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Abstract. We analyze the distribution of eigenvectors for mesoscopic, mean-field perturbations of diagonal matrices, in the bulk
of the spectrum. Our results apply to a generalized N x N Rosenzweig—Porter model. We prove that the eigenvector entries are
asymptotically Gaussian with a specific variance. For a well spread initial spectrum, this variance profile universally follows a heavy-
tailed Cauchy distribution. In the case of smooth entries, we also obtain a strong form of quantum unique ergodicity in the form of a
strong concentration inequality for the mass of eigenvectors on a given set of coordinates. The proof relies on a priori local laws for
this model as given in (Ann. Probab. 44 (2016) 2349-2425; Comm. Math. Phys. 355 (2017) 949-1000; Comm. Math. Phys. 350 (2017)
231-278), and the eigenvector moment flow from (Comm. Math. Phys. 350 (2017) 231-278; Bourgade et al. 2018).

Résumé. Nous analysons la distribution des vecteurs propres de perturbations mésoscopiques de matrices diagonales a I’intérieur du
spectre. Nos résultats s’appliquent a un modele généralisé de Rosenzweig—Porter. Nous prouvons que les entrées des vecteurs propres
sont asymptotiquement gaussiennes avec une variance explicite. Lorsque le spectre initial est bien étalé, ce profil de variance suit de
maniere universelle une distribution de Cauchy a queue lourde. Lorsque les entrées sont lisses, nous obtenons aussi une forme forte
d’unique ergodicité quantique sous la forme d’une inégalité de concentration sur la masse des vecteurs propres sur un domaine fixé de
coordonnées. La preuve se base sur des lois locales a priori données dans (Ann. Probab. 44 (2016) 2349-2425; Comm. Math. Phys.
355 (2017) 949-1000; Comm. Math. Phys. 350 (2017) 231-278) et le flot des moments des vecteurs propres de (Comm. Math. Phys.
350 (2017) 231-278; Bourgade et al. 2018).
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1. Introduction

In the study of large interacting quantum systems, Wigner conjectured that empirical results on energy levels are well
approximated by statistics of eigenvalues of large random matrices. We refer to [38] for an overview and the mathe-
matical formalization of the conjecture. This vision has not been shown for realistic correlated quantum systems but is
regarded to hold for numerous models. For instance, the Bohigas—Giannoni—Schmit conjecture in quantum chaos [9]
connects eigenvalues distributions in the semiclassical limit to the Gaudin distribution for GOE statistics. These statistics
also conjecturally appear for random Schrodinger operators [6] in the delocalized phase. Most of these hypotheses are
unfortunately far from being proved with mathematical rigor. It is, however, possible to study systems given by large
random matrices. One of the most important models of this type is the Wigner ensemble, random Hermitian or symmetric
matrices whose elements are, up to the symmetry, independent and identically distributed zero-mean unit variance ran-
dom variables. For this ensemble, local statistics of the spectrum only depend on the symmetry class and not on the laws
of the elements (see [11,22,24,26,47]). The Wigner—Dyson—Mehta conjecture was solved for numerous, more general
mean-field models such as the generalized Wigner matrices, random matrices for which the laws of the matrix elements
can have distinct variances (see [25] and references therein).

The statistics of eigenvectors were not present in Wigner’s original study but localization, or delocalization, has been
broadly studied in random matrix theory. For Wigner matrices, it has been shown in [21] that eigenvectors are completely
delocalized in the following sense: denoting u1, ..., uy the L?-normalized eigenvectors of an N x N Wigner matrix, we
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have with very high probability,

C(log N)¢
JN

Thus, eigenvectors cannot concentrate onto a set of size smaller than N (log N)~C. See also [52] for optimal bounds in
some cases of Wigner matrices or [27] for similar estimates for generalized Wigner matrices and [42] for an improved
bound which also holds for non-Hermitian matrices. In the GOE and GUE cases, the distribution of the matrix is orthog-
onally invariant and eigenvectors are distributed according to the Haar measure on the orthogonal group. In particular, the
entries of bulk eigenvectors are asymptotically normal:

sup|u; ()| <
o

V' Nu; () N—)N,

where N is a standard Gaussian random variable. Asymptotic normality was first proved for Wigner matrices in [32,48]
under a matching condition on the first four moments of the entries using comparison theorems introduced in [26,47].
These conditions were later removed in [14] where asymptotic normality holds for generalized Wigner matrices. Beyond
mean-field models, conjectures of interest, for example for band matrices, are still yet to be proved. A sharp transition is
conjectured to occur when the band width W cross the critical value /N. For W <« +/N, eigenvectors are expected to be
exponentially localized on O(W?) sites and eigenvalue statistics are Poisson, while for W > /N eigenvectors would be
completely delocalized and one would get Wigner—Dyson—Mehta statistics for the eigenvalues. For the most recent works
on this subject see [40,44] for localization results, [15] for delocalization results, [46] for another transition occurring at
the edge of the spectrum and [10] for a recent review on the subject.

In this paper, we consider a generalized Rosensweig—Porter model, of mean-field type, which also interpolates between
delocalized and localized (or partially delocalized) phases, but always with GOE/GUE statistics. This model was first
introduced in [41] and is defined as a perturbation of a potential, consisting of a deterministic diagonal matrix, by a mean
field noise, given by a Wigner random matrix, scaled by a parameter ¢. This model follows two distinct phase transitions.
When ¢ « 1/N, eigenvalue statistics coincide with # = 0 and eigenvectors are localized on O(1) sites [50], while when
t > 1, local statistics fall in the Wigner—Dyson—Mehta universality class [36] with fully delocalized eigenvectors [35]. For
1/N <« t < 1, it has been shown in [23,34] that eigenvalue statistics are in the Wigner—Dyson—Mehta universality class
and in [51] that eigenvectors are not completely delocalized when the noise is Gaussian. In this intermediate phase, also
called the bad metal regime (see [28] or [49] for instance), eigenstates are partially delocalized over Nt sites, a diverging
number as N grows but a vanishing fraction of the eigenvector coordinates. The existence of this regime for more intricate
models is only conjectured or even debated in the physics literature though progress has been made recently, for instance
for the Anderson model on the Bethe lattice and regular graph in [33].

Our results give the asymptotic distribution of the eigenvectors for the Rosensweig—Porter model with a complete
understanding of the bad metal regime. We show that bulk eigenvectors are asymptotically Gaussian with a specific,
explicit variance depending on the initial potential, the parameter ¢ and the position in the spectrum. For a well-spread
initial condition, this variance is heavy-tailed and follows a Cauchy distribution. This shape was first unearthed in a
non-rigorous way in [2,3] for W a matrix from the Gaussian ensembles, where the Gaussian distribution of eigenvectors
(Corollary 1.4) was conjectured. Note that eigenvector dynamics was also considered in [1] and used for denoising
matrices in [17,18]. In the case of Gaussian entries, the eigenvector distribution has been exhibited in the physics literature
in [28] using the resolvent flow and in [49] using supersymmetry techniques.

Another strong form of delocalization of eigenfunctions is quantum ergodicity. It has been proved for the Laplace-
Beltrami operator for a wide class of manifolds by Shnirel’man [45], Colin de Verdiere [19] and Zelditch [53] but also for
regular graphs by Ananthamaran—Le Masson [4]. In [43], Rudnick—Sarnack conjectured a stronger form of delocalization
for eigenfunctions of the Laplacian called the quantum unique ergodicity. More precisely, denote (¢x)r>1 the eigenfunc-
tions of the Laplace operator on any negatively curved compact Riemannian manifold M, they then supposedly become
equidistributed with respect to the volume measure w in the following sense: for any open set A C M

/|¢k|2dﬂ—>/dﬂ-
A k—o00 A

This convergence has been established for arithmetic surfaces (see [29,30,37]).

A probabilistic form of quantum unique ergodicity exists for eigenvectors of large random matrices. It first appeared in
[14] for generalized Wigner matrices. It is stated as a high-probability bound showing that eigenvectors are asymptotically
flat in the following way: let (ux)1<k<n be the eigenvectors of a N x N generalized Wigner matrix, then for any k €
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[1, N], for any deterministic N-dependent set I € [1, N] such that |/| — +o0 and any § > 0,
N , 1 N~
P(m Z(uk(a) — N) > 8) <

§2
ael

for some & > 0 using the Bienaymé—Chebyshev inequality. Similar high-probability bounds were proved for different
models of random matrices such as d-regular random graphs in [7], or band matrices in [12,15]. In these last papers on
band matrices, it was seen that quantum unique ergodicity is a useful property to study non mean-field models. In [15],
a stronger form of probabilistic quantum unique ergodicity has been actually proved, showing that the eigenvectors mass
is asymptotically flat with overwhelming probability (the probability decreases faster than any polynomial). Our result
adapts the method introduced in [15] to show a strong deformed quantum unique ergodicity for eigenvectors of a class
of deformed Wigner matrices. Indeed, the probability mass is not flat but concentrates onto an explicit and deterministic
profile with a quantitative error.

The key ingredient for this analysis is the Bourgade—Yau eigenvector moment flow [14], a multi-particle random walk
in a random environment given by the trajectories of the eigenvalues. This method was used for generalized Wigner ma-
trices [14] and sparse random graphs [13], and both settings correspond to equilibrium or close to equilibrium situations.
Our main contribution consists in treating the non-equilibrium case, which implies additional difficulties made explicit in
the next section.

1.1. Main results

Consider a deterministic diagonal matrix D = diag(D1, ..., Dy). The eigenvalues (or diagonal entries) need to be regular
enough on a window of size r in the following way first defined in [34].

Definition 1.1. Let 1, and r be two N-dependent parameters satisfying
N'<n <N Np<rsNT®

for some &’ > 0. A deterministic diagonal matrix D is said to be (7, r)-regular at Ey if there exists cp > 0 and Cp > 0
independent of N such that for any E € [Eg — r, Eg + r] and 1, < n < 10, we have

cp <Immp(E +in) < Cp,

where m p is the Stieltjes transform of D:

N

1 1
mD(Z)—NI;Dk_Z-

We want to study the perturbation of such a diagonal matrix, notably the eigenvectors, by a mesoscopic Wigner random
matrix. We will now suppose that D is (1., r)-regular at Eg, a fixed energy point. Letting 0 < k < 1, we will denote in
the rest of the paper the spectral window as

I¥ =[Eo— (1 —x)r, Eg + (1 —)r].

We remove a certain window of energy to avoid any possible complications at the edge. We will also use the following
domains: the first domain is used for the size of our deformation while the other is the spectral domain in which we
perform our analysis. We need the perturbation to be mesoscopic but smaller than the energy window size r, define then
for any small positive w,

To =[N“n., N~r].

For the spectral domain, take first # € 7, and note that we will consider only Im(z) := 5 smaller than ¢ but most results
such as local laws holds up to macroscopic 7. Let ¢ > 0 be an arbitrarily small constant and

D) ={z=E+in:E€If ,N’/N<n=<N""t}.

Hereafter is our assumptions on our Wigner matrix.
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Definition 1.2. A Wigner matrix W is a N x N Hermitian/symmetric matrix satisfying the following conditions

(i) The entries (W; j)1<i<j<n are independent.
(ii) Foralli, j, E[W; j1=0and E[|W;;|*1=N"".
(iii) Forevery p € N, there exists a constant C, such that |v/NW;; ||, < C).

Let W be a Wigner matrix and define the following ¢-dependent matrix for ¢ € 7,
W, =D +1W. (1.1)

The eigenvectors of D are exactly the vectors of the canonical basis since the matrix is diagonal. However, if  were of
order one instead of being in 7, the local statistics of W; would become universal and would be given by local statistics
from the Gaussian ensemble. In particular, the eigenvectors would be completely delocalized [36]. Our model consists
in looking at the diffusion of the eigenvectors on the canonical basis after a mesoscopic perturbation. Our main result is
that the coordinates of bulk eigenvectors are time and position dependent Gaussian random variables. Before stating our
result, we first define the asymptotic distribution of the eigenvalues of the matrix W; which is the free convolution of the
semicircle law (coming from W) and the empirical distribution of D. We will define this distribution through its Stieltjes
transform m; (z) as the solution to the following self-consistent equation

1 I
mz(Z)2N2m~ (1.2)

a=1

It is known that this equation has a unique solution with positive imaginary part and is the Stieltjes transform of a measure
with density denoted by p; (see [8] for more details). Define the quantiles (y; ;)o<i<n of this measure by

/Vi.t i
pr(x)dx = —.
o N

We can also now define the set of indices in the spectral window corresponding to the indices such that the corresponding
classical locations lies in the energy window ZJ,

Af={i e[1,N],vi. €It}

We can now state our main results, denoting u(¢), ..., uy(t) the L?-normalized eigenvectors of W; (we will often omit
the 7-dependence for u). We will define the following quantity, for N~! « n <t and n, <t < r:

N

2

2 qat
o/ (q,k,n) = - - . 1.3
Fakm=2, (Dg — Vit — tRem; (yi;.o +10)? + (t Immy (v, ¢ +1n))? (-

a=1

It is the asymptotic deterministic variance of our eigenvector projections. By taking ¢ to be a canonical basis vector e,
we see that uy (o) has a variance of the form

1 t
N (Dy — Vit — fRemt(J/k,-,t))z + (¢ Imm,()/k,.,,))z.

For regularly spaced D, ’s, this is heavy-tailed with Cauchy shape It localizes the entries onto a subset of indices

—_t
. . . . NG . o .
of size Nt <« N: a fraction of the eigenvector coordinates vanishing as N grows. Such a partial localization appears in

[51] for W GOE-distributed.
Theorem 1.3 (Gaussianity of bulk eigenvectors). Fix « € (0, 1), w € (0,&'/10) where &' is as in Definition 1.1 and
meN. Lett € Ty, and I C AL be a deterministic (N -dependent) set of m elements. Let W as in Definition 1.2 and W; as

in (1.1). Write I = {ky, ..., ky}, take a deterministic q € RN such that ||q||» = 1, and define for i € [1,m],

02(q, ki) ==limo2(q, ki, ) (1.4)
nl0
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Then we have

N m .
———{q, ug;) ) —— (INVil)._, in the symmetric case, (1.5)
< Utz(q,ki)| | i) N—oo ( ')1_1

( (ZNk )|< k,>|) — (|N(1)+1N(2)|) in the Hermitian case (1.6)
q =1 17

. 1 2 . . . .
in the sense of convergence of moments, where all N, ./\/l-( ) and ./\fi( ) are independent Gaussian random variables with
variance 1. The convergence is uniform in over the choice of sets I C [1, N| of size m.

