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Consider a negatively drifted one-dimensional Brownian motion starting
at positive initial position, its first hitting time to 0 has the inverse Gaussian
law. Moreover, conditionally on this hitting time, the Brownian motion up to
that time has the law of a three-dimensional Bessel bridge. In this paper, we
give a generalization of this result to a family of Brownian motions with in-
teracting drifts, indexed by the vertices of a conductance network. The hitting
times are equal in law to the inverse of a random potential that appears in the
analysis of a self-interacting process called the vertex reinforced jump pro-
cess (Ann. Probab. 45 (2017) 3967-3986; J. Amer. Math. Soc. 32 (2019) 311-
349). These Brownian motions with interacting drifts have remarkable prop-
erties with respect to restriction and conditioning, showing hidden Markov
properties. This family of processes are closely related to the martingale that
plays a crucial role in the analysis of the vertex reinforced jump process and
edge reinforced random walk (J. Amer. Math. Soc. 32 (2019) 311-349) on
infinite graphs.

1. Introduction. We first recall some classic facts about hitting times of standard Brow-
nian motion. Let (B;);>¢ be a standard Brownian motion and

X (t) =6+ B(1),

be a Brownian motion starting from initial position & > 0. It is well known that the first hitting
time of 0:

(1.1) T =inf{t >0, X (1) =0}

has the law of the inverse of a Gamma random variable with parameter (shape, rate) =

(%, %). Moreover, conditionally on 7', (X;)o</<r has the law of a three-dimensional Bessel
bridge from 6 to 0 on time interval [0, T'] (see Chapter XI, Section 3 of [15]). More generally,
if

(1.2) X(1)=0+ B(1) —nt,

is a drifted Brownian motion with negative drift —n < O starting at 6 > 0, then T has the
inverse Gaussian distribution with parameters (%, 92), that is, 7" has density

1) = 0 Lo 2t — 206 ) )1,0dt
f()—meXP ) 74‘77 —2n t>0dt.

Moreover, conditionally on 7', (X;)o<;<r has the law of a three-dimensional Bessel bridge
from 6 to O on time interval [0, T']. (See [24], Theorem 3.1, or [15], p. 317, Corollary 4.6,
and [14, 23] for complements.)
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This paper aims at giving a generalization of these statements on a conductance network,
namely for a family of Brownian motions with interacting drifts indexed by the vertices of
the network. The distribution of hitting times of these processes will be given by a mul-
tivariate exponential family of distributions introduced by Sabot, Tarreés and Zeng [18], and
generalized in [9, 10], which appeared in the context of self-interacting processes and random
Schrodinger operators. This family of distributions is also intimately related to the supersym-
metric hyperbolic sigma model introduced by Zirnbauer [25] and investigated by Disertori,
Spencer and Zirnbauer [6, 7], and plays a crucial role in the analysis of the edge reinforced
random walk (ERRW) and the vertex reinforced jump process (VRIP) [5, 17, 19].

The generalization of the one-dimensional statement presented in this Introduction was
hinted by the martingales that appear in [19]. This martingale has played an important role
in the analysis of the ERRW and the VRJP on infinite graphs. In Section 2.3, we explain
the relations between the stochastic differential equations (SDEs) defined in this paper and
the VRJP and in Section 9 we relate the martingales that appear in the study of VRJP to the
SDE:s.

Note that the computations done in this paper seem to have many similarities with com-
putations done for exponential functional of the Brownian motion in dimension one (see, in
particular, Matsumoto, Yor [11-13]). More precisely, it would be possible to write an ana-
logue of the Lamperti transformation that changes the SDE Sy 601 (Y) presented below in its

exponential functional counterpart with u = % (see the Matsumoto Yor opposite drift theorem
[11]): the counterpart of the representation of Theorem 1 would correspond to a representa-
tion of the SDE with a Brownian motion with opposite drifts as in [11]. In fact, in dimension
one (i.e., one vertex), the inverse Gaussian distribution corresponds to @ = %, and the Gen-
eralized Inverse Gaussian (GIG) distribution corresponds to general i € R; see [1] and [23].
On a conductance network (i.e., multidimensional), the case u = % can be carried out by
explicit computation; for general u, one will have to use Bessel K functions as normalizing
constant. We plan to develop these aspects in a further work.

It might not be a coincidence that the GIG distribution was initially called generalized
hyperbolic distribution, and the distribution we considered here stems from a supersymmetric
hyperbolic sigma model, where one considered spin systems with spins taking values on a
super hyperbolic space. Interested readers can check [1] and [22] for more details.

Another related direction goes back to Vallois, where GIG is conceived as the exit law of
some one-dimensional diffusion. Matrix version of geometric drifted Brownian motions are
studied in [16] and such matrix process is shown to have interesting properties which seems
related to our model. In [3], Chhaibi explicitly computed the exit law of certain hypoelliptic
Brownian motion on a solvable Lie group where, for example, he recovered the Matsumoto
Yor opposite drift theorem, by taking the group to be slp. It is very likely that there is a
connection with our work. Note also that the integral of a geometric Brownian motion is
closely related to the study of Asian option. At last, some related open questions are listed in
Section 4.5 of [10].

2. Statement of the main results.

2.1. The multivariate generalization of inverse Gaussian law: The random potential asso-
ciated with the VRJP. Let N be a positive integer and V = {1, ..., N}. Given a symmetric
matrix

W =W )ij=1,.N

with nonnegative coefficients W; ; = W;; > 0 (in particular, we allow W;; # 0). We denote
by G = (V, E) the associated graph with

V={1,....,N} and E={{i,j}.i#j. W >0}
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We always assume that the matrix W is irreducible, that is, the graph G is connected. If
(Bi)iev is a vector indexed by the vertices, we set

Q2.1 Hg=28—W,

where 28 represents the operator of multiplication by the vector (2;) (or equivalently the
diagonal matrix with diagonal coefficients (28;);cv). We always write Hg > 0 to mean that
Hg is positive definite. Remark that when Hg > 0, all the entries of (H,g)_1 are positive
(since G is connected and Hg is a M-matrix; see, e.g., [2], Proposition 3).

The following distribution was introduced in [18], and generalized in [9, 10].

LEMMA A. Let (6))icy € (R YW be a posmve vector indexed by V. Let (n;)icy €
(R4)Y be a nonnegative vector indexed by V. The measure

W.6.n 2\IVI/2 1 1 1
o a8y =ty 2) exp( =5 6. Hpo) = Sl Hya)+ (0.0))

2 2(
% nievei

J/det Hg

is a probability distribution on RY, where 1 Hp>0 is the indicator function that the operator

Hg (defined in (2.1)) is positive definite, (-, -) is the usual inner product on RY | and dp =

[licy dBi. When n =0, we simply write vV for v“j/ 9.0

Moreover, the Laplace transform of (2.2) is explicitly given by

2.2)
dp

/e—(k,ﬂ)v“j’ﬁ,n(dﬁ) — o~ 3 WO W20+ 30, W)+ (n,0—/67+2)
(2.3)
<[ 5=
eV 9 +A
for all (Aj)icy such that \; —I—Qiz >0,VieV.

REMARK 1. The probability distribution v, """

n =0.In[9, 10], Letac gave a shorter proof of the fact that v‘v,v Yisa probability and remarked

was initially defined in [18] in the case

that the family can be generalized to the family v“y 91 above. Tt appears (see the forthcoming

Lemma C) that the general family v}/ W.8.n

marginal laws.

can be obtained from the family vV by taking

REMARK 2. The definition of v“jv 9 is not strictly the same as v“;V % in [18]. First, com-
pared with the definition of [18], the parameter 6; above corresponds to /6; in [18]. It is in
fact simpler to write the formula as in (2.3) since the quadratic form (6, Hg6) appears natu-
rally in the density and since 6; will play the role of the initial value in the forthcoming SDE.
Second, we do not assume here that the diagonal coefficients of W are zero. It is obvious that
the two definitions are equivalent up to a translation of §; by W; ;. It will be more convenient
here to allow this generality.

NOTATION 1. To simplify notation, in the sequel, for any function ¢ : V +— R and any

subset U C V, we write ¢y for the restriction of ¢ to the subset U. We write dBy = [ ;< dBi
to denote integration on variables in By . Similarly, if A isa V x V matrix and U C V,

10ur convention is Ry ={x e R,x >0} and IR*+ ={xeR, x>0}
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U’ C V, we write Ay g for its restriction to the block U x U’. Note also that when (&;);cv is
in RV, we sometimes simply write £ for the operator of multiplication by & (i.e., the diagonal
matrix with diagonal coefficients (&;);cv), as it is done in formula (2.1). It will be clear
from the context and considerations of dimension if it denotes a vector or the operator of
multiplication. Finally, we write vlv]V O for le]V U0 hen U C V isasubset of V and W
(resp., 6, n) is a V x V matrix (resp., vectors in RY).

