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Distances between zeroes and critical points for
random polynomials with i.i.d. zeroes
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Abstract

Consider a random polynomial @,, of degree n + 1 whose zeroes are i.i.d. random
variables &, &1, ..., &y in the complex plane. We study the pairing between the zeroes
of ), and its critical points, i.e. the zeroes of its derivative Q/,. In the asymptotic
regime when n — oo, with high probability there is a critical point of @),, which is very
close to &,. We localize the position of this critical point by proving that the difference
between &, and the critical point has approximately complex Gaussian distribution
with mean 1/(nf (o)) and variance of order logn - n~°. Here, f(z) = E[;Z¢] is the
Cauchy-Stieltjes transform of the £;’s. We also state some conjectures on critical
points of polynomials with dependent zeroes, for example the Weyl polynomials and
characteristic polynomials of random matrices.
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1 Introduction

Critical points of a polynomial () are defined as complex zeroes of its derivative Q’.
The Gauss-Lucas theorem states that the critical points of any polynomial are contained
in the convex hull of its zeroes. Numerous results on the location of the zeroes and the
critical points of deterministic polynomials can be found in the book [14].

In this paper, we shall be interested in random polynomials. Let &y,&;,... be a
sequence of independent and identically distributed random variables taking complex
values. Consider the random polynomial

n

Qn(z) = H(z - é.k)

k=0
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Critical points of random polynomials

Figure 1: Zeroes and critical points of a random polynomial of degree n = 1000 whose
i.i.d. zeroes have uniform distribution on the unit disk. Red disks: zeroes. Blue diamonds:
critical points.

The study of critical points of such polynomials was initiated by Pemantle and Rivin [13].
Confirming their conjecture, one of the authors proved in [8] that that the empirical
probability measure

== Y4 (1.1)

z€C: Q! (2)=0

counting (with multiplicities) the critical points of (), converges in probability (and
weakly) to the probability distribution of £y. That is, for large n, the critical points have
approximately the same distribution as the zeroes. The reader should keep in mind that
this does not necessarily hold in the deterministic setting. For example, the zeroes of the
polynomial Q(z) = 2™ — 1 are the n-th roots of unity, which are all on the unit circle, while
the critical points of @) are all equal 0. Further results in this direction were obtained
in[19, 20, 11, 12, 6, 1, 16, 15, 18].

It was observed by Hanin [4, 3, 5] that the zeroes and critical points of various
random large-degree polynomials tend to appear in pairs; see Figure 1. More precisely,
the distance between the zero and the closest critical point is usually much smaller than
the typical distance between close zeroes. Among other results, Hanin [5] localised the
position of the critical point associated to some fixed zero up to an error term of order
o(1/n). The purpose of the present article is to prove a central limit theorem describing
the random fluctuations of the critical point near its expected position. We deal with
polynomials having i.i.d. zeroes, as defined above, but numerical simulations suggest
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that some of the results should hold for other ensembles of random polynomials. This
will be discussed in Section 4.

Notation. Let B,.(u) = {z € C: |z — u| < r} be the closed disk of radius r centered at
u € C. Let Ng(0,02) denote a complex normal distribution with mean 0 and variance
02 > 0. If X follows this distribution, which we denote by X ~ N¢(0,02), then Re X and
Im X are independent real Gaussian variables with mean zero and variance o2 /2. For
o2 > 0, the Lebesgue density of X is given by (r02)~te~I#I"/*, 2 € €, whereas for o2 = 0
we have X =0 a.s.

2 Main results

Recall that &, &1, . .. is a sequence of i.i.d. random variables taking complex values
and that we are interested in the sequence of random polynomials

n

Qn(z) = H(z —&k)-

k=0

The next result describes the location of the critical points of ),, near its zero £;,. We
need the Cauchy-Stieltjes transform of the &’s, which is defined by

fz)=E L_l&] (2.1)

for those values z € C for which E| 2z | < cc.

Theorem 2.1. Assume that the £ ’s have a Lebesgue density p: C — [0,00) which is
continuous on some open set 2 C C and vanishes on C\%. Further, let f be non-zero
Lebesgue-a.e. on 9. Finally, let r1,7r2,... > 0 be a positive sequence satisfying
lim nr, = 400 and lim /nr, = 0. (2.2)
n—oo

n—oo

(a) The probability of the event that Q,, has exactly one critical point in the disk B, (&)
converges to 1 as n — oo, namely

lim P [there is unique ¢ € B, (&) such that Q,,(¢) = 0] = 1.

n—oo

(b) Denoting the unique critical point of Q,, in B, (£y) by (,, if it exists uniquely, and
defining (,, arbitrarily otherwise, we have

&) [ (e 1 .
\/W 10gn< (Cn &))—’_f({o)) n:;Ne(O,l). (2.3)

As we shall show in Lemma 5.7, below, the Cauchy-Stieltjes transform f exists finitely
everywhere on Z. The above theorem will be deduced from the following somewhat
easier statement in which &, is replaced by a deterministic zero. Let &1,&,,... be ii.d.
random variables with complex values. Fix some deterministic uy € C and consider the

random polynomials

Po(2) = (z — ug) [ [ (2 — &)
k=1

We are interested in the location of the critical point near uy.
Theorem 2.2. Assume that on a sufficiently small disk around g, the random variables
&, have a Lebesgue density p that is continuous at uy. Also, let the Cauchy-Stieltjes
transform f given by (2.1) satisfy f(ug) # 0. Finally, let r1,7s,... > 0 be a sequence of
positive numbers satisfying

lim nr, = +oc and lim +/nr, = 0. (2.4)

n—oo

n—roo
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(a) The probability of the event that the random polynomial P, has exactly one critical
point in the disk B, (ug) converges to 1 as n — oo, that is

lim P[there is unique ¢ € B, (ug) such that P ({) =0] = 1. (2.5)

n—oo

(b) Denoting this critical point by (,, if it exists uniquely, and defining (,, arbitrarily
otherwise, we have

i L Ne (0, 7p(ug)) - (2.6)

2 U 1
f*(uo) f(u0)> n—»00

(n (Cn —uo) +

logn

Note that outside a small neighborhood of uq the distribution of £&; may be completely
arbitrary, for example it may have atomic or singular components. The existence of the
Cauchy-Stieltjes transform at ug will be established in Lemma 5.7, below.

It follows from Theorem 2.2 (a) that for every « € (1/2,1), the probability that the
disk BB,,-« (ug) contains exactly one critical point ¢,, converges to 1. On the other hand,
one can prove that the distance between 1y and the closest zero of P, satisfies

lim P |vn min [& —ug| 7| =1- R COLU N} (2.7)
n—oo =1,....n

Indeed, since the density of the &;’s is continuous at ug, we have P[|{; — ug| < s] ~
p(ug)ms? as s | 0, from which (2.7) easily follows. That is, in the case when p(ug) > 0, the
typical distance from ug to the closest zero is of order 1/y/n. As we shall see in the next
paragraph, the distance to the associated critical point ¢, is of order 1/n, which is much
smaller.

