Electron. Commun. Probab. 25 (2020), no. 15, 1-11. ELECTRONIC
https://doi.org/10.1214/20-ECP286 COMMUNICATIONS

ISSN: 1083-589X in PROBABILITY

A quantitative McDiarmid’s inequality for geometrically
ergodic Markov chains

Antoine Havet* Matthieu Lerasle’ Eric Moulines*
Elodie Vernet?

Abstract

We state and prove a quantitative version of the bounded difference inequality for geo-
metrically ergodic Markov chains. Our proof uses the same martingale decomposition
as [2] but, compared to this paper, the exact coupling argument is modified to fill a
gap between the strongly aperiodic case and the general aperiodic case.
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1 Introduction

The purpose of this note is to establish a quantitative version of McDiarmid’s in-
equality for geometrically ergodic Markov chains. Let X, ..., X,,_1 denote independent
random variables taking values in a measurable space (X, %2") and ¢ = (co,...,Cn—1)
denote a vector of non-negative real numbers. A function f : X — R satisfies the
bounded difference inequality if for all z = (xq,...,2,—1) and y = (yo, ..., Yn—1) € X", we
have

n—1

|f(z) = f(y)] < Z Cilig, £y} - (1.1)
i=0
The bounded difference inequality, first established in [6], shows that for all ¢ > 0,
P(f(Xo,--., Xn-1) — E[f(Xo,..., Xn-1)] > t) < o2t/ llel®

where ||c||? = ijgol c?. Several attempts have been made to extend this result to Markov
chains. In [1], the concentration of particular functionals of the form f(zo,...,z,—1) =
SUPge. ZZ’:_OI g(z;), for centered functions g in a class .# is established. The concen-
tration of general functionals (satisfying (1.1)) of geometrically ergodic Markov chains

was established in [2], where it is also proved that geometric ergodicity is a necessary
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McDiarmid’s inequality for Markov chains

assumption. However, the result in [2] is not quantitative. It states that for all geometri-
cally recurrent set C, there exists a constant 3, depending on C such that forall z € C
and t > 0,

P, (f(Xo,.- s Xn_1) = Bu[f(Xo, .., Xp1)] > 1) < e P/l (1.2)

where for any x € 27, PP, is the distribution of the Markov chain { X}, starting from z
(see the precise definition below). In many applications, it is necessary to get the explicit
dependence of the constant /3 as a function of the set C. In particular, this problem arises
when establishing posterior concentration rates of Bayesian non-parametric estimators;
see for example [9, 4] for recent accounts on this theory. To extend these results to
Markovian settings, the result of [2] cannot be applied directly and a quantitative version
of (1.2) is required, where the dependence of 8 on constants characterizing the mixing
of the Markov chain is needed; see for example [10, 5].

A quantitative version of McDiarmid’s inequality for Markov chains was established
in [7], where the constant S depends here explicitly on the mixing time of the chain.
The existence of finite mixing times requires uniform ergodicity of the chain, see for
example [8, Section 3.3], an assumption that typically fails when the chain takes value in
general state spaces. In this note, we prove an extension of McDiarmid’s inequality to
geometrically ergodic Markov chains. Our proof is based on [2], but avoids the use of
[2, Lemma 6] which requires the construction of an exact coupling. Exact coupling can
actually be built in the strongly aperiodic case but there is a gap in the general aperiodic
case.

The remaining of the paper is decomposed as follows, Section 2 introduces formally
the notations and the assumptions of the main result, which is stated and proved in
Section 3.

2 Notations and assumptions

Let (X, Z") be a measurable space. We denote by drvy the total variation distance
between probability measures. For any sequence x = {x,,, n € N} and any non-negative
integers a and b, with a < b, let 2% = (2,,2441,...,23). For any n > 0 and any vector
c=cy~ ' € R", let ||c|| denote the Euclidean norm of ¢ and ||¢||oc = maxg<;<n—1 |ci| denote
its sup-norm.

We denote by (XZ+, 2°®Z+ (F1)1>0) the canonical filtered space, {X,,}°° , the canon-
ical process and 6 : X%+ — X%+ the shift operator on the canonical space defined, for
any z = (z,)n>0 € X2+ by 0(x) € X%+, where, for any n > 0, 6(z), = z,.1. Set §; = 0
and for n € IN*, define inductively, 8,, = 6,,_1 o §. We also need to define ... To this aim,
fix an arbitrary z* € X, we define 6., : X& — X¥ such that for z = {2, k € N} € X,
.oz € XN is the constant sequence (f,z); = z* for all k € IN.

