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Abstract: We study nonparametric Bayesian statistical inference for the
parameters governing a pure jump process of the form

N ()
Vo= Zi, t20,
k=1

where N(t) is a standard Poisson process of intensity A, and Zj are drawn
i.i.d. from jump measure p. A high-dimensional wavelet series prior for the
Lévy measure v = Au is devised and the posterior distribution arises from
observing discrete samples YA, Yaa, ..., Y,A at fixed observation distance
A, giving rise to a nonlinear inverse inference problem. We derive con-
traction rates in uniform norm for the posterior distribution around the
true Lévy density that are optimal up to logarithmic factors over Holder
classes, as sample size n increases. We prove a functional Bernstein—von
Mises theorem for the distribution functions of both p and v, as well as for
the intensity A, establishing the fact that the posterior distribution is ap-
proximated by an infinite-dimensional Gaussian measure whose covariance
structure is shown to attain the information lower bound for this inverse
problem. As a consequence posterior based inferences, such as nonparamet-
ric credible sets, are asymptotically valid and optimal from a frequentist
point of view.
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1. Introduction

While the Bayesian approach to inverse problems is widely used in scientific and
statistical practice, very little theory is available that explains why Bayesian al-
gorithms should be trusted to provide objective solutions of inverse problems in
the presence of statistical noise, particularly in infinite-dimensional, non-linear
cases which naturally arise in applications, see [32, 11]. In the recent contribu-
tions [28, 24, 21] proof techniques were developed that can be used to derive
theoretical guarantees for posterior-based inference, based on suitably chosen
priors, in various settings, including inverse problems arising with diffusion pro-
cesses, X-ray tomography or elliptic partial differential equations. A main idea
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of [24, 21] is that a careful analysis of the ‘Fisher information operator’ inducing
the statistical observation scheme combined with tools from Bayesian nonpara-
metrics [6, 7] can be used to derive sharp results about the frequentist behaviour
of posterior distributions in general inverse problems.

The analysis of the ‘information operator’ depends highly on the particular
problem at hand, and in the present article we continue this line of investigation
in a statistical inverse problem very different from the ones considered in [28,
24, 21], namely in the problem of recovering parameters of a stochastic jump
process from discrete observations. Statistically speaking, the inverse problem
is a ‘missing observations’ problem that arises from the fact that we do not
observe all the jumps and need to ‘decompound’ the effect of possibly seeing an
accumulation of jumps without knowing how many have occurred. This has been
studied from a non-Bayesian perspective for certain classes of Lévy processes by
several authors, we mention here the seminal papers [3, 2, 37, 22] — see also [1] for
various further references — and [26, 33, 27, 10] relevant for the results obtained in
the present paper. A typical estimation method used in several of these articles
is based on spectral regularisation techniques built around the fact that the
Lévy measure identifying all parameters of the jump process can be expressed
in the Fourier domain by the Lévy-Khintchine formula (see (3) below).

Given the sophistication of the non-linear estimators proposed so far in
the ‘decompounding problem’ just described, one may wonder if a ‘principled’
Bayesian approach that just places a standard high-dimensional random series
prior on the unknown Lévy measure can at all return valid posterior inferences,
for example in the sense of frequentist’s coverage of credible sets, in such a
measurement scheme. In the present article we provide some answers to this
question in the prototypical setting where one observes discrete increments of a
compound Poisson processes at fixed observation distance A > 0. To lift some
of the technicalities occurring in the proofs we restrict ourselves to periodic and
hence compactly supported processes, and — to avoid identifiability problems
arising in the periodic case — to small enough A. We show that the posterior
distribution optimally recovers all parameters of the jump process, both in terms
of convergence rates for the Lévy density v and in terms of efficient inference for
the intensity of the Poisson process and the distribution function of the jump
measure p. For the latter we obtain functional Bernstein—von Mises theorems
which are the Bayesian analogues of the ‘Donsker-type’ central limit theorems
obtained in [26], [10] for frequentist regularisation estimators. Just as in [24],
our proofs are inspired by techniques put forward in [6, 7, 4, 8, 5] in ‘direct’
problems. However, due to the different structure of the jump process model, our
proofs need to depart from those in [24] in various ways, perhaps most notably
since we have to consider a prior with a larger support ellipsoid, and hence need
to prove initial contraction rates for our posterior distribution by quite different
methods than is commonly done, see Section 5. The inversion of the information
operator in the jump process setting also poses some surprising subtleties that
nicely reveal finer properties of the inference problem at hand — our explicit
construction of the inverse information operator in Section 3.2 also gives new,
more direct proofs of the semi-parametric lower bounds obtained in [33] (whose
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lower bounds admittedly hold in a more general setting than ours). Finally we
should mention that substantial work — using tools from empirical process the-
ory — is required in our setting when linearising the likelihood function to obtain
quantitative LAN-expansions since, in contrast to [24], our observation scheme
is far from Gaussian. In this sense the techniques we develop here are relevant
also beyond compound Poisson processes, although, as argued above, the theory
for non-linear inverse problems is largely constrained by any specific case one is
studying.

The paper is structured as follows: In Section 2 we give basic definitions and
describe the model and prior. In Section 3 we state the contraction rates in
supremum norm, the Cramér-Rao lower bound as well as the Bernstein—von
Mises theorems in multi-scale spaces and for functionals of the Lévy measure.
Section 4 contains the proof of the contraction rates and of the multi-scale
Bernstein—von Mises theorem. Sections 5-10 contain the remaining proofs.

2. Model and prior
2.1. Basic definitions

Let (N(t) : t > 0) be a standard Poisson process of intensity A > 0. Let u be
a probability measure on (—1/2,1/2] such that u({0}) = 0, and let Z;, Zs, . ..
be an i.i.d. sequence of random variables drawn from p. In what follows we
view I = (—1/2,1/2] as a compact group under addition modulo 1. Then the
(periodic) compound Poisson process taking values in (—1/2,1/2] is defined as

N(t)
Yo=) Zi t20, (1)
k=1

where Yy = 0 almost surely, by convention. The process (Y; : ¢t > 0) is a
pure jump Lévy process on I = (—1/2,1/2] with Lévy measure dv = Adu. We
observe this process at fixed observation distance A, namely YA, Yon, ..., YoA,
and define the increments of the process

X1=Ya, Xo=Yon = Ya,..., X0 =Yoa = Yn_1)a- (2)

The Xj’s are i.i.d. random variables drawn from the infinitely divisible distri-
bution P, = P, o which has characteristic function (Fourier transform)

o, (k) = FP, (k) = exp (A /1 (eFmike _ 1)du) , kez, (3)

e.g., by the Lévy—Khintchine formula for Lévy processes in compact groups
(Chapter IV.4 in [29]). Obviously (¢, (k) : k € Z) identifies P, but under the
hypotheses we will employ below it will also identify v and thus the law of the
jump process (Y; : t > 0). The inverse problem is to recover v from i.i.d. samples
drawn from the probability measure P, .
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We denote by C(I) the space of bounded continuous functions on I equipped
with the uniform norm || - ||eo, and let M(I) = C(I)* denote the (dual) space
of finite signed (Borel) measures on I. For k1,ke € M(I) their convolution is
defined by

i % ria(g) = / / oz + y)dm (@)draly), g € C(I),

and the last identity holds in fact for arbitrary g € L°°(I) by approximation,
see Proposition 8.48 in [14]. This coincides with the usual definition of convo-
lution of functions when the measures involved have densities with respect to
the Lebesgue measure. We shall freely use standard properties of convolution
integrals, see, e.g., Section 8.2 in [14].

An equivalent representation of P, is by the infinite convolution series

e Aky*k
o (4)

]P)l, — e—AV(I)
k=0

where 10 = 6y, v*! = v,v*? = v * v and v** is the k — 1-fold convolution of v

with itself. [To see this just check the obvious fact that the Fourier transform
of the last representation coincides with ¢, in (3), and use injectivity of the
Fourier transform.]

We will denote by P the infinite product measures describing the laws of
infinite sequences of i.i.d. samples (2) arising from a compound Poisson process
with Lévy measure v, and E, will denote the corresponding expectation opera-
tor. We denote by LP = LP(I),1 < p < oo, the standard spaces of functions f for
which | f|P is Lebesgue-integrable on I, whereas, in slight abuse of notation, for a
finite measure x we will denote by L?(x),1 < p < oo, the corresponding spaces
of k-integrable functions on I, predominantly for the choices k = v,k = P,,.
The spaces L?(I), L?(k) are Hilbert spaces equipped with natural inner prod-
ucts (-, ), (-, ) £2(x), respectively. The symbol L°°(I) denotes the usual space of
bounded measurable functions on I normed by || - ||oo. We also write <, = for
(in-)equalities that hold up to fixed multiplicative constants, and employ the
usual op, Op-notation to indicate stochastic orders of magnitude of sequences
of random variables.

2.2. Likelihood, prior and posterior

We study here the problem of conducting nonparametric Bayesian inference
on the parameters v, u, A, assuming a regularity constraint v € C*(I),s > 0,
where C?® is the usual Holder space over I normed by || - ||cs (when s € N
these are the ordinary spaces of s-times continuously differentiable functions,
e.g., Section 2.2.2 in [34]). To define the likelihood function we need a common
dominating measure for the statistical model (P, : v € V) where V is some family
of Lévy measures possessing densities with respect to Lebesgue measure A with
density A = 1(_1/2,1/9). Since A is idempotent — Ax A = fI Al—y)A(y)dy = A -
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we can consider the resulting compound Poisson measure Py = =2 + (1 —
e ®)A as a fixed reference measure on I. Then for any absolutely continuous v
on I the densities p, of P, with respect to Py exist. The likelihood function of

the observations X1,..., X, is defined as
Lo(v) =[] p(X3), veV. (5)
i=1

We also write £,(v) = log L, (v) for the log-likelihood function. Next, if II is
a prior distribution on a o-field Sy of V such that the map (v,z) — p,(z) is
jointly measurable, then standard arguments imply that the resulting posterior
distribution given observations X,..., X, is

[ Ln(v)dTi(w)
Jy Ln()dTl()

We shall model an s-regular function by a high-dimensional product prior ex-
pressed through a wavelet basis: Let

II(B|X1,...,Xn) (6)

{u k=0,...,2'v1) -1, 1=-1,...,J -1} ,J €N, (7)

form a periodised Daubechies’ type wavelet basis of L? = L?(I), orthogonal for
the usual L?-inner product (-,-) (described in Section 4.3.4 in [18]; where the
constant ‘scaling function’ is written as the first element 1¢_; o = 1, in slight
abuse of notation). Basic localisation and approximation properties of this basis
are, for any g € C°(I) and j € N,

sup 3 [se(@)] £ 27, Vo, ge)l $ lgllor27+/2),
x k

Cs2ijsa (8)

1Py, (9) — gllz2(r) < llgl

where Py, is the usual L2-projector onto the linear span V; of the v;’s with
I<j—1.
Now consider the random function

v= Z Zalumﬂ)m(')» a=2"'C+1)"" JeN, 9)

I<J-1 k

where wyy, are i.i.d. uniform U(—B, B) random variables, and B is a fixed con-
stant. The support of this prior is isomorphic to the hyper-ellipsoid

J—1
VBJ = H (—Bal,Bal)2lV1 g R2J
I=—1

of wavelet coefficients. To model an s-regular Lévy measure v we define the
random function

v=e’, II=1I; = the law L(v) of v in Vp ; (10)
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and shall choose J = J,, such that 27 grows as a function of n approximately as

27 T, (11)

We note that the weights a; = 27!(I?> + 1)~! ensure that the random function
v has some minimal regularity, in particular is contained in a bounded subset
of C(I).

Throughout we shall work under the following assumption on the Lévy mea-
sure and on the prior identifying the law of the compound Poisson process
generating the data.

Assumption 1. Assume the true Lévy measure vy has a Lebesgque density, still
denoted by vg, which is contained in C*(I) for some s > 5/2, that vy is bounded
away from zero on I, and that for vy = logvy and some ~v > 0,

|<U07wlk>| < (B - ’7)@[ Vl7k7 (12>

where a; was defined in (9). Assume moreover that B, A are such that A\ =
f[ v < w/A for all v in the support of the prior.

The assumption s > 5/2 (in place of, say, s > 1/2) may be an artefact of our
proof methods (which localise the likelihood function by an initially suboptimal
contraction rate) but, in absence of a general ‘Hellinger-distance’ testing theory
(cf. Appendix D in [16] or Section 7.1 in [18]) for the inverse problem considered
here, appears unavoidable.

The assumption (12) with v > 0 guarantees that the true Lévy density is an
‘interior’ point of the parameter space Vg ; for all J — a standard requirement
if one wishes to obtain Gaussian asymptotics for posterior distributions.

Finally, the bound on A ensures identifiability of v, and thus of the law of the
compound Poisson process, from the measure P, generating the observations.
That such an upper bound is necessary is a consequence of the fact that we are
considering the periodic setting, see the discussion after Assumption 19 below.
For the present parameter space Vg j, Assumption 1 enforces a fixed upper
bound on A — alternatively for a given value of A we could also renormalise v
by a large enough constant to make the intensities A small enough, but we avoid
this for conciseness of exposition.

3. Main results
3.1. Supremum norm contraction rates

Even though the standard ‘Hellinger-distance’ testing theory to obtain contrac-
tion rates is not directly viable in our setting, following ideas in [4] we can use
the Bernstein—von Mises techniques underlying the main theorems of this paper
to obtain (near-) optimal contraction rates for the Lévy density vy in supre-
mum norm loss. The idea is basically to represent the norm by a maximum over
suitable collections of linear functionals, and to then treat each functional indi-
vidually by semi-parametric methods. It can be shown that the minimax rate
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of estimation for Lévy densities in C*(I) with respect to the supremum loss is
(logn/n)*/(?+1)  see [9] for a discussion. The following theorem achieves this
rate up to the power of the log-factor.

Theorem 2. Suppose that Xy,...,X, are generated from (2) and grant As-
sumption 1. Let II(-| X1, ..., X,,) be the posterior distribution arising from prior
ITI =11y in (10) with J as in (11). Then for every k > 3 we have as n — o0
that

I (V v = volloe > 1"V 10g" n| X, ... 7Xn) P 0.

Unlike in the standard i.i.d. setting in [4], we cannot rely on an initial optimal
contraction rate in Hellinger distance for v, which introduces new difficulties
when dealing with ‘semi-parametric bias terms’. Our proofs (via Lemma 14
below) overcome these problems at the expense of an additional log” n-factor.

The only comparable posterior contraction rate result of this kind we are
aware of in the literature can be found in [20], who obtain contraction rates for
the Hellinger distance h(P,,P,,) between the infinitely divisible distributions
P,,P,, induced by the Lévy measures v, 9. Without any sharp ‘stability esti-
mates’ that would allow to derive optimal bounds on the distance ||v — vp|| oo, OF
even just on ||v — vg||r2, in terms of h(P,,P,,), the results in [20] do a fortiori
not imply any guarantees for Bayesian inference on the statistically relevant
parameters v, i, .

The above contraction rate result shows that the Bayesian method works in
principle and that estimators that converge with the minimax optimal rate up
to log-factors can be derived from the posterior distribution, see [15].

3.2. Information geometry of the jump process model
8.2.1. LAN-expansion of the log-likelihood ratio process

In order to formulate, and prove, Bernstein—von Mises type theorems, and to
derive a notion of semi-parametric optimality of the limit distributions that
will occur, we now obtain, for L, the likelihood function defined in (5), the
LAN-expansion of the log-likelihood ratio process

Ln (Vh,n)

o) n €N,

by (Vnn) — £n(v) =log

of the observation scheme considered here, in perturbation directions v, ,, that
are additive on the log-scale. This will induce the score operator for the model
and allow us to derive the inverse Fisher information (Cramér-Rao lower bound)
for a large class of semi-parametric subproblems. Some ideas of what follows are
implicit in the work by Trabs (2015), although we need a finer analysis for our
results, including inversion of the score operator itself.