We state the counterpart of Proposition 1 of [18] in the context of the measure v‘v,v ’9’”.

COROLLARY B. Under the probability distribution v“y(d,B):

(1) the random variable 25+W follows an inverse Gaussian distribution with parameters
i ii

0 2 .
(m, 91. ),for alli € V,

(ii) the random vector (B;) is 1-dependent, that is, for any subsets Vi C V,and Vo C V
such that the distance in the graph G between Vi and V5 is strictly larger than 1, then the

random variables By, and By, are independent.
The following lemma was proved independently in the 3rd arXiv version of [18] and in

[10]. (The result is stated in the case of & =1 in [18], Lemma 4, but it can be easily extended
to the case of general 8; see Section 3.)

LEMMA C. Let U C V. Under the probability distribution v‘v,v’e’n(dﬂ):

(1) Pu is distributed according to v[vjv’e’ﬁ (i.e., VB/U’U’GU’ﬁ, cf. Notation 1) where
(2.4) n=nu + Wy,ucOue).

(ii) conditionally on By, Buc is distributed according to vlv]‘i.’e’ﬁ where
X7 —1
W = Wye ye + Wye u((Hp)u,u)~ Wu,ue,

7 =nue + Wueu((Hp)u.w) ™ (o).

2.2. Brownian motions with interacting drifts: Main results. Let 0= (l,-o)iev € (R+)V
be a nonnegative vector. We set

(2.5) Ko=1d—"w,

where ¢° denotes the operator of multiplication by t° (or equivalently the diagonal matrix

with diagonal coefficients (tlo)). Note that when tl-o >0, Vi e V, we have K,0 = °(H 1 ),
2t

with notation (2.1) and 21—0 = (2—;0),-6\/.

For T = (T})jecy € (R4 U {+oo})Y and t € R, we write t A T for the vector (¢ A T)jev,
where for reals x, y, x A y = min(x, y).

The following lemma introduces the processes which are the main objects of study of this
paper as solution to a SDE.

LEMMA 1. Let6 = (6;)icv € (R”;)V and n = (n;)iey € Ry)Y be nonnegative vectors.
Denote |V| = N, let (B;(t))icv be a standard N -dimensional Brownian motion.
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(1) The following stochastic differential equation is well defined for all t > 0 and has a
unique pathwise solution:

t t
T G | Leer B = [ Laer,(Wy), ds

VieV,
where T = (T;);cy is the random vector of stopping times defined by
T; =inf{t > 0; Y;(t) —tn; =0} VieV,
and where, for all t > 0,
(2.6) Y(t) =K LY ()

and Kt is positive definite. Moreover, T; < +00 a.s. for all i € V, and Kt is a.s. positive
definite.
(ii) Denote X (t) =Y (t) — (t A T)n. The previous SDE is equivalent to the following:

t t
X (1) = 0; + fo 157, dB;(s) — fo Loz, (W) (s) + 1), ds

VieV,

&)

with
.7 Y (t) =K P (X @)+t A T)n)

and T; is identified to be the first hitting time of 0 by X;(t).
(ii1) The process W (t) is a continuous vectorial martingale, it can be written as (recall
that 1,1 is the operator of multiplication by 1;_7,):

t
EWO ) V() =6+ /O Kb (L,or dB(s)).

Moreover, the quadratic variation of W (t) is given by, for all t > 0 (with convention that
1 1
—=0,5=00)
00 * 0 ’

W) =H_1 )

2(tAT)

REMARK 3. One can combine (iii) and (i) of Lemma 1 and write
t
Yt=KtAT<9+[) Ks_/\lT(]ls<Tst)>7 t>0.

This defines the solution of 5“,47 ’G’H(Y ) directly as a stochastic integral. It is easy to check

“informally” that the previous equation is indeed a solution of 83/ 601 (Y) by Itd formula, but
it is not obvious that the previous expression is well defined for all time ¢ > 0: indeed, Ko
defined in (2.5) is not invertible for all values of t° € (R+)V. It is the main difficulty of the

lemma to prove that the solution of 8“}/ O (Y) can be defined for all r > 0.

It may not seem obvious at this point why we call these processes “Brownian motions with
interacting drifts.” The explanation will come at the end of this section as a consequence of
the Abelian property Theorem 2: under the condition that the diagonal terms of W are null,
we will show that the marginals (X; (#));>0 are Brownian motions with constant negative drift
stopped at their first hitting time of 0; see Corollary 1.

Our first main result concerns the distribution of its hitting time.
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THEOREM 1. Letf € (Rj_)v, ne Ry and Y(t), X(t), T be as in Lemma 1.

. w.,0,
(1) The random vector % has law vy, "

(i1) Conditionally on T, (X;(t))icv,0<i<T; are independent three-dimensional Bessel
bridges started at 0; and ending at 0 over the time intervals [0, T;].

Remark that when V = {1} is a single point and W; 1 =0, then X{(¢) =Y1(¢t) —tn; is a
drifted Brownian motion with initial value 61 > 0 and negative drift —n; stopped at its first
hitting time of 0. Hence, it corresponds to the problem presented in (1.2); in particular, 1 =0
corresponds to (1.1).

When V = {1} and Wj 1 > 0, (Y1(¢)):>0 is the solution of the SDE

(28) an =1, (4510 - =y
1

1—tW,

with initial condition Y| (0) = 6. It follows that Y;(¢) — tn; has the law of a drifted Brownian
bridge from 6; to 0 on time interval [0, 1/ Wy 1] with constant negative drift —n;, and stopped
at its first hitting of 0. By drifted Brownian bridge from 6; to O on time interval [0, 1/ W1 1]
with constant negative drift —n;, we mean the process Z; — tn where (Z;);¢[0,1/w, ;] 1S the

Brownian bridge. (It may also be viewed as a Brownian bridge from 6 to —% on time

interval [0, 1/ Wy 1].) Consequently, Y;(¢) has the same law as (1 — Wy 1)[0 + Bl(l—ttiwll)]
up to time 77 (see, e.g., [15], p. 154) and 77 has the same law as ﬁ where 7 is the first

hitting time of 0 by a Brownian motion with drift —»;. Therefore, # follows an inverse
T 1,1

Gaussian law with parameters (g—ll, 912), and it is coherent with the expression of marginal law
of B; in Corollary B.

REMARK 4. As pointed out by a referee, in dimension d = 1, the time reversal of the
process is closely related to the law of the first and last hitting time of the drifted Brownian
motion; see, for example, [20]. Indeed, in the case d = 1, if X (¢) := 6 + B(t) — nt is a drifted
Brownian motion with drift —# starting from 6, then —¢tX(1/t) =n —tB(1/t) — 10 is a
drifted Brownian motion starting from n and with drift —6. The first hitting time 7 of 0 by
X satisfies

1
7= sup{s > 0; —s X (1/s) =0},

and T is the last hitting time of O by the drifted Brownian motion —# X (1/¢). This proves that
the last hitting time of 0 by a drifted Brownian motion with drift —6 and initial value n has
the law of the inverse of an inverse Gaussian r.v. with parameters (%, 62). It is not clear how
to give a counterpart of this relation in the multidimensional case presented in this paper.
Indeed, our process is only defined up to the hitting times of O and it is not clear how to
continue it after the hitting time, but it is an interesting question.

The next result shows some “abelianity” of the process, in the sense that times on each
coordinates can be run somehow independently. The first two statements are counterparts of
the two statements of Lemma C.

THEOREM 2 (Abelian properties). Let (X (¢)) be the solution of E‘KV’Q’"(X). Denote B =

L
2T
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1) (Mgrginal) Let U C V. Then (Xy(t)) has the same law as the solution of
Elv]VU‘U’QU’n(X),where

n=nu + Wu.ucOue).

