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Abstract

In this work, we consider the loop-erased random walk (LERW) in three dimensions and
give asymptotic estimates for the one-point function of LERW and the non-intersection
probability of LERW and simple random walk for dyadic scales. These estimates will
be crucial to the characterization of the convergence of LERW to its scaling limit in
natural parametrization. As a step in the proof, we also obtain a coupling of two pairs
of LERW and SRW with different starting points conditioned to avoid each other.
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1 Introduction

1.1 Introduction and main results

Loop-erased random walk (LERW) is the random simple path obtained by erasing all
loops chronologically from a simple random walk path, which was originally introduced
by Greg Lawler (see [5]). Since his introduction of LERW, it has been studied extensively
both in mathematics and physics literature. In two dimensions, it is proved that it
has a conformally invariant scaling limit, which is characterized by Schramm-Loewner
evolution (SLE) (see [20] and [14]). LERW also has a strong connection with other
models in statistical physics, e.g., the uniform spanning tree (UST) which arises in
statistical physics in conjunction with the Potts model (see [18] and [24] for the relation
between LERW and UST). In this paper, we consider the one-point function for LERW in
three dimensions, i.e., we study the probability that LERW in Z3 hits a given point and
obtain an asymptotic bound with error estimate for dyadic scales.
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One-point function estimates for 3D LERW

LERW in Z? enjoys a Gaussian behavior if d is large. In fact, it is known that
the scaling limit of LERW is Brownian motion (see Theorem 7.7.6 of [10]) for d > 4.
Furthermore, the probability of LERW hitting a given point x € Z? (we write p3 for this
hitting probability) is of order |z~ for d > 5 and |z|~2(log |2z|) /3 for d = 4 assuming
that LERW starts from the origin (see Section 11.5 of [13] for d > 5 and [6] for d = 4).

On the other hand, if d is small, the situation changes dramatically. In two dimen-
sions, LERW converges to SLE; when the lattice spacing tends to 0 (see [20] and [14]).
Furthermore, it is established by Rick Kenyon (see [3]) that! p? ~ |z|~3/%. See also [16]
for estimates on p2. Recently, using SLE techniques, it is proved in [1] that p§ ~ c|z|~3/*
for some constant ¢ where the notation ~ means that the both sides are asymptotic.

In contrast to other dimensions, relatively little is known for LERW in three dimen-
sions. One crucial reason for this is that we have no nice tool like SLE to describe the
LERW scaling limit (the existence of the scaling limit is proved in [4] though). In [8], it is
shown that

cla| > < p§ < Claf 78 (1.1

for some ¢, C, e > 0. The existence of the critical exponent for pg is established in [21].
Namely, it is proved that

there exists a € [%, 1) such that p§ ~ |z|~' ™. (1.2)

This allows us to show that the dimension of LERW or its scaling limit is equal to 2 — «
(see [21] and [22]). Numerical experiments and field-theoretical prediction suggest that
2 —a=1.62=+0.01 (see [2], [25] and [23]).

The main purpose of this paper is to improve (1.2). To state the main results precisely,
let us introduce some notation here. Take a point # # 0 from D = {z € R?® | |[2| < 1} a
unit open ball in R? centered at the origin. We consider the simple random walk S on Z?
started at the origin and write T for the first time that S exits from a ball of radius 2"
centered at 0. Let z,, be the one of the nearest points from 2"z among Z>. Finally, we set

no = P(mn e LE(S[QT})) (1.3)

for the probability that LERW hits «,, where LE(\) stands for the loop-erasure of a path
A (see Section 2.2 for its precise definition).
Now we can state the main theorem of this paper.

Theorem 1.1. There exist universal constants ¢ > 0, 6 > 0 and a function ¢(z) : D\ {0} —
R* such that foralln € Z* and z € D \ {0},

Unz = c(a:)2*(1+o‘)”{1 + O(d;‘:?*‘s”)} (as n — o), (1.4)

where d, = min{|z|,1 — |z|} and « is the exponent in (1.2). Moreover, the function c(x)
satisfies the following asymptotics

1
arlz| 717 < e(z) < aglx| Tt (ifO <z| < 5) (1.5)
1
ar(1— |z < e(@) < as(1 — |z)1—° (1f 5 <lel < 1), (1.6)

where a1, as > 0 are universal constants.

In order to prove Theorem 1.1, it turns out that we need to estimate the following
non-intersection probability of LERW and simple random walk (SRW). Let S! and S? be

1The notation A~ means that the logarithm of both sides are asymptotic as |x| — oco.
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independent SRW’s on Z? started from the origin. We write T? for the first time that S°
exits from a ball of radius n. We are interested in

Es(n) := P(LE(Sl[o, TY) N S2[1, T2 = (2)) (1.7)

the probability that LERW LE(S[0, 7}}]) and simple random walk S?[1, 7'?] do not intersect
(we denote this non-intersection event by A™). In this paper, we will show the following
theorem.

Theorem 1.2. There exist universal constants ¢ > 0 and § > 0 such that foralln € Z™,
Es(2") = 27" (1+ 0(27°)), (1.8)

where « is the exponent in (1.2).

This theorem immediately implies a lot of up-to-constants estimates for LERW. We
summarize them in the following corollary but postpone its proof till the end of Section
3.2. Write

M,, =len(LE(S'[0,T,])) (1.9)
for the number of lattice steps for LERW and let Es(-, -) be another escape probability
defined in (2.8).

Corollary 1.3. It follows that forn > m > 1,

o M, . ..
Es(n) = n~% BEs(m,n) = ()% BE(M,)=n’"" —"-istight. (1.10)
n ne—<

Before finishing this subsection, it may be worth mentioning one of the motivations
of this work. It turns out that our results in this work help us characterize how three-
dimensional LERW converges to its scaling limit. In particular, it is a key ingredient for
giving a natural time-parametrization of the scaling limit of three-dimensional LERW.
Some progress towards in this direction will be made in [15].

1.2 Some words about the proof

Let us here sketch the proof for the main results. We first explain that both theorem
are closely related. We recall that S is the simple random walk on Z? started at the
origin and that 7" stands for the first time that S exits from B(n) a ball of radius n. We
write v = LE(S]0, T']) for the loop-erasure of the simple random walk path. Take a point
x € B(n). In order for + to hit the point z, the following two conditions are required:

(i) 2 € S[0,T); (i) LE(5[0,0,]) N S[ox +1,T] =0

where o, stands for the last time (up to 7') that S hits z. Considering the time reversal
of LE (S [O,am]) and translating the path, we can relate the probability of the second
condition (ii) to the non-intersection probability Es(n) defined as in (1.7). In fact, it is
known that the probability that v hits = is comparable to n~'Es(n) if « is not too close to
the origin and the boundary of B(n) (see [21] for this). Thus, loosely speaking, we see
the proof of Theorem 1.1 boils down to that of Theorem 1.2.

We will now explain how to prove Theorem 1.2. Since the existence of the scaling
limit of LERW (we denote the scaling limit by K) is already proved by Gady Kozma in
[4], in order to estimate on Es(2"), it is natural to compare it with the non-intersection
probability of £ and a Brownian motion both started at the origin. However, this
approach unfortunately does not work without modification because of the lattice effect
and the fact that there is still a non-negligible “gap” between the simple random walk and
Brownian motion as well as LERW and K. The solution is to separate the starting points
of LERW and simple random walk wide enough so that the gap becomes negligible.
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Let us here be more precise on how to rigorize the idea of separating starting points.
Note that for clarity of presentation we may not use the same notation as Sections 3
through 5.

Let b, = Es(2")/Es(2"~1). It suffices to show that
ba=c(1+0(27")) (1.11)

for some ¢ > 0 and 6 > 0. Note that it is proved in [21] that ¢; < b,, < ¢y for some
constants ¢y, co > 0.

For two sequences {f,} and {g,}, we write f, ~ g, if f, = g,(1 + O(27°")) for
some constant § > 0.

Take ¢ € (0,1). For a path A and integer k£ > 0, we denote the first time that A exits
from B(207F0") by ¢, ,. We set t = to 4.

We write v, = LE(S[0,Ts.]) and write )\, = S?[1,T%.] where T}, stands for the
first time that S? exits from B(m). Notice that A, (0) # 0. Since it is proved in [16]
that the distribution of v, [0, ¢; 4] is sufficiently close to that of ,,_1[0,t1 4], we have
P(F)~ P(F') and (note that A, C Fand A,,_1 C F")

P(A, | F)

b = P(A, 1 | F)

(1.12)

where A,, := A?" is the event considered in Es(2") (see (1.7)), F' is the event that
vn]0,t1 4] does not intersect with A, [0, 4] and F” is the event that v,,_1[0,¢1 4] does
not intersect with A,,_1[0,¢1 4]. See Lemma 3.1 for more details.

To write P (A, | F) explicitly, we introduce the following function g(, A). Suppose
that we have a pair of two paths (v, A) which are both in B(2(1~9") (denote the
set of such pairs by I'). Let X be a random walk started at the endpoint of v and
conditioned that X[1,T5x] does not intersect with . (Here Tsx. means first exit time
of B(2") for X, T, below is defined similarly.) Also let Y be the simple random
walk started at the endpoint of A\. Then the function g is defined by

g(v,2) = P((LE(X[0,735]) U~) 0 (Y[0, T3] U A) =), (1.13)

for (v, ) € I'. Note that the starting point of v does not necessarily coincide with
that of A for (v,\) € T.

It follows from the domain Markov property of +,, and the strong Markov property
of )\, that

P(4. | F)= 3 g, )\)P((%[O,tlyq], Anl0,t1q]) = (4, A) ‘ F) (1.14)
(v,N) el
See Section 3.3 for rigorous arguments for this bullet and the last one.

The first key observation is that the function g depends only on the end part of
(7, ) in the following sense. Take two elements (v, A) and (7', \') of I'. Suppose
that (Y[ts,q, t1,4)s Alts,q t1,q]) = (V' [ts,9, t1,q)s N[t3,4. t1,4)). Then we have

g7, A) =g, X). (1.15)

Namely, g depends only on (7[tsq,t1,q), Alts,q,t1,4]) the end part of (v,)). See
Proposition 3.8 for more details.

EJP 24 (2019), paper 111. http://www.imstat.org/ejp/

Page 4/46


https://doi.org/10.1214/19-EJP361
http://www.imstat.org/ejp/

One-point function estimates for 3D LERW

* Why does (1.15) hold? To see this, assume that the non-intersection event con-
sidered in (1.13) occurs. This event forces X and Y not to return to an inner
ball B(2(1_3Q)") (which we refer to later as “backtracking”) with high probability.
Therefore, the initial part of (v, A) is not important for computing g(v, \).

e This observation allows us to write

P(Au | F) = B{g(mltsq tral Anltsg tral) | P (1.16)

Namely, in order to deal with P(An ] F), we only have to control the (conditional)
distribution of the end part (yy[ts,q, t1,4], An[ts,q, t1,4]) conditioned on the event F.
With this in mind, for (y,\) € T, let

.u(%)‘) = P(('Yn[t?),qvtl,q]»An[tB,qvtl,qD = ('Ya)‘) ‘ F) (1.17)

be the probability measure on I' induced by (v, [t3,4, t1,4), Anlts,q, t1,4]) conditioned
on the event F'.

« Let v = (21759",0,0) and w = —v be two poles of B(2(!759"). To change the
starting points of S and 52, we write S' and 32 for the simple random walks
started at v and w. Let T'.. be the first time that S' exits from B(r). We write 7, =
LE(S'[0,T5.]), 7,,_y = LE(S'[0, Tyn-1]), Ap = 510, Torn] and Ap_1 = 5S-[0, Ton1].

« The events A,, ﬁn,l, T and F are defined through replacing v,, vn_1, An and
An—1bY7¥,, ¥,,_1, \n and \,,_; respectively in the definition of A,,, A,,_;, F and F’
defined in the fourth item. For example, A, is the event that 7,, does not intersect
with X,,, and F is the event that 5, ,[0,#; 4] does not intersect with X\, _1[0, 1 ], etc.

Then, by the same reason for the equation (1.12), we have P(F) ~ P(F') and

P@,) _ P(A,|F)
P(A,—1) P(A,_1|F)

(1.18)

since the distribution of 7, [0, ¢; 4] is close to that of 7,,_;[0,t1 4] by [16] (cf. (1.12)).
¢ The same ideas used to show (1.16) gives that

P(A, | F) ~ E{g(%[t&q,tl,q],Xn[tg,q,tl,q]) ‘F} (1.19)

As in the equation (1.17), we define the probability measure v by

v(3,0) = P((Fultsgs o) Maltsgs ) = (12) | F). (1.20)

* Here is the second key observation. It follows from a coupling technique we will
explain later that the total variation distance between ;1 and v is small enough so
that P(A, | F) ~ P(A, | F). Rigorous arguments are wrapped up in Section 4
with the help of a recent work [12]. This observation also gives that P(A,_; | F’) ~

P(ﬁn_l | f‘) Therefore, we have

P(A,)
P(A,_1)

Namely, the original starting points (= the origin) are replaced by the two different
poles of B(2(1-59").

e This replacement of the starting points can be carried out for b,,_; as well, which
enables us to compare b,, and b,,_; via multiscale analysis established in [4]. In
fact, taking ¢ > 0 sufficiently small, we see that b, = b,_1{1 4+ O(27°")} for some
6 > 0. This gives (1.11).

b, ~ (1.21)
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B(2")

Figure 1: Ilustrations for events F and F.