Proposition 3 (LAN expansion). Let v = eV be a Lévy density that is bounded
and bounded away from zero, and for h € L>=(I) consider a perturbation vy , =
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eV TR Then if X; ~*"4 P, we have
_ LS am L2
bo(Vnn) = ln(v) = 7 ; v(W)(Xi) = S A (W)L, +oey(1),  (13)

where the score operator is given by the Radon—Nikodym density

d(hv — [, hdv - 8o) * P,

A (h) = A s

(14)

The operator A, defines a continuous linear map from L?(v) into L:(P,) :=
{g€L*P,): [,gdP, =0}.

The proposition is proved in Section 7.

In the remainder of this section we study properties of A, and of its adjoint
A}, in particular we construct certain inverse mappings. Due to the presence of
the Dirac measure in (14) some care has to be exercised when identifying the
natural domain of the inverse of the ‘information’ operator A} A, . In particular
we can invert A%A, only along directions 1 for which ¥ (0) = 0. An intuitive
explanation is that the axiomatic property v({0}) = 0 is required for v to
identify the law of the compound Poisson process (otherwise ‘no jumps’ and
‘jumps of size zero’ are indistinguishable), and as a consequence when making
inference on the functional | ; Ydv one should a priori restrict to J 1 Yloyedr,
a fact that features in the Cramér-Rao information lower bound (25) to be
established below.

3.2.2. Derivation of the (right-)inverse of the score operator

To proceed we will set A = 1 without loss of generality for the moment. If
k € M(I) is a finite signed measure on I and g : I — R a function such
that [ |g|d|x| < oo, we use the notation gk for the element of M(I) given
by (gr)(A) = fA gdr, A a Borel subset of I. Then, for a fixed Lévy density
v € L*>(I), consider the operator

b Ay(h) = W(w) - [/ d(uh)}  zel, (15)

defined on the subset of M(I) given by
D = {k = kq + by, ka € M(I) has Lebesgue-density h, € L*(v);c € R}.

This operator serves as an extension of A, from (14) to the larger domain D. It
still takes values in L3(P,); in fact dy is in the kernel of A, since

A, (bo) = % — /I v(z)ddo(z) = v(0) — v(0) =0, (16)
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but extending A, formally to D is convenient since the inverse of A, to be
constructed next will take values in D. Define

m, % m

= (—1
r =Y (G (17)
m=0

m!

a finite signed measure for which P, 7, = dg (by checking Fourier transforms).
Formally, up to a constant, 7, equals the inverse Fourier transform F~1(1/¢, ) of
1/¢,, and convolution with 7, can be thought of as a ‘deconvolution operation’.

Lemma 4. Assume the Lévy density v € L*®(I) is bounded away from zero
on I. The operator A, : D — L3(P,) from (15) has inverse

A, I3®B,) > D, A(g) = %w « (gP,)(), (18)

in the sense that A, A, = Id on L2(P,).
Proof. For any g € L3(P,), by the Cauchy—Schwarz inequality, g, defines a

finite signed measure, so that A, is well-defined and takes values in M (I). Since
P, % m, = § the Radon-Nikodym theorem (Theorem 5.5.4 in [12]) implies

d[P, 7, * (gP,)]  d(gP,)
= = PV .S..
P, ap, 7 -3

We then have

Ay(gy(g)) _ d[P, *m, % (gP,)]

el [ i =0 (9

where the second term vanishes since for such g, by the definition of convolution,

[ dim+ @p) = [ gip, [ar 0.

That A, takes values in D is immediate from the definition of 7, and (4). O

3.2.3. The adjoint score operator

We now calculate the adjoint operator of A, .

Lemma 5. Assume the Lévy density v € L>°(I) is bounded away from zero on I.
If we regard A, from (14) as an operator mapping the Hilbert spaces L*(v) into
L3(P,) then its adjoint A% : L3(P,) — L2(v) is given by A%(w) = AP, (—-) xw.

Proof. We set without loss of generality A = 1. Let h € L?(v) and w € C(I) C
L?*(P,) such that [wdP, = 0. Then by Fubini’s theorem

(Aot w)oesy = [ Ahyode, = [wd, s ()~ [ [,
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:/I/Iw(x+y)h( v(x)dzdP,( /h ) *w)dv = (h, A7 (w)) £2(v)

so that the formula for the adjoint holds on the dense subspace C(I) of L3(P,).
The Cauchy—Schwarz inequality implies that P, (—)*w € L?(v) so that the case
of general w € L3(P,) follows from standard approximation arguments. O

Inspecting the formula for A% we can formally define the ‘inverse’ map

(43) 7 (g) = mu (=) * g with (7, (=) * g)(z) = /Ig(ar +y)dmy,(y), g € L*(Pa),

for v € L*°(I) and scaled by 1/A if A # 1. If g € L>°(I) satisfies g(0) = 0 then
using P, * 7, = & (cf. after (17)) we have that (A%)~'(g) € L3(P,) since

/1 (43)"(g)dP, = / m(—) % g dP, = / gd(, +m,) = g(0) = 0. (20)

3.2.4. Inverse information operator and least favourable directions

Now let ¢ € L°°(I) be arbitrary but such that ¢(0) = 0, for instance we can
take 1y for any ¢ € C(I). If v € L*°(I) is bounded away from zero then
Y /v € L*(Py) and by what precedes (A%)~!(y/v) € L(P,) and hence in view
of Lemma 4 we can define, for any such v, the new function

Ba= A, | ()] (21)

as an element of D. Concretely, in view of (4), (17), (when A = 1, otherwise
divide the right hand side in the following expression by A?)

Vg = —A, {m(-) * ﬂ = —% T, * ((ﬂy(-) * 15)11%) (). (22)

v
We can then write {Z;d = 7; + ¢dg where

1) = 1ha — cdy (23)
is the part of IZd that is absolutely continuous with respect to Lebesgue measure
A, and cdy is the discrete part (for some constant c).

The content of the next lemma is that v allows to represent the LAN inner
product

(f,9)ran = (Au(f), Au(9)) 12@,), fr9 € LP(v), (24)
in the standard L?-inner product (-,-) of L?(I).
Lemma 6. Assume the Lévy density v € L>®(I) is bounded away from zero

on I. If v € L>=(I) satisfies 1(0) = 0 then for all h € L*(v) and g, @Z given as
in (22), (23),

/ A, (h) A, (D)dP, = / A, (D) Ay (F)dP, = —(h, ).

I I
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Proof. From (16) and (23) we have A, (¢y — @ = 0, so the first identity is
immediate. By Lemma 4 and the definition of ¢4 we see A, (q) = —m,(—-) *
(¢/v) in LE(P,) and from Lemma 5 we hence deduce

/mwmx@wa=—/mweomu~wwwm=—zmu

I I

using also that P, (—-) * m,(—) = dg (cf. after (17)). O

3.2.5. Cramér—Rao information lower bound

Using the LAN expansion and the previous lemma we derive the Cramér—Rao
lower bound for 1/4/n-consistently estimable functional parameters of the Lévy
measure of a compound Poisson process, following the theory laid out in Chapter
25 in [35]. We recall some standard facts from efficient estimation in Banach
spaces: assume for all h in some linear subspace H of a Hilbert space with
Hilbert norm || - ||Lan that the LAN expansion

dapr

v+h n 1
log " = A (h) = 5lhlLax, v e,

holds, where P" are laws on some measurable space &,, and where A, (h) —¢
A(h) as n — oo with A(h) ~ N(0,||h]|2 sn),h € H. Consider a map

K:(H | |lran) = R

that is suitably differentiable with continuous linear derivative map « : H —
R. By Theorem 3.11.5 in [36] the Cramér-Rao information lower bound for
estimating the parameter K(v) is given by ||x*||2 45 Where x* is the Riesz-
representer of the map s : (H, || - ||pan) = R.

We now apply this in the setting of the LAN expansion obtained from Propo-
sition 3, with laws P}, parametrised by v = logv, tangent space H = L* and
LAN-norm [|h[[zan = [[Av bl z2p,,), Where Ay, @ (H, || - [|L2(0y)) — L3(P,,) is
the score operator studied above corresponding to the true absolutely contin-
uous Lévy density vy generating the data (note that the central limit theorem
ensures A, (h) = A(h) for these choices). For 1) € L°(I) we consider the map

K:Ul—>/[1/w:/[1/)e”,

which can be linearised at vy with derivative

K:h— /thO = <1/)(0),h>L2(V0) = /Qpl{o}cugh,
I I

where by definition ¢(g) = ¥1¢}-. Using Lemma 6 we have

—~

r(h) = (Yyvo, h) = —((Y)10) ys M ran = (K", h)Lan.
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We conclude that the Cramér-Rao information lower bound for estimating
f ; Yo from discretely observed increments of the compound Poisson process
equals

15" an = [[Ave (0 20) Plli2e,,) = 1(A5) " o)z e,,)
= |7 (=) * Wliope) 22, ) (25)

where we used Lemma 4 in the second equality. Note that the last identity holds
under the notational assumption A = 1 employed in the preceding arguments
and the far right hand side needs to be scaled by 1/A% when A # 1.

3.3. A multi-scale Bernstein—von Mises theorem

We now formulate a Bernstein—von Mises theorem that entails a Gaussian ap-
proximation of the posterior distribution arising from prior (10) in an infinite-
dimensional multi-scale space. We will show in the next subsection how one
can deduce from it various Bernstein—von Mises theorems for statistically rel-
evant aspects of v, u, \. Following [7] (see also p.596f. in [18]) the idea is to
study the asymptotics of the measure induced in sequence space by the action
((v, ) of draws v ~ II(+| X1, ..., X,,) of the conditional posterior distribution
on the wavelet basis {¢y;} from (7). In sequence space we introduce weighted
supremum norms

lollasr = s 2L () = (o) ol < o, (26)
with monotone increasing weighting sequence (w;) to be chosen. Define further
the closed separable subspace Mo (w) of M (w) consisting of sequences for which
wl_l maxy, |zyx| converges to zero as [ — 0o, equipped with the same norm.

The Bernstein—von Mises theorem will be derived for the case where the
posterior distribution is centred at the random element D(J) = (¥(J);x) of

My (w) defined as follows
~ ]- - * \—1
Uik = | wvo + - Z(Auo) [Vilgoye](Xs), 1< J -1k, (27)
1 i=1

with the convention that (J);; = 0 whenever [ > J (the operator (A} )~" was
defined just after Lemma 5 above). A standard application of the central limit
theorem and of (20) implies as n — oo and under PIEO that, for every fixed k,,

V(D = [ durn) MO Bl

and hence in view of (25) the random variable 7(J) is a natural centring for a
Bernstein—von Mises theorem. Since v € L>°(I) the law of v/n(v —7(J)) defines
a probability measure in the space My(w) for w as in the next theorem. Next,
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denote by N, the law L(X) of the centred Gaussian random variable X on
M(w) whose coordinate process has covariances

EXp X w = ((A5) 7 Wik lgoye)s (Ase) ™ (Wi Lioye)) 22 (B, ) -

The proof of the following theorem implies in particular that N, is a tight
Gaussian probability measure concentrated on the space My(w) where weak
convergence occurs. Recall (Theorem 11.3.3 in [12]) that weak convergence of
a sequence of probability measures on a separable metric space (S, d) can be
metrised by the bounded Lipschitz (BL) metric

/S Fs)d(x

Fllpip =sup|F(s)|+ sup —————
|| H ® s€S| ()| s#t,s,teS d(S,t)

DIOIE

Bs(k, k') = sup
F:S—)]R,HFHLi,pgl

Theorem 7. Suppose that Xy,...,X, are generated from (2) and grant As-
sumption 1. Let II(-| X1, ..., X,,) be the posterior distribution arising from prior
I =11y in (10) with J as in (11). Let Bpq,(wy be the BL metric for weak conver-
gence of laws in Mg(w), with w = (w;) satisfying w;/I1* T 0o as | — oo. Let Uy
be the random variable in Mo(w) given by (27). Then for v ~ II(-|X1,...,X,)
and N, as above we have in P§0 -probability, as n — oo,

Bamo(w) (L(Vn(v —D())| X1, ..., Xn),Nyy) — 0.

Theorem 7 is proved in Section 4.4 and has various implications for posterior-
based inference on the parameter v. Arguing as in [7], Section 4.2, we could
construct credible bands for the unknown Lévy density v with L°°-diameter
shrinking at the rate as in Theorem 2 from Bayesian multi-scale credible bands.
We will leave this application to the reader and instead focus on inference on
functionals of the Lévy measure v that are continuous, or differentiable, for
Il lamw) (see Section 4.1 in [7], [5]).

Theorem 7 assumes a certain growth at infinity of the weight sequence wj.
The requirement w;/ V1 1 oo is necessary for the limit process to be a tight
Gaussian Borel probability measure in the space Mg(w), see [7]. Similar to the
presence of an additional log-factor in Theorem 2, here we need to impose the
slightly more restrictive condition w;/I* 1 oo for the control of semi-parametric
bias terms in our proofs.

3.4. Bernstein—von Mises theorem for functionals of the Lévy
measure

We now deduce from Theorem 7 Bernstein—von Mises theorems for the func-
tionals

t
Vit) = / v(@)da, te I,
~1/2
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which for ¢ = 1/2 also includes the intensity A = [, dv = V(1/2) of the underly-
ing Poisson process. From the usual ‘Delta method’ we can then also deduce a
Bernstein—von Mises theorem for the distribution function M (t) = fI L—1/2,qdp
of the jump measure p =v/A =v/ f[ v. The key to this is the following lemma,
proved in (the proof of) Theorem 4 of [7].

Lemma 8. Suppose the weights (w;) satisfy >, 274/

L:(vy) =V = / > vikthu

0 1k

w; < 00. Then the mapping

is linear and continuous from Mo(w) to L*°(I) for the respective norm topolo-
gies.

For the next theorem we require some more definitions: We denote Vy(t) =
ffl /2 vo(z)dz. Let Ny, be the law of the tight Gaussian random variable in
L>(I) given by L(Z), Z ~ N,,. We define [,,, to be the linear mapping L>(I) —
L>o(I) with 1, [h] = (RVo(3) — Voh(3))/Vi(5)- Finally we denote by N, the
law of the tight Gaussian random variable in L>°(I) given by [,,[L(Z)].

The measures Ny,, N}, have separable range in the image in L*(I) of
My (w) under a continuous map. The metrisation of weak convergence of laws

towards Ny, , N JI\/Io in the non-separable space L> by () thus remains valid
(Theorem 3.28 in [13]).

Theorem 9. Suppose that X1,...,X, are generated from (2) and grant As-
sumption 1. Let v ~ II(:|X1,...,X,) be a draw from the posterior distribution
arising from prior Il = Iy n (10) with J as in (11) and let L be the lin-
ear mapping from Lemma 8. Conditional on X1,...,X, define V = L(v) and
V = L(Vy) where Uy is given in (27).
Then we have as n — co and in IP’EIO -probability that
Broeny (LW/(V = D)IX0, ., Xn), Mg ) = 0.
In particular if Ny, is the law on R of L(Z)(3) then as n — oo,
~ N
B LAV () = V)X, Xa), Ny ) =0 0.
Moreover, if M =V/V (%) and M= ‘7/17(%), then as n — oo,

Bre(1) (ﬁ(x/ﬁ(M — M)|X1,..., X,), 54) 5P 0.

Proof. The first two limits are immediate consequences of Theorem 7, Lemma 8
and the continuous mapping theorem. For the last limit we apply the Delta
method for weak convergence ([35], Theorem 20.8) to the map V +— V/V(3),
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which is Fréchet differentiable from L>°(I) — L°°(I) at any v € L°°(I) that is
bounded away from zero, with derivative [,,. O

Arguing just as before (25) one shows that the above Gaussian limit distri-
butions all attain the semi-parametric Cramér—Rao lower bounds for the prob-
lems of estimating V, M, \ = V(%), respectively. In particular they imply that
‘Bayesian credible sets’ are optimal asymptotic frequentist confidence sets for
these parameters — the arguments are the same as in [7], Section 4.1, and hence
omitted. These results are the ‘Bayesian’ versions of the Donsker type limit
theorems obtained for frequentist estimators in [26, 10], where the same limit
distributions were obtained.