Part (b) of the theorem describes the “fluctuations” of the critical point ¢,,. Roughly
speaking, part (b) states that (,, satisfies

o1 mp(ug) logn
T ) TR o)

(N +o(1)), (2.8)

where N ~ N¢(0,1) is complex standard normal. The next corollary of Theorem 2.2
provides a “confidence disk” for the critical point associated with uy.

Corollary 2.3. For every fixed R > 0, the probability that the critical point (,, is not
contained in the disk of radius

mp(uo) logn

W22 (ug)]

: 1 —R?
centered at the point ug — nF(ug) converges toe™" , asn — oo.

Proof. The probability mentioned in the statement of the corollary equals

> R|.

[ 120 [+

IOg’I’L A /7rp UO
By Theorem 2.2 (b) and the continuous mapping theorem, this expression converges

to P[[N| > R] = e &, where N ~ N¢(0,1) is a complex standard normal random
variable. O

1
f (uo)
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3 Examples

In this section we shall give several special cases of the above results. In these
examples, the density p(z) is rotationally invariant, and the Cauchy-Stieltjes transform
defined in (2.1) can be computed explicitly. The next proposition, which is standard,
follows essentially from the fact that the two-dimensional electrostatic field generated
by the uniform probability distribution on a circle centered at 0 vanishes inside the circle
and coincides with the field generated by a unit charge at 0 outside the circle.

Proposition 3.1. Let {; be a complex random variable whose Lebesgue density p(z) =
q(]z|) depends on its argument z only by its absolute value. Then the Cauchy-Stieltjes
transform of &; is

]
f(z) = %IP 6] < 2]l = 2;/0 rq(r)dr, ifz#£0, (3.1)

and f(0) = 0.
Proof. Let first z # 0. Using the identity

2T .
d 0, iflz| <1
/ 7(?@5: 2 1 S (3.2)
o z—re I if 2 >

)

after passing to polar coordinates, we obtain

f(z):/c p(v) du:/oorq(r) /27r ldqﬁdr:%AOOrq(r)ﬂ“zbr}dr

z—u 0 0 2 —re? z
o (17 1

z 0 z

For z = 0 we have, using polar coordinates,

£(0) = — /C @du = /Ooo rq(r) /OQW Te%dQsdr =0. O

Example 3.2. If £, &, ... are i.i.d. with the uniform distribution on the unit disk, the
density is given by p(z) := %1{|Z|<1 y and the Cauchy-Stieltjes transform is
1 1 . 2 27 if |Z| S 13
z)=-P <zl = = (min{|z|,1})" =
fz) = ZPll&] < |2l = - (min {|z], 1}) {1/27 if 2] > 1.

Since |£y| < 1 a.s., Theorem 2.1 takes the form

~ 1
&\ ogn (n(cn ~ &)+ 50) 5 No(0,1).

| 2

In fact, £2 can be replaced with |£y|? since the result holds conditionally on &, (Theo-
rem 2.2) and Ng(0, 1) is a rotationally invariant distribution. Note that 1/£, becomes
large if &, is close to 0, which explains why the distance between the zero and the
corresponding critical point tends to become larger for zeroes close to the origin; see
Figure 1.

Example 3.3. If £,,&,, ... are standard complex normal, the density is p(z) = Le I#°
and the Cauchy-Stieltjes transform is

2 [I7l 2 1 2
= — -r = — — —|Z|
f(2) Z/o re”" dr ; (1 e )

if 2 # 0, and f(0) = 0.
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Figure 2: Zeroes and critical points of a Weyl polynomial (left) and the characteristic
polynomial of a Ginibre random matrix (right). The degree is n = 500 in both cases. Red
disks: zeroes. Blue diamonds: critical points.

4 Conjectures

The above results suggest several conjectures on critical points of random polynomials
with not necessarily i.i.d. zeroes. Roughly speaking, we shall try to transform the
information on the quality of the pairing near some individual zero (see Theorem 2.1) into
conjectures on the behavior of the distances between all zeroes and the corresponding
critical points. For concreteness, we shall consider the following three families of random
polynomials whose zeroes are asymptotically uniformly distributed on the unit disk.

(a) Polynomials with i.i.d. zeroes
Pt (2) = [1 - &),
k=1

where &7, &9, ... are i.i.d. random variables having uniform distribution on the unit
disk; see Figure 1.

(b) Weyl polynomials

Weyl _ - (Z\/ﬁ)k
2% y(z) - ];)Xk \/E )

where X, X1,... are i.i.d. random variables; see Figure 2, left panel.

(c) Characteristic polynomials of the form

P (2) = det(A, — 2v/n),

where A, = (a;;)};—; is a random n x n-matrix with i.i.d. entries a;;; see Figure 2,
right panel.

Let p,,(z) be a random polynomial chosen according to one of the above models. Denote
by Zin,..., Z,, its complex zeroes, and let Wy ,,,...,W,_1 , be its critical points, i.e.
the zeroes of p/,. The empirical distribution of zeroes and the empirical distribution of
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Figure 3: The sample {1/(n(Zk,n — Ck.n)): k =1,...,n} of the normalized inverse differ-
ences between the zeroes and the associated critical points. Left panel: Weyl polynomial.
Middle panel: Characteristic polynomial of a Ginibre random matrix. Right panel: Poly-
nomial with i.i.d. zeroes distributed uniformly on the unit disk. The degree is n = 500 in
all three cases.

critical points are random probability measures on C defined by

n—1

1< 1
zeroes ,__ § : crit ,__ E
122% = ﬁ 6Zk,n’ My = n—1 5Wk,'n’
k=1 k=1

It is known that for all three models, the empirical distribution of zeroes converges
to the uniform distribution on the unit disk provided suitable moment conditions are
satisfied. More precisely, let M;(C) be the space of probability measures on C endowed
with the weak topology. We say that a sequence (u, )nen of random elements with values
in M (C) converges in probability to some deterministic probability measure p € M;(C),
if for every € > 0,

lim P[p(un, ) > €] =0,

n—oo
where p is any metric generating the weak topology on M (C). This mode of convergence

is denoted by u, £, u. For all three models (under appropriate moment conditions) we
have

pzerees Ly Unif(B,(0)),  asn — oo,

where Unif(IB; (0)) is the uniform probability distribution on the unit disk. For polynomials
with i.i.d. zeroes, this is just the law of large numbers for empirical processes. For
characteristic polynomials, this is the circular law; see [21] for the the proof under the
assumption Ea;; = 0, E|a;;|> = 1. Finally, for Weyl polynomials, this was proved in [9]
under the assumption Elog, |Xo| < co. Similarly, for the empirical measure of critical
points it is known that
pert L Unif(B,(0),  asn — oo,

in the case of Weyl polynomials [9, Remark 2.11] and polynomials with i.i.d. zeroes [8].
For characteristic polynomials, this was conjectured in [11], where analogous relations
were established for some other ensembles of random matrices.