Let us also give a brief explanation on the coupling in the second key observation
above.

e It is well known that LERW is not Markovian per se but can still be regarded as a
Markov process if one records all of its history. In fact, consider an infinite LERW
(abbreviated as ILERW later on) 1 and write 7,, for 9]0, T»-], the part of the path
stopped at first exit from B(2"), then one can construct a formal Markov process
(no,m1,m2, . ..) with corresponding transition probability at each “step”. Letting
Mmoo = N[Tam,00). It is also well known that LERW enjoys a weak asymptotic
independence: the correlation of 7 and 7,,,., decays like 0(2’“*’”). Hence, it is
possible to couple two ILERW’s * and 7Y started from x,y € B(2¥), such that
Mr koo = oy k.00 With probability 1 — O(277"). Key observations that leads to this
coupling are:

i) 3D LERW rarely “backtrackes” very far. In fact, the actual configuration in
B(2%) barely matters for the distribution of the path after reaching 9B(2%+™),
if m is large. Hence, it is possible to find an m such that if two LERW's are
coupled for m steps, then the probability of getting decoupled ever is bounded
by, say, 1/2.

ii) At each step, there is a uniform positive probability for n* and 7Y to be
coupled for m steps from the next step. More precisely, for any realizations
of 7 and n¥, there exists ¢ > 0, such that with probability greater than c,
Mt 1mtmel = 77%+1,n+m+1'

iii) The exponential convergence rate follows from a combination of i) and ii), by
bundling every (m + 1) steps as a giant step.

¢ In the same spirit, it is possible to couple a pair of ILERW and SRW started from a
pair of (not necessarily distinct) points inside B(2*) and conditioned not to intersect
until first exit from B(22"**), with another such pair, such that their paths agree
from first exit from B(2"**) onward with probability 1 — O(277"). In this case,
observation i) above is still easily verifiable and observation ii) follows thanks to
an auxiliary result generally known as the “separation lemma”. For the form that
satisfies our setup, see Theorem 6.1.5 of [21] or Claim 3.4 of [19].

* As a prototype of such coupling, although with a slightly different setup, has already
been proved by Greg Lawler in [12], we will not reinvent wheels; instead, we are
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going to show that it is possible to obtain the coupling described above through
“tilting” the coupling in [12], as they are in fact intimately related. In [12], Lawler
considers the law of a pair of ILERW’s (n!,7?) both started from the origin and tilts
their law by

Lt (2 =0y €Xp(—Ln (1, 17)), (1.22)

where L, (n},n?) stands for the loop term of loops in B(2") that touch both n}
and 72. Then, it is shown that it is possible to couple (n',n?) with another pair
of ILERW’s (7', 7?) started from different initial configurations inside B(2¥), and
tilted similarly, such that nén+k)/27n = ﬁ€n+k)/2,n' i = 1,2 with probability greater
than 1 — O(2-7("=%)) for some § > 0.

e In fact, if one decompose the SRW in our setup as LERW and loops from an
independent loop soup, then the conditioning that ILERW and SRW do not intersect
can be interpreted as an ILERW and an LERW do not intersect plus loops that
touches both paths do not appear, which is in a way very similar to the tilting of
(1.22), despite a few stitches in the definition for it is not trivial to deal with the
replacement of ILERW by LERW. In Section 4, we are going to deal with this issue
and then add back loops to obtain the coupling we need.

Figure 2: A schematic sketch of the coupling. Dashed and continuous curves represent
LERW’s and SRW'’s respectively. Although it is impossible to couple the beginning parts
of walks, we can find a coupling such that both LERW’s and SRW'’s agree after first exit
from B(2(+™)/2) with high probability.

Finally, let us explain the structure of this paper. In Section 2, we introduce notations
and discuss some basic properties of LERW. We prove Theorem 1.2 and Corollary 1.3 in
Section 3, assuming coupling results from the next section. Section 4 is dedicated to the
discussion and proof of various couplings of two pairs of LERW and SRW conditioned to
avoid each other, crucial to the proof of both main theorems. Finally, we give a proof of
Theorem 1.1 in Section 5. As it resembles a lot the proof of Theorem 1.2, we will be less
pedagogical in the presentation.

2 Notations, conventions and a short introduction to LERW

In this section, we introduce some notations and conventions that we are going to use
throughout the paper in Section 2.1. Then, we give a very short introduction in Sections
2.2 through 2.4 to various properties that will be used in this paper.
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2.1 Notations and conventions

In this subsection, we will give some definitions which will be used throughout the
paper. In the text, we also use “:=" to denote definition.

We call A = [A(0), A(1), - ( )], a sequence of points in Z3, a path, if [A(j — 1) —
Aj) =1forall j = 1,...,m. Let len(\) = m denotes the length of \. We call A a
self-avoiding path (SAP) 1f >\( ) # A(j) for all i # j. For two paths A;[0,m;] and A3[0, ma],
with Ay (mq) = A2(0), we write

AL D Ag = [)\1(0), /\1(1), .. .,/\1(7711),)\2(1), R /\g(mg)]

for the concatenation of A1 and \s.
We write | - | for the Euclid distance in R3. For n > 0 and z € Z3, we write

B(z,n) :={x € Z° | |[x — 2| < n}.

If z = 0, we write B(n) and B(n) = B(2") for short. We write D = {z € R?||z| < 1} for
the (open) unit ball and D for its closure.

For any path n, we write T, ,(n) for the first time that n hits 0B(z,r) the outer
boundary of B(z,r). We write T,.(n) for the case that z = 0. Let 7" (n) = T»r(n). Note
that throughout this work, we will actually be working on dyadic scales mostly. We will
drop the dependence on 7 in the notation whenever there is no confusion.

For a subset A C Z%, we let 9A = {x ¢ A| there exists y € A such that |z — y| = 1}
We write A := AU JA. Given a subset A C Z% and r > 0, we write rA := {ry | y € A}.

Throughout the paper, we will use various letters, e.g. S, S, S2, R!, R?, etc., to
represent simple random walks on Z2 and will use ad-hoc notations for its probability
law. Unless otherwise indicated, we use F, with the same sub- and superscripts for the
corresponding expectation of a probability measure P,. For the probability law and the
expectation of S started at z, we use P? and F? respectively.

For a subset A C Z? and z,y € A, we write

T—1

Gale,y) = B (Y USG) = v}).

Jj=0

where 7 = inf{t | S(t) € A}, for Green’s function in A.

We use ¢, (', - -+ to denote arbitrary positive constants which may change from line
to line and use ¢ with subscripts, i.e., c1, cs, ... to denote constants that stay fixed. If a
constant is to depend on some other quantity, this will be made explicit. For example, if
C' depends on §, we write Cs.

2.2 Loop-erased random walk, reversibility and the domain Markov property

In this subsection, we will give the definition of the loop-erased random walk (LERW)
and review some known facts about it, especially the time reversibility and the domain
Markov property. As we are working in the case of d = 3, we will only state things for Z>.

We begin with the definition of the chronological loop-erasure of a path.

Definition 2.1. Given a path A = [A(0), \(1),--- ,A\(m)] C Z3, we define its loop-erasure
LE(A) as follows. Let

so := max{t|\(t) = A(0)}, (2.1)
and for i > 1, let
s; = max{t|A(t) = M(si—1 + 1)} (2.2)
We write n = min{i|s; = m}. Then we define LE()\) by
LE(X) = [A(s0), A(81),- -, A(sn)]- (2.3)
EJP 24 (2019), paper 111. http://www.imstat.org/ejp/
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If A = [X\(0),A(1),---] C Z3 is an infinite path such that for each n,
A(n)}| < oo, then we can define LE()) similarly.

{k = n | A(k) =

In general, we will use the term loop-erased random walk, or LERW, loosely to refer
to the (random) SAP obtained by loop-erasing from some finite SRW. However, to make
things precise, we have to specify the stopping time of this SRW. A very common scenario
is the following: let D be a finite subset of Z> and let S® be the SRW started from z
stopped at the first exit from D, when we call LE(S®) the LERW from z stopped at exiting
D. In contrast, if S is an infinite SRW started from z € 73, then LE(S®) will be referred
to as an infinite LERW or ILERW started from z.

“LERW stopped at exiting B(n)” and ILERW are different stochastic objects. More-
over, the law of the former and that of the latter truncated at first exit from B(n) differ
greatly, especially at the ending parts. However, if we only look at beginning parts, they
still look pretty similar. The following quantitative lemma is excerpted from [16].

Lemma 2.2 (Corollary 4.5 of [16]). Given 0 € D C 73, let \° be an ILERW started at
the origin, and A an LERW started from O stopped at exiting D. Let P° and P be their
respective laws. Moreover, suppose n > 2 and [ > 0 satisfying B(nl) C D. Truncate \°
and A at first exit from B([/) and denote by A; and A; respectively. Then, for all w € T,

PN =w] = (14+0(n™ ")) P\ = w].

For a path A\[0,m] C Z¢, we define its time reversal A by AR := [\(m),\(m —
1),---,A(0)]. Note that in general, LE(\) # (LE(AR))R. However, as next lemma shows,
the time reversal of LERW has same distribution to the original LERW. Let A,,, be the set
of paths of length m started at the origin.

Lemma 2.3 (Lemma 7.2.1 of [10]). For each m > 0, there exists a bijection 7™ : A,,, —
A, such that for each A € A,,, we have

LE()\) = (LE((T™)\)F)R, (2.4)

Moreover, we know that that A and 77"\ visit the same edges in the same directions with
the same multiplicities.

Note that LERW is not a Markov process. However it satisfies the domain Markov
property in the following sense.

Lemma 2.4 (Proposition 7.3.1 of [10]). Let D be a finite subset of Z>. Suppose that \;
(¢ = 1,2) are simple paths of length m; with A\, A2[0,1,...,ms — 1] C D, A1(m1) = A2(0)
and Az(m) € 9D. Let X be the concatenation of \; and A\, and suppose also that A is a
SAP. Let Y be a random walk started at A\;(m;) = A2(0) conditioned on Y[1,TH] N A; = 0
and denote the law of Y by P. Then we have

pr0) (LE(S[O,TD]) = X | LE(S[0, Tp))[0,m1] = )\1) = ?(LE(Y[O,T};]) = )\2). (2.5)

2.3 Random walk loop soup and LERW

In this subsection, we give another description of LERW through random walk loop
soup measure. We refer readers to Sections 4 and 5 of [11] for detailed discussions in
this direction.

Let A be a loop-erased random walk from x € D C Z? stopped at exiting D. For
generality of notation we do not require D to be a finite set. For instance, if D = Z3,
then ) is actually an ILERW. Let 1 be a SAP in D of length n such that n[0,n — 1] C D
and write 7 = n(n), then

P[0, n] = 5] = 6" F(D)Escy,p(7),

EJP 24 (2019), paper 111. http://www.imstat.org/ejp/
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where
Esc,,p(7) := P7[S[1,2,.. ] hits 9D before hitting ]

denotes the escape probability for SRW, and
n
Fy(D) := [ [ Ga,(n(4),n(7)) where A; = D\n[0,j — 1], for j = 0,1,...,n.
§=0

Note that if 7 € 9D, then Esc,, p(7) = 1. Let m denote the (unrooted) random walk loop
measure defined in Section 5 of [11]. Then,

F,(D) = exp doom) . (2.6)
ICD, INn#D

This description may seem mysterious to readers unfamiliar with the subject, but what it
actually does is nothing more than weighting each SAP by the total weight of all SRW
paths whose chronological loop-erasure gives this SAP.

Conversely, starting from an LERW path, we are also able to “add back” loops from a
loop soup and obtain an SRW. More precisely, letting A be the LERW as above, and let £
be an independent Poissonian loop soup with intensity m. Then we can add back loops
from £ to A through the following procedure.

Proposition 2.5 (Proposition 5.9 of [11]. See also Proposition 4.3, ibid.). Given x € D C
73, let XA be an LERW from 2z stopped at exiting D. Insert loops into A in the following
way:

* Repeat foreach 5 =0,1,...,n—1:

- Choose all loops from £ in D\A[0, j — 1] that touches A(j).
- For each such loop, choose a representative rooted at \(j) (if there are several

representatives then choose uniformly among all possibilities).
- Concatenate all these loops in the order they appear in the soup and call the

concatenated loop /;.

* Insert /;’s into A in the following order (note that /; starts and stops at A(j)):
lo@d A0, 1]l dA1,2]®l® - ®li—1 B An—1,n],
and call the new path ~.

Then, v has the law of the SRW started at x stopped at the first exit from D.

2.4 Escape probability and scaling limit

As discussed in Section 1.2, the probability that an LERW and an independent simple
random walk do not intersect up to exiting a large ball, referred to as escape probability,
is a key object in the paper.

Definition 2.6. Let 0 < m < n. Let S' and S? be independent SRW’s on Z? started at
the origin, and write P for their joint distribution. We define escape probabilities Es(n)
and Es(m, n) as follows: let

Es(n) = P(LE(51 [0, 77(SY)]) N S[1, T"(82)] = @), 2.7)

and let
Es(m, n) == P(LE(S'[0, T"(S))s, u] 0 $2[1,7"(5%)] = 0)), (2.8)
EJP 24 (2019), paper 111. http://www.imstat.org/ejp/
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where u = len(LE(5'[0,7.])) and s = sup{t < u | A(t) € B(0,m)}. More precisely, we
first consider the loop erasure of a random walk up to exiting B(n), then we only look at
the loop erasure after the last visit to B(m). Then Es(m,n) is the probability that this
part of the loop erasure does not intersect an independent simple random walk up to the
first exiting of B(n).

As the most accurate asymptotics of Es(n) and Es(m, n) are given in Corollary 1.3,
we will not talk about existing weaker estimates in the form of (1.2), but only state a fact
which will be used later. It is showed in Lemma 7.2.2 of [21] that

log Es (21— 2m)
n—o00 log 2—aan

=1, (2.9)

where « is the same as in (1.2).

Finally, we review some known facts about the scaling limit of LERW in three dimen-
sions, whose existence was first proved in [4]. We refer to [19] for properties of this limit.
Let S be a simple random walk started at the origin on Z3. Remind the definition of D in

Section 2.1. Write
LE(S[0, 7))

n

LEW,, = (2.10)

We write H (D) for the metric space of the set of compact subsets in D with the Hausdorff
distance dy. Thinking of LEW,, as random elements of (D), let P(") be the probability
measure on (D) induced by LEW,,. Then [4] shows that P(*') is a Cauchy sequence
with respect to the weak convergence topology, and therefore P(?") converges weakly to
some limit probability measure v. We write X for the random compact subset associated
with v and call K the scaling limit of LERW in three dimensions. It is also shown in [4]
that K is invariant under rotations and dilations.