(i1) (Conditioning on a subset) Let U C V. Then, conditionally on (Xy(t))r>0,

(Xpe(t))r>0 has the law of the solutions of the SDE ELV,VC’GUC"V’(X), where

~

W = Wye ye + WUC,U((Hﬁ)U,U)_IWU,Uc,
7 =nue + Woe v (Hp)u.w) ™ (o).
(iii) (Markov property) Consider 0= (t,-o)iev € (R+)V. Denote by

FX(°) = 0{(Xk(S))SSl£, keV},

the filtration generated by the past of the trajectories before time (l‘]?)kev- Then consider for
t>0,

X =X("+1) (=Xt +0)cy)

the process shifted by times (tio)iev. (Note that the shift in time is not necessarily the same
for each coordinate). Conditionally on FX (19, the process (X(t));>0 has the same law as
=10 0y =%
the solution of the equation 5“;‘/ XA (X), with
~ .0 _ (40 ~ 0
W =wKo, ™ T =0+ WO AT,

where in the second expression, t° A T denotes the operator of multiplication by (tio AT;).
In particular, if Vvi={ieV,T > tl.o}, conditionally on F@1%, (ﬁ)ievqo) has the law
W@O),X(r‘)),ﬁ(fo) b
)
(iv) (Strong Markov property) Let T = (Tio)iev e Ry U {00))Y be a “multistopping
time,” that is, for all 0 e (R+)V, the event {T° < {9} := ﬂieV{TiO < tlp} is FX(9)-
measurable. Denote by

FXTO) ={A e F¥(c0), V' e Rp)Y, AN{T? <1} € F¥X (1Y)}
the filtration of events anterior to T°. Define for t > 0,
X(t)=X(T° +1)
the process shifted at times (Tio) iev.On the event {TiO < 00, Vi € V}, conditionally on 70 and
X 0 o~ . W x 0y 71"
F2(T7), the process X (t) has the same law as the solution of the SDE £, ’ (X),
where
~ 70 _ 70 ~ 70
WID =W (Ko, 3T =+ WID (T AT)n),
where in the second expression, T° A T denotes the operator of multiplication by (Ti0 ATY).
REMARK 5. Assertions (i) and (ii) of the theorem are direct consequences of Theorem 1

and Lemma C. The assertion (iii) is more involved. The extension to the strong Markov
property (iv) follows rather standard arguments. See the proofs in Section 8.
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REMARK 6. In all these statements, the restricted (or conditioned) process that appears
is not in general solution of the SDE with the original shifted Brownian motion, but with a
different one, which is a priori not a Brownian motion in the original filtration. Nevertheless,
when all the t(i) are equal to the same real s, then it is the case: (X (f + s));>0 is solution of
the SDE with the shifted Brownian motion (B(s 4+ ¢));>0; cf. forthcoming Proposition 1. The
result in the latter case is much simpler and is a consequence of a plain computation, whereas
the general case uses the representation of Theorem 1.

Note that this allows to identify the law of marginals and conditional marginals.

COROLLARY 1. Consider (X (t));>0 solution of S‘V,V’Q’U(X). FixigeV.

1) If Wiy.iy =0 (vesp., Wiy.iy > 0), the marginal (X;,(t));>0 has the law of a drifted
Brownian motion starting at 6;, (resp., drifted Brownian bridge from 0;, to 0 on time interval
[0, wA—1, with the meaning given in the discussion of equation (2.8)) with constant drift

0

WiOA,l
_ﬁio = —<77i0 + Z WlO’]0]>
J#io

and stopped at its first hitting time of 0.

(i1) Conditionally on ((X(2)):>0)kiy» the process (X (t));>0 has the law of a drifted

Brownian bridge from 0;, to 0 on time interval [0, _1 1 with constant drift —1;, and stopped

10,1,

at its first hitting time of 0, where, with U =V \ {ip},

5 —1
Wio.io = Wig.io + Wio,u (Hp)u,u)™ Wu.ip
Tio = Mio + Wio.v (Hp)u.v) ™ (nu).

PROOF. Apply Theorem 2(i) to the case U = {ip} for (i) and Theorem (2)(ii) to U = {ip}¢
for (ii), and the considerations following Theorem 1. [J

In particular, it means that the marginal (X;,(¢));>0 is a diffusion process, as well as the
(conditional) marginal (X;,(7));>0 conditioned on ((Xy(?));>0){k:kio}- This Markov property
is not obvious in the initial equation 53/ U (X). Indeed, the process (X, (u)),<s before time s
affects the drifts of (X (k.ki0}(4))u<s, and so the values X .k} (), which themselves affect
the drift of X, (s).

More generally, there are hidden Markov properties in the restricted process (X (¢)):>0.
Indeed, the law of the future path (Xy (¢));>s only depends on the past of (X (u#)), <s through
the values of Xy (s) and (s A T)y. This is not obvious from the initial equation S‘V,V’@’"(X).
The same is true for the process (X« (t));>0 conditioned on (Xy (¢))s>0.

2.3. Relation with the vertex reinforced jump process. Let us describe the VRJP in its
“exchangeable” time scale introduced in [17]. We consider the VRJP with a general initial
local time, as in [18], Section 3.1. The VRIP, with initial local time (6;);cv, is the self-
interacting process (Z;);>¢ that, conditionally on its past at time ¢, jumps from a vertex i to

j with rate
NCIERAG)
Wi ]7]’
Vo + L @)



HITTING TIMES OF INTERACTING DRIFTED BM AND THE VRIJP 1065

where EiZ (1) = fé 1z —; ds denotes the local time of Z at site i. In [17], it was proved that this
process is a mixture of Markov jump processes and that the mixing law can be represented
by a marginal of a supersymmetric o-field investigated by Disertori, Spencer and Zirnbauer
in [6, 7, 25]. In [18], it was related to the random potential 8 of Lemma A.

THEOREM D ([17] Theorem 2, [18] Theorem 3). Let 6 € V where V is finite, and
U=V\{6}. Let (6;)icy € (Ri)v be a positive vector. Consider B = (B;) jev sampled with
distribution v“;v 9 Define () jev as the unique solution of

{w<a>= 1,
Hg(Y) v =0.

Then the VRJP starting at vertex & and initial local times (6;);cv is a mixture of Markov jump
processes with jumping rates from i to j equal to

1 vi
(2.9) —W; ;L.

2

More precisely, it means that

]PJ(\S/RJP,@(')=/P81/’(.)v“iv’9(d,3),

P;/RJP,O

where is the law of the VRJP starting at vertex § and initial local times (6;);cy and

Psw is the law of the Markov jump process with jumping rates (2.9) starting at vertex 3.

Remark that the random variables (B;);cy appear as asymptotic holding times of the
VRIJP. Indeed, let N;(t) be the number of visits of vertex i by Z before time 7. Then, by
Theorem D, the empirical holding times converge ]P)EIRJP’G a.s., that is, the following limit

exists a.s.,
Nit) 1 :
1¢) == :W,-,j—wf =B Viel,

z—1>nologz 2 ;
2 24y,

and, by Lemma C(i), By has law U[vjv 91 yhere n = Wy.s0s. Moreover, conditionally on By,
the VRIP is a Markov jump process with jump rates given by (2.9).

. Wy.u.6u, .
Consider now the SDE &, vusu n(Y ) with same parameters. From Theorem 1, the law
( %)iey coincides with that of Syy. Moreover, if we set
1

Y (00) Iztl_i)lgol//j(t) VjeU,
then i (c0) = ((H%)U,U)_ln. Hence, it means that i/ (o0) coincides with the ¢ of Theo-

rem D if we identify By and % Hence, (By, ¥) of Theorem D has the same law as ( %, v)

arising in the SDE glV]V,G,n(Y).

There are remarkable similarities between Theorem 1 and Theorem D. First, (8;);cy are
homogeneous to the inverse of time, and have same distribution in both cases. Second, in
both cases, a type of exchangeability appears in the sense that, conditionally on the limiting
holding times or hitting times, the processes are simpler: in the case of the VRIP, it becomes
Markov; in the case of the SDE, the marginals are independent and diffusion processes (in
fact Bessel bridges).

In Section 9, we push forward this relation, by explaining the martingale property that
appears in [17], and the exponential martingale property that extends it in [4], by Theorem 1
and the Abelian properties of Theorem 2.

However, we do not yet clearly understand the relation between the VRJP and the SDE

5“7 0o beyond these remarks.
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2.4. Organization of the paper. In Section 3, we prove the properties related to the distri-
bution U‘V,V ’9‘77, Lemma A, Lemma C and Corollary B. In Section 4, we present some simple
key computations that are used several times in the proofs. In Section 5, we prove the results
concerning existence and uniqueness of pathwise solution of the SDE, Lemma 1 and state
and prove Proposition 1 mentioned in Remark 5 above. Section 7 is devoted to the proof of
the main Theorem 1. In Section 8, we prove the Abelian properties of Theorem 2. Finally,
in Section 9, we explain the relation between the Abelian properties of Theorem 2 and the
martingale that appears in [19]. In Section 10, we illustrate some of the results in the case of
the graph with 2 vertices.

