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In this paper, we start by showing that the intertwining relationship be-
tween two minimal Markov semigroups acting on Hilbert spaces implies that
any recurrent extensions, in the sense of Itd, of these semigroups satisfy the
same intertwining identity. Under mild additional assumptions on the inter-
twining operator, we prove that the converse also holds. This connection,
which relies on the representation of excursion quantities as developed by
Fitzsimmons and Getoor ({llinois J. Math. 50 (2006) 413-437), enables us
to give an interesting probabilistic interpretation of intertwining relationships
between Markov semigroups via excursion theory: two such recurrent ex-
tensions that intertwine share, under an appropriate normalization, the same
local time at the boundary point. Moreover, in the case when one of the (non-
self-adjoint) semigroup intertwines with the one of a quasi-diffusion, we ob-
tain an extension of Krein’s theory of strings by showing that its densely
defined spectral measure is absolutely continuous with respect to the mea-
sure appearing in the Stieltjes representation of the Laplace exponent of the
inverse local time. Finally, we illustrate our results with the class of positive
self-similar Markov semigroups and also the reflected generalized Laguerre
semigroups. For the latter, we obtain their spectral decomposition and pro-
vide, under some conditions, an explicit hypocoercivity L%-rate of conver-
gence to equilibrium which is expressed as the spectral gap perturbed by the
spectral projection norms.

1. Introduction. The famous problem “Can we hear the shape of a drum?”
raised by Kac [29] in 1966 has attracted much attention in the past decades. The
question asks whether one can determine a planar region £ C R?, up to geometric
congruence, from the knowledge of all the eigenvalues of the problem
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where A is the Laplacian operator, with Dirichlet or Neumann boundary condi-
tions. In other words, if we consider the triplet (A, 2, (A;)n>0) Where (A,)n>0
represents the sequence of eigenvalues of A on €2, then Kac’s problem asks if
2 can be determined by providing (A,),>0. It was not until 1992 that Gordon,
Webb and Wolpert [27] answered this question negatively by constructing a coun-
terexample with two noncongruent planar domains €21 and €2, which are isospec-
tral, that is, the sequence of eigenvalues of A on these domains coincide, counted
with multiplicities. These domains are the first planar instances of nonisometric,
isospectral, compact connected Riemannian manifolds that were previously enun-
ciated by Sunada [55] in the context of the Laplace—Beltrami operator. An equiva-

lent formulation of Kac’s problem can be described as follows. Writing (P,Qj )1>0,
J = 1,2, the semigroups generated by A|g; on L (Q i), and assuming that there

exists a unitary operator A : L2($2) — L2(2)) such that
PHAf = AP f

for all f € L2(§22), then does it follow that €2; and €2, are congruent? This idea
was first exploited by Bérard [7, 8] who reconsidered Sunada’s isospectral problem
by providing an explicit transplantation map, that is an intertwining operator which
is an unitary isomorphism, which carries each eigenspace in L?(£2,) into the cor-
responding eigenspace in L2(2). In addition, Arendt [2] (resp., Arendt et al. [3])
showed that for subdomains of R¥ (resp., for manifolds), if the intertwining opera-
tor is order isomorphic, that is, A is linear, bijective and f > 0a.e. & Af >0a.e.,
then 2] and 2 are congruent, offering a positive answer to Kac’s problem. Fur-
thermore, Arendt et al. [4] considered a more general setting by studying isospec-
trality of the Dirichlet or Neumann-type semigroups associated to elliptic opera-
tors, including non-self-adjoint ones, by means of the concept of similarity, which
is an intertwining relationship with A a bounded operator with a bounded inverse
from the Hilbert space L2($2)) to L2(§2,). Note that the similarity relation between
their corresponding semigroups is equivalent to the isospectral property in the case
of Laplacians, but, in general, a stronger property for non-self-adjoint operators.
On the other hand, for ©; C R?, they also showed that it is impossible to have a
similarity transform that simultaneously intertwines Dirichlet and Neumann op-
erators on 21 and €2, and, therefore, there does not exist a similarity transform
that intertwines elliptic operators with Robin boundary conditions, that is a linear
combination of Dirichlet and Neumann conditions.