3 Non-intersection probability

This section is dedicated to the proof of Theorem 1.2 and is organized in a hierarchical
structure. We lay out the structure of the whole proof in Section 3.1 assuming three
key intermediate results, namely Lemma 3.1, Propositions 3.2 and 3.4. These results
are proved in Sections 3.2, 3.7 and 3.8 respectively. Sections 3.3 through 3.6 contain
intermediate results for Proposition 3.2 which requires the coupling from Section 4.
Section 3.1 also contains the proof of Corollary 1.3.

3.1 Notations and the proof of Theorem 1.2

We start with introducing notations for various walks and paths we are going to
discuss in this section. Then we state without proof a few key propositions that compare
the non-intersection probabilities under different setups. After that, we give a proof of
Theorem 1.2 assuming these intermediate results. At last, we give the proof of Corollary
1.3.

Letn € Z*. Let S' and S? be independent SRW’s on Z3. Write

v2 = LE (5§'[0,7"]) = LE (S'[0, T5]) (3.1)

for the loop-erasure of S' up to 7" assuming that S*(0) = z. Using the notation above,
A" [T* T'] stands for "[t,u] where t (resp. u) denotes the first time that 7? hits the
boundary of By, (resp. B;). Write v" for ~.

Let
)\m:()\gck) :(SQk) 3.2
(k) k20 (k) k20 (3.2)
be S? assuming that S?(0) = x. Write \ for \g.
EJP 24 (2019), paper 111. http://www.imstat.org/ejp/
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As introduced in Section 1, we are interested in the event
Ay = {7"[0,T”] AAL T = (z)}, (3.3)

and the quantity
an = Es(2") = P(A,),

for o as in (1.2). Write “

b, = (3.4)

Ap—1

We fix some ¢ € (0,1/10) whose explicit value will be specified in Proposition 3.4. We
also assume that we always take large n such that n > 30/¢. Now, let

Ay = {770, 7O A1, T = 9,

(3.5)
Ay = {0, T AL, T = g
(note that A;yq is different from A,,_; ;). Then we have
an = P(An | Ang) P(Anq) and anoy = P(4n1 | 4;,)P(45,). (3.6)

n,q’

The following lemma shows that the probability of A, , is very close to that of A
allowing us to relate b,, to the ratio of two conditional probabilities.

Lemma 3.1. It follows that for all n and ¢ € (0,1)

An,q)
P(An_l | A,;,q)

P(An

by = (1+0(@2-m)). (3.7)

We postpone its proof to Section 3.2.

As explained in Section 1, we will relate quantities such as A, and A, , to non-
intersection probabilities of SRW and LERW started at a mesoscopic distance. To this
end, we introduce the following notations.

Let

zy = (= [207°97],0,0), y1 = -1y (3.8)

be two poles of B(2(179"). Let

Y= rYarclla )‘1 = /\y1 [OaTn] (39)
be an LERW started from z; stopped at exiting 7" and SRW started from y; stopped at
exiting 7.

Set

B = {ulo T 0T =0}
(3.10)
Bug = {ml0.707" nxi [0, 70797 =},

which are the analogs of A, and A, , defined in (3.3) and (3.5). We also write ] :=
LE(S'[0,7"1]) assuming that S'(0) = x; and define

B = {07 ol 77 =0} By, = {50, 700 Ao, 7007 = 0},

We claim that conditional probabilities that appear in (3.7) can be replaced with a
small error by corresponding conditional probabilities for v; and A;.

EJP 24 (2019), paper 111. http://www.imstat.org/ejp/
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Proposition 3.2. There exists § > 0, such that

P (An

Ang) = (14+ 0@ ) P(By | Buy) (3.11)

and
n,q

P(An_l ‘ A;’q) — (1+ 0(2—5‘1"))13(3;

We will postpone the proof to Section 3.7 and dedicate Sections 3.3-3.6 to preparatory
works. Also, we note that this proposition relies on the coupling result from Section 4.
As a corollary, we have:

B ) (3.12)

Corollary 3.3. For some universal constant § > 0

Bu)
B;q)

We now introduce quantities that correspond to the scale 27~ !. Let

P (Bn

by, = (1+0(27%m). (3.13)

P (B;

zg = (— L2(175Q)”71J,0,O) = %, Yo 1= —Tg = y2—1 and v, := LE(S'[0, 7" 1)), Ay := S?
assuming that S'(0) = 22 and S?(0) = y2. We then define

Coi= {32l0. T N X0, T = 05 Crg o= {20, TH-071] 1 xg 0, 7001 =
and similarly, let 75 := LE(S'[0,7"2]) assuming that S*(0) = 2, and then define

Crr = {310, 7721 N xaf0, T2 = 0}; €y 1= {400, TO-0"71] 1 20, T = 0],

Similar to (3.13) (note that the only difference between C, and B, is the scale), we also
have
P(C’n

P (C;

cn}q)
Cra)

The following proposition states that the probability of B,, and B, are actually close
to that of C), and C,,. We postpone its proof to Section 3.8.

bp—1 = (1+0(271)). (3.14)

Proposition 3.4. There exist universal constants ¢; > 0 and ¢; > 0 such that for all
n>1andq € (0,q1),

P(B,) = P(Ca)(1+0(2 ")) and (3.15)
P(B;) - P(c;) (14 0@ ™). (3.16)
We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2 assuming Lemma 3.1, Propositions 3.2 and 3.4. To prove (1.8), it
suffices to show that there exist universal constants c¢;, N > 0 such that foralln > N,

by = b1 (1 + 0(2—61")). (3.17)

Recall (3.13) and (3.14). By Proposition 4.4 of [16] as in the proof of Lemma 3.1, we
have

P<B7_Z Briq) - P<Bi) (1+0(27qn)), and P<CT_1 Cﬁq) _ P(Ci) (1+O(27qn))'
P(Bi | Brg) P(Bx) P(Ci|Caq)  P(ci) e
EJP 24 (2019), paper 111. http://www.imstat.org/ejp/
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Hence, it follows that there exists a universal constant 6 > 0 such that for all n and
€(0,1)

P(B,) P(cy)

b, = ———% (1 + 0(25’7")) and b,_1 = (1 + 0(254”)) (3.19)
P(By) P(cq)

The claim (3.17) hence follows by Proposition 3.4 with appropriately chosen ¢ and

N = 30/q (see above 3.5). This finishes the proof of Theorem 1.2. O

Proof of Corollary 1.3. The first statement of (1.10) follows from Proposition 6.2.1 of
[21] and (1.8), and the second follows from the following fact proved in Proposition 6.2.2
and 6.2.4 of [21]: for m < n,

Es(m)Es(m,n) < Es(n).
It follows from Theorem 8.1.4 and Proposition 8.1.5 of [21] that
E(M,) < n®Es(n) < n*~%,

which gives the third statement. Finally, exponential tail bounds on M,, as in Theorem
8.1.6 and Theorem 8.2.6 of [21] ensure the tightness of Mn/nzfa. O

Before ending this subsection, we introduce some path spaces which will be used in
the following sections. We write I for the set of paths satisfying

(i) nis a SAP;
(i1) n(0) =0, n(len(n)) € dB(1_q), and n[0,len(n) — 1] C Ba_q)n-

We also write A for the set of paths satisfying (ii) above only.

3.2 Proof of Lemma 3.1

Proof of Lemma 3.1. Since

. P(An AW)P(AM)
. P4, ] A ) P(4ia)
it suffices to show that
M =(1+0(27"™). (3.20)
P(A;,q)
For a path n, write
f(n) = P(A[l,T(l‘q)”} nn= (Z)) (3.21)

for the probability that A up to 7(!=9" and 7 do not intersect. Using the function f, we

see that
( ) S ) ( 0T1q>“]—n) (3.22)

nel’
Similarly, we have

( ) 0 ( n=1[g, (1 ‘D"]—n) (3.23)
nel

However, by Corollary 4.5 of [16], for any € I', we have

P(V”[o, T-on) = 77) —(1+ 0(2*‘1”))13(7”*1[0, T-on) = n)- (3.24)
This finishes the proof of this lemma. O
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3.3 Decomposition of paths and weak independence

In this subsection, we decompose the paths at their first exit from B(;_,), and state
without proof some preliminary results for Proposition 3.2.
Remind the definition of A and I" at the end of Section 3.1. Define

c= {(nl,n2) e x A | gi[0, T0=0"] A p2[1, 7007 = (z)}. (3.25)

Take (n',n?) € C. Let w’ be the endpoint of 7’ lying on dB(1_),. Write

R', R? for two independednt simple random walks started at w!, w?

and X for R' conditioned that R'[1,7"] Nn* = (). (3.26)

By the domain Markov property of LERW (see Lemma 2.4), conditioned on ~"[0, T(!~9)"] =

n', the (conditional) distribution of y* [T} =" T™] is same as the law of + := LE(X[0,T™]).
With this in mind, for (n',n?) € C, let

g(n' ) = P( (e Un'0,len(nh)]) 0 (R0, 7" Un?[L, len(n?)]) = 0) (3.27)

be the probability that the loop-erasure of X and R? do not intersect. We are now able
to re-write P(A4,,) in terms of g:

P(4) = 3 o' w)P(("10, 707" A0, TO0) = (')

(n*,n?)ec
Hence
P(An| Ang) = > g a(n' 0P, (3.28)
(n*,n?)ec
where
g n?) = P((" 10,7070 20, 70707) = (') | Ang)  (329)

stands for the conditional distribution on 4,, ,.

The next proposition measures the magnitude of g(n',n?) in terms of a function h of
(n',n?) we are going to define below and Es(-, -) in Definition 2.6. We postpone its proof
to Section 3.6.

Proposition 3.5. One has

g(n",n*) = hn*,n*)Es(20-9",27), (3.30)
where
mGr'sn?) = P((e[0,5] U n'0,Ten(n")]) () (R2[0, =071 U (1, len(y?)]) = 0)
and s = inf{k >0 ‘ u(k) ¢ B(l_q)nﬂ}‘ (3.31)

Remark 3.6. We now explain the significance of Proposition 3.5. The function h mea-
sures closeness of n' and n? in the following sense. Let

min q dist (wl, 772) , dist (wQ, 771)
D(n*,n?) = { e, } (3.32)

where w' stands for the endpoint of ’. It turns out that

h(n*,n?) is small <= D(n',n?) is small.
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However, we note that if D(n',7?) < 1, then D(n',n?) does not depend on the initial part
of (n*,n?), i.e.,

D(nl, ,’72) _ D(Tll [T(lfq)n, T(lfq)njtl]7 772 [T(lfq)n7 T(lfq)nJrl]).

This gives an intuitive explanation why (loosely speaking) h(n',7?) does not depend on
the initial part of (n',n?). Therefore, once we show that the dependence of the magnitude
of h(n',n?) on the initial part of (n',n?) is negligible, we are able to show the same thing
for g(n',n?). This proposition will be one of the ingredients for the proof of Proposition
3.2.

3.4 Asymptotic independence of g(n',7?) from initial parts

The goal of this subsection is to show that roughly speaking, ¢ does not depend
on the “initial part” of (n',7?). In other words, if two pairs (n',7?), (73, n*) € C satisfy
n[TA=30n TU-an] = pit2[p(=3an T0-0)n] for 4 = 1,2, then g(n',n?) is very close to
g(n*,m*).

We recall that the C, the set of pairs of paths, was defined as in (3.25). Take
(n*,n*) € C. We denote the endpoint of 7" by w’ which lies on 881 _),,. We also define a
truncating operation on paths by

(") = Tng(n') = [TO730" 70 2t %) = 71 0(0",0) = (g ('), T (7))
(3.33)

We want to consider an analog of g(n',n?) for 7(n',»?). With this in mind, we write
(note the difference of X defined here and X in (3.26))

R', R? for two independednt simple random walks started at w', w? and
X for R' conditioned that R'[1,7"] N (n') = 0. (3.34)

Let
a(n'n) = P((LEG0.77)) Un(n)) 1 (F20. 77 U(r) =0).  (3.35)
Note that g(n',7?) is a function of 7(n!,n?) and it does not depend on the initial part of
(", m%).
We next define an analog of h(n',n?) for 7(n',n?) (see (3.31) for the definition of h).
To do it, let
5= inf {k >0 ‘ LE(X[0,T"]) (k) ¢ B(l,q)nﬂ}.

We define
h(nt,n?) = P((LE(Y[O,T"})[O,E] ur(nh)) N (R0, 700" U n(n?)) = @). (3.36)

Again we remark that h(n',n?) is a function of 7(n',n?). An easy modification of the
proof of Proposition 3.5 gives that

Proposition 3.7. One has
gn',n*) = h(n',n*)Es(20 79", 27). (3.37)
The following proposition shows that g(n',7?) is close enough to g(n',n?) for “typical”

(n*,n?) in the sense that h(n',n?) is not too small. More precisely, we have

Proposition 3.8. There exists C' < oo such that for all n, ¢ € (0,1) and (n',7%) € C
satisfying

h(n',n?) =277, (3.38)
it follows that
_ _an_
lg(n*.n*) —g(n*,n?)| < C27 = g(n',n?). (3.39)
EJP 24 (2019), paper 111. http://www.imstat.org/ejp/
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Proof. We follow the notations introduced at the beginning of Section 3.3. Take (n!,7?) €
C satisfying (3.38) and set

(LE(R[0, T"]) Un'[0, len(n")]) N (R2[0, T U (1, len(y?)]) = (Z)};

=4
> = {RULT") N0t = 0);
={

(3.40)
= {(LE(R'0, 7)) Un(n")) N (R0, T"] U () = 0}
- {Rl[l,m Ar(nt) = (2)}
Then by definition, we have
1,2y _P(H17H2),71 2\ _ p(F. | T _P(ﬁlvﬁ2)
g(n*,n*)=P(Hy | Hy) = A gn',n*)=P(H, | Hs) = AR (3.41)

We first show that P(H,) is close to P(Hs). It is clear that P(H;) < P(H) since
7(n') C n'. On the other hand, we have

P(Hs) — P(Hz) < P(T2, R'[LT"]NBu agn #0). (3.42)

In order to bound the RHS of (3.42), set

~ 9(1—q)n ~
B:B(wl, - ) and J = ' N B = n(n') N B.

