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Abstract

We consider critical percolation on Galton-Watson trees and prove quenched analogues
of classical theorems of critical branching processes. We show that the probability
critical percolation reaches depth n is asymptotic to a tree-dependent constant times
n~!. Similarly, conditioned on critical percolation reaching depth n, the number
of vertices at depth n in the critical percolation cluster almost surely converges in
distribution to an exponential random variable with mean depending only on the
offspring distribution. The incipient infinite cluster (IIC) is constructed for a.e. Galton-
Watson tree and we prove a limit law for the number of vertices in the IIC at depth n,
again depending only on the offspring distribution. Provided the offspring distribution
used to generate these Galton-Watson trees has all finite moments, each of these
results holds almost-surely.
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1 Introduction

We consider percolation on a locally finite rooted tree T: each edge is open with
probability p € (0, 1), independently of all others. Let 0 denote the root of T" and C, be
the open p-percolation cluster of the root. We may consider the survival probability
0r(p) := P][|Cp| = +00] and note that #7 is an increasing function of p. There thus exists a
critical percolation parameter p. € [0, 1] so that 07(p) = 0 for all p € [0, p.) and (p) > 0
for p € (pe,1]. If T is a regular tree where each non-root vertex has degree d + 1—i.e.
each vertex has d children—then the classical theory of branching processes shows that
Pe = é and 0r(p.) = 0 (see, for instance, [AN72]). Since critical percolation does not
occur, we may consider the incipient infinite cluster (IIC), in which we condition on
critical percolation reaching depth M of T and take M to infinity.

The IIC for regular trees was first constructed and considered by Kesten in [Kes86b].
In that work, along with [BK06], the primary focus was on simple random walk on the
IIC for regular trees. Our focus is on three elementary quantities for random 7': the
probability that critical percolation reaches depth n; the number of vertices of C, at
depth n conditioned on percolation reaching depth n; and the number of vertices in
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the IIC at depth n. For regular trees, these questions were answered in the study of
critical branching processes. In fact, these classical results apply to annealed critical
percolation on Galton-Watson trees. If we generate a Galton-Watson tree T" with progeny
distribution Z > 1 with E[Z] > 1, we may perform p. = 1/E[Z] percolation at the same
time as we generate T'; this is known at the annealed process—in which we generate
T and percolate simultaneously—and is equivalent to generating a Galton-Watson tree
with offspring distribution Z := Bin(Z, p.). Since E[Z] = 1, this is a critical branching
process and thus the classical theory can be used:

Theorem 1.1 ([KNS66]). Suppose E[Z2] < oo, and set Y,, to be the set of vertices at
depth n of T connected to the root in p. = 1/E[Z] percolation. Then

(a) The annealed probability of surviving to depth n satisfies

2 2E[Z]?
Var[z]  E[Z(Z-1)]

n-P[|Y,| > 0] —

(b) The annealed conditional distribution of |Y,,|/n given |Y,| > 0 converges in distri-

bution to an exponential law with mean % asn — oo.

Under the additional assumption of E[Z%] < oo, parts (a) and (b) are due to Kol-
mogorov [Kol38] and Yaglom [Yag47] respectively; as such, they are commonly referred
to as Kolmogorov’s estimate and Yaglom’s limit law. For a modern treatment of these
classical results, see [LPP95] or [LP17, Section 12.4]. Although less widely known,
Theorem 1.1 quickly gives a limit law for the size of the annealed IIC.

Corollary 1.2. If E[Z?] < o, let C,, denote the number of vertices at depth n in the

annealed incipient infinite cluster. Then C,, /n converges in distribution to the random
2E[Z]?

BlZ(7-1]] 1 [0,00). In other words,

variable with density A\2ze=** with )\ :=

b
lim (Mhm P[|Y,|/n € (a,b) | |Y] >0}) :/ Nage ™ da
— 00 a

n— oo

for each a < b.

This can be easily proven from Theorem 1.1 using an argument similar to the proof
of Theorem 3.11, and thus the details are omitted.

