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We investigate moment sequences of probability measures on subsets
of the real line under constraints of certain moments being fixed. This cor-
responds to studying sections of nth moment spaces, that is, the spaces of
moment sequences of order n. By equipping these sections with the uni-
form or more general probability distributions, we manage to give for large
n precise results on the (probabilistic) barycenters of moment space sections
and the fluctuations of random moments around these barycenters. The mea-
sures associated to the barycenters belong to the Bernstein—Szegd class and
show strong universal behavior. We prove Gaussian fluctuations and moder-
ate and large deviations principles. Furthermore, we demonstrate how fixing
moments by a constraint leads to breaking the connection between random
moments and random matrices.

1. Introduction. Classical moment problems on the real line pose the question whether
a given sequence of real numbers is the moment sequence of a positive Borel measure with
support in a prescribed set £ C R and whether such a measure, if it exists, is unique. Most
notable are the Hamburger, Stieltjes and Hausdorff moment problems, which correspond to
the sets £ =R, E =R, :=[0, 00) and E being a compact interval, respectively. Solutions
to these moment problems have been known for a long time.

In the classical moment problems, one is thus interested in all possible moment sequences.
In contrast, the random moment problem asks how a fypical moment sequence looks like. To
make this precise, let us denote by P(E) the set of all Borel probability measures on a Borel
set E C R possessing moments of all order, and by m ;(u) := [ x/ dp(x) the jth moment of
a measure i € P(E). The set

Mu(E) :={(mi(w), ..., my(w)) | w € P(E)}

is called nth moment space. It is a convex set in R” with positive Lebesgue measure. Begin-
ning with Karlin and Shapley (1953), Karlin and Studden (1966) and Krein and Nudel’man
(1977), geometric aspects of M, (E) have been investigated in many works. A probabilis-
tic investigation was initiated by Chang, Kemperman and Studden (1993), who equipped
M, ([0, 1]) with the uniform distribution and studied the behavior of a fixed number of the
now random moments as the dimension n converges to infinity. They observed that in high
dimension such a random moment sequence concentrates near the moment sequence of the
arcsine distribution

1
0 ——
(D) W (dx) = TV dx.

Thus the moment sequence of the arcsine distribution may be seen as a probabilistic barycen-

ter of the moment space M, ([0, 1]). More precisely, let (m(ln), e m,([')) be drawn from the
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uniform distribution on M,, ([0, 1]) and / € N be fixed. Then, as n — o0,

) M, om") = (mi(1O), ..., mi(1))
in probability. Moreover, Chang, Kemperman and Studden (1993) proved that
©) (. ...mf”) = (ma(10). ... my (%)

converges in distribution to a multivariate normal distribution as n — oo. Later, Gamboa
and Lozada-Chang (2004) showed fluctuations on the scales of moderate and large devia-
tions principles also for E = [0, 1]. Dette and Nagel (2012) studied special distributions on
the unbounded moment spaces M, (Ry) and Mj,+1(R) and also proved central limit theo-
rems. They found moment sequences of certain Marchenko—Pastur and Wigner’s semicircle
distributions, respectively, replacing the one of the arcsine measure.

However, to speak of a typical moment sequence it would be desirable to have a certain
universality in the sense that the limiting moment sequences should not strongly depend on
the probability distribution which has been put on the moment space M,,(E). The question
of universality is even more prominent in the case of unbounded E as then M, (E) is un-
bounded itself and thus cannot carry the “natural” uniform distribution. Therefore, recently
Dette, Tomecki and Venker (2018) gave a unifying view on the random moment problem by
identifying classes of distributions on M,,(E) in all three cases E = [a, b], R4, R that admit
universal behavior: On R and R, the moment sequences in these classes always converge in
the large n limit to the moment sequences of the Marchenko—Pastur distributions and those
of the semicircle distributions, respectively. For E = [a, b], the arcsine measure was found in
Dette, Tomecki and Venker (2018) to be rather a special member of the universal family of
Kesten—McKay (or free binomial) distributions than being universal itself.

The occurrence of the three families of Kesten—-McKay, Marchenko—Pastur and semicircle
distributions is somewhat curious and suggests a connection to random matrix theory, where
these distributions appear as limits of empirical spectral distributions for the so-called Jacobi,
Laguerre and Wigner ensembles, respectively. They are characterized as equilibrium mea-
sures to certain external fields on R. We will illuminate the connection of random moments
to equilibrium measures, orthogonal polynomials and random matrix theory in the course of
this paper.

From a geometric point of view, moment spaces are interesting convex sets that admit
special parametrizations and therefore allow for a detailed analysis. For instance, the mo-
ment space M, ([0, 1]) is a convex body contained in [0, 1]". It is very far from other convex
bodies like balls, hypercubes or cross-polytopes regarding the strength of the dependence
between coordinates. For example, to obtain Gaussian fluctuations of random points in the
three mentioned classical convex bodies, one needs to involve a growing number of coordi-
nates due to the rather mild dependence structure. In striking contrast to that, (3) with [ =1

shows that even the first coordinate m&") shows for n — oo Gaussian fluctuations under the
uniform distribution on M, ([0, 1]), indicating a very strong dependence between all mo-
ments. The analysis of moment spaces generally uses special independent coordinates that
unravel the dependence structure of moments.

In the present work, we investigate the behavior of random moment sequences when cer-
tain moments are fixed by a constraint. This corresponds to the question of a typical moment
sequence when some moments are a priori known. From a more geometric perspective, we
investigate sections of the moment space M, (E), thereby providing a better insight in its
shape. In particular, constraining moment sequences enables us to study different regions
in moment spaces, see, for example, Figure 1 below, where we show the moment space
M5([0, 1]) and constrained moment spaces obtained by fixing the third moment m3. Of spe-
cial interest are existence and structure of (probabilistic) barycenters of these constrained
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1 1

(a) ms = 0.3125 (arcsine law) (b) ms = 0.1

F1G. 1. Visualizations of./\/lg([O, 1]) under constraints on m3.

moment spaces as well as volume and more refined probabilistic questions like fluctuation
laws of the random constrained moment sequences.

Let us now make things precise. Under a constraint C we understand a finite collection of
integer indices 1 <ij <--- < i, k € N and corresponding values c¢;,, ..., c; € R which we
denote as C := {m;, =c;,, ..., m;, =c;,}. For instance, the constraint C = {m| = ¢} means
fixing the expectation, whereas C = {m| = ¢1, my = ¢} also fixes the variance. We allow
for k = 0, corresponding to unconstrained moment spaces. We now want to examine the
moments of probability measures whose i jth moment is given by ¢;;, j =1,....,k.

DEFINITION 1.1 (Admissible constraint). For a constraint C, we denote by
PUE) == {p € P(E) | mi; (W) = ci, V1 < j <k}
the space of probability measures on E fulfilling constraint C and by

ME(E) := {(m1(w), ..., muy(w) | € PE(E))

the constrained nth moment space. A constraint C is called admissible for E, if the intersec-
tion Mli (E) NInt M;, (E) is nonempty, where here and later on, Int denotes the interior.

For ease of notation, we will assume throughout the article that C is an admissible con-
straint for £ with indices iy, ..., ix and corresponding values c;, ..., ¢;,. Note that the notion
of admissibility depends on the set E.

Let us illustrate how a constraint restricts the moment space and allows us to study different
regions of the space. Figure 1 shows /\/lg([O, 1]) for C = {m3 = c3} (encircled in black) inside
of M»([0, 1]) (encircled in grey) for two values of c3. In the first plot, ¢z = 0.3125 which is
the third moment of the arcsine measure. The second plot is for ¢3 = 0.1.

This article is structured as follows. In the next section, we will first consider the uniform
distribution on MS(E ) for a bounded interval E. We will see that a uniformly distributed
random moment sequence converges for n — 0o in the sense of (2), where the limiting mea-
sure has a density w.r.t. the arcsine measure (1). However, it is in general not the equilibrium
measure under the constraint C to the uniform external field as might be expected from the
appearance of the Kesten—-McKay, Marchenko—Pastur and semicircle distributions in the un-
constrained case. While an equilibrium measure under a constraint C should be obtained by
minimizing Voiculescu’s free entropy (from free probability theory; see, e.g., Akemann, Baik
and Di Francesco (2011), Chapter 22, and references therein) to the arcsine measure over the
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set of measures compatible with the constraint, we rather find the Kullback-Leibler diver-
gence or relative entropy from classical probability playing a major role. This parting of the
ways of the random moment problems and random matrix theory is explained in detail in Sec-
tion 3.1 and has its roots in the fact that introducing a constraint breaks the asymptotic equiv-
alence of the spectral measure encountered in the random moment problem and the empirical
spectral measure encountered in random matrix theory. Nevertheless, the limiting measures
we find in this paper belong to a famous class of measures as well, the so-called Bernstein—
Szegd class. Section 2 also provides a computation of the volume of the constrained moment
spaces, a central limit theorem as well as moderate and large deviations principles. Section 3
takes a broader approach and defines more general classes of distributions on the constrained
moment spaces, in particular on the unbounded moment spaces MS(R+) and MS(]R). For
generic densities on these spaces, we identify the universal structures of the limiting mo-
ment sequences and give results on the fluctuations around these limits on several scales. We
provide a detailed and extensive analysis, even in those cases where the random moment se-
quences do not have a single limit but rather concentrate around a finite set of limit points.
Sections 4, 5 and 6 are devoted to the proofs of the results in Section 3, whereas the results in
Section 2 are proved in Section 7. Some proofs are contained in the Supplementary Material
(Dette, Tomecki and Venker (2020)). For ease of notation, equations from the supplement
start with an “S.”

2. Uniformly distributed random moment sequences. In this section, we study the
case of random moment sequences uniformly distributed in M (E) for E being a compact
interval. Without loss of generality, we will choose E = [0, 1], since by the linear transfor-
mation ¢t > a + t (b — a) the results for [0, 1] can be transferred to any interval [a, b]. Note
that although Section 3 covers more general distributions on the moment spaces, the results
in the present section are more explicit and not easily deduced from the ones of Section 3.

Recall our convention that C is an admissible constraint (see Definition 1.1) of the form
mj, = Ci,...,mj = cj,. We will assume n > k throughout the paper. The constrained mo-
ment space Mg([O, 1]) can be identified canonically with the set of the (n — k)-dimensional
vectors of the unconstrained moments (m;,1 < j <n, j #ij,...,i;). The set of uncon-
strained moments is a convex and compact subset of the (n — k)-dimensional unit cube and
has due to admissibility of C nonzero Lebesgue measure. Pushing forward the (n — k)-
dimensional Lebesgue measure from the unconstrained moments to Mﬁ([O, 1]), we can
equip MS([O, 1]) with the uniform distribution, which allows us to investigate the behav-
ior of a “typical” moment sequence on the constrained moment spaces.

Throughout this section, let (mgn), e m,({l)) be drawn from the uniform distribution on
MS([O, 1]). Here and later on, we will tacitly assume that all random variables are defined
on a common probability space such that we can speak of almost sure convergence.

Our first result is a law of large numbers that identifies the limiting moment sequence to
which the random moment sequence converges.

THEOREM 2.1 (Law of large numbers). For any [l € N we have as n — oo

(mgn), e ml(">) — (m (MC), ey ml(p,c)) a.s.,

where u€ is a probability measure on [0, 1] of the form
1
dx.
Si, (x)/x(1 —x)

4) 1C(dx) =
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Here S;, is a polynomial of degree at most iy that is strictly positive on the interval [0, 1].
Furthermore, uC is the unique probability measure that minimizes the Kullback—Leibler di-
vergence

d 0
/log—du dp’ 1< p,
n

00 else,

(5) K(u'n) =

among all probability measures i € PC([0, 11), where u° is the arcsine distribution defined
in (1).

REMARK 2.2.

1. The measure € belongs to the so-called Bernstein—Szegd class on [0, 1] which consists
of measures of the form

+1
u(dx) = M dx,
S(x)
where S is a polynomial strictly positive on the interval [0, 1]. They play a key role in the
theory of orthogonal polynomials and possess many useful properties, for example, explicit
formulae for their orthogonal polynomials. For details and references, we refer to Szegd
(1975), Section 2.6. The connection between moments and orthogonal polynomials is well
known and at the roots of both theories. Theorem 2.1 shows that these important measures
of orthogonal polynomials theory are also central for moment spaces in the sense that their
moments provide the probabilistic barycenters of sections of the moment space. More general
members of the Bernstein—Szegd class will be found in Section 3 when discussing random
moment sequences over the unbounded spaces R and R.