We also let ~
u = inf{k | R"(k) € OB}.

By the strong Markov property and Proposition 1.5.10 of [10],
P(ﬁz, RY[1, 7" N By sqyn # (2)) < 02_2‘1”P(R1[1, WnJ = (2)).

We write D = {z € 9B | = ¢ B(3-21-9")] for a subset of 9. Then by Proposition 6.1.1
of [21] and Proposition 1.5.10 of [10] again, we see that

P(H;) > P(R'[L,unJ =0, B'(w) € D, R'[u,T"] 0 B(20-9") = )
> cP(R'1,u]n =0, R'(u) € D) > cP(RLu N =0),

Therefore, we have
P(H,) = P(H) (14 0(27%™)). (3.43)

We next compare P(H;, H>) and P(H;, H»). Note that H, C H;. Thus,
P(Hy, Hy) < P(H,, Hy).
Moreover, by the strong Markov property as above, it follows that
P(H,, Hy) — P(H,, H)
< P(E, Ha, RY0,T™) N Bi_sqpn # (2)) n P(E, Ha, R2(0,7"] 1 By _sqyn # @) (3.44)
<22 p(R'[1Lu] N = 0) < 27" P(Hy).
By (3.37) and (3.38), we see that

5(7717 772) > 02_%Es<2(1_‘1)7l, 2n) )
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Combining this with (3.41), we have
P(Hy, Hy) > c2=% P(Hy)BEs(20-9m 2m). (3.45)
Therefore, by (2.9) and the fact that a < 1, we have
P(Hy, Hy) > 2~ % P(H,). (3.46)
Thus, using (3.46) and (3.44), we conclude that
P(Hy, Hy) — P(Hy, Hy) < c27% P(Hy, H>),

which gives
P(Hy, Hy) = P(H,, H)(1+0(2™%)). (3.47)
Finally, using (3.41), (3.43) and (3.47), we have
P(H,, ) _ P(Hy, )
P(H,) P(H,)

g(n'n?) = (1+00%)) =g" 1) (1+ 0@ %)),

which completes the proof. O

3.5 Comparison of conditional probabilities

The goal of this subsection is (3.60) and (3.62), in which P(4,, | A, ) and P(B,, | By 4)
are both rewritten (with a small error term) into weighted sums of (-, -) which allows an
easy comparison using results from Section 4.

We recall that y, , was defined as in (3.29) which is a probability measure on C
obtained by the conditional distribution on A, ,. We also recall the decomposition of
P(A,]A,4) in (3.28). The next proposition shows that we can replace g(n',n?) in the
RHS of (3.28) with g(n',n?) with small enough error terms.

Proposition 3.9. One has that

P4y | Ang) = (14 0@7%) 3 g0 7P na(n' 7). (3.48)
(nt,n?)ec
Proof. We set
Cr={(n",n*) €C| (n*,n?) satisfies (3.38)} and C, = C\ C. (3.49)

By the separation lemma (see Theorem 6.1.5 of [21] or Claim 3.4 of [19] for the
separation lemma), we see that there exist universal constants c, ¢’ > 0 such that for all
nand ¢ € (0,1)

un,q({(nlﬂf) € C | n" and n? are c-well-separated}) > ¢/,
where we say n' and n? are c-well-separated if
min {dist (771 (len(n")), 772) , dist (772 (len(nz)) , 771> > c(t-an, (3.50)
If »! and 7n? are c-well-separated, then it is easy to see that there exists ¢/ > 0
h(n',n?) > ¢,

which gives
g, 1?) > cBs(20-9n 9m).
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Therefore, we have

> G0 et n?) < Bs(20 70 2m). (3.51)
(nt,n?)ec

Combining this with Proposition 3.8, we have

> am gt n?)
(n',n?)ec

= > g @t + Y G0 0 gt n?)
(nt,n?)€ec: (n*n?)eC2

1+0@™ %) > 9" nHunqm'n?)
(771,772)€C1

+ ) Rt ) EsM0™ 2% g (0t 0P
(nt m?)eCs

(3.39)
(3.37)

(3.49) an
< (1+027%) D g0 ) png(n’n?)
(5:38) (n*.m?)€C

JFO(Q?%)ES(Q(liq)naQn) Z Mn,q(ﬂl,n2)
(n*m?)ec

3.51) on an
< (1+O(2_T)) Z 9(771’772)Mn,q(771a772) — (1+O(2_ 2 ))P(An
(n*,n?)ec

An,q).
Similarly, we also have

Ang) £ (1+0@7F) ST G0l i)' 1?),

(n*,n?)ec

P(An

which gives the proposition. O

The following corollary is a byproduct of the proof above (see (3.51)).
Corollary 3.10. One has that

P (An

Ang) = Bs (20707, 27). (3.52)

Recall that g(n', n?) is a function of 7(n',n?) (see (3.35) for the definition of g(n',n?)).
With this in mind, we define a set of pairs of paths C by

C={@ .7 | (", 7°) satisfies (iii), (iv) and (v)} (3.53)

where
(iii) 77* is a SAP and 7 is a path. (3.54)
(iv) ﬁZ(O) € 83(1,3@”, ﬁi[o, len(ﬁi) —-1]c B(l,q)n and ﬁz (len(ﬁi)) € 88(1,@” for:=1,2.
(3.55)
(v) 7410, 1len(77")] N 72[0, len(77%)] = 0. (3.56)

With little abuse of notation, we can then define g(7',%?) for (7',%%) € C through g(n', n?)
for any (1',7?) such that w(n',7%) = (7", 7%).
We next define a probability measure 7, , on C. For (7',7%) € C, define 1, ,(7",7°) by

L nia (Poa 7)) 3 Fog (71, 7%) # 0
i ) = P q( A(757°) A7) # (3.57)
0 otherwise
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where

Fo o 7%) = {(n',n?) € C [ n(n',n?) = (@,7°) }, (3.58)
see (3.29) and (3.33) for p, , and 7(n*, n?) respectively. Note that fip q is @ probability
measure on C which is induced by

7 (y"0, 709" A[0, 7! =9"]) conditioned on A, 4. (3.59)

The next corollary rephrases Proposition 3.9 in terms of 7z,, .
Corollary 3.11. It follows that

P(An

Ang) = (1L+0@) > g i), (7 7). (3.60)
(@ 7°)eC

We now turn to P(B,|B, ). We let [i;, , be the probability measure on C which is
induced by

7'('(’)/1 [0, 739" X0, T(l_q)”]) conditioned on B,, ,. (3.61)

As the next proposition can be proved very similarly, we will omit its proof.
Proposition 3.12. It follows that

P (Bn

Bug) = (1407 %) S g i), @' 7). (3.62)
(M ,n?)eC

3.6 Proof of Propositions 3.5 and 3.7

As two propositions are extremely similar, we will only prove Proposition 3.5. We
treat two directions of (3.30) in Lemmas 3.13 and 3.15 separately.
We recall the definition of Es(n) and Es(m, n) in Definition 2.6.

Lemma 3.13. There exists ¢ < oo such that for all n, ¢ and (', 7?) € C,

g(n',n?) < ch(n', n*)Es(201 9" 2m). (3.63)
Proof. Take (n',n?) € C. Recall the definition of F' = F), , in (3.58). Then we have
P(4n F('1?))

P(F(nlﬂﬂ))

g(n*,n?) =
Define
to = max {k | 1" (k) € 9B(1_gpn+s) }- (3.64)
Then it follows that
P(An, F'i?))

< P(y"[tr, T") N AL T = 0, 470, TO-0" ] A AL, T =0, F(y',n?)).

By Proposition 4.6 of [16], since v"[t;, T"] and 4"[0, T(!~9"+1] are “independent up
to constant”, we see that

Py, T AL T = 0, 47(0, TO-0" 1 A A1, TA-07H] = 9, Pt 7))
= B2 (VYo 1 {A0, 700" =},
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where P’ stands for the probability law of S* assuming S?(0) = 0 and Y* are defined by
Yl — Pl (,yn[tth] ) )\[LT'IL] _ @) — Pl (,y'n[tth] N /\[T(l_q)”-i_Q,T"} _ @)7

Y2 = P! (y"[0, TO-0"H 1] A X1, TA-074] = g, 47[0, TO-07] = '),

Note that Y'! is a function of A\[T(1~9"+2 7] while Y?1{A[0, T(!~9"] = 52} is a function
of \[0, 7(!=9"+1] Therefore by the Harnack principle (see Theorem 1.7.6 of [10]), it
follows that Y and Y21{\[0,7(!~9"] = *} are also “independent up to constant”. Thus,
we have

E? (YlYgl{)\[O,T(l“””] - nz}) ~ E? (Y1>E2 (Y21{A[0,T<1—Q>"] - nQ}).

Again by the Harnack principle, we see that
B2 (v') = E2{ P! (y7[t0, T 0 AL T = 0) } = Es(201-07+3 2m),
By Propositions 6.2.1, 6.2.2 and 6.2.4 of [21], we see that
Es(201-0n+3 on) < Eg (210" 2m).
On the other hand,
E? (Y21{A[0, T-0n) = n2}) - P(y”[O, TA=0n+1] q N1, 7O+ = g By, n2)).

Therefore, by the domain Markov property of LERW (see Lemma 2.4), we have
P(An, F(nlﬂf))

P(F(UI’WQ))
Es(2 (1=g)n 2")
P(F )

Bs(20170%, 27) (5[0, 700" AL 7007 = | F(n', o))

= cEs(Z(l_q)",2")h(n ,772),

g(n*,n?) =

( mo, TA=DmH] q \[1, T = ¢, F(’?17772)>

which completes the proof of (3.63). O

The following claim can be proved in a similar way.
Corollary 3.14. There exists some ¢ > 0 such that for all (7*,7?) € C,

g 7)< cBs(2070m, 2). (5.69)

The next lemma shows the opposite direction.
Lemma 3.15. There exists ¢ > 0 such that for all n, ¢ and (n*,n?) € C,

g(n',n?) > ch(n',n*)Es(2(-9" 2m). (3.66)

Proof. We will follow the proof of Proposition 5.3 of [16] and Proposition 6.2.4 of [21].
We recall that ¢; is the last time that 4" lies in B (2(1*(1)’”3) (see (3.64) for t1). Let
(these notations pertain only in this proof)

=0, TUDM sy = 4" 1, T 7 = A" [T 0" 1],
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so that v = v, Y@ 2. Let 79 = 4*[0, T(1-9"]. We decompose \ into \; = A[1, 71 ~9)+2]
and Ay = A[TU-9"+2 77 Let \g = [0, T(1=9"],

For « € [0,1], define 7(k) = {(z1, 79, 23) € R® | 71 = k}. We set H(k) = {z € R? | |z| <
1} N7(x) and a cone O(k) = {rz | r > 0, z € H(x)}. We set O; = O(3%) fori = 1,2,3.
Note that O3 C Oy C O;. Define

w={zez?| % LU=l < g <

< 5. 2(1“1)"+3} N O, and
4
W* — {x c 73 ’ z U=+l < 2| < Z ) 2(17q)n+3} N Os,
and set A =W U B(1_g)n+1. Let K1, K be sets of paths defined by

K = {77 ’ nNOBa—_qn+1 € O3, P(y1=1) > 0};
Ky = {n ’ NN 0BG _gnss € O3, P(ya=1n) > 0}.
Then we have
P4, F'i?)) = P(3" 0.7 N AIL T = 8, (0, 20) = (n',7?))
:P(Alﬂw B7=0, oNy @&7® 72 =0, (70, ) = (7717772))
> B [1{n € Ki}1{r € K2}1{5 € W}i{7o = '}
PQ(Al N UW*) =0, aN(pUA) =0, A\ = 772)}
> B [XV1(7 c Wy,
where
X = 1{y € K1}1{o = n'} P2 ()\1 A UW*) =0, A= n2)

Y =1{v, € K. i P2(S210, 71N (U A) =0).
(peko)  omn 2 (200,77 N (32U 4) = 0)

Note that X is a function of ~1 while Y is a function of Y.
By the domain Markov property of LERW and Lemma 6.2.3 of [21], it follows that
there exists ¢ > 0 such that for all n € K; and ' € K,

Pl(WCW‘%:ﬁ, 72277I) = c

This gives
P(Am F(n', n2)) > cE! {)?}7} .

However, by Proposition 4.6 of [16], we see that

P(An, (', n%)) = eB(X)E'(V).

It follows from (6.43) of [21] that
El(f/) > cEs(2(1_q)”,2").

Therefore, it suffices to show that

B(X) 2 P (7 NAILTO 0" =0, (30, 20) = (1),57)). (3.67)
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Write N = A[1, 7(=97+1] and N’ = \[T(t-On+1 7(-an+2] 50 that \; = N @ \.

To prove (3.67), by the separation lemma (see (6.13) of [21] for the version of the
separation lemma that we need here), we see that there exists some universal constant
¢ > 0 such that (see (3.50) for definition of being well-separated):

EY(X) = P((0, %) = ('), m NN =0,
v and )\ are c-well-separated, \" N (y; UW™) = (Z))
> cP((’yo, o) = (' n?), mN XN =0, v, and \ are c-well-separated)
> CP((%, Xo) = (), mNXN = @),
which finishes the proof of (3.66). O

3.7 Proof of Proposition 3.2

Proof of Proposition 3.2. We only prove (3.11) as (3.12) follows in a similar manner. To
show (3.11), it suffices to show

‘P (A,,L

Aw) _ P(Bn

Bn,q)’ < O(T‘Sq")P(A,,,

An,q). (3.68)

We observe that applying Proposition 4.2 with (k, N) therein equal to ((1—3g¢)n, (1—gq)n),
we have

where || - ||rv stands for the total variation distance. Hence,

oo o7 7) = (11 79)|| < 27, (3.69)

> a@ @) - Y 9(1717772)M2,q(771,772)‘

(' m2)eC @ m?)ec
(3.65) (1—g)n 9n — —1 =2 —k =1 =2
< CEsO0n 2 N [, ()~ T, (7 7))
(' 7%)ec
(3.69) (3.60)
< C/ES(2(1—q)n72n>2—5qn < C//2—5qn Z ?(ﬁ17ﬁ2)ﬁnq(ﬁluﬁ2)-
(3.52) ’

@ 7*)ec
Thus, (3.68) follows by rewriting the leftmost and rightmost expression above back to

conditional probabilities, thanks to (3.60) and (3.62). This finishes the proof of (3.11). O

3.8 Proof of Proposition 3.4

We recall that \; and )\, stands for the SRW on Z3 started at y; and y», respectively.
We also recall that

Bn:{fylﬂ)\l:Q)}anan:{vgﬂ)\g:(Z)}.

