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Abstract

We consider the membrane model on a box Vi C Z" of size (2N + 1)" with zero
boundary condition in the subcritical dimensions n = 2 and n = 3. We show optimal
estimates for the probability that the field is positive in a subset Dy of V. In
particular we obtain for Dy = Vi that the probability to be positive on the entire
domain is exponentially small and the rate is of the order of the surface area N"*.
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1 Introduction

The membrane model is the centred Gaussian field indexed by (a subset of) Z",n > 1,
whose covariance matrix is given by the Green’s function of the discrete Bilaplacian.
It is closely related to the well-known discrete Gaussian free field, or gradient model,
whose covariance is the Green'’s function of the discrete Laplacian. Both of these models
are considered to describe interfaces in the context of statistical physics. The particular
motivation for studying the membrane model stems from physical surfaces that tend to
have constant curvature, [19, 13, 22]. The two models have many features in common.

One example is that there is a critical dimension (n = 2 for the gradient model, n =4
for the membrane model), such that the variances are unbounded in the subcritical
dimensions, logarithmically divergent in the critical dimension and bounded in the
supercritical dimensions. See e.g. [27] for a more general overview.
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Probability to be positive for the membrane model in dimensions 2 and 3

A particular feature of the gradient model is the existence of a random walk repre-
sentation, which allows relatively easy estimates on the covariances, and provides proofs
for correlation inequalities such as the FKG inequality. In the membrane model, such
a random walk representation is present only in certain special cases, see [15]. This
makes the derivation of bounds on the covariances much harder, and moreover, some
widely used correlation inequalities do not hold for the membrane model. In [20], Muller
and Schweiger obtained very precise estimates on the Green’s function of the discrete
Bilaplacian in the subcritical dimensions 2 and 3. These results in particular imply that
the membrane model is Holder continuous, [20, 6]. Here we use the estimates to provide
bounds for the probability of the interface to be positive on certain subsets of its domain.

Such results are related to the phenomenon of entropic repulsion, which refers to
the observation that some interfaces are repelled by a hard wall to a height which is
determined by the fluctuations of the field. Mathematically speaking, this amounts to
considering the field conditional on the event of being positive on a specified part of
the domain. The field then needs to accommodate its fluctuations, so its local averages
will increase. We speak of entropic repulsion if the order by which the field increases
is strictly larger than the order of the square root of the variances of the original field,
[17,12].

For the Gaussian gradient model entropic repulsion was proved in [3, 2, 9, 10]. For
the membrane model, entropic repulsion was shown for n > 4 by Sakagawa and by
Kurt [23, 14, 15]. In dimension n = 1 the model corresponds to an integrated Gaussian
random walk, see [5]. There the probability to be positive is of order N ~1/2 35 was shown
by Denisov and Wachtel [8]. See also [7] for the one-sided case.

We consider here the membrane model defined on a box of side-length 2N +1, N € NN,
and focus on dimensions n = 2,3. In this case only a first result by Sakagawa [24] is
available.

1.1 Main results

Let V = [-1,1]" and Vy = NV NZ" withn € Nt and N € N*. We consider the
Hamiltonian Hy (¢) = £ ., oz |Aths|?, where A is the discrete Laplacian and ¢ € R'Y
is a function on Vy, extended by O to all of Z™. The associated Gibbs measure

Pr(dd) = —exp(-Hn(@) [] do ] ooldun) (1.1)

reVN z€Z"\VN

is then the distribution of a Gaussian random field on Z" with 0 boundary data, the
so-called membrane model. We care about the subcritical case n € {2,3}, and we are
interested in the event Qp, + = {¢: ¥, > 0Vx € Dy}, where Dy C Vy, as well as the
behaviour of ¢ conditioned on Qp 4.

Our main result is the following.

Theorem 1.1. Let n = 2 or n = 3. There are constants C, c such that for all N € INT,
0<L<N,

Nn—1 Nn—1

e CTITT <Py (Quy_pp) Se T (1.2)

A first result in this direction was already established by Sakagawa [24] who proved
that for every x € V there is a small neighbourhood B, such that Py (x5, +) > ¢ for
some (universal) constant c.