One can deduce joint weak convergence of eigenvector entries from the previous convergence of moments because q
is arbitrary in SV ! (see [14, Section 5.3]). However, since the eigenvectors are defined up to a phase, we first need to
define the following equivalence relation: u ~ v if and only if u = v in the symmetric case and u = ¢'“v for some w € R
in the Hermitian case.

Corollary 1.4. Letk € (0,1) and m € N, let W as in Definition 1.2 and Wy as in Definition 1.1. Then for any deterministic
ke A and J C [1, N such that |J| = m we have

N m . .
ﬂuk(a) ;—;) (M)i=l in the symmetric case, (L.7)
oy ael g

2N
—ui(a) (N(l) + U\f(z)) _ . in the Hermitian case (1.8)
2 2 =
o (eq, k) ael NHOO

in the sense of convergence of moments modulo ~, where all N;, /\/l.(l) and ./\/;.(2) are independent Gaussian random
variables with variance 1. In more precise terms, for any polynomial P in m variables there exists § depending on P such
that, for N large enough,

N m —
E[P<(E\/M“k<“>>ae,ﬂ —E[P(N))][ < N7

where € is taken uniformly at random in the set {—1, 1}. The convergence in the Hermitian case is similar by taking €
uniform on the circle.

sup
JC[[l,N]],|J\:m
ke A

This result states that the entries of bulk eigenvectors are asymptotically independent Gaussian random variables with
variance o;2 which answers a conjecture from [3, Section 3.2], stated in the more restrictive case where W is GOE. The
asymptotic normality of the eigenvectors gives the following weak form of quantum unique ergodicity.

Corollary 1.5 (Weak quantum unique ergodicity). Let W as in 1.2 and W, as in Definition (1.1). There exists ¥ > 0
such that for any c¢ > 0, there exists C > 0 such that the following holds: for any I C [1, N] and k € A%, we have

|uk(a)| — =Y 0/ (eq, k)
|1|

ael ae]

This high probability bound is not the strongest form of quantum unique ergodicity one can obtain for random matrices.
Indeed, if we consider the Gaussian ensembles for which the eigenbasis is Haar-distributed on the orthogonal group and
each eigenvectors is uniformly distributed on the sphere, one can get that for any ¢ and D positive constants, for any
1<k<N,

“(

In this paper, we will obtain a similar overwhelming probability bound on the probability mass of a single eigenvector
with an explicit error for a more restrictive model of matrices: deformed random matrix with smooth entries given by the
following definition or from a Gaussian divisible ensemble.

>c)<C(N +1117h). (1.9)

1 1
Z|uk (oz)| l l «]/\7—> <N P for any N sufficiently large

ael
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Definition 1.6. A smooth Wigner matrix W is a N x N Hermitian/symmetric matrix with the following conditions

(i) The matrix entries (W;;)1<;<j<n are independent and identically distributed random variables following the distri-
bution N ~1/2y where v has mean zero and variance 1.
(i1) The distribution v has a positive density v(x) = ¢~ 9@ guch that for any j, there are constants Co and Cj such that

109 (x)| < Co(1 +x2)©! (1.10)
(iii) The tail of the distribution v has a subexponential decay. In other words, there exists C and g two positive constants

such that

A;{]l\xm dv(x) < Cexp(—y9) (1.11)

We need the smoothness assumptions on W in order to use the reverse heat flow techniques from [20,22]. Indeed, our
result is an overwhelming probability bound on the eigenvectors of W;. We think, however, that this property holds for a
larger matrix ensembles and that the smoothness property is simply technical.

In the following, since the eigenvectors are concentrated on Nt sites, it is relevant to define the following notation for
any set (which can be N-dependent) A, denote

|A]

A=""Al.
Nt

Indeed, having errors involving A allows us to get bounds improving for |A| < Nt but still holding for |A| > Nt.

Theorem 1.7. Let « € (0, 1), @ a small positive constant, for instance w < ¢'/10. Let t € T, I C [1, N] be a determin-
istic (N -dependent) set, W as in Definition 1.6 and W; as in (1.1). Define now

o L 2 ) e 2 . r
E= W and o/ (a,k):=0/(a,k,n9) with Nng= = (1.12)
Then we have, for any & > 0 (small) and D > 0 (large) and for k, £ € AS with k # £, in the symmetric case
1 _ _
P( Z(uk(a)2 - Ncﬁ(mk))‘ + D uk(@ug(e)| = N€a> <NP (1.13)
ael ael
and in the Hermitian case,
2 L, — = -D
P( §<|”k(0!)| Sy (a,k))‘ + ZE;Mk(Ol)W(CY) > N%) <NP. (1.14)
o o

Remark 1.8. The choice of ny depends on our proof and is the one we should take to optimize our error E. However,
this error and the choice of 1y do not seem optimal since we actually expect to have some form of Gausian fluctuations
around this deterministic profile.

1.2. Method of proof

Our proof is based on the three-step strategy from [20,22] (see [25] for a recent book presenting this method). The first step
is to have an optimal, local control of the spectral elements of the matrix ensemble given by a local law on the resolvent.
The second step is to obtain the wanted result for a relaxation of the model by a small Gaussian perturbation. Finally,
the third and last step consists of removing this Gaussian part. We will give the proof of Theorem 1.3, Corollary 1.5,
Theorem 1.7 only in the symmetric case and refer the reader to [14,15] for the tools needed in the Hermitian case.

First step: Local laws for our model. In [34], Landon—Yau showed a local law for the Dyson Brownian motion with
a diagonal initial condition at all times. This result gives us an averaged local law on the Stieltjes transform but also an
entrywise anisotropic local law for the resolvent. Since we want to consider any projection of the eigenvectors, we will
also need a local law on the quadratic form (q, G(z)q). This control of the resolvent for mesoscopic perturbation has been
showed in [13]. Note that these results were done in the Gaussian case but can easily be generalized to the Wigner case
with the right assumptions on moments.
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Second step: Short time relaxation. The second step consists of perturbing W; by a small Gaussian component. We will
obtain this perturbed model by making W; undergo the Dyson Brownian motion given by the following definition.

Definition 1.9. Here is our choice of Dyson Brownian motion.
Let B be a N x N symmetric matrix such that B;; fori < j and B;;/ /2 are independent standard brownian motions.
The N x N symmetric Dyson Brownian motion with initial condition Hy is defined as

1
HS=H0+WBS. (1.15)

We also give the dynamics followed by the eigenvalues and the eigenvectors of such matrices.

Definition 1.10. Let Ag be in the simplex Xy = {A| <--- < Ay}, ug be an orthogonal N x N matrix, and B as in (1.15).
Consider the dynamics

dBkk 1 ds
dy=—=+—=Y , (1.16)
VN N por Ak — Ag
dBkg 1 ds
= e Y G .17
Z# k z #k kK — Ag

with initial condition (Ag, ug),

This eigenvector flow was first computed in different contexts such as [5] for GOE or GUE matrices, [16] for real
Wishart processes and [39] for Brownian motion on ellipsoids.

Remark 1.11. If A¢ and uy are the eigenvalues and eigenvectors of a fixed matrix Hp, then the solution to the dynamics
from Definition 1.10 have the same distribution for any time s as the eigenvalues and eigenvectors of

Hy, = Hy + +/sGOE

with GOE being a matrix from the normalized Gaussian Orthogonal Ensemble (in the sense that its off-diagonal entries
have variance 1/N). In this paper, taking W to be such a matrix in (1.1), we study the eigenvectors of the Dyson Brownian
motion with a diagonal initial condition after a mesoscopic time.

We will then need to study the eigenvectors of H, for a small N~! « 7 « t. The convergence of joint moments of
eigenvectors projections will be obtained by the maximum principle technique introduced in [14]. It is based on analyzing
the dynamics followed by these moments. We will now recall notations and results on this eigenvector moment flow.

Take q € R¥ such that llqll2 =1 a fixed direction onto which we will project our eigenvectors. For u{{ ey uﬁ the
eigenvectors of the matrix (1.15), define

2(s) =V N{q, uf (). (1.18)
Now for m € [1, N], denote by ji, ..., jm positive integers and let iy, ..., i, in [1, N] be distinct indices. We will
consider the following normalized polynomials
oltin =TTzi"a@jn™ wheream)y= [ & (1.19)
=1 k<n,k odd

Note that a(2n) = E[A?"] with A a standard Gaussian random variables.
Consider a configuration of particles & : [1, N] — N where &; := £(j) is seen as the number of particles at the site j.
We denote N'(§) =) ;& the total number of particles in the configuration §.

Define & J to be the configuration obtained by moving one particle from i to j. If there is no particle in i then
£J = £ 1t is clear that we can map {(i1, j1), ..., (im, jm)} With distinct i¢’s and positive j;’s summing to an n > 0 to a
configuration & with &, = jrand n; =0if [ ¢ {i1,...,in}.

Define now, given this map,

fas(€) = [Qfl1 """ ””IX] (1.20)

.....
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8
N 2

1 2

Fig. 1. Example of the symmetric eigenvector moment flow with a configuration of 7 particles.

a n-th joint moment of the coordinates of u;. The conditioning here is on the full path of eigenvalues from O to co. The
next theorem gives the eigenvector moment flow that fj ¢ undergoes which is illustrated in Figure 1.

Theorem 1.12 ([14, Theorem 3.1]). Suppose that u is the solution of the symmetric Dyson vector flow (1.17) and f s(§)
is given by (1.20) with the polynomials Q. Then it satisfies the equation

1 2614+ 26) (s E™) — fus
b hs® == E(L+28)(frsE) — fis(®)

T . (1.21)

i#]

Now that we have the expression of the eigenvector moment flow, we can give an heuristic for the apparition of

a Cauchy profile in the variance (1.3). Indeed, the single particle case m = 1 gives us the variance of an entry of an
eigenvector. To understand this result, consider the diagonal entries of the matrix D to be the quantiles of the semicircle

law for instance, it is then interesting to consider the following continuous dynamics, define the operator K acting on
smooth functions on [—2, 2] as

2 _
(Kf)(x) =/ Mdp(y). (1.22)
2 (x=y)

The differential equation 9, f = Kf can be seen as a deterministic and continuous equivalent of (1.21) because of the
rigidity property of the Dyson Browian motion eigenvalues. We then get the following lemma from [11].

Lemma 1.13 ([11]). Let f be smooth with all derivatives uniformly bounded. For any x,y € (=2, 2), denote x =2 cos6,
y=2cos¢p with0,¢ € (0, ). Then

(K f)x) = / prx, ) () dp(y) (1.23)

where the kernel is given by

1—e !
pi(x,y) = 1OF0) — o—1/22[¢i0—) — g—1/22"

(1.24)

Now at our small time-scale, we have

t

Pt(x,)’)xm~

Hence (1.3) where m = 1 can be considered as a result of stochastic homogenization in a non-equilibrium setting when
we consider the dynamics (1.21) in the bulk. For Theorem 1.7, we will study another observable which follows the same
dynamics as in Theorem 1.12. This new observable has been analyzed in [15] to obtain universality for a class of band
matrices. Define now the centered eigenvectors overlaps for symmetric matrices,

pij = Z”i(“)”j(a)’ i#jel, (1.25)
ael

pi =Y ui@?>—Co, iel (1.26)
ael

where u are the eigenvectors of Hg and C is any constant in the sense that it does not depend on i but can depend on N.
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[ ]
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(a) A configuration & with N(§) = 6 particles (b) An example of a perfect matching G € G with

P(G) = p§1i2p1212p?2i3pi37:3

Fig. 2. Construction of the perfect matchings from the initial configuration.

Now for & a configuration of n particles on N sites, define the following set
Ve={G.a),1<i <N,1<a<2n}.
The set V will be a set of vertices. Consider now Gg the set of perfect matchings on V. For any edge on G, e =

{G,a), (J,b)}, define p(e) = p;j, P(G) = ]_[eeg(G) p(e) and finally

1
Fos(€) = M—(E)EL% P(G)\x] (1.27)

where M(&) = I—[ZN= 1 (28!, with (2m)!! being the number of perfect matchings of the complete graph on 2m vertices.
Note that this quantity depend on the eigenvalues trajectories A. See Figure 2 for an illustration of the perfect matchings.
The previous quantity follows the same dynamics (1.21) as fj s(&).

Theorem 1.14 ([15, Theorem 2.6]). Suppose that u is the solution of the symmetric Dyson vector flow (1.17) and F), 5(§)
is given by (1.27). Then it satisfies the equation

1 3 26 (1428 (Fa s (E™)) — Fys(8))

ks &) =5 Gi— )2 (1.28)

i#j

Third step: Invariance of local statistics. The third and last step will be to obtain the result for the matrix W; without any
Gaussian part. We will do so using a variant of the dynamical method introduced in [14, Appendix A] which will show
the continuity of resolvent statistics along the trajectory. This method was also used in [31] to study sparse matrices. We
will see that we need to take 7 of order larger than N~! but smaller than /7/N to use the continuity argument. In order
to remove the Gaussian component for Theorem 1.7, we will use the reverse heat flow and will need smoothness of the
entries of our original matrix. Note that a moment matching scheme between the two matrix ensembles, which holds for
any time N~! « 7 « 1, could be used to obtain the invariance of local statistics. However it can be of later interest to
obtain the continuity estimate up to time /t/N.

The next section will state the local laws proved in different papers ([34] and [13]). The third section is dedicated
to prove Theorem 1.3, Corollary 1.5 and Theorem 1.7 for a short time relaxation of the matrix W;. We use a maximum
principle on f; or Fj, a basic tool for the analysis of parabolic equations. However, since we want a local result, remember
that the variance depends on the position of the spectrum, we need to localize the maximum principle. We finish with an
induction on the number of particles in the multi-particle random walk or a mutli-scale argument. For the third step, we
will need a continuity result for the Dyson Brownian motion which will be shown in Section 4.1 and we will give the
reverse heat flow technique in Section 4.2. We will then conclude by combining the three steps in Section 5.

2. Local laws

In this section, we focus on the different local laws result for W;. These local laws are high probability bounds, for
simplicity we will now introduce the following notation for stochastic domination. For

X=(Xyw),NeNuelUy), Y=(¥nw),NeNuecUy).
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two families of nonnegative random variables depending on N (note that Uy can also depend on N), we will say that X
is stochastically dominated by Y uniformly in w, and write X < Y, if for all 7 > 0 and D > 0 we have

sup IP’(XN(u) > NTYN(u)) <N P

ueUy

for N large enough. If we have | X| < Y for some family X, we will write X = O_(Y).
Define now the resolvent of W; and its normalized trace,

N

1 1 1
, S‘I(Z)ZNTI'G(Z)ZN,;)%_Z Q2.1

[tag) (ue |
A —2

N
GCR=Wi-2'=)_

k=1

and denote G;;(z) the (i, j) entry of the resolvent matrix. In the rest of the section we will omit the dependence in ¢ of
the resolvent since we are not looking at its dynamics.

