] such that

Zo(1) > Zs(2) > ... To(N)-
Let wy,...,wy be defined as in (1.2), and let

W; = Wy, for i € [N].

Let k, m be fixed as N — oo, and assume that each one of uy, ..., uy is in a fixed compact
neighborhood of z1, ..., xy, respectively. Let f be the function defined as in (2.8), then

wwf(&)‘ Roo(w,f)=1iqu‘wi—f(]i,)‘

satisfy that R (w, f) is bounded and w ~0(%)—=0asN — oo.
Define

N

Rl(w’f) = Z

i=1

1
F(&f) = / logle — fB]dt €€ C\{f()]t € [0,1]).

Jo
Then by (2.7) we obtain

M—L% N(ylogé—F(&,f)) A d 2.9
SA(nL)(W) o c Q(fv f) £; (2.9)
where
eNF (&)
Q(ga/\af) i Y S — (2.10)

T (6 —w)

Lemma 2.5. Let f be defined as in (2.8). Let k, m be fixed as N — oo, and assume that
each one of uq, ..., uy is in a fixed compact neighborhood of x4, . . ., x}, respectively. Let A
be the smallest connected, convex region in C containing all the points {f(t) : 0 <¢ <1}
and {w; : 1 <i < N}. Then, by Lemma 2.4 as N — oo,

ECP 25 (2020), paper 51. http://www.imstat.org/ecp/
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Proof. Let Re[z] denote the real part of a complex number z € C. From (2.10) we obtain

log|Q(§, A, f)l = RellogQ(&, A, f)]

= Re |[NF(&, f) - Zlog§ w 1
< NF(¢ f) - Zlogs ;)
< T +7Ts.
where
N N .
T, = Zlog(é—wj)—zlog@—f(]‘z[)) :
j=1 j=1
and

= |NF(, f) - Zlog(& f( ))

The rest of the proof is devoted to give upper bounds to 77 and 75. Note that
(0

neyf S°[7(£) -0

j=1
where [0, f (£)] is the line segment in A starting from @; and ending at f (). By
Lemma 2.4 we have

< sup
a€A

1
J t f—a

N

T1 < sup 0(1).
acA —a
Moreover,
N . 1
1 = [Ytog (e (%)) N [ osie-sana
=1 0
< NS wp  |lEES0) —log(é - f(S))‘

=15 <ts<#
< 0(1) (1 + suplog|€ — a|> ,
acA

where the last inequality follows from the definition of f as in (2.8). Then the lemma
follows. m

We shall analyze the asymptotics of the integral (2.7) by the steepest descent method;
see also [10, 9]. We will deform the contour to pass through the critical point of
ylog& — F(&; f). The critical point satisfies the equation

o_ dlylog¢ —F& N _y 1 dt

dg § Jo £ S)

Lemma 2.6. Assume f(¢t) > 0 fort € [0,1] and is decreasing in [0,1]. Then for any
y € R\ {1}, there exists a unique &, € R, such that

1
£o
_ - dt = 0. 2.11
y /ofo—f(t)t ( )

Moreover, wheny > 1, & > f(0).
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>

C/

Figure 1:
Proof. Let ) ¢
9(§) ::y*/o 7£_f(t)dt-
Then ) i)
, _ t
/0= [ e gt

under the assumption that f(¢) > 0 for ¢t € [0, 1].
Note also that

lim g(¢§) = flggog(é) =y—1

E——o0

when ¢ increases from —oo to f(1), g(§) increases from y—1 to +o00, and when ¢ increases
from f(0) to oo, g(&) increases from —oo to y — 1. Therefore for any y # 1, there exists a
unique £ € (—o0, f(1)) U (f(0),00), such that the identity (2.11) holds.

It is straight forward to check that when y > 1, £, > f(0). Then the lemma follows. O

When y > 1, let & be the unique real solution such that (2.11) holds. Let C’ be
the counterclockwise circle centered at 0 and passing through &. By Lemma 2.6, C’
encloses all the singularities of the integrand of (2.7), since all the singularities lies on
the interval [f(0), f(1)] of the real line; see Figure 1.

Hence we have

Ny g

—df = § ————dE. (2.12)
740 T, (€ — wim) o T, (6 —wp)

Moreover, for £ € C’ and £ # £, we have
1
Relylog € — F(¢: )] = yloge| — [ 1ogle — f(0)a

1
< ylogéy — /0 log ¢ — £(£)|dt = Relylog & — F(&o; f).

See Figure 1 for why log |£ — f(t)| > log|¢o — f(t)| for all ¢ € [0, 1]. We have the following
lemma.
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Lemma 2.7. Let C’ be the counterclockwise circle centered at 0 and passing through
&. Let £ € C'. Let log denote the branch of the complex logarithmic function defined on
C\ (—o00,0] withlog1 = 0. Let

n = log¢&; (2.13)
no = log&p. (2.14)

When [ — o] > € > 0, [ReF(€, ) — F(€o, /)]| 2 é(e), where
-+ 28
Proof. Assume ¢ = &yel?, where 0 = —i(n — 19) € (—m, 7). Then we have
RelF (6, N) - Fl&o. ) = | [ " log |S005 Sof_“}(j)i&) s dt\
1 IR
I e el
_ % /0 log (1 n QEOéét)_(lf(t;ZS 9)) dt.