Let us emphasize two important special cases of our theorem, which will help motivate
its statement. We first consider the case Dy = Vsy for § € (0,1), where the hard wall
stays away from the boundary. In that case the fact that the membrane model is Holder
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continuous suggests that the field has a decent chance to be positive if it is uniformly
positive on a sufficiently dense set of lattice points of bounded cardinality. Thus the
probability that v is positive on Dy = Vsx should be comparable to the probability
of uniform positivity on that dense set, and hence bounded away from zero. Indeed,
Theorem 1.1 implies the following corollary.

Corollary 1.2. Letn =2 orn = 3. For ¢ € (0,1) there is a constant ¢s > 0 such that

1
cs SPN(Quzp4) < 3 (1.3)

When Dy = Vy, the situation is somewhat different. While the Holder continuity
holds up to the boundary, the v, for x near the boundary are only weakly correlated and
behave almost like independent random variables. This suggests that the probability to
be positive on all of Vy can at best scale like e=*N""" (note that the number of points
of distance 1 to the boundary is of the order NV n=1) On the other hand, if the field is
positive at all near-boundary points it gets pushed up in the interior quite a bit, and so
the probability to be positive everywhere should be of the same order.

Indeed, another particular case of Theorem 1.1 is an estimate for Py (Qy, +).

Corollary 1.3. Letn = 2 orn = 3. There are constants C, c such that
N < Py (Quyp) e N (1.4)

We expect this result to be true for the membrane model and the gradient model
in any dimension n > 2. For the gradient model a stronger result has been shown for
n > 3in [9, Theorem 4.1]. Note that the behaviour for general L > 1 in Theorem 1.1 is
different for the gradient model in dimension n > 3.

We give a proof of the lower and upper bound in Theorem 1.1 in Section 3 and 4,
respectively.

1.2 Implications for entropic repulsion

Corollary 1.2 has some easy implications on the behaviour of the field when condi-
tioned on (v, +. To state them precisely we need some preparation.

We define the interpolation I : RYY — C%1([-1,1]") by Iy f(z) = N~ "=" f(Nz) for
T € (%Z)” N[—1,1]", and interpolated piecewise affinely on simplices for other values of
x. As the proof of [6, Theorem 2.1] shows, the pushforward measures Iy#Py converge
weakly in C%*([—1,1]") for any v < 5™ to a limit law Po. The limit P, is the continuum
Bilaplace field, i.e., the centred Gaussian field whose covariance is the Green’s function
of the continuum Bilaplace operator on V. Now Corollary 1.2 implies that the laws
In#P y still converge when one conditions on Qv +. Indeed, if we introduce the event
Qp, = {u e C¥([-1,1]"): u(z) > 0 Yz € D} for D C [-1,1]", we have the following
result.
Corollary 1.4. Letn =2 orn = 3, and ¢ € (0,1). Then INn#Pn(- | Qv,, +) converges

weakly in C%([—1,1]") for any o < 452 to Po ( ' QEV,+)' In particular, we have

N—oc0

lim Ey <N42n max
zeEVN

QVM#) < . (1.5)

The corollary follows from the facts that P (QEV, +) is a continuous function of § and
that Qgﬁ’/ﬁr is a continuity set for P, (these both follow from [1, Corollary 4.4.2]). Note
that the second point combined with the convergence of Iy#Py — P, and Corollary
1.2 implies that P, (Qg‘vﬁ) > 0 so that the conditioned measure P ( ’Q§V7+) is
well-defined.
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This corollary shows that there is no entropic repulsion when conditioning on Qv .

We conjecture that a similar result remains true if we condition on Qy,, ;. However,
due to the fact that the probability of Qy, ; is exponentially small this is a difficult
problem even in dimension one.