To state conjectures on the quality of the pairing between the zeroes and the critical
points, we need to introduce more notation. For every zero Zj, ,, where k € {1,...,n},
let (j,» be the critical point of p,, most close to Zj ,, that is p/,((x,») = 0 and

ICen — Zin| = min{|z — Zy | 2z € C,p,(2) = 0}.
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Figure 4: Left: Atoms in a realization of V7(11) for Qiﬁi‘d‘. Right: Empirical distribution

function (black) of the sample {\/ﬁ Redp: 1 <k< n} for the random polynomial pin'd',

together with the standard normal distribution function (blue). The degree is n = 500 in
both cases.

For polynomials with i.i.d. zeroes, Theorem 2.2 (see also (2.8) and Example 3.2) suggests
the approximations

1 1 Vlogn
n ~ Z n - ~ ) n ~ Z n = + — N, B 4.1
Ck, k, "Zrm Ck, k, 7Zrn T 2P k (4.1)

where Nj, ~ N¢(0,1). In order to quantify the quality of these approximations, introduce
the random measures

Vo = Y 01/ m(Zen—cen) AN Xn =D a s
k=1 k=1

[ n 1
dk,n = ‘Zk',n|2 @ <n<Zk,n - Ck,n) - Zk ) . (42)

We view v, and ¥, as random elements with values in the space M;(C); see Figure 3 for
realisations of v, in all three models and Figure 4 (left panel) for a realisation of y,, in
the i.i.d. zeroes model. If the first approximation in (4.1) is valid, then we should have
1/(n(Zikn — Clon)) =~ Zk)n. This suggests that v,, should be close to the distribution of the
Zk.n's, which is uniform on the unit disk. Numerical simulations, see Figure 3, support
the following

where

Conjecture 4.1. For all three models, under appropriate moment conditions, we have
Ve 5 Unif(B1(0)),  asn — oc.
Similarly, if the second, more refined approximation in (4.1) is valid, then we should

have dj, , = —Nj,. The following conjecture is supported by numerical simulations:

Conjecture 4.2. For random polynomials with i.i.d. zeroes we have
Xn i>./\/<g(0,1)7 asn — oo,

where N¢(0,1) denotes the standard normal distribution on C.

Numerical simulations suggest that the analogue of Conjecture 4.2 holds for charac-
teristic polynomials if /n/logn is replaced by another (unknown) normalizing sequence
in the definition of dy, ,; see (4.2). For Weyl polynomials, the limit seems to be some
heavy-tailed, non-normal distribution.
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5 Proofs
If no cancellation occurs, the critical points of P, coincide with the zeroes of its
logarithmic derivative
P! (z 1 G|
Po(z)  2—wuo z =&k

k=1

To prove Theorem 2.2, we shall establish a functional limit theorem for the logarithmic
derivative in a suitable small scaling window near the conjectured location of the critical
point. Then, we shall show that the zero of the limit process (which is easy to compute)
approximates the rescaled critical point of P,,. Since the logarithmic derivative is a sum
of independent random variables, it is natural to conjecture that its functional limit is a
Gaussian process. This is indeed true. However, it turns out that the second moment of
the summands is (just) infinite: they are in the non-normal domain of attraction of the
normal law. This explains the logarithmic factor appearing in Theorems 2.1 and 2.2.

5.1 Functional central limit theorem

The classical central limit theorem states that if X;, X5, ... are non-degenerate i.i.d.
real-valued random variables with finite second moment, then
Xi+...+X,—a,
Lt A Z O 4 a1, (5.1)

by, n—00

where we may take a,, = nlEX; and b, = v/n Var X;. However, there exist examples of
random variables with infinite second moment for which (5.1) continues to hold with
the same limiting normal distribution but with some other choice of the normalizing
sequences a, and b,,. The set of all such variables, referred to as the non-normal domain
of attraction of the normal distribution, can be characterized by the condition P[|.X;| >
t] = £(t)t~2 for some function /(¢) that varies slowly at +oo; see [7, Theorem 2.6.2].

We shall be interested in the complex version of this situation. The following example
is one of the simplest ones. If £1,&5, ... are independent random variables having uniform
distribution on the unit disk B;(0) in the complex plane, then we claim that

1 n 1 4
_— — — Ng(0,1). 5.2

Wogn;gk = Ne(0,1) (5.2)

Observe that the second moment of fil is infinite, and notice the additional factor /logn

in the normalization. This term has the same origin as the factor which showed up in
Theorems 2.1 and 2.2. In fact, we shall need a more general theorem.

Theorem 5.1. Let &y, &, ... be a sequence of i.i.d. random variables with complex values.
Assume that in some neighborhood of 0, these variables have Lebesgue density p that
is continuous at 0. Let (z,).en be a complex sequence satisfying |z,| = O(n='/?7%), as
n — oo, for some k > 0. Then,

1 i 1 d
\/W; (Zn 5 f(O)) = Ne (0,7p(0)). (5.3)

For example, if the £;’s have the uniform distribution on the unit disk, we arrive
at (5.2) by taking z,, = 0 and observing that f(0) = 0. The sequence z, in Theorem 5.1
was introduced for technical reasons which will become clear later.

Next we state a functional version of Theorem 5.1. It will play a crucial role in our
proof of Theorem 2.2. For p > 0 we denote by A, the space of continuous functions on
the closed disk B, (0) = {|z| < p} which are analytic on the open disk {|z| < p}. Endowed
with the supremum norm, A, becomes a Banach space.
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Theorem 5.2. Let&y,&o, ... be a sequence of i.i.d. random variables with complex values.
Assume that in some neighborhood of 0, these variables have Lebesgue density p that is
continuous at 0, and let their Cauchy-Stieltjes transform f satisfy f(0) # 0. Fix any p > 0
and define the functions

1 n w+/logn
nf(0) ~ ni(f(0))2

Then we have the following weak convergence of stochastic processes on the space A ,:

1 i 1 .
(W ; (zn(w)ﬁk - f(0)>> oo Miwi<e: (5.5)

lw|<p

zZn(w) := — lw| < p. (5.4)

where N ~ N¢ (0, 7p(0)).
Note that each particular realisation of the limit process in (5.5) is a constant function.

Remark 5.3. Observe also that the function on the left-hand side of (5.5) may have poles
in the disk B, (0), in which case it is not an element of the space A,. To turn the left-hand
side of (5.5) into a well-defined random element of A ,, we agree to re-define the function
to be identically 0 each time it has a pole in B,(0). Thus, instead of a meromorphic
function i we in fact consider the analytic function hl;cs,}. We shall see below that
the probability of having poles in IB,(0) goes to 0 as n — oo, so that these poles do not
affect the distributional convergence.

5.2 Proof of Theorem 5.1

The proof is based on the following result, see [10, Theorem 3.2.2], which is somewhat
more general than the Lyapunov (and even Lindeberg) central limit theorem. We denote
by | - | the Euclidean norm in R™ and by Cov Z the covariance matrix of an R™-valued
random vector Z.