3. Proof of the results concerning the distribution vr,v 01, Lemma A, Lemma C and

Corollary B. Lemma A and Lemma C are proved in [19] (third arXiv version) in the case
0; = 1foralli € V; see Lemma 3 and Lemma 4 therein (see also [10]). The case of general 6
can be deduced from the special case 8 = 1 by a change of variables. More precisely, setting
B = 93,3,-, Wi/’j =0,0; W, j and n; = 6;n;, then we have

0. Hgo) = (1, Hy1), (0. Hg'n)=(n'.(Hp) " '0).  (n.0)=(n. 1),

/

where Hy, =2p"— W', so that B ~ vV if and only if B/ ~ vit 7.

Corollary B is a direct consequence of the expression of the Laplace transform. Indeed,

under v“y ’0’", the Laplace transform of the marginal 8; — %W,‘, ; is given for { € Ry by

[ exo( ¢ (i = 3w ) ot ap)

= 9;71-’_ _C exp(—(,/@iz +¢— 9,') <77[ + jé; W,-,,-G,-)).

It coincides with the Laplace transform of the inverse of the inverse Gaussian density. More
precisely, by changing the parameter of inverse Gaussian distribution, we have

[ ool5) ) ool 252 )
0 °xP 2x ) \2mx3 °xP 2u3x *

%exp(—\/;(\/g +A— \/X))

It means that the law of 28; — W; ; coincides with the law of the inverse of an inverse Gaussian
random variable with parameters (A, p) such that A = Giz and /ﬁ =0+ =i Wi, j9;.

4. Simple key formulas. Let us start with a remark. If (#;) € (R+)V and K; > 0, then
the operator H 1_1 is well defined even when some of the ¢#;’s vanish: indeed, using the identity
2

H'=k U,
2t

the right-hand side is perfectly well defined when K, is invertible. In all of the sequel, we
will implicitly consider that H 11 is defined by this formula when some of the #;’s vanish.

2
We prove below some simplé formulas that will be key tools in forthcoming computations.

LEMMA 2. Let (tl-o)iev and (t,-l)iev be vectors in RK such that K01 > 0.
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(i) We have
.1 Ko = I?thtOv
with
I?ﬂ =Id—t'W where W = WKIGI.

Hence, we also have, with H 1 = ,ll — W (where |H|:=detH)

1
2!

|H_ 1 |

1
0,1 t
(4.2) &z( 7)|K0|
|H21 | ll;[/ t +t !
t
(i1) Let
7=n+ W)
then
4.3) 7=("""H3',
2:0
and
(4.4) (7, (H )™ '5) =, (H_1 )"'n)—(n. (H1) "n).
2! 20441 20

REMARK 7. One should not confuse W in Lemma 2 (which is deterministic) with we %
in Theorem 2, which should be considered as a process.

PROOF OF LEMMA 2. (i) We can write
Kojp=Ko—t'W=(d—t'WK;")Ko=K:Kp.
(i1) Formula (4.3) follows from

=) 1+ WK O = ()T K5O = () H .

Turning to Formula (4.4), using (4.1), we have

-1 _ p-lp-1
Kt0+t‘ Ko K,
and
ﬁll—KtoKtOHlt
1 1\,
KroKto+,1(f +1 )<10 t0+tl)t
(4.5) ="H, H !, (1 ! )ro
' 20 5o \10 0441

="H,H'", (H. —H 1 )

20 30T, 210 2194+ 1)

=5, H', H.:°—:""H, O
2:0 m 2:0 2:0
Now, (4.3) implies
H ﬁ:tOHLH_l1 n—ton.

2:0 2(10+t Iy

L
o1

Since H 1 is symmetric, we get (4.4) by (4.3). U

2:0
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5. Proof of basic properties of the SDE 8“}1 7, Proof of Lemma 1. Remark that @)
and (ii) of Lemma 1 are equivalent since d X (t) = dY (t) —n dt. In order to prove the existence
and uniqueness of the pathwise solution of E“;V ’Q’U(Y ) (or equivalently E“y ’Q’W(X )), we first
consider a nonstopped version of the SDE £ “;V 6o (Y), for which the existence and uniqueness
is simpler.

LEMMA 3. Let (6))icyv € RK. Let h > 0 be the smallest positive real such that det(Kp) =
0. Then the following SDE is well defined on time interval [0, h) and has a unique pathwise
solution

~ l ~
(5.1 Yi(t) =06; + B; (1) —/ (WKS_IY(S))i ds VieV.
0
Moreover, there exists a time T < h such that 17, (t) = tn; for some vertexi € V.

PROOF. As WKI_1 is bounded on time interval [0, &7 — €) for all € > 0, (5.1) is a linear
SDE with bounded coefficients which has a unique pathwise solution, with continuous sample
paths, by standard existence and uniqueness theorems on SDE.

We denote

K(t) = exp(/ot WKS_1 ds).

Note that WK~ I'is symmetric with positive coefficients for s € [0, &), and commutes with
any WKSTl for any s, s’ € [0, k). Therefore, it commutes with &(¢) for ¢ € [0, h). Besides,
K (¢) has positive coefficients and
(5.2) lim min(K(2)), j =too.

t—h i,j ’
Indeed, since W is symmetric with positive coefficients and irreducible, by the Perron—
Frobenius theorem, it has a unique maximal eigenvalue A associated with an eigenfunction
with strictly positive coefficients. By construction, since Ky =Id — sW and 4 is the smallest
positive real such that det(Kj;) =0, we have A; = 1/ h. Hence, denoting Ay =1/h > Xy > ---
the eigenvalues of W and p, p», ... the corresponding spectral projectors, we have

1
5 1 —s)xkpk

and limg_, (1 —s/h) K I = p1, which has strictly positive coefficients. This implies (5.2),
since the integral in the definition of K(¢) is a matrix with positive coefficients and it diverges
whent — h,t <h.

Define

H(t) = KDY @),
we have, using the commutation above, dH (1) = K(t) d B(t), hence
t
H(t) =6+ /0 K(s)dB(s).

Therefore, H(t) is a Gaussian process and its first coordinate (1 (¢))o<;<p is a time-changed
Brownian motion, more precisely, since C(s) is symmetric,

Hi()'Xe, + Bl(\/(/ot ICZ(s)ds>M>.
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Since the time change tends to +o0o when ¢ tends to /4, it implies that 71 () becomes negative
on time interval [0, /).

Assume by contradiction that f’i (t) >0foralli € V and all t € [0, h). Since X (¢) has pos-
itive coefficients and by definition of H(¢), it follows that #(¢) has nonnegative coordinates
for all ¢ in [0, k), which leads to a contradiction. Hence, 171- (1) hits O for some i € V on time
interval [0, ). In particular, as the drift n has nonnegative coefficients, )71 (¢) must hit the line
y =1tn; at some time t < & for some vertex i. [

PROOF OF LEMMA 1(1). We prove it by recurrence on the size of V. We will gradually
define Y (¢), solution to the equation E‘V,V ’9"7(Y) and X (t) = Y (t) — tn. Consider
T =inf{r > 0,3i € V such that X;(r) =0}

and denote by ig the vertex in V such that X;,(r) = 0. Up to time 7, equation 63/ ’O’W(Y)

is equivalent to equation (5.1), hence equation 5“7 ’G’U(Y) is well defined and has unique
pathwise solution up to time 7 and T < oo a.s. Moreover, T;, = 7. Now we set U = {ip} and

(T)iev = (T; — Tiev,
W=wk!, Ky=1d—sW, f=n+W(n)
and use that, by (4.1) applied to tl.o =tforalli,and ' =s AT,
Kironr =Ko K5
We set
X(s)=X(t+s),  B(s)=B(t+9).
Hence, we have that

(tH+)AT=1+sAT, WK !

o o—1
(t+s)AT =WK

SAT
and after time 7, (X;4();>0 is solution of Ey’g’"(X) if and only if )?(s) is solution of
(53)  dX(s)=1,_7dB(s)+1,_g(WK_ (X () +tn+ (s AT)n) +n)ds.
Using that

VNVES—AIT(X(s) +n+ (s ATHn)

WKL (X () + Koz (xm) + (s AW () + (s AT)n)

WKL (X () + (s ATH) + W(Tn)

we see that (5.3) is equivalent to the fact that X is solution of S‘V,V’X(T)’H(X). Since, X;, (1) =0
is it equivalent to the fact that X v 1s solution of ELVJV ’X(r)’"(X ). Hence, we conclude by the

recurrence hypothesis applied to U, which implies that 53/ ’X(r)’ﬁ(X ) has a unique pathwise
solution. [J

PROOF OF LEMMA 1(111). Remark first that

9
— k- =k!