Conjecture 1.5. For n = 2 and n = 3 the measures IN#Py (- | Qv .+) converge weakly
in C%%([-1,1]") for any a < 5™ to some limiting measure. In particular,

. _4-n
lim Ey [ N2 max v,
N—oc0 z€VN

QVN7+) < 0. (1.6)

As an analogue to this conjecture one can consider the gradient model in one di-
mension (i.e. the random walk on {—N,—N + 1,..., N} with i.i.d. Gaussian increments
conditioned to be zero at its endpoints). It is well-known that this model, suitably
rescaled, converges weakly in C%“([—1,1]) for a < % to a Brownian bridge. Moreover,
if one conditions the walk to be non-negative it converges weakly in C°([—1,1]) to a
Brownian excursion (see [4] and the references therein). Similar results (in particular a
local limit theorem for the conditioned field) have also been shown for the membrane
model in one dimension (at least if one only considers zero boundary data on one end of
the interval), see [8].

1.3 Notation

Let ej,...,e, be the standard basis of R". We use the discrete forward derivative
Viu(z) = u(z+e;) —u(x) and the discrete backward derivative V_;u(z) = u(z) —u(z —e;).
Then Au(z) =Y.~ V_;V,u(z) denotes the discrete Laplacian, and Vu(z) = (V,u(z)),
is the discrete (forward) gradient.

We denote the L?-norm of u by [[ul|3, = ", 4. u(x)?, and the L?-scalar product by
(,0) 12 = 3 e u(z)v(2).

For x € Z™ let dy(x) = distoo(x,Z" \ Viv) be the distance to the boundary of Vy.

For a set A we denote by | A| its cardinality.

In the following ¢, C' and C’ denote constants that may change from line to line, but
are always independent of N and L.

2 Preliminaries

Let us recall the relevant results that will be used in the proof of the main theorems.
Let Gy be the Green’s function of A% on Vy with 0 boundary data outside Vy, i.e.
GN(~,y) =0ify ¢ Vn and

A*GN(y) =6, inVy

. 2.1)
Gn(,y) =0 outside Vy

if y € Viyv. The Green’s function Gy agrees with the covariance matrix of v, i.e. we have
that Covy (2, ¥y) = Gn(2,y), see also [15]. Our proofs are based on the estimates for
the Green’s function Gy recently found in [20].

Theorem 2.1. Letn = 2 orn = 3. Then we have for any x,y € Vn

cdy(z)*" < Gy(x,x) < Cdy(2)*", (2.2)

VoG (2, y)| < Cdn ()", (2.3)

G (2, 2) = Gn(,y)| < Cdn(2)* "z = yloo, (2.4)
dy(x)%dn(y)?

Gy(z,y)| < Crr—", 2.5

where V, denotes the discrete gradient with respect to x.
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Proof. The estimates (2.2), (2.3) and (2.5) are from [20, Theorem 1.1], while (2.4) follows
from (2.3) by discrete integration along a path from x to y. O

The lower bound relies on Dudley’s inequality proved in [11]. To state the inequality
we introduce the following two notions. For a Gaussian process (X;);cr we define the
pseudometric dx by

dx(s,t) = VE(X, — X 7). (2.6)

The entropy number N (T, dx,r) is the minimal number of open balls of radius r in the
dx metric that are needed to cover 7.

Theorem 2.2. Let (X;);cr be a centred Gaussian process. Then

E (supXt> < 24/ VInN(T,dx,r)dr. (2.7)
teT 0
Remark 2.3. The theorem is true for arbitrary sets 7' if one defines the supremum
appropriately, see e.g. [26]. Since we only apply it to finite index sets we do not discuss
this issue here any further.
We also use the Gaussian correlation inequality due to Royen [21] (see also [16]).

Theorem 2.4. Let v be a centred Gaussian measure on R™ and K, L C R™ be closed,
symmetric and convex. Then

v(KNL)>v(K)v(L). (2.8)

Finally, we recall a correlation inequality due to Li and Shao [18, Lemma 5.1] that
will be used in the proof of the upper bound.
Lemma 2.5. Let m € N, and X = (X3,...X,»), Y = (Y1,...Y,,) be Gaussian random
vectors with mean 0 and positive definite covariance matrices > x, Xy, and let P denote
their joint measure. If Xy > Y x (in the sense of symmetric matrices, i.e., ¥y — Xx is
positive semidefinite) then for every Borel set FF C R™

det EX
det Ey

P(YeF)> ( )éP(X eF). (2.9)

For the convenience of the reader we repeat the short proof.