Let P be a Markov kernel on X x .2". For any probability measure ¢ on (X, Z"), denote
by PP, the unique probability under which (X,,),>¢ is a Markov chain with Markov kernel
P and initial distribution ¢ and let £ denote the expectation under the distribution P¢.
Recall that .%,, denotes the o-algebra generated by Xj,..., X,. For any z € X, let §,
denote the Dirac mass at point z. With some abuse of notation, we also denote IP,. (resp.
E,) instead of IP5, (resp. LEs,).

For any B € 2" and any integeri > 0, let

h=inf{n>i:X,€B}=i+71500° and op=T1g=1+7500.

Forc=c) 'e R", we denote by BD(X", ¢) the set of measurable functions f : X" — R

such that for all @ = (2o, ..., zn—1) and y = (Yo, - - - Yn—1), | F (@) = F(¥)] < S0y il fmirtys)
The main result is established under the following conditions.
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H1 The Markov kernel P is irreducible and aperiodic, with unique invariant probability
.

H2 There exist a non-empty set C € 2 and two real numbers v > 1 and M > 0 such
that
supE,[u¢] < M .
zeC
H3 There exist » € (0,1) and L > 1 such that, for any z in the set C of H2 and any
n >0,
dpy (6, P, ) < Lr™

where 7 is the unique invariant measure granted in H1.

When the Markov kernel P is uniformly ergodic, then H2 and H3 holds with C = X. But,
as seen below, the assumptions H2 and H3 hold under much more general assumptions:
these assumptions are indeed equivalent to V-uniform geometric ergodicity. Let V :
X — [1,00) be a measurable function. The Markov kernel P is said to be V-uniformly
geometrically ergodic if P admits an invariant probability measure 7 such that 7(V) < oo
there exist constants 1 < ¢ < oo and 0 < p < 1 such that, foralln € N and z € X,

dy (P™(z,-),m) < ¢p"V(x), (2.1)

where

—su ¢ : su M
e €)= p{f(f) ¢): mp SOl }

Proposition 2.1. Assume that H1 holds.

(i) Let V : X — [1,00) be a measurable function. Assume that P is V-uniformly
geometrically ergodic, i.e. there exists a probability = such that 1P =, m(V) < oo
and (2.1) is satisfied. Set

m=inf{k>1:¢p" <1}, A=¢p™, d=X"""D/mrV){(1-A/™)/2}7" (2.2)

and C = {V < d}, where s and p are defined in (2.1). Then H2 and H3 are satisfied

with
={@+A/™)/2}7", L=qd, r=p (2.3)
Mo _STL g = 2(1 4 AV/m) =1\~ (m=1/m Loy (2.4)
1_g—1/m 1_)\—1/m . .

(ii) Conversely, assume that H2 and H3 hold. Then the Markov kernel P is V-
geometrically ergodic with V(z) = E,[u"¢], where 7¢ = inf{k >0 : X, € C} is
the hitting time of the set C.

Proof. It follows from (2.1) that for all £ € IN and = € X, P*V(x) < ¢pfV(z) + n(V).
Hence PV (z) < AV (x) + n(V) where by construction A < 1. Set

m—1
=Y APV (). (2.5)
£=0
By construction, we get
m—1 m—1
PVO Z A~ 2/mP2+1V Z b (—1) /mpé ( ) A (m— 1)/m{)\V< ) (V)},
=0 (=1
<A™V () + AT (V). (2.6)
ECP 25 (2020), paper 15. http://www.imstat.org/ecp/
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Note that, for all x € X, the following bound holds

m—1 m—1

Vo(z) < {Z /\_Z/mq)e} V(z) +7(V) Z AHm
=0 £=0
1-— pm)\fl 1 -2t

T patm @)+ T 5=m (V) - (2.7)

It follows from (2.6) that

Pite) < {23 bt - {5 v+ an vy

where we have used that V(z) < Vy(z) for all € X. Using the definition of d in (2.2), we
finally get that

1 /\1/m
PVy(z) < {+2} Vo(z) + A== D/ ma(VLy<ay - (2.8)

Setting C = {V < d} and using [3, Proposition 4.3.3], we get for all = € X,
E,[u¢] < Vo(z) +u A" m=D/myyy)
where u is defined in (2.3). Noting that

1— At 1At
d+ T oim™

sup Vp(z) <¢ vy,

zeC 1- p)‘_l/m

we get H2. H3 follows immediately from (2.1) using that sup,c V(z) = d.
Conversely, assume H2 and set V(z) = E,[u"¢]. By [3, Proposition 4.3.3], we get that