2. For the unconstrained random moment problem, the probabilistic barycenter is given
by the moment sequence of the arcsine measure u°. It is the equilibrium measure on [0, 1] to
the external field Qex = 0, where we recall that the equilibrium measure to an external field
QOex : E — R is the unique Borel probability measure ¢ on E such that

(6) /E/;Eloglt_Srld“(t)d“(s)+_/EQex(f)d,u(t)

is minimal; see, for example, Saff and Totik (1997). The Marchenko—Pastur distributions are
(if there is no atom at 0) the equilibrium measures on £ = R to Qe () = ;—2 — % logt
for some constants 0 < z5 < z;. Likewise, the semicircle distributions are obtained as equi-
librium measures on £ = R to external fields that are quadratic polynomials with positive
leading coefficient. One might thus expect u¢ from Theorem 2.1 to be the minimizer of a
constrained equilibrium problem. However, we can deduce from representation (4) that for
constraints C with ,uo ¢ PE([0, 17), MC is not the solution of the constrained equilibrium

problem

(7) inf / / log|t — |~ du(t) du(s).
rePC([0,17) /10,11 J[0,1]

As variational calculus shows, a solution u € PC([0, 1]) of (7) has to fulfill the Euler—
Lagrange equations

k
2/10g|t — s dpts) + Y At

i= ¢ 1 €supp(u),
j=1

t ¢ supp(w),

o
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for some ¢ and Lagrange multipliers Ap, ..., Ax. Thus, the moment constraint C leads to
the appearance of polynomial external fields. Equilibrium measures to such fields are well
understood; see, for example, Deift, Kriecherbauer and McLaughlin (1998), Theorem 1.38.
The support of the equilibrium measure p consists of finitely many intervals in [0, 1] with
nonempty interior and it has a density of the form

uidx) =T (x) VIX = Bl Lgupp() () dx.
al_H[E M ble_S[E e

Here HE C {0, 1} is the (possibly empty) set of the so-called hard edges, SE C [0, 1]
is a finite set of the so-called soft edges, and 7 is a polynomial which is strictly pos-
itive on supp(u). As an example, the mlnmnzer of (7) under the constraint C = {m; =
ci,mpr=cp}isforcy; € (0,1) and ¢ > c1 small enough the semicircle distribution u(dx) =
c/(b—x)(x —a l[a p1(x) dx for some a, b, c. This is very different from the measure uC,
which we will give in (8) below. This implies that already the supports of the equilibrium
measure under a constraint and of the measure € can be very different, as the former can
be arbitrarily small while the latter is always [0, 1]. We will explain this phenomenon in
Section 3.1.

3. The Kullback—Leibler divergence K(u°|u) is also called relative entropy. It is al-
ways nonnegative and can be understood as a distance measure for probability distribu-
tions. Indeed, although not being a metric itself, one has Pinsker’s inequality ||u — v|Tv <
() /2 (see Csiszar (1967)) and thus convergence of the Kullback—Leibler divergence to
0 implies convergence in the total variation distance || - ||Tv. It also appears as the rate function
of a large deviations principle in Sanov’s theorem. Note however, that in typical encounters
of /C, the minimization is in the first argument. The connection of X to random moment
problems was first observed in Gamboa and Lozada-Chang (2004). There the authors call }C
reversed Kullback—Leibler divergence because of the minimization in the second argument.

EXAMPLE 2.3. The proof of Theorem 2.1 is constructive in the sense that the polynomial
S;, can be computed from the constraint C. Here we provide some examples, the computation
of the densities below will be given in Example 7.4. For C1 := {m| = c1} (fixed mean) with
c1 € (0, 1), the limiting measure is
ci(l —c1)

7((1 —2c1)x + c%)«/x(l —X)

For a constraint C; := {m| = c1, my = ¢} (fixed mean and fixed variance) the admissibility
condition reads c% < ¢ < c1 and the limiting measure is

u1(dx) =

c1(1 —cp)(ea — D) (er — 2)
m((er — ) (x —e)? + (2 — C%)ZX(1 —x))/x(1—x)

Finally, if only the second moment is fixed, that is, C3 := {m» = c,}, then u is given by (8)
with ¢ being the unique maximizer of the function

®) n& (dx) =

(c2—cD(er — )
ci(l—cy)

n [c2, 4/c2].

The limiting measure u€ allows for an effective description of the volume of /\/lg( [0, 1D).
Karlin and Studden (1966), Theorem IV.6.2, gave an expression of the volume of the uncon-
strained space M, ([0, 1]) in terms of gamma functions, which can by a direct application of
Stirling’s formula be written as

n—1 2 n/2
) Vol (M, (10, 17)) = [ = —z—n2<E> w31+ 0(1)),

~ rem) n
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vol, denoting the n-dimensional Lebesgue measure. We also need to introduce some notation.
Letmy,...,m; € M;([0, 1]). Then the possible range of m; 1 such that (m1, ..., m;, mj4+1) €

Mi4+1([0, 1]) holds, is an interval, say [m ¢, mfjrl]. In the next theorem, mi i (,uc) will de-

+

note the numbers m i1 tO the first iy moments of the measure u€ introduced in Theorem 2.1.

THEOREM 2.4. Asn — o0,

vol,—x (M ([0, 1]))
vol, (M, ([0, 1]))
2i,%+(ik—k)/2

(4l + - C\\n—ik k/2
- (4lk(mik+l - mik-f—l)(/"“ )) lkl’l / (7 W

O(e™")  for some ¢ >0, if u° ¢ PC(E),
On*?) ifu’ e PEE),

+0(1))

where d€ is a constant independent of n.

Theorem 2.4 can be interpreted as follows: If the constraint C is chosen such that the
arcsine distribution does not lie in Pc([O, 1]), then the relative volume of the constrained
moment space goes to zero exponentially fast. If the arcsine distribution lies in ([0, 1]),
then the relative volume grows polynomially. The growth of the relative volume in the latter
case reflects the fact that the volume of the (unconstrained) moment space decreases with
increasing dimension. Another way to interpret this is that almost all intersections of the
moment space with hyperplanes orthogonal to the standard basis vectors are “small.” The
only large intersections are those corresponding to a constraint in which m;; = m;; (1°) holds
forall 1 <j <k.

We now return to the probabilistic setting and turn to fluctuations of the random moment
sequence around the limiting measure 1 on several scales. For fluctuations of order 1/./n
we observe Gaussian laws. Let us adopt the convention that in case of an empty constraint,
that is, k = 0, the condition [/ > i; will be understood as [ > 1.

THEOREM 2.5 (Central limit theorem). Let [ > iy. We have as n — oo

\/E((mgn), . ml(")) - (ml(,uc), ...,ml(uc)) — N(0, X))

in distribution, where N (0, ¥;) denotes the multivariate normal distribution with mean 0 and
Y is an |l x [ matrix of rank | — k that consists of zeros in the columns and rows iy, ..., ix.

We remark in passing that the condition / > iy is only assumed to state the result, especially
the form of the matrix ¥;, in a convenient way. Of course, the vector (my,...,m;) also
exhibits Gaussian fluctuations for any / < i. For a precise definition of the matrix ¥; we
first need certain preliminaries like a parametrization of the moment space. For the reader’s
convenience, the expression of ¥; is given in (69).

For our results on fluctuations on larger scales, we first recall the notion of an LDP. Let X
be a topological space and P, a sequence of probability measures on X’ equipped with the
Borel o-field. P, is said to satisty a large deviations principle (LDP) with speed a, — oo
and rate function [ if I : X — [0, oc] is lower semicontinuous and for all measurable I’ C X
the inequalities
M §limsupM < —inf I (x)

an n— 00 an xell

(10) — inf I(x) <liminf
xelnt” n—0o0
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hold. A sequence of random variables with values in & is said to satisfy an LDP with speed
ap and rate function [ if the sequence of associated distributions satisfies an LDP with speed
a, and rate function I. [ is called a good rate function, if its level sets 1 (=00, a]) are
compact for all o > 0. In the following, X = R will always be equipped with the Euclidean
topology.

The next result shows that for fluctuations between the order 1/4/n and order 1, the Gaus-
sian distribution from Theorem 2.5 still provides the leading order asymptotics. Therefore,
such deviations are called moderate. Throughout this paper, A’ denotes the transpose of the
matrix A.

THEOREM 2.6 (Moderate deviations principle). Let [ > iy and (ay), be a sequence with
ap, — 00 and a, = o(n'?) as n — oo. Then the sequence

an((mi" o om(™) = (my (1€).om(€))

satisfies an LDP with speed ;—2 and good rate function
n

1
I(x):= Extzlx Xjp =+ =X, =0,
00 else,

where ¥ is the covariance matrix from Theorem 2.5.

Note that for / < i} the moderate deviations principle (MDP) can be obtained from The-
orem 2.6 by an application of the contraction principle. This remark extends to all LDPs in
this article.

Finally, for fluctuations of order 1 we can see that the random moment sequences satisfy
a large deviations principle with a rate function that is universal for all C up to an additive
constant. To state it, recall that given (m, ..., m;) € M;([0, 1]), the possible range of m;
such that (my, ..., mi41) € M;41([0, 1]) holds, is an interval [m[, |, m}", 1.

THEOREM 2.7 (Large deviations principle). Let [ > iy and denote

—log(mlﬁrl —my,) (my,....mp) € MIC([O, 11),

(11) I(my,...,mp) =
else.

Then (min),...,ml(")) satisfies an LDP with speed n and good rate function I(-) —
1omi(uC), ..., mi(u)).

The previous theorem shows an LDP for the first / random moments. By a projective limit
argument it is possible to prove an LDP for the infinite random moment sequence. Since the
Hausdorff moment problem is determinate, that is, each probability measure on a compact
interval is determined uniquely by its moment sequence, we can equivalently obtain an LDP
for probability measures.

THEOREM 2.8 (Functional large deviations principle). Ler (1), be a sequence of
random probability measures in P([0, 1]) such that the vector of corresponding moments
(m1(u™), ..., my(u™)) is uniformly distributed in Mg([O, 11) for each n. Then (u™),
satisfies an LDP with speed n and good rate function

G0 = K(u® ) 1) = K| 1) 1® < pand e PE(10, 1),
' o0 else,

on the space P([0, 1]) equipped with the weak topology, where the Kullback—Leibler diver-
gence K is defined in (5).
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REMARK 2.9. We have left the particular choice of the distribution of ™ open and
only demand that the distribution of its first # moments is uniform on the nth constrained
moment space. This leaves many possible choices for the distribution of ;™. For example,
1™ could be chosen as the upper or lower principal representation of a random moment
vector (m 5"), e mﬁ")); see, for example, Skibinsky (1986). There is also a nice constructive

approach to 1" using spectral measures of Jacobi matrices which we discuss in Section 3.1.

3. General distributions on constrained moment spaces and universality. While
Section 2 dealt exclusively with the uniform distribution on /\/lg([O, 1]), we will now turn to
more general distributions on Mg(E ) for E =0, 1] as well as the unbounded £ = R and
E = R. Particular emphasis will be on universal behavior of the random moment sequences.

The first important observation toward general distributions on Mg(E ) consists in the
fact that the ordinary moments my, ..., m, are not good coordinates to define probability
measures on the moment spaces M, (E). Indeed, the ordinary moments are not independent
but strongly dependent and moreover the possible range for the (/ + 1)th moment given
the first / moments decreases exponentially in / (cf. Karlin and Shapley (1953)). For these
reasons, it is desirable to have a new system of independent coordinates that scale with the
available moment range. For the bounded moment space M, ([0, 1]), such coordinates have
been introduced by Skibinsky in a series of papers (Skibinsky (1967, 1968, 1969)). To ease
notation, let us denote a vector in bold with a subscript indicating dimension, for example,

m, = (my,...,my).

