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problems of infinite-dimensional jump-diffusions
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Abstract

We consider a general class of stochastic optimal control problems, where the state
process lives in a real separable Hilbert space and is driven by a cylindrical Brow-
nian motion and a Poisson random measure; no special structure is imposed on the
coefficients, which are also allowed to be path-dependent; in addition, the diffusion co-
efficient can be degenerate. For such a class of stochastic control problems, we prove,
by means of purely probabilistic techniques based on the so-called randomization
method, that the value of the control problem admits a probabilistic representation
formula (known as non-linear Feynman-Kac formula) in terms of a suitable backward
stochastic differential equation. This probabilistic representation considerably extends
current results in the literature on the infinite-dimensional case, and it is also relevant
in finite dimension. Such a representation allows to show, in the non-path-dependent
(or Markovian) case, that the value function satisfies the so-called randomized dy-
namic programming principle. As a consequence, we are able to prove that the value
function is a viscosity solution of the corresponding Hamilton-Jacobi-Bellman equation,
which turns out to be a second-order fully non-linear integro-differential equation in
Hilbert space.

Keywords: backward stochastic differential equations; infinite-dimensional path-dependent
controlled SDEs; randomization method; viscosity solutions.

AMS MSC 2010: 60H10; 60H15; 93E20; 49L.25.

Submitted to EJP on October 3, 2018, final version accepted on June 9, 2019.

*Department of Mathematics, University of Milano-Bicocca, Via Roberto Cozzi 55, 20125 Milano, Italy.
E-mail: elena.bandini@unimib.it

TDepartment of Mathematics, Politecnico di Milano, Via Bonardi 9, 20133 Milano, Italy.
E-mail: fulvia.confortola@polimi.it

*Department of Mathematics, University of Bologna, Piazza di Porta S. Donato 5, 40126 Bologna, Italy.
E-mail: andrea.cosso@unibo.it


http://www.imstat.org/ejp/
https://doi.org/10.1214/19-EJP333
mailto:elena.bandini@unimib.it
mailto:fulvia.confortola@polimi.it
mailto:andrea.cosso@unibo.it

BSDEs and stochastic control problems of infinite-dimensional jump-diffusions

1 Introduction

In the present paper we study a general class of stochastic optimal control problems,
where the infinite-dimensional state process, taking values in a real separable Hilbert
space H, has a dynamics driven by a cylindrical Brownian motion W and a Poisson
random measure 7. Moreover, the coefficients are assumed to be path-dependent, in the
sense that they depend on the past trajectory of the state process. In addition, the space
of control actions A can be any Borel space (i.e., any topological space homeomorphic
to a Borel subset of a Polish space). More precisely, the controlled state process is a
so-called mild solution to the following equation on [0, T:

AX, = AX, dt + by (X, a0)dt + o0(X, a)dW, + / (X, o, 2) ((dt dz) — A (d2) dt),
U\{0}

Xo = mo,

where A is a linear operator generating a strongly continuous semigroup {e“‘, t >0},
Ar(dz)dt is the compensator of 7, while « is an admissible control process, that is a
predictable stochastic process taking values in A. Given an admissible control «, the
corresponding gain functional is given by

T
J(a) = E[/O F(XP0 ) dt 4 g(X70) |

where the running and terminal reward functionals f and g may also depend on the past
trajectory of the state process. The value of the stochastic control problem, starting at
t = 0 from xg, is defined as

Vo = supJ(a). (1.1)

Stochastic optimal control problems of infinite-dimensional processes have been
extensively studied using the theory of Backward Stochastic Differential Equations
(BSDEs); we mention in particular the seminal papers [11], [12] and the last chapter of
the recent book [9], where a detailed discussion of the literature can be found. Notice
however that the current results require a special structure of the controlled state
equations, namely that the diffusion coefficient o = (¢, x) is uncontrolled and the drift
has the following specific form b = b (¢, z) + o(t,2)b2(t, z,a). Up to our knowledge,
only the recent paper [6], which is devoted to the study of ergodic control problems,
applies the BSDEs techniques to a more general class of infinite-dimensional controlled
state processes; in [6] the drift has the general form b = b(z, a), however the diffusion
coefficient is still uncontrolled and indeed constant, moreover the space of control
actions A is assumed to be a real separable Hilbert space (or, more generally, according
to Remark 2.2 in [6], A has to be the image of a continuous surjection ¢ defined on some
real separable Hilbert space). Finally, [6] only addresses the non-path-dependent (or
Markovian) case, and does not treat the Hamilton-Jacobi-Bellman (H]JB) equation related
to the stochastic control problem.

The stochastic optimal control problem (1.1) is studied by means of the so-called
randomization method. This latter is a purely probabilistic methodology which al-
lows to prove directly, starting from the definition of 1}, that the value itself admits
a representation formula (also known as non-linear Feynman-Kac formula) in terms
of a suitable backward stochastic differential equation, avoiding completely analyti-
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cal tools, as for instance the Hamilton-Jacobi-Bellman equation or viscosity solutions
techniques.

This procedure was previously applied in [10] and [1], where a stochastic control
problem in finite dimension for diffusive processes (without jumps) was addressed. We
also mention [15], which has inspired [10] and [1], where a non-linear Feynman-Kac
formula for the value function of a jump-diffusive finite-dimensional stochastic control
problem is provided. Notice, however, that the methodology implemented in [15] (and
adapted in various different framework, see e.g. [2], [3], [7]) is quite different and
requires more restrictive assumptions; as a matter of fact, there the authors find the
BSDE representation passing through the Hamilton-Jacobi-Bellman equation, and in
particular using viscosity solutions techniques; moreover, in order to apply the techniques
in [15], one already needs to know that the value function is the unique viscosity solution
to the HJB equation.

The randomization method developed in the present paper improves considerably the
methodology used in [15] and allows to extend the results in [10] and [1] to the infinite
dimensional jump-diffusive framework, addressing, in addition, the path-dependent
case. We notice that it would be possible to consider a path-dependence, or delay, in
the control variable as well; however, in order to make the presentation more under-
standable and effective, we assume a path-dependence only in the state variable. We
underline that our results are also relevant for the finite-dimensional case, as it is the
first time the randomization method (understood as a pure probabilistic methodology as
explained above) is implemented when a jump component appears in the state process
dynamics.

Roughly speaking, the key idea of the randomization method consists in randomizing
the control process «, by replacing it with an uncontrolled pure jump process I associated
with a Poisson random measure 6, independent of W and 7; for the pair of processes
(X,I), a new randomized intensity-control problem is then introduced in such a way
that the corresponding value coincides with the original one. The idea of this control
randomization procedure comes from the well-known methodology implemented in [16]
to prove the dynamic programming principle, which is based on the use of piece-wise
constant policies. More specifically, in [16] it is shown (under quite general assumptions;
the only not usual assumption is the continuity of all coefficients with respect to the
control variable) that the supremum over all admissible controls a can be replaced
by the supremum over a suitable class of piece-wise constant policies. This allows to
prove in a relatively easy but rigorous manner the dynamic programming principle, see
Theorem II1.1.6 in [16]. Similarly, in the randomization method we prove (Theorem 4.7),
under quite general assumptions (the only not usual assumption is still the continuity
of all coefficients with respect to the control variable), that we can optimize over a
suitable class of piece-wise constant policies, whose dynamics is now described by the
Poisson random measure 6. This particular class of policies allows to prove the BSDE
representation (Theorem 5.6), as well as the randomized dynamic programming principle.
Notice that in the present paper we have made an effort to simplify various arguments
in the proof of Theorem 4.7 and streamline the exposition.

In the Markovian case (Section 6), namely when the coefficients are non-path-
dependent, we consider a family of stochastic control problems, one for each (¢,x) €
[0,T] x H, and define the corresponding value function. Then, exploiting the BSDE
representation derived in Section 5, we are able to prove the so-called randomized
dynamic programming principle (Theorem 6.6), which is as powerful as the classical
dynamic programming principle, in the sense that it allows to prove (Proposition 6.12)
that the value function is a viscosity solution to the Hamilton-Jacobi-Bellman equation,
which turns out to be a second-order fully non-linear integro-differential equation on
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[0,T] x H:

ve + (Az, Do)

+Supgea {%Tr(o(t,x, a)o*(t,z,a)D2v) + (b(t,z,a), Dyv) + f(t,2,a)

+ fU\{O} (v(t,z +~(t,x,a,2)) —v(t,x) — Dyv(t,x)y(t, x, a,z)))\ﬂ(dz)} =0,
o(T,z) = g(x).

(1.2)

Notice that in the non-diffusive case, namely when ¢ = 0, the control problem corre-
sponding to equation (1.2) has already been studied in [20]. Here the authors prove
rigorously the (classical) dynamic programming principle (Theorem 4.2 in [20]) and
show that the value function solves in the viscosity sense equation (1.2) (with ¢ = 0),
Theorem 5.4 in [20]. Then, Theorem 6.6 below, which provides the randomized dynamic
programming principle, can be seen as a generalization of Theorem 4.2 in [20]; similarly,
Proposition 6.12 extends Theorem 5.4 in [20] to the case with ¢ not necessarily equal to
zero. Finally, we recall [19], which is devoted to the proof of a comparison principle for
viscosity solutions to equation (1.2) (with ¢ not necessarily equal to zero), to which we
refer in Remark 6.13.

The paper is organized as follows. In Section 2 we introduce the notations used in
the paper and state the assumptions imposed on the coefficients (notice however that
in the last section, namely Section 6, concerning the Markovian case, we introduce a
different set of assumptions and some additional notations). Section 3 is devoted to the
formulation of the stochastic optimal control problem, while in Section 4 we introduce
the so-called randomized control problem, which allows to prove one of our main results,
namely Theorem 4.7. In Section 5 we prove the BSDE representation of the value 1
(Theorem 5.6). Finally, Section 6 is devoted to the study of the non-path-dependent
(or Markovian) case, where we prove that the value function satisfies the randomized
dynamic programming principle (Theorem 6.6) and we show that it is a viscosity solution
to the corresponding Hamilton-Jacobi-Bellman equation (Proposition 6.12).

2 Notations and assumptions

Let H, U and = be two real separable Hilbert spaces equipped with their respective
Borel o-algebrae. We denote by |- | and (-, ) (resp. |- |v, | - |z and (-, )=, (-,-)v) the norm
and scalar product in H (resp. in U and Z). Let (2, F7,IP) be a complete probability
space on which are defined a random variable zy: {2 — H, a cylindrical Brownian motion
W = (W});>0 with values in Z, and a Poisson random measure m(dt dz) on [0, co) x U with
compensator A\ (dz) dt. We assume that z,, W, 7 are independent. We denote by pq the
law of zy, which is a probability measure on the Borel subsets of H. We also denote by
Feo.Wor — (]-"f""W’”)tzo the P-completion of the filtration generated by g, W, w, which
turns out to be also right-continuous, as it follows for instance from Theorem 1 in [13].
So, in particular, Fo:W.m satisfies the usual conditions. When z; is deterministic (that is,
to is the Dirac measure d,,) we denote F*o:W':™ simply by F"W:™.

Let L(Z; H) be the Banach space of bounded linear operators P: = — H, and let
L»(Z; H) be the Hilbert space of Hilbert-Schmidt operators P: = — H.

Let T > 0 be a finite time horizon. For every ¢ € [0,7], we consider the Banach
space D([0,t]; H) of cadlag maps «: [0,t] — H endowed with the supremum norm
T} 1= SuPycjo |Z(s)|; when t = T we also use the notation |z = sup,cp,1[2(s)]-
On D([0,T]; H) we define the canonical filtration (D{);c[o 7], with Df generated by the
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coordinate maps

I, : D(0,T];H) — H,
z() — z(s),

for all s € [0,]. We also define its right-continuous version (D;);¢[o, 7}, that is D; = Ng>¢DY
for every t € [0,7) and Dy = DY. Then, we denote by Pred(D([0,T]; H)) the predictable
o-algebra on [0, 7] x D([0,T]; H) associated with the filtration (D;).c[o,1)-

Let A be a Borel space, namely a topological space homeomorphic to a Borel subset
of a Polish space. We denote by B(A) the Borel o-algebra of A. We also denote by dj a
bounded distance on A.

Let A: D(A) C H — H be a linear operator and consider the maps b: [0,7] X
D([0,T);H)xA — H,o:[0,T] xD([0,T]; H) x A = L(E; H), v: [0,T] x D([0,T); H) x A x
U— H, f:0,T) x D(]0,T); H) x A = R, g: D([0,T]; H) — R, on which we impose the
following assumptions.

A)

(i) A generates a strongly continuous semigroup {e*4, ¢ > 0} in H.
(i) po, the law of x, satisfies [}, |[z[P°ug(dz) < co for some py > max(2,2p), with the
same p > 0 as in (2.1) below.