PV <u 'V 4 M1, (2.9)
Note that sup .- E.[u"¢] = 1. On the other hand, for any z,z’ € C, under H3,
Ay (02 P, 8, P™) < dpy (6, P™, ) + dpy (0,0 P™, ) < 201",

Set € € (0,1) and choose m large enough so that 2Lr"™ < 1 — ¢. The set C is therefore a
(m, €)-Doeblin set (see [3, Definition 18.2.6]. By [3, Lemma 18.2.7], since P is irreducible
and aperiodic under H1, the set C' is small. It follows from (2.9) that

PV+(1—u)/2Vv<(Q4+ut)2V+ M. (2.10)

By [3, Proposition 14.1.2], we get that, setting A = (1 +u~!)/2and x = (1 —u~1)/2,

oc—1

B, | > AFV(X)
k=0

<k ! {sgp V+ MX_l} 1o(2) + 6V (2) oo (2)

< {H_l {supV + MX_l} + n_l} V(x).
c
We conclude by [3, Theorem 15.2.4] that P is V-uniformly geometrically ergodic. O

We have established in Theorem 2.1 that, under H1, assumptions H2 and H3 are
equivalent to V-uniformly geometric chains. Recall that if the Markov kernel P is
irreducible and aperiodic, then P is V-uniformly geometrically ergodic if and only if it
satisfies a Foster-Lyapunov drift condition, i.e. there exist a small set C' and constants
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b < oo and A € [0, 1) such that PV < AV + bl; see [3, Theorem 15.2.4]. It is possible to
relate the constants in assumptions H2 and H3 with the constants appearing in the drift
condition. Note first that H2 is satisfied with u = A—1 and M = sup, V(z) + bA~! (see
[3, Proposition 4.3.3-(ii)]) On the other hand, by [3, Corollary 14.1.6], for all d > 0, the
sets {V < d} are small and there exists dy < oo such that {V < d} is accessible (since
the set {V < oo} is full and absorbing). Take d > dj satisfying A+2b/(1+d) < 1. Then the
set {V < d} is an accessible (m, ¢)-small set and by [3, Theorem 18.4.3] H3 is satisfied
withr = p!/™ and M = p~ 1871 (1+¢){n(V) +d} for all B € (0, (b, + A™ — 1)~ A1) with

p = ’Yl(ﬁ)bmaAm7€) \/FYQ(ﬁvb’rruAm) <1 5 (211)
by = b(1 = X™)(1 =\t (2.12)

and v; and - given by
71 (B,b, M) =1—€e+B(b+A—1), (2.13)

(1—A)(1+d) —2b

(2.14)

3 Main result

The main result of this paper is the following quantitative version of McDiarmid’s
inequality for geometrically ergodic Markov chains.

Theorem 3.1. Assume H1, H2, H3. Letn > 1, c € R" and f € BD(X",¢). Then, for all
reCandt >0,

(06~ BSCG ) > ) < o (- s ).

lell?
where (3 is given by

b=

(1r\/u1/4)2< 5

-1
AML) .
16L * )

logu
Before proceeding to the proof of our main Theorem, we establish the following
Lemma which replaces [2, Lemma 6]. It is instrumental in the sequel.

Lemma 3.2. For any probability measures £ and &' on (X, 2"), anyn > 1, any ¢ € R}
and any h € BD(X", ¢),

n—1

[Be[A(X5 )] — Eg [h(Xg DI <2 eidpy(EPL,EPY) .
i=0

Remark 3.3. It is possible to avoid the factor 2 in (3.2) under additional technical
conditions, for example, when there exists a maximal coupling for (P¢,P¢/), see [3,
Lemma 23.2.1].

Proof. Fix an arbitrary 2* € X. Fori € {1,...,n—1}, weset h;(2]'"') = h(z*,...,o*, 2} ").