For mjr # m , the jth canonical moment is defined as

12 =
(12) Pj m}._ =

They are left undefined if m;’ =m; in which case the corresponding moment sequence lies
on the boundary of M, ([0, 1]). The canonical moment simply is the relative position of the
ordinary moment in the available section. In fact, this construction of the canonical moments
induces a smooth bijection

0.17. ] 0. D" = Int M, ([0, 1]),
" (P1y ey Pn) > (M1, ... my),

between the open unit cube (0, 1)" and the interior of the nth moment space.
On the moment space M, (R ) the range of the (n + 1)th moment is a half-open interval
[m,, 1, 00) and a good system of coordinates is given by

Bl

(13) zj =

mj_p—m;_,;

~.

with mg := 1, m; := 0. These parameters are well defined for all moment sequences in the
interior of the moment space. Indeed, they yield a smooth bijection
R, . | (O, 00)" = Int M, ([0, 00)),
" . (Zl,---9zn)}_>(ml’--~,mn)~
Finally, the moment space M, (R) can be parametrized by the recurrence coefficients of

orthogonal polynomials. Let for a vector m,, € M,,(R), u € P(R) be a measure with the first
n moments given by m,,. It is well known that to each u € P(R) there is a unique sequence of
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monic polynomials (P;); with deg P; = j that are orthogonal in L?%(R, ). If 11 has a finite
support, then the sequence of orthogonal polynomials is finite. P; is determined by the first
2j — 1 moments of u which shows that different measures representing a moment sequence
m, have the same (first) orthogonal polynomials. These polynomials satisfy a three-term
recursion

(14) Pi(x)=(x —aj)Pj_1(x) = Bj_1Pj_2(x),

where «; € R and B; 1 > 0. Moreover, by Favard’s theorem (cf. Theorem 1.4.4 in Chihara
(1978)) each sequence of parameters o; € R, B; > 0 yields a sequence of monic orthogonal
polynomials P;. This induces smooth bijections

oE . {(R x (0,00))" = Int M, (R),

2n' (a17ﬂ19a29'~"an’ﬂn)l_>(m17"'7m2}’l)1

E {(R x (0,00))" x R — Int Mo, +1(R),

el (O{Ia /31,052, <oy O, ,Bn’an—l—l) = (mla . 'am2n+1)'

In order to unify notation in the three different cases E = [0, 1], R4, R, we set

pj E=]0,1],
kT E=R,,
Yi= agj+1)/2 E=Rand j odd,
ﬂj/z E=R andj even,
(15)
O, 1) E =10,1],
D, 0,00) E=Ry,
TR E =R and j odd,
(0,00) E =Rand j even,

so that in all three cases
(16) E. Di x---x D, — Int M,,(E),
(ylv"‘7y}’l)'—)(mls~~'9mn)9

yields a smooth bijection. Throughout this paper, we will call the y; canonical coordinates.
We will give the Jacobians of parametrizations of the constrained moment spaces in
Lemma 4.1 below. At this stage, it suffices to note the remarkable result

890[0’1](1717---’17;1 1 i
(17) \det[ n ]' (1= pp)',
d(P1s.-.. Pn) E[ / !

which is due to Skibinsky (1967), page 1f. Consequently, we see that for the uniform dis-

tribution on M, ([0, 1]), the random canonical coordinates p( ) yeees Pn ") have a density on

[0, 1]" proportional to the r.h.s. of (17). In other words, the canonical coordinates are inde-
pendent and p;”) has a beta(n — j + 1,n — j + 1) distribution. As we are interested mostly
in the first / moments as n — oo, we have j < n and thus the canonical moments are in-
dependent and nearly identically distributed. The class of distributions introduced in Dette,
Tomecki and Venker (2018) and adapted here to the constrained spaces, generalizes from the
uniform distribution on M, ([0, 1]) in three ways. First, we include distributions on the un-
bounded spaces M, (R;) and M,,(R). Second, we generalize from the beta distribution to
rather arbitrary densities while keeping the two key properties of independence and (nearly)
identical distribution. And last, we allow for different densities for even and odd coordinates.
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This originates in the different roles played by even and odd moments. As even moments are
always positive and contain some information about the size of the support of the measure,
odd moments contain information about symmetries.

We can now introduce our general class of distributions on the constrained moment spaces.
Recall that C is always assumed to be an admissible constraint for P(E).

Let Vi:D; —> R, ..., Vi,+2 : Di,+2 — R be continuous functions satisfying for 1 < j <
ir + 2 in the cases E = R, R the integrability conditions

(2+e)loglyjl E=Ry,
(18) Vilyj)= (I +e)loglyjl E=R,jodd,
(2+¢e)loglyjl E =R, jeven,

for |y;| large enough and some ¢ > 0. Note that no integrability conditions are needed in the
case E = [0, 1]. Recall our assumption n > k and denote by

C. . .. .

(19) m, :=(mj, 1 <j<n,j#i ... i)

the vector of unconstrained moments. Finally, we set for notational convenience
View2j—1:= Vi1 and Vaji2;:=Vj42, j=2

and define the Borel probability measure ]P’S’ g,y on the boundary of ME(E) by
Pg’E’ v (aj\/lg(E)) = 0 and on the interior of /\/lg(E) by the density

1 n
P g y(my) = TGXP<—W > Vj(yj(mn)))
EV

n.E, j=1

w.r.t. the (n — k)-dimensional Lebesgue measure on ./\/lg(E ) as defined at the beginning of

Section 2. Here y; = y;(m,), j = 1,...,n, are the canonical coordinates associated to the
moment sequence m;,, = (my, ..., m,) and
n
C —— (v Y
(20) Zy gy = e exp(—n Z} Vi(y; (m,,))) dm
n j:

is the normalizing constant. We will see in Corollary 4.2 that under Pn .y the distribution of
the canonical coordinates has a special structure: Canonical coordinates of order higher than
ix are independent. Moreover, odd and even coordinates (of order higher than i;) are nearly
identically distributed, respectively. The distributions of odd coordinates is given in terms
of Vi, 41 if ir is even or V; 4o else, and vice versa with the distributions of even canonical
coordinates.

IPS’ g,y is for the empty constraint C = & determined by V) and V; and is precisely the
class of distributions found in Dette, Tomecki and Venker (2018) showing universal behavior
and classical limiting measures from random matrix theory or free probability theory. In the
presence of a constraint influencing the first iy moments, the results of this section will show
that ]P’s’ E.v 1s an appropriate class of distributions to study MS(E ). More precisely, we will
find universal behavior within this class for generic functions V1, ..., V;, 42, given by special
Bernstein—Szegd measures. We remark in passing that the product form of the density of the
first iy moments is not necessary for observing the universal limits and could be extended to
some density of the form exp(—nV (m1, ..., m;,)). However, the product form is convenient
for notation and the class we consider is exhaustive in the sense that any universal limit law
of the extended class can be observed in the smaller class.

As it is not immediate that 0 < Z,Cl’ g.v <00, we formulate the following lemma which is
proved at the beginning of Section 4.
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LEMMA 3.1.  For Vi,..., Vi 42 satisfying (18), IP’iE,V is a well-defined probability mea-
sure on MS(E).

For the rest of this section, we will assume that (m(”) ...,m{") has distribution Py

Our first result in this setting is a large deviations principle which holds without any further

assumptions. Define the functions W; : D; — R, j=1,...,n by
Vj(yj) —log(y;(1 —yp)) E=[0.1],
Vi(yj) —log(y;) E =Ry,
Wiy = N glYj +
Vj(yj) E ZR, ] Odd,
Vi(yj) —log(y;) E =R, j even.

THEOREM 3.2 (Large deviations principle). For any I, the vector (m\",....,m{")
satisfies a large deviations principle with speed n and good rate function IIC’E(-) —
in fmle./\/lC(E) (m;) where

!
Wi(y;) (mi,...,m) €nt MS(E),
Q1) 155y, .. omy) = Z e

00 else.

Usually a large deviations principle implies a law of large numbers, provided that the
rate function has a unique minimizer. In the unconstrained case, all canonical coordinates are
independent and uniqueness of the minimizer of the rate function reduces to uniqueness of the
minimizers of W and W,. Hence uniqueness of a minimizing moment sequence is actually
a univariate problem. In contrast to that, as a consequence of the constraint C, in general the
first ix canonical coordinates are strongly dependent and thus uniqueness of a minimizer is in
general a truly multivariate problem, involving simultaneously W1y, ..., W;, 4> and C. Let us
illustrate this with an example for Mg([O, 1]).

EXAMPLE 3.3. The constraint C = {m| = ¢} for some c € (0, 1) does not induce any de-
pendencies, since m| = p;. The simplest possible, yet instructive, constraint is C = {m = c}

2
for ¢ € (0, 1). From (12), we deduce p; = m; and py = ﬁ. Thus, changing coordi-
nates to pi, p3, p4, ..., Pn, the density Pn (0.17,y €an using a computation similar to (17) be
expressed as
1 c 2
(22) exp[—n(wl (p) + Wz(ip))}l[ e
Zipy p(—pn/)) 1t
(23) x exp[2log(p1(1 — p1)) — 2log(cp1 + cp? — 2 — p3)]
n n
(24) xexp(—nZW;(p;)— > Jlog((pj)(1 —pj>)>.
Jj=3 j=3

The indicator function in (22) stems from the fact that m, = ¢ implies m| = p; € [c, 4/c].
We will see a general version of (22)—(24) in Corollary 4.2 below.

All terms in (23) are sub-leading and do not contribute much to the uniqueness problem.
(24) factorizes and thus uniqueness of minimization over ps, p4, ... reduces to W3 and Wy
separately. However, equation (22) shows that the uniqueness problem for p; involves Wi,
W, and C. Note that in this simple example minimization over p; is still one dimensional,
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albeit nontrivial. The constraint C = {m3 = ¢} would yield dependent p1, p», and p3 could
be written as a rational function of p; and p;. Note also that specifyingto Vi =--- = V4 =0,
that is, to the uniform distribution considered in Section 2, does not simplify things much.

From the previous example, it is far from obvious why the uniform distribution on
M,Cl([O, 1]) concentrates on a unique moment sequence as n — oco. This uniqueness will
for general Vi, ..., V42 no longer be true. Fortunately, we can prove equally strong results
without requiring uniqueness of the multivariate minimization problem. The assumptions on
V1, ..., Vi,+2 used later on are formulated in the definition below. As a preparation, let

(25) Yo =y, 1<j<n, j#il, ..., i)

be the vector of canonical coordinates corresponding to ms. It is shown in Lemma 4.1 of
Section 4 that yﬁ allows for a parametrization of Mg(E). At this stage, it suffices to note
that knowing ys determines m,, because the “missing coordinates” y;;, j =1, ..., k are de-

termined by y¢ and the constraint C.

DEFINITION 3.4 (Generic Vi, ..., Vi 42). Let the functions V; € CZ(D.,-), j=1,...,
ix + 2 satisfy (18),if E =R, or E =R. Wecall Vi,..., V; 42 generic, if the following three
conditions are satisfied:

e (unique univariate minimizers) W;, 11 and W; 4> have unique minimizers y;’; 41 € Digs1
and y;'; 12 € Dijj 42, respectively,
e (finitely many multivariate minimizers) if iy > &, yii — Iii’E(mik (yi)) has finitely many
minimizers
ik
yo ..yl e l_[ Dj,
j=1

where the set D; has been defined in (15) and Ili’E in (21),
e (nondegeneracy of minimizers) W]// (yj) #0,j=ir+1,ix+2and

ik
detHessc<Z W,-)(y*"f) #0, g=1,...,p,

j=1

if i > k. Here, Hess® is the (i — k) x (ix — k)-dimensional Hessian matrix with respect
to the variables in yi.

REMARK 3.5. The set of yg( such that Ili’E(m,-k (yl.ck)) = 00, that is, the set of potential
minimizers, is an open set on which y; ,...,y; are smooth functions of yi. On this set

we have Iii’E (m;, (yg()) = Zlf: 1 W;(y;). It is known from Morse theory that almost all Cc?
functions have only nondegenerate critical points, meaning that the Hessian determinant does
not vanish at these points. Furthermore, there can be only finitely many such points in any
compact set. From a more practical point of view, if Vi, ..., V; 42 are not generic, then the
perturbation \71, e \7,-k+2 with VJ- (t) :=Vj(t)+ajt,j=1,..., x> is generic for almost
all values ay, ..., a; +2 € R (Matsumoto (2002), Theorem 2.20). In the case of unbounded
E and thus unbounded Dj, the search for minimizers can effectively be restricted to some
compact set thanks to the integrability conditions (18). This justifies calling Vi, ..., V; 12
with the properties of Definition 3.4 generic.
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Of course, almost all C? functions will also have a unique multivariate minimizer. Never-
theless, we find it useful to consider the more general case of several multivariate minimizers
as it features a particular aspect of the universality phenomenon (see Theorem 3.6 and Re-
mark 3.7 below).