(iii) There exists a Borel measurable function p: U — R, bounded on bounded subsets
of U, such that

inf p(x) > 0, forevery R > 0  and / 1p(2)[As(dz) < oo,
[zlu>R U
(iv) The maps b and f are Pred(D([0,T]; H)) ® B(A)-measurable. For every v € H, the

map o(-,-,-)v: [0,T)x D([0,T]; H) x A — H is Pred(D([0,T); H)) ® B(A)-measurable.
The map ~ is Pred(D([0,T]; H)) ® B(A) ® B(U)-measurable. The map g is Dr-
measurable.

(v) The map g is continuous on D([0,T]; H) with respect to the supremum norm. For
every t € [0,7], the maps b.(-,-) and f(-,-) are continuous on D([0,T]; H) x A.
For every (t,z) € [0,T] x U, the map (-, -, 2) is continuous on D([0,T]; H) x A.
For every t € [0,7] and any s € (0,7], we have e*0;(x,a) € L2(Z; H), for all
(x,a) € D([0,T); H) x A, and the map e*40;(-,-): D([0,T]; H) x A — Lo(=Z; H) is
continuous.

(vi) Forallt € [0,7T], s € (0,7], z,2' € D([0,T]; H), a € A,

be(x, @) — b(x', a)| + |e* Ao (x,a) — e*Aoy(2),a) |y < Llx — )],
/

<
Iy(®,a,2) —vi(2',a,2)| < Lp(2)(x—2),
10+(0,a)| + lot(o,a)lm;m < L,
17:(0,a,2)| < Lp(z),
fe(z,a)| + |g(=)| < L(1+ [lz”), (2.1)

for some constants L > 0 and p > 0.

3 Stochastic optimal control problem

In the present section we formulate the original stochastic optimal control problem on
two different probabilistic settings. More precisely, we begin formulating (see subsection
3.1 below) such a control problem in a standard way, using the probabilistic setting
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previously introduced. Afterwards, in subsection 3.2 we formulate it on the so-called
randomized probabilistic setting (that will be used for the rest of the paper and, in
particular, for the formulation of the randomized control problem in Section 4). Finally,
we prove that the two formulations have the same value.

3.1 Formulation of the control problem

We formulate the stochastic optimal control problem on the probabilistic setting
introduced in Section 2. An admissible control process will be any F*-":"-predictable
process a with values in A. The set of all admissible control processes is denoted by A.
The controlled state process satisfies the following equation on [0, T7:

dXt = AXt dt + bt(X, Oét)dt + O't(X, Oét)th
+/ (X, ay, 2) (W(dt dz) — Az (dz) dt), (3.1)
U\{0}

XO = Xp.
We look for a mild solution to the above equation in the sense of the following definition.

Definition 3.1. Let o € A. We say that a cadlag F*>"W'"-adapted stochastic process
X = (Xt)te[o,r) taking values in H is a mild solution to equation (3.1) if, P-a.s.,

t t
X, = etAxO—l—/ elt=9)A bS(X,ozS)ds+/ e(t_“‘)AUS(X,ozs)dWs
0 0

¢
+/ / =4y (X, ay, 2) (1(ds dz) — Ae(dz) ds), forall0 <t <T.
U\{0}

Proposition 3.2. Under assumption (A), for every o € A, there exists a unique mild
solution X*** = (X[*“),c(0,1) to equation (3.1). Moreover, for every 1 < p < py,

E[ sup |X”E°°‘|P] < C, (1+E[aol)), (3.2)
te[0,T]

for some positive constant C,,, independent of xy and «.

Proof. Under assumption (A), the existence of a unique mild solution X*»* =
(X72%)ieqo, 1) to equation (3.1), for every a € A, can be obtained by a fixed point ar-
gument proceeding as in Theorem 3.4 in [19], taking into account the fact that the
coefficients of equation (3.1) are path-dependent.

We now prove estimate (3.2). In the sequel, we denote by C a positive constant
depending only on 7" and p, independent of zy and «, that may vary from line to line. For
brevity we will denote X** simply by X. We start by noticing that

1/p 1/p ¢ p11/p

E[ sup |Xt|p} SIE[ sup \etAxOV’} —|—E[ sup ‘/ e(t_S)AbS(X,as)ds} }
te[0,T] te[0,T] te[0,T]

}1/10

—HE sup ‘/ =94 5 (X, o)
tE[OT

sup ‘/ /U\{O} )4 5 (X, o, 2) (w(ds dz) — Ag(d2) ds)

tE[OT

p} v (3.3)

On the other hand, by the Burkolder-Davis-Gundy inequalities, we have

7" <em[( [ e, oxanpas)”] "

0

<o [ et 0 agp) as) "

Lr/2(Q,F,P) 0

E sup ‘/ (=94 5 (X, o)
te[OT]

—CH/ 26-945, (X, a \d‘
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and
(t—s)A pL/p
\ =940 (X, g, 2) (n(ds dz) — Ar(d2) ds)‘ ]
te[O T] U\{0}
p/271/p T 1/2
<CE o2 d :CH / o d ‘
= [(/0 || HL2(U,,\,,,H) 3) ] o || HLZ(U,)\,,,H) 8 Lo/2(0,F )
T 2/p \1/2
<C / E[ll¢oll2un.n]  ds) (3.5)
(/) Blliosdiawam) " ds)
where we have set ¢ (z) = e(t*S)Afys(X,oes,z) and H¢s|\L2(U,,\,,;H) =

/ T / /
tG[OT r pSC(/O E[(1+r2Epg]|X I) rp s)l ’

<of1+ (/0 E[ sup |X.p] /pds)l/z) (3.6)

relo, s]

(fU\{o} |ps(2)[>Ax(d2))'/2. By (3.4), (3.5), together with assumption (A), we get
]E sup ‘/ (=94 5 (X, o)
T

and

sup ‘/ /U\{O} (DA (X )(w(dsdz)—)\F(dz)ds)’pr/p

tEOT

< C(/o eQ(t—s)AEKl—F sup |XT|) (/U\{O} |p(2)|2)\ﬂ(dz)>p/2r/pds)1/2

relo, s]
T

=C (/OTE[(I + sup \Xrl)p} 2/pd8)1/2S 0(1 + (/O ELGSE)I,)S] |XT|P}2/1213>1/2). (3.7)

relo, s]

Moreover, using again assumption (A),

1/ T 1/
sup ’/ =04, (X, 0,) ds | pg/ E[er=94 by (X, )| " ds
0

te[o T)

gc/o B[(1+ suwp |X, \) r/pdSSC(H/oTEL:}&] \XT|PT/pds>. (3.8)

relo, s|

Therefore, plugging (3.6), (3.7) and (3.8) in (3.3), we get

o] sy 1] < onfir] s [ 6] s 1p] )

te[0,T) relo, s]

. C(/()T]E[',zl[épé] X, |p} 2/p )1/2'

Taking the square of both sides and using the Cauchy-Schwarz inequality, we find (we
set s = E[SuPre[o,s] |X7"‘p]2/p)

b < E[xop]Q/erc(H/oTwsds),

and we conclude by the Gronwall inequality. O
The controller aims at maximizing over all « € A the gain functional

J(a) = E[/OT ft(XIO"",at)dtnLg(X"”"’a)}.
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By assumption (2.1) and estimate (3.2), we notice that J(«) is always finite. Finally, the
value of the stochastic control problem is given by

Vo = sup J(a).
acA

3.2 Formulation of the control problem in the randomized setting

We formulate the stochastic optimal control problem on a new probabilistic setting
that we now introduce, to which we refer as randomized probabilistic setting. Such
a setting will be used for the rest of the paper and, in particular, in Section 4 for the
formulation of the randomized stochastic optimal control problem.

We consider a new complete probability space (Q]:',]ls) on which are defined a
random variable Z: Q — H, a cylindrical Brownian motion W = (Wt)tzo with values in
E, a Poisson random measure 7(dt dz) on [0, co) x U with compensator A, (dz) dt (with
Ar as in Section 2), and also a Poisson random measure 0(dtda) on [0, co) x A with
compensator Ag(da)dt (on Ay we impose assumption (Az)(i) below). We assume that
Zo, W, #, 0 are independent. We denote by (i the law of Z¢ (with po as in Section 2).
We also denote by F#o:W .76 — (ﬁfo’w T8 150 (resp. 19 = (7);>0) the P-completion of
the filtration generated by mo, W T, 0 (resp. 9) which satisfies the usual conditions.
Moreover, we define P (Ir#0-W.%.0) as the predictable o-algebra on [0,T] x  associated
with oo, W70, Finally, we denote by A the family of all admissible control processes,
that is the set of all P(]F“’O’W s 9) measurable maps a: [0,7] x Q — A.

We impose the following additional assumptions.

(ARr)

(i) Ao is a finite positive measure on B(A), the Borel subsets of A, with full topological
support.
(ii) ag is a fixed point in A.

Similarly to Proposition 3.2, for every admissible control & € A, we can prove the
following result.

Proposition 3.3. Under assumptwns (A)-(AR), for every & € A there exists a unique
mild solution X%0:& = (Xfo’ )telo,r) to equation (3.1) with zo, W, 7, o replaced respec-

tively by &9, W, %, &. Moreover, for every 1 < p < po,

B[ sup [X7°0)] < €, (14 B[laol]),
te[0,T)

with the same constant C), as in Proposition 3.2, where I& denotes the expectation under
P.

In the present randomized probabilistic setting the formulations of the control prob-
lem reads as follows: the controller aims at maximizing over all & € A the gain functional

T
J(@) = E[/ fe(XT0% Gy)dt + g(XP0%) |, (3.9)
0
The corresponding value is defined as

Vo = sup J(@). (3.10)
acA

Proposition 3.4. Under assumptions (A)-(Ar), the following equality holds:
Vo = V.
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Proof. The proof is organized as follows:

1) firstly we introduce a new probabilistic setting in product form on which we formulate
the control problem (3.10) and denote the new value function V}); then, we show that
Vo = Vo

2) we prove that Vy = Vj.

Step 1. Let (¥, F',P’) be another complete probability space where a Poisson random
measure f on [0,00) x A, with intensity \o(da)dt, is defined. Denote 2 = Q x ', F the
completion of F ® F’ with respect to P ® P/, and PP the extension of P ® P’ to F. Notice
that zo, W, 7, which are defined on (2, as well as 6, which is defined on 2/, admit obvious

extensions to (2. We denote those extensions by o, W, 7, 0. Let 2o W:m — (F7o:W: >0

(resp. oW, 0 — (}_'fo’w o 0)t>0) be the P-completion of the filtration generated by
Zo, W, T (resp. Zg, W, @, §). Finally, let A (resp. A% be the set of A-valued F&o-W:7.
predictable (FZo. Wm0 -predictable) stochastic processes. Notice that A C AP,

For any o € AP define (with E denoting the expectation under P)

T
N E[/o Fo(XT00 @) dt + g(X70%) |,

where X70:% = (X7 0’6‘)@0 denotes the stochastic process on (2, mild solution to equation
(3.1), with «, g, W, 7 replaced respectively by &, o, W, 7. We define the value function

Vo = sup J(a).
acA?

Finally, we notice that Vo = Vo. As a matter of fact, the only difference between the
control problems with value functions VO and Vj is that they are formulated on two
different probabilistic settings. Given any & € A, it is easy to see (by a monotone
class argument) that there exists a € A? such that (d, &y, W, #, 6) has the same law as
(&, o, W,7,0), so that J(&) = J(@), which implies V; < VO In an analogous way we get
the other inequality Vo > 1}, from which we deduce that Vo =V.

Step 2. Let us prove that V; = Vj;. We begin noting that, given any « € A, denoting by
@ the canonical extension of « to {2, we have that @ € A, moreover («a, zg, W, ) has the
same law as (@, Zo, W, 7), so that J(«a) = J(@). Since @ € A and A C A?, & belongs to A?,
hence J(a) = J(a) < V;. Taking the supremum over « € A, we conclude that V; < V4.

It remains to prove the other inequality V5 > V. In order to prove it, we begin
denoting F? = (F7);>, the P-completion of the filtration generated by 0. Notice that
Fro W, 0 = FroWTy F9 for every t > 0. Now, fix @ € A? and observe that, for every
w' € {V, the stochastic process a* : Q x [0,T] — A, defined by

af (W) = ap(w,w’), forall (w,w')eN=QxQ, t>0,

is F*-W'-m-progressively measurable, as @ is [F#o.W.70_predictable and so, in particular,
]ﬁ‘”jmw’ﬁ’@-progressively measurable. It is well-known (see for instance Theorem 3.7 in [4])
that, for every w’ € €, there exists an F“>-"-"_predictable process a* : 2 x [0, 7] — A
such that o’ = &%, dP @ dt-a.e..

Now, recall that X?0@ = (X;°*);>, denotes the mild solution to equation (3.1) on Q,
with « > 0, W, replaced respectively by a, Zo, W, 7. Similarly, for every fixed w’ € €, let

X®0,0% — (X7 0,4 )tZO denotes the mild solution to equation (3.1) on €, with « replaced
by a“ . It is easy to see that there exists a P’-null set N’ C Q' such that, for every

w’ ¢ N', the stochastic processes X®0:%(-,w’) and X*0:* () solve the same equation on
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(). Therefore, by pathwise uniqueness, for every w’ ¢ N’ we have that X%%(-,w’) and
X®0:4” (.) are P-indistinguishable. Then, by Fubini’s theorem we obtain

_ T ~w! ’ ~w! ’
sw) = [ B| [ s )i g(xns) | R = Bla@)]) < .