In this paper, we reconsider these problems from another perspective. More
specifically, we consider the intertwining relationship

(D PAf=AQ:f,

where P = (Py);=0 and Q = (Q;);>0 are two Markov semigroups defined on
L2(m) =L%(E, m) and L2(m) = L*(E, m), respectively, with (E, £) a Lusin state
space which contains a point b € E which is regular for the two semigroups, m, m
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two measures and A : LZ(m) — L%(m) is merely a densely defined closed and one-
to-one operator. In other words, compared to Kac’s framework, we are interested
in a (weak) isospectrality from an analytical viewpoint rather than a geometric one:
while the state space remains the same we consider different operators acting on
this domain that intertwine in a weak sense. We emphasize that since we do not
require a similarity relation between the operators it may happen that their spectra
differ drastically.

The first issue we investigate is to understand whether in our set up the inter-
twining relation is stable under any modification of the boundary conditions. For
instance, is it possible that there exists an operator that links simultaneously the
Dirichlet and Neumann operators, providing an opposite answer to the one ob-
tained in [4] for identical operators acting on different planar domains? We shall
show that indeed if two Dirichlet semigroups intertwine (in the sense given above)
then any of their recurrent extensions in the sense of It0, are also linked with the
same operator. This includes for instance the case of Neumann boundary condition,
but also reflecting type condition with a jump and sticky boundary conditions and
a mixture of them. We carry on by providing sufficient conditions for the reverse
claims to hold.

We proceed by studying the following question. Can one provide a probabilis-
tic interpretation of intertwining relationships between Markov semigroups? This
is a natural and fundamental question as this type of commutation relationships
appears in various issues in recent studies of stochastic processes; see, for exam-
ple, [20, 22, 40, 44, 46]. We show that when two Dirichlet semigroups intertwine
then any of their recurrent extensions share, under an appropriate normalization,
the same local time at the regular boundary point. Indeed we prove that the law
of their inverse local time which is, from the general theory of Markov processes,
a subordinator, is characterized by the same Bernstein function. This has the nice
pathwise interpretation that the intertwining Markov processes behave the same
at a common regular boundary point, but, of course, have different behavior else-
where.

Next, we recall that the inverse local time of a quasi-diffusion also plays an
important role in Krein’s spectral theory of strings, since it contains information
about the spectrum of the quasi-diffusion process killed at the boundary. Therefore,
the question arises naturally that whether one can, through an intertwining relation
with the semigroup of a quasi-diffusion, derive a similar result for nondiffusions.
We answer this question positively by showing that if P and Q satisfy relation
(1) with QO being the semigroup of a quasi-diffusion, then the Laplace exponent
of the inverse local time of the (nondiffusion) Markov process corresponding to P
also admits a Stieltjes representation, and the (densely defined) spectral measure
of the killed semigroup of P is absolutely continuous with respect to the measure
appearing in this Stieltjes representation. This defines a weaker version of Krein’s
property, which can be seen as an extension to Krein’s theory to nondiffusions.



3234 P. PATIE, M. SAVOV AND Y. ZHAO

The rest of this paper is organized as follows. After this current section of in-
troduction and basic setups, we start in Section 2 by stating our main theorem
and its three corollaries, which give results on the intertwining of semigroups of
recurrent extensions, excursion theory and Krein’s theory of strings. We prove
these results in Section 3. In Section 4, we provide two classes of semigroups
which serve as examples for such intertwining relationship. In particular, we study
the classes of positive self-similar semigroups and reflected generalized Laguerre
semigroups, and show that these (non-self-adjoint) semigroups intertwine with the
Bessel semigroup and (classical) Laguerre semigroup, respectively. We also de-
duce the expression for the Laplace exponents of their inverse local times. For a
reflected generalized Laguerre semigroup, we also obtain in Section 4 its spectral
expansion under some conditions, and derive its rate of convergence to equilib-
rium, which follows a perturbed spectral gap estimate.