3.5. Concluding remarks

Adaptive prior choices Our series prior is defined via asymptotic growth of
J (see (11)) that depends on n and on knowledge of the smoothness s. A possible
extension of our work would be to make the results adaptive to the choice of
J, e.g., by placing a hyperprior on J € N whose probability mass function is
proportional to exp(—c2/ L(.J)) with L(J) = J or = 1. While it seems possible to
prove an upper bound for 27 of order (n/log n)l/(zs‘H) with such a hyperprior,
it is unclear whether a corresponding lower bound holds as well. Small values
of J can entail a large bias and the control of the semi-parametric bias poses
considerable difficulties in our proofs. As in [31], a self-similarity condition on v
may help to overcome such problems, but this is beyond the scope of the present

paper.

Scaling of the observation distance A For identifiability reasons, Assump-
tion 1 imposes an upper bound on the (fixed) distance between observations A.
Otherwise the observation distance A enters the contraction rate result in The-
orem 2 only via multiplicative constants. In the Bernstein—von Mises results
(Theorems 7 and 9), the limiting processes scale with 1/A, as can be seen from
the scaling of (A%)~! before equation (20). This suggests that ‘high-frequency’
analogues of our Bernstein—von Mises results, comparable to those in [27], should
hold true as well, with convergence rate 1/v/nA instead of 1/y/n.

Bernstein—von Mises theorems for general inverse problems This pa-
per builds on key ideas for nonparametric Bernstein—von Mises theorems in
direct models [6, 7, 4, 8, 5]. For inverse problems previous work on Bernstein—
von Mises theorems treated regression-type problems where the likelihood has a
more explicit Gaussian structure, see [24, 21] and also the more recent con-
tributions [19, 25]. In our jump process setting, the log-likelihood function
does not have the form of a Gaussian process, but we show how empirical
process methods [18] can be used to obtain exact Gaussian posterior asymp-
totics in such situations as well. Our proof techniques are thus potentially rel-
evant for other models with independent and identically distributed observa-
tions.
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4. Proofs of the main theorems
4.1. Asymptotics for the localised posterior distribution

The first step will be to localise the posterior distribution near the ‘true’ vy € C*
by obtaining a preliminary (in itself sub-optimal) contraction rate for the prior
IT from (10). Recall the notation v = logv and define

L . . L2 . Lac
Dpy = viveVpy, v —wlL < Mey s [[o = vl < Mey, (28)

with M a constant and

L? =—1/2 1/246 L>®
)

2 =n" 211 (logn) ey = n_%(logn)l/%"5

3

for any § > 1/2. We have the following

Proposition 10. For D, yr as in (28), prior I arising from (10) with J chosen
as in (11) and under Assumption 1, we have for any s > 5/2,5 > 1/2 and every
M large enough

TI(DS 0| X1, -+, X)) =540 0 (29)

as m — 0o. In particular we can choose M in (28) large enough so that the last
convergence to zero occurs also for Dy, rr/o replacing Dy, pr. Moreover, on the
set Dy v we also have the same contraction rates for v — vy in place of v — vg
with a possibly larger constant M.

Proof. This is proved in Section 5 below. O

As a consequence of the previous proposition together with the notation
[IPnM = [1P»M (| Xy, ..., X,,) for the posterior measure arising from the prior
II(- NV Dy, 1) /IL( Dy, 1) instead of from II, we can deduce the basic inequality

sup |(B|X1,...,X,) — 0P (B|Xy,..., X,)|
BeSy

<2ANDE 1| X7, -, X)) =50 0 (30)

as n — 0o. We now study certain Laplace-transform functionals of the localised
posterior measure I1P» . We use the shorthand notation Vj for the L2-closed
linear space spanned by the wavelets up to level J and g; = Py,(g) for the
wavelet projection of g € L2(I) onto V. For a fixed function n : I — R,
consider a perturbation of v given by

= eUt7 (31)

t t
v =v+ 6n\/ﬁTI+UO’J v ( Ju+ 6n\/ﬁn+vo,J
where 0 < t < co and §,, — 0 such that §,,/n — oo is a sequence to be chosen.
That the perturbation 1, equals a convex combination of points will be useful to
deal with the fact that our parameter space has a boundary (see also [23, 24]).
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We have the following key proposition, giving general conditions under which
a (sub-) Gaussian approximation for the Laplace transform of general function-
als F'(v) of the posterior distribution holds. Its proof is given in Section 6.

Proposition 11. Under the hypotheses of Proposition 10, suppose 0, is chosen
such that (61) is satisfied and let H, C L*(I) be such that (62), (63) hold
uniformly for alln € H,. If T > 0 and if ' : V — R is any fired measurable
function then

POl |:6t\/ﬁF(u)

Xl,...,Xn}

:exp{ 1 Auy () 3o, \FZAVU )+ X Zn

where r, = OPN (an) as n — oo with a nonstochastic null sequence a, — 0 that
is uniform in |t| T, n € H,; and where

fD " Sn(”)""zn(yt)dn(y)
o )

Sy (v )—t\/_ /A,,D - (n)dIP’UO), v =logv, vy = log vy,

Ly =

vy as in (51),

and A, : L*(v) — L3(P,) was defined in Proposition 3.

Given a functional F’ of interest, we can use Proposition 11 to show Bernstein—
von Mises theorems by selecting appropriate 1 so that S(v) vanishes (or con-
verges to zero). When this is the case it remains to deal with Z,, by a change of
measure argument for v — v;.

4.2. Change of measure in the posterior

We now study the ratio Z, for n,d, satisfying certain conditions, and under
the assumption that sup,cp . [Sn(v)| is either O(1) or o(1). Note that by
Assumption 1, vy = log vy is an ‘interior’ point of the support

J-1
VB,J = H (_BCLL,.Bal)ZL\/1 - R2J7 a; = 2_l(12 + 1)—1
I=-—1

of the prior II. We shall require that (¢/d,,/n)n+ vo s is also contained in Vg s,
implied by

tln, Yi)| <27 N2+ 1) 0o, Vi< J-1,k, (n, i) =0 VI > J.
(32)

Note that under (32) the function v; from (31) is a convex combination of
elements v, (t/d,/n)n + vo,s of V; g and hence itself contained in the support
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VB of II. We can thus write

v Ly (v dHt(”)
fDn,]\l eén( t)dH(V> _ fD:L,IVI ¢ ( ) dn(l/) dH(V)
et dII(v) et () dIl(v ’
D M D M

where IT? is the law of v4, absolutely continuous with respect to II, and where
Df%M ={v:ve€Dyn}

The measure II' corresponds to transforming each coordinate vy of the 27
dimensional product integral defining the prior II into the convex combination
veik = (1 — 0p)vig + Oniy i where 4y g, = (ﬁn + vo,7, Yik) is a deterministic
(under II) point in (—Bay, Ba;) = I g for every k,l < J. The density of the
law of vy with respect to vy is constant on a subinterval of I; p of length
2B(1-4,) and thus has constant density (1—4,,)~!. The density of the product
integrals is then also constant in v and equal to

1 2
(1 — ) =1+ o(1) whenever 2768, = o(1), (33)

independently of v. We conclude that if (32), (33) hold then

S @00 o, € O) )
T =(1+o0(1)) x T 34

fDn,M et dll(v) fDn,]M etn () dIl(v)

(DY | X1,. .., X,)

I(Dy a| X1y, Xi)'

= (1+0(1)) x

where the last identity follows from renormalising both numerator and denom-
inator by [, e/ dTl(v). The numerator in the last expression is always less
than or equal to one and by Proposition 10 the denominator converges to one
in probability, so that we have

Lemma 12. Suppose sup,cp . |Sn(v)| = O(1) holds as n — oo and assume
N, 0n,t are such that (32), (33) hold. Then the random variable Z, in Proposi-
tion 11 is O]pl]\jo (1), uniformly in 7, as n — oo.

To prove the exact asymptotics in the Bernstein—von Mises theorem we need:

Lemma 13. Suppose n,d,, are such that (32), (33) hold and assume in addition
that ||n]|eo < d for some fixed constant d.

A) Let Dy, pr be as in (28) and define the set thM ={v v e D, n}. Then
for all n = no(t) and M large enough we have Dy, prj2 C D;,M and thus by
Proposition 10 also II(D}, /| X1,..., X,) = 1 in P} -probability.

B) Assume also that sup,cp, ,, |Sn(v)| = o(1) then Z,, from Proposition 11
satisfies Z,, =1+ opy (1) as n — oo.
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Proof. A) Let v € Dy a2 be arbitrary. We need to show that there exists
¢ = ¢(v) € Dy a such that ¢, = v. For v = logv notice that by definition

of Dy, arj2 we have [[v — vo g2 < |lv —volr2 < (M/2)5£2 and similarly |lv —
V0.7]loo < (M/2)eE™ . Now define ¢ = e* where

(v —vo.s) = =
1—46,

z=2z(V) =v9,g+ , V€ Dy o

Then by definition

t
2= (1= 0n)z+ —=n+duvo,s

NG

t
:(1—5n)’l)()“]+(7)—’l)0’])— 77+6n'UO,J:'U

t
't m
so (¢(v) = v follows. It remains to verify that also ((v) € D, for every

v € Dy /2. To see this we let n large enough such that in particular 6, < 1/4
and then

4 5
2(v) —wvollzz < |lvo —vo,sllzz + 5 llv —vo.sllLe + < Me)  (35)

2 )
3 3/m L

using ||vg — vo sl < 277° = 0(552) from (8) and also 1/\/n = 0(552). The
same arguments imply
l2(v) = vollee < Mey ™
Finally we need to check that z(v) € V; g holds true. We notice that for all
I<J
[(2(v) = vo, )| < 2(v) = vollre <27/ (P + 1) =a
is implied by

s—1/2

552 ~n”wt (logn) /2P0 = o277 (J2+1)7Y), s>5/2,

for n large enough, so that from Assumption 1 and (35) we deduce
[(z(V), k)| < [{vo, Yur) | + [(2(v) — vo, k)| < (B —y)ar +yar, 1< J -1,
for n large enough, hence ( € V;p. The last claim in Part A) now follows

directly from Proposition 10, and Part B) also follows, from (34). O

4.3. Proof of Theorem 2

Given the results from Sections 4.1, 4.2, the proof follows ideas in [4]. By (30)
it suffices to prove the theorem with the posterior II(:|X7,...,X,) replaced
by IIP» (.| Xy,..., X,). Using that v = e¥ are uniformly bounded and that
vy = Py,v=v for v ~ TP (| Xy, ..., X,), we can write

[ = 1olloe S llv = wolloo < [lv.s = 0,7l[cc + V0,7 = vo0lloo-
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The second term is of deterministic order 2=7»% = O(n=%/(2st1)) by (8) and
since vy = log 1y € C?, so it remains to deal with the first. We can write, using
(8) again,

Z (v = 0, Yem)em (x)

vy = vo,7llec = sup
xT

< Jm
< 1/2+5 vn _
Z IOgTL m:gf.l.%,)é‘f—l (IOg n)1/2+5 |<U v03¢2m>|
£<J
272(J +1)
<Z 17/ 1/2+6 _
Jn (logn) pegpBax VRl =0, certhem)]

(36)

where we have set ¢;; = %(log n)~1/27% hounded by 1 since £ < J.
Fix ¢ < J, m for the moment and let zz = (QZ) ¢m be the absolutely continuous

part (23) of Jd from (21) where we choose ¢ = costbem1p\ (03- We will apply
Proposition 11 to the functional F(v) = (v — vg, cejtem) and for the choices

~ J( 712
n=is and 5, =L,

where K > 0 is a constant. To bound the term S, (v) in Proposition 11 we need
the following approximation lemma.

(37)

Lemma 14. For any ¢ = coytbem1p oy with fived £ < J,m, let Jd be the
corresponding finite measure defined in (21), let 1 be its absolutely continuous

part from (23), and let 5 = Py, (¢) be its wavelet projection onto Vy. Then we
have, for some constant co independent of £, m,J, that

~ v —vollz2
Ceg /I(U - Uo)wim + \/[AVO (U - UO)AVO (Q/JJ)d]P}VO < co 2J(10g n)1/2+6 .

Proof. We notice that Lemma 6 implies

ey /I(v —V0)Vem = Cog /I(v —0)Yem 1\ (0} = —/IAVO (v —v0) Ay, (¥)dPy,,

so that by linearity of the operator A,, and Lemma 5 it suffices to bound
[ Auolo = 0) A (B = B)Buy = [ 0L [Auy (0 = )55 = D)
=" (h(v,vo), i) (¥, e,

I>J k

where we have used Parseval’s identity, and the shorthand notation h(v,vp) :=

oAy [Av, (v —0)]. Now 1 is the absolutely continuous part of 1y which accord-
ing to (22) (with A =1 without loss of generality) is given by

Y= L Ty * ((7%(—') * %)Py[))

Yo
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2vo(l) - (_1)L+K *L *K 1/’
__¢ Vo (ZZT(VO s 1o (—+) *V_())PVO).

=0 k=0

By standard properties of convolutions, using (4) and since 9 /vq is absolutely
continuous, removing the discrete part of @Zd means removing Dirac measure
from the series expansion of P,,, — denote the resulting absolutely continuous
measure by P, . First we consider the part ¢ of QZ corresponding to the terms
in the last series where either + > 0 or k > 0, so that not all of the convolution
factors in y
*0 *K

Vit w (=) % ”
are Dirac measures dp. Since C*(I),s > 5/2, is imbedded into the standard
periodic Sobolev space H*(I), a < 2, we can use the basic convolution inequality
£ * gllcary < | fllaamllgllez, o« = 0,2, (proved, e.g., just as Lemma 4.3.18 in
[18]), the fact that ¥ /vy = cptbem /vo is bounded in L? = HY, and the multiplier
property || fgllaz S | flle2llgll g2 combined with the fact that the density of P,
is contained in C*(I) C C?(I), to deduce that ) is contained in C?(I) and thus,

by (8)

SO (v, vo), i) (b, i)

I>J k

<D Khw,vo), i)l 2 l1(, ) | o2

>J

<SSy —voll 227 < v — w227,
1>J

which is of the desired order. _

Setting : = k = 0 in the preceding representation of ¥ and using the con-
volution series representation of P,, (without discrete part) yields the ‘critical’
term which is given by —g where

L

'7
(e

for a suitable constant ¢ > 0. By arguments similar to above the function g is at

least in C? and for x;, the mid-point of the support set Sy, of ¥y, (an interval
of width O(27!) at most) we can write

(Vemg, Yix) = /Iwm(g — g(xw) + g(xw)) b
= /Wm?/fuc(g —g(x)) +9($zk)/7l)2m¢lk'
I I

The last term vanishes by orthogonality (¢ < J < 1), and using the mean value
theorem the absolute value of the first is bounded by

191150 /S & — el () i () S 2 / Wt ()] [0 ()
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Then, using (8) and the standard convolution inequalities for L?-norms,

Z 2! Z [(h (v, v0), V)| /I [Vem| [P

1>J k
<3 27w, o) 2 / e (@) 3 [t (@) de
I>J I k
<3 22w, o) 2 [emllr S 277222 — w1
1>J

Scaling the last estimate by a multiple of ¢,y = 2¢/27//2(logn)~1/279 leads to
the result. O

Conclude from Proposition 10 and our choice of J that

Villv — ol -
5. () < YUy = wollez o (+1/2/2541) _ (1),
VESBEM| W< 27 (log ) /245 ~ Vnn (1)

Simple calculations (using that (22) implies that J 7,277/ 2{/; J are uniformly
bounded in L?, L, respectively, proved by arguments similar to those used in
Lemma 14) show that for s > 5/2 the three conditions (61), (62), (63) and the
two conditions (32), (33) are all satisfied for such 7,4, chosen as in (37) and
K large enough. We thus deduce from Proposition 11 and Lemma 12 that for
some sequence C),, = O]pgo (1) and |t| < T,

EHD"’M [et\/ﬁf(vao)cwwm |X1, o ’Xn]
2~ t — ~
< Chexp {§||¢JH%AN ~n ;AVO (wJ)(Xk)}-

If we define vy, = —% Sonoi Avg (JJ)(Xk) + ¢og [ votbem, then for [t| < T this
becomes the sub-Gaussian estimate

. v t =
puomm et\/ﬁ(céJwaZm—l/hn)lX17._.,Xn:| <C, eXP{§||¢J||%AN} (38)

for the stochastic process Zy ., = (ces fvwm — Vem)| X1, ..., X, conditional on
X1,...,X,, with constants 7, ¢t uniform. We can then decompose

)

Vices o= o, o) € VilZe| + | 7= 3 Auy(Fen) )0
k=1

and the maximum over 2/ many variables in (36) can now be estimated by the
sum of the maxima of each of the preceding processes. For the first process we
observe that the sub-Gaussian constants are uniformly bounded through

lslZan = 1A (@D)I22@,,) S 10sllieay < 1leay S IemlZagy S 15 (39)
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using Lemma 26, that vy € L* is bounded away from zero, that Py, is a
L?-projector, combined with standard convolution inequalities. Using the sub-
Gaussian estimate for |t| < T, the display in the proof of Lemma 2.3.4 in
[18] yields that this maximum has expectation of order at most O(J) with IE”IEO—
probability as close to one as desired. To the maximum of the second (empirical)
process we apply Lemma 3.5.12 in [18] (and again Lemma 26 combined with
the inequality in the previous display and also that ||glee < 27/2(|g|z2 for any
g € V) to see that its P}} -expectation is of order O J+J27/%/yn) = O(J)
uniformly in ¢ < J,m. Feeding these bounds into (36) we see that on an event
of P -probability as close to one as desired,

Dy,
EH MHIV_V0||00|X17"'7XH}S

2J/2J 2J/2
(logn)/29] < Z—(logn)®/?*9.
vn ~vn
(40)

Since § > 1/2 was arbitrary an application of Markov’s inequality completes the
proof.