Theorem 5.4 (General CLT for Random Vectors). For everyn € N, let {Z,, ;.: 1 < k < k,}
be independent R™-valued random vectors. Assume that the following conditions hold:

(a) Foreverye >0, lim, 2211 P[|Z,, x| > €] = 0.
(b) For some positive semidefinite matrix 3,

kn kn
3 = limlim supz Cov [Zn7k1{|zn,k|<5ﬂ = limliminf » Cov [Zn,k]l{|zn,k|<e}] .

el0 el0 n—oo
10 n—oo 1 3 1

(5.6)

Then, the random vector S,, := 221(Zn,k — E[Z, 114z, ,|<r}]) converges weakly to

a mean zero Gaussian distribution on R™ with covariance matrix . Here, R > 0 is
arbitrary.

In the proof of Theorem 5.1 we shall need the following

Lemma 5.5. Fix some R > 0 and let gs: [0, R] — C be a uniformly bounded family of
complex-valued measurable functions parametrized by ¢ € [0, 1] and having the following
property: For every € > 0 there exist ro, 0y € (0, R) such that

lgs(r) — g0(0)| < € for every § € [|0,6¢] and r € [0, ro].

That is, gs(r) is continuous at (0,0) as a function of r and 6. Then, as § | 0, we have

R
lim — / 95) 4 — go(0). (5.7)
1)

510 log % r
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Proof. Fix any £ > 0 and choose sufficiently small g,y € (0, R) as in the lemma. For
every § € (0, min{dp, 7o, 1}) we have

/TO 95(1) 4, _ (logro — log 5)90(0)’ =
5 T

[ a0,
é

r

T0
< / Sdr = g(logrg — logd).
5 T
Dividing by log 3 > 0, we obtain

1 "0 gs(r) (logrg —log d)go(0)
/5 d

1 r= 1 ’Se
log 5 r log 5

(logrg —logd)
log %

. (5.8)

Observing that % converges to 1 as § | 0, we conclude that all accumulation
5
1 ro gs(r)

points of —+

g T Js #.2dr, as 6 | 0, are contained in the disk of radius ¢ centered at go(0).

/ : 9) (r) dr
To r

by the assumption that the family g5 is uniformly bounded. It follows that all accumulation
points of the bounded function 10; T f 5R ”‘T(T)dr, as ¢ | 0, are contained in the same disk
of radius ¢ centered at go(0). Since this holds for every € > 0, we arrive at (5.7). O

Now,

lim sup < o0

510

Proof of Theorem 5.1. We shall show that the random variables

1
Lk = k=1,....n
ok (2n — &) V/nlogn’ ’
fulfil the assumptions of Theorem 5.4. Observe that 7, ., ..., Z,, are independent and
have the same distribution as Z,, := Z,, ;. These complex variables are considered as

two-dimensional random vectors, so that m = 2 in the setting of Theorem 5.4.

Whenever helpful we shall analyze V,, := z, — & instead of ;. We shall denote the
density of V,, by ¢,,(2) = p(z, — z). Since p is continuous at 0, there is a sufficiently small
R > 0 such that p exists and is bounded in the disk B2z (0) by some constant C. Since
lim,, 00 2, = 0, the density g,, is bounded on the smaller disk B r(0) by the same constant
C provided n is sufficiently large.

Condition (a) of Theorem 5.4. To verify this condition, we need to check that for every
n >0,

1
>n| =1 Pl||————
”] e H%Wzlogn

R 1 N
i 3P || g SR

For sufficiently large n, we have

nlP ;> =npP |V|<¥ —n/ (z)dz<ﬂ
Vav/nlogn = " gynlogn] {I21< o }qn ~ n2nlogn’

n/nlog
which converges to 0, thus verifying (5.9).

Condition (b) of Theorem 5.4. To verify this condition, it suffices to show that for every
n >0,

S 1 (0) 0 >
lim Cov 1 = <2 . . (5.10)
n%oo; l(zn — &) v/nlogn { (AW <n}] 0 5p(0)
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Recall that by identifying C with R? we can consider complex-valued random variables
as two-dimensional random vectors. The above can be simplified to

sp(0) 0
nh_)rréonCov [Zn]l{|zn‘<n}] ( 0 gp(O) . (5.11)

It suffices to prove that

™

. 2 . 2
nh%n;onE [(Reanl{‘ZnKn}) ] = hrr;onE |:(ImZnI]-{|Zn|<n}) } = 51)(0), (5.12)
Jim_n(E[Re Znil{\zn\@,}]) = nli_)néon(]E[ImZn]l{|Zn|<n}])2 =0. (5.14)

Proof of (5.12) and (5.13). Recall that Z,, = 1/(V,,/nlogn). In view of the identities

EZZ = E(Re Z)*+E (Im Z)* and EZ2? = E (Re Z)° —E (Im Z)° +2iE Re Z Im Z, it suffices

to show that

=0.
(5.15)

lim nlE {Z,LZHJI

n— oo

]:ﬁp(O) and lim nE |Z:1

{\Vn|> n—oo |: {‘Vn‘>m}

Let n be so large that < R. We split the above expectations up into

1
nv/nlogn

E |:ZnZn]l{Vn>n n1]()gﬁy}j| =k |:ann]l{n nlogn<|vn<R}:| + E [anl{\%1|2R}] , (5.16)

2 _ 2 2
E |:Zn]l{vn>m/angn :| =FE [Znﬂ{n\/angn<|Vn<R}] + E [an{\VnJZR}} . (5.17)

For the second summands on the right-hand sides of (5.16) and (5.17) we have the
estimates

= 1 1 1 1
E [ZZx1 - F L (Y
[ {IVn\ZR}] nlogn [|V 2 {IVa |>R}] R2nlogn 0 <n>
a 1
[EZ: 1, 2ry| SE[Z0Zalgv,izm] = o <n> ,
which gives
nlggo nlk [Z,Zn1v,>ry) =0 and nlin;o nkE [Zil{van}] —0. (5.18)

We now analyze the first summands on the right-hand sides of (5.16) and (5.17). To this
end, we shall use Lemma 5.5. Recalling that the density of V,, near 0 is ¢,, and passing to
polar coordinates, we can write

:| _ / qn(v)
svmm <IVal<R} |~ logn (o <lvl<r} [0

1 R 1 27 )
= / - / qn (re’®)depdr.
logn R O

nvnlogn

nlE ZnZIL{

Here we can use Lemma 5.5 with §(n) := \/W 95(n) (T fo qn(re'?)d¢ and go(r) =

fo (re’?)d¢. Note that go(0) = 27p(0). The assumptlons of Lemma 5.5 are fulfilled
since by the continuity of p at 0 and the condition lim,,_,+ 2z, = 0, for every € > 0 we have

2m 2
195(n) (1) — 90(0)] = ‘/O (gn(re’®) p(O))dr;b’ < /O [p(2n — 1) = p(0)|d¢ < &

EJP 24 (2019), paper 34. http://www.imstat.org/ejp/
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if n is sufficiently large and r is sufficiently small. Applying Lemma 5.5 we obtain

_ 1 Vnl 1 B gstn
n B2, 71 og (nvnlogn) . / 9o (7) g,
{Fvamm<IVal<r}| ~ logn log 55y Jsm) T

N 90(0)

n—oo 2

= 7p(0).