Our goal is to upgrade Theorem 1.1 and Corollary 1.2 to hold for the quenched
process; that is, rather than generate T and perform percolation at the same time as
in the annealed case, we generate 71" and then perform percolation on each resulting 7'.
Before stating the quenched results, we recall some notation and facts from the theory of
branching processes. If we allow P[Z = 0] > 0 and condition on the resulting tree being
infinite, we may pass to the reduced tree as in [LP17, Chapter 5.7] in which we remove all
vertices that have finitely many descendants; this results in a new Galton-Watson process
with some offspring distribution Z > 1. We therefore assume without loss of generality
that Z > 1. For a Galton-Watson tree 7', let Z,, denote the number of vertices at distance
of n from the root; then the process W,, = Z,,/(E[Z])™ converges almost-surely to some
random variable W.

A first quenched result is that of [Lyo90], which states that for a.e. supercritical
Galton-Watson tree with progeny distribution Z, we have that the critical percolation
probability is p. = 1/E[Z]; furthermore, for almost every Galton-Watson tree T, 61(p) =0
for p € [0,p.] and 61 (p) > 0 for p € (p, 1]. For a fixed tree T, let Pr[-] be the probability
measure induced by performing p. percolation on 7. When 7' is random, this is a random
variable and we may ask about the almost sure behavior of certain probabilities. Our
main results are summarized in the following theorem:
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Theorem 1.3. Let T be a Galton-Watson tree with progeny distribution Z > 1 with

E[Z] > 1. Suppose E[ZP] < co for eachp > 1. Set \ := % and let Y, be the set of
vertices in depth n of T connected to the root in p. = 1/E[Z] percolation. Then for a.e.

T we have

(a) n-Pr[|Y,] >0 — WX a.s.

(b) The conditioned variable (|Y,|/n||Y,| > 0) converges in distribution to an exponen-
tial random variable with mean \~! a.s.

(¢) Let C,, denote the number of vertices in the quenched IIC of T at depth n. Then
C,./n converges in distribution to the random variable with density \>ze™* a.s.

Note that, surprisingly, the limit laws of parts (b) and (¢) of Theorem 1.3 do not
depend at all on T itself but just on the distribution of Z. This is in sharp contrast to
the case of near-critical and supercritical percolation on Galton-Watson trees, in which
the behavior is dependent on the tree itself [MPR18]. One possible justification for this
lack of dependence on W, for instance, is that conditioning on |Y,,| > 0 forces certain
structure of the percolation cluster near the root; since W is mostly determined by the
levels of T near the root, the behavior when conditioned on |Y,,| > 0 for large n does not
depend on W. Part (a) of Proposition 3.8 corroborates this heuristic explanation.

The three parts of Theorem 1.3 are Theorems 3.3, 3.5 and 3.11 respectively. The
proof of part (a) utilizes its annealed analogue, Theorem 1.1(a), along with a law of large
numbers argument. Part (b) is proven by the method of moments building on the work
of [MPR18]. Part (c) follows from there with a similar law of large numbers argument
combined with two short facts about the structure of the percolation cluster conditioned
on |Y,| > 0 (this is Proposition 3.8).

Remark 1.4. Theorem 1.3 assumes that E[Z?] < oo for each p > 1, and we suspect
that this condition is an artifact of the proof. Since we use the method of moments, it
is natural that we require all moments of the underlying distribution to be finite. We
suspect that less rigid conditions are sufficient, but this would require a different proof
strategy than the method of moments, perhaps utilizing a stronger anti-concentration
statement in the vein of Proposition 3.8.

2 Set-up and notation

We begin with some notation and a brief description of the probability space on which
we will work. Let Z be a random variable taking values in {1,2,...,} with p:=E[Z] > 1
and P[Z = 0] = 0. Define its probability generating function to be ¢(z) := Y. P[Z = k]zF.
Let T be a random locally finite rooted tree with law equal to that of a Galton-Watson
tree with progeny distribution Z and let (21, 7,GW) be the probability space on which
it is defined. Since we will perform percolation on these trees, we also use variables
{U;}22, where the U; are i.i.d. random variables uniform on [0, 1]; let (22, 72, P2) be the
corresponding probability space. Our canonical probability space will be (Q, F, P) with
Q=01 xQg, F:=T RF and P := GW x P5. We interpret an element w = (T, ws) €  as
the tree T with edge weights given by the U; random variables. To obtain p percolation,
we restrict to the subtree of edges with weight at most p. Since we are concerned with
quenched probabilities, we define the measure P[] := P[-| T|] = P[-| T]. Since this is a
random variable, our goal is to prove theorems GW-a.s.