4.4. Proof of Theorem 7

Given results from Sections 4.1, 4.2, the proof follows ideas in [7]. Let U(J)
be the random element of Mo(w) from (27) with J chosen as in (11). For
Dy,ar as in (28) let IP»M (1| X,,, ..., X,,) be as before (30), and suppose v ~
P (.| Xy, ..., X,,). In view of (30), and since the total variation distance dom-
inates the metric x4, (w), it suffices to prove the result for P (X, X))
replacing I1(:| X1, . .., X,,). Let IL,, denote the laws of v/n(v—2(.J)) conditionally
on X1,...,X, and let \V,,, be the Gaussian probability measure on My(w) de-
fined (cylindrically) before Theorem 7, arising from the law of X = (X ;). The
following norm estimate is the main step to establish tightness of the process Z

in Mo(w).

Lemma 15. For any monotone increasing sequence w = (w;), w;/1* > 1, if
Z equals either X or the process /n(v — v(J))|X1,. .., Xn, then for some fized
constant C' > 0 we have

E(1Z] o) = B[sup ! max|Zil] < O (41)

where in case Z = \/n(v—v(J))| X1, ..., X, the operator E denotes conditional
expectation EP»M[-| X, ..., X,] and the inequality holds with IF’EIO -probability as
close to one as desired.

Proof. We first consider the more difficult case where Z is the centred and scaled
posterior process. We decompose, with v; = Py, (v),

Vv = () = vVnlvs = 0(J)) + Vnlvo — vo,.1) + vVnl(v — o) = (v = o) ).

The second term on the right hand side has multi-scale norm ||t — 1o, 7{| pm(w)
bounded by 277 (#1271 = o(1/y/n) in view of (8), ||tk ||r < 272, Similarly
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the expectation of the multi-scale norm of the third term is bounded by
[y =10 = @ = 1) gy 01X, X

/supwl 1max|<ufyo,wlk>|dHD"M(z/|X1, o Xn)

I>J

<yt supmax [l [ 1= wldP (011, .., X,
>J

2—J/22.]/2
G —
ST e

using (40). We turn to bounding the multi-scale norm of the first term, corre-
sponding to

1og®/>* n = ogy (1/v/n),

/ o

I

Vilvy = o()| mw) = \/ﬁ?u}:J) w; ! max
<
The first term in the decomposition
/W/)lk ACES /(V — 1)1k — (/V\(J)lk - /Vol/Jlk) = /(V — o) — Wik
I I

I I
(42)
equals

/1 (v — vo) = / (e — %)y, = / (v = vo)vothue + Ol — 1ol%),  (43)

and the quadratic remainder is of order o(1/y/n) uniformly in k,! by definition
of Dy, and since s > 5/2.

Lemma 16. Let ¢ = vl oy for some | < J, k with corresponding ’(Z =
(V)ix from (21), (23) and wavelet approzimation vy € Vy. We have

S v = vollee27.

/AVO (v —v0) Ay, (JJ)dPuo + /(U — o) VoYik
I I

Proof. The proof requires only notational adaptation of the proof of Lemma 14,
except for the last display, where now we use Lemma 26 (and its variant for A})
in the estimate |(h(v,v0), Yu)| < [|h(v, 10)|loolltir]l Lt S 271 2||v — vo|oo sO that
scaling by c,; is not necessary. O

The upper bound in the display of Lemma 16 has EP»M[.| Xy, ... X, ]-
expectation of order o(1/y/n) in view of (40). We now apply Proposition 11
to the functional

F(v) = Fylv / Ao (0 = 10) Avy (T5) Py, (44)

with choices §,, = K27/(J? +1)/y/n for K > 0 a large enough constant and
n= 1/)] Simple calculations (using that wJ 2 J/zw] are uniformly bounded in
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L?, L*°, respectively) show that for s > 5/2 the three conditions (61), (62), (63)

and the two conditions (32), (33) are all satisfied. Conclude from Proposition 11
and Lemma 12 that

Dy, FF (v 2~ t " ~
gt [et*/_F( )|X1,~~~7Xn} < CneXP{5|¢J|%AN—%ZAVO(¢J)(XH}
k=1

for [t| < T, or equivalently, if Vi = 2 3770 | A, (¢7)(Xx), then for some C!, =
OIP@O (1)a

D, nk'(v n t2 o
EH " |:et\/_F( )th\/_‘/Lk'Xl,"'aXn] < C:z exp{?mﬁf”%AN} . (45)

Arguing just as in (39) the sub-Gaussian constants ||¢) 7|12 4 are bounded by a
fixed constant. We then have, for M a fixed constant and using w; > [,

Dy, —
gt {sup w, I m]?x |\/EF”C(V) + \/ﬁ‘/}k|
<J

Xl,...,Xn]

< M+/ [1Pn.m (supllmax|\/ﬁFlk(u)+\/ﬁng‘ > u
M I<J k

Xl,. ,Xn> du
We bound the tail integrals using (45) as follows:

oo
Z/ P2 (|nFu(v) + vaVi| > X1, .., X,) du

l<Jk’M
o0
< Z / [1Pn M <6T\\/5sz(l’)+\/ﬁ\/zk| > eTlu|X1, o 7)(n) du
i<k’ M
P T|v/nFe (V) +vnVig| —Ti
<Y | E [e AFu (v ””“|X1,...7Xn}e ey
I<gk’M

sy / e Mdu < Cp > 2le™™M = Opy (1)

oo
vo
1<J M 1<J

for M large enough. Moreover, one proves E,, sup,.;w; ' maxy [Vig| < 1/v/n
and also E,, sup,.;w; ' maxy |[Wi| < 1/y/n just as in the proof of Theo-
rem 1 in [7] (or Theorem 5.2.16 in [18]), using Bernstein’s inequality com-
bined with the previous bound on the sub-Gaussian constants and a uniform
bound of order 27/2 (proved just as after (39)) on the envelopes || A, (1) ]|oo,
1(A},)~ (Wulgoye)lloo, I < J, of the empirical processes involved. Combining
what precedes with Lemma 16 (and the remark after it), (42), (43) proves (41)
for the ‘posterior’ process. The Gaussian process X admits by definition the
same (sub-) Gaussian bound as in (45) so that the result follows from the same
arguments just given. U

The inequality (41) implies in particular that for any weighting sequence w
as in Theorem 7, the processes Z concentrate in the separable subspace Mg(w)
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of M(w), and their laws define tight (in the case of N,,, Gaussian) Borel prob-
ability measures in it (by Ulam’s theorem, see p.225 in [12]). Then, using the
estimate (41) and arguing as in the proof of Proposition 6 in [7] (or in The-
orem 7.3.20 in [18]), Theorem 7 will follow if we can establish convergence
of the finite-dimensional distributions ﬁn o Py ! towards those of Ny, © P;Ll,
L € N fixed, as n — oo, where Py, is the projection operator onto the finite-
dimensional subspace V7, of Mg(w) corresponding to the first 2% coordinates
(z1x : 1 < L, k). For this we proceed as in the previous lemma, combining (42),
(43) with Lemma 16 and the definition of Wiy, to reduce the problem to showing
for v ~ TP (.| X4, ..., X,,) weak convergence in probability of the conditional
laws of

\/_/ I/o - l/o(wJ) vo \/— Z 1/%1{0} )( )

to the law of N, for every fized k,I < L € N. Applying Proposition 11 as
after (44) combined with Lemma 13 (for k,! fixed the corresponding 1; J’s are
bounded in L°°) gives convergence of Z, in Proposition 11 to one and hence
one has, as n — oo and for all ¢,

D, 2 ~
BT [ Xy, X)) = (14 opy (1)) exp {§||Auo ('(/JJ)%Q(]P’,,O)} exp(tpn)

where

Z: (Wl oy ) (X \/—ZAVQ D) X,).

Using Lemma 4, (21), A, (¢g—) = 0 by (16) and (23), and then also Lemma 26
combined with ¢ € L? one has

| Auo (%) + (A, ) (Wl goe Nzze,,) = 1Ay (1) — Auo({/;)HL?(PuO)
SNy = llzaery — 0

as J — oo, in particular by Chebyshev’s inequality p, = OPINIO(l) for every
fixed I < L, k. Thus the Laplace-transforms of each such coordinate projection

converge to the Laplace transform of the correct normal limit distribution, for
all £,

D, 2
gt [ety"|X1~-~7Xn]=(1+OP,N,O(1))><6XP{5|(Ay0) 1(¢lk1{0}c)|iz(u»uo)}7

and convergence in distribution now follows from standard arguments (see, e.g.,
Proposition 29 in [24]). This argument extends directly to all linear combinations
ZKL,k ar xY1k, so that we can apply the Cramer-Wold device to obtain joint
convergence in V, for any L € N. The proof is complete.
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5. Proof of Proposition 10

We first derive a general contraction theorem from which we will deduce Propo-
sition 10 (after Proposition 23). We follow the usual ‘testing and small ball prob-
ability approach’ (as in Theorem 7.3.1 in [18], see also [16]), which in our setting
gives the following starting point to prove contraction rates, where K (P,,P,)
denotes the usual Kullback—Leibler (KL-) divergence between two probability
measures P, P,/ .

Proposition 17. Consider a prior Il on a o-field Sy of some set V of Lévy
measures for which the map (v,x) — p,(x), defined before (5) is jointly mea-
surable. Let d be some metric on V such that v — d(v,v') is measurable for
all V' € V. Suppose for some sequence £, — 0 such that \/ne, — 0o, constant
C > 0 and n large enough we have

dP,
I (l/ eV:KP,,P,) < 5721,Var]pu0 (1og P ) < gi) > o—Cnel,
vo

and that for V, C V such that II(V \ V,,) < Le=(CHOnE e can find tests
U, =9(Xy,...,X,) and 6, > 0, My > 0, such that

E,, U, — 0, sup E,(1—U,) < Le™ (Ct4ner,
VEV,,, d(v,v0) = Mody,

Then if I1(-| X1, . . ., Xy) is the posterior distribution from (6) we have, for every
M = MO7
(v : d(v,vg) = Mop|X1,...,X,) =0

as n — 00 in ]P’Il\}0 -probability.

As in previously studied ‘inverse problems’ settings [30, 28, 24], to apply
this proposition with a metric d different from the Hellinger distance h(P,,P,,)
requires new approaches to the construction of frequentist tests, and as in these
references we use tools from ‘concentration of measure’ theory put forward in
[17], where we initially choose for d the weak (or ‘robust’) metric induced by
the norm || - ||g(s) of

H(0) = {f ) = 22_11_26<f» Yi)? < 00}7 6>1/2, (46)
Lk

a negative order Sobolev space. Contraction rates in stronger norms will then
be deduced from interpolation arguments. Before doing so, however, we need to
calculate KL-divergences for the observation scheme relevant in our context, and
show that they can be bounded in terms of the distance of their Lévy measures.

Lemma 18. Let D > 0 such that e™? < dv/dA < eP and e™P < dvy/dA < eP
on I. Then there exists Kp > 0 such that

dP,,
K(P,,,P,) :/log d]P’Od]PVO < KDHV—I/0||2L2,
I v
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dP, dP,
Varp, (log P ) < / (10 B ) dP,, < Kpllv —vo|)3-.
Vo Yo

Proof. We define the path s >—> exp(s(v—wvo)+vo) = ), s € [0, 1], from v to v
and consider the function f(s) = [log(dP, / (1IP>1,0)dIP’l,0 Observing (0 ) =0a
Taylor expansion at s = 0 yields some s € [0,1] such that f(1) = f/(0)+ 21 f"(s).
By the upper and lower bounds on the Lévy densities the differentiation may
be performed under the integral and we obtain

dP,, _ dd% P,
/ log p, v =~ | ~yp

= — /AUO (v —v)dP,,

1
—5 /Ay(s) (v —0)?) 4+ Ay (v —v0,v — vg) — (A (v — v0))*dP,,

1
- /AM (0 = 10)?) + Ao (1 — V0, 0 — 1) — (Ao (v — v0))2dPyy

1 d%,zz P 1 (ddi& P s )zdip’
2 dP, AP, vo

s=0

S Ao (v — 'UO)Q)”Ll(IP‘u(S)) + |4y (v —vo, v — UO)”Ll(IP’U(S))

+ |4, (v — UO)“QL?(]P’V(S))’

where the last step contains a change of measure from P, to P, such that we
may now apply Lemma 26

dP
[ 108 ety 10 = w0z ooy + o = w0l + 10 = vl
S llo = ol S llo = vollZz S v = voll3a,

For the second inequality we consider the following function g and its derivatives

dP, >
= dIP’u ;
/ dIP’l,o ©

/ < d]P’V())d PVU
dP,, d[P’l,( o) Fuo,
d? d
/ ( dPV(s>) ( y<s>>2+ dizPe (dgpms))? dP,,
P P, P,
/ ( P, )) P
dP,s

Observing g(0) = ¢’(0) = 0 we obtain by a Taylor expansion g(1) = ¢’(s) for
some s € [0, 1] nd thus

2 2
AP\ d-L5 P, dL5P,
_ 2(1 v )ds dPV</“1S—dPS
/ ®qp,, ) dP,., P, |
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SAe (v — UO)Q)HLl(]P‘V(S)) + |4y (v —vo, v — U0)||L1(1P’U<S))
S (v — UO)2||L1(V(S)) + v — U0||2Ll(y(s))

S v =wollZs + v = vollis < llv—wollZ> < llv = woll7-- O

Assumption 19. The intensity A of v satisfies A < w/A.

For Lévy processes on R the Lévy measure can be identified by taking the
complex logarithm of the characteristic function of P, in such a way that the
resulting function is continuous. (This is known as the distinguished logarithm.)
For Lévy processes on a circle the characteristic function is defined only on the
integer lattice and a continuous version of the logarithm cannot be defined. How-
ever, this problem can be resolved by assuming A < 7/A since then the expo-
nent in the Lévy-Khintchine representation always coincides with the principle
branch of the logarithm of the characteristic function, ensuring identifiability.
This condition is sharp as the following examples show.