Proof. Let fx, fy be the densities of X and Y. The assumption Xy > ¥y implies that
¥y > 3! and hence (z,%%'z) > (2,55 ) for all € R™. Therefore:
1 1 _
— T exp (—2(30, Eylx))
(2m)z (det Xy )2

(det Zx>é 1
detXy ) (27)% (det Xx)2

fr(z) =

@

Y

exp (—3(z, 5% 7)) (2.10)

P(YeF)= [ fy(x)dz> (deth)Q/ fx(z)da = (jizgx)zlP(XeF) (2.11)
F Y

O
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3 Lower bounds
Let

Qvy_ 1,00 = {w: 0a] < dn () 7" Va € VN—L} (3.1)

be the event that v is uniformly small on Vn_y.

If ¢ was C%*3" -Hélder continuous with Holder constant < 1 with probability bounded
below uniformly in N, this event would have a positive probability uniformly in NV and L.
Now v is only C%*3*—¢_Holder continuous (see [20], [6]), so we cannot expect a lower

bound independent of N. Instead, we prove in Subsection 3.2 that the probability of
e NPTl .
Qv _, . is bounded below by e ~+1"~*, Then, using a change of measure argument,

we show in Subsection 3.3 that, given f: Vy — R, we have

Pr(f 4 Quy_y00) = e 218 I2P Qo). (3.2)

Suppose now that we can find a function f such that f(z) > dN(:c)‘FTn forz € Viy_r and
such that |Af|2, < C% Then Qv ., + DO f+ Qvy_, . and thus (3.2) will imply
that
]PN(QVN—L,"F) 2 IPN(f + QVN—L”OO)
e slIIASIT: P (Quy_, .00) (3.3)

1
2

v

n—1

Cc_N
Z+nm=t ]PN(QVN—L7OO)'

>e

Combined with a lower bound on Px(Qv, _, .) this implies the lower bound in Theorem
1.1. In Lemma 3.4 we construct an f with the desired properties.

3.1 Local smallness of the field

We first prove that locally the field is small with a positive probability. For zy € Vi
and v > 0 we define the set

Aoy ={r € Vi |2 — 20|oo < vdn(20)} - (3.4)

Lemma 3.1. Let n = 2 or n = 3. There is a pair of constants vy, > 0 with the following
property: For all xq € Vi the following estimate holds

Py (w: Ws] < dy(z)* T Va € Aww) > 4. (3.5)

Proof. We apply Theorem 2.2 to the Gaussian process 1 distributed according to Py.
We assume v < 3 so that z € A, - implies

dN (1‘0)
2

3dN(JU0) .

<dn(z) < 5

(3.6)

Therefore we will always estimate distances to the boundary for z € A, , by dy(zo) in
the following. The bound (2.4) implies

En ¥y —1y)? < |Gn(z,2) — Gn(z,9)| + |GN(y,y) — Gn(y, 7)| < Odn (20)* "7 — Y|oo
(3.7)

for z,y € A;,~ and some © > 0. Therefore we estimate the Gaussian pseudometric
defined in (2.6) by

dy(2,y) < \/Ody (@) [t — yloo- (3.8)
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2

This implies that for » > 0 and ,y € A, such that |z — y|o < W we have

dy(z,y) <. (3.9)
In particular B, (1:, Wz)f’*") C By, (z,7) and therefore

n PRI
N(Azg s dy,7) < {Ww <IV<WM> : (3.10)

2
Gdn (z0)7 7 r

Then Theorem 2.2 implies

\/QWGdN(zo)‘l*" 2 4-—n\ "
Ey ( sup ¢1> < 24/ In <W> dr
TEALg,~ 0 r

(3.11)
1
< 24dN(x0)%\/2fy®n/ V=2Inrdr < A\ﬁdN(xo)%Tn
0
where A only depends on n. If we take v = (16A)~2 we obtain
1 a-n
IEN( sup 1/)1> < —dn(zo) 72 . (3.12)
wE€A L, - 16
Define the oscillation of a function f on a set T" as usual by
oscr f =sup f —inf f. (3.13)
T T
Since v, is a centred process (3.12) implies
1 4-n
Ex (0sca,, ., ) < g (@) 2" (3.14)
This implies that
1 1-n 1
Py | osca,, ., ¥z < zdn(x0) 2 | > 3 (3.15)
Note that we have the inclusions
{zp | < dy(2)*F Vo € Aww} > {zp |a] < Ldn(30) 7" Va € Aww}
(3.16)