The claim follows taking the supremum over all & € Al O

We end this section stating a result slightly stronger than Proposition 3.4. More
precisely, we fix a o-algebra G independent of (i, W,fr) and such that fgo cG. We
denote by [é0 W76 — (ff”’w’ﬁ’g)tzo the ]f’-completion of the filtration generated by
Zo, W #, G and satisfying G C fg O’W’ﬁ’g. Then, we define AY as the family of all
[r#0.W.7.9 predictable processes a: [0,7] x ! — A. Notice that A ¢ A9.

Proposition 3.5. Under assumptions (A)-(Ar), the following equality holds:

Vo = sup J(&).

acAd

Proof. We begin observing that there exists measurable space (M, M) and a random
variable I': (Q, F) — (M, M) such that G = o(T") (for instance, take (M, M) = (Q,G) and
I the identity map). Then, the proof can be done proceeding along the same lines as
in the proof of Proposition 3.4, simply noting that the role played by 6 in the proof of
Proposition 3.4 is now played by I. O

4 Formulation of the randomized control problem

We now formulate the randomized stochastic optimal control problem on the proba-
bilistic setting introduced in subsection 3.2. Our aim is then to prove that the value of
such a control problem coincides with Vj or, equivalently (by Proposition 3.4), with f/o.
Here we simply observe that the randomized problem may depend on Ay and ag, but its
value will be independent of these two objects, as it will coincide with the value V|, of the
original stochastic control problem (which is independent of Ay and ay).

We begin introducing some additional notation. We firstly notice that there exists
a double sequence (7},,7,)n>1 of A x (0,00)-valued pairs of random variables, with
(Tn)nZI strictly increasing, such that the random measure 6 can be represented as

0(dtda) =3, 5, O(#, 7 (dt da). Moreover, for every Borel set # € B(A), the stochastic

process (8((0, t] x B) —t A\o(#))¢>o is a martingale under PP. Now, we introduce the pure
jump stochastic process taking values in A defined as

I, = Z fin H[Tn,f7l+1)(t)’ forallt > 0, (4.1)
n>0

where we set To := 0 and 7y := a¢ (notice that, when A is a subset of a vector space, we
can write (4.1) simply as I; = ag + fot Jila—1I,_)0(ds da)).
We use I to randomize the control in equation (3.1), which then becomes:

dXt = AXt dt + bt(X, ft)dt + O't(X7 jt)th
+/ (X, I, 2) (7 (dt dz) — Ax(dz)dt), (4.2)
U\{o}

Xo = 0.
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As for equation (3.1), we look for a mild solution to (4.2), namely an H-valued cadlag
%0, W.7.0_adapted stochastic process X = (Xt)te[o 7] such that, P-a.s.,

t t
X, = et + / (944X, 1) ds + / =4 o(X 1) W, 4.3)
// A (X, I,_, 2) (*(dsdz) — Ax(dz)ds),  forall0 <t <T.
U\{0}

Under assumptions (A)-(Ar), proceeding as in Proposition 3.2, we can prove the follow-
ing result.

Prop05|t|on 4.1. Under assumptions (A)-(Ar), there exists a unique mild solution
X = (Xt)te[o 7] to equation (4.2), such that, for every 1 < p < py,

rE[ sup \Xﬂ < C, (1+B[207)), (4.4)
te[0,T]

with the same constant C,, as in Proposition 3.2. In addition, for every t € [0,T] and any
1 < p < pg, we have

IE[ sup | X,P
s€[t,T]

I(]Wﬂ'9i| < Cp (1+ sup |X5‘p), IAP—a.s. (4.5)
s€10,t]

with the same constant C), as in Proposition 3.2.

Proof. Concerning estimate (4.4), the proof can be done proceeding along the same lines
as in the proof of Proposition 3.2. Regarding estimate (4.5), we begin noting that, given

any two integrable F, oo, W .0 -measurable random variables n and &, then the following

property holds: 7 < &, P-a.s., if and only if ]E[n 1] < E[f 1g], forevery E € .7-'9”O W0 . So,
in particular, estimate (4.5) is true if and only if the following estimate holds:

Bl sup [X,)715] < G, (Big]+B] swp [X,715]), forevery B e 7727, .6)
s€t,T] s€[0,1]

The proof of estimate (4.6) can be done proceeding along the same lines as in the proof

of Proposition 3.2, firstly multiplying equation (4.3) by 15. O

We can now formulate the randomized control problem. The family of all admissible
control maps, denoted by V, is the set of all P(I#-":7%) @ B(A)-measurable functions
D:[0,T] x 2 x A — (0,00) which are bounded from above and bounded away from
zero, namely 0 < 1nf[O TIx XA v < sup[O TIx XA U < 400. Given ¥ € V, we consider the

probability measure P” on (Q, 5 WA, 0)

the Doléans-Dade exponential

</ / 1) (0(ds da) = o(da) d8)>- 4.7)

By Girsanov’s theorem (see e.g. Theorem 15.2.6 in [5]), under P” the [0, W70
compensator of § on [0, T] x A is ¥s(a)Xo(da)ds.
Notice that, under P?, W remains a Brownian motion and the ]AFQO’Wﬁ’é-compensator
of 7 on [0, T] x Ais A.(dz)ds (see e.g. Theorem 15.3.10 in [5] or Theorem 12.31 in [14]).
As a consequence, the following generalization of estimate (4.4) holds: for every
1 <p<po

given by dP? = d]P, where (&7 )telo,7) denotes

sup IE”[ sup |)A(t|p} < Gy (1 +Eﬁ[|xo|p]), (4.8)
Y t€[0,T]
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with the same constant C), as in (4.4), where £” denotes the expectation with respect to
b7
The controller aims at maximizing over all 7 € V the gain functional

T
JR () = E[ [ ax dyars g00)

By assumption (2.1) and estimate (4.8), it follows that J R( ) is always finite. Finally, the
value function of the randomized control problem is given by

VE = sup JR(®D).
eV
In the sequel, we denote the probabilistic setting we have adopted for the randomized
control problem shortly by the tuple (Q, F,P: 2o, W, 7, 0;1,X; f))
Our aim is now to prove that VOR coincides with the value Vj of the original control
problem. Firstly, we state three auxiliary results:

1) the first result (Lemma 4.2) shows that the value VOR of the randomized control prob-
lem is independent of the probabilistic setting on which the problem is formulated;

2) in Lemma 4.3 we prove that there exists a probabilistic setting for the randomized
control problem where J® can be expressed in terms of the gain functional J in (3.9);
as noticed in Remark 4.5, this result allows to formulate the randomized control
problem in “strong” form, rather than as a supremum over a family of probability
measures;

3) finally, in Lemma 4.6 we prove, roughly speaking, that given any « € Aand e > 0
there exist a probabilistic setting for the randomized control and a suitable © such
that the “distance” under P” between the pure jump process I and « is less than ¢.
In order to do it, we need to introduce the following distance on A (see Definition
3.2.3 in [16]), for every fixed U € V:

a7 (6, B) : U N Oét,ﬁt)dt]

for all &, B € A.

Lemma 4.2. Suppose that assumptions (A)-(Ar) hold. Consider a new probabilistic set-
ting for the randomized control problem characterized by the tuple (Q, F,P; 2o, W, 7, 0; I,
X;V). Then
V=W

Proof. The proof can be done proceeding along the same lines as in the proof of Propo-
sition 3.1 in [1]. Here we just recall the main steps. Firstly we take ¥ € V which
admits an explicit functional dependence on (Zo, W T, é) For such a 7 it is easy to
find 7 € V such that (7, 2o, W, # 9) has the same law as (7, Zg, W, 7 9) (simply replacing
&0, W, 7,0 by i, &y, W, 7,0 in the expression of #). So, in particular, JR () = JR(7). By
a monotone class argument, we deduce that the same equality holds true for every
7 € V, which implies V;? < V*. Interchanging the role of (Q, F, P; &g, W, #,0; I, X; V)
and (Q, F,P;zo, W,7,0;1,X;V), we obtain the other inequality, from which the claim
follows. O

Lemma 4.3. Suppose that assumptions (A)-(A) hold. Then, ghere exists a probabilistic
setting for the randomized control problem (Q, F,P; Ty, W,7,0; I, X;V) and a c-algebra
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G C F, independent of o, W, 7, with F? < G, such that: given any i € V there exists
a” € AY satisfying

1) under P”

Law of (:Z'Oa (Wt)0§t§T7 \[0 TIx A (It) 0<t<T
+,@") under P. (4.9)

= Law of (SE()v (Wt)0§t§T7 T 0,7 x

So, in particular,
TR () = J(@").
Remark 4.4. Recall that A9 was defined just before Proposmon 3.5, even though it was

denoted A9 since it was defined in the probabilistic setting (Q F,Piio, W, 7,0,1, X; V)
instead of (Q, F,P; 2o, W, 7,0, 1, X; V).

Proof of Lemma 4.3. Let (Q, F,P; xo, W, 7; X; A) be the setting of the original stochastic
control problem in Section 3.1.

Proceeding along the same lines as at the beginning of Section 4.1 in [1], we construct
an atomless finite measure A| on (R,B(R)) and a surjective Borel-measurable map
7: R — A such that \y = A\, o7~ 1. Let (', 7/, IP’) be the completion of the canonical
probability space of a Poisson random measure ¢’ = 3 -, 0z ) on [0,00) x A with
intensity measure \)(dr)dt, where (T, p/,),>1 is the marked point process associated
with 0. Then, 0 = > -, 0(17 »(»)) is a Poisson random measure on [0,00) x A with
intensity measure Ag(dr)dt.

Let Q = Q x @/, F the P @ P’-completion of 7 ® 7/, and P the extension of P @ PP’
to F. Then, we consider the corresponding probabilistic setting for the randomized
control problem (Q, F,P;z, W,7,0;1,X;V), where &y, W, 7, § denote the canonical
extensions of zo, W, m, 6 to Q. We also denote by #’ the canonical extension of & to Q.
Let 7 = (F?'),50 (resp. F? = (F?);>0) the filtration generated by @’ (resp. 0). We define
G := FY . Notice that 7, c G and G is independent of &y, W, 7. Finally, we denote by
FZoW.7G — (Fro W, g)tzo the PP-completion of the filtration generated by zo, W, 7, G
and satisfying G ¢ Fgo"V-™9,

Now, fix7 € V. By an abuse of notation, we still denote by F the canonical extension of
the o-algebra F to Q2. Then, we notice that in the probabilistic setting (2, 7, P; Zo, W, 7, 6;
I, X;V) just introduced (4.9) follows if we prove the following: there exists a” € AY
satisfying

Conditional Iaw of (I;)o<;<T under P” given F = Conditional law of &” under P given .

(4.10)
It only remains to prove (4.10). To this end, we recall that the process [ is defined as
I, = Znn (T Tosa) () forallt > 0,
n>0
where (Tp,70) = (0,a9), while (T},7,), n > 1, denotes the canonical extension of

(T!,7(pl,)) to Q. Then, (4.10) follows if we prove the following: there exists a sequence
(T?, 7% )n>1 on (2, F,P) such that:

n

() (T7,7,): @ = (0,00) x Aand T] < T7,y;

(i) T7 is a F0-W-™9 _stopping time and 7", is Fy W.m9_measurable;
(i) limy_ o0 77 = o007
(iv) the conditional law of the sequence (Ty,7;) Ly <rys oo (T, ) ) 11, <7}, - - under

P” given F is equal to the conditional law of the sequence (17 7771)]1{T”<T} "
(T, m2) L(ts<ry, ... under P given F.
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As a matter of fact, if there exists (T;7 , ﬁZ)nzl satisfying (i)-(ii)-(iii)-(iv), then the process
&V, defined as

= > e o (), forall 0 < ¢ < T, with (T¢,77) := (0, ap),
n>0

belongs to .49 and (4.10) holds.