—1
97 IAT intLi<t WK, 7.
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Differentiating ¥ (t) = K ;/\IT(Y (1)), we get
dyi(t) = (K (dY 0))); + (K Licr WK (Y (1)), dr

= (KIAT(]]"<T dB(t)))

Moreover, the quadratic variation of ¥;(t) and v;(¢) is given by

1
l//l’wa_Z/ s/\Tzl S<T1(Ks/\T)Jld

leV

2
B
TGATY l s ATy A Y

leV

—/ H .jds
Z(SAT) ’

= (H_ 1 )i,j’

20A~T)
where in the second equality, we used Hpg is a symmetric matrix and H _1 =K t_/\]T tAT),
2(IAT)
and so that H 711 =(AT)K,, T)f In the last equality, we used that H ™ 1 is well defined
2(tAT) Z(MT)

and null forr =0. O
6. Stationarity property.

PROPOSITION 1 (Stationarity). If (X ());=0 is the solution of €, ""(X) and s > 0,

W) X(s) 75
then (X (¢t + 5));>0 is solution of the SDE S‘V,V X )0 (X) directed by the shifted Brownian
motion (B(t + s)):>0, and with

WO =wk L, 79 =n+WOsATn).

REMARK 8. Proposition 1 corresponds to Theorem 2(iii) in the case where all the coor-
dinates of (tio) are equal to s, except that in this case the equation is directed by the shifted
Brownian motion, which is not the case when coordinates are not all equal. The proof in
this case is based on elementary computations and do not rely on the representation given in
Theorem 1. The result can be interpreted as a dynamic evolution of the parameters along the
trajectory: conditioned on the past, the future of the trajectory is in the same family of SDEs
with deformed parameters.

PROOF OF PROPOSITION 1. Set (X (1));=0 := (X ( +5))1=0, (B(1));=0 := (B(t +5))1=0,
and T =T — s A T. Remark that by Lemma 2

CHDAT=s AT +tATD,  W(Kinar) ™ = WOKE)™

with W) defined in Proposition 1 and 1’5% =Id— (t A T®)W®), The SDE Ey’g’"(X)
after time s is thus equivalent to

dXi(t) =1, _z0 dBi(0)

~1, ;o (WORD) ™ (R + 6 AT+t ATO)) + ), dr

VieV.
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By Lemma 2, we have that
WKL) X @) + (s AT+ (e AT®)n)
o ) =1y 2 (s)
= WK T (X @) + K= ((s ATn)
F(EATOYWS (s AT+ (t ATD)p)
~ ~ 1, ~ AN o~ ~(c
=W K)TEXO+ (E ATO)RD) + WS (s AT,
Hence, X (1) is solution of
dX(1) =1, _z0 dBi(1)
=) 6 =15 £ (5)) ~
o 1t<f;(s)(W(S)(Ktj\T) (X(t) + (t A T(S))U(S)) + n(S))i dt
VieV.
Since, X (0) = X (s), we have the result. [

7. Proof of Theorem 1. We provide below a convincing but incomplete argument for
the proof of Theorem 1. We do not know yet how to turn this argument into a rigourous
alternative proof, even though we think that it should be possible. The rigorous proof is given
in Section 7.2.

7.1. A convincing but incomplete argument for Theorem 1(i). Let A € ]RK be a nonnega-
tive vector on V. As

1
eXP<_<’7’ Hy '3) = 5 {3 H,s_lk>>vy’9’” = exp(— (1, 0))vpy O,
we have
—1 1 —1 W.0.n _

On the other hand, consider Y (¢), solution of Ey S (Y), and the associated processes (X (¢)),
(¥ (¢)). By Lemma 1 and [15], Proposition 3.4, page 148, we know that

exp(—(k, v o) %(x, Bl )\)),

2(tAT)

is a continuous martingale, dominated by 1. Moreover, we have that X (r) — 0, a.s., when
t — 00, hence, a.s.,

lim ¢ (1) =Ky (Tn)=H{'n.
t—00 2T

By the dominated convergence theorem, it implies that

E(exp(—(x, H;m - %(x, H;Tlx))) = exp(—(1, ¥ (0)) = exp(—(%, 6)).

Hence, it implies that both 8 under v“y 01 and % obtained from E‘V,V 6.1 satisfy the same

functional identity (7.1). Note that the dimension of the space of variables (1;);cy and of
the random variables (3;);cy are the same. Nevertheless, it is not clear wether the functional
identity (7.1) characterizes the distribution v‘v,v ’9’"; at least we have no proof of this fact.
If such an argument were available, it would imply Theorem 1(i) also: indeed, using the
stationarity of the equation, Proposition 1, it would be possible to deduce Theorem 1(ii) by
enlargement of filtration (see [8]). We do not give the detail of the argument here since the
first part of the proof is missing.
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7.2. Proof. Even if it is not obvious at first sight since the context is very different, the
strategy of the proof of Theorem 1 is quite in the spirit of the proof of Theorem 2(ii) of [17]:
we start from the mixture of Bessel processes and we prove that this mixture has the same law
as the solutions of the SDE E‘V,V Sl (X). We use in a crucial way the fact that the law US/ 01 4
a probability density with explicit normalizing constant.

7.2.1. The classical statement for N = 1. We denote by W = C(R;, R) the Wiener
space. For 6 > 0, we denote by Py the law of X; 7 where X; =6 + B; and B; is a stan-
dard Brownian motion and 7" = inf{¢t > 0, X; = 0} is the first hitting time of 0. For a positive
real’ T, we denote by ]BS’E the law of the three-dimensional Bessel Bridge from 6 > 0 to 0
on time interval [0, T], as defined in [15], Section XI-3. We always consider that the Bessel
bridge is extended to time interval R, with constant value equal to O after time T, and thus
Bg:g is a probability on W. As mentioned in the Introduction, it is known (see [24], or p. 317

of [15]), that under Py, % has the law Gamma(%, 02) and that, conditionally on 7', (X;);>0

has law Bg:g . Otherwise stated, it means that the following equality of probabilities holds on
the Wiener space W:

0 2
(7.2) Pg(-) _f 153 e Pap.
f VB¢
7.2.2. Proof of Theorem 1(i) and (ii). We use the formulation of Lemma 1(ii), and we

will prove that if (X;(#));cy satisfies Ey’g’n(X), then 8 := % is distributed as v‘v,v 01 and

conditionally on T, the coordinates (X; ());>¢ are independent 3-dimensional Bessel bridges
from 6; to O on time interval [0, T;].

Recall that V = {1, ..., N}, and denote by Wy = C(R, RY) the N-dimensional Wiener
space and (X (¢));>0 the canonical process. As usual, on this canonical space, we denote by
T = (T});cy the hitting times of 0, T; = inf{r > 0, X;(¢) = 0}. For 8 = (6;)icv € RY, we set
Py .o := ®;cv Py, and by (7.2) we have

3, 2
(73) Pyg= ( B, % () ,/ o0 b dﬂl),
/l%v ® 9“ lev \Y4 ﬁl

+ NeV

the probability on Wy such that (X;(¢));cy are N independent Brownian motions starting
at positions (¢;) and stopped at their first hitting times of 0. The assertions of Theorem 1(i)

and (ii) are equivalent to the fact that the law of the solution of the SDE. S‘V,V ’0’"(X )is a
1

mixture of independent Bessel bridges IB%Ql_ 20'3’ where 8 is a random vector with distribution

. . .1 .. . =W,
v“iv 01 Otherwise stated, it means that the probability distribution P, " defined by

(7.4) B0y = f(®ﬂ% o )(-)v&v"”%dﬂ),

ieV

is the law of the solution of the SDE S‘V,V ’Q’U(X ). The strategy is now to write the Radon—

. .. =W.6, . . .
Nikodym derivative of Py, " with respect to Py ¢ as an exponential martingale, and then to
apply Girsanov’s theorem.