We employ the usual notation for a rooted tree 7', Galton-Watson or otherwise: 0
denotes the root; T, is the set of vertices at depth n; and Z,, := |T,|. In the case of a
Galton-Watson tree T, we define W,, := Z,,/u™ and recall that W,, — W almost surely.
Furthermore, if E[Z?] < oo for some p € [1,00), we in fact have W,, — W in L? [BD74,
Theorems 0 and 5]. In the Galton-Watson case, define 7, := o(T,); then (7,)22, is a
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filtration that increases to 7. For a vertex v of T, define T'(v) to be the descendant tree
of v and extend our notation to include T}, (v), Z, (v), W,,(v) and W (v). For vertices v and
w, write v < w if v is an ancestor of w.

For percolation, recall that the critical percolation probability for GW-a.e. T is p. :=
1/p and that percolation does not occur at criticality [Lyo90]. For vertices v and w
with v < w, let {v <> w} denote the event that there is an open path from v to w in
p. percolation; let {v <> (u,w)} be the event that v is connected to both v and w in p,
percolation; for a subset S of T, let {v +» S} denote the event that v is connected to
some element of S in p. percolation; lastly, let Y;, be the set of vertices in T,, that are
connected to 0 in p. percolation.

3 Quenched results

3.1 Moments

For k > j, let C;(k) denote the set of j-compositions of k, i.e. ordered j-tuples of
positive integers that sum to k. Define

.k
Ck,j ‘= P § Ma,Mqy * " Mg
a€eCj (k)

where m,. := E[(?)]. We use the following result from [MPR18]:
Theorem 3.1 ([MPR18]). Define

e ()] - S Sae ()]

IfE[Z%%] < oo, then Mr(lk) is a martingale with respect to the filtration (7,), and there
exist constants C}, and ¢;, so that

IMP, — MP)|| 2 < Crem

While Theorem 3.1 is not stated precisely this way in [MPR18], the martingale
property follows from [MPR18, Lemma 4.1], while the L? bound on the increments is
given in [MPR18, Theorem 4.4]. This gives us the leading term of each Er [|Yn\k]

Proposition 3.2. For each k,
2 41 k—1
Eq [V, ] n=®D - kI (pcd; (1)) W

almost surely and in L?.

Proof. By Theorem 3.1, Mék) is a martingale with uniformly bounded L? norm for each
k. By the LP martingale convergence theorem, Mflk) converges in L? and almost surely.
We now proceed by induction on k. For k = 1, E¢[|Y,|] = W,, which converges to W.

Suppose that the proposition holds for all j < k. Then by convergence of M,(Lk),

o ()= S ()]

where the o(1) term is both in L? and almost surely. By induction, the leading term
is the contribution from ¢ = k — 1. Noting that ¢ ;—1 = (k — 1)p§(/’T(1) and the fact that
Z;.l;ol j* ~ zrn®t! completes the proof. O
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3.2 Survival probabilities

Throughout, define \ :=
Kolmogorov’s estimate:

Theorem 3.3. IfE[Z%] < oo, then

m. Our first task is to find a quenched analogue of

n-Ppl[Ya] > 0] — WA

almost surely.

The proof utilizes the Bonferroni inequalities. In order to control the second-order
term, the variance of a sum of pairs is calculated, thereby introducing the requirement
of E[Z%] < co. We begin first by proving upper and lower bounds:

Lemma 3.4. For eachn,

n - BEr[|Ya]]? 2W
———————— <n-Pp||Y,] >0] <
ETHY;L‘Q} o TH | ] 1 — DPc

where, W = sup,, W,,.

Proof. The lower bound is the Paley-Zygmund inequality. For the upper bound, we use

[LP17, Theorem 5.24]: 5

Z(0 < T,)

where Z(0 <+ T,,) is the equivalent resistance between the root and T,, when all of T, is
shorted to a single vertex and each edge branching from depth k£ — 1 to k£ has resistance
%. Shorting together all vertices at depth k for each k gives the lower bound

Pr[Y,] > 0] <

"1 - 1
Z(0 < T,) > € = > (1-p.