Finally, concerning the existence of a sequence (T7,%%),>1 satisfying (i)-(i)-(iii)-(iv),
we do not report the proof of this result as it can be done proceeding along the same
lines as in the proof of Lemma 4.3 in [1], the only difference being that the filtration
FY in [1] (notice that in [1] W denotes a finite dimensional Brownian motion) is now

replaced by IF*o-"-™: this does not affect the proof of Lemma 4.3 in [1]. O

Remark 4.5. Let (Q,F,P;zo, W, 7,0;1,X;V) and G be respectively the probabilistic
setting for the randomized control problem and the o-algebra mentioned in Lemma 4.3.
We denote by AV the family of all controls & € AY for which there exists some 7 € V
such that J(a) = J®(#). Then, by definition AY ¢ A9. Moreover, by Lemma 4.3 we have
the following “strong” formulation of the randomized control problem:
V= sup J(a).
acAv

Lemma 4.6. Suppose that assumptions (A)-(Ar) hold. For any o € A and ¢ > 0 there
exist:

1) a probabilistic setting for the randomized control problem (Q, F, P%<; o, W, 7, 0%¢;
[, X, Y*e) (notice that Q, F, %o, W, 7 do not depend on «, ¢);

2) a probability measure Q on (9, F) equivalent to P®¢, which does not depend on
a,e;

3) a stochastic process a: [0,T] x 0 — A, depending only on « but not on e, which is
predictable with respect to the P®¢-completion (or, equivalently, Q-completion) of
the filtration generated by Z, W, 7;

4) v e Ve,

such that denotmg by P”"° the probability measure' on (Q, ;O’W’ﬁ’ew) defined as
dP?"" = RE7°dP™*, the following propert1es hold:

Jf(),Wﬂ'Q

(i) the restriction of Q to Fr. " coincides with P7"*;

(ii) the following inequality holds:
— M T —
]EQ[/ dA(Ita’E,at)dt} < g
0

(iii) the quadruple (xq, W, 7, ) under P has the same law as (%o, W, 7, &) under P,

Proof. Fix @ € A and € > 0. In order to construct the probabilistic setting of item 1),
we apply Proposition A.1 in [1] (with filtration G = F*>-">™ and § = ¢), from which we
deduce the existence of a probability space (2, F, Q) independent of «, ¢ (corresponding
to ({2, F, Q) in the notation of Proposition A.1) and a marked point process (7€, 7%),,>1
with corresponding random measure 6% = 2@1 5(T3 e oy Ol Q (corresponding re-

spectively to (Sn, fn)n>1 and /i in Proposition A.1) with the following properties:

lHere FZo.W,m0%° — (ffo’W‘ﬁ’éa's)tzo denotes the P“¢-completion of the filtration generated by
Zo, W, @, 0%¢, while %”"° is the Doléans-Dade exponential given by (4.7) with D, 0 replaced respectively by

VO(E 90&5
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(a) there exists a probability space (0, F/,P’) such that @ = Q x 0/, F = F® F,
Q = P ® P’; we denote by Z,, W, & the natural extensions of zy, W, « to { (which
obviously do not depend on «, €); we also denote by [70-W.T the extension of Feo-W:m
to Q;

(b) denoting EQ the expectation with respect to Q, we have

} T
IEQ|:/ dA(jta’E,at)dt:| < e,
0

where a is the natural extension of o to Q = Q x €’ (which clearly depend only on «,
not on ¢), while 7*¢ is given by

= D e g ®), for all ¢ > 0,

n>0
with 75"° = 0 and 75 ° = aq;

o, W, 7

(c) let FO™" = (F0"),5¢ denote the filtration generated by §*<; let also P(F; v
FI°) be the predlctable o-algebra on [0,7] x Q) associated with the filtration
(]:'t oW\ F97°),5.0; then, there exists a P(F7 ™ v .7:(’& *) ® B(A)-measurable map

<2 00,T] x Q@ x A = (0,00), with 0 < inflg 7xgxa 7 < supyg, T]xQxA pe < 400,

such that under Q the random measure §°< has (F; Fro Wy b o= *)-compensator on
[0, T] x A given by ;"% (a)\o(da)dt.

Now, proceeding as in Section 4.2 of [1], we consider the completion (2, F, Q) of (Q, F, Q).
Then, from item (b) above we 1rnmed1ate1y deduce item (ii).

Let F7oW'm 0% — (Fro W00 )t>0 be the Q- completlon of the filtration (]-'”W Y
FI >0 It easy to see that under Q the F#o.W.m6" compensator of §%¢ on [0, T] x A
is still given by 7;"°(a)Ao(da)dt. Denote by P(F%-W.T0°%) the predictable o-algebra on
[0,7] x Q associated with F?:W.:™0""  Then, we define V*° as the set of all
P(F70-W-T0"") @ B(A)-measurable functions 7: [0, 7] x 2 x A — (0, c0) which are bounded
from above and bounded away from zero. Notice that 7*¢ € V*¢. Let & be the
Doléans-Dade exponential given by (4.7) with 7, 6 replaced respectively by 7%, §%¢,
Since inf(y 71 qxa ¥*° > 0, it follows that 7% has bounded inverse, so that we can define
the probability measure P on (Q, F ) equivalent to Q, by dP** = (&% ")~ 'dQ. Notice
that the restriction of @ to Fy To, W, 7,0 coincides with P”""°, which is the probability
measure on (€2, }"I“’W 7,6% ) defined as dP”"" = “dP*>=. This proves item (1)

By Girsanov’s theorem, under P the random measure ¢ has F7o-W.m.0" -compen-
sator on [0,7] x A given by Ag(da)dt, so in particular it is a Poisson random measure.
Moreover, under P®¢ the random variable 7 has still the same law, the process W is
still a Brownian motion, and the random measure 7 is still a Poisson random measure
with F#0-W.™0"*_compensator on [0, 7] x U given by A\, (dz)dt. In addition, Zo, W, 7,  are
independent under Pe<. This shows the validity of item (iii) and concludes the proof. O

Theorem 4.7. Under assumptions (A)-(Ar), the following equality holds:
Vo = VX

Proof. Proof of the inequality Vy > V;R. Let (Q, F,P; &y, W, 7,0;I, X; V) and G be respec-
tively the probabilistic setting for the randomized control problem and the c-algebra
mentioned in Lemma 4.3. Recall from Proposition 3.5 that
Vo = sup J(a).
acA
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Then, the inequality V > %R follows directly by Lemma 4.2 and Remark 4.5, from which
we have
VR = VF = sup J(@) < sup J(a) = V.

acAv acA9
Proof of the inequality Vy < VOR. Fix o € A. Then, for every positive integer k, it follows
from Lemma 4.6 with ¢ = 1/k that there exist a probabilistic setting for the randomized
control problem (Q, F, P%*; 7o, W, 7, 0%k, [vF Xk, pak) g probability measure Q on
(Q, F) equivalent to P*, a: [0,7] x Q@ — A, v** € V*F such that:

N A a o n ge L. s = ak
(i) Qizzo™®?*" coincides with P7"";

(ii) ]EQ[fOT da(I&F &) dt] < 1/k, so, in particular,
—_ M T — k
EC [/ dA(It“’k,at)dt] 20 0, (4.11)
0

(iii) (xo, W, m,a) under P has the same law as (z,, W, 7, @) under P**.

The claim follows if we prove that

lim JR*kmoR) = J(a), (4.12)

k— 400

where J®** denotes the gain functional for the randomized control problem (2, 7, P*¥;
To, W, 7w, %k, [k Xk, pak) which is given by

_ — —a.k T _ ok _

TRty = B[R g2,

0

with - - - - - - -

dXPF = AXPFdt + by (X TOMVdE + oy (X R TOF)dW,

+ / (KR, Tk ) (r(dt dz) — An(d2)dt),
U\{o}
Xoa,k = Ij.

As a matter of fact, if (4.12) holds true then for every £ > 0 there exists k. such that
J(a) < JRek(peky 1o < YR*% L o for all k > k.. By Lemma 4.2 we know that
V0" = ViR, so the claim follows.

It remains to prove (4.12). By item (i) above we notice that J®**(7**) can be
equivalently written in terms of EQ.

_ T _ B _
TRk (k) = EQ[ / ft<Xa*’“,I?”“>dt+g(X“7’f>]-
0

On the other hand, by item (iii) above, J(«) is also given by

J(a) = EQ[ / ' ﬁ(X%at)ng(X@)},

with o o o o ~
dXta = AXtadt + bt(Xa, dt)dt + Ut(Xa7 @t)th
+ / (X%, ay, 2) (R(dt dz) — Ar(dz)dt),
U\{0}
X5 = Zo.
EJP 24 (2019), paper 81. http://www.imstat.org/ejp/
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Hence, (4.12) can be equivalently rewritten as follows:
- T — — — k —_ A T — [
ERQ [/ Fo(XF TFY dt + g(XO"k)] 2 e { fo(X¥ &) dt + g(X¥)|.  (4.13)
0 0

Now, we notice that, under assumptions (A)-(Ar), proceeding along the same lines as in
the proof of Proposition 3.2, we can prove the following result: for every 1 < p < py,

EQ sup [£7F - X7[7] "5 0 (4.14)
t€[0,T]

It is then easy to see that, from the continuity and polynomial growth assumptions on f
and g in (A)-(v) and (A)-(vi), convergence (4.13) follows directly from (4.11) and (4.14).
This concludes the proof of the inequality V < VOR. O
5 BSDE with non-positive jumps

Let (Q, f, ]f’) be the complete probability space on which are defined z, W, #, 0 as
in Section 3.2. 2o W.m.0 — (F#0.W.m0) _ till denotes the P-completion of the filtration
generated by Z, W, T, é; we also recall that P(ﬁjo’wvﬁ’é) is the predictable o-algebra on
[0, 7] x € corresponding to F'#:W:#¢  We begin introducing the following notations.

» S2? denotes the set of cadlag IAFQO’W**Vé-adapted processes Y: [0,7T] x Q0> R satisfy-
ing
V|2, = fa[ sup |Yt|2} < .
S 0<t<T

« L?(0,T), p > 1, denotes the set of [#-W.7_adapted processes ¢: [0,7] x @ — R
satisfying

T
1600, = E| [ 0P| < o0

« LP(W), p > 1, denotes the set of P ("% W-7#).measurable processes Z: [0,T] x ) —

= satisfying
T 5
\z||p = = E[(/ Zt|%dt> ] < 0.
LP (W) 0 =

We shall identify = with its dual Z*. Notice also that Z* = L,(E,R), the space of
Hilbert-Schmidt operators from = into R endowed with the usual scalar product.

e LP(7), p > 1, denotes the set of P(I@fo’w’ﬁ’é) ® B(U)-measurable maps L: [0,7] x
Q) x U — R satisfying

1L, . = IEK/OT/ULt(z)P/\ﬂ(dz)dt)g} < .

« L”(A), p > 1, denotes the set of P(I@i“’w’ﬁ’é) ® B(A)-measurable maps R: [0,7] x
Q x A — R satisfying

i, = B[ [ [ imoRsaa) ] < s

* LP()\g), p > 1, denotes the set of B(A)-measurable maps r: A — R satisfying
1y, = [ IO Nofa) < .
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« K2 denotes the set of non-decreasing P(F'#o-W:%.0)-measurable processes K € S2
satisfying Ky = 0, so that
IK|2, = BlKrP.

Consider the following backward stochastic differential equation with non-positive jumps:

/fXI )ds+ Kp — Ky — // dsdb (5.1)

—/ Zg dW, — / / #(dsdz) — A\p(dz)ds), 0<t<T, P-as.
t
Ri(b) < 0, dt ® dP @ \o(db)-a.e. on Q x [0,T] x A. (5.2)

Definition 5.1. A minimal solution to equation (5.1)-(5.2) is a quintuple (Y, Z,L, R, K)
€ S?x LQ(W) x L2(7) x L2(9) x K? satisfying (5.1)-(5.2) such that for any other quintuple
(Y,Z,L,R,K) € 82 x L2(W) x L2(#) x L2(0) x K2 satisfying (5.1)-(5.2), we have

Y, <Y, 0<t<T, P-as.

Lemma 5.2. Under assumptions (A)-(Ar), there exists at most one minimal solution to
equation (5.1)-(5.2).

Proof. The uniqueness of Y follows from the definition of minimal solution. Now, let
(Y,Z,L,R,K), (Y, Z,L,R,K) € S2 x L2(W) x L2(#) x L2(0) x K2 be two minimal solutions.

Then
K, — K; — /( ) AW, +// — L(2)) M (dz)ds

// #(ds dz) // — Ry (b)) f(ds db), (5.3)

forall0 <t <T, P-a.s.. Observe that on the left-hand side of (5.3) there is a predictable
process, which has therefore no totally inaccessible jumps, while on the right-hand side
in (5.3) there is a pure jump process which has only totally inaccessible jumps. We
deduce that both sides must be equal to zero. Therefore, we obtain the two following
equalities: forall0 <t < T, P-a.s.,

Ky — Kt+// )))\(dz)ds—/t(Z—Z)dW

// #(ds dz) // Ry(b)) 0(ds db).