1.1. Preliminaries. Let (E,£) be a Lusin state space, with By(E) (resp.
Bl‘f (E)) denoting the space of bounded real-valued (resp., bounded real-valued
and nonnegative) measurable functions on E, and Cp(E) denoting the space of
bounded continuous functions on E. Let X = (X;);>0 (resp., ¥ = (¥;);>0) de-
fined on a filtered probability space (€2, F, (F;)r>0, P) be a strong Markov pro-
cess on E, which is assumed to have an infinite lifetime, and let P = (P;);>0
(resp., O = (Qs)r=0) denote its corresponding Borel right semigroup, that is,
Py f(x) = Ex[f(X0)] (resp., O f (x) = Ex[f(Y1)]) for f € By(E), where E, de-
notes the expectation under the measure P, satisfying P, (Xo =x) =1 (resp., Py
satisfying P, (Yo = x) = 1). We also assume that for any f € Cp(E) (resp., By(E))
and x € E, the mappings

2) t— P f(x) and ¢+ Q;f(x) arecontinuous (resp., Borel),

and we recall that condition (2) also means that P; and Q; are stochastically con-
tinuous; see, for example, [19], Definition 5.1. We further suppose that b € E is a
regular point for itself, that is P, (T} = 0) = P,(7)Y = 0) = 1, where T} = inf{r >
0; X; = b} is the hitting time of b for the process X, and TbY is defined similarly.
Let XT = (X:),zo =X;0<tr< TbX) be the process X killed when it hits b, after
which it is sent to the cemetery point A, where we adopt the usual convention that
a real-valued function f on E can be extended to A by f(A) =0. We also let
PT = (Pj)tzo denote the semigroup of X7, that is, P,Tf(x) =E,.[f(Xy);t < TbX],
and we define the process Y T = (Y;),zo along with its semigroup QJf = (Q;f),zo
in a similar fashion. Next, let U, f = [y e"?' P, f dt and UqTf = /" e~ P fdt
be the resolvents of P and P, respectively, and, V, and V; be the resolvents of
Q and Q7.

We now assume that there exists an excessive measure m (resp., m) on (E, &) for
the semigroup P (resp., Q), thatis, m (resp., m) is a o -finite measure and mP; <m
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(resp., mQ; < m) forall t > 0, and in particular, when m P, = m (resp., m Q; = m),
m (resp., m) is an invariant measure. Then a standard argument (see [19], Theo-
rem 5.8) indicates that P extends uniquely to a strongly continuous semigroup on
L?(m), which is the weighted Hilbert space

L2(m) = {f : E — R measurable ; || f ||lm = / F2o)mdx) < oo}
E

endowed with the norm || - ||, (When there is no confusion and for sake of sim-
plicity, if m is absolutely continuous, we also use m to denote its density and write
L2?(m) the Hilbert space with weight m(x) dx). Similarly, Q also admits a strongly
continuous extension to L2 (m). Note that since mP,T <mP; <m, m is also an
excessive measure for P, hence PT can also be uniquely extended to a strongly
continuous semigroup on L?(m). Similar results hold for QT as well.

Now let us follow the construction as described in Getoor [26] to observe
that there exists a left-continuous X = (X 1)1>0 under the probability measure IP’X,
which is the dual process of X with respect to m, and is moderate Markov, that is
it enjoys the Markov property (only) at predictable times. Note that the measures
(]P’ )xck are only determined modulo an m- polar set; see [54], Definition (10.9),
for definitions of (semi)polar sets. Let P, f x) =Ex[f (X )] denote the moderate
Markov dual semigroup associated with X and U be the resolvent, then P and U
are linked to P and U, via the duality formula

(Pif.m=(f Pm.  Ugf.®m=(f, Us@m
for each f, g € By(E), g > 0, t > 0, where throughout we denote

3) (f. 9m = /E F0)gCom(dx)

whenever this integral exists.

Because b is a regular point for itself, the singleton {b} is not semipolar and there
exists a local time [X at b, which is a positive continuous additive functional of X,
increasing only on the visiting set {t > 0; X; = b}. We mention that [X is uniquely
determined up to a multiplicative constant. The inverse local time 7% = (t,X )i>0 1S
the right continuous inverse of (X, that is,

r,X =inf{s > 0; [5( >t}, t>0.