2.1. Anisotropic local law for deformed Wigner matrices

An averaged local law was proved in [34]. The proof relies on Schur’s complement formula, large deviations bounds and
interlacing formula in order to first state a weak local law on the resolvent entries and the Stieltjes transform. The result
then follows from a fluctuation averaging lemma in order to go from the scale (N1)~ /% to (Nn)~'. We first give the
definition of the limiting Stieltjes transform as the solution m,(z) such that Imm;(z) > 0 on the upper half plane of the
following equation

1 1 1
my(z) = — _ = — 1,2 2.2
(2) NZDQ_Z_W[(Z) ~ 2 8(t,2) 2.2)
a=1 a=1
where we defined
) =—————
8alt, 2) Do —1—m @

We will also need the following lemma on the Stieltjes transform claiming that its imaginary part is of order one.

Lemma 2.1 ([34, Lemma 7.2]). Let ¥, w > 0 small constants and « € (0, 1). Take z € D?’K,for N large enough, the
following bounds holds fort € T,

c<Imm,(z) <C.
Moreover
ct <|Dy —z—tm(z)| < C.
Note that the constants above do not depend on any parameter.

Here is the averaged local law taken from [34].

Theorem 2.2 ([34, Theorem 3.3]). Let W; be as in Definition 1.1, 9 > 0 and k € (0, 1),

|
|6t (@) —my(2)] < o 2.3)

uniformlyinz=FE +in e Df"{
The proof of Theorem 2.2 also gives the following entrywise local law from [34] also properly stated in [13].

Theorem 2.3 ([13, Theorem 2.4]). Let W; be as in Definition 1.1 and ¢ > 0, k € (0, 1). Uniformlyinz = E +in € Df"‘,
we have for the diagonal entries
2

|Gaa(2) (t,z)

t
— g (t,2)| < W\ga (2.4)
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and for the off-diagonal entries

Gap(2)] < }. 2.5)

1 .
—— min
7y mint e
In order to study (q, ux), we will need the following local law for (q, G(z)q) proved in [13],

Theorem 2.4 ([13, Theorem 2.1]). Let v > 0,x € (0,1) and q a L2-normalized vector of RY, we have

(a.G()q) - angau 2)

a=l1

< «/;_ Im <Z q,8a(t, z)) (2.6)

uniformly in z = E + in € D'

This theorem also gives us control of the resolvent as a bilinear form by polarization. We will give the proof of this
corollary for completeness.

Corollary 2.5. Let 9 > 0, k € (0, 1), let v and w two L*-normalized vectors of RN , we have

(V, G(Z)W Z VoWe8a(l,2)

a=1

N
< — (Z V284 (1, z)) Im (Z w2 gy (t, z)) 2.7)

a=1
uniformly in z = E + in € D'
Proof. Let 1 € R, a parameter fixed later. Consider
(V4 1w), GV + uw)) = (v, GV) + > (W, GW) + 21 (v, GW), (2.8)

by linearity and symmetry of the resolvent G. On one hand, using Theorem 2.4 on the first two terms of the right hand
side of (2.8), we get the equation

N N
(VW) GO+ W) =20(v. GW) + Y 02ga(t.2) + 17 Y wlga(t.2)

a=1 a=1

+O<(W<Im<z Vo 8u (. Z)-i-uszaga(t z)))) (2.9)

a=1

On the other hand, using Theorem 2.4 on the left hand side of (2.8), we obtain

((v+puw), GV + uw)) = Z(va + 1we) ga(t, 2)

a=1

N
+ O (lev_n 1m<a§(va + pwe)?gal(t, z))). (2.10)

Finally, combining (2.9) and (2.10) and choosing

_ Im(E ) Wavaga(t. 2)
Im(Y 0 wiga(t.2)

we get the final result. (]

We will also need the following rigidity result from [34].
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Theorem 2.6 ([34, Theorem 3.5]). Let w > 0 be a small constant and k € (0, 1). For any t € T, we have

1
[Ak — Vil < N

uniformly in k € A«

This control of the resolvent allows us to give an upper bound for the moments of the eigenvectors of W;. Defining,
for a fixed q e SV 1,

N
(VN (g, ux)**
(&) =E — X (2.11)
’ El a(2n)
with uy, ..., uy the eigenvectors of W, and A its eigenvalues, we have the following corollary.

Corollary 2.7. Letk €(0,1),9 >0and § : AX - N
N
0 (&) < [[ o™ @.k.n) =107 (q. &, ). 2.12)
k=1

uniformly in N~ < < N1

Proof. Fix any ¢ € (0, 1) such that n = N~1*? « r and k € A*, we have the following first high probability bound with
Zk =M +in

1 N{(q, u))?
_(\/N(q,uk))2 _ ()L:i;gzzg)é)—fﬁ < NlIm(q, G(zx)q)

N 2 N 2

9o 1 9
=NI E O« —==1 E .
m( Da—Zk—tmz(Zk)>+ (an m(azl Da_Zk_tmt(Zk)>)

a=1

‘We can then write,

N

2
(VN (g, up))’ < anm(z da ) <o2(q. k. 7).

Dy — 2 — tm;(2k)

a=1

where we used the definition of < and that ¢ is as small as we want and the smoothness of m;(z). We finish the proof by
definition of ¢ ;. O

The local law gives us a strong control on both the eigenvalues and eigenvectors of our matrix ensemble. As W; will
undergo the Dyson Brownian motion, these quantities will still be controlled through a local law up to a small error
coming from the time of the relaxation. We will now define the event of good eigenvalue paths (A(f + 5))se(0,r)) in the
sense that all the estimates and bound from the previous section such as local laws from Theorems 2.2, 2.4 and 2.6 hold.
First denote the resolvent of Hy and its normalized trace by

_ 1 1
G(s,z)=(H; —z)~" and s, 0)=3 TrHy =

1
M +s)—z

M=

(2.13)
k=1

Definition 2.8. Let ¢, > 0 and « € (0, 1). An eigenvalue configuration A is good is the following holds with over-
whelming probability conditioning on A(79) = A for N large enough,
1. SUPg<s<; |5 (5, 2) — myys(2)] < N°(Nm)~" uniformly in z € D}~

2. Supgs<; (@ G(5,2)Q) — Y0 g28a(t +5.2)| < N¥(Nm) ™2 Im Y0 g2g4 (¢ + 5, 2) uniformly in z € D%
3. Supgs<q |Ai(t +5) = ¥ir4s| < NN ™! uniformly ini € A
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Note that by the considerations in this section and a continuity argument, we see that good eigenvalue paths occur
with overwhelming probability so that we can condition on having such a path in the following section. Note that we will
make W, undergo the Dyson Brownian motion for a small time t so that the classical location y; ; and the deterministic
counterpart to resolvent entries g, have small variations. This is the statement of the next lemma.

Lemma 2.9. Let ¢,9 > 0 and « € (0, 1). Conditionally on a good eigenvalue path as in Definition 2.8, we have the
following control of the resolvent,

sup |g(s )—m()|<N—€+Z
p§ » < t < _NT’ [7

0<s<t

G5, 2) 1 <(N2€ +’>| t.2)
su S, Daa — < Z .z
Ossgr " Dy —z—tmy(z) VNn ot 8a

uniformly in z € Df "X For the rigidity results for eigenvalues we have

1
sup Akt +5) — yis| < N8<N + ‘L’)

0<s<t

uniformly in k € AX.

Proof. The first result comes from the fact that |9;m,(z)| < N¢/t which can be deduced from the time evolution of m,
from [34, Lemma 7.6]

dmy(2) = 9z (m¢ () (m(2) + 2))

combined with the estimates |0,m,(z)| < C/t and |m;(z)| <log N. The other error term comes from the local law holding
for a good eigenvalue path. The proof of the second bound comes from the following simple identity

my(z) +t3,m(2)
(D; — 7 — tmy(2))?

S N?®
algol(tv Z) = which gives |alg(1(t7 Z)\ = T|gl)l(tv Z)|

using the fact that |m,(z)| < Clog N and |d;m,(z)| < N¢/t. For the rigidity estimate, we combine the estimate |;y; ;| <
Clog N which can be found in [34, Lemma 7.6] as well with the rigidity coming from the good eigenvalue path. ]

3. Short time relaxation

In this section, we are going to prove Theorems 1.3 and 1.7 for the Dyson Brownian motion starting from W; using
maximum principle. Note that in this section we will omit the subscript A for simplicity.
Recall the dynamics of the eigenvector moment flow with n particles for H; with Hy = W;.

1 2 (1420 (fe E")—f: (&) .
8rfr (E) - N Zi;ﬁj ()\i(t‘i{t)*)hj(l+t))2 ==. (ﬁrfr)(s)a
fo®) = (&)

3.1

with ¢, () is defined in (2.11). where we noted X, (f 4+ 7) the eigenvalues of H;. Note that in the case of a single particle
in k, we can write the dynamics
_ 2NN fr (D= fr (k)
0 fe0)= N 2j=1 Griknmaror” (32)
Jo(k) = @ (k).

We cut the dynamics into two parts: the short range where most of the information will be and the long range. This
decomposition in this context was first introduced in [24]. Letting 1 <« £ << N be a parameter that we will choose later,
we then define

N

(F@f)® =5 3

lj—kl<t

20;(1+2n)(fo (E")) — f(&))
(A —Aj)? ’

(3.3)
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N -
_ b 20 (1 +2n)(f (§")) — f2(§))
(L@ f)0) =+ Z Y . (3.4)
lj—k|>¢
Denote by U (s, T) the semigroup associated with .% from time s to 7:
0:Ug (s, 1) =S () Ug(s,T) (3.5)

for any s < 7. We will denote in the same way Ug. It has been proved in [13,14] that the parabolic short range dynamics
has a finite speed of propagation in the following sense: define the following distance on the set of configurations with n
particles

d(, &) =Y |x — il (3.6)
k=1

where (x1, ..., x,) are the positions of the particles in nondecreasing order of 5 and y, of &. The following lemma then
states that if two configurations are far from each other, the short-range dynamics started at one and evaluated at the other
is exponentially small with high probability.

Lemma 3.1 ([13, Corollary 3.3]). Choose £ > Nt, let ¢ > 0 be a small constant and k € (0, 1). Conditioning on a good
eigenvalue path (A(s))s, uniformly, for any function h on configurations of n particles and a configuration & outside of
the support of h in the sense that d(&, n) > NL for any configuration W inside the support of h, we have

sup Uz (s, s')h(E) < N"||hflcce " (3.7)

0<s<s'<t

forany D > 0.

In this section, we condition on an event occurring with overwhelming probability so that we can state the results
deterministically. We state it here as the following lemma.

Lemma 3.2. Let w, a, b, & and & be small positive constants and D as in Definition 1.1. Let t € T,, and W; as in (1.1).
Letk €(0,1), 7 € [N~ N=%)and £ € [t N'TY, N=b¢]). The dynamics (Hy)o<s<r induces a measure on the space of
eigenvalues and eigenvectors (A(t + s),u(t 4 5))o<s<r. The event A of trajectories defined by the following holds with
overwhelming probability:

SUpg<s<7 15(s,2) —m(2)| < N‘E(Nr;)_1 +7t7! uniformly in z € Df"‘.

Supg<s<7 1(q, G (s, 2)q) — Zé(v:] q2gq(t, )| < (N*(Np)~2 47171 Im Zév:l q2g4(t, z) uniformly in z € DY
SUPp<s<r [Ai(t +5) = viel < NE(N~' 4+ 1) uniformly ini € Ax.

For any function h on configurations of n particles and a configuration & supported outside of the support of h in the
sense that d(&,n) < N¢L for any configuration 3 inside the support of h we have

D=

sup U (s, s')h(E) < N"|[hllsce™ N

0<s<s'<t

The following lemma gives us a bound on the difference between the short-range and long-range dynamics basically
stating that most of the information lies in the short-range dynamics.

Lemma 3.3. Fix £ < Nt and consider &) to be a configuration of n particles supported on Af then for any eigenvalue
paths (A(t + ), u(t 4 5))o<s<c in A, we have for any ¥ > 0 and N~H7 < n< N_’?Z/N,

N
(U0, 7) = Us (0, )i (§)| < NOTHE o2 ). (3.8)
V4

Proof. Let n € [N~!*? N~7¢]. Using Duhamel’s formula we can write

(U0, 7) = Ur(0,0))p: (§)| = ’/0 Ug (s, 1)L (s) fs(§) ds
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Now, by definition of the operator .Z(s) we have that

fEPR) — £,®)

LELE =Y 2 +2m) NG
J

Jkj—k|>£

so that we can bound, using Corollary 2.7 since £ is supported on A¥,

3 N"eatz(q,E,n)+Ifs(Ek’j)I_

Jokelj—k|>¢

Now, say the configuration is supported on p sites denoted (k1, ..., k), then one can write

r N"E 2 L&, + | fs ki,j
R S I T 39
i=1j:|j—ki|>¢ !

Now, since & is supported on A¥, we have that by Corollary 2.7 and denoting & \ k; the configuration § where we removed
a particule from the site k;,

fo(ERT) < NV (q, 6 \ ki) £ (). (3.10)

Consider now g =29¢/N for g = [0, [log, (N /£)1], then we can bound

s A0y T @t
i NOG =X T S S e Ok — AT
Mlogy (V/0)]
= ; Sag Imla, G s, 2, +ing)a). (3.11)

We can now use the anisotropic local law since Ay, lies in the spectral window and since we are on the event A,
Im{q, G(s. Ak +ing)q) <Im{q, G(s, hx, +ima) < N Imm; G, +in)or (g, ki, 1)
< N¥07(q. ki, m). (3.12)

where we used the fact that n < £/N < 5, and that m,(z) is bounded in the spectral window. Combining the estimates
(3.11) and (3.12) we obtain that

(j N
E f:S(]) SNZE—O'ZZ(q,ki, n)
o N\ — A )? l

Jilj—kil>¢ !