Concerning the first equation, the left-hand side is a finite variation process, while
the process on the right-hand side has not finite variation, unless Z = Zand K — K +
s J;(Ls(2) = Ly(2))Ar(dz)ds = 0. On the other hand, since # and @ are independent,
they have disjoint jump times, therefore from the second equation above we find L = L
and R = R, from which we also obtain K = K. O

We now prove that focus on the existence of a minimal solution to (5.1)-(5.2). To this
end, we introduce, for every integer n > 1, the following penalized backward stochastic
differential equation:

/fXI ds+ K} — KI' — //R” 0(ds db) (5.4)

—/ Zr AW, — //L” #(dsdz) — M\p(dz)ds), 0<t<T, P-as.
t
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where

/ / (R1(0)) " Ao(db)ds, 0<t<T, P-as.

with f+ = max(f,0) denoting the positive part of the function f.
Lemma 5.3 (Martingale representation). Suppose that assumptions (A)-(iii) and (Axr)-(i)

hold. Given any ¢ € L2(Q, FioW'-™? D), there exist Z € L2(W), L € L2(#), R € L*(9)
such that

= E[g|:@o]+/ thWt+/ /Lt #(dt dz) + / /Rt 6(dtdb),  IP-a.s. (5.5)
0

Proof. We begin noting that, when W is a finite-dimensional Brownian motion, repre-
sentation (5.5) for £ can be easily proved usmg for instance Lemma 2.3 1n [21]. As a

matter of fact, let 7o = (F70),5, FWo = (]:'tW )i>0, BT = (F7);50, I o :A(]:"9 )t>0

be the P- completlon of the filtration generated respectively by 29, W, 7, §. When
E=1, 0]1,37?0]1,%j with E;, € f;io, W, € ]-';V , Bz, € Fio, E;, € F% then rep-
resentatlon (5.5) for £ follows easily by Lemma 2.3 in [21]. Since the linear span of
the random variables of the form ]lEio]lEWO]lEﬁo]lEéo is dense in LQ(Q .FIO’W 0 ]f’)

deduce the validity of (5.5) for a general ¢ € L2({, ]—"%“’W’”’e, P).

In the infinite-dimensional case, let (e;)r>1 be an orthonormal basis of = and define
Wt(k) = (Wt, er)z, for t > 0. The processes W) are independent standard real Brownian
motions. For any positive integer n, let I = (]:"t( ))t>0 denote the IP- completion of
the filtration generated by &g, W), ..., W™, #, §. Notice that I satisfies the usual
conditions. Denote ¢ = ]E[{ |]:'¥L)] By the prev1ously mentioned finite-dimensional
version of representation (5.5), we have a martingale representation for (). It is then
easy to see that, letting n — 400 in such a martingale representation, (5.5) follows. O

Proposition 5.4. Under assumptions (A)-(Ar), for every integer n > 1 there exists
a unique solution (Y™, Z", L™, R") € S? x L2(W) x L?(#) x L?(0) to equation (5.4). In
addition, the following estimate holds:

T
1271 g Vs IR, UV < (12 + B [ D] ). 6.0
for some constant C' > 0, depending only on T and on the constant L in assumption

(A)-(vi), independent of n.

Proof. The existence and uniqueness result can be proved as in the finite-dimensional
case dim = < oo, see Lemma 2.4 in [21]. We simply recall that, as usual, it is based on a
fixed point argument and on the martingale representation (concerning this latter result,
since we did not find a reference for it suitable for our setting, we proved it in Lemma
5.3).

Similarly, estimate (5.6) can be proved proceeding along the same lines as in the
finite-dimensional case dim = < oo, for which we refer to Lemma 2.3 in [15]; we just
recall that its proof is based on the application of Itd’s formula to |Y™|2, as well as on
Gronwall’s lemma and the Burkholder-Davis-Gundy inequality. O

For every integer n > 1, we provide the following representation of Y” in terms of a
suitable penalized randomized control problem. To this end, we define V), as the subset
of V of all maps © bounded from above by n.
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We recall that, for every v € f}i [£” denotes the expectation with respect to the
probability measure on (2, F3>""™) given by dP” = &%.dP, where (i),c(o 7] denotes
the Doléans-Dade exponential defined in (4.7).

Lemma 5.5. Under assumptions (A)-(Ar), for every integer n > 1 the following equali-
ties hold:

T T ~ D A
Y = esssup]]:]['[/ f(X,1,)ds + g(X) AfO’Wﬂfﬁ], P-as,0<t<T (5.7)
VeV, t
and
EMﬁswEﬂ/fodmg@w (5.8)
DEV,

with E[YO"] =Yy, P-a.s., when To is deterministic. In addition, we have:

 forevery 0 <t <T, the sequence (Y;"),, is non-decreasing;
» there exists a constant C' > 0, depending only on T, p, and on the constant L in
assumption (A)-(vi), independent of n, such that

sup Y]] < C’(l—i— sup |Xs\ﬁ), P-a.s. (5.9
s€[0,T) s€[0,T)

Proof. Proof of formulae (5.7) and (5.8). We report the proof of formula (5.7), as (5.8)
can be proved proceeding along the same lines (simply replacmg all the P”-conditional

expectations with normal P7- -expectations, and also noting that P?” coincides with IP on

]:'g O’W’ﬁ’é, which is the IP-completion of the o-algebra generated by %(). Fix an integer

n > 1 and let (Y, Z™, L™, R™) be the solution to (5.4), whose existence follows from
Proposition 5.4. As consequence of the Girsanov Theorem, the two following processes

t
/ Z" AW, / / L(2) (7t(ds dz) — Ar(dz)ds),
0

are ]f”’-martingales (see e.g. Theorem 15.3.10 in [5] or Theorem 12.31 in [14]). Moreover

[/ /Rn f(ds db) ’f%’wwe] E"MT/AR?(b)ﬁs(b)Ao(db)ds

.’,C()WT(Q

j—fco,W,fr,é:|
] .
Therefore, taking the P?-conditional expectation given F,

v = A{XT /f

Eﬂl‘ﬂmmym+—%@RmMMwww

in (5.4), we obtain

:CQ,Wﬂ'Q:| (5.10)

]:IO’W o7 9}7 P-as.,0<t<T.

Firstly, we notice that nu™ —vu > 0forallu € R, v € (0,n], so that (5.10) gives

Yy > esssupr"{ XT / f
PEV,

Fro W, ‘)] P-as,0<t<T. (5.11)

On the other hand, since R" € LQ(é), by Lebesgue’s dominated convergence theorem for
conditional expectation, we obtain

T I
lim E|:/ / |R?(b)|2 ]l{R”(b)<—N} Ao(db)ds f;o’w’ﬂ’e] = 0.
N—00 t A s =
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So, in particular, for every n > 1 there exists a positive integer N,, such that

T
E[/ /RZ(b)Q]l{R?(bKNTL}AO(db)ds} < em (M DXM(T=Y), (5.12)
t A

Now, let us define

n,e

P75 (0) 1= nlirpyzo) +elimicrpmy<oy — SR n, <rzty<-1) +EN R (BN

It is easy to see that 0™° ¢ V,,. Moreover, we have

T
) [ ey - ore ) m o) s 70|
t A
< /(T —t)ho(A {\/(T — ) Ao(A) (5.13)
n "%%")E 2 220, W, 7,0 T T n 2 ~go, W, 7,0
B | zme | B E A [RY(B)]? Lirn(b)<—N,} Ao(db)ds|F; :
t t

Recalling that, for every © € V, it holds that |#7[2 = 22" efs Ja(Zr(®)=DXo(db)dr o [ T
(see e.g. the proof of Lemma 4.1 in [15]), we obtain

DTE A~ ‘lAln’El2 N ~
o |: ,i,n _ ’}-xo,W 7 0:| - I |:’€7:n.5|2 eftT So (575 (b)=1) Ao (db)dr ﬁtj07W7ﬁ79:| (5.14)
RY ,%t” '
‘Dn ,€12 . .
< |:’K3T - e(n=1)Aa(A)(T—1t) ﬁtio,wy‘ﬁ'ﬁ:| _ e(nfl))\o(A)(Tft),

t

where the last equality follows from the fact that, for every v € f), we have 72 € ]9, o)
that #”° is a martingale. Plugging (5.12) and (5.14) into (5.13), we end up with

| | ) [ @) =52 @) B2 Db
< e/(T —t)ho(A {\/(T—t))\o(A)+1} = eC,
with C' := /(T — t)A\o(A){\/(T — t)Ao(A) + 1}. Plugging (5.15) into (5.10) we get
Y < B [ (1) / (X

ess sup B [gom " / F(R L) ds
eV, t

FroWH, 9} (5.15)

+eC

IN

mo,W 7, 9:|

IN

ﬁfﬂ’w’ﬁ’é} +eC, Pas,0<t<T.

From the arbitrariness of ¢, we find the reverse inequality of (5.11), from which (5.7)
follows.

Proof of the monotonicity of (Y"),,. By definition Y, C f}nﬂ. Then inequality Y;* < Y;" ™,
IP-a.s. for all ¢t € [0, T, follows directly from (5.7).

Proof of formula (5.9). In the sequel we denote by C' a non-negative constant, depending
only on T, p, and on the constant L in assumption (A)-(vi), independent of n, which may
change from line to line.

Recalling the polynomial growth condition (2.1) on f and g in assumption (A)-(vi), it
follows from formula (5.7) that

Y| < CesssupE? [1 + sup | X, \p‘ffo’w’ﬁ’é}, P-as., 0<t<T.
vEV, s€[0,T)
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Finally, by estimate (4.5), together with the fact that Y is a cadlag process, we see that
(5.9) follows. O

We can now prove the main result of this section.

Theorem 5.6. Under assumptions (A)-(Ar), there exists a unique minimal solution
(Y,Z,L,R,K) € 82 x L2(W) x L2(#) x L2(0) x K2 to (5.1)-(5.2), satisfying

T 7 ~ A A

Y, = esssuprﬁ[/ fs(st)ds+9(X)‘ﬁ§”°’w’”"’], P-as,0<t<T  (5.16)
Y t

and

B[Yy] = wa”[/ fo(X, 1) ds—|—g()A()} = VR, (5.17)
vey

with ]E[YO] =Y,, P-a.s., when # is deterministic. In addition, we have:

(i) for every 0 <t < T, the sequence (Y;"), increasingly converges to Y;; moreover,
Y" - Y in L2(O,T);

(ii) the following estimate holds:

sup |Ys| < C’(l+ sup |Xs|’3>, P-a.s., (5.18)
s€[0,T] s€[0,T)

with the same constant C as in (5.9);
(iii) the sequence (Z",L", R™), weakly converges to (Z, L, R) in L2(W) x L2(#) x L2(0);
(iv) for every 0 < t < T, the sequence (K}'), weakly converges to K, in
L2(Q, B0 W0 By,

Finally, the so-called randomized dynamic programming principle holds: for every
t € [0,7] and any frdo, W .0 -stopping time 7 taking values in [t, T|, we have

Y, = esssupIAEA[/ fs( X f ds+ Yz
pey

]:’”OvW g ‘1 ., DP-as. (5.19)

Proof. Construction of (Y, Z, L, R, K) in S% x L2(W) x L2(#) x L2(f) x K2 solution to (5.1).
By Lemma 5.5 we know that, for every 0 < ¢ < T, the sequence (Y;"),, is non-decreasing.
Since Y is cadlag, it follows that there exists a P-null set N such that, for every integer
n>1,
V@) < Y/ @),  0<t<T, &¢N.

This property, together with estimate (5.9), shows that there exists a measurable
Tro.W. 7.0 -adapted process Y = (Y}):>0 such that Y;"(w) increasingly converges to Y;(),
0<t<T,w¢ N. Moreover, estimate (5. 18) holds, from which we also deduce that
Y™ — Y in L%(0,7). In addition, noting that YV, C Vn+1 and U,V, =V, letting n — oo in
equalities (5.7) and (5.8), we obtain formulae (5.16) and (5.17), respectively.

By estimate (5.6), we see that the sequence (Z", L™, R"),, is bounded in the Hilbert
space L2(W) x L2(#) x L2(0). So, in particular, (Z", L™, R"),, admits a weakly convergent
subsequence (Z"*, L+, R"*); going towards some (Z, L, R) € L2(W) x L2(#) x L%(6).
Then, for any %W _stopping time # taking values in [0, 7], we obtain

/+Z"’*dW - / Zy dW,, //R"’* 0(ds db) // (b) 0(ds db),
//L”’“ w(dsdz) — Ar(dz)ds) // w(dsdz) — Ar(dz)ds).
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By equation (5.4), we have

KP = y:_yon_g()%)_/ fo(X, 1) ds+/ /R” 0(ds db)
+/ Z" dW, Jr/ /L" (dsdz) — Ar(dz)ds).
0

Noting that Y* — Y% strongly in LQ(Q, ff“’w’ﬁ’e, P), we get

K_?k — K,
where
K, =Y, -Yy—g /fSXI ds+//R dsdb)
/Z dW, —|—// #(dsdz) — Az (d2z)ds), 0<t<T.

Since K;* — Krp, from the lower semicontinuity of the norm with respect to the weak
topology on L2((, .F“JU’W” 0 ,P), we deduce that E|Kr|? < co. It is also easy to see

that K™ weakly converges to K in L2(0,T). Since the set of ]Fio’w’ﬁ’é—predictable
processes is convex and strongly closed in L2(0,T), it is also weakly closed, so that K is
[rdo, W 7.0 -predictable.