We can now formulate the main results of this section. The first one is an analog of The-
orem 2.1 in the general setting. It is instructive to briefly review one of the central results of
the unconstrained case: Dette, Tomecki and Venker (2018), Theorems 2.1, 2.5 and 2.7, show
that the first / random moments from Pﬁ £ v With C = @ and generic Vi, V, with minimizers
yi» ¥5 converge to the first / nonrandom moments of the probability measure My yx> Where

d.[0,1] (x—a)(b—x)
P1-P3 T 27TP;X(1 —x) [a,b](X) dx
if E=10,1],
d.Ry 1 (x—a)(b—x)
My;k,y;(dx) o 22} . [a,b](x) dx
1
2B (x —a)(b —x)1g,p(x)dx
if E =R,
i fpi—1
o (o) e (2
1-P> i)y 3 .

d,R 4

) . 1

MZ*,ZI = ( — —*> 8().
102 12 +

Here, (-)4 := max(-,0) and a and b are constants depending on y}, y5 and E only. To ease
notation, we will with a slight abuse of notation not index the measures with £ and instead
trust that the reader will distinguish the three cases E = [0, 1], R4, R from the appearance of
p’s, z’s or «, B, respectively. The measure p pipl is called Kesten—McKay measure or free
binomial distribution as it is a free convolution power of the Bernoulli distribution. We refer
to Dette, Tomecki and Venker (2018), page 4f, for details. The measures e and fLox g
are the Marchenko—Pastur and semicircle distributions, respectively, which are well known in
random matrix theory and free probability. The universality of the three measures is apparent
as very different functions Vi, V; lead to the same family of measures.

Let us now formulate an analogous result in the presence of a constraint C that identifies
the limit measures as members of the Bernstein—Szeg6 class plus some discrete measure. To
state it, define

. yii+1 if iy is even, . y;“k+2 if iy, is even,
(27) V1= & g - M=) & e -
Yii+2 1f ik is odd, Yi+1 1f ik is odd.
THEOREM 3.6 (Law of large numbers). Let Vi, ..., V; 42 be generic. Then we have for
anyl as n — oo
(n) (n) 4
n n
(my",....m )equSm;&q
g=1
in distribution, where wy, ..., w, > 0, Z([;:l wy = 1 are weights and mf’q = (mT’q, R

m}k’q) is the vector of the first | moments of a probability measure

g (dx) = g () dx + prg (dx).
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The density of the absolutely continuous part is given by

ac _ 1
() D—()Myl *(x)

where IJ« . « 18 the density of the absolutely continuous part of the measure Myt vt deﬁned in
(26) and Dq is a polynomial of degree at most iy, strictly positive on the support of M

The measure & q is discrete having atoms at the positions of atoms of My, yx and at most lk
extra atoms.

REMARK 3.7. Theorem 3.6 shows how strong the universality of (26) is: The limiting
measure needs to fulfil the constraint C and, apart from atoms, the optimal measure from
PC(E) is absolutely continuous w.r.t. My, yx . In particular, the support of the absolutely con-
tinuous part of ug, ¢ =1,..., p is always the one of ux y, regardless of the constraint C!
Moreover, as nicely featured in the case of several minimizers, this universality is not even
broken if there are several limiting measures.

EXAMPLE 3.8. The proof of Theorem 3.6 is constructive: A recipe to determine the
weights wgy, polynomials D, and measures ,ug is given in Proposition 4.3 and Proposi-
tion 4.4. As an example, we consider the case £ = R with the constraint C := {m| = 0},
that is, we only consider measures with mean zero. We take the functions Vi («) := (o — 1)?
and V,(B) := 8,82. Then Wi(a) = Vi(«) has a unique minimizer in «* = 1 and W(8) =
Va(B) —log(B) in B* = i. The limiting measure is

Jx(2 3
(28) [La*,ﬁ*(dx)_%l[oz(x)dxﬁ-é‘cs %.
4

The computation of this measure will be performed in Example 4.5 following Proposition 4.4,
where the necessary preliminaries are given.

Our next result concerns Gaussian fluctuations. A remarkable fact is that in the case of
several minimizers, the standardization is itself random.

THEOREM 3.9 (Central limit theorem). Let Vi, ..., Vi 42 be generic. Define
m; = argmin | (m ("),...,ml(n))—m* ,
m*e{m}k’l,...,ml
where m;k’q, qg=1,..., p have been introduced in Theorem 3.6 and | - || denotes the Eu-

clidean norm. Then for any | > iy, as n — o0
asmp)(m", ..., m") —m}) > N, L)

in distribution, where L € R'*! is the matrix with L,, = 1 ifu=vandv ¢{iy,...,ix} and
Ly =0 else. The matrix ¥; € R js given by

l 1/2 dy ¢
>my) = Tc[<HessC Z Wj> (y; )(3 C(m;)) }

j=1

where TC : RUZ0OXU=K) _ RIXI depotes the insertion of rows and columns of zeros at the
positions i1, ..., i, HessC denotes the Hessian with respect to the coordinates in yf and the
variables mlc, ylc are defined in (19) and (25), respectively.
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We finish this section with a moderate deviations principle.

THEOREM 3.10 (Moderate deviations principle). Let Vy, ..., V;, 42 be generic and a,, —
o0 be a sequence with a, = o(\/n). Then for | > iy, the sequence (Z,), with

Zn:=a, S (m})((m\", ..., m") —m})

satisfies a large deviations principle with speed :—2 and good rate function
n

1(my) := 2||ml|| nmi, mi, 0,
00 else.

3.1. Universality and connection to random matrices. There are several universal aspects
of the results in Sections 2 and 3. The first one is the occurrence of Gaussian fluctuations,
which is generic for uniform distributions on convex bodies; see Klartag (2007). As already
briefly mentioned in the Introduction, it is however surprising to find Gaussian fluctuations
for vectors containing only finitely many coordinates (moments). This is a sign of the strong
dependence between moments.

Even more interesting is the universality of the shape of the limiting measures g, q =
1, ..., p of Theorem 3.6. Their absolutely continuous parts are all of the form reciprocal of a
polynomial times the universal M(;]iyé‘ and thus depend on the constraint C and few values of
the functions Vi, ..., V; 42 only.

As shown in Remark 2.2, the limiting measures for constrained moment spaces are gen-
erally not equilibrium measures, in contrast to the ones obtained in unconstrained spaces.
Let us now shed some more light on this phenomenon. Consider a vector m,, € Mj,,_1(R)
with the corresponding canonical coordinates, that is, recurrence coefficients, and form the
tridiagonal Jacobi matrix

ar VBi
J = \/’BT

On—1 Bn-1
v Bn—1 On
Note that J is symmetric and thus diagonalizable with real eigenvalues x1, ..., x, and eigen-

vectors Vi, ..., v,. The probability measure

n

p =3 (vj. )y,
j=1

is called spectral measure to J and the first standard basis vector e, where (-, -) denotes the
Euclidean scalar product. It has the property that its /th moment is m; which is by the spectral
theorem simply the (1, 1)-entry of JLi=1,....n (see Simon (2011), Chapters 1.2, 1.3).
In particular, if (mi”), ...,m{) is uniformly distributed in ME([0, 1]), then the associated
random spectral measure 1 fulfills the assumptions of Theorem 2.8. Our laws of large
", ... myY) with distribution P€ ; ,, the
associated random spectral measure ;") converges weakly in distribution toward the limiting
measure ¢! Z(’;:l Ag g from Theorem 3.6.

To make the connection to equilibrium measures and random matrices, we remark that in
random matrix theory equilibrium measures typically occur as limits of empirical spectral

numbers for random moments imply that for (m
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measures
1 n
== 8y
n -
Jj=1
where xp, ..., x, are the eigenvalues of some random n x n matrix. An important class of

random matrix ensembles, the so-called S-ensembles, has eigenvalue densities proportional
to

exp<§ Zloglxi —xj|l—n Z Qex(xj)>

i#] j=1

:exp(—n2<§L/10g|t—sl_ldvn(t)dvn(s)—l—/ Qex(t)dvn(t))>,

where !/7,é | means that the diagonal is excluded in the double integral, 8 > 0 and Qx is some
function called external field. They can for certain polynomial Q¢x even be obtained as eigen-
value distributions of random tridiagonal Jacobi matrices using the very approach mentioned
above; see Krishnapur, Rider and Virdg (2016). In view of (29), it is not surprising that for
n — 0o, the ensemble realizes eigenvalue configurations that approach the equilibrium mea-
sure which is a solution to minimizing (6); see, for example, Johansson (1998), Theorem 2.1.
In fact, a large deviations principle can be obtained for this approximation of the equilibrium
measure; cf. Anderson, Guionnet and Zeitouni (2010), Theorem 2.6.1. For our purposes, it is
important to note that the speed of this large deviations principle is n2, a fact that is readily
read off (29). Now, apparently the difference between the spectral measure connected to the
random moment problem and the empirical spectral measure from random matrix theory, is
the weighting of the atoms. In contrast to v, the weights w; := (v;, ;) of the spectral mea-
sure 11" depend on the eigenvectors and are of course random. In certain cases, more can be
said: For example, for mg;)_l uniform on Mj,_1([0, 1]), the eigenvalues of the associated
random matrix J are distributed according to (29) with 8 =4 and Qe () =0 for ¢ € [0, 1]
and oo elsewhere; see Killip and Nenciu (2004), Theorem 2.2. Moreover, the weights are
independent from the eigenvalues and have a Dirichlet(2, ..., 2)-distribution on the simplex
{w, €[0,1]": ;?=1 w; = 1}. For n — oo, the weights concentrate around the barycenter
(1/n,...,1/n). However, the speed is n and thus the concentration of the weights is weaker
than that of the eigenvalues. More precisely, it was shown in Gamboa and Rouault (2010)
that the random spectral measure corresponding to the uniform distribution on M, ([0, 1])
satisfies an LDP with speed n and good rate function given by the reversed Kullback-Leibler
divergence I (1) = K(u°|w). In view of the close connection between spectral measure and
the random moment problem, this also explains the occurrence of the Kullback—Leibler di-
vergence in Theorem 2.1. However, the question remains why the unconstrained equilibrium
measure u” still appears instead of the measure solving the constrained equilibrium prob-
lem. To understand this, let us consider what happens if we force the spectral measure to
fulfil a constraint C. Deviations of the eigenvalue configuration from the energy minimizing
equilibrium measure (or rather its discrete analog, the Fekete points) are far more costly than
deviations of the weights from (1/n, ..., 1/n). Therefore, the weights have to change dra-
matically from (1/n, ..., 1/n) to some other values in order to bend the “discretized arcsine
measure” to match the constraint. This results, for example, in a limiting measure uC that is
supported on the full set [0, 1] like the arcsine measure, as observed in Remark 2.2.

(29)

4. Parametrizations and proof of law of large numbers. The first step toward proving
the results of Sections 2 and 3 is a parametrization of the constrained space MS(E ). Define
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the set A;, C H;kzl Dj as
EN—1 :
Aip = (g1]) (rehnt/\/lick (E)),

where (pf is the parametrization (16) of the unconstrained moment space and relint denotes
the relative interior, that is, relintMgc(E )= Ml.ck(E) N Int M;, (E). Define A,-k as the pro-
jection of A;, to the coordinates in yi and ./\;lg(E ) as the projection of ./\/lg(E ) to the coor-
dinates in m¢. Then we have the following lemma.

LEMMA 4.1. For any n > iy the mapping

§0n C

no

EC. A~ik X Dik+1 X+ X Dy — Int/\;lS(E),

is a C*°-diffeomorphism with Jacobian

9 C 9 E.C(y,C
‘det[ an:H = det[igp” C(y"):H
ayy, ays,

n—1

—i—d:
[T(pj(=pp)"—'=9¢ E=]0,11],
j=1

n—1

i d:

=1[1;77%¢ E=Ry,
j=1

[n/2]

—2i—d;
[T~ E=ER,
j=1

where djc:=#{l |ij > j} and |n/2] is the largest integer smaller or equal n/2.
PROOF. It is straightforward to see that gof C is indeed a diffeomorphism and we only

need to calculate its Jacobian. Note that the Jacobian matrix is lower triangular and thus its
determinant is given by the product of the entries on the diagonal

a .
(30) JacgFC= ] .

In the case E = [0, 1], rearranging (12) yields

(T — T —

m]_pj(mj mj) mj .
As mjc only depends on my, ..., m;_1, we obtain
Im +

=m' —m.
ap; J J

and the assertion follows by an application of the formula (cf. Skibinsky (1967))

-1

3D mi —m; =[] pi(1=pi)
Jj=l1

and rearranging the order of multiplication in (30).
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The proof in the case £ = R is analogous. Note that formula (13) yields

mjzzj(mj;] m;_ 1)+m
and consequently
j—1
8mj' / ml
—=mj_1—m; =21 Zj-1
9z mj_1 —m,;_
J 1=1 "Mi-1 1-1

In the case E = R, the calculation of the partial derivatives is slightly more complicated.
As in the proof of Lemma 2.6 in Dette, Tomecki and Venker (2018), the partial derivatives of
the moments with respect to the recursion coefficients can be calculated as

Bmzj 1_
omy;
=B Bt
3B, /

The assertion again follows by plugging these formulas into (30) and rearranging the order
of multiplication. [J

We are now in the position to prove Lemma 3.1.