Injecting this bound in (3.9) with (3.10), we obtain that

N
|-Z () (®)] < N<”+2>870,2<q, £, 1)

where we used the fact that, by the same argument as in (3.11),
> Ny ST
orree N = h)"

Now, we can use that U & is a contraction combined with the finite speed of propagation from Lemma 3.1 so that we can
write that

N
Uy (s, D)L () fs(§)| <N° sup |$(s)ﬁ(n)!§N("+3)£7 sup o (q, . ). (3.13)
n:d(n,§)<N®¢L n:d(n,§)<N*¢L



Eigenvectors distribution and quantum unique ergodicity for deformed Wigner matrices 2837

However, since we have that 7 is close to & we can use regularity of atz (q, n, n). Indeed, if one looks at the function

N

2
B 9a!
AOEDY (Dg — x —tRem;(x))? + (t Imm; (x))?

a=1

Then we have that

B (x) = N q2t(2(1 + 13, Rem;(x))(Dy — x — t Rem;(x)) — 223, Imm, (x) Imm, (x)
=2, [(De —x — tRem;(x))2 + (t Imm; (x))?]?

a=1

So that we can obtain the bound using the fact that |9, m,(x)| < N¢/t,

Né‘
|09 ()] < Tiﬁ(X)~

We can use this bound in order to obtain the following variation formula for atz (q,k,n),

de&,
o7 (@. &) — o (@.n.m)| = Ng%aﬂq, £.m). (3.14)

In (3.13), one can see that the supremum is only taken over configurations close to each other, namely such that d(&, n) <
N¢¢. Since we have £ < Nt, by (3.14), 0,2 (q, &, n) varies slowly and we can finally bound

N
|Us (s, 1)L () f(8)| < N<"+4>8?a,2(q, ) 0

The two previous lemmas will be very useful tools to prove Theorem 1.4. Indeed, the finite speed of propagation in
Lemma 3.1 allows us to localize our problem but is a property of the short range dynamics, Lemma 3.3 then tells us that
most of the information of the global dynamics is in this short range part.

3.1. Analysis of the moment observable
To prove Theorem 1.3 we will prove the following intermediary proposition,

Proposition 3.4. Conditionally on (A, u) € A, let k € (0, 1), & > 0 and n be an integer. If q € SN, for any & : A — N
such that N'(§) = n, there exists a p depending on n such that we have

1/3
fo®) =02(q. 8. N 1) + (’)(N”(\/% n (;) >at2(q, £ N‘%)), (3.15)

where o¢(q, k, T) is given by (1.3).

The 1/3 exponent that we give here in the error is not optimal. We are not able to reach an optimal error because of the
strong dichotomy we do between the short range and the long range dynamics and also the localization technique where
more parameters need to be tuned. Using a multi-scale partition of the dynamics could improve the error term. Note also
the choice of the parameter 7 corresponds to N ~¢t which optimize our error term. Let ¢ > 0 be a small constant. Recall
that r € 7, and 7 < r. First, the following lemma gives us a local law for f;, in the case of a single particle, deduced
from the isotropic local law for W, in Theorem 2.4.

Lemma 3.5. For z € D*, we have

R R R Y e g2
Im<ﬁzkk(t+r)—z>_Im(ZDa—z—tim(Z)

k=1 a=1

1T J 4z
+O<N( N_n+?)Im(Z—Da—z—tm,(z))>'

a=1
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Proof. See first that, by definition of f7, we have

- Jr (k) i
Z ME+T)—2 E[(q, G (Z)q>|)»]

where Gt := (H, — z)~! is the resolvent of H,. Now, the law of H; is D + /tW + /tGOE D p + /t + W’ for
some W’ a Wigner matrix. We can use Theorem 2.4 for this matrix and write

N 2
Hon dq
Im((q. G""q)) = Im(; Dy —z—(+1v)mi4 (Z)>

o1 u da
+O<N mlm<; Dy—z— (t+r)mt+f(z))>

with m; . (z) the solution with positive imaginary part of the following self-consistent equation,

N 1

Mt (2) = ; Dy —z—(t+0)msc(z)

Note that we have, for z € Df 0 < Im(m;4.(z)) < C for some constant C so that, by a Taylor expansion in T < ¢
(remember that n <t for z € Drﬁ ’“), we obtain

N 2 N 2
Im Z 9o =1Im Z kL
- Dy —z—(t+1)miy.(2) - Dy —z—tmiy:(2)

N
colwmlss %))
t = Do — 2 —tmy(2)

We get the final result with the bound |d;m;(z)| < C(logN)/t. O

Let &, C A¥ be a fixed configuration, we want to use a maximum principle on a window centered around &, of size w
according to the distance (3.6). Since we make a small perturbation T < ¢, in order to notice the dynamics in this window,
we need to have w > Nt. Furthermore, we want to look in the part of the spectrum where the eigenvector will be of
typical size 1/+/Nt, to localize the dynamics in this small part of the spectrum. We then need to take w < Nt.

We define the following flattening and averaging operator, for a > 0

a _Jr@ ifd§,éw) <a,
(Flatg £)(€) = {0,2(q, f) ifdE by) > (3.16)
and
2 w
(Avg, f)(§) = —/ (Flatg, f)(&)da. (3.17)
W Jw/2
Notice that for every &, there exists ag € [0, 1] such that
Ave, f (&) =ag f (&) + (1 — ag)of (g, ). (3.18)

3.1.1. Proof of Proposition 3.4: Case of a single particle
To show the result (3.15) by induction, we will first prove in the case of one particle with the dynamics (3.2). We first
prove under the hypotheses as in Proposition 3.4 in the case where n =1,

1 1/3
fr(k) =0, (q, k,n)+ (’)(NE<\/m + <;> >a,2(q,k, n)). (3.19)
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Nt

(q, ’Itk>2

Nt <l w<K Nt

\)

Fig. 3. We see here a sketch of the variance profile plotted in the spectral dimension: the projection q is fixed and we plot the profile as a function of
the eigenvector uy. We then localize the dynamics onto the small window plotted here: the window is small enough so that the eigenvector can be seen
as “flat” but large enough so that the short-range dynamics will not involve indices outside of this window.

To do so, we want to use a localized maximum principle centered around k,, which is the position of the particle for
the configuration & in this case. However, we need to know that the maximum stays in that window, that is why we first
flatten and average f;(k) and use it as an initial condition for the dynamics (1.21). We will then make the short range
dynamics work on f; (k) during a time 7 < ¢. Since we use the short range dynamics for a time T we will be able to use
the finite speed of propagation (3.1) and we should choose Nt > £ > Nt for the range cut-off. We will take an explicit
value at the end of the proof. The different parameters and scaling is illustrated in Figure 3.

Consider g,

1 g:(j) — g: (k) . B
3z gr (k) = |j_2k|:<e it G roE il = Av,e)®.

First note that, in order to prove (3.19), it is enough to show that

e =a2qhkm+o( (LM L LT NI o (3.20)
! w £  JNnp n Nt ¢)"

where the parameter 7, the spectral resolution, will be chosen so that N -l « n < t. Indeed we have,
| fe (k) = g (k)| = [(U(0, )¢y ) (k) — (U (0, 7) Avi, 1) (K) | (3.21)
= [(U@(O, 7) — U#(0, r))wt](k) + [Uy(O, 7)(Id — Avkw)(p,](k). (3.22)
By Lemma 3.3, we get
[(U#0,7) — U0, 7)) | (k) < N““”%oﬁ(q, k,m). (3.23)
Now, for the second term in (3.22). Since (¢; — Avg, ¢;) (k) = 0 for k € [kyy — w/2, ky + w/2], and taking w > ¢N*,

looking at k € [ky, — w/3, kyy + w/3] for instance, Lemma 3.1 tells us that the term is exponentially small. Thus, we
obtain

fo(k) = g (k) + (9<N(”+4)8%012(q, k, 77))-

We first prove the following equation which can be seen as an averaged version of the result. We now show the
following lemma which is analogous to [14, Lemma 7.3]

Lemma 3.6. For ko € [ky, — u, ky + u], set 250 =y, , +in € DV*

1 gh)
MN 2 W) —Im(m, (%)) (. ku, )

k=1

b4 Nt 1 T w
< N(@+6) z 2(q, ky, 1). 3.24
- w L JNn n Nt Vi Jor (@ k) ( )
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Proof. First, decompose the left hand side term into three different terms:

Im 1 i (Us(0, T)Avi, 1) (k) — (Av,, U (0, T)er) (k) (3.25)
N Pt I — zko)

1 o (Avi, U (0, D)) (k) — Avg, fr (k)

m(N ; Py (3.26)
1 X Ave, £ (k)
+ Im(N ; m) — Im(m; (z%))o? (q, kw. 1) (3.27)
To bound (3.25), we write

(Us(0, T)Avk, ¢;) (k) — (Avg, U (0, D)y ) (k) = / Uz, (o) (k) da (3.28)

with
¢ () ®) = Uy (0, OFlat], ¢) (k) — (Flatd, U (0, gy (k).

Look now at what happens around k,, — a, the other boundary of the window k,, 4+ a can be bounded exactly the same
way. By finite speed of propagation from Lemma 3.1, for k < k,, —a — £N°?, we easily get

(U0, DFatf, ) (k) = Flatf, (U (0, ) (k) + O(N"e ™).

The same equality is true for k > ky, — a + £N°¢ using the same argument.
For ky —a —¢N® <k <k, —a+ £N?, since the operator U & is bounded in £°°, we have

4 @®] <2 sup  @i(j) < N0} (@ kw, 1) (3.29)
Jili—kwl=NeE

where we used Corollary 2.7 combined with (3.14). Now, in the integrand in (3.28) there is a set of measure at most N¢¢
which is not exponentially small which gives, combined with Theorem 2.2, that we can bound (3.25) by

L Y4
(3.25>sNsalmm,(z@o)))a?(q ku) < N°—o; 2(q. ky. 1), (3.30)

where we used that Im(m, (z%0))) is bounded in the spectral window from Lemma 2.1.
To bound (3.26), noting that f; = U#(0, 7)¢,

|(Avk, U7 (0, 7)1 (k) — (Avi,, U2(0, )¢ ) (k)| < |[(U#(0,7) — U(0, 7)) ;| (k)|
Se Nt 2
=< N 701 (q, kv 7))

where we applied Lemma 3.3.
Thus we have

N

CNt 1 1
Se 2 2 : 58

where we used the averaged local law from Theorem 2.2 and the fact that in the spectral window we have Im(m;, (z%0)y) <
C.
To bound (3.27), we want to use the local laws. Recalling that ko) = Yk, +1n, then

el (Avg, Uz(0, 7)) (k) 1 (Avg,, Uz(0, 7)) (k)
m(ﬁ Z ! = Im(— Z ! >

_ (ko) — (ko)
k=1 Mc—2 k—kol <N /7 M=z

+ O(ynol(q, ko, n)).
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where we used the fact that similarly to the proof of Lemma 3.3, we have that, for any threshold ¢,

1 Ave, fo)(k N
Im<ﬁ 3 M):o(zv —”o,z(q,ko,n)) (3.32)

— (ko)
ket M2 to

Taking £o = N /7 gives here the bound. If we use the notation (3.18), we obtain

1 & (Avg, fo) (k)
Im(ﬁ 1; v (3.33)
1 (k) + (1 — a) o2 (g, ku, 0)
- Im(— 3 ati " _‘;’Ek(g’ 4 Cw ) +O(Vi02(q. ko, 1)) (3.34)
lk—ko| <N /7
_ Sr(k) ) 1 & 1
= Ak, Im( Z)Lk —Z(k0)> +( —ako)O't (q, ky, rnlm(ﬁ;m) (3.35)
N _ _ 2
'Hm(l Z ) ): (k);— (ako(ko)ak)at @ k. 77)) + O(«/ﬁotz(q, ko, 77)). (3.36)
k— 2
lk—kol<N /7

Note now that

N 2
T (ko) n\ 2
Im = (Im 0)) 4 < ko 1),
<o§ Dy — 210 — tmz(z“‘O))) < (me () t)“z (q, ko, m)

so that, by Lemma 3.5 and Theorem 2.2, we obtain

(3.35) = ag, Im(m, (z)) o7 (q. ko, m) + (1 = axg)o (@, K. ) Im(m, (1))

1 1
+O(N< T +f)ot<q,kw,n>>

Note that we do not keep the error /¢ as we take n < t so that t /¢ is of larger order. Now using the deterministic bound
(3.14), we obtain that since k € [ky — w, ky + w],

1
(3.35) = Im(m, (%)) 0 2 (q, w,n)+O<N£(J—_+ +m+\/_)0, (q, w»’?))

Finally, with the elementary property |a; — ax| < C“T_kl we get that (3.36) < C \/ﬁUE (q, ky, 7). Putting these estimates
together, we obtain

1
(3.27) = 0(1\/8 (W FELA 7R ﬁ)of(q, ku, n)) (3.37)

Combining (3.30),(3.31) and (3.37), we get the final result

1 geb)
T (ko) 2
Im(ﬁ P m) —Tm(m, (z)) o (q. kw. m)

p— € E 1 2
_O<N< +7+\/—_+ +m+«/—>‘7;(q’kw,fl)>- 0

Now, we just need to prove that (3.20). Let k,, be the index such that g, (k) = maxy g (k) and z = Ag,, + in. If we
have that

| gz (k) — 0 (q k. )| < N710, (3.38)
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there is nothing to prove. Now if the left hand side is greater than N !9, by finite speed of propagation, k, is in the
interval [ky, — u, ky, + u]. Indeed, if it is not then the difference in (3.38) would be exponentially small. We then have

argr(km)
8:(j) — gc (k)
_ T V2
|] < (Aj — Ak,)
J#km
1 ng:(j) gr (k) n
=N 2 (hj— )2 +n2  Nnp 2 (hj — hip)? + 12
lj—kml<t ~"/ " |j—km| <t
JFkm JFkm
N
1 1 g (k) gr(km) < (Nﬂ 1 ) 2 )
<-Im|— - +0 —+ — Ko,
_Um<Nk=])\k—Z) . Im(m, (z)) 7\ Nn o, (q, ki, 1)
C

N¢ ((Nn 1 2 { Nt 1 T W 2
ol —( =+ — Sk, S kw, 3.39
+ <n<<e+Nn)’(qm”)+(w+e+¢N_n+t+Nz+ﬁ>o’(q ws> 1) (3.39)

where we used in the first inequality that g, (k;,) is the maximum, in the second inequality that extending the sum to all j
adds an error (N 1“7] / Zo*,z (q, ki, 1)) using (3.32) and Theorem 2.2 combined with the estimate from Lemma 2.1. Finally
in the last inequality we used (3.24), ¢ <Im(m;(z)) < C in the spectral window and that the rigidity errors that appears
from changing A, into y,, , from Theorem 2.6 are smaller than the other terms. Injecting our variance o2(q, ky, 7) in
(3.39) which does not depend of t,

C
3z (g2 (km) — 07 (Q, ku, 1)) < —;(gf (km) — 02 (q, ku, 1))

Nn € Nt 1 T W N®
o —t —+ -+ — Jkw,m) ).
+ <<£+w+£+ —Nn+t+Nt+ﬁ>nU’(q wn))

Thus, writing S; = g; (k;;,) — o, (q, kw)2 we get

0.5 <~ S5, 10 N"+€+Nt+ LTy ) o )).
—— —t—t— 4=+ -+ — —o0,(q, ky,
TR ¢ ¢ ' JNn§ t Nt nn,qwn
Note that S; is not necessary differentiable as the maximum is not necesarily unique for instance, but one can get the
result by instead considering

S;— S
0 Sy = lim sup u L.