ZNote the different typeface embodied T to distinguish real variable representing a time from the random hitting
time 7.
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Comparing the representations (7.3) and (7.4), together with the explicit expression for
v‘v,v’e’n, we get

=W.,0,
IP’ " f%(G,H%GH%(@,%G)fé(n,(H%)’ln)Hn,@)]—IievTi

=1p, ~0-e lieVvii
Pve o /|H%|

1 1 _
=1y, =0- exp<5<9, W) — 5<"’ K7 'Tn)+ (o, 9))
2T

—1/2

7.5

(7.5) |

VIKr]

(Indeed, on the right-hand side of the representation (7.3) and (7.4), the hitting times of 0 T;

corresponds to the variable ﬁ J)
Let ¢t > 0, and define

Vi) ={ieV, T >t}

POp—
20 AT
WO =WK L =W+ WK L ATW,

70 =0+ WOuA T,

where the third equahty comes from the fact that K t_/\T =ld+@EAT)WK,, /\T Note that W ®
tANT)=H" 1 . We also set

Z(MT)

is symmetric since K, AT

TW:.=T -t AT,

B0 = ]

_g  2TO

KY =1d-TOW®

~ ~ ~ 1 ~
O ._HF0 _ 70 0
j =280 WO = = KY

Note that (I-ng))_1 is well defined for all ¢ using (ﬁg))_l = (Eg))_lf(’); see the beginning
of Section 4. By equation (4.3) applied with 10 =1 A T, we get that

(7.6) 70 = AT H .
We first prove the following lemma.
LEMMA 4. Let
M,_exp<——(X(t) FOX (1) + <~<f> (BL) ﬁ@))_(ﬁ(f),xa))) R,

Under Py g, we have

M t
ﬁt =exp(—/ <W1ﬂ(s)+77,dXs>
0
(7.7)

=3 v+t (W) + n))ds

with

U (t) =K, (X @)+ AT)Hn).
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PROOF. We will compute the Itd derivative of In M;; the following formulae will be used
several times:

9 d
EKMT=—]11<TW’ Py —K, =K, [ Lo WK
(7.8)
3 Fo — g, _, 7o,
at
d 1 \?
(7.9) =t ()
By (7.8) and the It6 formula, we have
d(X (1), WOX (1))
(7.10) =2(dX 1), WOX @)+ (WX (@), 1, WO X (1)) dt

+Trace(W(’)]l,<T)dt,

where in the second term we used that the operator W is symmetric.
By (4.4) of Lemma 2 applied to t =t AT and t! = T®, we get

(O, (H)'5) = (n, (Hp) ™) — 0, (Hge) ")
Using (7.9) and (7.6), it implies
(7.11) d(ﬁ(’), (ﬁg))—l 'ﬁ(t)) — _<ﬁ(t)’ ]lt<Tﬁ(t)>dt.
We have also

0 ) _ S, o .
0 = WL+ WOL WO AT = WL 7.

Hence,

(7.12) dii®, X ()= [, dx @)+ ({70, 1, WX, )dr.

Finally, using (4.1) of Lemma 2 applied to tf = A T and ¢! = TO, we get

(7.13) K =KK™,
which implies by (7.8),
8 N(f) 8
EIH‘KT | = —§1n|K,AT| —Trace(]l,<TWKmT)
(7.14) ~
= —Trace(]lKTW(t)).

Combining (7.10), (7.11), (7.12) and (7.14), we get using that Wi (1) +n = WO X (£) + 77,
~ 1, ~ ~
dinM, = —{dX(t), WX (t) + 70) — 5(W(”X(z), 1, s WOX(0))dt

1 _
2(77(’) 177 D)dt — (7O, 1,7 WO X,)dt

1
—(Wy @) +n.dX;) — E(thf(t) + 0, L7 (WY () +n))dt
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Consider now a positive measurable test function ¢ ((Xs)s</). Denote by E”V”’” (resp., Ev ),
the expectation with respect to @3/’9’” (resp., Py ¢). We have, by (7.5),

EW@r](

P((Xs)s=)))

=Ey 9(¢((Xs)s<z)]lH1 Lo-e2t® Wor-yin (k) oo L )

2T V|KT|

(7.15) M,
_EV9<M0¢((X )s<t)]lH1 >0

o I XOTOXO)=F GO D TGO X)L >

K|
Let us denote by (-, )y () the usual scalar product on RY® (we keep denoting by (-, -) the

usual scalar product on RY). As X (¢) vanishes on V \ V(t), we have

X@, WOX0)=(X@0, WOX W)y, T XO) =T, X Oy -

By (4.5), since (H(t)) ! (K(z)) IT® and since T® vanishes on the subset V \ V(¢) and

Hé ) is symmetric, we get

) N1 () (FON—1
GO HD)TO) = 00 HY) TNy .

Moreover,
K| =[1d=TOWD| = |(1d =TOWD)y, ) v
and
]lH% >0=1p,, >01gg>>0
thus
1 w7 _ L0 (FOV=150y 50 1
1y, >062<X(I),W X@)—5( ,(Hﬂ )Y+, X () _
T ()
K]
(7.16)

WX (0.5
40!

dPy ). x )
Therefore, using (7.15) and (7.16),

Ey " (¢((Xs)s<)))

M, —WO X (1), 70
=Ev,9<1H 0y Xz ¥ m)

= I]-Hﬂ(,)>0

Ey

= By 6(Lr_ ) »00((Xs)smr) e WV EH1AX) =3 [V +n.Lscr (WY ()+n) ds)
’ t = ’

where we used Lemma 4 in the second equality. It implies that
—W.,0, !
By = 1 0exp( [ (W) +.dX.)

-3 (WW(S)+n 15<T(Ww(s>+n)>ds)1@ve
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Finally, by Girsanov’s theorem, we know that under the law

exp( [ (W) +n.ax,)

1
2

(7.17)
<Ww(s> b Ly (W (s) + n))ds)Pv )

the process

(1§(t))tZO = (Xz n /Ot Ty (Wi (s) + n)ds)

t>0

is a Brownian motion stopped at time 7', the first hitting time of 0 by (X (¢)). (Indeed, recall
that Py ¢ is the law of independent Brownian motions starting at 6 and stopped at their first
hitting time of 0). Hence,

dX(t)=1,.7dB() + 1,7 (W (1) + ) dt,

and under the law (7.17), X is solution of the SDE &, W.0.n (X) with driving Brownian motion

B. By Lemma 1, we know that a.s. under the law (7.17), we have Hﬂ(,) > 0, thus IP’W X

and (7.17) are equal. Hence, under IP’V , (X (1)) has the law of the solutions of the SDE
W.0,n
Ey (X)), O

8. Proof of the Abelian properties: Theorem 2.

PROOF OF THEOREM 2(1), (11). Consider first the restriction property (i). By Theorem 1,
conditionally on 7', (X; (t)),ev are independent Bessel bridges from 6; to O in time 7;. By

Theorem 1 and Lemma C, 2T is v(v}v v bu.i distributed. By Theorem 1 applied to the set U

and parameters Wy y7, Oy, 7, it implies that X has the law of the solutions of &y .6, H(X ).
For (ii), the same argument applies, using that Bye, conditionally on By, is vy;¢ W Bye i dis-
tributed. [

PROOF OF THEOREM 2(111). We adopt the same notation as in the proof of Theorem 1:
we denote by W = C(R, R) (resp., Wy = C(Ry, RY)) the Wiener space and X (¢) (resp.,
(X;(1))iev) the canonical process of the Wiener space; we denote by T (resp., T = (T;)icv)
the hitting time of 0 by (X (¢)) (resp., by the processes (X;(¢))). For areal T > 0, recall that

Bg:g and Egig denotes the law (resp., the expectation) on W of a Bessel bridge from 6 to 0
on time interval [0, T] (and extended by O for ¢ > T).3 Recall also that Ey’e’"(-) denotes the
expectation with respect to the law on Wy of the solution of the SDE E‘V,V 601 (X).

Following [15] page 463, under ]B%g’,g, the law of X (¢) for some 0 < ¢ < T is given by

Pg 5T (y)dy on Ry, with

1 T \32 __ 2 2 02 402
(8.1) pggT(y) \/_g<—) e 2(Lr)+27(e— * T —e = ) Vy > 0.

Moreover, the Markov property of the Bessel bridge implies that under IB% 6.0 T and conditionally
on X(1)=x,0 <1 <T,the law of ((X (u))o<u<t, (X (¢t + u))o<u<t—) is given by

(82) By, @B .

3 As before, we use a different typeface embodied T to distinguish real variables representing a time from the
random hitting time 7.
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Let us denote by vWH M

W-6148), so that

the distribution of T = (T;);ey = ﬁ under the distribution

2\V112 — Lo, L0y L0, wo)—L (1, (H 1 )" "n)+(n,0)
_Wen(dT)—]lH1>o<) e S

-~ 1
% HZEV 1 1_[ _ZdTl
\/ |H%| iev 2T;
Let 0= (tl-o)[ev € RK be as in the statement of the theorem. For T = (T;);cy € RK, set
(8.3) v, ) =lieV,Ti> 7).