By convention, we set h,, the constant function h,, = h(z*,...,2*) and hy = h. With these
notations, we have the decomposition

n—1

hag ™) =D {hi(ef ™) = hiva(@f)} + hn -

=0
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Forallie€ {0,...,n—1} and all z; € X, let

n—1

w; ;) :/{ﬁi(fl??_l)*ﬁwl(xﬁf)} I Pe-r,dzy),

{=i+1

n—1
= / {h(x*, e ,x*,x?‘l) — h(z",... ,x*,x;:__ll)} H P(xp_1,dxy) . 3.1)
(=it1
It is easily seen that IE [ {h;(X]'™") — hip1 (X230} | ] = wi(X;), Pe — a.s., which implies
that

n—1
Ee [h(X§ "] = &P'w; + hy, .
i=0
Since h € BD(X", ¢), (3.1) shows that |w;|., < ¢;. Therefore,

n—1 n—1
B¢ [n(X" )] =B [M(X" ]| <Y 6Pw; — &' Pling| <2 eidpy(EP,E'PY) . O
1=0 =0

Proof of Theorem 3.1. Fix ¢ € R", x € X and f € BD(X",¢). Following [2], we decom-
pose f(X) 1) — E,[f(XJ')] into martingale increments by conditioning to the stopping
times 7¢, i = 0,...,n — 1. For any integer i € [0,n — 1], define

Gi =, [f(X5 )17,

As 70 = 0 P,-a.s., it holds I, [f(X) )] = Ex[f(X§_1)|ﬂTg] = Gy. Moreover, as 70! >
n — 1, it also holds G,,_1 = Ez[f(Xsl_l)‘yTg—l] = f(XJ™1). Therefore, the difference

F(XP~H —E,[f(Xg")] is decomposed into a sum of the martingale increments G, ; — G

as follows )

FXGH) =B [f(X§1)] = Gy — Go = Z(GiJrl -Gy) . (3.2)
i=0
The proof is now decomposed into three facts that aim at bounding the Laplace transform
of F(X71) — Eu[f (X5 )).

Fact 1. Forany: € {1,...,n— 1},
Gi — Gz’—l = (GZ — Gi—l)]]‘{‘réflzifl} . (33)

Proof of Fact 1. By definition 70" > i — 1 and 7¢"' > i — 1 if and only if 70" = 7.
Therefore,
Gi = Gi-1 = (Gi = Gin1) (1{751:11—1} + 1{%*1:7&}) '

To prove that (G; — Gi,l)]l{Té_lzTé} = 0, we decompose according to the values of Té:

(Gi — Gi_l)ﬂ{TéilzTé} = Z(Gz — Gi_1)1{7é71=7'é=j} .

Jjzi
Now, remark that, for any 7 > 0,
E.[f(Xg YIF] ifi<n-2,
Gy, < [ELEEIZ] i <n .
) FXg™) ifj>n—1.

Then, for any j > 1,
Gi]l{'ré:j}]l{réflz'ré} = Giilﬂ_{Té—l:j}jﬂ.{Tci71:T,ci} = Gifll{q—ci:j}ﬂ{_rci—lz-r'ci} .

This proves Fact 1. O
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Fact 2 bounds the increments G; — GG;_1. The proof relies on the following lemma
which is a consequence of the coupling result Lemma 3.2. Define g,,—1 = gn—1,- = f and,
for any i € [0,n — 2], let g; and g; . denote the functions defined for any z{ € X! by

gi(wy) = Eq [f(xt X777, gim(2h) = Ex[f (2, X771 77)] - (3.5)

Lemma 3.4. Assume H1, H2, H3. Foranyi € {0,...,n — 1} and (z} ', 2;) in X' x C,

19i(25) — gi.x ()] < 2L Z et (3.6)
j=i1+1

Proof. Fixi € {0,...,n— 1} and z}, € Xi*1. As f € BD(X",¢), the function f; : y7 '~ €
Xn=t=t s f(ad, gyt 1 ') € R satisfies

n—1—1¢

™) = FETTIS YD cornlga -

k=1
Hence, f; € BD(X" '~ ¢, 1.n_1). Applying Lemma 3.2 to the function h = f; yields

196(x0) = gi.n (x0)| = B, [f (2, X771 79)] = B [f (0, X777

n—1
= B, [fi( X7 )] = B [f( X770 <2 D ejdpy (6, P, 7))
j=it+1
Inequality (3.6) follows from H3. O
Fact 2. Let psuchthatr < p<landie€ {1,...,n— 1}. Then,
|Gi — Gi—1] < C1||C||ooﬂ{7é71=i_1}0c 0ft, (3.7)
1 n—1
|G1 — Gi71| CQ]].{Tl 1, 1}W Z Ckpk i . (38)
where, C; = 5L/(1 —r) and Cy = 16L2/(1 — p).
Proof of Fact 2. For any integeri € {1,...,n}, let
Gin = Blf O NF iy Gro = Bl F(XG ) Flt i,y

From Fact 1, G; — G;_1 = G;2 — G;1. By Markov’s property, for any i € {0,...,n — 1}
and z € X,
E.[f(X§Z] = 9i(Xo:), P, —a.s..