Ezamples. By the Lévy-Khintchine representation (3) we see that P,, and P,,
coincide if F vy (k) equals F vo(k) modulo multiples of 27wi/A for all k € Z.

1. For vy = (7/A)d1/4 and vo = (m/A)d_1,4 we have F vy (k) = F (k) for
all even k and F vy (k) = Fva(k)+(2m/A)i or Fuy (k) = Fra(k)—(2m/A)i
for all odd k. This shows that the intensity bound in Assumption 19 is
sharp.

2. For vi(x) = (4w /A)(sin(27z)) 4 and ve(z) = (4w /A)(sin(27z)) - we have
Furi(l) = Fra(1)+ (2r/A)i and Fvi(—1) = Fre(—1) — (2r/A)i. For all
other k it can be shown that Fvq(k) = F vo(k). This demonstrates that
there exist nonidentifiable Lévy measures which are absolutely continuous
with respect to Lebesgue measure.

Lemma 20. For any c,x,D > 0,5 > 1/2, and integer K > 2, there exist
constants Ri(c, D, A) > 0, Rg(c D,A) > 0 and an estimator v = D(Xl s Xn)

such that
V1og K + x
— >R —
sup (IIV vllaes) 1( Yo —
R

vilwllpr<m/Allvl 2 <e

n

log

e
S 67DI2 +
Ry

(47)

Proof. We first show the above concentration inequality with Hl/ — Vl|ps) re-
placed by |)\ A, where A = [, v = (Fv)(0) is the intensity and X is an estimator
defined as follows: Let ¢, (k) = (1/n) >°7_, exp{27ikX;} be the empirical char-
acteristic function, set ®,,(k) = A=t log p,, (k) for o, (k) # 0 and ®,,(k) = 0 oth-
erwise, where we take the principal branch of the complex logarithm. For K > 2
consider the estimator A = —(1/K) Ek 1 Re®, (k). The Lévy-Khintchine rep-
resentation (3) yields ®, (k) := A~ !log ¢, (k) = Fr(k) — A, where thanks to the
restriction ||v||p1 < m/A the imaginary part on the r.h.s. lies in (—7/A,7/A)
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and hence log is the logarithm in the principle branch. We obtain

- 1 &
/\f)\:kaX::lRe(fbn(k)f o *KZ_: (Re®, (k) + \)
1 & X
=—= Re(®,(k) — 0,(k) — — Refu (k) (48)

In order to linearise the first term in previous equation we define the event

A {Hcpn Pu

It holds |log(1+ z) — 2| < 2|z|? for |z| < 1/2. Thus we have on the event A,, for
k| < K

D (k) — @, () =  log (%(%(k) + 1)

< 1} with [ fllx = sup |f(K).

~
K 2 k<K

A k)
- {1

The first term in (48), up to linearisation, is purely stochastic and bounded

by a term of the form
|90n ou(k)|
AK Z I% '

Since ||v|1 < 7/A we know that sup [1/¢, (k)| < ¢ for some constant ¢ =
c/(A). For the numerator we consider the 4K + 4 random variables

+ Re(pn(—K) — pu(=K)), ..., £ Re(pn(K) — ¢, (K)),
+ Im(pn(—K) — oo (=K)), ..., £Im(pn(K) — ¢y (K))

and denote them by Z; with j = 1,...,4K + 4. These have bounded differ-
ences with constant ¢ = 4/n which follows from using example b) before The-
orem 3.3.14 in [18] and observing that e2™**() are uniformly bounded by 1.
Applying this theorem we have Ee*Zi < e'¢*/8 = ¢A*/(2n) By Lemma 2.3.4 in
[18] we further obtain that

2
E Zi| <1/—log(dK +4
|:j1,I‘I.1.E,l4XK+4 ]} n og(4K +4)

and denoting Z = max|<k |¢n(k) — @, (k)| we have

B12) < 28 | ma (Re( () — g () s () — 0 01)]

log K
- ﬁlog(mﬂ)#&.
n n
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For the concentration around the mean we observe that Z itself also has bounded
differences with ¢? = 4/n and applying Theorem 3.3.14 in [18] yields

P(Z>EZ+1)<e ™/ =/ PZ<BZ-t)<e ™/

This shows that the linearisation of the first term in (48) is bounded by a multi-
ple of (v/log K +x)/v/n. On A,, we can bound the remainder in the linearisation
by a multiple of the same quantity. For n/log K large enough EZ is smaller than
1/(4c’) and we can bound P(AS) by exp(—Ran) < exp(—Ran/log K) using the
concentration of Z. The bound P(A¢) < (1/R3) exp(—Ran/log K) for all n and
K is obtained by choosing a possibly smaller constant R,.

For the bias we bound, using the Cauchy—Schwarz inequality,

<K~ 1/2 Z“F |2 < HVHIP’
= VK

1 K
|K2Re}'u(k)

k=1

which explains the second regime in the inequality in Lemma 20.

Now to estimate v we first estimate Fv(k),k # 0, by Fv(k) = (P,(k) +
:\\)1[, &, k](k), where K is a spectral cut-off parameter. By standard theory of
Sobolev spaces on the unit circle, an equivalent norm on H(d) is given by

£l = D 1FF(R) Pk (log(e + k)~

k

Using that >, k~!(log(e + k))~2° converges for § > 1/2 we obtain
17 = vllfs) = Z k™! (log(e + k)% | Fo(k) — Fu(k)[®

Z k1 (log(e + k)2 |®, (k) — @, (k) + A — A

[k|<K
+ Z k= (log k) =2 | Fu(k)|?
|k|>K
+ Y k' (log(e + k)@ (k) — @, (k)
|k|<K
+ Yk (log(e + k)| Fu(k)[?
|k|>K
< (N _ 2 2,
S(=N)° +|§|13}f<|@ n(k) = @ (B)[" + [lv[|z2/K,

which, repeating the above, gives the same bounds as those obtained for error
of the intensity A — . O

The proof of the following proposition is contained in Section 8.

Proposition 21. Denote V ={v € V: |[v||p: < /A and ||v||p> < ¢} for some
¢, A > 0. Let €, be such that v/(logn)/n < e, and €, = o(1/y/logn). Then for
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vy € V there exists a sequence of tests (indicator functions) ¥,, = U(Xq,..., X,)
such that for every C > 0, there exist M = M(C,¢,A) > 0 such that for all n
large enough

El’o [\IJTL] —nooo 0, sup Ey[]_ — \Ijn} < 26*(C+4)nsi'
VEVZ”V*V(]HH((;)ZMEW,

Proposition 22. Suppose we have for some constants ¢,C,D > 0, for a se-
quence £, such that v/(logn)/n < e, and e, = o(1/y/logn), for vy such that
e P <dvg/dA < eP, for some prior L on a set {v € V : e P < dv/dA < P}
of Lévy measures bounded from above and away from zero, for n large enough
and with Kp from Lemma 18 that

I (y eV |y -l < sn/\/KD) > e~Cnen (49)
and that
O eV: ||| =7/A or ||[v|rz > c) < Le~(CHbnen, (50)

If TI(-| X1, ..., X,) is the posterior distribution from (6), then there exists My
such that for every M > My, as n — oo and in IP’§O -probability,

v : |lv —vollmae) = Men| Xq,..., Xn) = 0.

Proof. Starting with Proposition 17 we replace the condition on the Kullback—
Leibler neighbourhood by a condition on a L? neighbourhood using Lemma 18.
Further we choose V,, = {v € V : ||v|l1x < 7/A,||V||L2 < ¢}, dv,v0) = |lv —
vollm(sy and &,, = €,,. The existence of tests follows by Proposition 21. O

Proposition 23. Grant Assumption 1 for some s >5/2, B > 0, and set
en =n %/t (logn)1/2, (51)

For the choice J = J, with 2/» ~ n*/2stY the prior (10) satisfies for n large
enough the small ball probability condition (49).

The above proposition is proved in Section 9. We now turn to the proof of
Proposition 10. When modelling an s-regular function v, and when vy € C*° as
well, Proposition 23 shows (49) for the choice &,, ~ n~%/(2+1)(logn)/2, and so
we obtain the lower bound on the small ball probabilities. By Assumption 1 we
have ||v||: < 7/A and we also see that the prior concentrates almost surely on
a fixed L>- (and then also L2-) ball since |jv[|%, < 3,272, thus (50) holds for
IT too. As a consequence we obtain

N
(v v — vollue) < Men|X1,. .., Xn) =570 1. (52)

Restricting to this event we can further bound L?-distances: by vy = log vy € C*
and (8) and using Lemma 24 below (and the remark before it) we have on an
event with posterior probability tending to one

v =woll7e S llv—woll7 = Z Z@ — vo, Yuk)” + Z (vo, Y1x)?

I<J k 1>,k
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<220~ vollds) + O@%) S 27Ty — w2y + O %) S 2015
so that, as n — oo,
(v : v —vollpe = €272 0%, | X1, ..., X,) =% 0

and further using that with posterior probability tending to one

I = volloo < 1o = volloc = D 2"/ max[(v — vo, Yux)| + D 2"/ max|(vo, vur)|
I<J 1>J

,S 2J/2||,U _ UOHL? + O(Q—JS) 5 2JJ55n
which also implies that
H(V : ||V - VO”OO 2 CQJJ6€n|X1, .. ’Xn) _>P§U 0.

For § > 1/2 we have posterior contraction with rates e£° and ¢£™ in L2 and
L respectively, where

L>®

2 s—1/2 _s—1
eL” = n= %5 (logn) /20 and eL™ = n7 351 (logn) /249,

Estimating ||[v—vo||rr S |lv—10l|p for p = 2, co implies Proposition 10. Moreover,

using (e£")P < (eE7 )P_2(€ﬁ2)2 we obtain for contraction in LP the rate

sﬁp — S (log n)1/2+5. (53)

It remains to prove Lemma 24. Let us introduce the spaces
B(6) = {f IRy = D200 fw)® < OO}’ §>1/2,
1k

which are equal to the (logarithmically refined) Sobolev spaces H/29(I). As
in Proposition 4.3.12 in [18] one shows that H(J) is the topological dual space
of B(4). We further see directly from the definition of the prior that v = logv
satisfies

ollien =D 20 afui, < D17 <e, any & < 3/2,
1.k 1<J

and one further shows that also [[v|gy) = [|€”|ss) is bounded by a fixed
constant II-almost surely (e.g., using the modulus of continuity characterisation
of the B(d)-norm, proved as in Section 4.3.5 in [18]). This justifies the application
of the following lemma with 1/2 < § < ¢’ < 3/2 in the above estimate. The
lemma, is proved in Section 10.

Lemma 24. a) For any v,y € B(9),0 > 1/2, such that v,y are bounded away
from zero on I and such that ||v — vylgsy — 0, we have || logv —logvg||lues) S
v = volles) -

b)If ||lv —vollus) — 0 and v,vo are uniformly bounded in B(0"), then for any
§ < 6" we have ||[v — vollgs) — 0.
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6. Proof of Proposition 11

Using the definition of S, (v) and the formula for the posterior distribution we
obtain

gl [et\/ﬁF(v)

Xla-”aXn}

_ EHDT,,,M [esn(V)—t\/ﬁf Apg (v—00) Ay (n)dPy

Xl,...,Xn} (54)
fD eSn()—tv/n [ Ay (v—10) Ay (M) dPug +Ln (v) dIl(v)
o n, M

Ip. ,, edll(v)

By Assumption 1 we have s > 5/2 so that by Remark 28 condition (63) implies
condition (64) and we conclude that the entire Assumption 27 is satisfied. By
Lemma 29, the choice of J as in (11), Assumption 27 and the LP-contraction
rates (53) derived from Proposition 10 we have that Assumption 25 is satisfied.
In Section 6.2 we prove that under Assumption 25

—tyn / A (0= 00) A ()P, + L (1) (55)

t? t
= §||AVU(77)||%2(IP’UO) U ZAVO (M)(Xk) + Lo (vt) +17,(v),
k=1

where sup,cp . |77, (v)| = opy (1) with the nonstochastic null sequence implicit
n, vo
in the opy notation uniform in n € H,,. Since the first two terms on the right
Yo

hand side do not depend on v they can be taken outside the posterior integral
in (54) so that

POl [etﬁF(u)

Xl,...,Xn}

= e | GAn )~ 2 An0)

Ji, 5y SH OO TI()

X
Ip, , eWdll(v)

By the mean value theorem for integrals 7], (v) can be replaced by 7, not depend-
ing on v with [r,| < sup,cp, ,, [T (V)] = opy. (1) in the above display finishing
the proof of the proposition.

In order to prove the crucial perturbation approximation (55), we first need to
obtain formulas for the directional derivatives of the likelihood function, which
is done in the next section.

6.1. Directional derivatives of the likelihood function

We fix a positive and absolutely continuous Lévy measure vy = Aguo with
corresponding infinitely divisible distribution P,,. We set vy = logvy so that
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vy = exp v and parametrise a path away from v as
V) = exp(s(v —vo) +wp), s €[0,1].

The resulting compound Poisson measure can be identified in the Fourier domain
as

FP, oo (k) = exp <A / (e2mikT _ 1)y (s +h) (:r))

= exp <A / (exmihe — l)y(s)(x)eh(“”(’)(x)da:>

— exp (A G RUCT RN (s 1)V(S)(a:)dx)
— FP, (k) X exp (A / (e2mike _ 1)u(s)’h(m)dx> ,

where v (z) := v(9)(z) (e"v="0)(*) — 1) is a finite signed measure on I. One
checks by the usual properties of convolution and definition of e* that the second
factor in the last product is the Fourier transform of the finite signed measure

Al/< s), h(]) Z Ak

and so we conclude by injectivity of F that

V(s) h)

. (5).hy
Pu(éﬂl) = G_AV B Z V * ]Py(s)- (56)

Let A denote the Lebesgue (probability) measure on I. We observe that the
resulting compound Poisson measure is of the form Py = e=2d + (1 — e 2)A.
Both P, and P,+n) are absolutely continuous with respect to Pp. We will
now determine the first five derivatives of dP, ) /dPx. To this end we expand
(56) in terms of h. We start with the factor in front of the sum and expand

—AvEh(ry = exp < A/ (v—vo)(z) _ )dy(s )

2 3
= exp <—A/h(v —vo)(x) + %(v — o) (x) + %(v —00)3(z) + O(h4)dy(5)>
h2 h3
?(U — 1)0)2( )+ K(U — UO) (x )d}/(s)
2 ) , )
+ % (/ h(’U — 'UO)((E) + %(’U - 1)0)2(1;) + %(U _ Uo)?’(x)dy(s))

:].*A/h(’l)f’vo)(ﬂﬁ)+

3 2 3 3
- % (/ h(v —vo)(x) + %(v —vg)%(z) + %(v — vo)s(:c)du(s)> +O(hY)
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0 _ A 20 _ Al 3d(®)
— Ah [ v—vodv —A? (v —wvp)“dv _AE (v —wp) dv

A2 2 A

+ —h2 (/v - vodu(s)> + 7h3 /v — vodv®) /(U —vo)*dv(®)
A3 3

- th (/v - ’Uodl/(s)> + O(h").

From the definition of v(*):" we observe that (v(5):")*k = O(h*). Using (56) we
obtain

s)h

dPyesm APy d [ A e
- = v P,y — P,
dPy APy dPA{ Z ¥ v(s)

d
_ _ s) _ _ (s)
dIP’A{(l Ah/v vodr®) — A— / v —1p) dl/

3 A2 2
— A}; (v— vo)gdy(s) + Thz (/v — vodu(s))

A? A? ’
+ —h?’ /v — vodv® /(v —vg)2dv(®) — ?h?’ </v - Uodl/(s)> + O(h4))

AQ
<50 F AV 1) 4 0 )

A?’
+ F(u<8>(eh(v—vo><ﬂv> — 1))+ O(h4)> * P — P }

To find the first derivative we gather all terms that are linear in h and obtain

d Avs )h(v —vg) — Ah / v — vod® 5y | % P,
dPA

d((v(s)(v —vg)) * Py — [0 — vodv ) P o))
dPy '

= hA

This gives the first derivative

ddPye Ad((y(s)(v —9)) ¥ Py — [0 — vodv®) P,())
ds dPy dP '

Gathering all terms quadratic in h we find

d h? A2
= DL (y— = _ *2
IPx { <AV 5 (v —w)? + 5 ' h(v —vg))

Ah?