Fix U C V. Let h, g be bounded measurable test functions. By Theorem 1, we have

E?/Vﬁ’n[]lv(zo T):Uh((Xi [0, tQ])iev)g((Xi([tio’ Ti]))icv)]

—W.,6,
= [ v m=o @B (0. 47]), s (X (1. TiD) ) vy D)
ieV
By the Markov property (8.2), when V (¢°, T) = U, we have that

@ Es 6 [A((Xi[0. 47D )8 (X ([ TiD)icyy)]

ieV

= [, Klu. . Tu) YQE G s ((Xi([0.T: = 121)),c0)]

+ ieU
3,00.T;
< (TT ety ™ an).
ieU
where
(8.4) K(xu, 1), Tye) : (@Ee L QES ) i[0.7]);ev)]
ieU ieyUc

is a function that only depends on (x;, #; ),GU (Ti)icyc. We thus get
W.60,n
Ey " [Ty, 1)—uh(Xi[0.87]);ev )8 (Xi ([ T:]);c0)]

3,T;— t
= [ Ly mouK G . To) @Ey 5 [ ([0.T: = 1))
ieU

3,00.T; —W.,0,
X (]‘[ Po.0 (xi)dxi> dvy, " "(T).
ieU
In the sequel, on the event {V(to, T) = U}, we set
(Tiev = (T — fio)ieU-

(
The strategy is now to show that we can combine the terms [ ;< P@ 0 (xl) and the mea-

sure dv vV "(T) in such a way that on the event (v, T =U), changing from variables
(T})icy to variables ('NI'Z-)ieU, we end up with a function of (xy, tg, Tye) and the measure

WO ¢ 50~ .
vy 77 (dT); see the forthcoming formula (8.5).

Let us denote by (-, -)y the usual scalar product on RY (recall that we keep denoting by
(-,-) the usual scalar product on R"). Note that ﬁ(to) and W" defined in Theorem 2(iii)
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correspond to 77 and W of Lemma 2 for % A T and T. Hence, by (4.4) of Lemma 2, we get
~ (0 ~
with Y = & — W that
27

G, () H5O), — (o, (H )™t} =~{n. (H_p)""n)

= 200AT
and by (4.2) of Lemma 2,
|(H< MNu.vl T,
— 2 =Kol H<~—)
t
|H1| icvN\Ti
Note that we have
Lo o _=tre)?
3t T,( D=e" (X )u+50,50)u l_[(e 2 —e ) )
ieU i€l

L x (T2
< ( ) .
,/2m0 Oi
Changing from variables (T;);ecy to (Ti),-GU, we get
]lV(tO = U(H p@ o(xz)) Wen(dT)

ieU
(8.5)

T 70
]lT,<tOzeU‘“(XU’tU’TUC)VU @) [ dT

ieU¢

for some explicit function E (xy, tg, Tye) that only depends on (x;, tiO)ieU, (T)ieve.
Continuing our computation, we have

E\V/V’g’n[]lv(m,T):Uh((Xi [0, tio])iev)g((xi([tio’ Til)iev)]

(8.6) :/]lTl.<,IO,ieUcK(xU,tgvTU”)E(xU’tgvTUC)

W(’%,x,ﬁ(fo)
x By e (X ([0, T:1); ) T dxi T 4T
ieU ieyUc

Let us apply the last equality to the case where h and g are replaced by
W x, 105
(X0, ])ey) = h((X[0.67 D) By T (g(X:(10. T1)))jepr))-
g:=1.
The identity (8.6) gives in this case
w6, W xp 0,75
By n[]lV(tO T)=Uh((Xi[0v tio])iev)EU vt (& (X ([0, Ti]))ieU))]

—/ T<t ieue xU,tU,TUc) (xU,tg,TUc)l_[ dx; l_[ daT;,
ieU ieUc

8.7)

where, using (8.4) applied to K instead,

~ 0 W x50
K(xu, 10, Tue) = K (xu. tf), Tye) By [g((X ([0, T1);ep)]-
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Remark that the right-hand sides of (8.6) and (8.8) are thus the same. Hence, we conclude
that

Ey " "[Ly o0 ryeuh (X0, 1]);ey) 8 (Xi ([0, T:]))ic0)]

W.0. W xp 0.5
=Ey """y 0. ry=h((Xi[0.7]); ) Ey VI (g (X (10, T11)); ) ]-

Summing on all possible choices of U, we exactly get that the law of (X; ([tl.o, 1;1)), condi-
e x (19 70
tionally on FX (¢9), is the law of the solutions of the SDE S‘V/V X (X). O

PROOF OF THEOREM 2(iv). Fix as before U C V. With the notation of the theorem and
(8.3),

V(T T)=lieV.T; > TP},
and for U C V fixed, we define the event
AT, T)={v(T°, T)=U}={T; >, i e U} N {T; <1?,i e U°}.

We simply write {Tp < oo} for the event {Ti0 < 00, Vi € V}. In order to prove the strong
Markov property (iv), it is enough to prove that, for any bounded test function /4, g, depending
continuously on finitely many marginals of X, we have

w.0,
Ey " [L70 ool acro,nh((Xi[0, TD); )& (Xl T, )i )]

w.6,
(8.8) =Ey n[1T0<oolA(T0,T)h((Xi [0, Tio])iev)

W0 X (10,570
x Ey T (8((Xi10, Ti)ep))]-
We define the sequence of stopping times, for all i € V, by

k k—1
[T~0 —  when

k
0
l]n=2’1 n le- <—,k€N,

2}’[
and [Tio],, = oo when Ti0 = 00. We can check that [7°] := ([Tio]n)iev is a multistopping
time in the sense of Theorem 2(iv), since for (k;);ey € NV,

ki —1 o ki ki .
ﬂ o <T <2—n €o Xi(s),ssz—n,zeV.
ieV

Moreover, [Tio]n decreases a.s. to Ti0 and for n large enough V(IT1,) = V(T? a.s. This
implies that a.s.,

170 oo Lacro. 18 (X [T Ti])icry)
= lim Li70) oL 470}, 198 (X[, T1])icrr)-
Therefore, by dominated convergence theorem,
.6,
Ey " [170 caoLacro ryh(Xi [0, T1); ) e (X [T, i) )]

W,
= 1im Ey""[1170), cooLaqro), 1y (Xi[0. T )& (X [T, Ti)) o))

. w.,0,
= ,,12130 Z Ey "[(l_[ ]l"i_n‘ST.OJ_;;)]lA(zin,T)h((Xi [0, Tio])iev)
k=(k;)icv €NV iev 2702

<s((xf57]),,))
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where in the last equality we sum on the possible values of each [Tio],,, i € V. Note that
0
(ﬂ L1 ) A(zin,T)h((Xi[O’Ti Diev)

is FX (2%) measurable, so we can apply the Markov property (iii), and we get

k:
]EW’O’"[]l ( Lo A)h X;[0, 7). ((X,-[—’, TD )}
v A(ZL,,,T) ile_\[/ kzznl_ 0k (( [ i ])zev)g on iEV(ZkT)

w.0,
=Ey n|:1A(2’§1 T)(l_[ Ty )h((X,-[O, Tio])iev)

T Xy (k) 720

x Ky ( ((Xi [0, Ti])ieU))]'

Summing on possible values of (k;), we get
w0,
E 77[ILTO<o<>ILA(T0 T)h((Xi [0» Tio])iev)g((xi[Tio’ Ti])ieU)]

(8.9) = lim E []lT"<oo]l.A([T0]n,T)h((Xi [0. °]);ev)

n—oo

W([T ) x o (T° ar0m
xEy oo (8((Xil0. Ti1); ) ]-
We conclude the proof thanks to the Feller property (see, e.g., Section 18.6 of [21]) proved
in the lemma below. [

LEMMA 5. The function (W,0,n) — EW’G’"(g((X [0, T;Diev)) is continuous on
(R%. )E x (R%. W ox ]RV for any bounded measurable function g depending only on a finite
number of margmals

PROOF OF LEMMA 5. It is enough to consider the case n = 0, since the case n # 0 is a
marginal of the case = 0 by Lemma C. Without loss of generality, we assume W; ; =0, Vi.
The proof follows from the representation Theorem 1 and the two ingredients below.