1 4—n 1 4—n
> {osea,,, e < ddn(a0) T P 0 {w s o] < ddu(wo) =}
Now the Gaussian correlation inequality (2.8) together with (2.2) imply that

4—n

4-m 1
Py ({w Jbe| < div ()T Vo € Azm}) > SPy (|¢m\ < Ldn(z) ) >§  (3.17)
for some fixed > 0. O

Remark 3.2. The use of the Gaussian correlation inequality could be avoided here: from
(3.12) and (2.2) one easily obtains

EN( sup m)sm( sup m—m)+EN<|wm|>sadN<xo>“f (3.18)

€Az €Az,

for some = > 0 and therefore

4—n 4—n
Py <¢: W,| < 4Edy (2)* T Vz € Azm) > Py (1/1: Ws| < 2Edy (z0) T Va € Amw) >
3.

)

©oN| =

1

We could work with this estimate instead of (3.5) by using

vy oo i= {zp: | < 4Zdy (z) 7" Va € VN_L} (3.20)

instead of 2y, _, ~ in the following.
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3.2 Global smallness of the field

From the previous we know that on small boxes the field is small with probability
bounded away from zero. We can cover Vy_ with these small boxes, and then use the
Gaussian correlation inequality to obtain a bound on the probability that the field is
globally small.

Lemma 3.3. Letn =2 orn = 3, let Qy,,_, ~ be as before. Then we have

_o-—nN"Tl
]PN(QVNfLA,OO) >e (L+nn=1 (3.21)
Proof. Recall the definition of A, - in (3.4). Fix v such that the conclusion of Lemma 3.1
holds and use the shorter notation A4, := A, ,.
We want to construct a subset By of Vy such that |By| < C’% and such that

Vv C | A (3.22)

Tr€EBN

If we have found such a set, then the Gaussian correlation inequality (Theorem 2.4) and
Lemma 3.1 imply that

Py (Qvy p00) > IPN( M (¥: [y < dn(y) =" vy e Ax}>

rEBN
4—n
> I P~ (w: [yl <dn(y)= Vy e Am) (3.23)
rEBN
n—1
> H § =Byl > efc(L{VH)"”.
rEBN

It remains to prove the existence of By. The size of the boxes A, depends on the
distance to the boundary, so in order to construct By it is convenient to split Vi into
the dyadic annuli Wy, = {z € Vy: 2" < dy(z) < 2*"1} for k = 0,1,..., |log, N|. For
x € Wi i the cube A, has diameter 2vydy (z) > v2*+1. Because Wy ; has outer sidelength
2(N — 2F) < 2N and thickness 2¥, we can cover it by at most

oN \"'_ ok Nl

cubes A, i.e. we find a set By of at most 02];2[@71) points in Vi such that

WyiC ) As (3.25)

TEBN &

Let kg = |_10g2 (L + 1)J which implies that Vy_ C Uk>k0 WN,lc-
logy, N -

Consider By = k—ko Bn k. Then Vy_p Cc U A., and we have

rEBN
[log, V] o n—1 n—1 n—1
N N N
|Bn| < E |Bnxl <C E SE=T) = CQkU(n—l) < C(L—i— s (3.26)

k=kq k=ko

3.3 Change of measure

We can now prove the lower bound in Theorem 1.1. The idea is simple: We use
an explicit calculation with densities to prove that the probability of the event Py (f +
Qyy_ 1 .00) is bounded below by e 181 Pn(Qvy_..00)- Then it remains to make a good
choice of f.
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Proof of Theorem 1.1, lower bound. Let f: Vxy — R be a function to be specified later,
and extend it by O to all of Z". We want to estimate the probability of the event
FH+Uy Loo={f+v:9¥€Qy, .} Todo so, we calculate

1 1
PA( i) = [ oo (g 1AvIE: ) v

FfHQvy_ 1.0

1 1
[ e (5lau ) av

_ L LAz, - Liaviz, —
= [ e (S5IATE: - 518U — (8. Av ) dv.
(3.27)

Because )y, _, o is symmetric around the origin, we can replace 1 by — and obtain
that

1 1 1
Pa(f + )= [ e (<51AT1: — SIAVIE: + (AF A0 ) d.