S—T §—T
Using Gronwall’s lemma, we have if n < 7,

Nn ¢ Nt 1 T W 2 _c
S: =0 N°| — ——t+ -+ K, N
T ( (6 t+—+ 7 +\/N_n+t+Nt+\/ﬁ)G’(q ws 1) +

for any C. We can do the same reasoning with the infimum. Finally taking the following parameters
n=N"°t, w=(Nt(N)?)'"’,  e=+Nru (3.40)

we get the result for a single particle. Note that with these choices of parameters we have the correct relations: N ™! «
KT LKLLw KL Nt

3.1.2. Proof of Proposition 3.4: Case of n particles
In the previous part of the proof, we looked only at the second moment E[N (q, ux ())?|A] which corresponds to a single
particle in the site k. Now, we will do the proof of (3.15) by induction on the number of particles.
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We can first define the same objects as the single particle case: we will consider the short range dynamics for a small
time T < ¢t with initial condition an average of the eigenvectors moment of W; localized onto a specific window. More
precisely define, with &, being the configuration with n particles that lies at the center of our window of size w in the
sense of the distance (3.6),

ijy _
afgf(E)—— > g:&7) gfz@), (3.41)
|l ;{EKZ ( 1_)L )
i#]j
80(§) = (Avg, 1) (§). (3.42)

By the same reasoning as for the one particle case, using Lemmas 3.3 and 3.1 with n particles, we get

CNt
| e (&) — g ()| < NHVE—— . ol(q, &, n). (3.43)

To reason by induction on the number of particles, we need to show the following equation, similar to (3.24) in the
case of one patrticle. For k, € A¥, define %) = vk, +in and let § a configuration of n particles with at least one particle
in k,, we need to show

1 Al gt(gkr’k) 2 2
Im N ; i) —20 ) T (ag f= (€ \ k)or(q. kr,m)” + (1 — ag)o/ (q, &, 1))

£ Nt 1
= 0<N<"+4>8 (E Tt At )o,z(q, &, n)), (3.44)

where & \ k, denote the configuration where we removed one particle in k, from &.
We apply the same decomposition in three terms as in the single particle case, the first two terms can be bounded the
same way and we can bound the left hand side of (3.44) by

1 L (Avg, fo) (€0
Im(ﬁz g — 200

k=1

— (ag fr (& \ k) Im(m, (%)) o 2 (q, kr, ) + (1 — ag) Im(m, (z%7))o 2 (q, &0, 1))

V4 Nt
+ O<N<”+4)g(; + 7)0301, &, n)) (3.45)

Now we need to see that,

Avg, fr (EF) = ag x fr (EF) + (1 = ager)o (@, &0, 1)
= (ag f- () + (1 — ag)o? (q. £0. m))
+ ((aghx —ag) fr (&) + (ag — a,;kr,k)ﬁlz(q, £.1))

d(E"* &)al(q, &, n))
2 .

= (ag f: (§k“k) +(1 - a;)cr,2(q, &, m) + (9(
We can use the same decomposition into |k — k.| < N /7 and the averaged local law from Theorem 2.2 to get

1 L Ave, fr (EFrF) f- (€5
Im(ﬁz o — 2 ) ( Z o — 20 )

k=1

NE
+ (1 — ag) Im(m, (z*")) o 2(q, &0, n) + O(N—na?(q, &, n)>. (3.46)
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Consider the sum in the right hand side, recall that there is at least one particle in k. and denote k1, ..., k,, withm <n,
the sites where there is at least one particle in the configuration &. Recall that z*) = Vi, Fin,

Lo nfe@hH 1 s (€5 ) e L
N Z Vit — M2 +02 N Z — )2+ 12 Zot & (3.47)

k=1 k¢ {kr k) Vet

where we used Corollary 2.7 on the indices we removed from the sum. Now we have the following equality for the first
sum by definition of f7,

L nfeEH)
— 2 2
N kéky,...km} Vipt —A)*+1
2jr/ z(jr_l) )
Zr/ Zr an
Lm0 r = D)l N (e =2
r/gér
By Lemma 3.5, we have,
2
i Z nz;j
3 )2 2
N JEKL ek} ket = 2j)"+1
N 5 .
! nzy NE )
' " e 3.49
N 1; (Vkot = M2 +1? (Nr] ; (@, kj.m) 40

1 & 2 Ne N,
=1Im(m,(z*))o?(q, k;) + O N* 1T o2(q, k )+N—Eioz(q ki, m) (3.51)
t t s Rr NT] P t s Rr N77 = t s Ry, . .

Combining (3.51) and (3.48) and using the bounds on the variations of o; (3.14), we get

1 i nfe (€5

_ (k)
P Syt UL SR ALS

e L T),2
+O<N (m+t>a, (q,é,n)) (3.52)

Finally, combining (3.52) and (3.46), we have

— (k)
Nk:l A —2Z

1 N A : kr .k
Im<— Z M) = Ll;: f;(& \kr) Im(mz(Z(k’)))Utz(q’ kr7 77)

1
+ (1 — ag) Tm(m; (%)) o (q, &0, m) + O(Nf (W + ;)aﬂq, £, n))

which, combined with (3.45), gives us (3.44).
We now follow the same proof as in the case of one particle: we state a maximum principle on the flattened and
averaged moment. First define

En = max g (§), (3.53)
N@E=n
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and let ky, ..., k,, be the positions of the particles of the configuration &,, with m < n. We are going to use our induction
hypothesis in the maximum principle inequalities by (3.44).

Z gr(gm ]) — 8 (&m)

0:87(&m) <
\l./|<l (i = 2j)?
i#]
E = l Ugr(Emk“‘") _ gr(&m) n )
- NZ:(” ];<1 Gj = k)2 40? Ij;d () = M) + 02
ik i#h
C ¢ ge (Em' ) N1 o7 (@, &m, n)
R S e
C m
< 0 Z(agm feEm \ k) Im(m, (2%)) o 2(q, ke, 0) + (1 — ag,) Im(m, (2%)) 0 (g, &0, 7))
r=1
—Ei (&m) Im(m, ( ("f)))+(9(N(n+4)8 <;+3+£+&+@) 2(q. & )> (3.54)
anIgr m ) 1M\ (2 m : w I; 7 o, (q,8m, ") |. .

Now, we use the induction assumption on f7 (&, \ k) which is a (n — 1)th moment and obtain

1 \!/3
FeEm \ k)or (@, ke, m)* = 07 (Q, Emy 1) + O((JT_r + (;) )0,2(11, ém, 77)>~ (3.55)
Besides, we can easily see that, since d(&y, &) < 2w, from (3.14),
Néw
o7 (@, &0, )% = 07 (@, &m )| = — =07 (@, &m, ). (3.56)

Now, injecting (3.55) and (3.56) in (3.54), we get

37 (gc (Em) — 07 (g, &0, )

C m
_; Z(gf (Em) - O{Z(qs SOa 77))
r=1

cof(Mr by Loyry M w 1 T) e 2(a, &no )
—t -t =+ — - o/ (4, &m,n) ).
¢ w JNnp t £ Nt Nt t g dsme

Doing the same reasoning as in the proof for one particle, we get, by applying Gronwall’s lemma,

gr(Em) = 07(q, Em, 1)

cof(Mr by Loymy M w1 )" 2(q, &no 1)
—t —F+—=+ -4+ — 4+ — — - o/ (q, &n,
¢ w JNp t € Nt \JNt ! ¢ Smo 11
We can again do the same reasoning with the infimum and choosing the parameters as in (3.40) the claim from
Proposition 3.4 follows.

3.2. Analysis of the perfect matching observable

In this subsection we will again condition on the event A of good eigenvalue paths where the local laws and the finite
speed of propagation holds. Consider now a deterministic set of indices I C [1, N]. Note that in the definition of the
centered overlaps p;;, we can only center by a constant not depending on i. However in Theorem 1.7, one can see that the
expectation of the probability mass of the ith-eigenvector on I clearly depends on i. Thus, we will need to localize our
perfect matching observables onto a window of size w chosen later and show that these p;; are, up to an error depending
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on w, centered around the same constant. The size of the window w will be taken so that Nt <« w < Nt similarly to the
previous section. More precisely, we will fix an integer ig € A¥ and consider the set of indices

Aﬁ)(lo) == {l S [[1’ Nﬂ’ Vt,i € [y[,i() - (1 - K)wa yt,i() + (1 - K)w]}
so that we will take for our centered diagonal overlaps

. 1 .
pii =Y _ui(@)®—Co with Co= ¥ PRCACENE (3.57)

ael ael

the overlaps for i # j will not change. First consider these overlaps for the matrix W; and define, similarly to the previous
subsection

1
P =——EF P(G)|\L].
=g [G% ( )\]

This quantity corresponds the perfect matching observable for our initial matrix W, and we make it undergo the dynamics
(1.28) so that we define

Fs(§) =Ug0,5)P;(§)

where 4 is defined in (3.1). We now prove the result from Theorem 1.7 for a Gaussian divisible ensemble for p;,;,. We
will need the following technical lemma allowing us to bound the p;; by the perfect matching observables.

Lemma 3.7 ([15, Lemma 3.6]). Take an even integer n, there exists C > 0 depending on n such that for any i < j and
any time s we have

E[pij(s)"A] < C(Fs(§V) + F,(§@) + F,(§)) (3.58)

where & M s the configuration of n particles in the site i, & @ p particles in the site j, and & 3 an equal number of
particles between the site i and j.

We will also use repeatedly the following bound on the eigenvectors which comes from Corollary 2.7

X:uk(ot)2 < N°T.

kel

The purpose of this section is to prove Theorem 1.7 for another matrix ensemble: a deformed Wigner matrix perturbed
by a small Gaussian component. More precisely, we state it as the following theorem.

Theorem 3.8. Consider a and w two small positive constants and k € (0, 1), take t € T,, D a deterministic diagonal
matrix given by Definition 1.1 and W a Wigner matrix given by Definition 1.2. Let T € T'q := [N™'*%, N9, then if
ui,...,un are the eigenvectors of the matrix

H, = D+ /W + /TGOE,
define the error

T =
(1) = +1
VNt

we have, for any k, £ € AL with k # € and any ¢ > 0 and D > 0,

IE”( Z(uk(ot)2 — %0,2(01, k, 1:))’ +

ael

)

~ |

> ur@ue(@)

ael

> Sa(r)) <NP.
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As one can see in the statement of Theorem 3.8, we will need the small time 7 corresponding to the size of the Gaussian
perturbation to be of order smaller than ¢ so that the eigenvalues and eigenvectors barely changed during that time. We
will later choose a specific T and optimize all our different parameters when using the reverse heat flow technique to
remove this small Gaussian component. One of these parameters will be a cut-off for the dynamics as in Section 3.1.
Indeed, in order to use a maximum principle on the dynamics, we will split it in the same way: a short-range dynamics
with generator .# that will contain most of the information and a long-range part with generator .Z we need to control as
in [24] where . and & are defined respectively in (3.3) and (3.4). Lemma 3.1 will help us localize the dynamics onto a
small set of configurations. Now the following lemma says that most of the information of the dynamics is given by the
short-range, bounding the difference between % and .. It is analogous to Lemma 3.5 in [15]. First define

sup  Fy(§).

EClu<s<v

(uv) _
S =

Lemma 3.9. For any intervals Jin C Ay (o) and Jou = {i, d(i, Jin) < N°L} C A% (i) since we will take £ < Nw, any
configuration & such that N'(&§) = n supported on Ji, and any N~' < v < w we have

Nt =t T n-2
|(U50.0) = Uy (0. 1)@ (8)] < N° =~ <s§fjuf) +1-— (ijfm”) T (sPT) ) (3.59)
where F; is the perfect matching observable defined in (1.27).

This bound is used in this form so we can obtain information on a box in space by extracting information from a larger
box. Iterating this bound will give us Theorem 3.8.

Proof. We will follow the proof from [15]. Define the following flattening operator. For f a function on configurations
of n particles and & such a configuration,

Flaty F(E) = {f(é) if§ C {i.dG, ) < a) (3:60)

otherwise.

‘We make the functions vanish outside of a certain interval. We use now Duhamel’s formula and write
T
(Ug(0,7) — U0, 1)®;)(§) = / Uy (s, 1)L (s)Fs(§)ds.
0

Now, see that, by definition of the flattening operator and the fact that & is supported on Jiy,
d(Supp(Z(s) Fy — Flatye¢ (L (s)Fy)), &) = N°L.

With this bound, we can use the finite speed of propagation from Lemma 3.1 and obtain, using that U &~ is a contraction
in £°°,

U (s, )L (5)Fy(§)| < max |(Flatyee (£ (5)Fy)) @)] + O(e =N /?).

ECJ()UI

Thus we need to control |($(S)FS)(§)| foré ={({1, j1),---(m, jm)} a configuration of n > m particles supported in Joy;.
We have, by definition of .Z,

FE”
Z Z N(A —A )2

1<p<m |i,—k|>¢

|2 ) Fs(&)| < Cy

+Ca |F(E)| Z Z N()» —)»k)z

I<p<mlip—k|>¢

For the second term in the previous inequality, we can use rigidity estimates from Theorem 2.6 and a dyadic decomposi-
tion and see that

1 N
X e o=V G361
ki p—k|>€ i, = A)
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so that we have the bound

N 01
+NE= S oo, (3.62)

~i,.k
F(§")
22 N(hi, — M)?