- AZh/v — vodv v h(v — vg) — = (v — vo)2dv' 6,

A2p? 2
+ 3 (/v—vodll(s)> 60> *Py(s)}
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2
4 AV (v — )2 — A /(v —v9)2dv® 8o + A2 () (v — vg))*?
2 dPy

2
—2A? / v — vody(s)(v — vo)u(s) + A? (/v — Uodl/(s)) 60) * P o) }

And this gives the second derivative

d2 d]P)V(s) d 2 (s 2 s
42 dPy E{A((v —00)2 )« P —A/(v —v0)2dv P P,

LA (((v — o)) = 5 /(v - vo)dy(s)> C B }

Finally we gather all terms which are cubic in h. This yields

- %3@(3)/1(1) —))”

2
1
- AQh/v — vodv® ) %(v —wp)? — A3h/v — vpdv®) §(V(s)h(’l) — vg))*?
2 2
+ % <A3 (/v - vodu(s)> — A? /(v - v0)2d1/(8)> v h(v — vg)

3A3 3
— h6 (/v—vodu(s)> oo

3A 3A2
— hT (v— v0)3dl/(s)<50 + h 5 /v — vodv® /(v — vo)Qdy(s)éo) * P }

In this way we obtain the third derivative
d? dP,. d s s
e de\) = E{A((v — o))« P fA/(v — o) dv P
+ 3A? <((v — o)) — & /(v — vo)dy(s))
* (((v — o)) — & /(v - vo)zdy(s)) * P
*3
+ A3 (((v - ’Uo)l/(s)) — 0o /(v - vo)dy(s)> * P }

In a similar way we obtain for the fourth and fifth derivative

d* dP, d
el Y= _— (A _ 16N 4P . —A/ _ 1, Pp .
dst dPy dPA{ ((’U Uo) 14 ) * P (’U UO) dv ()

*2
+ 3A2 (((v - ’UQ)QZ/(S)) — 0o /(U — vo)Qdy(s)> * P
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+4A? <((v — o)) — & /(v — vo)du(s))
* <((v — )% — & /(1} - v0)3du(5)) * P,
*2
+6A3 <((v —v)v®) — & /(v - vo)du(s))
* <((v — )2 — 8 /(v - vO)QdV(S)) * P

st (- v ~do [0 m)dv‘”)ﬁ P |,

&° AP, d
d85 d]P)A _dPA

{A((v o)) P —A / (v = vo) A B
+ 10A2 <((v —9)2v)) = & /(v — vo)2du(5))

* <((v — )% — & /(1} — vo)3dy<5>) * P
4+ 5A2 (((v o)) — 6y /(v - Uo)dws))

) ((@ — )Y — 5, /(v - v0)4du(s)) P
+10A3 (((v — o)) — /(v _ vo)du(s)> N

} (((u )3 — 6, /(v _ v0)3dy(s)) £
+15A3 <((v — 00)2) — /(1} _ UO)Qdy<S>) N

) (((u ) — 6, / (v — uo)dy<s>> fPo
+ 10A* <((v — o)) — & /(v - vo)dws)) N

) (((v — 09)20 ) = 6, /(u - vo)%zy(s)) P
+ A° (((v — o)) — & /(v - vo)dy<8>) K * P }

Let LE(P,) := {g € L*(P,) : [ gdP, = 0}. Motivated by the structure of the
derivatives we define the multilinear form

Ayl 2yer 1 L2(v)®F = L3(P,), (57)
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d((wiv — 8o [ widv) * -+ - % (wyv — & [wrdv) * P,)
dP, '

(wl,...,wk) i—)Ak

In view of the derivatives of the log-likelihood we divide the derivatives by
dP,) /dPy. Then the dominating measure P, cancels and we suppress it in
the notation. We obtain the following expressions

d< P,
Zds VAo (v—
AP, u( >(U Uo),
dL P,
% = A, (v —10)* 4+ A, (v —vo,v — vp),
1/(5)
- P,
% = Ay (v —10)> + 34, (v —vo, (v —19)?)
V()
+ A, (v —v9,v — vg,v — 1g),
AL P
% = A, (v —w0)* + 44,0 (v —vo, (v —19)?)
V()
+3A,0 ((v—19)%, (v —10)?) + 64, (v — vy, v — v, (V—19)?)
+ A (v —v0,v — v9,v — Vg,V — Vg)
dL P,
% = A, (v —10)% + 54, (v —vo, (v —vg)*)
V()

+ 104, ((v — v0)?, (v —v0)®) + 104, (v — vg, v — v, (v — vg)*)
+ 154,05 ((v — v0)?, (v — v0)?, v — vg)

+ 104, (v — vo, v — Vg, v — Vo, (v — v9)?)

+ A, (v —v9,v — 9,V — v,V — Vg,V — Vg).

With the densities at hand we can determine the derivatives of the empirical
log-likelihood

" dL P,
Dl (vo)[o —vo] = Y ~E (X),

— AP, |,

Jj=1 $

" 4L P, - P\ 2
D2t (v)[v = vo, v — o] = |~ < i ) (X;)
j=1 v(s) s=0 j=1 v(s) s=0
Dgé ( )[U — Vo,V — Vg,V — Uo]
AL P, 3 4L p W) dL P,

= Z -3 Z J) d‘]P)V(s) (X])

3
V( )
2
- Z( dﬂj’um J))

D4€n(u )[v — Vg,V — Vg,V — Vg,V — Vg
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4 3

L dfd P (s) n dfd P (s) dfd P (s)
dst v ds3 L v ds t v
= -~ (X,)—4 ; X,
= dPV(s) ( J) =1 d]PV(s) ( j) d]Py(s) ( J>

_32 1/() A +12de2 vy ) d%Pm-s)(X_) ?
J J d]Pl,(s) J
© :

_62( AP, j))

D¢, (V(S))[U — Vo,V — Vg,V — Vg, U — Vg,V — V)

- Z dPuf; ~(X) =5 Z iffm:( 0% 52 ()
+20 Z ‘ ;:IP’V(: (X)) (dfp]i”:’ (Xj)) 2
10y df;:f’[lf::(s> (X5) dﬁ,iﬁ (X;)

j=1

dis d2 © dL P, °
— 60 Z d]Py(g) j) ( AP, (XJ))

+BOZ s 1/() ) 2d%[@y(s) 242 S V() ) >
dP, J d}P’l,(s) d]PV(s> >y

The previous quantities simply denote one-dimensional derivatives of the em-
pirical log-likelihood along the curve v(*). These derivatives can be viewed as
values on the diagonal of symmetric multilinear forms and by means of polar-
ization we extend the derivatives to symmetric multilinear forms.

6.2. Likelihood expansion

In this section we will use a likelihood expansion to show the statement used in
Section 6 that

— i [ Ay (0= )y (), + (1)
= S, — = D0 Ay (D)K) + £al) + 740,
k=1

where sup,cp . |75 (¥)| = opy (1). Let eL” with 2 < p < 0o be rates such that
n, Yo
for
p
Dy = Dopt = {v 0 € Vi, |lo = voll o < M=}

we have

(DS | X1, -, Xn) =540 0.
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For example we can take (e£7) = (£ )P=2(cE%)2, Setting wl” = tn=1/2||n||Lr+
6nel” we work under the following condltlons

Assumption 25. Let H,, C L>(I). Assume J, 6,, €&’ and w%” satisfy uni-
formly over n € H,

2775 = o(cL?), 2775 = o(eL™), (bias conditions)

Vbl 272 Jlog E; =o(1), (for term II)
2J/2 b
Wi
néy, (ek )2 =o(1), (for centring of II1(ii))

tnlloos 2772 flog 2 = o(1), (for term IT1(7))
n

=o(1), (for deviation from mean of IV (7))

o <e 2, (first term dominates in II)

log

2 2
%”U”L‘l
tén\/ﬁHnHLzeﬁ? =o0(1), (for centring of IV (iii))

. 2 3
nwk’ (653) = o(1), n (w?) =o(1), (for centring of third derivative)

n

n

3 4
nwL4 <€L4) =o(1), n (wgl) =o0(1), (for centring of fourth derivative)

n (855)5 = o(1), n (w{;S)S =o(1), (for centring of fifth derivative)

\/ﬁ(eﬁm + wﬁm)Q (552 + w52)2‘7/2 <log C) v =o0(1), (for Ry,)

L2 L2
En + wy

1/2

1

_n2J/2 <log ﬁ) < gﬁz + wﬁz. (first term dominates in R,,)
n

We consider the following path from vy to v, s + exp(s(v —vg) +vg) = (%),
A Taylor expansion of the log-likelihood /¢,, along this path gives

ba(v) — Ly (vo) = DUy (vo)[v — vo] + 3 DLy, (o) [v — vo, v — o)
+iD%,, () v = vg, v — vo, v — vg],

where the first two terms denote first and second derivative at zero and the
last term denotes the third derivative at some intermediate point s € [0, 1].
We will see later that the derivatives depend linearly on the directions. Thus it
is possible to extend them to symmetric multilinear forms. The corresponding
path from vy to vy = exp(vs) is u +— exp(u(vy — vo) + vg) = l/t(u).

We recall the perturbation (31) and define §,,(v) by

vt:v+5< 7]+'U0J7'U):'U+gn('l)).

n/n
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With this definition we calculate
b (V) — L (o) — (bn(vt) — £ (v0))
= D¢, (vo)[v — vo] — Dy (vo)[ve — vo] + %Dzén(uo)[v — Vg, U — V)
— %DQZn(VO)[vt — vg, vt — vo] + R
= Dl,(vo)[v — ve] + %DQER(Z/())[U — g,V — V)
— 1D, (vy)[v — vy + 0n(V), v — vg + 0, (v)] + Ra
= =Dl (v)|[(t/v/n)n] — 8, Dln(v0)[v0,s — V]
- Dzen(VO)[U — Yo, gn(v)] - %ngn(VO)[gn(v)a gn(v)] + R,
— I+ 1T+ 11 +1V +R,,
where
R, = 1D, (™)) v — vo,v — vo,v — vo] — %D‘?En(ut(u))[vt — Vg, vy — Vg, Uy — Vg
with intermediate points s, u € [0, 1].

We need to show that

I+IT+1IT+1V+R,= t\/ﬁ/A,,O(v — vg) Ay, (1)dPy,

+ A @) — 7z 2 An)(X0) +110)
(58)

The first term is given by I = —ﬁDﬁn(yo)[n] = —ﬁ > oreq Au ) (Xg). For
the second term we have

1 n
7= _5nD£n(V0)[UO,J - v] = \/ﬁén% ZAVO (” - UO,J)(Xk) = \/ﬁ(snan'm
k=1

where G,, = v/n(P,, » —P,,) is the empirical process and f, = A,,(v — vo, 7).

On D, pr we have ||[v — vg|p2 < ME,LL2 and ||v — vgleo < Mek™. Using the
usual bias bounds |[vg s — vollrz < 2772, |lvo.s — vollee < 277° and the bias
condition in Assumption 25 we obtain ||v —vg s||L2 < MeL* and |jv — V0,7 ||loo <
MeL™ with a possibly larger constant M. We recall f, = A,, (v — vg,7) and
consider the finite dimensional class of functions

Fim{foive Vg llo=voslee < MeE o~ vollee < Mel™}. (59)
We observe that there is D > 0 such that ||vg|lec < D and ||v]jes < D for all
v € Vg, ;7. We will bound the norms of functions in F using the following lemma.
Lemma 26. Let ||v||cc < D and v = exp(v). Then for A, defined in (57) and
for1<p< oo
Ay (w1, wi)llLee,) S lwillrw) - - - 1wkl Lew)-

The constants only depends on k, D and A.
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Proof. We write v for both the Lévy measure and its density. The measure
P, can be written as a convolution exponential P, = e~ AN Zzozo Ak—fu*k with
intensity A = v((—1/2,1/2]). The function v is bounded such that the corre-
sponding Lévy density v = exp(v) is bounded from above and bounded away
from zero. Likewise the intensity A is bounded from above and bounded away
from zero. We denote by A the Lebesgue measure on [—1/2,1/2]. Then % is in
L*°(P,) with norm bounded by a constant depending on D and A only. Defining

by P? = e=4* Yooy Ak—fu*k the absolutely continuous part with respect to the

Lebesgue measure A we see likewise that the density ddiz is bounded in L>®(A)

from above depending on D and A only. By definition we have

[ Ay (wr, .. wi) e e,)
d((w1v — 8o [widv) % % (wpv — & [wrdv) x P,)
dP,

< AF

Lr(Py) '

The nominator consists of 2¥ terms and a typical term is of the from

/wldu.../wjdu~ (Wjp1v) * - -+ % (wpr) * P,

and up to permutation and choice of j between 0 and k all terms are of this

form. So it suffices to bound

’d(f widv ... [wijdv - (wjpv) - x (wpr) * Py)
dp,

Lr(P,)
d((wjyqv) x - (wrv) * Py)
S leHLl(V)-~~||wj||L1(V) Chu aP
v Lr(B,)
d((wj1v) * -+ * (wgr) * P)
Slwillzewy - willoe ) = dP )
v Lr(P,

For j = k this gives the desired bound and for j < k the previous line can be
bounded by

lwrllze @) -+ lwjll e w)

’d((ijer) * -k (W) * P)
dA Lo (P,)
‘d((wj+1y) * ook (wpv) * )

dA
dPp,

Lo (Py)

S ||w1||Lv(V) e ”wj”LT’(V)

?

dA Lo(A)

dp® . .
JA° - Young’s inequality for con-

where we have used boundedness of % and
volutions yields the bound

lwilleeq) - - - llwillLe ) lwjavll g ay - - lwe—1vll gy lwevll oy

S lwillze) - - ||wk\|m(y)

and the lemma follows by treating all 2¢ terms in this way. O
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We define v(u) = Zng—l > ok WUty with ap = 27412 4 1)~. For u,u €

R?" we denote v = v(u),v’" = v(u'). Applying Lemma 26 with w; = v — v/
vields ||fo — forlloo S |lv — ¥'|loo S JJu — t/||o0, where the constant only de-
pends on D and A. It follows that supg || fo — fullz2@@ S llu — ¢/]|eo, where
the supremum is over all Borel probability measures Q. Consequently we have
supg N(F, L*(Q), e[ F| r2g)) < (A/e)?" for some A > 2 and for 0 < £ < A and
where the envelope can be taken as a constant function F' with constant only
depending on D and A.
Let 0° = sup;c P, f?. Lemma 26 yields

o< sup [[Av (v —vo,0) | L2(p,,)
lv—vo,slI<MeL?

S sup ||U - UO,J”LQ(VO) S €n
lv—vo,sI<MeL?

Then we have by Corollary 3.5.8 in [18] for some ¢ > 0

B|Gy|lr < eE27/2 flog — + — 2J10g o

C
L2
&n

NG

We obtain I = op(1) using the conditions

L2 J/2 C o 2‘]/2
Vndne, 2 log —5 =o(1) and T log
6/'7,

LZ
n

L2§E

Next we consider the term I11. It equals
— DLy (v)[v = vo, 05 (v)]
= —n"Y2tD20,, (1) [v — vo, 1) 40, D (o) [0 — vo, v — vo_1]
(%) (74)

t d% P,
=——) —“——| [v—wo,nl(X))
\/ﬁ j=1 d]P)l/(S) s=0 !
(1)(a)
2
n 4 Xn: d% P, [ 1(X))
— v — g,
n Jj=1 dPV(b) s=0 0 !
(4)(b)
" 4L,
4+, C(lls]; © [v — v, vo,71(X;)
j:1 y(s) s=0

s=0
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where we understand the bilinear forms through polarization and by abuse of
notation v(®) denotes a generic path.