In order to keep coherence of notation in this subsection we will use notations on the
right hand side above in the proposition below.

Proposition 3.16. There exist universal constants cs > 0 and ¢; > 0 such that for all
n>1andqe (0,q),

’P(fyl A = @) - P(y2 A Ay = (z))( < g2 100m (3.70)
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Proof. We will closely follow the proof of Proposition 7.1.1 of [21]. We seek to replace
the SRW in both probabilities in (3.70) by Wiener sausages (see (3.81) and (3.82)), and
establish an inequality between them (which is (3.77)).

Lemma 3.2 of [7] proves that it is possible to couple A, and W, a Brownian motion in
R? started at y», on the same probability space P? such that

Pz(Jf) < qe 2", (3.71)
where
2n
= [ max (W) - rean)] < 2% 1), @72

for some universal constants a,b > 0. Throughout this proof, we will assume (A, W) is
defined on the same probability space as above. We also write E? for the corresponding
expectation. Define the event J; by

Jy = {W[Opo) M B (s, 2007 10n-1) = (2)] (3.73)
Then by Theorem 3.17 of [17], it follows that
P%(Jy) > 1 — 27101, (3.74)

We now consider the Wiener sausage. For a discrete or continuous path n and L € R,
write

()T = [m eR? | there exists y € 1[0,len(n)] such that |z — y| < 2l (3.75)

for its sausage of radius 2°. We also write
Wy = W[0, T, W) = 2Ws. (3.76)

We let R = (R(j));>0 be the simple random walk on 273 started at z; and let 7, =
LE(R[0,T™]) be its loop-erasure up to 7.

By Theorem 5 of [4], there exist deterministic universal constants gy € (0, 1), ¢y €
(0, i) and ¢; < oo such that for all ¢ € (0, qp) and W satisfies .J, then it follows that

pr (% N (Wg)HE+D = @) > p! (vl N (Wh)F—com — (Z)) — 270", (3.77)

where PP stands for the probability law of R while P! stands for the law of S' (or
equivalently law of v1). Thus, the two probabilities in (3.77) are functions of W,. (Note
that we can take ¢g = %5 X min{%, 5 %2} where € and 5 are universal constants as in the
proof of Theorem 5 of [4] for the case that G' = Z?2 and G? = 27Z3. Taking ¢ like this
form and conditioned W on J>, we can take universal deterministic constants ¢y and ¢;
such that they do not depend on the starting point, see (132) of [4]. See also the remarks
below (5.51).)

Next, we will replace each probability of (3.77) by the corresponding non-intersection
probability of LERW and SRW as in the proof of Proposition 7.1.1 of [21]. We start with
the left one. Note that

j (72 (W) 3D = @) _pt (72 N (W)t % = @). (3.78)
Therefore, taking expectation with respect to W, we have

P(y2 N W)+t % = v)) > B2 [PR (% N (W) HEHD = (b) ; Jz}

> B2[P! (7 0 (Wg) 00 = ) — 270" ; gy (3.79)
> E2 |:P1 ('71 N (W2/)+(1—(,‘0)71 — Q)):| _ 012—con _ 02_10(1”,
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forall ¢ € (0, o). But the scaling property of the Brownian motion ensures that the law of
W3 with W5 started from y» coincides with the law of the Brownian motion B; := B[0,T™]
started from y; up to T". Thus, we have

2n
3

P(W NWe)™s = @) > P(% N (By) e = @) — 270" — 2710, (3.80)

for all ¢ € (0, qo).

Now we compare the probability of RHS of (3.80) and P(B,,). We again assume that
A1 and B are coupled such that the Hausdorff distance between them is < 2% with
probability at least 1 — ae=2"" for some universal constants a,b > 0 (this is possible by
Lemma 3.2 of [7]). Applying Lemma 4.8 of [4] (see Theorem 3.1 of [19] for a stronger
version of it), it follows that there exists universal constants cs, p > 0 such that for all

q € (0,90),
‘P(vl AL =0) = Py 0 () H0-eon = (B)‘ < 2 Corn,

Combining this with our coupling of A\; and B, we see that
’P(% A = (2)) - P(% N (By)+H-con — @)’ < y2 0P, (3.81)
Similarly, we see that
P(12002 =0) = P(120 (Wa)t¥ = 0)| < ca2-e0rm. (3.82)

Set ¢1 = min{$¢, ¥3}. Note that ¢; is a universal constant. We have showed that

there exists a universal constant c3 such that for all ¢ € (0,¢1),
P<72 NAg = @) > P(’Yl NA = @) — ¢g2710am,

An inequality in the opposite direction also follows similarly. This gives (3.70). O

Proof of Proposition 3.4. We will only prove (3.15) as the second claim (3.16) follows
similarly. Since

P(yl A = @) = P(’yg N = @) = Es (2017507 9n) > cgban,
by (3.70), it follows that for ¢ € (0,¢1),
P(B,) = P(Cy) +0(271%") = P(C,,) (1 + O(27°1)), (3.83)
which gives (3.15) and completes the proof. O

4 Coupling

In this section, we establish various couplings of pairs of loop-erased walk and simple
random walk conditioned to avoid each other under different setups and different initial
configurations. As a corollary we obtain (3.69) which is a key ingredient in Section 3. As
the prototype of such couplings already appears in [12], in this work we will not give a
direct proof, but rather argue through a fine-tuning of the coupling result from [12]. For
more discussion, see the beginning of Section 4.2.
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4.1 Setup and statement

We start by giving a brief introduction to our coupling. Pick k£, n > 0 (not necessarily
integers) and N > 2n + k. Let v be an ILERW and A be an SRW both in Z? with
~(0) = A(0) = 0, independent of each other. We write 17 = (v, ) for the pair of walks and
write P = Py o for its law. We write

nn = (v, An) = (70, TV], A0, ™)) 4.1)

for the walks truncated at the first exit from By .
Let 2,y € By. Similarly, let n’ = (7', \') where 7/ is an ILERW with 7/(0) = z and )’ is
a simple random walk with A\’'(0) = y, again, independent from each other. We write P, ,,
for its joint law. For N > k, we define v}, Ny = N[0, 7"] and 7y, similarly.
We write
Uy = {’yN A AL, TV] = (2)} 4.2)

for the event that v5 and Ay have no intersection and define the event

;- ANILTN] - w(0) = A (0);
UN.—{’YNﬂ N/\N *m}lfyx(O)#/\Z(O)

similarly. Note that in the second case, there is no need to exclude Ay (0). We write

P lnc|=Plne Uy (4.3)
and N
P, e ]=P,yne Uy, (4.4)

for the laws of n and n’ conditioned on Uy and U}, respectively.
For N > n + k, we write ny =,, 1y if the paths agree from their first exit from By_,,
onward, i.e.,
YN-nN =VN-n.N> AN-nN = ANv_n.n>

where Yy _, v = [TV =", T"], with other notations defined similarly.
We are now ready to state our coupling.

Proposition 4.1. There exist §; > 0 and ¢; < oo such that forall n,k > 0, N > 2n + k,
x,y € By, there is a coupling Q of 17 under P and 1’ under P such that

x,y’
Qy =n ] > 1 — 275, (4.5)

In the coupling above, we can also replace the ILERW in 0’ by a long LERW from
x to OBy, with M > N (in applications we would like 2™ > 2V). Since the law of the
beginning part of an ILERW and that of anv LERW are almost the same, such replacement
should not change much if we only look at what is happening inside By.

Now let M > N and let ¥M be an LERW started from = € B), stopped at exiting
By. Replacing +' by 4 in the definition above, we define n, n}f, UL/, P}, and ?iv)ij
accordingly.

As a corollary of Proposition 4.1, we have the following coupling.

Proposition 4.2. There exist 5 > 0 and ¢; < oo such that forall k,n >0, M > N >

2n + k, and x,y € By, there is a coupling Q™ of n under P and n™ under ?ivyM such
that
QY [nn =n M| > 1 — cp2~ F2min(n M=), (4.6)
Note that (3.69) follows as a corollary of Proposition 4.2.
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Proof of Proposition 4.2 given Proposition 4.1. In the setting of Proposition 4.1, instead
of sampling 7/, we sample 7/ and v coupled in the same probability space P, such that
there exists ¢’ > 0,

Phin = vy =71 > 1 - 27 M+
uniformly for any self avoiding path +° from x to 0B, . This is possible thanks to Lemma
2.2. Note that conditioning on 73/ = ~4, we have 1y, = 1. Hence,

P’I‘ 1 / —
Palltl [ s
Pz,y[UN ]

This observation, along with the coupling P between 4/ and +", allows us to modify the
coupling in Proposition 4.1 to obtain a new coupling Q" of 7 under P and ™ under

P, " such that (4.6) is satisfied with 8, = min(8y, 1). This finishes the proof. 0

Remark 4.3. If both n and 7’ are replaced by LERW with certain initial configurations
stopped at exiting 05,,, then, since boundary issues are no longer a problem, one can
have a coupling with better error probability estimates. In fact, in Proposition 4.12 we
are going to state such a version, which replaces min(n, M — N) in (4.6) by n.

4.2 Variations on a coupling by Lawler

In this subsection, we are going to restate the coupling result from [12] under the
setup that suits our needs.

In the course of proving the existence of infinite two-sided loop-erased random walk,
Greg Lawler considered a pair of ILERW'’s started from the origin, conditioned to not
intersect each other up to some level and then tilted by a loop term. Then he constructed
a coupling between such a pair of loop-erased walks and another pair conditioned on
some prefixed initial configurations. As we are going to see, this coupling is intimately
related to the non-intersection probability of an LERW and an SRW. For instance, if we
consider 1 under P,, (see the previous subsection for precise definition), and let ¢ be
the loop erasure of )\, then the law of (v,,¢) can also be described through a pair of
non-intersecting LERW tilted by loop terms. Hence, it is possible to modify the coupling
from [12] to obtain Proposition 4.1. However, as the setup and tilting terms are slightly
different in [12] and in our case, some care must be taken.

We start by restating the coupling in [12].

Let 7' and 72 be two infinite self-avoiding path, not necessarily starting from the
same point. For N > 0, define

GNW}\MW?V) s =151 3 =7 (00 (0) eXp(_LNW}\hV?V)% (4.7)
where Ly (7,7 ) is the loop measure of loops in By that touch both 7}, and 7% .

We now write M for the joint law 5' and 72 if they are two independent ILERW’s

starting from 0 and. For 0 < k < N, write M for the law of M tilted by G (N> Ta0)-
Let g1, g2 be two SAP’s started from 0 and stopped at first exit from By, such that

g1 N g2 = {0}. (4.8)

Let M, be the law of ¥' and 72 condi}i\:{ioned on (¥;,7%) = (g1, g2) (in this case we write
7' and 7%¢ for 7' and 5°) and let M, be M, tilted by G (7%, 73%).

Remark 4.4. Note that in [12], the definition of Ly (74, 7% ) for d = 3 is the measure of
loops in By\{0} that touches both 7} and 7%,. Our choice in (4.7) does not change the

tilted probability law but gives us some convenience in notation when we do not start
both walks from the same point any more.
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We are now ready to state the original version of this coupling. Note that although
the original version used e as the ratio between exponential scales, it is not a problem
for us since it was stated explicitly in [12] that exponents do not have to be integers.

Proposition 4.5 (Proposition 2.31 of [12]). There exist 53 > 0 and c3 < oo such that for
allk,n >0, N > 2n+ k and any g = (g1, g2) satisfying (4.8), we can find a coupling Q*°

of M and Mg such that

Q= [(TN7%) =n (ANETRE)] > 1 — c327%m,

Remark 4.6. Although it is tempting to claim that we can obtain the coupling in Propo-
sition 4.1 by appropriately “adding back” loops from an independent loop soup to 7, and
~%8& simultaneously, it is in fact imprecise due to the fact that the distributions of the “tip”
of an LERW and an ILERW differ greatly (also, there are a few stitches in the choice of
loop terms). We will not discuss this in detail here but mention that in order to generate
objects with the right distribution, one has to be very careful both in the sampling of 7’s

and the choice of loop terms (e.g. Ly (Fk, 4 ) in (4.7)) in tilting procedures.

In fact, the “initial configuration” in the definition above does not have to be a
nearest-neighbor SAP. As we now explain, this coupling also works under more general
setups, especially when walks start from points other than the origin.

Pick z,y € By and let (3%, 5*Y) be two independent ILERW starting from z and y
respectively and record their joint law by M, ,. Define (711\’,‘/”, W?Vy) accordingly. Again let
M, , be the law of M, tilted by G (75", 7%").

We now state a variant of Proposition 4.5. Note that we still denote the coupling by
Q.

Proposition 4.7 (Variant of Proposition 4.5). There exists $3 > 0 and c3 < oo such that
forall0 < k <n, N > 2n + k and any z,y € Bj, we can find a coupling Q> of M and
Mivy such that

Q= [(Th 7%) =sns2 (AN 7%Y)] > 1 — cz27%m, (4.9)

We now explain briefly this variant holds.

e The constant in the separation lemmas (Lemmas 2.28 and 2.29 in [12]) stays
unchanged and hence is uniform if one replaces paths from the origin by a pair
of paths with different starting points, for it is inherited from Lemma 2.11, ibid.,
where the constant does not depend on (in the notation of that lemma in [12]) the
choice of A" as long as it is a subset of C,;

e Throughout the proof in [12] the probability of the coupling getting destroyed is
always bounded by the probability that a (conditioned) random walk returns to the
ball By, see e.g. Lemma 2.32, ibid, hence the argument is still valid for the setup of
Proposition 4.7.