Similarly, using Lemma 5.5 with §(n) := = fo% e~ %%q, (re'?)d¢ and

f e~ 29p(re'?)d¢, we obtain

77\/n110g n’ 95(n) (T)

an (V) dv

nlE Zﬁn{

1 = 37
nm<|‘4b<3}] logn/{T7 S

1 R 1 27 . .

=1 7/ e 2%, (re'®)dgdr
ogn 1 7 Jo

nvnlogn

_ log (nv/nlogn) 1 /R 95(n)(T)
5(n)

logn log ﬁ r

<\v|<R}

dr

— 0

n—oo

because go(0) = f027r e~29p(0)d¢ = 0. This completes the proof of (5.15) and thus of (5.12)
and (5.13).

Proof of (5.14). Since both |E[Re Z,,1{|z,|<n}]| and |E[Im Z, 1|z, <n;]| can be upper

nis

lim vnE|Z,| = 0. (5.19)
n—oo

Recalling that Z,, = 1/(V,,v/nlogn) and that on the disk B(0), the random variable V,,
has density ¢, bounded by C, we can write

1 1 1 1
N TRl 2y E| 1
\/W |‘/'n| \/W IBR(O) |'U‘ ’U+ \/W |:|‘/7L| {|V77>R}:|

E|Z,| =

1 1 1
< —dv+ —rn—==0 — |,
- \/nlogn /]BR(O) |v] v vnlogn R (\/nlogn)
which proves (5.19). The proof of (5.10) is thus complete.

Now we can apply Theorem 5.4 that yields, for every p > 0,

\<pw}]> —> Ne (0,7p(0)) . (5.20)

1
W;( —& E[zn—ﬁkl{

zZn — Ek

In view of Slutsky’s lemma, to complete the proof of Theorem 5.1, we need to show that

lim i E 1 1
n—oo \/ logn zn — & {

Proof of (5.21). Since the density p of the £;’s exists and is bounded in a neighborhood

|<p\/m}] (0)) =0. (5.21)

Zn— §k
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of 0, and since lim,,_,, z, = 0, for sufficiently large n we have the estimate

e e | B AN -
on =& {| st [2ovTeEn} G Il
Vnlogn
<C/ 1 du
(Zn) U — 2n
wlogn
—C/ —dv
(0) |v]
Par
2w C 1
=— =0 — ). 5.22
vnlognp («/nlogn) ( )

Thus,

1 1
E El——|+0| ——=——
[ n - Ek’<p”“°g"}} |:Zn_§k::| (\/nlogn)
1
=f(zn)+ 0| ——) .
f(zn) (\/nlogn>

Using Lemma 5.7, below, together with the monotone increasing property of the function
= O(n~'/27%) with x > 0, we obtain

1
Zn _Ek]l{

1 1

E 1 — f(0) = n)—f0)+ 0| ——

Ln—fk {ansk<pvnlog"}} J0) = f(z) = J(O) + (anogn)
1

—O nl n +O s e

(zatog il + O =)
1
:O —_— ,
vnlogn
thus proving (5.21). This completes the proof of Theorem 5.1. O

Remark 5.6. For later use, observe that (5.21) continues to hold if py/nlogn is replaced
by any larger sequence d,,. Indeed, after this replacement (5.22) holds with the better
error estimate O(1/d,,), while the rest of the proof remains the same.

The following lemma, which we already used above, will be essential at several places
in the proof.
Lemma 5.7. Let U be a random variable that has a Lebesgue density p on some disk
B, (0) and may have arbitrary distribution outside this disk. Assume also that p is
bounded by a constant ¢; on 1B,(0). Then, the Cauchy-Stieltjes transform f(z) := E[ 2]
exists finitely on B, /2(0) and for a suitable constant C' > 0 we have

1
|f(z) — f(0)] < Clzlog|z|| forall z € C such that |z| < 3 min{1,7}. (5.23)

Proof. To prove the finiteness of the Cauchy-Stieltjes transform on B, /2(0), take some
z € B, /5(0) and write

1 1
P U‘ =k [ ]l{Ue]B,/z(Z)}] + I H ’ 1{U¢B7/2(2)}:|

The second expectation can be trivially bounded by 2/r, so let us consider the first one.
The density of the random variable z — U, denoted by ¢(z), exists on the ball I, ,(0) and
is bounded by c; there. Hence,

1 q(w) dw r/2 27
E[ ‘IL B (s ]:/ dwgcl/ —:cl/ / dsdf = wreq,
z—U| " (UEB2() B,./2(0) |w] B,./2(0) |w] 0 0

EJP 24 (2019), paper 34. http://www.imstat.org/ejp/
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which is finite. Let us prove (5.23). By definition of f, we have

o100 ]|l 9

In the following, let z € C be such that |z| < 2 min{1,7}. Our aim is to show that

1
E|l——| <C|log|z||. (5.24)
[|z—U|U|} o -l

First of all, if |[U| > r, then by the triangle inequality,

z —U| > % and hence

1 1 2 C
— <E|—| =2 = ¢
E LZ ~ 0] ]l{IUIZr}] <E [7"2/2} 2 const < 1 | log |||

provided C is sufficiently large. If 2|z| < |U| < r, then |U — 2| > |U| — |z| > 1|U| by the
triangle inequality and therefore

1 2 r 2m 2 )
E|l——1 <E|-=-1 = = p(se'®)sdsdf
[|Z—U||U| {22<IUI<T}] S {UP {2z<U|<r}] /2|z|/o b(se”)sds

" C

< 47r/ Aas = 4mey (logr — log(2]z])) = const — 4wcy | log |z]| < Z| log|z||.
2/z| S

It remains to estimate the expectation on the event F' = {|U| < 2|z|}. Consider the

events F; = {|U| < |U — #z|} and E; = {|U| > |U — z|}. By the triangle inequality,

|U — z| + |U| > |z|, hence on the event F'N E; we have |U — z| > 1|z| and

|: 1 :| |: ) :l 2|z| 27 ) ( _9)
E|l————1pnp | <E|——1 :/ / ——p(re'?)rdrdd
e —Ullu] " T e Y Y A

ar 217

C
< — c1dr < 8mey = const < —|log |z]|.
12| Jo 4

Similarly, on the event F' N E; we have |U| > 1|z|. Thus,

1 2 2p(w)dw  2¢ dw
ibarioe) = oo BB
== Ullo] " U —z[|2| Bap0) w0 = 212l T 2| JB, . 0 [0 = 2

<2a w :ﬂ/ / —rdrdf = const < —|log |z,
ol Jogu w—2 Tl Jo Jo 7 4

where we passed to polar coordinates with the origin shifted to the point z. Taking
everything together, we arrive at (5.24), thus completing the proof. O

5.3 Proof of Theorem 5.2

We divide the proof into two parts. First we show that the finite-dimensional distribu-
tions converge and then we shall prove tightness.