Now, glven any Trdo, W 7.0 -stopping times 7 and 7/, with 0 < 7 < 7/ < T, since
K? < K7, P-a.s., we deduce that K; < K, P-a.s.. This implies that K is a non-
decreasing process. As a matter fact, K is non-decreasing if and only if the two processes
K and supg<,<. K are If’-indistinguishable. Since K is predictable, we notice that
SUPg<g<. K is also predictable (by the proof of item (a) of Theorem IV.33 in [8] we know
that §u¥)0<5 <. K is progressively measurable and left-continuous, hence it is predictable;
since K is predictable and SUPg<s<. Ks = K.V supg<,.. K, we deduce that supy« . K,
is predictable). Let o - o

7P o= inf{tZO: K; < sup KS}, o= 1nf{t2f' Ki = sup Ks}>

0<s<t 0<s<t

with inf() = co. The claim follows if we prove that IAP(A o0) = 0. We proceed by
contradiction, assuming that £ := {# < oo} is such that P(E) > () e begin noting that

7 < 7' on E. Now, for every & € F and any ¢ satisfying 7(&) < ¢t < 7/(@), we obtain
K (@) < sup K (@) = sup K,(). (5.20)
0<s<t 0<s<7(@)

Since K and supy<,<. K5 are predictable, 7 (resp. 7') is a predictable time, so, in
particular, there exists a sequence of stopping times 7, T 7, with 7,,, < 741 < 7
whenever 7 # 0 (resp. 7,, T 7/, with 7, < 7/,,; < 7/ whenever 7/ # 0). It is then
easy to prove (using that 7 < 7/ on F and 7’ is announceable) the existence of a
stopping time 7 satisfying 7 < 7 < 7/ on E. Moreover, using that 7 is announceable,
we obtain K; = supy<,<; K, arguing as follows. Let I’ := {K; < supg<,<; Ks} N E.
On F' it holds that supy<,<; Ks = supy<,; K. Since 7, T 7 and the stochastic process
SUPg<s<. Ks is left-continuous, we have supgc .z Ks T Supgcger Ks. As T < T
on FE, it follows that SUPg<s<s,, Ks < supogsg;m K, < supOSK;erl K, on E, therefore
K3, = supgcs<sz, Ks T supg<s.» K5 on E. Recalling that supy<,.; K5 > K7 on F, we
get a contradiction with K; < K;, unless F'is a P-null set. Finally, from (5.20) with
t = 7(&), we obtain

Kr) < K, for every w € E\F,
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which is in contradiction with K> > K;, unless F is a P-null set. This shows that
P(# < c0) = P(E) = 0 and proves that K is a non-decreasing process. Finally, by Lemma
2.2 in [18] it follows that both Y and K are cadlag, so, in particular, they belong to
S2. We conclude that (Y, Z, L, R, K) € S2 x L2(W) x L%(#) x L2(f) x K2 is a solution to
equation (5.1).

Proceeding along the same lines as in the proof of Lemma 5.2, we deduce that given
Y there exists a unique quadruple (Z, L, R, K) in L2(W) x L2(#) x L2(0) x K? satisfying
equation (5.1). It follows that the entire sequence (Z", L™, R"),, weakly converges to
(Z,L,R) in L2(W) x L2(#) x L2(f), so that item (iii) holds. Similarly, item (iv) holds.

Jump constraint (5.2). Let ®: L2(¢ ) — R be given by

= IAE{/OT/A(E(a))*)\O(db)dt 2, VR e L.

Since ® is convex and strongly continuous, it is also weakly lower-semicontinuous,
therefore

IAE Kn 2
®(R) < liminf ®(R") = hminfM

n— oo n— oo n

:O’

where the last equality follows from estimates (5.6) and (5.9). This implies that ®(R) = 0,

that is . )
IE[/O /A(Rt(a))Jr)\O(db)dt =0,

which means that the jump constraint (5.2) is satisfied. In conclusion, (Y, Z, L, R, K) is a
solution to (5.1)-(5.2).

Proof of the minimality of (Y, Z, L, R, K). The minimality follows from Y = lim, Y,,. In
fact, let (Y, Z,L,R,K) € 8% x LQ(W) x L2(7) x L2(0) x K? be another solution to (5.1)-
(5.2). Proceeding as in the proof of formula (5.7) (see the beginning of the proof of
Lemma 5.5), given any ¢ € [0,7] and © € V), taking the P”-conditional expectation with

wo,WTrG

respect to F; in (5.1), we obtain, IP-a.s.,

Y, = E”{ (Xr) + / fo(X,1,) ds
w1 [ o mo tanas| 7] > ok + [ T sl 770

From the arbitrariness of 7, we get

fﬂj(} W7r9:| +]EV[KT _Kt’j—_-zo,Wﬂ'H]

Y, > esssupIE”[ XT / fs( X f
ey

AiO’W’ﬁ’é] P-as.,0<t<T.

By formula (5.7), recalling that v, C V, we conclude that Y < Y, 0<t<T,Pas.
Letting n — oo, we obtain V; < 17; 0 <t < T, P-a.s., which proves the minimality of
(Y, Z,L, R, K). Finally, by Proposition 5.2 we know that (Y, Z, L, R, K) is unique.

Proof of the randomized dynamic programming principle (5.19). Fix ¢t € [0,T] and let 7
be a ]E“J%O’W’ﬁ’é-stopping time taking values in [¢, T]. Given any integer n > 1, consider the
penalized equation (5.4) between 0 and 7 with terminal condition Y'. Then, proceeding
along the same lines as in the proof of formula (5.7), we obtain

Y = esssuprA[/ fs( X f ds+Y!"
PEVn

]-'IO’W o7 9}7 P-a.s.
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Recalling that V,, € Vand Y” < Y, we find ¥;” < esssup ]Eﬁ[f: fo(X, 1)) ds+Y+|.7:"f°’W’%’é].
ey
Letting n — oo, we conclude that

Y, < esssupIAEA[/ fs( X f ds+ Yz
pevy

]’xO’W x ‘1 ) P-a.s.

In order to prove the reverse inequality, take a positive integer m, then, for every n > m,

Y, > eSSSUpIAEA[/ fs X f dS—I—YA 107W7r9:|
vEV,

> esssup ”[/ fo(X, 1) ds + Y™ Afow,fr,e}
ﬁefin

where we have used that Y; > Y;" and Y* > Y.". From the arbitrariness of n, we end up
with Y; > ]E”[f; fs(X,fs) ds + Yfm|]:"f°’w’7}’9], for any 7 € V and m > 1. Letting m — oo
and taking the essential supremum over V, we see that the claim follows. O

6 HJB equation in Hilbert spaces: the Markovian case

In the present section, we replace assumptions (A) by the set of assumptions (Aym)
reported below. Before stating (Aym), we notice that in this section, A still denotes a linear
operator from D(A) C H into H, while the coefficients b, o, ~, f, g are non-path-depedent,
namely b: [0,T] x Hx A — H, 0: [0,T] x Hx A = L(E;H),v:[0,T] x HxAxU — H,
f:00,T] x Hx A —- R, g: H — R. In what follows, we shall impose the following
assumptions on 4, b, 7, v, f, g.

(Am)

(i) A is a linear, densely defined, maximal dissipative operator in H. In particular, A
is the generator of a strongly continuous semigroup {e*4, ¢ > 0} of contractions.
Moreover, there exists (see e.g. Theorem 3.11 in [9]) an operator B: H — H, which
is linear, bounded, strictly positive, self-adjoint, with A* B bounded on H, such that
the weak B-condition for A holds

((wA*B + ¢yB)z,x) > 0, forallz € H,

for some constant ¢y > 0.

We define on H the norm | - |_y, defined as |z|_; := |B'/?z|, for every x € H. In
addition, we define the space H_, to be the completion of H under the norm | - |-
H_ is a Hilbert space equipped with the scalar product

(x,y)—1 = (BY?x, B/?y).

(ii) There exists a Borel measurable function p: U — R, bounded on bounded subsets
of U, such that

inf p(z) > 0, forevery R > 0 and /\p(z)|2/\ﬂ(dz) < 0.
[z2lu>R U

(iii) The maps b, v, f, g are Borel measurable. For every v € H, the map o (-, -, -)v: [0,T]X
H x A — H is Borel measurable.
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(iv) The map g is continuous on H with respect to the supremum norm. For every
t € [0,7], the maps b(t,-,-) and f(¢,-,-) are continuous on H x A. For every (¢,z) €
[0,T] x U, the map ~(¢, -, -, 2) is continuous on H x A. For every ¢ € [0,7] and any
s € (0,7], we have e*4o(t,z,a) € Ly(Z; H), for all (z,a) € H x A, and the map
esAo(t,-,-): H x A — Lo(Z; H) is continuous.

(v) Forallt € [0,T],s€ (0,T), z,2’ € H a€ A, z €U,

|b(t, x,a) — b(t, 2, a)| + |e*a(t, z,a) — eSAU(t,sc’,a)|L2(E;H) < Lz —2'|-1,
(b ,0,2) — (6202 < Do)l — ] 1,
(t,0,)| + |0 (t,0, )|z < L.
[v(t,0,a,2)| < Lp(z),
|f(t,z,a) = f(t,2",a)| + [g(x) — g(2)] < w(|z —2'|-1),
|f(t,0,a)] < L,

for some constant L > 0 and some modulus of continuity w, i.e. a continuous, non-
decreasing, subadditive map w: [0, 00) — [0, o) satisfying w(0) = 0 and w(r) > 0,
for any r > 0.

Stochastic optimal control problem. We now formulate the stochastic optimal con-
trol problem in such a setting. Since the formulation can be done proceeding along the
same lines as in subsection 3.1, we focus on the main steps. We consider a complete prob-
ability space (€2, F,P) on which are defined a cylindrical Brownian motion W = (W})¢>0,
with values in Z, and an independent Poisson random measure 7 (dt dz) on [0, co) x U
with compensator \.(dz)dt. For every t > 0, we denote by F-W':™ = (FLW.™) -, the
P-completion of the filtration generated by (W, — W,),>; and the restriction of (dt dz)
to [t,00) x U.

For every t € [0,7], an admissible control process at time ¢ will be any F:":-
predictable process «: [t,T] x @ — A. For every t € [0,T], the set of all admissible
control processes at time ¢ is denoted by A;. For every (¢,z) € [0,7] x H and any « € A,
the controlled equation has the form

dXs = AXyds+b(s, Xs,a5)ds + o(s, Xs, as) dWy
+ / V(s, X, a5, 2) (m(ds dz) — Az (dz) ds), t<s<T, (6.1)
U\{0}
Xt = T.

We have the following result.

Proposition 6.1. Under assumption (Ay), for every (t,z) € [0,T] x H and any « € A,
there exists a unique mild solution X%%® = (Xﬁ"”’“)se[tﬂ to equation (6.1). Moreover,
foreveryp > 1,

E[ sup \X;@’aﬂ < C, (14 |2]), (6.2)
s€(t,T]

for some positive constant C),, independent oft, x, «.

Proof. The proof can be done proceeding along the same lines as in the proof of Proposi-
tion 3.1. m

The controller aims at maximizing over all a € A; the gain functional

T
J(t,x,0) = E[/ Fs, X0 ) ds 4 g(XE™*) |
t
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Finally, the value function of the stochastic control problem is given by

v(t,z) = sup J(t,z,aq), (t,x) € [0,T] x H. (6.3)
aEA,

Lemma 6.2. Let assumption (Ay) hold. There exist a modulus of continuity w, and a
constant C' > 0 such that

|J(t,z,a) — J(t, 2, a)| < wy(|lz—2|-1), (6.4)
|J(t,z,0)] < C(1+ |z]-1), (6.5)
forallt € [0,T), z,2’ € H, a € A;. In particular,
lo(t,z) —v(t,2")] < wy(|lz —2|-1), (6.6)
ot 2)] < C(1+]al ),

forallt € [0,T], z,2’ € H.