 Also, we note that the change from n to 3n/2 is merely for the convenience of the
coherence of notations in this paper.

Remark 4.8. Although it is not needed in this work, we would like to mention that the
coupling in [12] actually works for even more general initial configurations which can
just be two subsets of By with a terminal point (in other words, starting points for the
walks).

4.3 Proof of Proposition 4.1

We now give a proof of Proposition 4.1 through fine-tuning the coupling in Proposition
4.7.
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First, we claim that it suffices to prove the following coupling, which serves as a link
between ILERW-SRW couplings of this work and the ILERW-ILERW couplings of [12].
For more comments, see the beginning of Section 4.2.

Pick N > k > 0. Let v be an ILERW and 7 be an LERW stopped at the first exit from
0By with v(0) = 74(0) = 0, independent from each other. We write by N for their joint
law and write N for their joint law tilted by Gy (yn,7) (see (4.7)) for the definition of
Gy). Similarly, let 4+* be an ILERW and ¥ be an LERW stopped at the first exit from
0Bn with v(0) = xz and 7(0) = y, independent from each other. We write by N, , for its
joint law and write N, .y for their joint law tilted by Gn (7%, 7Y).

Proposition 4.9. There exist 5, > 0 and ¢4 < oo such thatforalln,k >0, N > 2n+k+1
and any z,y € By, there is a coupling Q of (v,7) under N and (v*,4Y) under N, .y, such
that

Ql(vw.7) =sn/241 (VN V)] > 1 — ca2” fan, (4.10)

Proof of Proposition 4.1 given Proposition 4.9. Independently from Q sample a loop
soup £ with intensity measure m (see above (2.6) for definition of m) and denote the
product measure by Q. We then add loops from £ that stay inside By and do not touch
v~ to 7, and add loops inside By that do not touch ~%; to 7, according to the procedure
described in Proposition 2.5. Also, to both 7 and ¥ we attach an independent SRW that
starts from the terminal point respectively and denote the new, concatenated paths by A
and \Y respectively.

We claim that (v, A) and (7%, A\¥) have the law of P" and ?ﬁy respectively, as required
in Proposition 4.1. To verify this claim, it suffices to check the distribution of (yn, Axn)
and (v%, A% ). For brevity we only check the first one.

Let

F(y',01) =N(w =138 = )G () (4.11)

be the “energy” function for (yx,7n) under N. Similarly, let
H(y" A1) = Plyn =45 An = AL iaai—(o) (4.12)

be the the “energy” function for (yy, A\y) under Py.
Given " and a loop soup LT, let AT(:T, LT) stand for the path formed by adding back
loops in £ to «f. Then, to verify the claim above, it suffices to check

F(yt,u0)y =Y H(y AT, £h) Ple = £7], (4.13)
Lt

where summation is over all possible realizations of a loop soup. Here we let P stand for
the law of L. Let u*° be the law of v*° an ILERW starting from 0 and uy be the law of ¢y
an LERW from O stopped at TN . Thus, we can rewrite (4.11) as

_ Tt
F(y' o) = p (7% = A1 unlen = 1m0 goye P8O0, (4.14)

Let py be the law of S a simple random walk from 0 stopped at the first exit from By,
then
H(7T7 )‘T(Lfv ‘CT)) =p>hy = ’YT}pO [S = )‘T(LTv ‘CT)] ]-’yTﬁ)\T:{O}

R ! . (4.15)
=y ="unln = JPIL = LML it =g0y Lzt (4t ,01)=0>

where LT (41, 1) stands for the set of loops that touch both vf and +f. Comparing (4.14)
and (4.15), it suffices to show that given 4 and . such that v/ N .7 = {0},

Y PIL= Lt (yt,m)=p = emEnrheh),
Lt

(4.16)
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where the summation is again over all possible realizations of a loop soup. But this
follows from the definition of Ly and the restriction property of Poissonian loop soups.
Hence, we have verified (4.13).

Now it suffices to show that with the construction above,

QAN =nt1 A§] > 1 — 277, (4.17)

Note that in general LE[A[Tn—n—1,Tn]] # Y[TN-n-1,Tn].
We observe that if Ay #,41 )\Jy\,, then at least one of

L(By-snjz1,By-na) 20 and - {(v, ) #nir (15,7"))

must happen. We can bound the probability of the former by ¢2~"/2 through a classical
estimate on loop measures, see for instance Lemma 2.6 in [12] and that of the latter by
2= Pn through (4.10). This finishes the proof of (4.17) as well as Proposition 4.1. O

We now turn to Proposition 4.9. To construct the coupling in Proposition 4.9 for N + 1
from Proposition 4.7 for N, we tilt the law of (yx,7) and (vy,7’) from Q> to Q by “extra
loop terms” (we will explain what this means immediately below). To show that under
the new law Q paths are also coupled in the sense of (4.10) with high probability, it
suffices to show that

1) the “Radon-Nikodym” derivative is uniformly bounded;

2) if paths have been coupled for many steps, then the “Radon-Nikodym” derivative
should not differ too much and the laws of the “tips” we need to add from step NV
to N + 1 do not differ too much either.

In order to describe the tilting procedure we need to introduce some notations.

As in the proof above, let 1 be the law of an ILERW ~* started from the origin,
i =1,2, and uy be the law of LERW ~%; from 0 stopped at T .

Let I'y be the set of paths from the origin stopped at the first exit from By. Let
vt eTyand ! =v' @' € Tyyy, i = 1,2. As a shorthand, we use bold fonts to denote a
pair of paths, i.e., @ = (-!,-2) Thus the decomposition above is written as vy = Yy @ ¢.

Note that the law N can be written as follows:

N G
N(yvs1 =€) = p°ngr = Clunvi v = CZ}I\I[GNA:m7

and the law MN can be written as follows.

—=N GN ('U)
M — ) = u>® 1 — Ul 002 — U2 ——VA\E
(W =v) =pi*lyy =vlpshy ]M[GN ]
For g € I'y41, let z be the terminal point of g and decompose g as gy @ ¢ and define a
new probability law of yy1 by

15 1 = 9l = u° vk = g, = [LE(W[0, TV 1)) = o|[W[0, TV N gy = {2}],

where p, is the probability law of W, a simple random walk started from z. In other
words, the law of ;°’ can be described as: take an ILERW, truncate it at first exit from
By, then regard it as if it were part of 7% 41 under py41, and “attach the tail” through
the conditional law under p 1. Hence, forall g € I'y

il

1 (Vo) = 9] = =y = g
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Therefore, if we define

—~ 00 %) Gn(v
M[7N+1 — ’U] = U [711\7—&-1 — Ul]NZ /[7]2\/4-1 = 1)2]1\/_[[5;[]5(’;\]]\)[)]7

— —N
then (yn4+1)n under M has the same marginal of v under M .

We define vy, ~ M, , similarly.

For v € I'yy1 X 'yy1, we write the Radon-Nikodym derivative we need to investigate
by

2= Mo =)
M(yn 11 =v)

We define Z, ,(v™?) similarly. As in Section 3 of [12], we have the following properties
of Z and Z, ,. We will only sketch its proof as it is very similar to Proposition 3.1 in [12].

Lemma 4.10. There exist 35 > 0, ¢5,Cs < oo such that for all v, v, , € I'ny1 X I'yq1
Z(V), Zy (Vg ) < Ch. (4.18)
For v with ﬁ(v) > 0 and v*¥ with ﬁxy(vzy) >0, if v =, v™Y, then

Z(v)
Zy y(v7™Y)

— 1‘ < cge P, (4.19)

Sketch of proof of Lemma 4.10. To check (4.18), it suffices to see that both

pn 1y = v MG N (vn)] ’
—— S d —————=—-<(C", (4.20
pevy = v? o N[Gn+1(YN+1))] )

as Gy+1(¢) < Gn(v) by definition. The first claim of (4.20) follows Lemma 2.2. The
second claim is a corollary of the asymptotics of one-point functions for LERW.

To check (4.19), it suffices to express both Z and Z, , in loop terms and see that if
v =, v, then the ratio Z(v)/Z, ,(v™?) can be bounded by the exponential of loop
terms of loops connecting B%; and By _,, which gives the right-hand side of the inequality
in (4.19). O

Finally, Proposition 4.9 follows easily from Proposition 4.7 and Lemma 4.10.

Proof of Proposition 4.9. We start with Q> from Proposition 4.7. First, sample (7, ¥%)
and (W}Qm,ﬁf\}y) according to Q. Attach to 7% an SRW conditioned to avoid 7}, erase
loops, and stop at exiting By 1 and to 7% an SRW stopped at exiting By conditioned
to avoid 73, both independent from (7}, 73,) and of each other. We denote the pair of
attached paths by (¢!, :?) and write

W+ = (Wng1 1) = (O & 05,78 &109).
Similarly, we attach to (75", 7x”) a pair of (:1"*,(>¥) and write
s 1, 2, =1, ) =~2, s
71%11 = ('VNip'YN?{H) = ('YNI ot :p’,yNy @ Y).

Then it is easy to see that vy and vy, has the law of M and ﬁny.
We now claim that it is still possible to couple vy 1 and vy, (with little abuse of
notation we still call it Q°°) such that for some 5 > 0,

Q™ [YN+1 =sn/241 Vg =1 —c27F™. (4.21)
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To prove this, it suffices to show that on the event { A TAr) =3n/2 (VNI,W?\,?’)}

the conditional law of (:},:?) and (¢:!'*,:%¥) under M and M, .y respectively has a total
variation distance uniformly bounded by ¢273"/2. Here “uniformly” means regardless of
actual configuration of (7}, 7% ) and (7x",7%"). This follows from Lemma 2.2.

We finish by constructing a new measure Q through “tilting” vy and YNi, in
Q> by Z and Z, , respectively. Then, (4.21) combined with (4.18) for the “bad” case
NN F3n/2 1% and (4.19) for the good case ny =3n/2 1% guarantees that for some ¢4 < co
and 54 > 0, B

QN1 =3n/24+1 Mipq] = 1 — 27047 (4.22)

This finishes the proof of (4.10) (note that NV in the setup of (4.10) is N + 1 here). O

Remark 4.11. The crucial observation here that leads to the proof above is that the
ratio between u*>[yy € -] and pn41[yn € -] are uniformly bounded from above and below.
This is not true for u>[yy € -] and un[yn € -]. See also Remark 4.6.

At the end of this subsection, we state another coupling which is related to but not a
direct consequence of Proposition 4.1. Although we do not need it in this work, we still
state it here as it is a strengthened version of Proposition 4.2 which should have a place
in the family portrait of couplings that appear in this section. We will not provide its
proof here but remark that it follows from a modification of the tilting arguments in the
proof above. In this case, we will need to tilt both ~} and 73, and derive bounds similar
to (4.18) and (4.19).

In the notation of Proposition 4.2, we consider n™ under P0 o and for =,y € By,

consider n™*¥ under the tilted law P . Then one has the following coupling.

Proposition 4.12. There exist 55 > 0 and cg < oo such that for all k,n >0, M > N >
91 + k, any z,y € By, there is a coupling Q| of ™ under P0 o M and p™M-¥ under PivyM,
such that iy

Q M =(hir—ny NV > 1 — cg27Pem, (4.23)

5 Omne-point function estimates for LERW

The goal of this section is to establish the main result of this work, namely Theorem
1.1. We lay out the main structure of the proof in Section 5.1, and then give the proof of
two key propositions in Sections 5.2 and 5.3 respectively.

5.1 Outline of the proof

We start by a recap on the setup. Let D be the unit open ball in R? and let D be its
closure. Fix x € D \ {0}. We write x,, for the nearest point in Z3 from 2"z (if there is a
tie, choose one arbitrarily). As introduced in Section 1, we are interested in

n,z = P(x, € LE(S[0,T"])), (5.1)

where S is the SRW started from the origin and 7" = 7%~ (S). We first claim that in
order to establish (1.4), it suffices to estimate Green’s function and a non-intersection
probability under a setup which is slightly different from that of Section 3.

Write

e X = X, for a simple random walk started at z,;

* X° = X, := LE(X][0, 7)) for the loop-erasure of X|0, 79| where 7y stands for the
first time that it hits the origin;

* X = X, for the random walk conditioned that 7, < T™;

« X° =X := LE(X]0, 7)) for for the loop-erasure of X [0, 7g].
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As a convention, we will (and will only) omit the X in the notation when it comes to
hitting times for X,,. Let Y be an independent simple random walk started at x, and
write Y° for Y[1,T"(Y)].

Lemma 5.1. With the notation above,

ans = Gg, (o,xn)P(LE(Y[o,TO]) ny° = @). (5.2)

Proof. Let Z be a random walk started at the origin conditioned that it hits x,, before
hitting 0B(2"), independent of Y. Write

u=max{k <T"| Z(k) = z,} (5.3)

for the last time that Z hits x,, up to 7"(Z). Then, by Proposition 8.1.1 of [21], we have
an = G, (0,2) P(LE(Z[0,u]) N Y* = ), (5.4)

Then (5.2) follows from the reversibility of LERW (see Lemma 2.3). O

Remark 5.2. The one-point function a, and the expected length Ms~» are intimately
related quantities. Loosely speaking, for a ‘typical’ point z, in (5.2), Gg, (0, z,) < 27"
while the non-intersection probability in the RHS is comparable to Es(2™). Thus, taking
sum for x € Z3, we see that E(Max) is comparable to 22"Es(2") which gives an intuitive
explanation for (1.10).