Lemma 5.8. Under the assumptions of Theorem 5.2, for alld € N and w1, ...,wq € C,
the following weak convergence of random vectors holds true:

1 n 1 ;
(sz_:l<zn(wj)—fk_f(o)>> vl (N, N),

j=1,..d

where N ~ N¢(0,7p(0)). The components of the limit vector almost surely are equal.

EJP 24 (2019), paper 34. http://www.imstat.org/ejp/
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Proof. By Theorem 5.1, we have

1

e (owra ©) SN

n—oo

To prove the lemma it is sufficient to show that for all i € {2,...,d},

1 1 1 1 P
’s/nlogn ; (zn(wl) —& f(O)) - Vnlogn kZ:l (Zn(wz) —& f(0)> e o
(5.25)
Using the definition of z,,(w) we obtain
Ly < L f(0)> Y ( - f(O))

vnlogn =\ zn(w1) — & v nlogn k=1 S
_ 1 zn: Zn(wl) — Zn(wl)

vnlogn | (zn(w1) — &) (zn(wi) — &)
_ - —w . 1
e iR

Jwi = w]| 3 ! -
ST e 1t jal<e ; (G =) (G —&)| [fO)

since |z, (w1)| and |2, (w;)| can be upper bounded by € for some constant C. The proof is
completed by a use of Lemma 5.9, see below, with s,, = % and a,, = # O

Lemma 5.9. In the situation of Theorem 5.2, fix positive sequences s, € (0,1) and
an, > 0 satisfying

1 1
=0 L), 4, = - ), no oo 5.26
S
Writing supy, | |z,|<s, @S @ shorthand forsup,, .. cc:|z,|,|z|<s,. W€ have
an,  sup i L i> 0. (5.27)
1l 22 <sn [ (21 = €k) (22 = &k) | noo
Proof. Consider the random event A4,, := {|{1] > 25, ..., |&| > 2s,}. It suffices to show
that
g 1
lim a,E sup 14,1 =0 (5.28)
e |21, 22| <sm ,;1 (21 — &) (22 — &) ]

and lim,,_, ., P[A$] = 0. By the triangle inequality, on the event A,, we have |z; — ;| > l%’“l
for all j € {1,2} and k € {1,...,n}. Using this together with the trivial estimate
14, < Il{|§k|>25n}, we arrive at

n n
4
anlE sup 1a,| <apE T (e, |> 280
[21],]22|<sn kz::l 22 _fk) ‘| kz:; |§k‘2 {l€kI>25n}
1
= dannl [wﬂ{mlbzsn}} :
EJP 24 (2019), paper 34. http://www.imstat.org/ejp/
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For a sufficiently small » > 0, the density p of & satisfies sup,cp, (o) [P(2)| < C by the
continuity of p at 0. Splitting the expectation and passing to the polar coordinate system,
we obtain

1 p(u) { 1 ]
dapnlkE | —=1 5 :4ann/ ——du + 4a,nk 1 r
Lsﬁ terl> }} O\ 0 [ul? g2 el

r

< day,n (2776’ fds + O(l)) = da,n (—27Clog(2s,) + O(1)),

28, S

Under the given requirements (5.26), this upper bound goes to 0, thus proving (5.28).

It remains to prove that lim,,_, ., P[A%] = 0. Since the density p exists and is bounded
on a small neighborhood of 0 and since lim,,_., s, = 0, for sufficiently large »n the union
bound yields

P[AS] =P[3k € {1,...,n} : [&] < 25,] < nP[|&] < 2s,] < ndrws?C, (5.29)
which converges to 0 since s2 = o(1) by (5.26). O

In the proof of Theorem 5.2 the remaining step is to prove tightness.

Lemma 5.10. Under the assumptions of Theorem 5.2, the sequence of stochastic pro-
cesses

1 i 1

lw|<p
is tight on the Banach space A, ,.

Proof. We split the sequence into

n

1
\/WZ< s ') 631

-7t 2 (e 70) (orersy  Hurnecsy) - 092

2

In fact, instead of n~5 we could have chosen any sequence a,, > 0 satisfying
lim na, = +oo, lim /na, = 0.
n—oo

n—oo

It has already been proven in (5.29), in the proof on Lemma 5.9, that
P [Ek e{l,...,n}: & < nfg} — 0.
n— o0

This implies that

1 = 1. .
nlog kz ( Zn( f(0)> {lex1<n=3} O] nro0 (5.33)
Therefore, it suffices to show that the sequence of stochastic processes
1 i : f0))1 > (5.34)
— _2 , n > ng, .
vnlogn Zn(w) — & {lex1>n"5} 0
k=1 lw|<p
EJP 24 (2019), paper 34. http://www.imstat.org/ejp/
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is tight on A ,. To this end, we shall show that
2

Bn(w) :=E

1 - 1
v%kgngg<%am—fkfm01{azn§}

is bounded by a constant that does not depend on n > ngy and |w| < p. This implies
tightness on A, by [17, Remark on p. 341]. Since the summands are i.i.d. (but their
mean is, in general, non-zero), we have

fnlw) = IO;nE [ zn(w; —& 1(0) ﬂ{|£1>n§}1
n—1 1 2
logn e [(zn(w) & f(O)) 1{§1>n§}:|

The second summand goes to 0 by (5.21); see also Remark 5.6. In fact, this convergence
is even uniform in w as long as |w| < p since (5.21) holds uniformly in |z,| = O(n~'/27%),
which is fulfilled for z,, = 2, (w). Turning to the first summand, the inequality |a + b|> <
2|al? + 2|b|? leads to the estimate

1
]E |>
logn

1 2

Zn (’LU) - 61

- £(0)

2

ﬂ{fuzn—%}]
21O

2 1
< E 1 :
~ logn l zn(w) — & {I&llZn_é}] * logn

The second term is O(1), so let us consider the first one. The subsequent estimates are
uniform over |w| < p. Splitting the expectation and using the inequality |1 — 2, (w)| > |52—“

which holds for large n on the event |¢;| > n~3 because z,(w) = O(2), we obtain

9 2
]E |>
logn

1
Zn (’LU) - 61

ﬂ{w-g}]

2 1
< E
—mm/l%wwfl

The first expectation on the right-hand side is O(1) because |z,(w) — &;| is bounded
away from 0 on the event {|¢;]| > R}. To bound the second summand, we pass to polar
coordinates and use the fact that the density p exists and is bounded by a constant C on
the disk Bx(0), thus arriving at

1 R 2m i
Bl Ll 8 / / PUe) sy
logn [ |&1]? {" 3S\£1\<R} logn J,,-% Jo r

R
< 167TC/ 1d?" = g7TC’+O < L > =0(1).
n 3 logn

~ logn J,-%

2

1
L{je,1> R}

8
—FE|—=1
+ logn [|§1|2 {n_%§|£1|<R}

r
Taking everything together, we obtain f,(w) = O(1) uniformly over n > ng and |w| < p,
thus proving that the sequence in (5.34) is tight. O

5.4 Proof of Theorem 2.2

Without restriction of generality we assume that vy = 0. We shall study the zeroes of
the logarithmic derivative

Pl(z) d d - I &« 1
n - — ] P, = — |1 1 — = — 5.35
P~ 3 st = ( 0gz + k; og(z—&) | = -+ kz:l py—y (5.35)
EJP 24 (2019), paper 34. http://www.imstat.org/ejp/
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instead of those of P/. Indeed, since the Lebesgue density p of the random variables
&, exists in some neighborhood of 0, the probability that P,,, for some n, has a multiple
zero in this neighborhood is 0. Thus, for sufficiently large n, the polynomial P, has no
multiple zeroes in B, (0), with probability 1, and hence the zeroes of P/ /P, in B, (0)
coincide with those of P,.