PROOF OF LEMMA 3.1. We have to show that (20) is finite, positivity is trivial. The
compact case E = [0, 1] is clear. From the unbounded cases we exemplarily consider E =
R4 . Changing to canonical coordinates with Lemma 4.1, we see that

c —Jj—djc c

Zypv= - lAzk( lk)exp(—n Z(V (zj) — . / ]ogq)) dz, .

Let us drop the indicator 1 ;. (Zik) from the integral, thereby making it larger, and consider
Ik <

first the Zijy J = 1,..., k. Note that by (18), there is a constant ¢; € R such that we have for

Zij > 1

n—j—d;j
Vj(zj)—%logszcl.

By continuity we have for 0 < Zij < 1 forsomecp e Rand j =1,..., k the bound Vij (z,'j) >
¢2. This shows

< e—kn min(cy,cp)

z n—j—d;
X /‘nik exp(—n Z (Vj(zj) - Mlogg)) dit,
R"- n

ZnEV

which factorizes and is integrable by assumption (18). [J

As a direct consequence of Lemma 4.1, we obtain the following.

COROLLARY 4.2. P¢ .. induces via (pf°)~!

Hlfjf”jsé{il,...,ik} D with density

a probability measure on

~ 1 n
(32) Py g y(yy) = exP(—” YW (Yj)> 1z, (¥

C
Zn E,)V j=1
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(33) x exp(Z(Wj(yj) — Vo)) +dj,C)>

j=1

w.r.t. the (n — k)-dimensional Lebesgue measure.

Note that in (32) and (33) the canonical coordinates y;,, ..., y; corresponding to the con-
strained moments m;,, ..., m;, are functions of ys. More precisely, y;; depends on all coor-
dinates y; from yg with d < i; and is determined by the requirement m;; =c¢;;, j=1,...,k.
We can also see from (32) and (33) that the coordinates in yii are dependent. On the one hand,
they are coupled via the indicator function. On the other hand, even apart from the indicator,
in general the density does not factorize as y;,, ..., y;, are functions of the lower canonical
coordinates.

Corollary 4.2 allows for the simple but important observation that the canonical coordi-
nates y¢ have a density of the form

(34) P, (dx) = 5 OR(),

Zy
where W : R™ — R U {00}, R : R™ — [0, 00) are some measurable functions and Z,, is the
normalization constant.

On the level of canonical coordinates, probabilistic statements can be deduced directly
from the form of the density (34). We will use in Section 7 a different parametrization and thus
obtain functions W and R different from those needed here to prove the results of Section 3.
To avoid duplication, we therefore state and prove a proposition valid for rather general W
and R. It might also be of independent interest.

Assume from here on that W : R” — RU{oco} and R : R™ — R, are measurable and such
that

(35) 0< / eV R(x)dx < oo for some ng € N.

PROPOSITION 4.3 (Convergence to discrete distribution). Let W and R satisfy the fol-
lowing conditions:

1. W attains its global minimum exactly in the points 01, ..., 0,, that is, W(x) > W(0;)
forx e R"\{0y,....0,} and W(0)) =--- = W(0)).

2. W is twice continuously differentiable in a neighborhood of each 6.

3. Forall e > 0and M, := Ué):l B¢ (0,), we have infxer W(x) > W(0,), where B.(6,)
denotes the open e-ball around 0.

4. Hess W(0,) is invertible for each 1 < q < p.

5. R is continuous in all 8, and does not vanish in all 6, simultaneously.

Then P, from (34) converges as n — oo weakly to the distribution

p -1 p
P= (Z R(6,) detHess W(Gq)_1/2> Y R(6,) detHess W (6,)~"/*8y,.
g=1 qg=1

PROOF. We may assume without loss of generality that W(0;) =--- = W(0,) = 0. Let
U C R™ be an arbitrary open set and ¢ > 0 so small that the following conditions hold:

(i) If 6; € U holds, then also B (6,) C U.
(i1) W is twice differentiable on B (6,).
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(iii) Hess W(x) > M, for all x € B.(6,) and some positive definite matrices M,, where >
stands for the Lowner (partial) order, that is, M > N means that M — N is positive
semidefinite.

To see that the third condition is attainable, note that Hess W (6,) is positive semidefinite,
since 6, is an absolute minimum of W. Since Hess W (8, ) is invertible, the matrix is even
positive definite. By Weyl’s inequality (see Theorem 1 in Section 6.7 of Franklin (1968)) there
is a § > 0 so that Hess W(6,) — 61, is positive definite. Since Hess W is twice continuously
differentiable near all 6, we may choose & > 0 such that

*W W 8

_ 0 _
0x; 0x; *) 0x; 8xj( 4| < 2m

is satisfied for all x € B.(6,) and 1 <1i, j < m. By Gerschgorin’s theorem (see Theorem 1 in
Section 6.8 of Franklin (1968)), this implies that all eigenvalues of Hess W (x) — Hess W (6,)
have absolute value less than % From Weyl’s inequality we can conclude that all eigenvalues

of Hess W(x) — Hess W(6,) + 81, must be at least % This means that in the Léwner order
the inequalities

Hess W(x) > Hess W(6,) — &1, >0

hold for all x € B.(6,) and we may choose M; = Hess W (6,) — 61, in condition (iii).
Now, with M, from condition (3) of the proposition,

P, (U) > 25:1 lU(gq)fBE(gq) e_”W(x)R(x)dx
" - f(Mg)C e_nW(x)R(X) dx + Z(I;:l st(gq) e_”W(x)R(x)dx'

By a standard application of Laplace’s method, we have as n — oo

(Zn)m/Z

/detHess W (6,)

Furthermore, with K :=infy¢(p,)c W (x) > 0 we obtain

/ e "W R(x) dx =n_m/2<R(9q) +0(1)>‘
B (04)

/ e WO R dx < e~ (70K / e WO R(x)dx = o(n™™"?),
(M)© (M )¢

implying
Ry 10(0,) R(6,) detHess W (6,) /2 + o(1))

P,(U) >
)= (CEym2(TP_| R(6,) detHess W(6,)~1/2 + o(1))

PU).

By Portmanteau’s theorem, this yields P, i> P. O

We will see that applied to our random moment problem, Proposition 4.3 shows conver-
gence of the random canonical coordinates yg’(") to some discrete distribution concentrated
on the moment sequences of certain limiting measures. The main task now is to identify
these measures from the information on their canonical coordinates. To this end, we make
use of the following proposition which gives information on probability measures with even-
tually constant recurrence coefficients. We remark that similar results are known (see, e.g.,
Geronimo and Iliev (2017), Theorem 2.1 and references therein), yet they are not sufficient
for our purposes.
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PROPOSITION 4.4.  Let |1 be a probability measure with recursion coefficients ay, . .., a
and By, ...,Bj—1 >0, such that o = a and By = B > 0 for all | > j. Then the Lebesgue
decomposition of w consists of an absolutely continuous part 1 and a discrete part u®. The
absolutely continuous part ¢ has the density

4B — (x —a)?Br--- Bj—1
2w D(x)

on the interval 1y g := [ — 2B, a + 2./Bl, where D is the polynomial D(x) := PJ-Z(x) —
Pit1(x)Pj_1(x) and P;,i =0,1,... are the monic orthogonal polynomials corresponding
to . To leading order (with the convention o = 0),

D(x) = (@ —aj)x¥!
(36) +[(B=Bj—)+ Qa1+ +aj_1) +aj)(e; —o)]x* 2
+ 0(x2j—3).

Moreover, D is strictly positive on Intly g and possible zeros on the boundary of Iy g are
simple.
The discrete part u? is a linear combination of dirac measures

2j—1
Md = Z )\'iax,‘s
i=1

where the x; are the real roots of D outside of 1, g. The weights A; are possibly zero and are
given as

NACY
(x —xl)—D(x)

’

37) Aj = lim
X—>X;

where the function f is defined by

f(x):=0;x)Pj(x) — Qjr1(x)Pj_1(x)
(38) L
+%((x—a>—z(x> (x — )2 — 4f)

with

2(x) = il x> a+2/p, Qi (x) :=fwdu(t).

-1 x<a-—28, —t

The polynomials Q;,i > 0 in the proposition are called secondary polynomials and satisfy
the shifted recurrence relation Qg(x) =0, Q1(x) =1 and

(39 Oix)=x—0a)0i-1(x) = Bi—10i-1(x), i>2.

The proof of the proposition can be found on pages 1-5 of the Supplementary Material
(Dette, Tomecki and Venker (2020)).

EXAMPLE 4.5 (Continuation of Example 3.8). It remains to compute the measure in
(28) from the information that the sequence of random moments (m 5"), e ml(") ) converges
in probability to the sequence of moments (m(w),...,m;(n)), where the measure w is
uniquely determined by having recursion coefficients oy =0, @; =1 and B; 1 = % for all
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J > 1. In light of Theorem 4.4, we calculate the orthogonal polynomials P; as well as the
secondary polynomials Q ; up to order 2 as

Py(x) =1, Qo(x) =0,
Pi(x)=x —a; =x, O1(x) =1,
1

Pa(x) = (x — @) Py (x) — B1 Po(x) =x? —x — 7

Or(x)=x—ar=x—1.

Consequently, the polynomial D is given by

D(x) = PE(x) — Py(x) Po(x) = x + %.

Therefore @ has a possible point mass in —%. In order to calculate the weight of the point
mass, we determine

f(x)zl—l—%(x—l—z(x) x2 —2x).

()4

This yields the weight of the point mass as

, 1\ f(0)
hml (x+4—t>x+%

x—>—z

Hence, the measure u is given by (28).
We are now in the position to prove Theorem 3.6.

PROOF OF THEOREM 3.6. After a change of variables by Lemma 4.1, an application
of Proposition 4.3 shows the convergence on the level of canonical coordinates. The con-
vergence result can then be transferred back to the ordinary moments with the continuous
mapping theorem.

It remains to show the claimed representation of .. The measure i, is uniquely deter-
mined by having y*¢ as first i canonical coordinates, as well as

yi Jjodd,
Yi= V.%o
Yy, ] even,
for all j > ix, where y; and y; were defined in (27). We have to distinguish the three cases
of E.

Case E = R: In this case, the representation is a direct consequence of Proposition 4.4.

Case E =R, : In the case E = R, Dette, Tomecki and Venker (2018), page 18, shows
that the recursion coefficients of the orthogonal polynomials corresponding to u, are given
in terms of the canonical coordinates as

oj=22j—2+22j-1,

(40) Bj=2z2j-122; and moreover
= — Pj+1(0)
2j+1 Pj (O) .

Since the odd and even parameters z; are constant for all j > iy, the aj and B8;_; are constant
forall j >1:= L#J and we may apply Proposition 4.4. Observing the expansion (36) of
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the polynomial D(x) from Proposition 4.4 for iy even and odd respectively, we can see that
the degree of D is at most ix + 1. To prove that the absolutely continuous part of the measure
is of the claimed form

ac _ ac
My (x)= D, (x) Mz’f,z§ (x)
for some polynomial D, of degree at most iy, we have to show D(0) = 0 in order to factor

out the linear polynomial p(x) = x. By (40),

7(_Fin1© =
(1) PO =0 TT(=500) = [T 220
j=0 J( ) j=0
which yields
-2
D(0) = P (0) — Pi—1(0) P11 (0) = (l_[ Z%j_H)ZZl—I(ZZl—I —z22141) =0,
j=0
since zp7—1 = zo1+1. Factoring out the polynomial p(x) = x yields the desired result for the

absolutely continuous part with the polynomial D, (x) := D(x)/x which is of degree at most
ir and is strictly positive at O since the root of D in 0 is simple by Proposition 4.4.