Now, let Ri,l = gi—l(X(i)_l)ﬂ{Téflzi_l} — gi_l,ﬂ(Xé_l)]l{Téf1=i_1}. We have

Gin = Bolf(Xg | F i1 imi iy = Bo[f(XG ™) Tl iy
= gi,l(Xoi )]]_{Té—1:i71} = gifl,ﬂ'(Xoil)]l{-ré—lzifu + R (3.9)

Moreover, as 7¢ > i, by (3.4),

n— 1
Gig = ZE (X ]]l{ z'fl}]l{ré":j}

j=t
n—2
— J ) -1 )
- Z gj(XO)]]‘{Té_lzifl,Té:j} + f(Xg)l ):H‘{Té_lzifl,rci>n71} . (3.10)
j=i
ECP 25 (2020), paper 15. http://www.imstat.org/ecp/
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Let Rip = Y7~ (g;(X{) — i (X)L ppi-1_s 1 51—y~ From (3.9) and (3.10),

|Gi2 — Gii| = |Ri2 — Ri1 + Z Gjn( — gim1a(X$ 1))1{TL i1 ri=j) (3.11)

+(f(X(’;l 1)_gi—1,7'r(X8 1)) {é l=i—1,7i>n— 1}| .

slc=z
We bound separately all the terms in this decomposition. First, as 7 is invariant and
f € BD(X",¢), forany j € {i +1,...,n — 1} and any x}, € X1,

J

|gj,7r($€)) gi—1 71'(1‘6 1)‘ =E, [f('rijnJrll) f(xgj_lein_l)] < ch i

k=1
Hence,
n—2 )
> (g (X]) = gic1m (X N prizgy < Z Lirizjy ch =1{ricn-2) ch ;
Jj=ti =1

(3.12)
‘f(X(T)L_l) 9i— 17T(Xl 1)|]]‘{T 2n—1} X ]l{T >n— 1}ch'

To bound |R; 1| and |R; 2| in (3.11), we use Lemma 3.4. First, (3.6) directly yields

n—1

[Rinl S 200, L D> i (3.13)
Jj=i+1

Moreover, as {Té =j} C {X; € C}, (3.6) also yields

n n—1
(9 (X8) = Gan (X Lirempy <20 3 enr™ P hpnamyy <20 gyy D, ™
k=j+1 k=1i+1
Therefore,
n—1
[Rigl S2LLp i,y D ar™ e (3.14)
k=7i+1

Plugging (3.12), (3.13) and (3.14) in (3.11) yields

7.

|Gi’2 le <2L( Z Cj TJ z+ Z C]d"k TC+ QL Z Ck) {7—1 1 1} - (315)

j=i+1 k=1i+1

Both (3.7) and (3.8) follow from (3.15) by bounding separately the 3 terms in the right-
hand side of this inequality. Let us first establish (3.7). Since r < 1,

leloer K _ Jlelloor
Z cjrjfi < e Z ck,rk*'rCZ < e
B 1—r , 1—r
Jj=i+l k=T1¢+1
Moreover,
Tci/\(nfl)
Y e < lelloolt =i+ A (0= D] < lelloolt + 72 0 6] = [lcflacoc 0 671
k=i
ECP 25 (2020), paper 15. http://www.imstat.org/ecp/

Page 8/11


https://doi.org/10.1214/20-ECP286
http://www.imstat.org/ecp/

McDiarmid’s inequality for Markov chains

Asr <1< oc o6, plugging these upper bounds in (3.15) shows

SL{lelo

|Gi = Gia| = [Gi2 = Gial < 4 — ~oco 0 iy -

This proves (3.7). We use slightly different controls to prove (3.8) from (3.15). As
r<p<1,po° " >1, and

n—1 n—1 n—1
- .. _ 0i71 -
E e Tt < g cp’ Tt pToel E P (3.16)
Jj=i+1 Jj=i Jj=i
Moreover,

n—1 ) ] n—1

E CkT'k_TC < pz—‘rc § Ckpk—z .

k=1i+1 k=7i+1

Asﬁ;}iandifﬁ;:l—acoﬂi’l,

n—1 n—1 n—1
i _ i—1 . _ i—1 o
E Cka TC < pl Uc09 E ijj 1 < p O’c09 E ij] K3 . (317)

k=7ri+1 j=ré+1 j=r¢+1

In addition,

TEA(n—1) TEN(n—1) v T¢A(n—1) L - TEN(n—1)
2 : § : k—7¢ 2 : k—i—ocof' ™" +1 —ocof' ™ § : k—i
o < Crp TC Crp i—oc + <p oc cLp i
k=i k=i k=i k=1