VN L%

(3.28)

If we add (3.27) and (3.28) and use the estimate et + et > 2, we conclude

1 ei%ﬂAfHQLg*%”Aw”iz (e(Af,Aw)LQ —+ ei(Af,Aw)L2)
Pn(f 4+ Qvy_p,00) = 5/ ’ dw
Qvy_p.00 ’
—Lay|?
> ¢~ 3185172 / W
Quy_p .00 N
= e 3 IAIL Py (Quy, o0)-
(3.29)

Note that the conclusion in (3.29) could also be derived from (3.27) using Jensen’s
inequality.
We now choose f as in Lemma 3.4 below. Then

n—1

N
Afl2, <C—"1— . 3.30
” fHL2 —C(L+1)n_1 ( )
Moreover this choice of f ensures that Qy,,_, + D f+Qv,_, ., and so (3.29), (3.30) and
Lemma 3.3 imply that

2
Py (Qvy_y4) 2 Pa(f+Quy_, o0) 2 e 218 2Py Q) )

c Nn—1 Nn—1 ; Nn—1
>e @D T T4 = (@Hnnl

(3.31)

O

Lemma 3.4. There is a constant C' > 0 such that for every N and 0 < L < N there is a
4—n
function f : Z™ — R such thatsupp f C Vn, f(z) > dn(x) = forallz € Vy_1, and

Nn—l

Y AP <c

ZEEZ”
Proof. We again use a dyadic construction. Recall Wy = {x € Viy: 2% < dy(x) < 2F+1}
fork=0,1,...,|log, N|. Let in addition Wy, _1 = Z™ \ V.
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b . )
i \ f]+1 | |
|
|
| fi _
| . .
: fJ—l 2](42—n)+1
|
——T ————————————————————————————————————————— ‘[———»
! N

Figure 1: The functions f;.

Fix a smooth function n: R — R such that >0, =1 on [1,00) and n = 0 on (—o0, 0].
Fori € {1,2,...,n} and = € Z" we introduce the distance d;(z) = dist(x,Z" \ (Z*~! x
{=N,...,N} x Z"%)) of x to the boundary in direction x;.

For j =0,1,...[log; N| — 1 consider the function

=1

(cf. Figure 1). Note that
ia=m) 4y
fi(z) =277 (3.34)

for all x € Viy such that dy(z) > 2/. Moreover

id—n 1 Clln"| 00
Af(@)] < C2 T4 e e < CI Nl

— - 3.35
L5 S T o (3.35)

In fact Afj(x) = 0if dy(x) > 27 because f, is constant on Vy_o;. We define the function

[log, N
f= oo b (3.36)

j=logs (L+1)]

For z € Viy_r, let now k be such that z € Wy, and observe that |log,(L +1)] < k <
|logy N |. The estimate (3.34) implies

4-n den

Flz) > fulm) > 27704 > (2.26) T > dy(a)"3" (3.37)

For an arbitrary z € Z" let again k € {—1,0,1,...} be such that z € Wy . Then (3.35)
implies that

[log, N |
2 > | Lo c’

C 77//
[Af(2)] < > JAfl< > H o € e (3:38)
j=kv logy (L+1)] j=kvlloga(L+1)] 27 2 2

Using that [Wy | < C2*N"~! for k > 0 and that Af(z) is zero on Wy, _; except
possibly on the set V41 \ Vv of cardinality CN"~! < C’271N"~1, the previous estimate
implies that
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Ung N 00 karn—1
C2FN
Z |A‘f Z Z |A'f Z 9(kVlogy (L+1)])n
TEZL™ k=—1 zeWnN =—1
g Hos2(LFD] - ok prn—1 . i C2k N1 (3.39)
- 9logy (L+1)n kn
k=1 h=llog, (L+1)|+1
Nn—l Nn—l Nn—l
C C =0 —.
N RS e () T e S A AT