Proof of Theorem 3.3: For each fixed m < n, the Bonferroni inequalities imply

nPr[0 < Ty —n Y Prlocve T <n Y Prl0o (uv) < T). (@1

veT,, u7ve(T2m)

If we can show that the right-hand side of (3.1) converges a.s. to zero for some choice
of m = m(n), then the survival probability is sufficiently close to a sum of i.i.d. random
variables. The random variables P[0 <+ v <+ T,,] are i.i.d. with mean p"P[0 + T,,_,,],
implying that the sum is close to W,,P[0 ++ T,_,,]. Applying the annealed result
Theorem 1.1 would then complete the proof after noting that W,, — W almost surely
provided m — oo. The remainder of the proof follows this sketch.

Set m = [n'/*]; we then bound the second moment

2

E Z Pr[0 & (u,v) < T,
u,UE(Tr;")
o 2
=E Z Pr[0 < (u,v)|Pr[u > T,]PTt[v < T,]
| \uwwe ()
r 2
=E |E > Pr[0 (u,0)Prfu Ty|Prlv < Tyl | | T
L u,UE(TQ"”)
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2 (1/2)-2
=E |E > Pr0 e (u,0)Pru T,Prlv o T | | Tn
wve ()
- 2
<E > Prl0 o (u,0)][[Prfu < TplPrv Tyl 2
uwe ()

by the triangle inequality

Yo\
(| 9 |> by Lemma 3.4

< Cm?n—* by Theorem 3.1.

Multiplying by n, the second moment of the right-hand side of (3.1) is bounded above
by Cm?n~2 = O(n3/?) which is summable in n. By Chebyshev’s Inequality together
with the Borel-Cantelli Lemma, the right-hand side of (3.1) converges to zero almost
surely. This implies

nPrlv < T,

nPr[0 < T,]=n Z Pr[0 < v+ Tyl +o0(1) = Z

o o(l). (3.2)
veT,, veT K

We want to show that the right-hand side of (3.2) converges to W, so we first
calculate

Var [ Z nPrlv < T,] *"’IL”LP[O + Tn_m]}
vET, H

= E | Var

Z nPrv < T,] —nP[0 < T,_,] ‘ 77”“

m
veT,, H

Il
=

1
— Z Var [nPr[v < T,]]
H veT,,

<
Nm

IN

where the last inequality is via Lemma 3.4. Since this is summable in n, Chebyshev’s
Inequality and the Borel-Cantelli Lemma again imply

Z nPrlv < T,)] Z nP[0 < T, _n]

P L 0(1) = Wn(n - P[0 € To]) + 0(1).

veT veT,,

Taking n — oo and utilizing Theorem 1.1 together with (3.2) completes the proof. O

3.3 Conditioned survival

Theorem 3.5. Suppose E[Z?] < oo for all p > 1. Then the conditional variable
(|Ynl/n||Yn] > 0) converges in distribution to an exponential random variable with
mean A\~' for GW-almost every T.

By conditional random variable (|Y,|/n||Y,| > 0), we mean the random variable with
law Pr[|Yy,|/n € | |Ya| > 0].

Proof. The proof is via the method of moments. In particular, since the moment gener-
ating function of an exponential random variable has a positive radius of convergence,
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its distribution is uniquely determined by its moments. Thus, any sequence of random
variables with each moment converging to the moment of an exponential random variable
must converge in distribution to that exponential random variable [Bil95, Theorems 30.1
and 30.2].

Let X,, be a random variable with distribution (|Y,|/n||Y,| > 0). It is sufficient to
show E1[X*] — kIA\~* GW-a.s. since k!\~F is the kth moment of an exponential random
variable. Proposition 3.2 and Theorem 3.3 imply

ETHYnm
n*Pr[|Y,| > 0]
_ Eq[|Y,|* 1
Tkt Pr[|Ya] > 0]

Ep[XF] =

n

1
R~ (k=1
” AW

= kIR, O

More can be said about the structure of the open percolation cluster of the root
conditioned on 0 < T,,, but we require two general, more or less standard lemmas first.

Lemma 3.6. For any events A and B with P[B] # 0,
[P[A[B] - P[A]| < P[B].

Proof. Expand
P[A] = P[A| B](1 — P[B]) + P[A| B°|P[B¢]

and solve
P[A] - P[A|B] = (P[A|B| - P[A| B)P[B].

Taking absolute values and bounding |P[A | B¢| — P[A| B]| < 1 completes the proof. O

Lemma 3.7. Let X}, be i.i.d. centered random variables with E[|X;|’] < co for some
p € [2,00). Then there exists a constant C), so that

nXk
P — | >t

< C .t Pp~P/2 + 2exp _niﬁ
- P Var [X1]

for allt > 0.