I<p<mk,lip,—k|>t

|2 () Fs ()| < N*

For the first sum 1n (3 62), we will first restrict it to the sites k such that there are no particles in the configuration S SO

ip,k .
that we will have 7, Y~ = 1. Note that, if we have 7j; # 0 then by definition of § supported on Joyt, ’;‘ r is also supported
on Joy. This gives us the bound

~ip.k ~i,,k
Z F(& g ) < Z Fy(& g ) + S(O,r) Z 1
. 2 = ] Jout . 2°
klip—k|>¢ N iy =) k. lip—k|>£ N, 02 k. lip—k|>¢ NQuip =4
=0 k70

“ips
Z FY(E ! ) + CNEES((),I)
. 2 2 «Iout
k. li—k|>€ N @iy =44 ¢

k=0

where in the second inequality we used the rigidity of the eigenvalues, which gives us (4;, — A)? > C(£/N)? for |i »—
k| > €, and the fact that there is at most m sites k such that 7; % 0. By definition of the perfect matching observables, we
can write

~ip.k
F,(&" (e)
5 we,arcor B 5 Eeihh]
k. lip—k|>€ (i, = Ai) klip—k|>£ GGy, i ( — M)
=0 =0
In order to control this term, we will consider two different types of perfect matchings which are illustrated in Figure 4.
Define the following partition of Gg into two subsets

g(l)
g(2)

{GeGe. {(k.1), k., 2} &)}, (3.63)
[GeGe. (k. 1), (k,D} ¢EG)). (3.64)

We will begin by bounding the contribution from (3.63). Note first that, for G € G M , we have

[T r@=rux0i1((P©).ce) (3.65)
eeE(G)
with
Ql((p(e))ees(c)) = H ple).

e€E(G\{(k, 1), (k,2)}

See also that Q1 is a monic monomial of degree n — 1 so that we can use Lemma 3.7 and obtain

n—1
E[ 2 Q1<(p<e>>eeg(c))Msc sup R =c(sy) T (3:66)
Gty §CIou N &)=n—1

—e—@—e—e— ¢ <«
ik d2 13 i ko da i3
(a) A perfect matching from gggk (b) A perfect matching from géf;k

Fig. 4. The two types of perfect matchings we have to control.
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Combining (3.65) and (3.66), we now only need to bound

Dkk Dkk N
Z N —32 Z N — )2 + O(_Z)
kk—ip|>1, N()Lll’ Ak) k,lk—ip|>¢ N()\’lp Ak) 14
k=0

In order to bound the sum from the right hand side of the previous equation, first define the following functions, for
lz—Xi,| < N"#L/N,

Z Pkk

)= —_—,

/@ L NGE—=2)
kv k¢lE] L ES ]

_ Pk
g(zx) = Z Ne—p

k.vixglEy EfULES ES]

where E\ = y1i,—¢, E{ = V1,i,——N¢, Ef= Yeip—t+Nes E2 = Vii,+00 Ey = Yiip+0—Nes Ef = Ye.ip+e+Ne. Let also I’
be the rectangle with vertices E1 £1¢/N and E, +i¢/N. We therefore want to bound, up to a N¢ term,

Pkk
E o = 0 (@e=
L 2 Z Z i
ep e N Oy =200 »

Now consider C; » the circle centered in A; » with radius N ¢ %, then by Cauchy’s formula, we can write,

1
0. £ Gui,) = .—f f(j) e,

2im (z —

By using another Cauchy integral formula on the contour I" for f and seeing that for Ajy, z inside the contour and Aext
outside of the contour we have, by a residue calculus,

femme = eome
FE—2n)E—2,)  Jr E—re)E —Ai,)

Note that we also have

1 Pkk _ (’)(L kk )
21 J, (6 = 2i,)?(E — M) 2r J, (& — )»ip)z(g— Ak)

so that we can write
Img(§) D

1 g() ’ (
‘ v/F(E )\tp)z 5 r (E )\tp)z S

We will first control the part of the contour closest to the real axis. Consider

|0- f (ki) | = (3.67)

I ={z=E+inel, 5l <N°/N},
as in [15] and bounding pyj by T we obtain
I IN
/ mg(é)zdg‘ O(Ng \ )

r, 6 —2i,) 14

Now for the rest of the contour, note that we can add the missing eigenvalues to the total sum in g up to adding an error
of order N¢1I/¢. Finally we just have to bound

N
12

\I'y

N
ImZ—N@ A)‘| dé|

_N
|dg | (3.68)

Imm, (€)1
ZGW@) St ey Cz0) lemga(f,zo)

F\rl aEI
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where we used the definition of py and of o; and defined zg = y;,i, + ino, with 9 < ¢ is the center of our window of
size w < t with positive imaginary part. Now, using the entrywise local law from Theorem 2.3 and expanding between
zo and & since |§€ — 79| < w, we have

1 Imm, (&) 1
‘ImﬁaZdGaa(g)—mﬁzlmga(hm)
1 mmt(é)
I o oo o e I o I [PARE]
< mND;( € —g ‘ w(mg (1,§) = g Imga Zo))‘
<N8;A+NSIAE
- N[Im&| t

Injecting this bound in the contour integral, we get the following bound.

T
VN’

Finally, putting all the contributions together and coming back to (3.67), we obtain

(3.68) < N°T— —i—N‘E

<N 7w
0. f Q)| S NO—( = +T— ). (3.69)
e \¢ t
Consider now the contribution from (3.64), first see that for G € QEZ), there exists g1 and ¢ in {1, ...m}, such that
[T r@ = pui, priy, x Q2((P(©)) oce ()
eeE(G)

with O, a monic monomials of degree n — 2. Then using Lemma 3.7, we can bound

(n 2)

B[ ¥ 02((p@),ce0) ] =027 ),

Geg’

Besides, we can bound the term with the cross-edges in the following way

N
Pig kPig, N ) N
Y NI s g ot ) = g @ @) < Ty
ke, Jk—i =€ =1 =
k=0

Putting everything together, we get

T n-2
O, t) 0,7) ©0,7) n
(00,0~ U 0. m)0ue)] <8 T (00 + T 00) T + 255007 )
which is exactly the result wanted. ]
We will first prove the following proposition in order to deduce Theorem 1.7.

Proposition 3.10. For any ¢ and N large enough the following holds. For any intervals Jin C AL and Jou: C {i, d (i, Jin) <
N~¢Nw} we have

V4 Nt 1 1 X)) n=1
©0,7) e 0,7) e ©0,7)
S <N +—+—S5 + N | —+1— (S n
Jin (Nw £ NT) Jout («/Nr t)( Jout )

I N n=2
+N€<—+I—t)(5(0’f) o (3.70)
T
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Proof. We will use the short-range dynamics and its finite speed of propagation property in order to localize the maximum
principle in Ji,. We will then use the local laws and Lemma 3.9 in order to get a Gronwall type bound. Define the following
averaging operator. For f a function on configurations and & a configuration,

3NE
AV(f) =5 > Flat.(f). 3.71)

Note that, if & is not included in Jyy, by definition of the flattening operator, (Av(f))(§) = 0. The purpose of these
operators is to change the initial condition in order to remove the particles far from the initial interval J;,. Note also that
we can write, for any &,

AV(f) (&) = ag f(§),

with ag € [0, 1]. Note that we have the elementary bound |ag — ag| < CN®/Nw. Define now the following dynamics

Iasrs =7, 0<s<t (3.72)

To(§) = (Av®,)(8).
Now, if one takes a configuration & supported on Jiy, it suffices to show the bound in Proposition 3.10 for I'. Indeed

|Fr(§) =T (&) < [(Uz(0, 1)@ — Uy (0, 1)) (§)| + |Usr (0, T) (D, — Av @) ()|

CNT (0, 7@ 0oL T o052
< N°? . (S«Iom +I?(S-Iou[ ) —i—Z(SJOth ) +exp(—cN8)
where we bounded the first term by using Lemma 3.9 and the second term using the finite speed of propagation. Indeed,
since & is supported on Jip, (Id — Av) ®; vanishes for any configuration supported on Jo;. Note that we can use Lemma 3.9
since we will take £/ N < w. In the rest of the proof, we will prove the bound from Proposition 3.10 for I';. If we already
have for some C > 0,

Ce(m):= sup I (§)<NC
EN(@E)=n

then we have nothing to prove by the argument above and the definition of F;. However, if this supremum is greater than

N—C, then by the finite speed of propagation of ., we know that »,, will be supported in, for instance, {i, d(i, Jin) <
3Nw
aNe

Consider now, a parameter 7 that we will choose later and denote also m < n the number of sites with at least a particle
and ji, ..., jn those sites. Then, we can write

5 20 k(1 + 200, ) (T (7)) = T ()

0:Ur () = 5 (3.73)
0<liFi<t N +1)—A;(+71))
kyjp
C r -r
<= Z N m™") _ I(Zm)) (3.74)
N1 I<p=m ()Lk_kjp) tn
k,0<j,—kl<t
k’jp
C r 1 1
<-—— Z 1m<M) — — T () Z Im<7> (3.75)
Nn 1pam A —Zj, Nn 1pem Zjy — Mk
k,0<]jp—k|<t k,0<]jp—k|<t

with Zj, = )‘J'p + in. For the second term, see that for p € [1, m], if we choose 7 to be smaller than £/N,
#{k,0<|jp —kl <} = Cl=CNn=C#lk 1, — | <n} = C'Nn
where we used, in the two last inequalities, the rigidity of the eigenvalues. Now we can write

1 U
Im| —— | > UV = CN.
Z (sz - Ak> Z (hj, — M)? + 12

1<p<m I<p<m
k,0<|jp—k|<¢t k,0<|Aj, —Ak|<n
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We now need to control the first term in (3.75). To do so, we will split it in the three following terms:

Im( A D) AV B (™) — (AU 0, )@ af ™ >> 56
k,0<‘jp*k|§e N(ij - )
Jpsk Jpsk
+Im< s AUy Q0@ - (v Ug 0,020 o )) -
k,0<lj,—k|<t N(zj, = A
(AV Uz (0, D)) (28™)
+Im< > NG — ) > (3.78)

k,0<|jp—k|<t

To bound the first term, we will use the finite speed of propagation property of . from Lemma 3.1. Indeed, we can
write

(Us(, r)Av@t)(n,J;,”’ ) — (AvU»(0, 1)) (n ’P”‘)z i’VNuj Z %( ,,,,k)

3

with
U, = U (0, t)Flat,®; — Flat,U (0, 7)®,.

Jk
Fix a and consider three cases, if r;J ’

is supported on {i, d(i, J;,) > a + N¢¢} then by definition of Flat, we have
Flat,U (0, 7)®; =0,

and by Lemma 3.1 we have

cN¢
|U(0, T)Flat, ;| < exp| — )

pr

Now if 5, " is supported on {i, d (i, Jin) < a — N®¢} then again by definition of Flat,,
Flat, (U (0, 7)®,) (n;2") = (U0, ) &,) (i ).

Thus

|42/ (”Jp’ )|<|U (O _Fl Jpok _CNS
m )| < |U»0, 1) (@, — Flat, @) ()| < exp > )

Finally, if 17]” "™ is supported on {i, d (i, Jin) < a + £N*¢}, first note that there can only be 2n¢ N¢ such a, then one can see

that we can use the finite speed of propagation if we remove particle away from a at distance 2¢ N¢ for instance, then

RACE Jpok )| < [Flat,U.» (0, 7)®; | + |Flat,U.» (0, T)Flat,0ne D/

+ |Flat, U (0, T)(®; — Flat,42¢n¢)|

cN®
< ||[Flat, ®¢|loo + [[Flatz12¢n¢ [loo + exp| — )

N8
<2590+ exp(— < 5 )

where we used that U &~ is a contraction in ||||. Finally we can bound (3.76),

¢ Ne
(376) < N'—— S§Ouf) + exp(—c2 ) (3.79)
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where we used the fact that

1 N 1
i | -
‘N m( Z Zj —M)

k,0<|jp,—k|<¢ =P

<|s(r.z;,)| < N° (3.80)

where the Stieltjes transform ¢ is defined in (2.13). For (3.77), we will use Lemma 3.9. Indeed, first note that in the
short-range regime, the set of k such that |j, — k| < £ is included in Af" . Then we can bound

Nt T n2
07n =N BT (004 TS0 T + (507 331

where we used the fact that Av is a contraction and (3.80).
Finally, in order to bound the third term (3.78), we will use the local law for ®,. First write

Im( 3 (AVU (0, 1)) (i ))

k0<1jp—k|<t Nj, =He)
a jpu Fr (g™
(Y
=Im N—
k,0<|jp—k|<t (@jp = M)
Jp7
_Im( Z ay, Fe (nlw )) +Im< Z (aﬂlp — ay,) Fr (i ))
k,0<j,—k|<t Nj, = M) k,0<j,—k|<t Nj, = M)
iy, Fe (™) . 0.1)
=Im( ) T +O(N1yj,—ui=elan, — @ ip1S,."). (3.82)
k0<ljp—kl<e 1 \Cip Tk "
But we have the bound, for |j, — k| < ¢,
| - Ne Al ) _ N
ay, —a j _— < —
M Aokl = Nw ~ Nw
In order to bound the first term, see first that we can remove the contributions of k € {ji, ..., jp} writing
F .1115 F ]p; N€
Im< Z a]zm (Mim - )) =Im< Z Cl]zm (Mim - )) +O<N_S§(3Lﬂf)>
k,0<|j,—k|<t (zj, = *e) k,0<|j,—k|<t (zj, — *k) n
k¢{]’1a~~»jp}
Recall now the definition of ®; from (1.27) and write,
Fe(nir* 1 p(e)
R NP O O e e
ko<ispri<e N @ip = o Mgy Leosiinze Geg | (zj, = M)
k&{j1,..Jp} k&{j1,..jp} ml”

First consider the contribution of (3.63) in the sum in (3.83), denote e = {(k, 1), (k,2)} and write

eeS(G)p(e) ( ) Dk
2.2 Nz, — ) DD [1 PO ) NG, — 0

k,0<|jp—kl<t G gu) k.0<|jp—k|<t g g“) ecE(G)\lex)
kg1 fp} KE{j1eeenfip} niprk
Pkk
§ ]—[ p(e)> Z N 0" (3.84)
GEGpp\jp €€E(G) k,0<|j,—k|<t Zjp k

kg¢{j1.jp}
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To control the last term in (3.84), we can use the local law. First write,

N —~
Pkk 1
= —— 4+ O N°— ), 3.85
XZ: )»k) 2 N(ij—)»k)+ ( Nﬂ) G5

(ZJp (ZJp k. jp—k|>£

k,0<|j,—k|<t
kg{j1,-rJp}

where we used the bound | pgr| < N 7. Now, recall the definition of pyx from (3.57) so that we have