For the discrete part of the measure, let xg be a root of D(x), that is, a number satis-
fying P12 (x0) = P;—1(x0) P14+1(x0). Since two consecutive orthogonal polynomials have no
common roots, xo is neither a root of P;_;, P; or P;11. We then have

(Q1(x0) Pr(x0) — Qi41(x0) Pr—1(x0)) Pr1(x0)
= Q1(x0) Pr(x0) Pr+1(x0) — Q141(x0) P/*(x0)
= — P (x0)(Q1+1(x0) Pr(x0) — Qi (x0) Pr+1(x0)) = — Pr(x0)hy,

where we have used the Christoffel-Darboux formula (S6) (from the Supplementary Ma-
terial, Dette, Tomecki and Venker (2020)) in the last line. Recalling the definition of the
function f in (38) we therefore obtain

_ PiGxo)hi | Bi--- Bt
Pry1(x0) 2

Plugging in the value xo = 0 and using (41) as well as « =z} + 25, B =2]z; and h; =
B1---Bj, we obtain

(42) f(x0) =

(x —a —z(x)y/(x —a)> —4p).

hi hi— 5

0) = +—(= e *+ oK) g

1O 22041 2 ( G \/(Zl 23) 21Z2>
221-12 1

=hi-1(z3 = 21)4.

where we have used that 7o = 2241 = z] and z2; = z5 (note that / was chosen such that
20—-1=ir+ 1.
Recall that the weight of the point mass of u, in zero can be calculated via the formula

J(x)
D(x)

A= lim ‘x
x—0

We now have to consider three separate cases:
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L. If pys % has an atom at 0, then z5 > z} must hold. In this case, we have f(0) > 0 and
consequently A > 0. This means that x, has a point mass at zero, as well as up to i further
point masses at the roots of D outside of zero.

2. If pzr o5 has no atom at 0 and 0 is not a simple root of D, then D has at most iy distinct
roots and therefore up to ix possible point masses.

3. If pugs ;5 has no atom at 0 and 0 is a simple root of D, then 7f <25, f(0)=0 and
D’ (0) # 0 holds. We therefore obtain

J(x)
D(x)

Consequently, 1, has no point mass in zero and up to ix further point masses in the roots of
D outside of zero.

_|fO_,
D'(0)

A= lim ‘x
x—0

Common to all three cases is that y, has at most ix point masses more than px .+, which
yields the desired result.

Case E = [0, 1]: In the case E = [0, 1], arguments as above show that the recursion coeffi-
cients «; and B;_1 are constant for all j > [ := L#J. Similar calculations using (see Dette
and Nagel (2012))

oj=¢q2j-3pP2j—2+qrj—2pP2j—1,
(43) J J J J J
Bji =q2j—2P2j-192j-1P2j

where gj :=1— p; and p_; := po :=0, and formula (41) then show that D is a polynomial
of degree at most iy + 2, satisfying D(0) = 0. Furthermore, it is well known that the monic
orthogonal polynomial P of order s is given by

mg mi L. Mg 1
1 my e mg X

Pg(x) = (As—1)~ det
ms Mgy -0 M2 x®

with Ay_1 = det((ma+b)j;;71:0) and mo := 1; see, for example, Deift (1999), page 38. This
yields

mo — mj mp—my ... Mg_1 — My 0

my —my my;—m3 - ms — Ms] 0

Py(1) = (Ay—1) "' det ;
Ms—] —my Mg —Mgy] -+ Mpg—p—mp—1 0

mg Msy1 mas—1 1

= (Ay—1) " det((masp — Matbi1)] py)-
Combined with Dette and Studden (1997), Theorem 1.4.10, Corollary 1.4.6, this results in

s—1

P (1) = ]_[ q2jq2j+1 and consequently
0
(44) '

1-2
D) = (H 6]%,~¢]§,-+1>6121—26121—1(6]21—26121—1 —q2q2+1) = 0.
j=0

Factoring out x(1 — x) in D proves the representation of the absolutely continuous part.
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For the discrete part of 1,4, we observe that by (42), (41) and (44) we have
) =hi—1(p3 — pi)4

1
f()= hz_1<—pi"pi" + 5 (1= (pi+p3 = 2p{p3) = |1 = (P + p§)|))
=hi1(pT+p>5—1),.

Arguments similar to the case £ = R show that 11, has point masses in the point masses of
W pt.ps» as well as up to ix additional point masses. O

5. Proof of the LDP. In this section, we will prove Theorem 3.2. As before, we start with
a general LDP. It will be slightly stronger than a usual LDP in the sense that it establishes
the rate function for any measurable set as an actual limit that is described as an essential
infimum, instead of just lower and upper bounds as in a usual LDP. This is formulated in the
following lemma.

LEMMA 5.1. Let P, be a sequence of probability measures on R™ and a, — 00 a se-
quence such that

1
45) lim —logP,(I') = —essinf S(x)
n—0o0 ay, xell
holds for all measurable sets ' C R™ and some function S : R"™ — [0, oo]. Then P, satisfies

an LDP with speed a,, and rate function

I (x) :=essliminf §(y) = sup{essinf S(y) | x € U, U open}.
y—>x yeU

The proof can be found on pages 5-6 of the Supplementary Material (Dette, Tomecki and
Venker (2020)).

PROPOSITION 5.2 (Large deviations principle). Let P, be given by (34) satisfying (35)
and assume that W : R™ — R U {oo} and R : R™ — [0, oo] are measurable functions such
that:

1. W is essentially lower bounded,
2. R is almost everywhere strictly positive.

Then P, satisfies for all measurable I' C R™
1
lim —logP,(I") = —essinf S(x) where
n—-oon xel

S(x) := W(x) —essinf W(y).
yeRM

PROOF. We will first show that

1
(46) lim —log f e WO R(x)dx = —essinf W (x)
n—-oon r xel’
holds for all measurable sets I' C R™. Set « := essinfycr W (x) and note that the case @ = 0o
is trivial. If o« < oo we have I' C {W > a} U N for some Lebesgue nullset N. This implies

with ng from (35)

1
limsup —log | e W™ R(x)dx
r

n—oo N
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1
(47) <limsup — log e‘”OW(X)R(x)e—(n—no)oe dx
n—oo N {(W>a}
logC —
§limsup( g —an no):_a,
n—oo n n

Let ¢ > 0 be arbitrary. By definition of & we have vol,,(I' N {W <« + ¢}) > 0. Since R is
almost surely strictly positive, this implies

0< / eV R(x)dx < oo,
rn{W=<a+e}

from which we can conclude
1
liminf — log f e " R(x) dx
r

n—-oo n

1
> liminf — log e W) g=(=n0)(@+E) p () dx = —(a + €).

n—>00 pn fm{wsa+3}
Now let ¢ — 0 and combine this equation with (47) to conclude that (46) holds. This yields
the desired result, as

1
Jim . log P, (T")

1 1
= lim {—log/ e WO R dx — —log/ e WO R(x) dx}
n F n Rm

n—o00o

= —essinf inf W(y) = —essinf .
SV 00 + siafW ) = —essinf S 0

PROOF OF THEOREM 3.2. This theorem is a consequence of the previously obtained re-
) m™) to the
1 200> Jj

vector of unconstrained canonical coordinates yf’(”) by means of Corollary 4.2. Second, ap-
ply Proposition 5.2 and Lemma 5.1 to obtain an LDP for the vector of canonical coordinates.
The last step then is to transfer the LDP from canonical coordinates to ordinary coordinates
using the contraction principle.

The compactness of level sets of [ is clear for E = [0, 1] and follows for unbounded E
from the integrability conditions (18). [

sults and follows in three simple steps. First, change coordinates from (m

6. Proofs of the CLT and MDP. In this section, we prove the central limit theorem and
the moderate deviations principle of Section 3. As before, for later use we first give results
for the general density IP,, of the form (34), satisfying (35).

PROPOSITION 6.1 (Convergence to normal distribution). Let the same conditions and
notations as in Proposition 4.3 hold and let X, be a random variable having distribution
with density P, from (34). Let 0 be such that

6, € argmin{|lx — X, || | x € {61,...,60,}}
with the standard Euclidean norm || - || and
Y, :=Hess W (6,")"/*/n(X, — 6}).
IfN ~N(O0,I,), then as n — 00
drv (Y, N) — 0,
where dtvy denotes the total variation distance

drv(X,Y):= sup [P(X €A)—P(Y €A
AeBR™)
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PROOF. Choose ¢ > 0 so that the conditions:

1. B;(6y) N Bs(6,) =@ forq #¢q’,
2. forall x € B¢(6,) we have Hess W (x) > M, for some positive definite matrices M,
3. R(x) <Cgforallx € B;(6;),q=1,..., pand some Cg < o0,

are satisfied and let A C R™ be a Borel set. Like in the proof of Proposition 4.3 we may
assume that W(9,) =0,g =1, ..., p. Then

IP(Y, € A) —P(N € A)|
<|P(Y, € A,|X, — 0| <&)—P(N € A)| +P(| X, — 6] > ¢).

By Proposition 4.3 and Portmanteau’s theorem, the last summand converges to zero. Set

p

D:= Y R(,)detHess W(6,)""/?,
g=1
m/2
d, =D (i> /e_"W(X)R(X) dx.
21

Then d,, — 1 holds by calculations analogous to the ones used to prove Proposition 4.3. To
simplify notation, define

fI(y) := exp(—nW (0, + Hess W(Qq)_l/zn_l/zy))
x R(6, +Hess W(6,)~/*n~1/2y),
S4 := Hess W (6,)"/*n'/? B (0),
K9 := Hess W(6,)""/*n~1/24,
and introduce the decomposition
e/ = p-1 Xp: R(8y) detHess W (6,) ™"/ 144 (y)
(48) !

p
- - —vly
+ D' " R(8,) detHess W(0,) "2 ™/?1 40,0 (1)
q=1

Finally, note that

p
Xn— 07| <e}=J{Xn—04 € KI N B:(0)}.
q=1

Y. e A,

Combining all this yields
|P(Y, € A,

Xn—07|| <e)—P(N € A)|

p
> P(Xn— 04 € KIN Be(0)) —P(N € A)'
g=1

nm/2 p
=\ 20 n —nW( R (6, d
‘Qﬂ)m/zdnl);/,?n&(mem( nW(0q +x))R(0q + x) dx
1

,  which equals

— W‘/ACXP(—XtX/Z) dx
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Qm)~"/?

p
f Z 01;1D—lfr?(y)lsq(y)detHessW(Gq)fl/2
A n

=1

—exp(—y'y/2)dy|.

By the decomposition (48), we therefore obtain
|P(Yn ) —P(N € A)|

P
< @2m)~™? Z D~ ! detHess W(Gq)_l/2
qg=1

| (@ £10) = exp(=y' 3 /2R (E) 15y () dy

p
+ D7) R(8,) detHess W(6,)™'/*P(N ¢ S7)
g=1

P
< Qm)"m? Z D! detHess W(@Q)_l/2
q=1

X /S‘,W,Zlfnq(y) —exp(—y'y/2)R(6,)|dy

14
+ D' " R(8,) detHess W (8,)'/*P(N ¢ S9).
g=1

Note that this bound is uniform in A. Clearly P(N ¢ S;/) — 0 asn — 00.On S/ the pointwise
convergence

dy ' £4(y) — exp(—y'y/2)R(6,)

holds and the claimed result follows from the dominated convergence theorem, using the
dominating functions

CR((Slipdn_l>exp(—thqy/2) +exp(—yty/2)), g=1,...,p. O

PROOF OF THEOREM 3.9. Changing coordinates by Corollary 4.2 and applying Propo-
sition 6.1 yields a central limit theorem for the canonical coordinates,

l 1/2
<Hes Z ) W) —y) S N©. ),

where the first iy — k coordinates of y; are given by

(49) argmin [y —y|
ye{y*,l ..... y* Py
and the remaining coordinates for j > iy are
)’1 J odd,
50
©0 (yl) { y5 Jeven.