Proof. This is a straightforward application of [Che09, Theorem 2.1] which states that
for independent random variables M; with E[M;] = 0 and E[|M;|?] < oo for some p > 2
we have

n
2. M

i=1

P >t

t2
< Cpt P max (rn,p(t), (rn,g(t))pm) + exp (— 6h )
where 7, ., (t) = Y1 B M;[“1jar, 150, /¢)s bn = D1 E[M?] and C,, is a positive constant.
Setting M; = X;/n completes the proof. O

For a fixed tree and m < n, define B,,(n) to be the event that 0 ++ T, through
precisely one vertex at depth m.
Proposition 3.8. Suppose E[Z?] < oo for all p > 1. There exists an N = N(T) with
N < oo almost surely so that for alln > N, we have

(a) Pp[Bn(n)°]0 < T,] < Cn~* form = m(n) := u‘ffg"ﬂ
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(b) max,cr, Prlv €Y, |0 < T,] = O(n~1/8)

for some constant C' > 0.
Proof. Note first that for the choice of m as in part (a), we have ﬁWnl/4 < Z, <

2uWn'/4 for sufficiently large n.
(a) Using Theorem 3.3 and Lemma 3.4, we bound

(X yer, Prlv & T,))°

PT[Bm(n)C ‘ 0« T”] < PT[O oS T ]
< 2 2 Z'UETm W(U) ’ Zrzn
=\1-. Zm (n —m)?Pr[0 < T,
2
<c <ZeTZW(“)> W12 (3.3)

for n sufficiently large, and some choice of C' > 0 depending on the distribution of Z.
Applying Lemma 3.7 for p = 9 gives

| ZUETM W(U) =7

P . — E[W]| > nl/8

< Con™8 4+ 2exp (—n1/4/Var [W])

where we use the trivial bound of 1 < Z,,,. Since this is summable in n, the Borel-Cantelli
Lemma implies that this event only occurs finitely often. In particular, this means that
for sufficiently large n

Pr[Bn(n)°]0 < T, < CWn~ /4 (3.4)

for some constant C' > 0 depending only on the distribution of Z.
(b) Applying Lemma 3.6 to the measure Pr[- |0 <+ T, ] and recalling B,,(n) C 0 ++ T,

PrlveY,|0+ T, —PrlveY,|Bnn)]| <Pr[Bn(n)0+ T,]

which is O(n~1/4) by part (a). It is thus sufficient to bound Pr[v € Y,, | B,,(n)]. For a
vertex v € T, and m < n, let P,,,(v) be the ancestor of v in T,,,. We then have

Pr[v € Y, | Bin(n)] < P[0 ¢ Poy(v) ¢ To | Bin(n)].

Conditioned on B,,(n), there exists a unique vertex w € T,, so that 0 +» w < T,; this
vertex w is chosen with probability bounded above by

Pt[0 < w+ T, | By(n))

Pr[0 & w + T,]
Yuer, Prl0 ¢ u e Tl =Y, oe(mye) Prl0 6 (u1,u2) ¢ T,
< Pr[w < T,]
~ Yuer, Prlu e To] = (X,er, Prlu < T)
N c(n —m)~ W (w)
~ (I+o0(1) X er,, Prlu+ Ty

<

2

(3.5)

where the latter inequality is by applying the bound of Lemma 3.4 to the numerator
and arguing as in (3.3) to almost-surely bound the denominator. In particular, the o(1)
term is uniform in w.
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We want to take the maximum over all possible w € T,,, and note that for any a > 0,

P | max W(w) > na} =E [P {max W(w) > n® |TmH

weT,, weT,,
< E[Z,|P[W > n?]
w BT
S [ —
n
= 0(n~7/%)

which is summable, implying that for any fixed o >0, we eventually have max, e, W (w) <
n®. It merely remains to bound the denominator of (3.5).