N
Pkk 1 Immt(Z/p) 1
Im — | =|Im— Gua(zj)— ————— Img, (2, z
I \ Y Gty 3 I g, 20)

ael Imm;(z0) N ael
= Ile(Gaa(Z' ) — 8a(l, 2 ))“i‘ lZ(Imga(t Zj )_I—mmt(sz) Im g, (2 ZO))‘
LA TN G T Ty
<N€<;+T£)
= N7 ;

where zo := y;,i, + in. Note that we used the fact that 5, is supported in Joy, so that [zg — sz| = Vrip — )Ljp| < Nfw
We can then use Lemma 3.7 and bound

> lre=0( s |e®])=o(sn) ")

GEGpu\jp €€EG ECJou, N (§)=n—1
Now, consider the contribution of (3.64) in the sum from (3.83). Note that for any graph G in gf), there exists ¢ and

g in{l,....m}ae{l..., Tliq} andbe{l,..., n,-q,}, such that e, :={(k, 1), (¢, a)} and ¢, := {(k, 2), (¢’,b)} are edges
in G. We can then write

eES(G) P(@) Diy kDi k
2 2 NG, — M) 2 Z( [1 p(e))N(z,-P—q)\k)

k,0<jp—kI<t Ge g<2j> k0<ljp—kISt Geg®) | “eeEG)\leg.ey)
p, e
m
Pig .k Pi sk
-Y (T Tlee) ¥ et 350
44'=1 eyl eE(G) k0<ljp—ki<e a0k
mm\Jjp

where we defined the set of graphs Hq’q/ to be the set of perfect matching of the complete graph on the set of vertices

Ve where we removed a single particle at the site i; and i,. Note that for any graph G € ’Hﬂ \ip ]_[eeg(G) p(e) is a

monomial of degree n — 2.
Now, we can bound the imaginary part of the second sum in (3.86),

Piq,kpiq/,k
‘Im( Z j _)\k))

N
ko<ijpti<e N @r
k¢{jl sssss j])}

N

C (02 5 N¢T
L k:l(p"”" i) ( Ny ) 47

For the last inequality, we used the following identity on eigenvectors

Zplk —ZM (05)

ael
and that for any ¢ > 0,using the entrywise local law from Theorem 2.3 on a diagonal entry of the resolvent,

N8

(@) < N7 Im(G (v, A +iN 7)) < ~
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Again, we can bound the other term from (3.86) using Lemma 3.7,

n=2
> I re=0(n s Jem])=0(sp)T)
GGHZ,q’\j ec&(G) £CJour, N (§)=n—2
m\Jp

Finally, putting all these estimates together, we get the Gronwall-type inequality,

1 N® 14 Nt 1 0,7)
0L () < _;Ft(rlm) + O(7(<m + VA + N_I7>Sj°“‘

T ~W 0,7) n=1 T Nt 0,7 n=2
F—===+1—)1S;") " +|—+—)(S; )" 3.88
(m t )( Jout ) Nn 62 ( Jout ) ( )
In order to get a proper bound using Gronwall’s lemma, we need to take n << 7 but to get the best estimates possible,
we also have to take 7 as large as possible. Hence, considering n = N ~¢t we have the bound

0 12 Nt 1 0 1 ~W n=1
0,7) € ©0,7) 2¢ 0,7\
SJiu <N <m + — 4+ N_> S‘Jm“ + N (T + I?>(g-/nul )

T ~NTt (0, %
N4 T ) (5500 (389)
which gives the Proposition 3.10. (]

Now that we have the bound from Proposition 3.10, we are able to get a bound on the p;; using Lemma 3.7. To do so,
we can use a sequence of set of indices with decreasing size and apply recursively Proposition 3.10. We will also need to
choose the right parameters ¢, w and 7.

Proof of Theorem 3.8. Consider first any & small enough, such that if we write r = N ™3 (recall that ¢ € T, so that
1> N7') we have ¢ < 48/3. and a large D > 0. Then we can take the following parameters:

w=N®t and £=N.Tw, (3.90)

note that we have the right bounds between these parameters: N™' « 7 < £/N « w < t, and define the following
sequence of sets of indices, defined implicitely,

Jo = A, (o),
Ji={i:d(i, Jit1) < N *Nw}.
From Proposition 3.10 we have the following bound holding with overwhelming probability,

§O0.0)  N—e/260.0) I NI ooy L L 00y
Tl = Ji+m+ P (Ji) +m(1,.) .

Now see that as long as we have
(s = en*Pam)
with E given in (1.12), we obtain the recursive bound
SO < N=e /2500,

But if we take a very large i so that the previous bound cannot hold, for instance i = [3¢~!], then it means that for such
a i we have the bound

(SO < cn¥irg,
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Now using the definition of p;;, we have for i € A% (ip),

Z(u,-(a)2 —~ %a,z(a, i))

ael

~Ww
§|Pii|+17§|Pii|+E(T)- 3.91)

Finally, using Markov’s inequality, taking for instance n = |3D /¢, and using Lemma 3.7 to bound the p;; by § 0.7) we
have

P(1piil + |pijl = N*E(1)) < NP, (3.92)

The result then follows from combining (3.91) and (3.92). O

4. Approximation by a Gaussian divisible ensemble
4.1. Continuity of the Dyson Brownian motion

In Section 3.1 we showed that the moments of the eigenvectors of the matrix H; are asymptotically those of a Gaussian
random variable with variance 0,2. Now, since 7 is a small time, recall that N~! « 7 « ¢, we can use the continuity of the
Dyson Brownian motion to show that H; and Hy = W; have the same local statistics. In order to state a proper continuity
lemma we need to have a dynamics with constant second moments and vanishing expectation.

First see that the variance of the centered model is
t
E[(W,ij — Dij)*] = N

Consider, for 0 < s < 7, the following variance-preserving dynamics on symmetric matrices.

- dB 1, -
d(H(s) — D) = N Z—t(H(s) — D)ds, “4.1)
HO)=W;, =D+ iW. (4.2)

The following lemma gives us a continuity argument between H (t) and W;. It is similar to Lemma A.1 in [14] or
Lemma 4.3 in [31]. We will later use this lemma on the resolvent entries.

Lemma 4.1. Denote 0y =035 5 Take F a smooth function of the matrix entries satisfying
Q,

1 NI(H(s) = D)apl® |, = -
E[ogup NZ( I« (s)t Je| —|—|(H(s)—D)aﬁ]>‘82ﬂF(0Hs)]:|§M 4.3)
,0<s<t a<p

where (0 H)ypg = 0 Hop with 6y =1 for {k, 1} # {a, B} and 6, € [0, 1]. Then
E[F(H(1))] -E[F(H(©0)]=0@M.
Proof. By It6’s formula we have

- N - ~ ~
OE[F(H )] =53 > T E[(H() = D)y0up F(H)] - E[o54F (Hy)].

a<p
Using Taylor expansions, we can write, forgetting the dependence in time for clarity,

E[(H — D)apdop F(H)] =E[(H — D)apdopFj

aﬁ:Daﬂ] + ]E[(I:I o D)iﬁ 8‘3}3 Fﬁaﬁ:Duﬁ]

+ O(E[sgpuﬁ — D)3, FOM)]).

t ~ -
= <0 F i,y + 0(E[s1;p|(H - D)gﬂajﬂF(aﬂ)”).
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and
E[02 F ()] =E[82,Fg,,_p., ]+ O(E[sgp|(l—~l — D)o FOH)]]).
Putting everything together the claim follows. (]

This continuity property of the Dyson Brownian motion gives us a control over the eigenvalues and eigenvectors of
H(0) and H;.

Corollary 4.2. Let k € (0, 1) and m € N. Let ® : R — R be a smooth function satisfying

sup 1O @)1+ 1x]) "¢ < o0,
ke[0,5],xeR2m

for some C > 0. Denote u|(s),...,uy(s) the eigenvectors of H(s) associated with the eigenvalues (S, AN(S).
Define, for a small a the time domain

N© t
/= _’N_a -7 |
=[]

then for any T € T, there exists p > 0 depending on ©, a, k and r such that

. . - N
Efs —EAYO( [ NGk — yir), ————(q, @ 2) )
( ) << (A — k1) 2@ k) (q, ug) o

Proof. We prove this corollary using the continuity estimate from Lemma 4.1. To do so, we use the techniques introduced
in [32] in order to change estimates of the resolvent below microscopic scales, in other words control G(E + in) for
n<N —! into estimates on eigenvectors. Indeed, it has been shown that such a control of the resolvent combined with an
estimate on the number of eigenvalues in a very small interval allows us via integrating the resolvent over such an interval
to gain estimates on eigenvectors. We can then split the proof into two results we need to show:

sup <N7P (4.4)

ICZE | I1=m,|lqll=1

(i) A level repulsion estimate on the eigenvalues for both matrix ensembles of the following form: for E € Z} and a
small £ > 0 there exists 0 > 0 such that

P({{rie[E-NT"5 E4+NTE]} =2) < NTE.

(i) Comparison of the resolvent below microscopic scales: for any smooth function F of polynomial growth, there exists
ac>0andaé& > 0suchthatforall N7 <y <1,

~ 1 m
sup EA — g% F<< q,.G(z )q) ) <N~°¢ (4.5)
. uqn?l,z ’( ) Im(fo:l qéga(t,zzc))< 04 k=1
| . mé€E f

where z; = Ey +1in.

We first prove (i) for the eigenvalues of W;. This property can be deduced from gap universality, note that gap uni-
versality for Gaussian perturbation of size ¢ € 7, has been shown in [34] (a stronger level repulsion estimate can also
be found in [34, Section 5]). In [34, Section 2.4], Landon—Yau explains that they can deduce universality for deformed
Wigner ensembles. However, they state the result for an initial condition such that 72 >> ¢. It has been confirmed by the
authors that it is a simple typographical error and should be read as r >> ¢. We will nonetheless give an idea of the proof
of (i) for the sake of completeness.

As said earlier, we will first apply Lemma 4.1 to

~ 1 ~
F(H,) = NTr(HS —27! forzin{z=E+in, EcTf N5 <p <t}

for £ > 0 arbitrarily small. See that in Lemma 4.1, we need to bound a functional of the form F (9 Hy) for 6 a perturbation
of two entries of the matrix. Since we will only need bounds such as Theorem 2.4 or Corollary 2.5 with a possible N¢ for
any small positive & window, such bounds still hold for the perturbated matrix (see [25, Section 15]). So we will explain
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the bound for the third derivative of F applied directly to Hy. Note that by definition of H, we have |(H — D)ggl < \/%
so that we can bound the left hand side of 4.3 by

— / Z\a F(Hy)|. (4.6)
ot<ﬁ
Taking the third derivative of F with respect to an entry, we obtain, writing G = (Hy — z)~" for simplicity
| X
3 ~
8aﬁF(HS) = N Z Z GyaGp1a, G pras Gpay
y=la,p

where {oy, B¢} = {a, B} for £ = 1,2, 3. To bound the sum in the previous equation, we will need the following high
probability bound for the off-diagonal entries of the resolvent which follows directly from Theorem 2.3

1
|Gap(2)] < WiiE |ga(t,2)8p(t, 2)|. 4.7

Note that these bounds holds for n > N —! we will first consider such n.
Finally we can bound (4.6),

—\/>Z|3 F(Hy)| < NZ[ZZZI& (181 851 82828 855) - 4.8)

a<p aspy=lap
Now, from Lemma 7.5 of [34], we have
| N
5 D&yt 2) < ClogN (4.9)
y=1

where the constant C only depend on D our diagonal matrix. Besides, in the last product of (4.8), there are, by definition
of & and B, three occurrences of g, and three occurrences of gg. Thus,

CN-“log N CN*log N
4.8) < 7%’\/72]&10 D8t D < 7°gf<2|ga(r z)l) (4.10)

a<p

[N
<N¥log® N - 4.11)

where we used (4.9) in the first inequality, the fact that |gg| < C ! in the second and (4.9) again in the final inequality.
In order to go below microscopic scales, recall that we used local laws that holds down to mesoscopic scales, we can use
the following identity, for y <n,

1 1
Im(N TrG(E + iy)) < Im(N TrG(E + im).

y
N
<Nz /S <N (4.12)

for some ¢ > 0 by taking t € 7 for a > 5. We can easily generalize this result to a product of trace, indeed taking

Finally, using Lemma 4.1, we get,

sup
E€Lx

(EF —EW) [% TrG(z)}

F(I:I)—ﬁF with Fj = 1TrG( )
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we can take the third derivative and write

m m
g F =Y 0, F[[ Fk+3>. > 0agFudupFr, [| Fi

k=1 ktk ki=1ka##k; ktky ko
m
33 Y upFidepFrdapFis [ F (4.13)
ki=1ko#ky k3#k1,k2 k#ky,k2 k3

Then, using the first and second derivative of Fg,

N

dap Fr = % Z Z GraGpi

k=1 o, B
{a.py={i.j}

N
1
2
3aﬁFk = N Z Z Gia) G iay G ok
k=1 o,pB
{ok, B }=Hi, j}

we can bound (4.13) in a similar way and finishing the bound by Lemma 4.1. Again, now that we have any polynomial
of fixed degree, we can also extend to any smooth function F' with polynomial growth.

Now, a consequence of these uniform bounds in Re(z) between 1:10 = W, and I:Ir for t € 7Z for some small a gives
us a comparison of the gap distribution between these two matrix ensembles (see [26] for instance). Namely, there exists
c1 > 0 such that for any O a smooth test function of n variables and any index i such that y; ; € Z¥, we have for N large
enough and iy, ..., i, indices such that iy < N°!,

(EY —EF) [0 (No™ 4i.0) G = Aiiy)s - Not™ (i) s = higi) ]| < N7<. @.14)

But I:IX is a matrix with a small Gaussian component following the conditions of [34], so that we have, for this
matrix ensemble, gap universality. Hence, combining this gap universality with the continuity of the Green’s function, we
obtain gap universality of the matrix ensemble D + /tW. In other words, there exists ¢, > 0 such that, taking the same
assumptions as for (4.14), we can write,

IEY [0 (No™ i) i = hisiin)s s Not i) Gri = higiy))]
—ESCE[O(No (i) (ki = Aiigiy)s o No () A = higi))]| < N7 (4.15)

where py, is the density of Wigner’s semicircular law and u; its quantiles defined by

i l
pec(x) = VA — 20122, / dpec(E) = . (4.16)
—00

Finally, (4.15) combined with Theorem 2.6 gives us the level repulsion estimate (i) for the matrix W;, indeed consider
E €1, and £ the index such that

Ve, — El < min |y, — E|,
Ve, keI;‘y’

then, for any & > 0, we have
P({i.rie[E-N""5 E4+NTE]H22) < D> PY(—mnl <NTTE)
|k—€|<N?

< Z PGOE(D"I{ _ )"k+1| < N—]—g) 4 N—Cg"l‘g
lk—€|<N?