Since f is decreasing in [0, 1], from Figure 1 we see that
260 f(t)(1 —0059)) < 2§0f(1)(1—cos¢9))
log (14 >log 1+ .Vt e[0,1].

(1 2 S\ T e - P o
Moreover, the cosine function is even and strictly decreasing in [0, 7), when | — ng| > ¢,
e heve 260/ (1)1~ cos0) 1 2f(1)o(1 — cos )

— cos o(l —cose
log [ 1+ =2 )210g(1+ )
’ < & — FUP 2 € — FDP

Then the lemma follows. O

Proposition 2.8. Let A € GT, be defined by
A=A, (N =2)(m—1),(N=3)(m—1),...,m—1,0);

where \; > (N — 2)(m — 1) depends on N. Assume that there exists a positive integer

Ny, such that for any N > N,
M+N-—-1

mN
Letn; € R (depending on N) be the unique real solution for the equation

>\1+N—1_/1 e
mN  Jo em—f(t)

> 1.

then ) W) Cu N 1)
sx(W 1+ N =1)m
1 _ F(e- 1).
N ® sxem) (W) mN (e™3./) +on(1)

where oy (1) — 0 as N — oo.

Proof. Let n and 7y be given by (2.13) and (2.14), respectively. Then when £ € C’, 7 lies
on the vertical line passing through 9. We consider the Taylor expansion of yn — F(e", f)
when 7 is in a neighborhood of 7y, we obtain

(1 —no)* 8°F(e™; f)
2 on?

yn—F(e", f) = yno — F(e™, f) — + (n—mno)®B.
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8 F(e",f)

where |B| is bounded by the maximum of |~ B

’ in a neighborhood of 7ny. Note that

dlyn — OF(e", f)]
on

= g(e").

whose value is 0 when n = 7. Moreover

92 F (e
é;z ) = —g'(e"™)e” < 0.
Let
u = g PE(em: )
on?
s
n Mo w/N
Making a change of variables, we obtain
1
I: = oni P, eN(ylogE—F(¢,f)) SQ(E N, f)de (2.15)
1 no+im n
= 55 eNn=FE"1) Qe X, f)edn.

no—im

We shall split the integral above into two parts

I =1+ Iy (2.16)
where
1 no+ie n
I = 2Tn/ ' eNn=FE"1) Qe X, f)edn;
7o —1€
and
I, = L eNwn=FELI) Qe A, f)edn.
2mi [no—im,no—ie]U[no+ie,no+in]
Note that
1 7
<o | NP E QA )| ] @227)
T Jno—im,no—i€lU[no+ie,no+in]

Let L be the vertical line segment between 7y — im and 7y + ir. By Lemmas 2.5 and 2.7,
we have

L] < e eOM (IsuPaca,ner [08(e"—a)|+suPae 4 ner | oz |) o N (ym0—F(€70,1)) g =N3(e)

Moreover,
N(yno—F(e",f)) rnotie  n(n—ng)? 027 (M0;5) 3
e _ N(n—mg)® 82F(e"0:f) _
L, = —-/ € ’ o FNB) Q(env)‘af)endn (2.18)
27i no—ie
Nlyno—F(e™, elu|]vVN -
e [yno—F (e, f)] e_§+;3ﬁBQ ot i F Tt T 4
B uv N2mi lu|vN T ’
—€|u
where X
- 0°F(e"
Bl<p™ sp |[ZEED]
n€[no—im,no+ir] 60n
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Assume

1 1
~ N~ where — —
€ ,WeI‘83<Oé<2,

as N — oo. Then
luleV'N ~ Nz~% - o0, as N — oo;

sup <O(N'3*) =0, asN — oo;

v
s€[—e|u|VN,elu|V'N] \/N

and
Né(e) ~ N172 5 oo, as N — oo.

Then by (2.9), (2.12), (2.16) and (2.16), we obtain

1 w 1
M: Nlog(h +1).

By (2.17) and (2.18), we have
I+ Iy = NP (Cl +0 (eN)> ,
VN

where C; > 0 is a constant independent of V. Then the proposition follows. O

Proposition 2.9. Let A\ = (\y,...,\y) € GT}. Assume for all the2 < j < N, \; =
(m —1)(N — j). Then
1 SA(W)

1 my (X
lim — log + lim —logL()

2 =0.
N—oo N SA(m)(W) N—oo N 8,\(X)

Proof. By Proposition 2.8, it suffices to show that fy (¢) = fx(¢). But this is obviously
true by Assumption 2.4 and the definitions of X and W. O

Then Theorem 1.2 follows from Proposition 2.9 and Lemma 2.1.
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