It is known (see Proposition 1.5.9 of [10]) that there exists a universal constant a > 0
such that

1- 1— |z
G, (0,2,) = a(2n|x|‘|'”|) +O(lz] 272" = “(2,”'1!1) {1+o(2al7 - 1zp") }.
(5.5)
Thus, it suffices to estimate
P(YOOY":@) ZP(T0<Tn, XOHY°:®)/P(TO<T"). (5.6)

By Proposition 1.5.10 of [10], it follows that there exists a universal constant b > 0 such

that
b(1 — [=|)

2”|.’IJ|
(Compare this with (5.5).) Therefore, what we really need to estimate is the numerator
of the fraction in (5.6). - -

We want to compare LE (Yn [0, TOX"]) and LE (YRH[O, T(f‘"“]) via Theorem 5 of [4],

as in the proof of Proposition 3.4. We will accomplish this in two steps:

P(Tg < T") = [1 + 0(2*”|a;|*1(1 - |a;|)*1)] (5.7)

(A): show that the shape of X° N B(;_,), is not important for the probability of the
numerator of the fraction in (5.6) if ¢ € (0, 1) is chosen suitably;
(B): replace the starting points of (X,,,Y,,) and (X,,+1, Y,,+1) appropriately.

We will first deal with part (A). The next lemma show that we may consider X%° :
=LE(X, [0, 7*~9"]) instead of LE(X,[0,7]) (i.e. X°) for the non-intersection probability.
As its proof is long and technical, we postpone its proof to Section 5.2.

Lemma 5.3. There exists a universal constant § > 0 such that for all n, ¢ € (0,1) and
xz € D\ {0},

P(TQ <T" X°NY° = (2)) - P(To <T", X9°NY° = @) (14 0(z[127°™)).  (5.8)
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We now discuss part (B). By the strong Markov property and Proposition 1.5.10 of
[10], we have

P(TO <T" X°NY° = @)

= Y PO X(@OOm) =y X0V =) - P (rg(W) < TW))
yeaB(l—q)n

= com(man(y 4 0(2*‘1"))P(T<1*Q>" <T", X9°NY° = @), (5.9)

where PY is the law of the SRW W that starts from y and ¢ > 0 in the last line is a
universal constant. Therefore, it suffices to estimate

P<T(17q)n < Tn, X?°NY®° = @) (5.10)
i.e., we do not need to worry about X[T('~9" 7y].
Let
Jnw = P(To <T" X?°NY° = (Z)) and  gna = ffn’m . (5.11)
n—1,x

Note that X%° and Y° implicitly depend on n. We will show that there exist a universal
constant p > 0 and a constant ¢, > 0 depending only on x such that for all n

Frw = 27T (14 0,(277m)) (5.12)

by proving that there exists universal constants » > 0 (in fact, r = 2-(1+2)y and p>0
such that
gna =1(1402(27"")). (5.13)

This is in turn proved through the following proposition.

Proposition 5.4. Let d, = min{|z|,1 — |z|}. There exist universal constants ¢ > 0, § > 0
and gy > 0 such that for all n and x € D \ {0}, if we let ¢ = qo,

Gne = gn-10 - {1+ 0(d; 2700 ) . (5.14)
Now we are ready to prove the main theorem of this paper.

Proof of Theorem 1.1. Using Proposition 8.1.2 and Proposition 8.1.5 of [21] together
with Corollary 1.3, it follows that there exist universal constants a;,a2 > 0 and N, € IN
depending only on = € D \ {0} such that for all n > N, and z € D \ {0} with |z| € (0, 3],

a12—(1+a)n|1,‘—1—a < fn,m < a22—(1+a)n|x|—1—a’ (5.15)
and that for all n > N, and x € D \ {0} with |z| € [3,1),
a127 AT (1 — |2 < L < a2 TR — ) te. (5.16)

This shows that there exist universal constants b;,b, > 0 and N, € IN depending only on
x € D\ {0} such that foralln > N, and z € D\ {0}.

It follows from (5.14) and (5.17) that {¢,, }»>1 is @ Cauchy sequence for each z € D\ {0}.
So let
ry = lim gy 4. (5.18)

n—oo
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We know that by < r, < by forall z € D\ {0}. Moreover, by (5.14), we have
In,xz = rz{l +0 (d;c2—6qon) } (5.19)
However, by (5.15) and (5.16), we see that for each € D \ {0}

0 < liminf 207" £ <limsup 20+ f, . < oo, (5.20)

n— oo n—oo

This ensures that 7, = 2-(1+®) forall z € D \ {0} and that
Jaw = 27 {14 0 (dg 2700 ) (5.21)

for some ¢/, > 0 depending only on x.
We recall (see (5.2), (5.6) and (5.8)) that

fna

e = o O] ey

(1+O(j| 12700,
It follows from (5.5) and (5.7) that

Anz = % fra (1 + O(d;lrn)) (1+O(Jz|~t27%m)).
Therefore, by (5.21), we have

ng = c(x)2_(1+o‘)"{1 + O(d;c2_5q°”) } (5.22)

Here ¢/, = ¢ - ¢,. It follows from (5.15) and (5.16) that ¢/, satisfies

)|z < e(x) < |zt (ifO < |z| < %) (5.23)

a,(1— |z < c(z) < dy(1 — |z])!—° (if% < 2| < 1), (5.24)
where af, ay, > 0 are universal constants. Thus, we finish the proof of the theorem. O

5.2 Proof of Lemma 5.3
We define kg, k1 € IN as follows (note that d, > 0).

* kg is a unique integer satisfying
9(1—a)n+ko < dw2n/3 < 9(1=q)ntko+1
e kp is the smallest integer satisfying
dy2" M /3 < 1.
e Fork e {0,1,---,ko}, we write
Dy = Ba—gyn-+k-
» Forke€{0,1,---,k1}, we write

D, = B(mn,d$2”_k/3>.
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Note that
B(i—gn =Do C Dy C-+- C B(d,2"'/3) C Dy, C B(d,2"/3);
(¢} =D} C Dy _, C--C D= B(mn,dIQ”/B);
Dy, N D}y =0 and Dy, U D, C B(2™).

Proof of Lemma 5.3. Suppose that 75 < T™. Then there are three cases for the shape of
X~ = X[TU~9D" 1] as follows.

Case 1: X~ C Dy,. In this case, we define
ko :=min{k > 0| X~ C Di} € {1,2,--- ,ko}.

In other words, this is the case where X~ C Dy, .
Case 2: X~ ¢ Dy, and X~ N D{, = 0.
Case 3: X~ N D{ # . In this case, we define

k3 :ma,x{kgkl‘XNﬂD;c#@}E{oala 7k1}'

Remind that X¢° = LE(X[0,7('~9"]) and X° = LE(X[0, 7¢]). Let
3
P(Tg <T" X°NY° = @) =3 P(my), (5.25)
i=1

where H, — {70 <T" X°NY° =0, Case z} i=1,2,3.
We will first deal with P(H;). Note that

ko

P(Hy) = P(Hy, k= k).
k=1

Suppose that Hy N {ky = k} occurs. Then we see that
Xq,o[o’ T(lfq)nJrk] _ XO[O, T(lfq)njtk:}’

i.e., the loop-erased walk X?° up to the first time that it hits 9B, _,),+x coincides with
that for X° since X~ does not “destroy” the initial part of X?°. Therefore,

a1 , a1
P(Hy, ks = k) < ¢(d,2") “mz—qng—kz—ﬂ—@" = c(d,2") “mr’fr".

We remark that

mn o o n o o n —« 1 —Nn
P(T0<T X°ny :Q))XP(TO<T XNy :QJ)x(de) Ei
Thus,
ko
P(H,) :ZP(HL ko = k)
k=1

< P(To <1, X9°[0, 709 A ye = (/)) + P(To <T", X9 NY° = @)0(2*%).
However, it follows that

P(r<T, X190, 709" ny° =) = P(ro < T, X% Y° = 0) (1+0(la] 127 %)).
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Thus, we have
P(Hy) < P(ro < T, X220 Y° =0) (14 0(a| 127 %)),
Similarly, we have
P(Hs) + P(Hz) < P(ro < T, X120 Y° =0)0(2~%).
Thus, it follows that
P(TO <T", X°NY° = @) < P(To <T", X9°NY° = )(1 +0(|x|—12-%)).

On the other hand, it is not difficult to see the above inequality in the other direction as
well. This completes the proof. O

5.3 Proof of Proposition 5.4

As the proof is very similar to that in Section 3, we will state results in a parallel
way. As for the proof we will be brief and less pedagogical in the presentation of the
argument. Notations are introduced right before the proposition where it first appears.
The proof of Proposition 5.4 is at the end of this subsection.

Recall that ¢ € (0, 1).

e Let Bil,q = B(xn,2{1*(2i71)q}n> fori=1,2,---; qu - B(zn_hQ{l*(Qifl)q}n) for
i=1,2,--
 Let R{, R} and R?, R3 be two pairs of independent SRW’s started from x,, and
T,_1, respectively. We sometimes write R} and R3 for Ri[1,7"] and R3[1,T"71],
respectively.
e Let Tzl{g :=inf{k >0 | Ri(k) € 0B;)} for| > 1and i = 1,2 and let
1_ (1-g9)n, 12 _ gmn—1 (1-g)n
F =T AT " 2 = T AT "
- Write LE(R}) = LE(R}[0,t/]) for i = 1,2.
e Let F' := {t' = T}(%li—q)n} for i = 1,2 and write Z* for R} conditioned on F* for
1
i=1,2.
 Write LE(Z?) = LE(Z%[0, T*~9"]) for i = 1, 2.
* Forapath ), let U} :=inf{k > 0| A(k) € 9B} ,} fori=1,2and j = 1,2,---.
. Let Hi:= {LE(ZZ')[O,U{] N Ry[1,U%] = 0)} fori=1,2.

The following proposition is similar to Lemma 3.1.
Proposition 5.5. One has

P(FY)P(LE(Z') N R} = ’ ) L
e = P(F2)P(LE(Z2 )N RZ = ’ ) ' {1 * O<dw12 ! )} (5:26)
Proof. Note that by Lemma 5.3 and (5.9), we have
fow= c2—<1—q)”P(F1, LE(RY) N R} = (Z)) (1 + 0(d;12—5qn)), (5.27)

where ¢ > 0,0 > 0 are universal constants. Also we recall that f,, , is defined as in (5.11).
Using the same constants ¢, § as above, similarly we have

fata = 200" P(F2LE(R) 0 RS = 0) (14 O(d,"270m) ).
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Therefore, we have

 fom _P(Fl, LE(R%)mPé:@) o
G = F S P(F2, EE) N =®) -{1+O(dx12 % )}

By Proposition 4.2 and 4.4 of [16], it follows that
P(H') = P(H?) - {1 v O(d;lfq”) }

This gives

P(Fl, LE(R!) N R} = (2)) P(Fl)P(LE(Zl) NRL = (/))
( ) ( )

P(Fl)P<LE(Z1) NRL=0 H1>P(H1>
P(F2)P(LE(Z2) N B = ‘HQ)P(HQ)
B P(Fl)P<LE(Zl) AR =0 Hl) .{1 o d_12_‘1")}
- P(F2)P(LE(Z2) N B} =0 | H?) (4 ’

which finishes the proof of (5.26).

(5.28)

(5.29)

(5.30)

O

We now decompose the conditional probabilities in (5.26), just as in Section 3.3.
Before stating the parallel result, let us first introduce a few path spaces and probability

measures associated with them.

o Let II' = {(7,\) | (7, ) satisfies (i), (ii) and (iii)} be a set of pairs of paths (v, )

satisfying
(1) 7(0),A\(0) € 9B;, and ~(len(v)), A(len(})) € 0B] ,;
(i) v[0,len(y) — 1] € B}, and A[0,len()\) — 1] C By ;
(i) y N A = 0.

e Let 1% = {(v,\) | (7, ) satisfies ('), (ii’) and (iii’)} be a set of pairs of paths (v, \)

satisfying
(i") 7(0), A(0) € 0B3 , and y(len(y)), A(len())) € 9B; ,;
(ii") v[0,len(y) — 1] € Bf , and A[0,len()) — 1] C Bf ;
@{ii") y N A = 0.

 Take (v, \) € I1'. Define g'(v, \) by

g (7, ) = P((LE(Z{) Uy) N (RjUA) = @), where

- Zi is arandom walk started at fy(len(v)) conditioned not to exit from B,, before

hlttlng 88(1_q)n;
- Z} is Z; conditioned that Z;[1, T('=9"] N = ();
- R} is an SRW started at A(len())) which is independent of Z;.
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* Take (v, ) € II2. Define ¢g*(v, \) by
(7, N) = P((LE(Z;) Uy) N (RyUN) = @), where

- Z9 is a random walk started at v(len(v)) conditioned not to exit from B,,_;
before hitting 081 _g)n;

- Z}is Z, conditioned that Z[1, 7" =97 Ny = §;
- R} is an SRW started at A(len()\)) which is independent of Zj.

 Let J}, J3 be two independent SRW’s started at x,,. For (v, \) € II!, let
b, 0) = P{(LE(IH (U3, U1], 73 (U3, U1] ) = (1, A) | H3 }, where
- u=inf{k > 0| JI(k) € 0B(zn,d,2")};
- LE(J{) = LE(J}[0, u]);
- H} = {LE(J})[0,U{] nJ3[1,U{] = 0}.
 Let JZ, J3 be two independent SRW’s started at x,, ;. For (v, \) € 112, let
i3, N) = P{(LE(?) [U3,U3], J3[U3,U2]) = (7, 0) | H3 }, where
- t=inf{k > 0| J}(k) € 0B(xn_1,ds2""")};
- LE(J?) = LE(J?[0,1));
- H§ = {LE(J?)[0,Uf] nJ3[1,U7] = 0}.
* Let Ly, L} be two independent SRW'’s started at x; and y;. For (y,) € IT', let

v 2) = P{(LB(LY [U3,U1), 13 (U3, U1]) = (.0 | 14}, where

- o =inf{k > 0| L}(k) € 0B(z,,d,2")};
- LE(L}) = LE(Li[0,4/]);
- I} = {LE(LD)[0,U{] nLi[1,U}] = 0}.
* Let L}, L3 be two independent SRW'’s started at 7 and y7. For (v, ) € II?, let

V(1 2) = P{(LB(E}) [U3,U2), L3 [U3,U3] ) = (.0 | 13}, where

- u” =inf{k > 0| L}(k) € 0B (xy—1,ds2" ") };
- LE(L?) = LE(L}[0, u"));
- 1} = (LB [0.07] N L3 [1.07] =0,

We are now ready to state and prove the decomposition result which is parallel to
(3.60).