Under the three-dimensional Bessel bridge law, the expectation Eg:g (g((X;[0, T; Diev))
is continuous in (6, T'). Indeed, the three-dimensional Bessel bridge is the norm of a three-
dimensional Brownian bridge from x to O if ||x| = 6, and the three-dimensional Brownian

B® — LBY — Lx where (B™Y) is a three-

bridge from x to O can be represented as x +
dimensional standard Brownian rnotion

On the other hand, the measure vy, W (dPB) can be dominated locally on the parameters W, 6
after some change of coordinates, following [18]. (Note that the density Vv W.9 in the present

paper correspond to pW-6 ip [18].) For convenience, write V = {1, ..., N}. By the change of

variables, (B;)icv — (xi)iev from {8, Hg > 0} to (Rj‘r)v described in the proof of Theorem 1
of [18] (see p. 3977), we have

1
(0, HgO) —

]lHﬂ>()eXp( 5 ZW, 00, )mdﬂ
(8.10) N
1 92x, 1
=—1 _pvexp|l— L= 9H 7dx,
following the notation there, in particular the definition of {x;, H; ; : 1 <i, j < N}. By defi-

nition, for any / > 1, H; x > W .
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Now fix W9, 69, let Q be a neighborhood of (W, 8), denote
=inf =inf6;.
W,y =1t Wik, 0 inf oy

Forany W, 0 € Q, we have H; > W, \ > Wi and 6, > @, forall 1 <[, k < N, so the density
in (8.10) is locally uniformly bounded (in the variables xs) by

N 2 N
67 x; 1 1
s (w2}

I=1 k=I+1 XL-- AN

which is an integrable function, as xi, ..., xy_1 are distributed as inverse of IG distribution,
and xp is a Gamma distributed random variable. [

9. Relation with the martingales associated with the VRJP. Consider in this section
that V is infinite and that W is such that the associated graph G has finite degree at each

vertex and is connected. Following [17], we extend the definition of the distribution v“j/ 9 to
the case of this infinite graph. In order to be coherent with [17], we assume that W is zero
on the diagonal. Note that we slightly generalize the definition of [17] since we consider a
general vector (6;);cy € (R+)V, which is equal to 1 in [17]. (But as noted at the beginning
of Section 3 it is in fact not more general since we can always take 6 to 1 by a change of
variables on 8 and W.)

Let us recall the construction of the distribution v“j/ % obtained by Kolmogorov’s extension
theorem. The approach is slightly different from that of [17] and make use of Lemma C(i).
Let V, be an increasing sequence of subsets such that (J,~; V, = V. Consider the vector

n" e (Ry)"" defined by
9.1 ™ = Wy, ve(Ove).

. T )
By Lemma C(i), the sequence of distribution v“Z M

is compatible, hence by the Kolmogorov

theorem it can be extended to a measure v“y % on (R4)". We define the Schrodinger operator
Hg:=28—-W,

on RY associated with the potential g ~ v“jv ¥ Note that Hg > 0 as the limit of (Hg)y,,v,

which is positive definite since By, has law v&: SR

In [19], we considered the sequence of functions (1//1(-")) jev € (R+)V defined by
(Hﬁw(n))vn =0,
10‘(/? =0y,
and the operators (é(”)(i, )i jev, by

S -1
GV, = ((Hp)v,.v,) "
G™(@, j)=0 ifiorjinnotin V,.

9.2)

Let 7, =0 (B;, i € V,,), the sigma field generated by By, . In [19], Propositioll 9, it was proved
that " is a vectorial F,-martingale, with quadratic variation given by G (i, j), that is,
that for all i, j in V and all n,

E(y ™)y " () = GG HIF) =P iy () = GG ).
It was extended in [4] to an exponential martingale property, namely it was proved that for
any compactly supported function A € (R4)",
9.3) e~y =3 (LGN

’

is a F,-martingale.
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We can interpret the functions v that appear above in terms of the SDEs. Consider X ™

(n)
the solution of the SDE 5&: 0.1 , where ™ is defined in (9.1). Denote by T the associated
stopping times and g = 2T1(") and
-1
K" =1y, v, = ATO)YWy, v, ™0 = (K" X0,

the associated operator and martingale that appear in Lemma 1. We always consider that y
is extended to the full set V by w‘(,"c) (t) = Oye. Considering (9.2), we have that

lim ™) =y ™.
1—>00

Hence the function v appears as the limit of the continuous martingale v (r).

It is possible to interpret the exponential martingale property (9.3) in terms of the Abelian
properties; see Theorem 2. More precisely, conditionally on o (By,), it is possible to construct
a continuous martingale that interpolates between ™ and "1 and with total quadratic
variation given by Gt — G™ | which explains the exponential martingale property as a
consequence the standard exponential martingale property for continuous martingales. We
do not give details of this computation which require heavy notation (but the authors will
provide details under request).

10. Case of the two points graph. We illustrate some of the results in the case of two
points. The discussion in this section will be rather informal since it is only meant to be an
illustration of the results. Assume V = {1,2} and Wy ; = W2 =0, Wi 2 =W > 0, that is,

the graph Laplacian is
0o w
w 0/

We denote (r ATy, 1t AT>) = (tT1, ¢T2). Tt follows that

1 —tIw
K =1—-0¢AT =
tAT eAT)W <—tT2W 1 ),

- 1 1 thw
N Ty hw2 \t2w 1 )

And
YO =K r(X @) +1"n).
The SDEs are now
Xi(1)=6; +/Ot 1y<7; dBi(s) — /Ot Ly<r; [(v(l)/ V(‘)/> @;gD " (Zi)l s
i=1,2;
where

T; =inf{t > 0, X;(r) = 0}.

Because of the interactive drifts, it is nontrivial that this equation is well defined for all > 0
(.e., 1 —tT1t2W? > 0) as shown in Lemma 1, even though intuitively it is rather clear: if
1 — tT1t2 W2 approaches 0 before the hitting times of 0, then it gives a strong negative drift
in the equation which pushes the process toward 0.
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Theorem 1 asserts that the law of (2T 2T yis k% (0, n, B) dB, where

2 i 4 016 281 —W
hW 0’ , =1 - 2(9Hﬂ9+77Hﬁ n+6n) , Hs = ( ) .

Theorem 2(i) asserts that X (¢) has the law of a drifted Brownian motion with drift n; — W6,
(with corresponding formula for X, and stopped at first hitting time of 0). Theorem 2(ii)
asserts that conditionally on (Y2())r=0, (X1(2)) has the law of a Bessel bridge from 6; to 0
on time interval [0, W ] with a constant drift —(n; + W

Let us show that, if we assume Theorem 1, that is, that we know the law of the hitting times,
then it is possible to check by direct computation that conditionally on (71, 72), X(¢) and
X (t) are 3D-Bessel bridges. Let ¢ > 0, denote T=T-tAT. Using Proposition 1, which is
a simple property of stationarity of the equation, the shifted process X (s) = X (¢ +s5),s >0,
conditionally on FX(z), is solution of the same class of SDE. More precisely, if we denote

o — 1 wr o w
T 1w\ w Thw?)

T _<771>+ w tTt Wy + 1",
g0 ) \m) T =T w2 \e gy 1 Wy )

then, ¥ (s) := ¥ (t +5),s > 0, is equal to
(&) =[ld= s ATHWOT ' [X(5) + (s A THFD]

and X (s) is solution of
X(s)—X(t)—i—f 1,_7 dB(u)—/ 1, _#[WO9 @) + 7] du.

In particular, Theorem 2(iii) asserts that, conditionally on F X (1), the vector ( as

271y’ 2T )
distribution

W (x1). 50, B)dp.

(Note that this density can be degenerated, depending on the cardinal of V(¢) = {i €
{1,2}, T; > t}. To be more rigorous, one would need to separate the case where V (¢) is two,
or one point.)
Therefore, conditionally on (2T 2T ), the law of (X (¢)) is a Doob’s h-process of the initial
law of X (#) with Doob’s exponentlal martlngale given by
hX@®). 7", )

=

h@©,n, p)
By explicit (but rather long and cumbersome) It6 differentiation, we have
1 Xi(t
dlogM; = > < - ’()>Xm~(t)
- Xit) Ti—t
(i, )e{1,2),(2, D}
1<y,
ﬁ(}g (s) + WX (1)) dBi (1)
+ drift terms.

Therefore, by applying twice Girsanov’s theorem, and using Doob’s h-transform, condition-
ally on (2—;], ﬁ), X (1) = (X1(t), X2(1)) is solution of

X(t)—@—l—/t]l T(dB()—i— ! — i()d) i =1,2
; =0: . (S s, i=1,2,
! ! 0 =i ! Xi(s) T, —s
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where El (1), Ez (t) are independent Brownian motion under the conditional law P(-|T7, T3).
That is, conditionally on (77, 72), X1(¢), X2(t) are independent 3D-Bessel bridges.
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