The terms (7)(a) and (i7)(a) are both centred. The term (4)(b) is centred after
subtracting

\/ﬁt/Ayo ('U - UO)AUO (n)dlplfo

yielding the corresponding term in (58). The centring of the term (i¢)(b) is of
order

dnn /AVO (v —w0)Ay, (v —vg,5)dPy,

< dun (Euo [(Auo (v— 1)0))2])1/2 (Euo [(Auo (v— 'UO,J))z])l/2

2
< 0unllv = vollz2 o) [0 = v0,7 [l 22(0) S dunler)? = o(1).
We start with the term (7)(a). We define functions

Jo = AVO((U - UO)U) + AVO (’U - U0777)

and consider the corresponding class of functions as in (59). For u,u’ € R2 we
denote again v = v(u), v’ = v(u’) and apply Lemma 26 to the function f, — f,.
This yields

1fo = forlloo S lImllscllv = v'lloe < [1mlloc|lt = '[loc,

where the constant only depends on D and A. We choose the envelope F' of the
class F as a constant function C||n||sc, where the constant C' depends only on
D and A. Then the bound ||f, — forllco < IMlloolltt — ' ||oo shows that we have

supg N (F, L*(Q), e[| F| 2 (g)) < (A/e)?” for some A >2 and for all 0 < ¢ < A.
The next step is to bound o2 = sup s Py, f2. By Lemma 26 we have

2
o =sup || fllz2@,,) < Inlleccr -
fer

Corollary 3.5.8 in [18] allows to bound the empirical process appearing in
term (¢)(a). For some ¢ > 0 we obtain

L%6J/2 c 1 J c
E|GnllF < lInll 5 2772, [log 7+ 7l 105 7

The conditions for the first term dominating the second term is the same as for
the term I7. To bound the term (7)(a) we use

2 &
tinllc 572772, log <7 = o(1).
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Next we treat term (¢)(b), which is given by
o Z (v = v0) (X3) Avy (1) (X;).

We define g, = Ay, (v — v9) Ay, (n) and f, = g, — Eyy[go]. So after centring the
term is given by tG,, f,. We have by Lemma 26

9o — gvlloo = ||Al,0 (v — U/)AVo (Ml < HAuo (v— UI)HOC”AVO (Moo
Sllv = v floolnloo

and thus also || fy — furlleo S ||V — v'|lool|n]|co- We consider the class of functions
F as in (59) corresponding to the functions of the form f, here and bound

o=sup ||flrze,,) < sup lgollz2,,)
fer lv—voll L2 <2Mek?

2
< sup 1Ave (M) loellAvy (v = o)l 22(2,) < Il
llv—voll 2 <2MeL?

Just as for term (¢)(a) we apply now Corollary 3.5.8 in [18] with envelop pro-
portional to ||7]|ee. So the conditions for term (ii)(b) are the same as for the
term (7)(a).

We move on to the term (i7)(a). We define

fvv’ = AVO((U - UO)(U/ - UO’J)) + AVO (U - ’U(),’U/ - ’UO’J)

and f, = f,,. We now consider the class of functions F with this definition of
fv. Then we have

||fv - fv’”oo 5 ||fvv fvv Hoo + ”fvv’ - fv v’ Hoo ~ €n Hv -v ||oo

Choosing the envelope as a constant function proportional to sﬁm we obtain
for the covering numbers supgy N(F, L*(Q), [ F| 12(g)) < (A/s)zj. Turning to
o we see

oo 2
0 = sup ||f||L2(1P> ) S 55 516 -
feF

v

Again we apply Corollary 3.5.8 in [18], which gives the following bound for term

(i1)(a)

Sun/ME||Gll S un/nel™ ek 2772, [log — + 6,657 27 log —.
sn sn

This tends to zero by the assumption for the term I1.
The only remaining term of II7 is (i7)(b). This term takes the from

n

00> Auy (0 = 10)(X) Ay (0 = v0.0) (X))
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With the definitions gy, = Ay, (v — v0) Ay, (V' — vo,7) and f, = Guo — Eugy [Goo]
the term (i7)(b) can be written after centring as —d,,v/nG,, f, and we bound

Hgvv = Gorv' oo < ||Goo = Guv'lloo + [|gver — gv’v’Hoo

S v =vollsollo = v'lloc + [0 =¥/ [lool|v" = v0,sllo0 S &5 10 = '] oo

Consequently we also have || f, — for[loo S €L ||v — v/[|co. We denote by F the

~

class of functions corresponding to f, as in (59) and further bound

o =sup || f|lrze,
f€f|| lz2.,)

2 oo
< sup{llgoollz2(e,,) * v = vollz2 < Meg, [lv — voll < Mey ™}
<

sup{|| A, (v — v0)||oc | Avy (v — vo,0) | 22 (P,

2
o —volle < MeL™, v — vz < MeE™}

< L™ el?,
We see that (i7)(b) leads to the same condition as the term (ii)(a).
The term IV equals
L, ]~ 2 D2 ) 0~ v+ D20 ) v,
o n\Y0)171; N 9 n\Y0)[V — V0,7,V — Vo,J NG n\V0)7,V — Vo,J
(4) (i1) (i)

2 & dj—z P s - d4 P ()
_ _ds® "V X _ Zds " v
2n =1 d]P)V(s) 520[777 77]( J) + 2n ; d]Pl,(s)

[n](Xn)Q

(@) (@) W)
R AL P

2 = AP,

[v — vo,7,v — vo,5](X;)
s=0

(@) (a)

62 (AL P, 2
+7 Jz::l <dT<> [v— Uo,J](Xj)>

s=0

(#3)(b)

t0n o ddd—zz P,
= | [mv—vo (X))
n j:zl dPV(s) s=0 J
(i) (a)
tén = (ddi ]P)y(b') )2
— A [, = vo.s)(X;).
\/ﬁ = AP, =0

(444) (D)
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The terms (7)(a), (#4)(a) and (7i7)(a) are centred. The term (7)(b) can be centred
by subtracting

t2 2
9 [ Av, (n) ”L?(IPUO)

and gives the corresponding expression in (58). For the centring of term (i¢)(b)
we subtract

2 2
T A0 = 0.0 Bageny S 20— sy S B3(EE)? = 0(1).
Vo 0,J)IL (PVO) ~ 0,J1IL (vo) ~

To centre the term (ii7)(b) we add td,/nE,,[Ay,(n)Ay, (v — vg ;)] and this is
bounded in absolute value by

|t5n\/ﬁEV0 [AVO (n)AVo (U - UO,J)H
S v/l Av (M)l L2 @,) [ Ave (v = vo,0) L2 (2,,)
2
< v/l eyl - ) S vl ael = o(1).

For term (i)(a) we bound using Lemma 26

2
4L p .
ds2 “ Vv - ,
Euo <Wy(s) 520[77’77] 5 HAuon ||L2(]Pu0) + HAuo(nan)HLz)(Pyo)

S0 + 10l 720) S Ill 74

and for term (¢)(b) we bound using Lemma 26
4 4
By, [(Au )] = [ Avg )l bae, , S Il

We conclude that after centring term (i) is of order Op(t>n~1/2||5||2,) and we
use t2n71/2|n||2, = o(1).

The terms IV (i4) and IV (iii) are treated in the same way as the terms
IT1(i3) and I1I(3), respectively. Since the terms IV (ii) and IV (iii) both have
an additional factor d,,, no extra condition is needed.

The remainder term can be expressed as

Ry, = 5D, (10)[v — vo,v — vo, v — vo] — 3;.D%ly (1) [ — v, v — Vo, v — Vo]
+ %D‘lﬁ vo)[v — vo, v — vg, v — Vg, v — Vg]
- 1 D4€ vo)[ve — vo, ve — Vo, Ve — Vo, Uy — Vo]
)

(
(
+ 5,D5 (V(g v — v, v — Vo, v — Vg,V — Vg,V — Vg
Cn(vy u))[vt — 0, V¢ — Vg, V¢ — Vg, V¢ — Vg, V¢ — Vg
-3 D3 0 (10)[07(v), v — v0, v — o] — 2D (1) [0, (v), 6 (v), v — vg
- ID?’E (10)[6 (v), 6n (v), 3 (v)]
(

- 4 D4€ VO)[én(v),v — Vp,V — Vg,V — Vg
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- D%,

(vo)[d n(v),én(v) v—vo,v — )
— 41D (1) [0n(v), 00 (), 65 (v), v — vg]
— D (1) [0n (v), 80 (v), 65 (v), 3, (V)]
+ 5,D5€ (V(§))[U — Vg,V — Vg,V — Vg,V — Vg, U — V]
- 5D5ﬂn( ))[Ut — Vg, VU — Vg, Ut — Vg, Vg — Vg, UVt — Vg

We start with the centring of the third derivatives. So the aim is to bound
By, [|D?ln (vo)[w1, wa, w3]]].

D3¢, ( )[w w, w

d2
A== Py

- Z dIPy(T)

(a) ()

dL P,
()5 ()

_ d7“3 V(')

dPV(r)

r=0

(©)
The term (a) is centred. For term (b) we calculate using Holder’s inequality
Evo[|(Avy (wiwz) + Ay (w1, w2)) Avy (w3)]]
< Ay (wiwz) + Ay (w1, w2 psr2e, ) [ Ave (W3)[ 22,
S (lwiwallps/2 ey + llwll Loz o) lwell porz o)) llwsl s o)
< llwa | zsllwa | Ls]lws| s
and for term (¢) we likewise obtain
Euull vy (1) vy (w2) Ay (15)[] S [l | 5 | ] .-
We conclude
Ey, [| Dl (vo) w1, wa, ws][] < llwi | s lwel| s lws]| s

Using Lemma 26 and the generalization of Holder’s inequality || Hle Fillerouy <
H?zl [ £ill 75 (uy for Z§=1 p% = 1 and some measure pu, it follows in the same
way that ‘

Eyy [| D (v0) w1, wa, ws, wa]|] S Nlwillpallwal|pallws|| L llwall pa-

For the fifth derivative we let ¥ be either v(*) or ut(”)

change

and first apply a measure

By, [| D (0)[w1, w2, w3, ][] S B [|D?n (7) [w, w2, w3, w4]]
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S lwallpsllwellzs [lws |l s 1wl s lws]| s
We observe that . ; )
Wy, = %Hnllm +dnen
is the rate at which gn (v) converges to zero in LP. For the centring of the third,
fourth and fifth derivative we use the following conditions

nwﬁ3 (553)2 = o(1), n (wﬁ?’)g = o(1),
anLf (5£4>3 =o(1), n (w,LL4)4 =o(1),
n (€£5>5 =o(1), n (w£5)5 =o(1).

For the empirical process part we develop the remainder term R,, only to the
third derivative so that it takes the form

%Dgﬂn(u(sl))[v — Vg,V — Vg,V — Vg f%D?’EH(ut(u ))[vt — V, Ut — Vg, Vp — Vg -

(i) (i7)

We have |[v — volr < 5" and |lvy — volle < €5 + wL”. Both (i) and (i)
can be treated jointly by bounding a term of the form D® Ly, (V) |[w, w, w] with
Up, = exp(Un), ||Unlloc < D, and either w = v — vg or w = v + gn — 9.

Let (") = 7, exp(rw) so that

D30, (0 [w, w, w]

dLP, AL P, d< P .
_ V _3 ” Zdr — v X
Z dPy("‘) =0 Z P,y =0 g APy r:o( 3)
(a) (b)

dL P,

) dr

(e)

(Xj)>3-

r=0

For term (a) we define the functions
go = Ay w? + 345 (w,w?) + Ay, (w,w, w).

We denote f, = g, — Ey,[g0]- After centring the term (a) is given by /nG, f,
with f, varying in the class of functions corresponding to (59), where the func-
tions f, are defined as here. We bound using Lemma 26

llgo — gv’Hoo S (Eﬁx +w7€w)2“v - 7}/”00 so that

1o = forlloo S (e Hwi )Mo =/ lloo.
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With v = v(u) and v' = v(u') from the definition of the prior we further bound
lv —=v"loo < |Ju—u'||oo. We take the envelope F' to be a constant function pro-
2
portional to (55 +wk ) and obtain supy N(F, L*(Q), e[| F || 2(g)) < (A/e)?
for some A > 2 and for all 0 < ¢ < A.
We bound ¢ by

o=sup | fllrze,,) < sup 90l 2, S sup 90ll L2, )
feF lo—voll 2 <2MeL? llo—voll L2 <2MeE?

Sl 2@ + w2z @ollwlizz@,) + 1wz, S lwliee,)
3 3 3 - N2
S (e +wl) S (e5) + (wh') S (57 +wk™) (e + k).

Using Corollary 3.5.8 in [18] this yields some ¢ > 0 such that

oo oo 2 2 2 C 1/2
E|G ||]:§(€ + wk ) (EL + wk )2‘]/2<1og7>
n n n n n 652 +w%2
1 1o o\2.; c
For the term (b) and (¢) we obtain the same bounds for the uniform covering

numbers and for o as for term (a). So the bound (60) applies likewise to terms
(b) and (c).

(60)

6.3. Simplification of Assumption 25

In this section we simplify Assumption 25 and reduce it to a condition involving
n and J, only. To this end we recall €, from(51) and the LP-contraction rates
eL” from (53) both in Section 5. We set 27 ~ n!/(2s+1),

Assumption 27. Supposet = O(1), s > 11/6 and H,, C L*°(I). Furthermore,
assume for 6, and uniformly for all n € H,,

6nn2/(28+1)(10g n)t20 = o(1), (61)
[nll2 = O(1), (62)
[nlloen =D/ CoHD (log )0 = o(1), (63)
[loom 3 1/2)/ 20 10 )08 — (1), (61)

Remark 28. For s > 9/4 (and so in particular for s > 10/4 = 5/2) condition
(63) implies condition (64).

Lemma 29. Let 27 ~ n'/ st and grant Assumption 27. Then t, 6, H, and
eL” from (53) satisfy Assumption 25.

Proof. The bias conditions are satisfied for this choice of 27. Further we have

s—1/ /
Vb,el* 272 Nlog == < /ndn~ T (log n) /200 \flog n
€7l
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3/2

= 5nnﬁ(log n)t*t% = o(1)
by (61). Next we verify

2J/2

vn

log 22 < n~VY2p 25 Viogn = n~/(2s+ ) (logn)1/2 < ETLLZ
En

and
18, (eX")? = 8,n%/ 25 (log )1+ = 0(1)

using (61). For term III(i) we bound

2 c —s s
tlnllocer; 27/, [log 7 S [7floon =D/ G5+ (log n) 19 = o(1)

by (63). We check that

t? _
iz S Pl = o(1)

by (63) and that
t8,/lnll 2L S 6,/ log m) Y249 = o(1)

~

by (61). For the centring of the third derivatives we bound
2 2 3
nwt’ (e£7) S n 2l Il (<5°) + now (£°)
< ||n||<1>é3n(—s+11/6)/(25+1) (logn)1+25 + 5nn(—s+3)/(2s+1)(logn)3/2+35 =o(1),

where we used (64) for the first term and (61) for the second term. Further we
have

3\ 3 3 B
()’ bl +nad () S0 2l + of1) = o)

using (63) for the first term and n5n(5f;3)3 = o(1) from the next to last display
for the second term. The terms for the centering of the fourth derivates are
treated by

4 4
nof (eF'® S nlnllza(ek')? + non(eE')!