Proof. We begin noting that, proceeding along the same lines as in the proof of estimate
(3.12) of Theorem 3.4 in [20], we can prove that the following estimate holds:

’
sup IE[|X;TO‘ — Xbee
t<s<T

1] < Clz — 2|4, (6.7)

for some constant C' > 0, independent of ¢, =, =/, a. Then, (6.4) follows directly from
estimate (6.7) and the assumptions on f and g in (Ay)-(v). On the other hand, (6.5)
follows from estimate (6.2), using again the assumptions on f and g in (Aym)-(v). O

Randomized setting. We now consider, following Section 4, the randomized setting.
We focus on the main steps. We consider a complete probability space (Q,]:'7]P) on
which are defined a cylindrical Brownian motion W = (Wt)f,zo with values in =, a
Poisson random measure 7(dtdz) on [0, co) x U with compensator A.(dz)dt, and a
Poisson random measure 0(dt da) on [0, co) x A with compensator Ao(da) dt (satlsfylng
assumption (Az)-(i)). For every t > 0, we denote by FtW.70 — (Fb W, 9) >¢ the P-
completion of the filtration generated by (WS Wt)szt: the restriction of #(dtdz) to
[t,00) x U, the restriction of §(dt da) to [t,00) x A. Finally, we denote by P(IAFLW”?*(;) the
predictable o-algebra on [t,T] x ) associated with It W70,

For every t € [0,T], we denote by V, the set of all P(I@t’w’ﬁ’é) ® B(A)-measurable
functions : [t,T] x Q x A — (0, 00) which are bounded from above and bounded away
from zero. Given © € f}t, as in Section 4 we consider the corresponding Doléans-Dade ex-

ponential &*7 = (/%g’h)ge[t 71 defined as in (4.7) and we introduce the probability measure

P*” on (Q, Fi W, 9) as dP*” = /@tT” dP. Finally, we denote by E*” the expectation with
respect to ]Pt v,

For every t € [0,T] and a € A, we denote by I* = (fﬁ’“)se[tj] the stochastic process
taking values in A defined as (notice that, when A is a subset of a vector space, we can
write (6.8) also as "% = a+ [ [, (b— I\*) f(drdb), s € [t,T])

I =Y alyg () + D in g, 1,,,)(5), forallt<s<T,  (6.8)
n>1 n>1
t<T),

where we recall that (Tn, fin)n>1 is the marked point process associated with the random
measure 0, in particular we have 0(dt da) = > n>1 0, 4, (dE da).
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Now, for every (¢,z,a) € [0,T] x H x A, we consider the following equation:
dX, = AX,ds+ b(s, X, IAQ) ds + o (s, X, fg) dW,
+ / v(s,f(s, I,_, 2) (fr(ds dz) — Ar(dz) ds), t<s<T, (6.9)
U\{0}
Xt = XT.

We have the following result.

Proposition 6.3. Under assumptions (Am) and (Ag)-(i), for every (t,z,a) € [0,T]x H x A,
there exists a unique mild solution X**® = (Xt ““)sep,m) to equation (6.9), such that,
foreveryp > 1,

IFZ[ sup |X;va“|1’} < C, (14 |2P), (6.10)
s€t,T]

for some positive constant C,,, independent of't, x, a.

Proof. The proof can be done proceeding along the same lines as in the proof of Proposi-
tion 3.2. O

BSDE with non-positive jumps. We introduce the following additional notations.

» S2(t,T) denotes the set of cadlag IAFtW’ﬁ*é-adapted processes Y: [t,T] X Q>R
satisfying

Sz(t T

= E[ sup |Y5\2} < 00.
t<s<T

. LP(VT/; t,T), p > 1, denotes the set of P(Ftvwvﬁvé)-measurable processes Z: [t,T] x

Q) — Z satisfying
N
| Z]||P = E[(/ |Zs|%d5> ] < 0.
LP (W) + =

o LP(7;¢,T), p > 1, denotes the set of P(]ﬁ‘tvw’f“é) ® B(U)-measurable maps L: [t,T] x
Q x U — R satisfying

e = E|( [ o |Ls<z>2xﬂ<dz>ds)g} -

. If’(é; t,T), p > 1, denotes the set of P(Ftvwvﬁ’é) ® B(A)-measurable maps R: [t,T] x
Q x A — R satisfying

iz, =B [ |Rs<b>m<db>ds)g} < oo.

« K2(t,T) denotes the set of non-decreasing P(]?t=W’*vé)-measurable processes K €
S2%(t,T) satisfying K; = 0.

1LY

For every (¢,z,a) € [0,T] x H x A, we introduce the following backward stochastic
differential equation with non-positive jumps:

Y, = g(Xh") / fOr, XEme I5Ydr + Kp — K, — / / O(dr,db) (6.11)
- / ZndW, — / / #(drdz) — Ae(dz)dr), t<s<T, P-as.
s U\{0}
R,(b) < 0, ds®dP® \o(db)-a.e. on [t,T] x {2 x A. (6.12)
EJP 24 (2019), paper 81. http://www.imstat.org/ejp/

Page 28/37


https://doi.org/10.1214/19-EJP333
http://www.imstat.org/ejp/

BSDEs and stochastic control problems of infinite-dimensional jump-diffusions

Definition 6.4. Given (t,z,a) € [0,T] x H x A, a minimal solution to equation (6.11)-
(6.12) is a quintuple (Y, Z, L, R, K) € S2(t,T) x L2(W;t,T) x L2(#;t,T) x L2(0;t,T) x
K?2(t,T) satisfying (6.11)-(6.12) such that for any other quintuple (?,Z,ﬂ,l:?, f() €
S2(t,T) xL2(W;t,T) x L2(7;t, T) x L2(0; ¢, T) x K2(t, T) satisfying (6.11)-(6.12), we have

Y, <Y, t<s<T, P-as.

We can now state the two main results of this section: the first result is the probabilis-
tic representation formula (or non-linear Feynman-Kac formula) for the value function v
defined in (6.3); the second result is the so-called randomized dynamic programming
principle for v.

Theorem 6.5. Under assumptions (Ay) and (Ag)-(i), for every (t,z,a) € [0,T] x H x A
there exists a unique minimal solution (Yt%@, zZt@e [the.a Rtaa [taea) ¢ §2( T x
L2(W;t,T) x L2(7;¢,T) x L2(0;t,T) x K2(¢,T) to (6.11)-(6.12), satisfying

v(s, Xb™%) = Ybh®me  Pas t<s<T (6.13)

and, in particular,
o(t,z) = B, (6.14)

with B[Y,"*%) = Y""*, P-a.s..

Proof. We firstly define the value function of the so-called randomized stochastic optimal
control problem:

T
Pria) = sup B [ s X0 ds g (X)) € 0T X H x A
f/ef/t t

Now, we apply Theorems 4.7 and 5.6 to our original and randomized control problems.
To this end, notice that the control problems in Theorems 4.7 and 5.6 are formulated on
the time interval [0, 7], while our control problems are formulated on the time interval
[t,T]. Then, taking into account of this time change, we can apply Theorems 4.7 and 5.6
interpreting, for what concerns our original stochastic control problem, t, z, (Ws—W;)s>4,
the restriction of 7 to [t,00) x U, Ay, (XL™%)sep,1, v(t, x) as follows: 0, zo, (Wy)>0, 7 0on
[0,00) x U, A, (X7°“)s¢qt,1), Vo in subsection 3.1; similarly, concerning our randomized
stochastic control problem, we have that ¢, z, a, (I/T/g — Wt)sZt' the restriction of 7
to [t,00) x U, the restriction of § to [t,00) x A, Vi, (X;»mva)se[m, (I}“)se[t,ﬂ R (t,x,a)
correspond to 0, xg, ag, (Wt)tzo, 7 on [0,00) X U, 6 on [0,00) x A, V, (Xt)te[O,T]' (jt)te[O,T]'
VJ? in Section 4. Then, by Theorem 4.7 we deduce that

o(t,z) = 9%(t,z,a), V(t,z,a) €0,T] x H x A.

In addition, by Theorem 5.6 we deduce that there exists a unique minimal solution
(Yhea ghtwa [heae Rtea gtee) e §2(t T) x LA(W;t,T) x L*(#;¢,T) x L?(6;¢,T) x
Kz(t,T) to (6.11)-(6.12), satisfying (6.14), so, in particular,

o(t,z) = Y™ P-as.

for all (t,z,a) € [0,T] x H x A. It remains to prove (6.13). To this end, we begin noting
that, for every (¢,z,a) € [0,T] x H x A, the flow property holds: for every s € [t,T)
we have (Xf’XS’L’u’I*"a,IAf’I**’a) = (Xt®e Jte), P-as., for any r € [s,T]. Indeed, the flow
property for I*¢ follows directly from its definition in (6.8), while the flow property

for Xt® is a consequence of the uniqueness of the solution to equation (6.9). Let us
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now consider the penalized backward stochastic differential equation associated with
(6.11)-(6.12):

T
Yr = g(f({;’”v“wr/ f(r, XLme Ihe) dr+n/ / (R} (b)), Ao (db)dr (6.15)

—/ Zrdw, — //R” 0(dr, db) — // L(2) (7(dr dz) — Mg (d2) dr),
s U\{0}

forall t < s < T, P-a.s.. For every (t,z,a) € [0,T] x H x A, we deduce from Proposition

5.4 the existence of a unique solution (Y™h®a zmta.a [ntza prtea) e G2(¢ T) x

L2(W t,T) x L2(7;t,T) x L2(8;t,T) to (6.15). Then we define the deterministic function
n:0,T] x H x A — R as (notice that B[Y;""""] = Y;""**, P-a.s., since the random

variable Y;""""% is F}’ W70 _measurable)
" (t,xz,a) = BY"™,  (t,x,a) €[0,T] x H x A. (6.16)

Now, using the flow property and the uniqueness of the solution for the backward stochas-

nthzaIta

tic differential equation (6.15), we find: for every s € [¢t,T], we have Y, =
y,wt@ae P-a.s., for any r € [s, T]. This implies, from (6.16), that

(s, Xb™) = ymtee Paas, t<s<T. (6.17)

Finally, by item (i) in Theorem 5.6 we have that Y;""** converges P-a.s. to Y;"**, which
implies that 9" converges pointwise to 9. So, in particular, letting n — oo in equality
(6.17), we see that (6.13) holds. O
Theorem 6.6. Let assumptions (Ay) and (Ag)-(i) hold.

1) For every R > 0, there exists a modulus of continuity wgr such that
o(t, ) —v(t',2)| < wr(lt—1]),

for allt,t’ € [0,T], |z| < R.
2) The randomized dynamic programming principle holds: for every t € [0,T] and any
W9 _stopping time 7 taking values in [t, T], we have

v(t,x) = sup I" [/ f(s, Xb™e %) ds + (7 Xt“)] (6.18)
I/EVt

Proof. We firstly prove a preliminary result, namely the randomized dynamic program-
ming principle for deterministic times: for every ¢t € [0,7] and any ¢’ € [¢,T],

tl

o(t,z) = sup B [/ f(s, Xbma Tba) ds + v(t',Xtt,’w’a)} (6.19)
ﬁef)t t

Following the same arguments as in the proof of Theorem 6.6, we see that we can

apply Theorem 5.6 to our backward stochastic differential equation (6.11)-(6.12). So, in

particular, by (5.19) we have: for every ¢ € [0, T] and any I t:W.m9_stopping time 7 taking

values in [t, T,

Yf’w’a = sup IAEW[/ f(s,Xg’m’a,fﬁ’a) ds—i—Yﬁ’La ) (6.20)
ﬁGf/t t
Now, by (6.20) with 7 = t/, together with (6.13), we see that (6.18) follows.
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Proof of 1). We proceed as in the proof of Lemma 4.3 in [20]. More precisely, fix R > 0,
0<t<t <T,and |z| <R. Then, by (6.19) we have

tl

o(t,2) — o(t',2)] < sup B U |f(s, Xm0 [0 ds + [o(t, X5 — o(t', )| |. (6.21)
ﬁefit t

Now, notice that proceeding along the same lines as in the proof of estimate (3.13) of

Theorem 3.4 in [20], we can prove that the following estimate holds:

B[ sup [X5 —af'] < w(t —0), (6.22)
t<s<t/

for some modulus w,. Then, using the assumptions on f in (Ayw)-(v), estimates (6.10)
and (6.22), inequality (6.6), and estimate (D.1) in [9], we obtain from (6.21):

o(t, ) —o(t',x)] < C (' —t) (1+]|z]) + sup Etﬁ[wv(mpx’%ﬂ_l)} < wr(|t -1,
eV,

for some constant C' > 0 and some modulus wg.

Proof of 2). From item 1) and inequality (6.6), it follows that v is continuous on
[0,7] x H (taking on H the usual norm |- |). As a consequence, the stochastic pro-
cess (v(s,f(ﬁ*zva))se[t,T] has cadlag paths. Since (Y/*%),c, 7] also has cadlag paths,
we see that the two stochastic processes (v(s,f(?‘”v“))se[tﬂ and (Y)"%)ep,1) are -
indistinguishable, since by (6.13) are one the modification of the other. In other words,
it holds that

v(s, XbP®) = yiee < s<T, Pas. (6.23)
In particular, given any ]AFt’Wv’?’é-stopping time 7 taking values in [t, T], we deduce from
(6.23) that
o(7, XE0) = YAP Peas.
Then, by (6.20) we see that (6.18) holds. O

6.1 Viscosity property of the value function v

We now exploit the randomized dynamic programming principle (6.18) in order to
prove that the value function v in (6.3) is a viscosity solution to the following Hamilton-
Jacobi-Bellman equation on [0,7] x H:

ve + (Az, D)

+sup,ep {%Tr(o(t,x, a)o*(t,z,a)D2v) + (b(t,z,a), Dyv) + f(t,2,a)

+ fU\{O}(v(t,x +9(t, z,a,2)) —v(t,z) — Dyo(t, z)y(t, z,a, z)))\,r(dz)} = 0,
o(T,z) = g(x).

(6.24)

We adopt the definition of viscosity solution given in [20], Definition 5.2, which
requires the following notions.