Proof of (2.5). Our aim is to show that with probability converging to 1, the polynomial
P, has exactly one critical point in the disk B, (0). Let T,.(0) = {z € C: |z| = r} be the
circle with radius r > 0 that is centered at the origin. The main step in proving (2.5) is
the following

Lemma 5.11. We have

1 Pl (2) P
sup  |——= — f(0)| — 0. (5.36)
2€T,., (0) n Pp(z) (©) n—oo

Proof. First of all, observe that by (5.35),

1 P/(2) I 1 1
PRS0 = s |4l - 10)|.
zet,, (0) |1 Pa(2) 2€T, (0) |2 1 kz:l z2— &k
Since
. 1 . 1
lim sup |—|= lim — =0,
n=oo e, (0) | N2 n—o0 Ny,

to prove the lemma it suffices to show that

n

1 1

- L. (5.37)
n = 2y — &k

n—oQ

sup £(0)

2€B,., (0)

As a first step we shall prove the following weak law of large numbers: For every complex
sequence (z,)nen converging to 0, we have

1 — 1 P
- —— f(0). 5.38
n,;zn—ékn%of() (5:38)

Fix some ¢ > 0 and p € (1,2). An inequality due to von Bahr and Esseen [22] states that
for centered, independent real or complex random variables 7y, ..., 7, with finite p-th
absolute moment we have

Eln + ...+ nal? <2 Bl (5.39)
k=1

Using the inequalities of Markov, von Bahr-Esseen, and finally the inequality |a 4 b|P <
2P~ 1(|al? 4 |b|?), we obtain

p

1 i 1 1 n 1
v ﬁ 162::1 Zn — fk B f(zn) - 6] = (’I’LE)pE ; (Zn — fk - f(zn)>
2 1 P 9p 1P )
= ney ;E o — & —flen)| < g (E | T £ (zn)] ) (5.40)

We have |f(z,)|" = O(1) since in fact lim,, o f(2,) = f(0) by Lemma 5.7. Let ¢,,(z) =
p(z, — z) be the density of z, — &. Since p is continuous at 0, there is a sufficiently small
R > 0 such that p is bounded in the disk B2z(0) by some constant C. It follows from

EJP 24 (2019), paper 34. http://www.imstat.org/ejp/
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lim, 00 z» = O that the density g,, is bounded on the smaller disk B r(0) by the same
constant C provided n is sufficiently large. Thus,

P 1 Gn(2) 1 C
=FE |: Fa— l{lz,L£1>R}:| +/_ dz < ﬁ —|—/_ dz = 0(1)

Br(o) |27 Br(o) |27
Hence, the probability on the right-hand side of (5.40) converges to 0 proving that

1 p

Zn_gl

I~ 1

=3 — fzn) 5 0. (5.41)

n Zn — &k n—00

k=1
To complete the proof of (5.38) recall that lim,_,- f(2,) = f(0) by Lemma 5.7. We
prove (5.37). By Lemma 5.9 with s,, = r,, and a,, = }L we have
1 « 1 1 P
sup — — — 0. (5.42)
2,27€B,, (0) |1 kz::l (Z’ —& 2= §k> n—eo

Together with (5.38) this yields (5.37) by the triangle inequality, thus completing the
proof of the lemma. O

Now we are in position to prove (2.5). By Rouché’s theorem [2, pp.125-126], if the
1P/ (2)

event
(1) ._ B
Fos {ze?r‘i}?(o) W Pao) f<0>\<f<o>|}

occurs, then the difference between the number of zeroes and the number of poles of
the function %% on the disk B, (0) is equal to the difference between the numbers of
zeroes and poles of the constant function z — f(0), which is 0. Since f(0) # 0, (5.36)
implies that

lim P [Eﬂ -1 (5.43)

n—oo

On the other hand, the probability of the event

P! _
E® .= {P" has exactly one pole in B, (O)}
converges to 1 since 0 is a pole of P, /P,, and thus

P [qu2>] — Pfthere is no z € B, (0)\{0}: P(z) = 0] = P

1.
n— oo

MNic ¢ B, <o>}] —
k=1

The convergence to 1 that we claim in the last step was established in (5.29). Putting
the results together we have

_ P _
P[P, has exactly one critical point in B, (0)] =P {P" has exactly one zero in B, (0)]

n

>PEYVNE?D] — 1.

n—oo
This completes the proof of (2.5).

Proof of (2.6). Recall that without restriction of generality we assume that uy = 0. Also,
from (5.4) we recall the notation

1 V1
(W) = — + UVOBT e (5.44)
nf(0) ~ nz(f(0))>
EJP 24 (2019), paper 34. http://www.imstat.org/ejp/
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Observe that z, : C — C is an affine function. Its inverse is denoted by z,,!. Recall that
¢, is the zero of P! in the disk B, (0) if it exists uniquely, and ¢, is arbitrary otherwise.
Our aim is to show that

2 (G) —5 N~ Ne(0,7p(0)). (5.45)

n—oo

Take some bounded, continuous function ¢ : C — R. We need to show that

Tim Fp(s, () = B (). (5.46)
It suffices to assume that ¢ > 0 since in the general case we can write ¢ = ¢y — ¢_ and
use linearity.
Let p > 0 and recall that A, denotes the Banach space of functions that are continuous
on the closed disk B,(0) and analytic in its interior, endowed with the supremum norm.
Theorem 5.2 implies that

(s (Reaty 70~ 50)) e

1 - 1 "
- (mz (Zn(w) & fm))) 5% Ml

[lw|<p

weakly on the space A ,. Here, N ~ Ng(0,7mp(0)) is as above a complex normal random
variable. Using the Taylor expansion

1

Zn (W)

=—-nf(0) —w nlogn—i—o(\/nlogn), as n — oo, (5.47)

that follows from (5.44), and applying Slutsky’s lemma, we obtain

Y ACCO) I "
(wmmzn(w))* )|w<pn:; (Miul<p (5.48)

weakly on A ,. Note that f(-) — f(-) + - defines a continuous mapping from A, to itself.
Using the continuous mapping theorem we deduce that

1 P;L(ZW(IU)) w —w
(W&(zn(w))) g e e (549

weakly on A ,. The idea of what follows is quite simple. Assuming that p is sufficiently
large, the right-hand side has a unique zero at N. On the other hand, if there is a unique
critical point ¢, of P, in the disk B,, (0) (which has probability converging to 1 as n — 0),
then the left-hand side has a zero at 2 1(Cn). Given the weak convergence (5.49), it is
natural to conjecture the distributional convergence of the corresponding zeroes, that is
27 4(¢,) — N in distribution. This would yield (5.45).