To transfer this CLT for ylc’(") to one for mlc’("), we use a variant of the delta-method, which

is a common technique in mathematical statistics:
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Let (X,)n, (Yn)n be two sequences of random variables with X,,, Y,, € R” and /n(X, —
Y,) — N ~ N(0, X) in distribution as n — oo. Let f : R” — R be a continuously differ-
entiable function. Assume moreover that there is a set B such that for any n, Y,, € B almost
surely, y = Df(y) is uniformly continuous on B and || Df(y)|lop > ¢ > 0 for some ¢ and
y € B, || - llop denoting the operator norm. Then J/nDf (Y,)~ 1(f(X ) — f(Yy)) is asymptot-
ically M/ (0, ¥)-distributed. To see this, let f; denote the jth component of the vector-valued
f,j=1,...,m, and note that by the mean value theorem,

\/E(f](Xn) - fj(Yn)) = (vfj(‘éj,n)a \/’;(Xn - Yn))

for some &;, in the line segment [X,, Y,]. Since J/n(X, —Y,) is asymptotically nor-
mal, we have &;, — Y, — 0 in probability. Let M, be the matrix built from the rows
Vfi&jn),j=1,...,m. By the uniform continuity, M, — Df(Y,) — 0 in probability and
the asymptotic normahty of VnDf(Y,) " (f(Xp) — f(Y )) follows from || Df ~!|op < ¢!

on B and Slutsky’s theorem.
In our case, X, := yf ("), Y, :=y; and f := go,E’C. The assumptions on Df are easily
verified for B being a neighborhood of the set of the p possible values of y;. There is a

C,(n) (n)

small subtlety to consider: As the mlnlmlzers y; and m; are determined via y; and m;

on different spaces, not necessarily ‘Pz (yl) = ml *C holds. However, by the continuity of

<plE ‘C the minimizers are identical whenever ml( "

{ml 1, e m;k’p }. Due to Theorem 3.6, we have IP’(ml(”) € U) — 1, which implies the stated

result. [J

is in a sufficiently small neighborhood U of

Let us now turn to moderate deviations. The general result is:

PROPOSITION 6.2 (Moderate deviations).  With the assumptions and notations of Propo-
sition 6.1, for any sequence a, — oo with a,, = 0(/n), the sequence of random variables

Z, :=Hess W (6, )1/2 n(Xn —6))

satisfies with b, := :—2 for any measurable set I’
li 11 P(Z, €Tl) 'f1|| 12
im —1lo = —essinf - .
n— 00 bn g " xel 2 *

PROOF. Let S¢ denote the ellipsoid
§9:={x eR™ | [Hess W(6,)"*(x — 6,)| < ¢}

(51) i
=6, + Hess W(6,)~'/?B:(0).

As in the proof of Proposition 6.1, let us assume that W(6,) =0,¢ =1, ..., p and we choose
0 < & < 1 so small that the following conditions hold:

() SINs! =z forg#q,
(ii) 6, =argmin;_;_, |y — 6; holds for all y € Sd1<g<p,
(iii) for all x € S¢ we have Hess W (x) > M, for some positive definite matrices M,
(iv) there is a K > 0 such that R(x) < K holds for all x € S, := U5:1 Sd,
) infyesg R(y) > 0 holds for some 1 < g < p.
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For an arbitrary Borel set I', we use the decomposition
p
P(Z, €T)= Y P(Hess W(0,)"*ay(X, — ;) €T, X, € 57)
(52) ot
+P(Z, €T, X, ¢ S0).
Observing that

N 1 1 1 log N
53 —1 — Aj]l < —logA;
(53) X, e =g (Z ) ma e BT,
holds for any Ay, ..., Ay > 0, we see that only the largest of the probabilities in (52) matter.

As will become apparent in the course of the proof, the normalization constant of the density
exp(—n W (x))R(x) satisfies

(54) lim —10gfa e R(x)dx =0,

n—oo

which means that on the exponential scale of a large deviations principle, the integration
constant roughly equals a, ™. In order to deal with P(Hess W (6, W 2a,(X, — 0)el’, Xy €
S¢), we are therefore 1nterested in approximations for the term

n

(55) a” /S , 1r(Hess W (0,)"?a,(x — 6,)) exp(—nW (x))R(x) dx.

Setting o := essinfyer || x|, we eventually want to prove

lim L logP(Z, e[y = %
ngroloaog(ne )——7

The case o = oo corresponds to a nullset and the claimed result obviously holds. In the case
o < 0o, we start with an upper bound of (55). Define

hg i= g (€) i= inf Amin(Hess W(6,)™'/* Hess W (y) Hess W (6,)~'"%),

yes

a =20 e) = Sup Amax (Hess W (64)~"/* Hess W (y) Hess W (6,)~'/?),
YESe

where Amin(M) and Apax (M) denote the smallest and largest eigenvalue of a symmetric
square matrix M, respectively. By continuity A, and k;r both converge to 1 as ¢ — 0 and

by Taylor’s theorem we have for all x € S¢
1
W(x) = (Hess W (0,)"*x)"

x Hess W (6,)~"/* Hess W (6, + n(x — 6,)) Hess W (6,) "/
x (Hess W (6,)"/%x)

for some n = n(x) € (0, 1), where we used our assumption W(8,) = 0. Since x € Sg. we
have x =6, +Hess W(0,)~ 12y for some vector v with ||v|| < &. Therefore,

0y +n(x —6;) =6, + Hess W(Gq)_l/z(nv) € S and we can conclude

Hess W(6,)'/%(x — 6,)|?
3 (o)1 eSS (q)z 01 _ Wiy as well as

| Hess W (6,)1/%(x — 6,)I?
> )

W) < AF(e)
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This yields with K from (iv)

a” / 1 (Hess W (6,)"%an (x — 6,)) exp(—nW (x)) R(x) dx
sd

n
ga,’,"/lp(Hess W (6,) %an(x —6,))

% exp(—nA; |Hess W(Oq)l/z(x — 67(1)”2/2)de
mg
. = ) f Ir(ant /~/m)exp(=2g I111%/2) dt

n™/2 /detHess W (6,

b, "2 K

=< / Lna2/2a2),00) (1£17/2)
/detHess W (6,)

x exp(—(1 — &)A, na’/(2ay) — e ||t]|>/2) dt

b "?K 27 \™/2
< 2 exp(—(1 — S)A;bna2/2)<—n_> )
/det Hess W (6,) EAq

Consequently,

1
limsup — log(a,'f /q lr(Hess W(9[1)1/2a,1 (x — 9q))e*”W(X)R(x) dx)
— Se

_a
< —(1 — 8))\.q 7
To find a lower bound of (55), let n be so large that % < ¢ holds. Then

am / , 1r(Hess W(0,)'%ay (x = 0;))e ™"V O R(x) dx
s

n

> a" inf, R(y) 11 (Hess W (6,)"?anx)1j0.¢) (| Hess W (8,) /x|
YESe

x exp(—ni |Hess W(6,)"%x|?/2) dx

inf, s R(y)by ™' T
> f 10 (ant /M) 0.ate) (lant //n) exp(=af 1£]1%/2) dt

~/detHess W(6,)

_ infycgr ROy m/2

~/detHess W(6,)

inf _ga R(y)
et 7D exp(—Ag bu(@ + €)%/2) Vol (' N By+6(0)).

/detHess W (6,)

By definition of o, I' N By4(0) has positive volume. Therefore, we get

exp(—k;n(oz +£)2/(2a2)) Vol (v - (T N By 1£(0)))

1
liminf — log(aZ’ /q 11 (Hess W(Qq)l/zan (x — Gq))e_”W(x)R(x) dx>
Se

n—oo b,
(57
(o +¢)?

2 ’

+
> -
= —Ay

703
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if inf

yes? R(y) > 0 and —oo0 else. For the term P(Z,, € T, X, ¢ S¢) in (52), we obtain

1
lim sup —log(af/ e_”W(x)R(x)dx)
b (Se)¢

n—oo by

1
< limsup . log{a;" / exp(—noW (x))R(x) dx

n—o0 n
—(n— inf W ,
X exp( (n —ngp) ylélsg (y))}
where ng is the fixed number from (35). Thus,

1
lim sup . log(a,’l” /(S . WO R(x) dx)

n—oo by

2
< limsup a—”(log(af) — (n —ng) inf W(y))
n—oo N Vé&Se
(58)
< lim sup a2 (mlog(ay) —n/2infygs, W(y))
n—o00 n

+ limsup —a2(1/2 — ng/n) inf W(y) = —
n— 00 VESe

In order to see the last equality, note that the first term is negative for sufficiently large n and
the second term diverges to —oo. In view of (53), we conclude that P(Z, € T, X, ¢ S;) is
negligible.

It remains to show (54). Using (53) in combination with (56) and (58) for ' = R™ yields

1
limsup — log | a™e W™ R(x)dx
n—0o0 n

= max{ (math Sup -~ log /q ame "W R (x) a’x),
Se

qg=1 n—o0

1
limsup — log ame "W R(x) dx} <0
n—o0 Dp (Se)¢
On the other hand, we obtain from (57) and (53) that
hmlnf— log/a e "W R(x) dx

n—oo

=
|
~
et
|
>
<4
| %
—_—

> max hrnlnf—log/ ay'e WO R(x)dx > max
g=1,....,p n—X =1 :

Letting ¢ — 0, (54) follows. Combining (56), (53) and (54) gives

1
lim sup . logP(Z, €T

n—oo n

1 p
< limsup -~ log<IP’(X,, ¢S)+ Y P(Z, el X, € SZ))

1
<limsup max{ (m@lx . log . ay’ lp(Hess W(gq)l/Zan (x — 9,]))
Se

n— 00 q=1 by
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x e "W R(x) a’x),

1

—log/ a;l”e_”W(X)R(x) a’x}
by (Se)*

1 1
+ lim sup % + lim sup{

n—00 n n—00

1
5 log/ a,'fe_”W(x)R(x) dx}

n
4 { (1 )raz}

maX — & — 0.

q=1 q 2

Letting ¢ — 0, we now get
. 1 o’
%9 lim sup b logP(Z,elN) < -5

n—oo n

Similarly, (57), (53) and (54) yield

|
l}ln_1>1or<1)fb— logP(Z, el)

1
>11m1nf—log<Z]P’ (Z, €T, X, ES”))

n—oo h
j=1

> max hmlnf—log/ a™ 1 (Hess W (6,)"%a,(x — 6,))e ™V O R(x) dx

2
> max {—)\"' @+¢) }
— g=1,...p: q 2
inf 4 R(y)>0
Letting ¢ — 0 we thus obtain
60 limint - logP(z, e 1) > ~ %
(60) ;lrggéEOg(ne )_—7.
Combining (59) and (60) now finally shows
1 o? 1, . lx)?
fim p Y0Py €D == = el = —eyiol 5 g

PROOF OF THEOREM 3.10. A change of coordinates by Corollary 4.2 and an application
of Proposition 6.2 and Lemma 5.1 yields the LDP for

Yo i=anH(y}) - (7™ — )

with y; defined in (49) and (50), good rate function 7 (x) = —% lx |12, speed b, = ;—2 and

! 1/2
H(y)) = (Hessc Z Wj> (y1)-

j=1

To transfer this to an LDP for the ordinary moments, we first argue that we have the LDP
with same rate function and same speed for Y;, under the conditioned probability measures

P =P(ly; =¥/,), q¢=1,....p,
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where y; 1, ..., ¥} , are the p possible values of y; and [P denotes the underlying probability
measure. To see this, note that under ’? we have
C, C,
Yo=Y =aH(yi )" = ¥ig) = an(H ()0 = H(y} )Y ,)-
By Theorem 3.6 there are 0 < ¢; < ¢; such that for n large enough and allg =1, ..., p

a1l <P(y/ =yj,) < c2.
The upper bound in (10) for ¥,/ follows for n large from
P7(Y? €T) < c]'P(Y, €T).
For the lower bound, for n large enough
P(Y? €T)>c,'P(Y, €T, Y, € S9)
with S¢ from (51) and € chosen as in the proof of Proposition 6.2. It was shown in (52), (54)

and (57) that

1 inf 2 2
liminf —logP(Y, €T, Y, € §7) > —A; (essinfyer [|x[|* + &)

n— 00 bn 2

and the lower bound follows from letting & — 0, lim;_,¢ )\; =1 and Lemma 5.1.

Our aim is to transfer the LDPs for Y;/, g=1,..., p toone for Z, from Theorem 3.10.
Choosing

g e [T Ec N
9= HOE) e 07,) | e (07, )

we can apply the delta-method for large deviations (Gao and Zhao (2011), Theorem 3.1), to
obtain an LDP for the sequence

Z4 = a,(f1H Y} )0 ™) = f1H T, )YE,)
[ Ve Ecx
—anH(37,)| o () | (7~ gf (37,
m;
under P4, with good rate function / and speed b,,. The next step is to extend the LDP to
/ * 8y§: * ! C,(n) EC/ x
2, = an ) e o) | = (31)

under P. In order to show this LDP, we estimate for an arbitrary measurable set I"

p p
1Y PUZIeT)<P(Z,el) < Y P!(ZIeT).
g=1 g=1
Therefore the LDP for Z/, holds by (53). The last step in the proof is to augment Z), to Z,

by inserting zeros at at positions iy, ..., ir. Let T denote this operation. The LDP for the
sequence Z, then follows from observing that by Theorem 3.2 we have

1 1
lim sup . logP(Z, # T(Z))) <limsup . logP(¢/ € (y}) #mC) = —o0,

n—o0 n n—o0 n

where m;"c denotes the vector of unconstrained moments in m;. This proves the asymptotic
equivalence of T(Z),) and Z, and concludes the proof. [J



RANDOM MOMENTS UNDER CONSTRAINTS 707

7. Proofs of the results in the uniform case. The uniform distribution on the moment
space MC([O 1]) is a special case of the distribution IP’n (0.1, defined in Section 3. It is
however difficult to prove genericity of Vi =--- =V, 120 =0 for any constraint C instead of
just generic constraints. We will therefore consider a special parametrization of MC ([0, 1])
that allows to exploit concavity properties of the density of the canonical moments.