Note that by Proposition 3.2, the lower bound given in Lemma 3.4 converges almost
surely to W2 as n — oco. In particular, this means that if we set

WA
pn =P e < nPr[|Ys] > 0]

then p, — 1. By Hoeffding’s inequality together with Borel-Cantelli, the number of
vertices u € T,, for which we have
W (u)A

4

< (n—m)Prlu+ T,]

is almost surely at least 1/2 of T,,, for n sufficiently large. This gives

(n - Z PT U Ans Tn = Z W 1W(u N/4<(n—m)Pruc-T,] — Q(Z’m) .
€T, UGTm

Recalling that Z,, = @(anl/ 4) and plugging the above into (3.5) completes the
proof. a

3.4 Incipient infinite cluster

As in [Kes86a], we sketch a proof of the construction of the IIC. For an infinite tree T,
define T'[n] to be the finite subtree of T' obtained by restricting to vertices of depth at
most n.

Lemma 3.9. Suppose E[Z*] < oo; for a subtree t of T[n], we have

Dver, W)
i P =¢l0 T — =& 7
Jim PrCy.[n] =1]0 < T W
almost surely for each tree t.
The random measure urt on subtrees of T with marginals

_ Zvetn W(U)

MT|Tn [t] .= W Pr[Cp.[n] = 1]

has a unique extension to a probability measure on rooted infinite trees GW almost surely.
The IIC is thus the random subtree of T with law pr.

Proof. Since each T has countably many vertices, Theorem 3.3 assures that nPr[v +
T, 4jv]] = AW (v) for each vertex v of T a.s. When all of these limits hold, we then have

Pr[Cp [n] = 1,0 < Ty

Pr[Cp.[n] =0 < Ty] = P[0 < Tar]
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Yover, Prv & Ty + O(Jt, > M2)
=Pr[C,, [n] = 1] < Pr[0 < Ty )

Zvetn W(U)
w

M—o00

Pr[Cp [n] =]

for each t. To show that the measure ur can be extended, we note that its marginals
are consistent, as can be seen via the recurrence W(v) = p. >, W(w) where the sum
is over all children of v. Applying the Kolmogorov extension theorem [Durl0, Theorem
2.1.14] completes the proof. O

It is easy to show that the law of the IIC can in fact be generated by conditioning on
p > p. percolation to survive and then taking p — p/:

Corollary 3.10. For a subtree t of T[n], we have

: 2 ver, W(v)
pl_lglj Pr[Cy[n] = t]|Cp| = oo] = QT

Pr[Cp.[n] = 1]
almost surely.
Proof. As shown in [MPR18], we have

1o PrlC| = o)

P—*Pe P = Dc

=KW

almost-surely for some constant K depending only on the offspring distribution. The
Corollary follows from Bayes’ theorem in the same manner as Lemma 3.9. O

In light of Lemma 3.9, it is natural to guess that the number of vertices in the IIC
at depth n will asymptotically be the size-biased version of (|Y,,||0 + T,): the sum
> ver, W(v) will be relatively close to |t,|W, therefore biasing each choice of ¢ by a factor
of |t,|. In order to make this argument rigorous, we will invoke Proposition 3.8 which
shows that no single vertex has high probably of surviving conditionally. Throughout, we
use the notation n(a, b) = (na,nb) for a < b and C to denote the IIC.

Theorem 3.11. Suppose E[Z?] < oo for each 1 < p < co. Then for each 0 < a < b,

n— oo

b
lim Pr[C,, € n(a,b)] = / Nge ™ dy

almost surely. In fact, C,,/n converges in distribution to the random variable with density
A2ze~?* for GW-almost every T.

Proof. To see that convergence in distribution follows from the almost sure limit, apply
the almost sure limit to each interval (a,b) with a,b € @; since there are only countably
many such intervals, there exists a set of full GW measure on which these limits simulta-
neously exist for each rational interval, thereby implying convergence in distribution
[Durl10, Theorem 3.2.5].
We have
Pr[C, € n(a,b)] = lim Pr[Y, € n(a,b)|0 < Tpyn].
M — 00

For a fixed n, write

Pr[|Y.| € n(a,b) |0 < Tpinm]
. PT[O d TnJrA{ ‘ |Yn| S n(a,b)] . PT[|Yn| € n(a7b) ‘ 0+ Tn] PT[O R d Tn]
PT[O A4 T7L+]\4] ’

(3.6)
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We then calculate

PT[O <~ T7L+1\/f | ‘Yn| (S n(a, b)}
= Pr[Y, = S[|Va| € n(a,b)|Pr[S > Tnin]

S
> PrlYn =S| |Yal € n(a,0)] Y Prfv ¢ Toyar] + O(M?)
S vES
= ) Prlve Y, |[Val €n(a,b)]Prfv ¢ Tpin] +O(M?).
veT,