(3.18)

Plugging (3.16), (3.17) and (3.18) in (3.15) and applying Cauchy-Schwarz inequality
shows

n—1 2
i—1 .
Gi = Gia? =G — Gin|? < 161227 <Z C’“’Ok1> Liimiiony
k=i
1617 5 opit %= o 4
ST, D kr T iy -
k=i
This proves (3.8) and thus Fact 2. O

Fact 3. Assume H1, H2, H3. For any « € C,
i [eﬂX;‘l)Ewmxg—l)}] < Osllell® (3.19)

where C3 = 4L (5/logu+4ML) /(1 —rV u1/4)2,

Proof of Fact 3. For any t € R, ¢! < 1+t + t%el*l. Hence, as E,[Gi 1 — GA?Té] =0, for
any ¢ > 0, we have

E,[e¥ 19T ] S 14 By [(Gir — Gi)?el 9%l 7]
By Fact 2,
n—1 ) )
B, [e® 7] <1+ Co Y o T sy Balp 200 ¢Dlicllococe?| 7
k=i+1
ECP 25 (2020), paper 15. http://www.imstat.org/ecp/
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Now by Markov’s property,

) —20c0b? C c|xoco‘9i ar _ ) —20c00* _C1llc||ooocob? ar.
1y Ealp eCillel | il = LriziyEalp eCillel | 7]

720ceC’1 ”CHOOO'C] )

=1 Ex[p

Hence,
n—1
Ew[eG ]_ 140, Z Ckpk i— 11{7—1—1}EX [ QGCeCll\cHMJC] )
k=i+1
Let p=rVu~% ¢ =logu/(2C;) and assume first that ||c||- < ¢. By H2,
Ly Bx, [p7 27l o] <1 iy sup By [p20ceIllre] sup B, [u™] < M
zeC z€eC
Hence,
n—1 o .
E, [eGi+l_Gi|chl] <1+ CoM Z Cipk_z_l < eCzM Srol et
k=i+1

By recurrence, it follows that

— — n—2 -1 k—i—
E, [o/ (56 -Balr(x; 1>1} BRCATS s v T

-1 2 k—1 k— 1 Co M 2
:eC2MzZ:1 Ch 2imo P - elzp llell

Fix 7 in X and let f: X" — R be defined, for any xg.,_1 in X", by
flxgh = F@olyco<ey + Ticoseys - Tn1lfe, <e} + T, 1>e}) -
As f belongs to BD (X", ¢), f belongs to BD (X", ), where
c= (Coﬂ{coge}» cee Cn—lﬂ{cn,lga}) .

Since ||¢]|s < € and ||2]] < ||¢|, f satisfies

M g2 A2 ic2

E, [ef(xél_l)*E’“[f(Xg_l)]] <eto e ¢ e7=5 (3.20)
Furthermore, by definition of fand since f is in BD(X", ¢), for any = € X",
n—1 n—1 HC||2
f(z) — f(z)| = chn{c o < Z (3.21)
This implies
n—1 n—1 2lc)? Tyn—1 yn—1 <§+1¥sz>|c|2
E, [0/ Balrx )]} <ol {eﬂxn ) B [F(X] >1} <e .
This shows Fact 3 since
2  MCQCy 4L 5
- < 4ML | . O
6+1—p (1—rvu1/4)2 <logu+ )
ECP 25 (2020), paper 15. http://www.imstat.org/ecp/
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Fact 3 proves that there exists a constant C' = 2(C'5 such that, for any ¢ € R",
f € BD(X",¢) and z € C,

E, of (X TH-Eu[f(Xg™h)] < oCliell?/2 (3.22)

Let f € BD(X", ¢) and z € C. Forany s > 0, sf € BD(X", ¢). Hence, from (3.22), for any
s,t >0,

—si+log [esf(x{;*l)—mm[sf(x(;”u]

P(F(X) ~ Balf (X3 7)) > ) <e

<
—st+s2C||c||?/2
L e stts lell®/2

Choosing s = t/(C||c||?) proves Theorem 3.1 with

b=5c~ 10, ~ 161

1 1 (1—rvu /42 -
(L—rvu7) ( > —|—4ML> . 0
log u
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