< N—2$+g‘ + N_Cg+g
<N&78



2860 L. Benigni

for some § > 0 by taking & and £ > 0 small enough. Note that we used rigidity in the first inequality, gap universality in
the second and a level repulsion estimate for GOE matrix which for instance can be found in [24].

In order to get the resolvent estimate (ii), we will use Lemma 4.1. To do so, we will first explain how to get the bound
M for

1

F(Hy) =
m(Y)_ 428, (t,2)

(a0, (A —2)7'q)

for z € C down to below microscopic scales. To get the right bound, we will first need to use local laws which hold down
to mesoscopic scales 7 = N~ +¢,
Now for the third derivative of F, first write

3 _ 1
|03, F (Hy)| = ' > 4aGaa, G 1y G pras G g3l (4.17)

N
Im(Zy:l %%87/ (t.2) 1y pen a,pB

where {ay, Br} = {i, j} for k =1, 2, 3. In order to bound the four terms coming up in the previous equation we will need
Corollary 2.5. Writing (2.6) for v=q and w = e,, we obtain

1 N
(4. Gea) = Guga(t.2) + O (ﬁ Im(Z a2, (t, z)) Im(ga (1, z>)).

y=1

Note that since we want a bound holding down to microscopic scales, the error terms has to be taken into account. In
particular, we will consider n > N~!~¢ so that we can bound every (Nn)~!/? by N¢/2. In the following computations,
we will not bound the errors coming cross terms for simplicity, they can be bounded in a similar way.

We can divide the sum in (4.17) in three parts. The first case consists in {81, a2} = {82, @3} = {«, B}. In this case, note
that, necessarily, {«1, 83} = {«, B} and write

Z 9aGaa; G proy G gras G gspqb
1<a,b<N

=(q, Gey )G B, G pras (€85, GQ)

)

2p(t,2)])°(q, Gea, ) (ep,. Gq)

i 1 | t
< N7 min(|gq (7, 2)

<N% (min(!gaa,z) gp(t,2))) | gugat, a5t 2))| (4.18)
5 N

+ min(|go (2, 2)|. |gp(7, 2)|) Im(Zqigy(z,o) |ga(t,z)g,3(t,z)|>. (4.19)
y=1

Putting the leading order (4.18) in the sum of (4.6), we have the bound

! 1
\/j Z (4.18) (4.20)

N
N NIm(Z},Zl Q%gy(tvz)) l<a<p<N

t N2 .
VW wdpll8all. D8, 421
_\/;Nlm(zfyv > laagpl|ga(t. )85t 2)] @21)

=1 q}%g)/(ta Z)) 1<i<j<N

t CN% )
V¥ (42 +q3)|ga(t, Dgp(t, 2| (4.22)
N NIm(ZJI:/:1 q)%gy (t,2)) 150%3251\, o B

CN% il ¥
< \/Z (Zqélga(t,z)f) > lgste. 2| (4.23)
p=1

N NIm(Y)_ q28y (t.2) \Xo




Eigenvectors distribution and quantum unique ergodicity for deformed Wigner matrices 2861
Note that by definition of gy (¢,2) = (Dy — 7 — tm;(z))~L, the fact that Imm, (z) =< 1 and n <t, we can write

|ga(t,2)|* = = Im(ga (t,2)). (4.24)

Besides we also have from (4.9),

N N
> galt ) < §Z|ga(r,z)| < glogN. (4.25)

a=1 a=1

Injecting now (4.24) and (4.25) in (4.20), we get the bound

t 1
4. 18)<C\/>——1 og N (4.26)
[Nlm(zy IngV(t 2)) 1<Z

<a<B<N

N3 [N
=5V 4.27)

Looking now at the error term (4.19) and injecting it in the sum (4.6), we obtain

t 1 32
4.19) <[ 8a(t,2)8p(t, 2)
\/7N1m(2y 1qygy(t Z)) ]<a<ﬂ<N Z | ’ i

1<a<B<N

2
N%E(J
< \/gm <Z|ga(t, Z)|)
a=1
< N35\/¥. (4.28)

The second case are the terms where one term is diagonal and the other is an off-diagonal term. More precisely the set
o and B such that 8; = ap and B> # a3 or B8] # a2 and B = «3. Note that necessarily, in that case, oy = 83. For instance
consider the term

(4, Gew, )G g0, Gpras(€8,, GQ) = (q, G&;)G j; Goplei, GQ). (4.29)
Putting all the leading terms from Theorem 2.3, (4.7) and (2.7), we obtain the bound
(4, Gey)GppGopleq, Gq)

) (4.30)

2 2 [
< |qa*|8u(t. 2)| |gﬁ(t,z)|ﬁmln(|ga

(NW (Z a2gy (. z))\/ 8a(t.2)8p (1. 2)| (¢, 2)| min(|ga . ) 431)
N

<N% (qélga (t.)gp(t. ) + Im(Z a2y (1. z)) |a(t. 2)gp (. 2)] 2>. (4.32)
y=I

Then injecting the bounds (4.24) and (4.25) in the sum of (4.6), one gets

t N?% CN* [N
vV T Y dalsessl =y (4.33)

NIm(Zy:l (’IygV (t’ Z)) 1<a<B<N

and for the second term,

r N% 32 3 [N
VNV > |salt. gt ) < N - (4.34)

1<a<B<N



2862 L. Benigni

The final case consists of & and § such that {{81, @2}, {82, @3}} = {{e, @}, {B, B}}. Note that, in this case, we necessarily
have o1 # B3. For instance, consider the term

{q, Geocl >Gﬂ1a2 Gﬂ2a3 <eﬂ3 ,Gq) ={(q, Geoc>Gﬁ;3 Gua (eﬂa Gq). (4.35)

Again, taking the leading terms from the local laws from Theorem 2.3 and Corollary 2.5,

N
2 3/2
(q, Gea) G ppGaaleg. Gq) < |9aqpl|ga(t. 2)gs(t. )| + N¥|ga(t. 2)gp(t, 2)| / Im(E qﬁgy(t,z)) (4.36)
y=1

Then using similar bounds as the first case one gets

(4.36) < N*% € ﬁ+ M) (4.37)
Nt 1 t

a<B<N

t 1
VN NIm(YD, g2y (1. 2) -

Finally, putting together (4.27), (4.28), (4.33), (4.34) and (4.37), we get the bound, for n = N~
t 1 - N
‘/Nﬁ Z 33/3F(HY)<N35,/7. (4.38)
1<a<B<N

In order to get a bound for 7 below microscopic scales, we can use the following inequality, for any y < 5, which can
be found in [26, Section 8],

(v, G(E +iy)w]| < Clog N% Im{v, G(E + inw).

This bounds allows us to get below microscopic scales for F and its derivatives since they only involves such quantity as
(v, G(E +1y)w). Thus, uniformly in E € Z} and N~1=§ <y <1, we have

M= O(NSE \/?) (4.39)

Using now Lemma 4.1, we can make W, undergo the dynamics H, up to a time t <« N % \/% with £ arbitrarily small

in order to get the right bound.
For a product of resolvent entries, one can do similar computations and bounds. Indeed consider m > 0, and

F(Hy) =] [ F(Hy)  with F(Hy) = (q, G(zi)a),
k=1

then one can write the third derivative of F' as (4.13) and using the fact that

dopFr=—)_ (q Ges)leg. Gq), (4.40)
(. B)={i.j)
g Fi = (q.Geq,)Gp, o, (ep,. GQ) (4.41)
«.p

where {«;, B;} = {i, j} and using the same type of bounds as for (4.38), we obtain the result (4.5) since the extension to
any smooth function with polynomial growth is also clear. (]

4.2. Reverse heat flow

In Section 3.2, we showed Theorem 3.8, which corresponds to our main result for the matrix H; = W; + /tGOE for
N~! « © « t with a general Wigner matrix W in the definition of W;. Thus, the overwhelming probability bound holds
for the eigenvectors of this matrix H; giving us a strong form of quantum unique ergodicity for the deformed Gaussian
divisible ensemble. In order to remove the small Gaussian component in the matrix, we will use the reverse heat flow
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technique from [20,22] which allows us to obtain an error as small as we want in total variation between two matrix
ensembles. In order to use this technique, we need the smoothness assumption on the matrix W given by Definition 1.6.
We first introduce some notation for this section.

As before, we let v denote the distribution of the entries of W, and ¢ denote the density of v with respect to p, the
Gaussian distribution with mean zero and variance one, that is, dv = ¢ dp. The reverse heat flow technique gives the
existence of a probability distribution v for any s small enough such that making vs; undergo the Ornstein—Uhlenbeck
process of generator

102 x 9
T 20x2 20x

approaches the distribution v in total variation.
This process on all the matrix entries induces the Dyson Brownian motion process on the eigenvalues. Thus the
following proposition tells us that there exists a distribution of a matrix from the Gaussian divisible process of the form

W, =+/1—sW + /sGOE

that approximates as close as polynomially possible a smooth Wigner matrix W. The precise statement is written in the
following proposition.

Proposition 4.3 ([22]). Let K be a positive integer and v = @ a distribution smooth in the sense that it follows the

conditions (ii) and (iii) of Definition 1.6. Then there exists sx a small positive constant depending on K such that for any
0 < s < sk, there exists a probability density Vs with mean zero and variance one such that we have the inequality

/ ey, — o] do < €5 (442)

for some positive constant C depending only on K. Besides we also have the inequality for the joint probability of all
matrix entries in the following sense,

2
f |4 Y BN _ o8N dg < CN?sK (4.43)

Now, see that this proposition holds for any fixed K so that, taking s = N ¢ for some small ¢ we can choose a large
K only depending on ¢ (and not on N) so that we can obtain any polynomial bound between the two matrix ensembles.
This property allows us to get overwhelming probability bounds on the eigenvectors since the total variation distance of
the distribution of the eigenvector entries is smaller than the total variation distance between the joint probability of the
matrix entries.

5. Proofs of main results
Now that we have the result for the Gaussian divisible ensemble H, with N~! « 7 « ¢ by Section 3, combining it with
the continuity argument from the last subsection, we are able to prove Theorem 1.3 and Corollary 1.5. These two results

are a consequence of the following proposition showing the convergence of moments for the eigenvectors of W;.

Proposition 5.1. Let « € (0,1) and m an integer, for a set of indices I C AL, such that |I| = m, we have for any
deterministic unit vector q = qy,

7N m
E[P«at(q, k)2|<q’ “k”z)ke,)} N—> o0 E[P (VO] (5.1)

with (Ny)k a family of independent normal random variables.
See now the proof of Theorem 1.3 and Corollary 1.5 given by Proposition 3.4.

Proof of Theorem 1.3.. Proposition 5.1 exactly gives us that the joint moments of the renormalized eigenvectors converge
to those of independent normal random variables which is the result of Theorem 1.3. ([
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Proof of Corollary 1.5. By Proposition 3.4 and Corollary 4.2, we have the following inequality, for some & > 0,

1 N~
E[|ux(@)?|] = ﬁotz(a,k) + 0( 7 ) (5.2)

By Markov’s inequality, we can write

(|A| )l __ZO’ @h >C> 2|A|2 [ ’ __ZG’ }
acA
N22
2|;|2(Q[ 2% + €) (5.3)

We now need to evaluate the three terms in the last inequality using (5.2), first we have

:E[(Z!uk(a)|2>2j| N2<Z"f (a, k)) +-5 ) ol k)+0<%'2'2).

aEA aeA aeA

Likewise,

N—¢ A2
N L. N)E[Zluk@l} e (a,k)o,z(ﬁ,k)nLO(%).

ﬁeA acA o,feA

Finally, € is just a deterministic term,

1 2
- (ﬁ Zo}(a,k)) :

acA

Putting all three terms together, we get

2 N—E|A]? IA|]  N¢|A)2
91—263+¢=m20,4(a,k)+0<7)§C<—+— (5.4)

N212 N2t2 N2t2
acA
The claim then follows from injecting the last inequality in (5.3). (]
We finish now with the proof of Proposition 5.1.

Proof of Proposition 5.1. By Corollary 4.2, we know that for some 7 € 7 there exists & > 0 such that

(Gl r), )| - (Gameted ), )

and by Proposition 3.4, we know that, recalling the definition of Hy, for some t/ « r there exists a ¢’ > 0 such that

= 2((Gam e ), )] -Elr@))

Now, we need to see that H, defined in (4.1) has the same law as H,’ for some 7/ < . Note that we can write the law
of the entries of H; as

<Nt (5.5)

<N, (5.6)

7 d —Ch _T 1 e
Hii(t) = Djj + e /tWij ++/t(1 —e 1) —=N), (5.7)
ij 1] i ( )ﬁ

where (N7)),; j is a family of independent standard Gaussian random variables. Doing the scaling

=t " =00),
T (5.8)
U'=\/t(l—e"7)=0(1)
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one can write
H, = D+ v'W + v7'GOE.

Finally, we can apply Proposition 3.4 to H so that (5.6) applies and combining it with (5.5) we get the convergence of
moments for the eigenvectors of W;. O

Combining Theorem 3.8 and Proposition 3.4, we are now able to prove Theorem 1.7.

Proof of Theorem 1.7. Let ¢ and D two positive constants and consider s = 7/¢,. There exists then a large K, which
does not depend on N, such that by Proposition 4.3 there exists a matrix W such that the total variation distance between
the distribution of W and 4/1 — sW + +/NsGOE is smaller than N~ 2.

~ Denote uy,...,uy the~ L?-normalized eigenvectors of W; = D ++/tW and i, ..., ity the normalized eigenvectors of
W;(s) = D 4+ /t(1 — s)W + /tsGOE. Now, since we have in the overwhelming probability bound (1.13) the N¢ degree
of liberty, we can do the scaling r' = 4/t (1 — s) as s < 1 and still get (1.13) for the deformed Gaussian divisible ensemble
VT/, (s), thus one can write

P( 2:(%(06)2 — —oX(a, k)> > Ngg(t)>
ael
< IP( Z(l/lk(d)z — —ol(a, k)) > N8/2E(1’)) +IF>( Z(uk(a)Z — i (@)| > NS/ZE(‘[)>
ael ael
<N7P

where for the last inequality we used the quantum unique ergodicity proved in Theorem 3.8 for the deformed Gaussian
divisible ensemble of which u are the eigenvectors and Proposition 4.3 in order.
Now, in order to get the error Z we now need to optimize the error

E (10) B S R, ”
=(to) = — = == wWith 7=\ — .
V= N 1 (NDB 0=\N
We can do the same thing for the quantity Zae 7 Uk (e)u (o) and get the final result. O
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