4 Upper bounds

In order to prove the upper bound in Theorem 1.1, we will find a suitably sparse
set Ey 1, of points at the boundary such that the random variables {¢,: © € En 1} are
almost independent in the sense that their covariance matrix is diagonally dominant. We
can then use Lemma 2.5 to compare them to actually independent random variables.
The following argument is taken from [25, Section 6.2.1].

Proof of Theorem 1.1, upper bound. Note thatfor N > L > % the upper bound is trivial.
Indeed, Vy_ is nonempty and so the symmetry of the field implies Py (Qy,_, 1) < ;
while the right hand side of (1.2) exceeds 1 if L > £ and ¢ < 27". We assume L < &
in the following. Let En,; = Vy_r N (([a(L + 1)]Z)""! x {N — L}) where a > 1 is a
constant to be chosen later. This is a set of points on one face of [-N + L, N — L]" such
that any two points have distance at least aL. Its cardinality satisfies

- (el )= (i) <)

- 4.1)
N S O
“\all+1)+1 oYL+ 1)
Clearly dy(xz) = L + 1 for any = € Ey, 1. Therefore according to (2.5) for = # y
(L+1)* (L+1)*
Gn(z,y)| < C <C . (4.2)
vl O = s
If we combine this with (2.2) we obtain for any x € Ey p,
G L+1)*
Y el — <0 Y rreh R
wome, Ven(z2)Gn(yy) — g (LD e~y
yF#x y#T
= (L+ 1)
=C) {yeEnr:|y—zlow=jla(lL+ D} ——""n
2 Gla(Z+ D))"

S%i%

(4.3)
where a; = 2 for n = 2 and a; = 8j for n = 3. Thus Z] 1 75 < oo and hence
G C
Z |G (z,y) <—. (4.4)
yome, VGn(@2)Gn(y.y) ~ @
yF#w
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We now choose a large enough that the right hand side of (4.4) becomes less than %.
We define the Gaussian random vector (X, ).cry , by X, = — ¥z Let Yy beits

vV Gn(z,z)

covariance matrix. Then (Xx); , = 1 for all  and (4.4) implies that

1
> 1Ex)eyl < 7 (4.5)
yEEN, L
y#£T

Let {Y;}scpy, . be i.i.d. normal variables distributed according to AV (0, 2) and let &y =
%]l En.; Dbe their joint covariance matrix, where 1g, , is a unit matrix indexed by Ey 1.
Because of (4.5) the matrix Xy — X x then satisfies

3 1
(Zy — Zx)m’w = 5 —1= § > E (ZX>w,y- (4.6)
yeEEN L
y#T

This means that Xy — X x is strictly diagonally dominant and hence positive definite.
Hence we can apply Lemma 2.5 and obtain

1

<2>EN’L| = P(Y € (0,00)EN 1)

> (det EX>é1P<X € (0,00)"x)

det EY
. 1 “4.7)
€l L x
- Py(t, >0Ve € E
(detzy> (e 2 0¥2 € En.i)
1
det EX 2
> Pn(Q .
= <det2y> N( VN—L»“F)
It remains to estimate %. Since Yy is diagonal, det ¥y = (%)lEN =l On the other

hand, by (4.5) the matrix X x — %]1 Ex., 18 still diagonally dominant and hence positive
semidefinite. Hence all eigenvalues of X x must be at least %. Therefore detXx >

3\|En,Ll
(3
We conclude

BN, L]

1\ Evel rdersy N2 g1\ BVl 3o T g 1B
mon=a) - (as) <) Ga) C -(E)
2 det Sy 2 3/4 V2
4.8)
Recall that by (4.1) we have |Ey 1| > ¢z-—&7 17— Thus we finally obtain
anl
Py (Qvy_p.+) < exp (CW> (4.9)
for ¢ = 51— log 2. O
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