Definition 6.7. Let u: (0,7) x H — R.
We say that u is B-upper semicontinuous if, for all (t,x) € (0,T) x H,

whenevert,, — t, ©,, — x, Bx,, — Bz.
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We say that u is B-lower semicontinuous if, for all (t,z) € (0,T) x H,

liminf w(t,,,z,) > u(t, )
m——+00
(tm>Tm )E(0,T)x H

whenevert,, — t, x,, — x, Bx,, — Bz.

We say that u is B-continuous if it is both B-upper semicontinuous and B-lower semi-
continuous.

Definition 6.8. A function ¢: (0,7) x H — R is a test function if ¢ (t,z) = p(t,z) +
o(t,z)h(|z|), where:

(i) ¢t, Dy, D3¢, A*Dyp, 6;, D6, D25, A*D,6 are uniformly continuous on (g,T —
€) x H, for every ¢ > 0; in addition, ¢ is B-lower semicontinuous; finally, § > 0,
bounded, and B-continuous.

(ii) h is even, h’ and h" are uniformly continuous on R, h'(r) > 0 for every r > 0.
Remark 6.9. Notice that a test function v satisfies the following property: for every

€ > 0, there exists a constant C. > 0 such that | (¢,2)| < C.(1 +|z|?) on (¢,T — ¢) x H.

Definition 6.10. (i) A B-upper semicontinuous function u: (0,T) x H — R is a viscosity
supersolution of (6.24) if whenever

(u=9)(t,z) = min_ (u—1)

(0,T)x H
for (t,z) € (0,T) x H and ¥(s,y) = p(s,y) + d(s,y)h(|y|) a test function, then
Ui(t,x) — (z, A" Dyp(t, x) + h(|z]) A" D, (¢, x))

+ sup <;Tr(a(t, x,a)a*(t,:c,a)Dgw(t,x)) + (b(t,z,a), D,w(t,x)) + f(t, z,a)
a€N

+ / (Wt 2) (8, +y(t, 3,0, 2)) = P(t, ) (t, 2) — Datp(t, 2)(E, )y(t 2, 0, Z))Aw(d2)> < 0.
U\{0}

(ii) A B-lower semicontinuous function u: (0,7) x H — R is a viscosity subsolution of
(6.24) if whenever

(u+)(t,z) = (of%?fH(“ + 1)

for (t,x) € (0,T) x H and 9(s,y) = ¢(s,y) + (s, y)h(ly|) a test function, then
— u(t, x) + (z, A" Dyp(t, x) + h(|z|) A" D6 (t, )

+ 21615\) (— %Tr(o(t,x, a)o*(x,a) D3y(t, a:)) — (b(t,z,a), Dup(t, x)) + f(t,x,a)

- / (¢(t,$)(t,l‘ + 7(t7x7a’ Z)) - w(tv x)(t7$) - wa(t7x)(t’m)7(ta Z,a, Z))/\ﬂ'(dz)> > 0.
U\{0}

(iii) A function u: (0,T) x H — R is a viscosity solution of (6.24) if it is both a viscosity
subsolution and a viscosity supersolution of (6.24).

In order to prove that v is a viscosity solution to equation (6.24) we will need the
following technical result.
Lemma 6.11. Let assumption (Av) hold. Let ¢ = ¢ + dh(| - |) be a test function. Fix
t, ' € (0,T), with t < ', and let 7 be a I'"W-*f _stopping time taking values in [t,t']. Then,
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for any (z,a) € H x A, v € V),

B (w7, X07)] 2 wita)+ B[ [ s
t

(XL AT Dy, XP50) + (| X5 ) A" Db (r, X15%)) dr

+ /Tr[a(r,f(ﬁ’m"‘,ff,’a)a*(r,Xﬁ’x’a,fﬁ’a)Dizb(r,Xf.’x’a)]dr
t

7

+

T— NI

U O R )
t

— p(r, XET) — Dytp(r, Xy (r, Xt fta z)))\ﬂ(dz)dr] (6.25)

[t S

Proof. The proof can be done proceeding along the same lines as in the proof of Lemma
5.3 in [20], the only difference being the presence of the pure jump process It For this
reason, here we just give an outline. The proof consists in approximating the process
Xtea by means of a sequence of more regular processes Xmt®a which are obtained
replacing the operator A in equation (6.9) by its Yosida approximations (A4, ),. It is well-
known, see e.g. Theorem 27.2 in [17], that ¢ (-, X"*""") satisfies an It formula. Then,
using convergence results of Xntza towards X%, which can be found for instance in
Proposition 1.115 of [9], and taking the expectation under P, we deduce (6.25) using

N N 1 Ytx,a N
that (—AXt®a §(r, Xﬁ%%xﬁ%% > 0. O

Proposition 6.12. Let assumptions (Ay) and (A)-(i) hold. The value function v defined
in (6.3) is a viscosity solution to equation (6.24).

Proof. We split the proof into two steps.

Proof of the viscosity subsolution property of v. Let (t,z,a) € (0,T) x H x A and let
U(s,y) = ¢(s,y)+0(s,y)h(|y|) be a test function such that (v+v)(t, z) = max(o, 7y« (v+1)).
We shall prove that

— i (t,x) + (x, A" Dya)(t, z)) + h(Jz|)A*Do(t, x)

tsup{ — Te(o(t,2,@)0° (1,2, ) D2(t, ) — (b(t, 2, 0), Datb(t,2)) + F(1,,0)
a€A

= [ @l a(ta,0) - (ko) - Dbt o tn,a, ) As(d) ) = 0
U\{0}
We assume, without loss of generality, that

v(t,z) +¢(t,z) = 0, (6.26)
so, in particular,
v(s,y) +¥(s,y) < 0, V(s,y) € (0,T) x H. (6.27)
For any > 0, we define 8(n) := sup(, ,ycop(t,0:) (v + ¥)(s,y), where
B(t,z;n) = {(s,y) € (0,T) x H : max{|z — yl, [t — s} <n},
0B(t,x;n) = {(s,y) € (0,T) x H : max{|lx —y|, [t —s|} = 77}.
Notice that 3(n) < 0, for any n > 0. Let us proceed by contradiction, assuming that
— i (t,x) + (x, A*Dyp(t, x)) + h(Jz|)A*Do(t, x)

+ Sup{ — %Tr(a(t,x, a)o*(t, m,a)Dizb(t,x)) —{(b(t,z,a), D(t,x)) + f(t,z,a)
a€EN

_ /U\{O} (V(t, x4+ y(t,z,a,2)) — P(t,x) — Dpp(t,x)v(t, z, q, z)))\ﬂ(dz)} < 0.
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Using the Lipschitz property of b, o, v, and the uniform continuity of f, when on H we
consider the standard topology induced by the norm | - | (notice that b, o, f satisfy the
mentioned properties when on (H, |- |_1), and hence they satisfy the same properties on
(H,|-|)), and using also the uniform continuity of vy, A*D,%, D,, and D?ﬂ/% we have
that, given n € (0,2(T —t)), there exists ¢ € (0, —5(n)/(T — t)], with e < T, such that

—Pi(s,y) + (y, A" Dotp(s,y)) + h(|y|) A" D (s, y)

+ Slelﬁ { - %TI‘(O'(& Y, CL)O'*(S, Y, a)D3¢(57 y)) - <b(85 Y, a)a Dz¢(sa y)> + f(57 Y, CL) (628)

_/ (w(57y+7(svy7a?z))_’(/}(Say>_wa(svy)’7<svy’aaz)))\ﬂ'(d'z)} < -
U\{0}

for any (s,y) € (0,T) x H with |s —¢[, |y — x| < n. Define

7= inf{se[t,T]: (s, Xbma) ¢ B(t,z;1/2)}, 0 = AT,
where inf ) = co. Since the stochastic process (X ﬁ’I’“)Se[LT] is cadlag, it is in particular
right-continuous at time ¢. As a consequence, 0>t P-as..

For every € > 0, by the randomized dynamic programming principle (6.18), it follows
that there exists v¢ € V; such that

0
ity < B [ xeme ) dr o557 4 S - )
t

which in turn yields, by (6.26)-(6.27),

ro0
i) < B | f(r,Xﬁ’””’“,Iﬁ’a)dr—w(ﬂ,Xg’w’“)+ﬂ(5)1{%<T}] +S(r-0),
LJt

By applying Lemma 6.11, the previous inequality yields

0
[ R4, ) R A Dl Xﬁ@’a»dr}
t

—%(T —t) < I

o
+ 5 [/ ( Py (r, X20) — (b(r, X5 1), Dytp(r, X25%))
t
1 N A N A N . A
- 5Tr[a(r, XLoe [b9o* (r, X050 I D2 (r, X059 + f(r, XE0, I

+BO) P (7 < T) ~ / (w(ﬁ XE®a oy (r, XE®0, I8 2)

U\{0}
DRI = Dol KL (K, ) As(a) )|
< —e(T—O)PY (7 <T)—eBY" [0 —t] < —e(T—1),

where we have used (6.28) and the fact that 7 < g < T. This yields a contradiction and
concludes the proof.

Proof of the viscosity supersolution property of v. Let (¢t,z,a) € (0,T) x H x A and let
Y(s,y) = @(s,y)+0(s,y)h(|y|) be a test function such that (v—1)(t, z) = ming,ryx g (v—1).
We shall prove that

Y(t,x) — (x, A*Dyp(t, ) + h(|z|)A* Do (t, x))

+ sup (;Tr(a(t, m,a)a*(t,x7a)Diw(t,x)) + (b(t,z,a), Dyyp(t, x)) + f(t,z,a)
acA

—|—/ (W(t,x)(t, z+y(t,x,a,2)) — (¢, z)(t,x) — Dap(t, x)(t, 2)y(t, z, a, z)))\ﬂ(dz)> <0.
U\{0}
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We assume that
o(t,z) —(t,x) = 0, (6.29)

so, in particular,
v(s,y) —¥(s,y) > 0,  V(s,y) €(0,T)x H. (6.30)

Let h > 0, n >0, and set

7= inf{s € [t,T]: | X0 — 2| >n}, 0 := FA(t+h) AT,

where we recall that (7,,, 7, )»>1 is the marked point process associated with the random
measure ¢ (in particular we have 6(dtda) = 3, >, 0.4, ; )(dt da)). So, in particular, 7} is
the first jump time of the stochastic process It defined in (6.8).

By the randomized dynamic programming principle (6.18), we have

-
o(t,z) > BH / f(r,Xﬁ’“”“,Iﬁ’“)dr+v(9,X;’””’a)} VeV,
LJt

which in turn yields, by (6.29)-(6.30),

-0
Y(t,x) > BH / f(r,f(:vwva,fﬁaa)dr+¢(é,f(;=w=a>} Vi eV
LSt

We take 7 = 1, so that in the above inequality % coincides with the expectation i
under P. Applying Lemma 6.11, we obtain

11 /? X 179 . . . .
OZE{h/ Uy (r, Xﬁ’z’a)dT*ﬁ/ (X9, A* Dy (r, X))+ h(| X7 0)A* Dy (r, X105) ) dr
t t

1 [0 . . 1 [0 . A . A .

g [ g iy 5 [Tt K T (r K0n, 1) D2 X0 ar
1 d vt.z,a Tt.a vt T,a 1 0 v t,T,a vt.z,a Tt.a

+ o (b, KR 1), Do (r, XS+ (w(r, XEm 4y (r, Xpme, 20, 2)
hJ h Je Ju\soy

s by

— (r, XE™) = Dyip(r, X6y (r, Xb%@ [HO z)) )\ﬂ(dz)dr} . (6.31)

Now we notice that, ]f’-a.s., fff“ = g and Xt is right-continuous at ¢ (indeed, it is
a cadlag process). Thus, by the mean value theorem, the random variable inside the
expectation I in (6.31) converges P-a.s. to

Yu(t, x) = (z, A" Dyt (t, ) + h(|z|) A" D.6(t, x))

(bt 2, 0), Dao(t,2)) + %Tr[a(t,x, a)o* (t, x,a) D2 (t, )] + f(t, 7, a)
4 / (0t 2 + 7 (t,2,a, 2)) — (L, 2) + 4(t, 2, 0, 2)) Datb(t, ) A (d2)
U\{0}

when h goes to zero. Then, by the Lebesgue dominated convergence theorem, we obtain
from (6.31)

Ui(t,z) — (z, A"Dy(t, @) + h(|z]) A" Dyd(t, )
+ (b(t,x,a), D(t,x)) + %Tr[a(t,x, a)o™(t,x, a)Di@/}(t,:E)} + f(t,z,a)

+ / (ql)(t, x4+t z,a,2) —v(t,x)+ v,z a, z))DIw(t, z) Ar(dz) < 0.
U\{0}

The claim follows from the arbitrariness of a € A. O
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Remark 6.13. Concerning the uniqueness of viscosity solutions to the Hamilton-Jacobi-
Bellman equation (6.24), a positive result follows from the comparison principle in [19],
Theorem 6.2, under the additional assumptions that f and g are bounded and A is
compact, from which we deduce that the value function v in (6.3) is the unique viscosity
solution in the class of bounded and uniformly continuous solutions on [0,7] x H_;.
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