Proposition 5.6. For some universal constants ¢, J > 0, one has

P(LE(Z')n Ry =0 ] ) = (1+0(d27m) 3 gl NN (631

(y,A)emrt
P(LE(ZQ) NRZ=10 ’ H2) - (1 +O(d;“2_5‘1")) Y AN (6.32)
(v,\) eIl
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Proof. By the same argument as in the proof of Corollary 3.11, and using Proposition 4.2
and 4.4 of [16] again, it follows that there exists a universal constant ¢ < oo such that
for all n and ¢ € (0,1)

P(LE(Zl) ARL=0 ’ H1> - (1 +O(d;c2*%)) S g (LA (5.33)
(v, et

PLEZ) R =0 | 1) = (1+0(d°27%)) Y FPO0nN). 6.3
(v,\)€eII?

Again, by Proposition 4.2, it follows that there exists universal constants § > 0 and C'
such that

| = vd lov< €270 and || p — 12 ||rv< €270, (5.35)

(See also (3.69)). The separation lemma (see (6.13) of [21] for exact form of the sep-
aration lemma we need) ensures that (v, A) is well-separated with positive probability
with respect to p}. For such a pair (v, ), it follows that g'(y, ) > ed;%2~29" for some
universal constant ¢ > 0 (see Lemma 3.15 for the use of the separation lemma). On the
other hand, using the same argument as in the proof of Lemma 3.13, we see that for
all (y,A\) € ITY, gt(v,)) < Cd, 272" for some universal constant C' < co. Therefore, we
have

> g (n Mug(v1,A) = ed;*27, and g' (v, A) < Cd,*27*%" for all (v, \) € TT".

(v, A)emt
(5.36)

Similarly, we see that

> PN, A) = ed;*27", and g*(7,A) < Cd,*27*" for all (v, A) € TT°.

(7,\) T2 5.37)
5.37
Combining (5.35) with (5.36), we have
PORTACENTICHI D SRRV TICHN]
(y,A)eIr! (v,A\) eIt
< D G NN = (L) < Cde2T ST ug (1, A) = v (1, )|
(v, M) e (v, 1) et
< Cd; ey < 027 3T gy, A (. ),
(v,A)em?
ie.,
> BN = Y g b N (14 0(270m)). (5.38)
(v,A)emt (y,A) eIt
Similarly, we have
PR ACRVNCOIE 92(%A)u3(%k)(1 + 0(27@”)) (5.39)
(7,A) €112 (7,\)€IT2
Therefore, (5.31) and (5.32) follow. O

We now replace the starting points of the walks. Again, we start with notations.
e Let
toag =z, — (20159 0,0) and Yy o= Tp + (2=59m 0,0);
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T 1‘(21 =Tp—1 — (2(175(1)”3 070) and yg =Tp-1+ (2(175q)n’ Oa 0);
b= — (207°9771,0,0) and g = 2, + (207°0771,0,0);
tah =z, — (207207710,0) and ) == z,_o + (207°9771,0,0),
and define pairs of independent SRW'’s started from these points:

t let S}, S§ start from z, and y;, i = 1,2,3,4.

We sometimes write S3, S3, S5 and S5 for S3[0,7™"], S5[0,7"~1], S3[0,7"~!], and
S3[0,T"~2], respectively.
* Write T%, := inf{k >0 | S}(k) € 0B;)} for | > 1 and i = 1,2,3,4, and let
1

1- —1 -

Ful =T ATy " u? = T ATG™"
3 _ gn—1 (A-g)n—=1__ 4 _ qn—2 (1—g)n—1
Tou _Tsf /\Tsf ;U _Tsf /\TSil .

We write LE(S?) = LE(S?[0,4¢]) fori = 1,2, 3, 4.
* Let

F3 = {SRW started at @, hits dB(;_4),—1 before hitting 95, },

F* = {SRW started at x,,_» hits 0B(;_g),—1 before hitting 88,1,2}.

e Let G = {u' = Té?q)”} fori=1,2and G' := {u’ = Té?q)”fl} fori = 3,4.

* Let W* be S} conditioned on G* fori =1, 2.

» Write LE(W?) = LE(W?[0, T(!=9"]) for i = 1, 2.

* Remind that for a path \, we write U? := inf{k > 0 | \(k) € 9B} } for i = 1,2 and
j=1,2,--.

+ Let Vi = {LE(W/)[0,Uf] N Si[1,U}] = 0} for i = 1,2.

We are now ready to state the decomposition result similar to Proposition 5.6 for the

walks introduced above. Again we omit the proof for brevity. Compare this with the
(3.62) (versus (3.60)).

Proposition 5.7. For some universal constants ¢, > 0, one has

P(LE(Wl) nNsl=0 ‘ V1> - (1 + O(d;Cr%)) S g (A, (5.40)
(v,\)elrt

P(LE(W2) Ns2 =0 ‘ V2) - (1 + O(d;CQ—%)) S PO NBGN). (541
(v, \) €112

Now we can change the starting points. The following proposition is parallel to (3.13)
and (3.14).

Proposition 5.8. We have

P(FY)P(LE(S}) N 8} = 0,61 ) P(G) !
Gnw = : {1 n O(d;02—5qn)], (5.42)
P(F2)P(LE(S%) nsz=0, G2)P(G2)*1
and
P(F3)P(LE(Sf) nS3 =0, G?’)P(cﬁr1
Gnote = 1+ o(dze2im)]. (5.43)
P(F4)P(LE(S;1) NSt =0, G4>P(G4)—1
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Proof. By (5.31), (5.32), (5.40) and (5.41), we have

P(LE(ZY) Ry =0 | ) P(LE(W')N S} =

Vl) A1+ 0(dye20m
ERETCE)

o rvo(er))

P(LE(ZQ)NR% =0 'HQ) P(LE(W2)N 82 =

where in the last equality we used the following fact
P(VY) = (1 +O(d;12‘q")>P(V2) (5.44)

which again follows from Propositions 4.2 and 4.4 of [16]. Combining this with (5.28), it
follows that

b P(Fl, LE(R!) N R} :(Z)) o
G =55 = P(F2 LE(R%)ngz(z)) .{1+0( —cg04 )}

P(Fl)P(LE(Zl )NRY =0 ‘ Hl) o
P(FQ)P(LE(ZQ )VR3 =0 | H2) rro(arr))
P(Fl)P(LE(Wl )N S3 = V)) . {1 s O(d;CQ—éq")}
P(FQ)P(LE(WQ )N S2 = (Z))
_ PUYP(LE(S) NS} =0, G1)P(GY) !
PELE(Sz 0522 - GQS i ~{1+O( -9 5‘1“)}. (5.45)
This gives (5.42). The claim (5.43) follows similarly. O

Note that, an easy consequence of Proposition 1.5.10 of [10] is
P(F') = P(F?).- {1 + O(d;CQ*M”) }; P(F?) = P(F*). {1 + O(d;“?*‘;q") }; (5.46)
P(GY) = P(G?) - {1 + O(d;CQ—éqn) }; P(G?) = P(GY) - {1 ¥ O(d;CQ“Sq") } (5.47)

Therefore, with (5.42) and (5.43) in mind, it suffices to compare
P(LE(S%) NSl =0, Gl) ( E(S%) N S8 =
with
P(LE(SIQ) NSz =0, G?) ( E(S¥) NS4 =

L G¥)
L GY)

0
(5.48)
0

The following proposition is similar to Proposition 3.4.

Proposition 5.9. There exist universal constants ¢; > 0, co > 0 and ¢2 > 0 such that for
alln >1and q € (0,q2)

P(LE(Sll) nsi=9, Gl) _ P(LE(Sf) nss =4, G3) (1 + O(d;“12‘62‘1")). (5.49)
Similarly, for all n > 1 and ¢ € (0, ¢2)

P(LE(sf) ns2 =0, G2) - P(LE(S;*) nsi =g, G4) (1 n O(d;mrm")). (5.50)
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Proof. We will show that the numerator of the first fraction of (5.48) is well approximated
by that of the second fraction by using the same idea as in the proof of Proposition 3.4.
We first couple S5 with the Brownian motion B3(t) started at y2 so that the Hausdorff
distance between S3[0,7"~'] and B3[0, 7"~ !] is less than 2%"/3 with probability at least
1 — ¢’ exp{—2°"} for some universal constants ¢, ¢’ > 0 (this is possible by Lemma 3.1 of
[71). We write B3 = B3[0, "] for the trace of the Brownian motion.

Let ¢, and J> be the same constants as in the proof of Theorem 5 of [4] for the case
of G! = Z? and G? = 273 in the statement of that theorem. (For some technical reason,
we assume € < ¢4 where ¢, is a universal constant coming from Lemma 3.3 of [4].) Note
that these three constants are universal. Taking these three universal constants, let

p = 7= -min{e, d, 05} and write

B*! = {x €R? ‘ there exists y € 2B such that |z — y| < 2% 420 2(1_’))”}

B3? = {m € R? ‘ there exists y € 2B such that |z — y| < 2%}

for sets of points within a distance 2% +20-2(1=P)" gand 2% of 2B3 (i.e., Wiener sausages).
Let
A={B*nB(al,20-00") =g},
Write S} for the simple random walk on 27° started at z}. We also write S{ = S}[0, @!]
~ 1—qg)n ~ ~ 1—qg)n
where @' = T, /\Té% D" Set G = {ai! = TS% oy

As in the proof of Proposition 3.4, having conditioned B? on on A, we will compare
Pg: (LE(S%) nB*! =0, Gl) with Pg, (LE(Sll) nB3? =, él)

for sufficiently small ¢ > 0 via Theorem 5 of [4]. For this purpose, take ¢; := p/100. We
assume q € (0, ¢;). We now apply Theorem 5 of [4] with the parameters in the following
table:

Theorem 5 of [4] | G | G? D s | sa s€
Here 73 | 272° | D\ Dy, | 2" | 2} | 2"D\ (B*'UD)

where Dy ,, = 279D and
D= {x €R3 ‘ diSt(m,@(T”]D)) < 2% 4 90- 2(1—p)n}_

Then it follows that there exist universal constants Cy < o0o,cy > 0 such that if B>
satisfies A, we have

Ps; (LE(S1) N (B*' U D) = 0) < Pg; (LE(SH) N (B*2UD') =0) + Co27",  (5.51)

where
D' ={oeR® | dist(v,0(2'D)) < 2% |.

We note that we can take Cj and ¢y as universal constants because if ¢ < ¢;

e The LHS of (132) of [4] is bounded above by C2~4n/5 for some universal constant
C. We have the same upper bound for |p” — p®| in line -8 page 133 of [4].

e For the constants K and k in (137) of [4], we can take K as a universal constant
and can take kK = —1, because the LHS of (137) of [4] can be approximated by
the probability that the coupled Brownian motion as in Section 3.4 of [4] avoids
the boundary of D \ D, ,, even though its starting point is close to the boundary.
Namely, since ¢ < ¢; and € < ¢4 (see Lemma 3.3 of [4] for ¢4), the LHS of (137) is
bounded above by C2~¢"/2 for some universal constant C'.
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* By the same reason as above, we can take C and c of (138) of [4] as universal
constants.

» The other constants appeared in the comparison between p; and p,,; in the proof
of Theorem 5 of [4] can be taken as universal constants.

Given (5.51), we want to compare
1 3,1 _ 1
Pg: (LE(Sl)ﬂB =0, G )
with the LHS of (5.51). Note that
1 3.1 _ 1) _ 1 3,1 _
Pg: (LE(Sl) NB¥ =, G ) — P (LE(Sl) N (B*'UaB,) = @),

which is clearly bigger than the LHS of (5.51). The difference of the two probabilities is
bounded above by

Pg; (S1n0B, =0, SIND #0) < C27m.
Similarly, we have
g (LB(S0)  (29U 1) 1) - g (1BCG A 897 0, )] <

Consequently, we see that there exist universal constants C; and c¢; such that if we
condition B? on A and if ¢ < ¢y,

Pg; (LE(Sll) nB¥! =0, Gl) < Py, (LE(S}) nB3? =, él) +C27en (5.52)
Given (5.52), the remaining part can be dealt with the same argument as in the proof
of Proposition 3.4. We can replace the Wiener sausages B>! and B>? with S and 5.
Namely, for ¢ < ¢q

P(LE(Sll) nst=0, G1> < P(LE(S%) nss =0, G3) 2 4 o210 (5.53)
Thus, if we let go = ¢1 A {j then we have for ¢ < g2
P(LE(SH NS} =0, G') < P(LE(S}) N 8§ =0, G°) +C2710,
Similarly we have
P(LE(S) N 83 =0, G°) < P(LE(S}) N8} =0, GY) +C2710m,
However, we know that

P(LE(Sll) nss =0, Gl) > cdl-eg-a(i4Bean

Since a € [%, 1), we conclude with (5.49) as desired. We also obtain (5.50) through an
easy modification. O

We are now ready to prove the main result of this subsection.

Proof of Proposition 5.4. Combining (5.42), (5.43), (5.46), (5.47), (5.49) and (5.50), it
follows that there exist universal constants ¢ > 0, 6 > 0 and gy > 0 (in fact, we can take
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qo = q2/2 of Proposition 5.9) such that for all n and « € D \ {0}, if we let ¢ = qo,

B P(}«“l)P(LE(S%)mSQ1 ~0, G ) (G .
It P(FZ‘)P(LE(S%)0522 0, G2)P(G2)*1 .{Ho(dx 2 )}
B P(F3)P(LE(5§) ns3 =0, G3)P G3)-1 I
- P(F4)P(LE(5§)mS§ 0, G4)P(G4)*1 '{HO(dm 2 )}
= gn-1a {1 +O(dmc2 ‘”’“")} (5.54)
This finishes the proof. O
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