LEMMA 7.1. Recall the definition ofmii in equation (19) and denote by /\;llc([O, 1]) the
projection of M,C([O, 1]) to the coordinates in m,c. For any n > iy the mapping

6D c. {Inté\?lg x (0, )" — IntC/\?lS(E),
(mik’ plk—‘r]’ s pl’l) = mna

is a C*®°-diffeomorphism with Jacobian

n

JaC(Py(E _ 1—[ (pj(l _ pj))n—max(j,ik).
j=1

PROOF. The Jacobian matrix of ¢¢ is lower triangular with determinant

ik n

c amy amy no 2l
deteS= [ — [I —= [1 [Ir;0-rp

)/ e Y

ﬁ (Pj (1 _ pj))n—max(j,ik)

where we used the previously applied formula (31) again. [
In order to identify the limiting measures, we need a specialization of Proposition 4.4.

COROLLARY 7.2. Let py,...,pr € (0,1). The probability measure | on [0, 1] corre-
sponding to the infinite sequence of canonical moments

11
pl»---7pr» 27 25
is absolutely continuous with density
[Ti1 pigi

TR (0)vx — x2

where R, (x) is a polynomial of degree at most r that is strictly positive on the interval [0, 1]
and we recall q; := (1 — p;). The coefficient of x" in R, is 1 — 2p, and all coefficients depend

continuously on py, ..., pr. Furthermore, R, can be expressed as
(Pj@x) — 3(x = DPj1(x))° 16 ifr is even,
Rr(x)=< j 2 2)F- 41 le( )> f .
x(1—x) 4  ifrisodd,
where Py, Py, ... are the monic orthogonal polynomials corresponding to p and j := | =5~ +4J

The proof can be found on pages 67 of the Supplementary Material (Dette, Tomecki and
Venker (2020)).
A key observation is contained in the following lemma.
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LEMMA 7.3. The map
Int M, ([0, 1]) — R,
(my,...,mp) ~ log(4n(mjl_+l — M)

is strictly concave and the Hessian matrix is negative definite in every point.

(62) W, :

The proof can be found on pages 7-9 of the Supplementary Material (Dette, Tomecki
and Venker (2020)). It uses, among other things, the following remarkable sum rule from
Gamboa, Nagel and Rouault (2016), page 523, which we restate here for later use; see (S9)
for more details. It reads

(63) K| p) = Zlog 4pi(1 — pi))

for a measure w on [0, 1] and its sequence (p;); of canonical moments, where /C is the
Kullback-Leibler divergence defined in (5).

Before giving the proofs of the main results of Section 2, a few words on the logic structure
of the proofs are in order. We start with the LDP which will be used in the proof of the law of
large numbers (Theorem 2.1) later on. The limiting measure € was introduced in Section 2
in Theorem 2.1 but as we already need it in the proof of the LDP, we will define it as the
unique minimizer of the Kullback—Leibler divergence K (1°|-) over P¢ ([0, 1]). In particular,
in the following proof we show that this minimization problem indeed has a unique solution.
The convergence of the random moments to the moments of the minimizing measure and the
representation of the minimizer will then be given in the proof of Theorem 2.1.

. . (n)
PROOF OF THEOREM 2.7. Applying the parametrization of Lemma 7.1 to (m 1" Yo

m™), we obtain a random vector (mC @ pl(:}r], o, Py of independent components,

€00 a5 first component. As p(,") is beta(n — j + 1,n — j + 1)-

C,(n) .

where we understand m;

distributed and the dens1ty of m; is using (31) proportional to

i
eXP((" —ix) Y _log(pi(1— Pi))) IIntMi([O,l])(mg()
i=1
- + - =i c
(64) = exp(n log(m;" mi oy —m ) mi g —m ) lklIntMs(([O,l])(mik)’
we see that (mc ™ pl(:j_l, e, pl(")) has a distribution of the form P,, from (34) with m = 1.
Applying Theorem 5.2 and Lemma 5.1, we obtain an LDP with good rate function
Il(mg(5 pik+17 ey pl)

(65) B !
= —log( mi 1~ ik+1) - Z log(pj(1=pj)+K,
J=irt1

where K is a constant that guarantees the infimum of /; being zero. By the contraction prin-

ciple and equation (31), the vector (mﬁ"), cees ml(")) therefore satisfies an LDP with good rate
function

(66) ILh(m):=1(m)+ K,
where [ is defined in (11). From (65), we see that
(67) = log( ol (n*) — mp (n*)) — U —ix)log4,
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where p* is a measure with first i canonical moments p1(u*), ..., p;, («*) minimizing
(plv""pik)'_) IOg( tk—‘rl('u“*) _mi_](+l(M*))’

and higher canonical moments p; = 5 L for all j > iy. It remains to show that there is a unique

such u* and that u* = u€, where
nC = argmin K(u°lw).
nePC((0.1])

For the uniqueness, note that since m;, — —log(m; m; ) is +o00 on the boundary of

lk-i-l
/\/llck ([0, 1]) and strictly convex on the interior by Lemma 7.3, it has a unique minimizer which
is attained on IntMi([O, 11). To see u* = uC, recall that whether a measure p € P([0, 1])
fulfills constraint C or not, is determined by the first iy canonical moments pi, ..., p;, only.
Thus by (63), a measure p € PC([0, 1]) minimizing K (11°|-) has to have canonical moments
pj= % for all j > iy and hence

ik

1Ou) = log(4p;(1—p;))
(68) ( JZI J J )

= —log(m_ 1 (10) = m; 1 (1) — i log4.
This implies x* = € and finishes the proof. [

PROOF OF THEOREM 2.8. By (66), (67), (63) and (68), for any [/ the sequence
(m1(u™), ..., my(u™)) satisfies an LDP with good rate function

Imy) = K(u® | womy)) — K(u® | 1),

where m; is an /-dimensional vector of moments and w(my) is the measure that has my
as its first / moments and canonical moments p; = % for all j > [. By the Dawson—Gértner
theorem (Dembo and Zeitouni (1998), Theorem 4.6.1), we then obtain an LDP for the infinite
sequence of moments (1 (™), ma(n™), ...) with good rate function

I(meg) = ?UEK(MO | (my)) — K (1O | 1),

where my, is the infinite vector of moments containing the m;’s. By (63) the term
I
K(u® ] ) == log(4p,;(1 = p))
j=1
is increasing in / and we therefore obtain

(M) = iuglc(uo | (m) — K(u® | n) = K(u® | wmeo)) — K(1 | 1),

where (M) is the measure with moments my,. The theorem now follows from applying
the contraction principle to transfer the LDP from the sequence (m (™), ma(u™), .. ) to
the measure ;. This is possible since ;™ is compactly supported and hence uniquely
determined by its moments. [

PROOF OF THEOREM 2.1. Recall from the proof of Theorem 2.7 that m ( ) satisfies an
LDP with good rate function 7 — I (my (,uc)) where ,uC has been defined as the unique mini-
mizer of K(u°]-) over P¢([0, 1]). The convergence stated in Theorem 2.1 now follows from
an application of the Borel-Cantelli lemma. The claimed representation of € is then pro-
vided by Corollary 7.2. [J

Next, we give the computation of the measures in Example 2.3.
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EXAMPLE 7.4 (Continuation of Example 2.3). 'We will consider the different constraints
C1, Cy and C3 separately.

Case C; = {m1 = c1}: As seen in the proof of Theorem 2.1, the measure Mcl is uniquely
determined by having canonical moments p; = ¢ and p; = % for all j > 1. We may thus
apply Corollary 7.2 to obtain the representation of 1. By formula (43) the recursion param-
eters of uC! are given by o) = c1, ap = 3_4201, B1 = C‘(lz_cl) and o = %, Bj—1= % for all
j > 2. The orthogonal polynomials of ;¢! up to order 2 can hence be calculated using (14)
as

Po(x) =1, Pi(x)=x—c,
342
Py(x) = (x — a2) Py (x) — B1 Po(x) = x° — +4 Tt
and we obtain
Ll 1 2
Rl(X)=4((P2(X) 2= 2) A1) +1Pf<x)) —x(1—x) + (x — e
x(1—x) 4

The stated form of the measure now follows from Corollary 7.2.
Case Cy = {m = c1, my = c»}: Asin the first case, the measure MCZ is uniquely determined

- 2
. . _ _ mp—m, = C] R l .
by having canonical moments p; =cy, p2 = ml—me = a—en and p; = 5 for all j > 2.

Analogously to the first case, we calculate
Ro(x) = (1= p2)*(x = p)* + p3x(1 —x)

=) —e)? + (2 —chAx(1—x)
B i —c1)?

and the representation of the measure follows again from Corollary 7.2. Note here that

—c ca-a (=)l —c)
ct(l —cp)er(l —cp) ci(l—cp)

Case C3 = {mo = c»}: As seen in the proof of Theorem 2.1, the moment m; of ,uc3 max-
imizes the moments range mg' — my under all measures satisfying C3. Recalling (31), we
have for any measure with m» = ¢

P1g1p2q2 =ci1(l —cy)

(c2 —m?)(m1 — ¢2)
mi(l —mp)

my —m3 = piqipaqa = ,
which (as a function of m1) has a unique maximizer m} by Lemma 7.3. Therefore the canon-
cr—(m})?
mi(1—m7)

assertion now follows from the calculations in the case C; = {m| =m7}, my = c3}.

ical moments of u©3 are given by p; = my, p2 = and p; = % for all j > 2. The

PROOF OF THEOREM 2.5. Recall that the coordinates

C,(m) (n) ()
(m; ™ piys )

are independent with p§-") ~beta(n —j+1,n—j+1)and mi’ ™ has a density proportional
to

exp(n log(m3;+1 - mi_k+1))(m;,:+1 - mi_k—f—l)_lkllntMi([O,l])(mgc)‘

With Lemma 7.3, the theorem follows by an application of Proposition 6.1 and the delta-
method analogously to the proof of Theorem 3.9. Note that the minimizer of the map m +—
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—log(ml?;Jrl — ml._k+1) is unique and given by the moments (ml(uc), ce My, (uc)) by the
same arguments as in the proof of Theorem 2.7. The covariance matrix ¥; is given as

Y= T¢ il,

3 := D' diag( Hess® (W;, ) (m;, (1)) L. Dy
(69) I-= g Ik lk/'L 78’---58 s

1 1
. C C
D .= D(pl (mik(u ), 5, ey 5),

where TC : RU-HxU=k) _ RIXI denotes the transformation of an (I — k) x (I — k) matrix
by inserting rows and columns of zeros at the positions i1, ..., ix. The maps golc and W;, are
defined in (61) and (62) and Hess® denotes the Hessian with respect to the coordinates in
mli. U

PROOF OF THEOREM 2.6. The proof follows by an application of Proposition 6.2 anal-
ogous to the proof of Theorem 2.5. Note that the delta-method for large deviations must be
applied similar to the proof of Theorem 3.10. [J

PROOF OF THEOREM 2.4. By Lemma 7.1 and (64), the volume of the constrained space
is given by

vol,_ (ME([0, 17))

= € ot exp((n — ix) log(m;;Jrl - ml._k+1))dm
Uk ’

n
x [[ Bo—j+1n—j+D,
J=ik+1

where B(a, b) .= fol x4~ 1(1 = x)?~! dx is the beta function. By an application of Laplace’s
method and the minimization property of 1€, the first factor satisfies

/MC o exp((n — ix) log(7ni+kJr1 —m; ) dm
ik ’

2m)—k)/2

= B (= )6 (L o),

where the constant d° is the determinant of the Hessian of the map m +— —log(mj]; 1
c

ml_k " 1) with respect to the coordinates m; , evaluated in (m (MC), ce My, (MC)). For the sec-

ond factor, observe that by (9)

- L (M ([0, 1
[[ Bn—j+1Ln—j+1)= - voly, . ([ ])).
J=ikt] [Mjo Bn—j+1Ln—j+1)

holds and another application of Laplace’s method yields

Bn—j+ln—j+1)= n_1/24_(”_j)(? + 0(1)).

Combining these equations then gives the desired result. [
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SUPPLEMENTARY MATERIAL
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AOP1370SUPP; .pdf). The supplement contains several proofs. Equations from the supple-
ment are marked with an “S,” for example, equation (S1).
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