For a fixed n, we take M — oo and utilize Theorem 3.3 to get

lim PT[O <~ Tn+M | ‘Ynl S n(a, b)]

1
= T P Yo ||Yn 5 . . .7
M — o0 PT[O < Tn+M] 1% U; T[U €Yy | | | € ’I’L(CI, b)] W(U) (3 )

We plug this into (3.6) to get the limit

lim PT[|Yn| € n(a, b) ‘ 0« Tn_i_]vj]
M—o0

n
veT,

x (Pp[[Yn| € n(a,b)| 0+ T,]) <”'PT[0‘_>T"]> '

w

Theorems 3.3 and 3.5 show that the latter two factors above have almost sure limits
f; Xe * dz and \ as n — oo, leaving only the first term. We note that

Z PT[U ey, | ‘Yn| € n(a7b)] .

Porlo € Y, |[Yal € n(a,b)
E p—
p W (v) 7;] g -
veT, veT,
Y,
— B | 22| ) e nta)

Er [‘%' Ayi/nean [0 € Tn}
Pr [ﬂ c (a,b)|0<—>Tn}

b Aze 2 dx
Ja
‘> B —

f; Ae=2 dx

where the limit is by the continuous mapping theorem [Durl0, Theorem 3.2.4] and
Theorem 3.5. It’s thus sufficient to show that

Z PT[U (S Yn ‘ |:L/n| € n(aab)] . (

n— 00

W(v) — 1) 0 (3.8)

veT,

almost surely.

Our strategy is to use a conditional version of the Borel-Cantelli Lemma together
with Chebyshev’s inequality. We bound the conditional variance

3 Pyl € Y, ||Ya] € n(a,b)]

Var

veT,

(W) - 1) H

= Var(W) Y PrlveY,| Inign\ € n(a,b)]

veT,
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Prlv e Y, ||Y,] € n(a,b)]

< Var (W) max Pr[v € Y,, | |Y,| € n(a,b)] Z 3

veT, n
veT,
E[Y, ||Y, )
< Var (W) max Pr[v € Y, ||Y,| € n(a,b)] - [V || |2€ n(a,b)]
veT, n
b
< Var (W) - - né%x Prlv e Y,||Ynl € n(a,b)]. (3.9)

We want to show that this is summable, and thus look to bound the max term. Applying
Lemma 3.6 to the measure Pr[- | |Y,| € n(a,b)] gives

[Prlv €Y, ||Ya] € n(a,b)] — Prlv € Y, | |Ya] € n(a,b), By (n)]
< Pr[Bm(n)||Ym| € n(a,b)]
Pr[Bn(n)¢|0 + T,)]
~ Pr[|Y,] € n(a,b) |0+ T,]
=O(n~ M4 (3.10)

by Proposition 3.8 and Theorem 3.5. Similarly,

Prlv eY,,|Y.] € n(a,b), By(n)]
Pr[|Y.| € n(a,b), By, (n)]
Prlv € Yy, Bn(n)]

~ Pr[|Y,] € n(a,b), By (n)]

Prlv e Y, | Bn(n)

T Pr[|Ya| € n(a,b) | Bm(n)] (3.11)

Prlv e Y, ||Y.] € n(a,b), By(n)] =

Using Lemma 3.6 once again expands the denominator
Pr[|Y,] € n(a,b) | By (n)]—Pr[|Ya| € n(a,b) |0 + T,]| < Pr[B,(n)°|0++ T,] < Cn~ /4

by Proposition 3.8. Plugging into (3.11) gives the upper bound

Prlv €Y, |[V,] € n(a,b), Bm(n)] < Prlv € Yo | Bm(n)]

: 12
= Px[[Y,| € n(a,b)|0 < T,] — Cn=1/4 (3.12)

Combining (3.10), (3.12) and Proposition 3.8 bounds

max PT[U S Y;L | |Yn‘ € TL((I, b)] = O(’Ilil/s) .

veT,

Thus, by (3.9), the conditional variance is almost surely summable. For any fixed § > 0,
Chebyshev’s inequality then implies
7;L‘|

is summable almost surely. Applying a conditional Borel-Cantelli Lemma (e.g. [Che78])
shows that (3.8) holds almost surely. O

Z PT[’U ey, ‘T|LYTL| € (a’v b)] . (

P W) —1)| >4

veT,
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