In the following we shall justify the above heuristics. First of all, recall our convention,
see Remark 5.3, that the function on the left-hand side of (5.49) is considered on the
event that its denominator has no zeroes. Strictly speaking, (5.49) means that

1 P (zn(w)) ) w
1 — (N —w)y (5.50)
(\/an(zn(w)) Gn(P) w]<p " ( Wl <p

where we defined the random event

Gn(p) = {the disk 2, (IB,(0)) contains no zeroes of P, }.
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Note that lim,,_, o P[G,(p)] = 1, as we have already shown in the proof of (5.29). Consider
the functional ¥ : A, — R defined as follows:

W(f) = {gp(z), if f has exactly one zero, denoted by z, in the interior of B,/>(0),

0, otherwise,

where f € A,. As always, zeroes of analytic functions are counted with multiplicities.
By the Hurwitz theorem on the zeroes of a perturbed analytic function [2, p. 152], the
functional V¥ is continuous at every f € A, where

A={f€A,: fhasno zeroes on the boundary of B, /»(0)}. (5.51)

Note that the sample paths of the process (N — w)|w|<, belong to A with probability 1.
The continuous mapping theorem applied to (5.50) yields

N ACHO) b v
(e ien) Sy v -

Since |U(f)| < sup,ee ¢(2) < oo for every f € A, we can pass to expectations obtaining

1 P (z.(-
lim BV (szg%g;; ]1Gn(p)> =BU(N - ). (5.52)

By the definition of ¥, we have
(N =) = o(N)L{N|<p/2}-
In addition to the event G,,(p) defined above consider the random events

F,(p/2) = {the disk z,(IB,/2(0)) contains exactly one zero of P},
H,, = {the disk B, (0) contains exactly one zero of P, }.

By (5.29) and part (a) of Theorem 2.2, the probability of G, (p) N H,, converges to 1 as
n — oo. In the following, we work on the event G,,(p) N H,,. Observe that for sufficiently
large n, we have z,(B,/2(0)) C By, (0). Hence, on the event F,,(p/2)NGy(p) N H,, the only
zero of P} in z,(B,/2(0)) is ¢,. On the other hand, on the event (G, (p) N H,)\F,(p/2),
there are no zeroes of P}, in z,(I3,/2(0)). It follows that

1 Pi(z=())
v (\/nlogn P, (zn("))

Thus, we can write (5.52) in the following form:

]lG"(p)> = @(Z;l(cn))]lpn(p/g) on the event G,,(p) N H,.

lim E [o(2, " (¢a))1r, (2] = E [0(N)1{n1<p/2}] -

n—r oo

This looks almost like the desired statement (5.46) except that we still need to remove
the indicator functions. This can be done as follows. Using that ¢ is non-negative, we
can write

lminf E [¢(z,"(¢))] > lim E [0z, ((a)) 1, (p2)]) = B [0(N)L{nj<p/2}] -

n—oo n— oo

Since this holds for every p > 0, we may let p — 400, which yields the lower bound

lim inf E [@(2," (¢a))] > E [@(N)] .

n— oo
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To prove the upper bound, observe that

E [¢(2, 1 (G)] S E [p(z0 (6a) 1R (or2)] + el P[E (0/2)];

where ||¢|loc = sup,cc |¢(2)|. It follows that for every p > 0,
limsup B [p( (€)] < B [p(N) 11072 + o nn sup PIF (p/2)],
and to complete the proof of the upper bound it remains to show that

lim limsupP[FS(p/2)] = 0. (5.53)

p—=+0 p oo
By definition, F¢(p/2) is the union of the following two events:

F©(p/2) = {the disk zn (1B, 2(0)) contains no zeroes of P, },
F(*?(p/2) = {the disk zn(1B,/2(0)) contains at least two zeroes of P, }.

Since for sufficiently large n, we have z,(B,/2(0)) C B, (0) and hence the random event
F,(LZ2)(p /2) is contained in the complement of H,,, we have

lim P[F{Z%(p/2)] = 0. (5.54)

n—oo
To estimate the probability of F,(LO)(p/ 2), consider the following functional ¥, : A, — R:

\I/()(f) = ]l{f has no zeroes in B, /5(0)}

Clearly, ¥, is continuous on A defined in (5.51), and hence the same argumentation as
in (5.52) leads to

. 1 P (2 () _ _
nlggoE\I/O <\/an(2n()) ]lgn(p)> =E¥y(N —-) =P[|N| > p/2].

By definition of ¥, this yields

1 P (z,(-
i sup PE (9/2)] <l B0 G, ) = BN > /2

n— 00 \/nlognpn(zn())
Letting p — +o0 and recalling (5.54), we arrive at (5.53), thus proving (5.46). The proof
of (2.6) and of Theorem 2.2 is complete. O

5.5 Proof of Theorem 2.1

Without restriction of generality, let p > 0 on 2 (otherwise, we can replace Z by
2\{p = 0}). The conditional distribution of @Q,, given that £, = u( can be identified with
that of P,,. Part (a) of Theorem 2.2 implies

lim P [there is unique ¢ € B,, (£) such that Q,(¢) = 0[& =ug| =1 (5.55)

n—oo

for all ug € & such that f(ug) # 0. Recall that this condition is violated only on a set of
Lebesgue measure 0 of uy’s. Hence, by the total probability formula and the dominated
convergence theorem

Pthere is unique ¢ € B, (&) such that @/, (¢) = 0]

= / PP [there is unique ¢ € B, (&) such that Q/,(¢) = 0|& = uo] p(uo)dug
2

— p(up)dug = 1.

n— oo @
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To prove part (b) of the theorem, recall that a sequence of complex-valued random
variables (X, ), converges to a random variable X in distribution iff lim,,_, ., E¢(X,) =
E¢(X) for every bounded continuous function ¢ : C — R. So, let ¢ be such function.
Then, part (b) of Theorem 2.2 and the definition of weak convergence yield

f?(&) D 1 —u
f? (uo) n . 1 _
? (ﬁrp(uo) e (Gt f(%))ﬂ = e,

for all ug € 2 such that f(ug) # 0. Here, N ~ N¢(0,1) is a complex standard normal
variable. Using this together with the dominated convergence theorem, we obtain

) e ey L
Ee. [cp (\/ﬂ'p(fo) logn < (G =&0) + f(§0)>>
_ &) e ey L
- /@]EQ" [(P (x/ﬂp(fo) logn < (= fo) f(ﬁo)))

— | Ep(N)p(ug)dug = Ep(N).

n—oo @

lim EQn

n—roo

= lim Ep”
n— 00

§o = U0‘| p(ug)dug

Since this holds for every bounded continuous function ¢, the proof is complete. ]
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