5 n(_28+11/4)/(29+1)(logn)3/2+36|\77||<1>é2 + n(—23+4)/(2s+1)(10gn)2+456n _ 0(1),

where we used (64) for the first term and (61) for the second term, and by

L*\4 < ﬁ 4 S4 (L4
n(wn ) Nnn2||7]||L4 +n n(En )
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< n7Hnl3 +o(1) = o(1),

where we used (63) for the first term and the next to last display for the second
term. Turning to the centring of the fifth derivatives we observe

L5)5 _ n(735+5)/(2s+1)(

n(ek log )%/ 259 = (1)

and

5
w )7 S

n(w HnHLs +n85 (e ) S0l + 0(1) = o(1)

5/2

using (63) for the first term and the next to last display for the second term.
For the remainder term R,, we bound

L™ L™ 2 L2 L2 J/2 ¢ 1/2
\/ﬁ(en + wy ) (6n +wy )2 (logw)
ot 2
5\/5(65 +—||77Hoo> (5n ||77||L2>2J/2(logn)1/2
Vi Vi
<f(( )2 ||n|| )(Enz+n—l/Z)n(1/2)/(23+1)(]ogn)1/2

L>®\2_L? L™ -1/2 ||77HZO L? HUHZO (s4+1)/(2s+1) 1/2
< ((% ) ek +(5n ) e S By )n (logn)

< n(725+7/2)/(2s+1)(log n)2+36 + n(725+5/2)/(25+1)(10g n)3/2+25

Il 2on 212 B0 (g ) 9 g2, 2571/2)/ B0 (g ) 2 = o1)

using that s > 11/6 for the first and the second term and (63) for the third and
the fourth term. Finally for the condition that the first term dominates in R,
we verify

Loy 1 log;
vnoooelf tuwl e i
1 [
—s—1/2)/(2s4+1),.(1/2)/(25+1
< p(—s=1/2)/(2sH1),(1/2)/( )e,g flog < o
< nEYD/CsH) (ogn) =0 = O(1). O

7. Proof of Proposition 3

The Radon—Nikodym density in (14) is well defined in view of the convolution
series representation of P, in (4). That A, maps L?(v) into L?(P,) is proved
in Lemma 26, and an application of Fubini’s theorem gives [; A, (h)dP, = 0
for all h € L?(v). The expansion (13) follows by the same arguments used for
the proof in Section 6.2 but is in fact easier and no empirical process tools are
needed here. In the case v € V; for some J the expansion follows directly from
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setting vg = v and n = h in (58). For the general case we consider the path
s+ exp(v+sh/y/n) = v(®) and obtain by a Taylor expansion for some s € [0, 1]

Uy (Vhn) — ln(v)

>

hooh
= Dty (vo + 102, (n) | =, =] + %D?’ﬁn(y@) [,

h
)[7} yavo
fZA LI e, >+Z iz T

v(s)
" (—Z (%mw)g

Jj=1

s=0

+ §|Au<h>||im)

s=0

+ ——= D3, (V) [h, h, B]

6n. 3/2

fZ IIA (W32, + I+ II+1II.

The terms I and II are both centred and are treated exactly as the term
IV (i)(a) and the centred version of IV (¢)(b) in Section 6.2. This yields I+ 1T =
Opy (n™'/2||n||2.). The centring of term III is shown to be Ops(n=%/2|[h|%5),
which is proved along the same lines as the centring of the third derivatives of
the term R,, in Section 6.2 combined with the measure change there applied
to the fifth derivatives. After centring the term III is shown to be of order
Opri(n~!||h]|36) with the same bounds as used for bounding ¢ when treating
the empirical process part of R, except that here h is fixed and so a simple
variance bound suffices instead of the empirical process inequality used for R,,.
We conclude I + T + 111 = opy (1).

8. Proof of Proposition 21
We define, for L’ > 0 to be chosen

g 40 iflr=wlue < L'e,
" 1 if ||/V\— I/Q||H(5) = L/En.

Applying Lemma 20 with K = n and z = /ng, yields, for L’ large enough,
E,, [¥,] — 0 as n — oo. For the error of second type we obtain, for M large
enough depending on L, C that, again by Lemma 20,

sup E,[1-9,]
veV:|lv—vollus) = Men

= s Py (7 = vollis) < L'en)
veV:||lv—vollui)y=Men

< sup P (Ilvo — vlles) — IV — Pllaes) < L'en)
ZIEVI"V—Vo‘IH((s)?MEn
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< sup Py (|| — Dlles) > (M/2)en)
vey

B 2 1 _ 2
<e (C+4)ne;, +—¢ nRy/logn < 2 (C+4)n5n7

R

where we used ¢,, = 0(1/y/logn) and n large enough in the last inequality.

9. Proof of Proposition 23

Since v, vy are bounded and thus exp is Lipschitz on the range of v, vy we have

En

vVKp
>P <Z 2l/2 max | By, — 27N 4+ 1)ty | < c’sn>,
l :

P (nu voll e < ) > P(llv - volloo < cen)

where uy, = 0 for | > J and B, = (vo, ¥1x). We define by, = 2!(I? + 1)y, such

that |by| < B, and M(J) = ZlJz__ll éigl)vo 1 = 27. We can bound the last
probability from below by

P ( Z 27212 4 1)t max b — wik| < 'en — 2775 ) (J2 + 1))
1<J—1

> IP( IgnJ&}l mkax |blk — ulk| < c”sn) = l<1;[ ) l;IP (|blk - ulk\ < CHEn)

> (Cﬂsn)M(J) > eanai

for n large enough and for some constant C' > 0.

10. Proof of Lemma 24

a) Write B for the unit ball of the space B = B(d) which can be shown to
be closed under pointwise multiplication in the sense that || fgllp < col| fllel|g]B-
Since vy ' € B, ||v —wp|lg — 0 we also have ||(v —v0)/volleo < (v —10)/v0lls — 0
and thus ||[(v—vo)/v0]*|ls < ek |l(v—v0)/wo|/%. Since eventually ||(v—vp)/1vollp <
1/(2¢o) we deduce that the series

e

k

converges absolutely uniformly and in B and has || - ||p-norm less than a constant
multiple of ||v — 1g]|5. Thus, using again the multiplication property of the norm

| log v — log volls(s) = sup ‘/flog (1+ ”‘”0)]
feB 10}
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X 1V (y— )R
Jo-m et

= sup
feB 1 Yy Vo

= sup /(V —vg)g—| < sup /h(u —wo)| = cllv — vollmes)-
feB 2 hec, B

b) For any j we have, using the Cauchy—Schwarz inequality,

v — V0||1253(5)
SO LDy = v, )P 232 ST — v, )
1<) k 127 g
< 22jj46 Z 2711726 Z |<l/ — 1, wlk>|2 + j26725 ||I/ _ VO”B;Q/Q’JI
1< k

< 2559w — v |lmgsy + 5720 0.

Using ||V — vollrsy = o(1) and letting j — oo slowly enough we deduce [[v —
vollss)y — 0.

References

1]

Denis Belomestny, Fabienne Comte, Valentine Genon-Catalot, Hiroki Ma-
suda, and Markus Reif}. Lévy matters I'V. Lecture Notes in Mathematics.
Springer, 2015. MR3364253

Denis Belomestny and Markus Reif}. Spectral calibration of exponential
Lévy models. Finance Stoch., 10(4):449-474, 2006. MR2276314

Boris Buchmann and Rudolf Griibel. Decompounding: an estimation
problem for Poisson random sums. Ann. Statist., 31(4):1054-1074, 2003.
MR2001642

Ismagl Castillo. On Bayesian supremum norm contraction rates. Ann.
Statist., 42(5):2058-2091, 2014. MR3262477

Ismaél Castillo. Pélya tree posterior distributions on densities. Ann. Inst.
Henri Poincaré Probab. Stat., 53(4):2074-2102, 2017. MR3729648

Ismaél Castillo and Richard Nickl. Nonparametric Bernstein—von Mises
theorems in Gaussian white noise. Ann. Statist., 41(4):1999-2028, 2013.
MR3127856

Ismagl Castillo and Richard Nickl. On the Bernstein—von Mises phe-
nomenon for nonparametric Bayes procedures. Ann. Statist., 42(5):1941—-
1969, 2014. MR3262473

Ismaél Castillo and Judith Rousseau. A Bernstein—von Mises theorem for
smooth functionals in semiparametric models. Ann. Statist., 43(6):2353—
2383, 2015. MR3405597

Alberto J. Coca. Adaptive nonparametric estimation for compound Pois-
son processes robust to the discrete-observation scheme. arXiv:1803.09849,
2018.


http://www.ams.org/mathscinet-getitem?mr=3364253
http://www.ams.org/mathscinet-getitem?mr=2276314
http://www.ams.org/mathscinet-getitem?mr=2001642
http://www.ams.org/mathscinet-getitem?mr=3262477
http://www.ams.org/mathscinet-getitem?mr=3729648
http://www.ams.org/mathscinet-getitem?mr=3127856
http://www.ams.org/mathscinet-getitem?mr=3262473
http://www.ams.org/mathscinet-getitem?mr=3405597
https://arxiv.org/abs/arXiv:1803.09849

3570 R. Nickl and J. Sohl

[10] Alberto J. Coca. Efficient nonparametric inference for discretely observed
compound Poisson processes. Probab. Theory Related Fields, 170(1-2):475—
523, 2018. MR3748329

[11] Masoumeh Dashti and Andrew Stuart. The Bayesian approach to inverse
problems. In: Handbook of Uncertainty Quantification, Eds. Ghanem et al.,
Springer, 2016. MR3839555

[12] Richard M. Dudley. Real analysis and probability. Cambridge Univ. Press,
2002. MR1932358

[13] Richard M. Dudley. Uniform central limit theorems. Cambridge Univ.Press,
2014. MR3445285

[14] Gerald B. Folland. Real analysis. Wiley, second edition, 1999. MR1681462

[15] Subhashis Ghosal, Jayanta K. Ghosh, and Aad W. van der Vaart. Conver-
gence rates of posterior distributions. Ann. Statist., 28(2):500-531, 2000.
MR1790007

[16] Subhashis Ghosal and Aad W. van der Vaart. Fundamentals of nonpara-
metric Bayesian inference. Cambridge University Press, New York, 2017.
MR3587782

[17] Evarist Giné and Richard Nickl. Rates of contraction for posterior distri-
butions in L"-metrics, 1 < r < oco. Ann. Statist., 39(6):2883-2911, 2011.
MR3012395

[18] Evarist Giné and Richard Nickl. Mathematical foundations of infinite-
dimensional statistical models. Cambridge University Press, 2016.
MR3588285

[19] Matteo Giordano and Hanne Kekkonen. Bernstein-von Mises theorems
and uncertainty quantification for linear inverse problems. arXiv preprint
arXiv:1811.04058, 2018.

[20] Shota Gugushvili, Frank van der Meulen, and Peter Spreij. Nonparametric
Bayesian inference for multidimensional compound Poisson processes. Mod.
Stoch. Theory Appl., 2(1):1-15, 2015. MR3356921

[21] Frangois Monard, Richard Nickl, and Gabriel P. Paternain. Efficient
nonparametric Bayesian inference for X-ray transforms. Ann. Statist.,
47(2):1113-1147, 2019. MR3909962

[22] Michael H. Neumann and Markus Reifl. Nonparametric estimation for Lévy
processes from low-frequency observations. Bernoulli, 15(1):223-248, 20009.
MR2546805

[23] Richard Nickl. Donsker-type theorems for nonparametric maximum like-
lihood estimators. Probab. Theory Related Fields, 138(3-4):411-449, 2007.
MR2299714

[24] Richard Nickl. Bernstein—von Mises theorems for statistical inverse prob-
lems I: Schrodinger equation. J. Fur. Math. Soc. (JEMS), to appear, 2018.

[25] Richard Nickl and Kolyan Ray. Nonparametric statistical inference for drift
vector fields of multi-dimensional diffusions. Ann. Statist., to appear.

[26] Richard Nickl and Markus Reifl. A Donsker theorem for Lévy measures. J.
Funct. Anal., 263(10):3306-3332, 2012. MR2973342

[27] Richard Nickl, Markus Reif}, Jakob So6hl, and Mathias Trabs. High-
frequency Donsker theorems for Lévy measures. Probab. Th. Rel. Fields,


http://www.ams.org/mathscinet-getitem?mr=3748329
http://www.ams.org/mathscinet-getitem?mr=3839555
http://www.ams.org/mathscinet-getitem?mr=1932358
http://www.ams.org/mathscinet-getitem?mr=3445285
http://www.ams.org/mathscinet-getitem?mr=1681462
http://www.ams.org/mathscinet-getitem?mr=1790007
http://www.ams.org/mathscinet-getitem?mr=3587782
http://www.ams.org/mathscinet-getitem?mr=3012395
http://www.ams.org/mathscinet-getitem?mr=3588285
https://arxiv.org/abs/arXiv:1811.04058
http://www.ams.org/mathscinet-getitem?mr=3356921
http://www.ams.org/mathscinet-getitem?mr=3909962
http://www.ams.org/mathscinet-getitem?mr=2546805
http://www.ams.org/mathscinet-getitem?mr=2299714
http://www.ams.org/mathscinet-getitem?mr=2973342

28]

BuM for compound Poisson processes 3571

164:61-108, 2016. MR3449386

Richard Nickl and Jakob Sohl. Nonparametric Bayesian posterior con-
traction rates for discretely observed scalar diffusions. Ann. Statist.,
45(4):1664-1693, 2017. MR3670192

Kalyanapuram R. Parthasarathy. Probability measures on metric spaces.
Probability and Mathematical Statistics, No. 3. Academic Press, Inc., New
York-London, 1967. MR0226684

Kolyan Ray. Bayesian inverse problems with non-conjugate priors. Electron.
J. Stat., 7:2516-2549, 2013. MR3117105

Kolyan Ray. Adaptive Bernstein—von Mises theorems in Gaussian white
noise. Ann. Statist., 45(6):2511-2536, 2017. MR3737900

Andrew M. Stuart. Inverse problems: a Bayesian perspective. Acta Numer.,
19:451-559, 2010. MR2652785

Mathias Trabs. Information bounds for inverse problems with application to
deconvolution and Lévy models. Ann. Inst. H. Poincaré, 51(4):1620-1650,
2015. MR3414460

Hans Triebel. Theory of function spaces. Birkhduser Verlag, Basel, 1983.
MRO0781540

Aad W. van der Vaart. Asymptotic statistics. Cambridge University Press,
1998. MR 1652247

Aad W. van der Vaart and Jon A. Wellner. Weak convergence and empirical
processes. Springer Series in Statistics. Springer-Verlag, New York, 1996.
MR1385671

Bert van Es, Shota Gugushvili, and Peter Spreij. A kernel type nonparamet-
ric density estimator for decompounding. Bernoulli, 13(3):672—694, 2007.
MR2348746


http://www.ams.org/mathscinet-getitem?mr=3449386
http://www.ams.org/mathscinet-getitem?mr=3670192
http://www.ams.org/mathscinet-getitem?mr=0226684
http://www.ams.org/mathscinet-getitem?mr=3117105
http://www.ams.org/mathscinet-getitem?mr=3737900
http://www.ams.org/mathscinet-getitem?mr=2652785
http://www.ams.org/mathscinet-getitem?mr=3414460
http://www.ams.org/mathscinet-getitem?mr=0781540
http://www.ams.org/mathscinet-getitem?mr=1652247
http://www.ams.org/mathscinet-getitem?mr=1385671
http://www.ams.org/mathscinet-getitem?mr=2348746

	Introduction
	Model and prior
	Basic definitions
	Likelihood, prior and posterior

	Main results
	Supremum norm contraction rates
	Information geometry of the jump process model
	LAN-expansion of the log-likelihood ratio process
	Derivation of the (right-)inverse of the score operator
	The adjoint score operator
	Inverse information operator and least favourable directions
	Cramér–Rao information lower bound

	A multi-scale Bernstein–von Mises theorem
	Bernstein–von Mises theorem for functionals of the Lévy measure
	Concluding remarks

	Proofs of the main theorems
	Asymptotics for the localised posterior distribution
	Change of measure in the posterior
	Proof of Theorem 2
	Proof of Theorem 7

	Proof of Proposition 10
	Proof of Proposition 11
	Directional derivatives of the likelihood function
	Likelihood expansion
	Simplification of Assumption 25

	Proof of Proposition 3
	Proof of Proposition 21
	Proof of Proposition 23
	Proof of Lemma 24
	References