It is a standard argument that under the law P, ¥ is a strictly increasing subordi-
nator and, therefore, for any ¢ > 0,

E, [e*qftx] — e*ﬂbx(q),

where ®x(g) is the Laplace exponent of 7% and admits the following Lévy—
Khintchin representation

@ Dy (q) = x +qvx + /0 (1— ™) ux (dr),
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Qx(q)
q
is the so-called elasticity parameter, and sy is the Lévy measure of %X, thatis,a o -

finite measure concentrated on (0, 0o) satisfying fO°°(1 AT)x(dr) < oo. Further-
more, we follow [50], Chapter X, Section 2, to define the so-called Revuz measure
R for the local time [X as

with §x = lim, o ®x(g) is the so-called killing parameter, yx = lim;_,

oy
Roef = lim Bn| [ X0 att],

which, in the case when m is an invariant measure, can be defined by the simpler
formula

1
Rex f = Em[/o f(Xs)dlf]
Its total mass, denoted by c(m), is
&) c(m) =NRx1,

which is a positive constant. Since the local time can be defined up to a multiplica-
tive constant, in order to streamline the discussion, we suppose for the remainder
of this paper that the local time X has been normalized so that c(m) = 1. The no-
tation for ¥, 7Y, dy(q), dy, Yy, my are trivial to understand, and we also suppose
that [¥' has been normalized to make c(m) = 1.

Moreover, by Fitzsimmons and Getoor [24], Proposition (A.4), we have
IP’b[TbX = 0] =1 (note that [24], Proposition (A.4), is stated with the one-hat
convention, that is, @b[TbX = 0] = 1 which is the same as @b[TbX =0]=1),
where TbX is the hitting time of b by X, and thus b is regular for X. Let now
Xt = (?t, 0<t< Tbx) denote the process X killed at b, and P and ﬁ; for its
semigroup and resolvent. In addition, for x € E, we let

el =E[e ], oX(0) =¢f () = P[T¥ < o0,

pF @ =E e ], o) =gf ).

It is well known that the strong Markov property implies the following relation,
forany x € E and f € By(E) UL%(m):

(6) Uy f () = U] f(x) + ¢} (x)Uy f (D).

On the other hand, although the dual process X is moderate Markov, by [24],
Corollary (A.11), we have for all f € BZ(E ),

) Uy f ) =T £ ) + X )Ty £ ().

Similarly, there exists a moderate Markov dual process Z associated with Y and m,
whose semigroup and resolvent are denoted by Q and V,, respectively. The killed
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process is denoted by Y" and its semigroup and resolvent are denoted by QT and
VJ , and the notation <p5 , oY, <p5 , oY are self-explanatory. As pointed to us by an
anonymous referee, it would be interesting to develop further potential theoretical
properties and the excursion theory of the dual process introduced recently by
Beznea and Rockner [14] for Borel right semigroups.

2. Statements of main results. In this section, we will state the main theorem
and some of its corollaries. We start by defining a few notation. For two sets A and
B, we write A C; Bif AC B and A = B, where A is the closure of A. Moreover,
for some operator A, we denote Dy to be its domain, Ran(A) its range and we
define the following class of linear operators

() C(m,m)={A:Dp <y L?(m) — Ran(A) C4 L?(m) injective and closed}.

Note that if A € C(m,m), then A € C(m, m) where A is the L2-adjoint of A,
that is, for any f € Dy, g € Dz, we have (Af, g)m = (f, Ag)m. Where (-, )
(resp., (-, -)m) denotes the standard inner product in L?(m) (resp., L?(m)). In ad-
dition, we say A is mass preserving if Al1g =1g where 1g(x) =1forall x € E
and O otherwise, and it is assumed that 1 is in the (possibly) extended domain of
A. Extension is required only if m is of infinite mass. Then we have the following
results.

2.1. Intertwining relations and inverse local time. The main results of this
section are stated in the following theorem.

THEOREM 2.1. Let A € C(m,m), with both A and A being mass preserving.
Consider the following claims:

1. PIAf=AQ] f forall f e DaU{lg).
2. BAf=AQ:f forall f e Dy U{1E}.
3. For any q > 0, we have gog € Dy with go(f(x) = A(p;/ (x) m-almost every-

where (a.e. for short) on E, and, <p§ € D with wé’ (x)= Aq);( (x) m-a.e.on E.
4. Ox(g) = Py(q) for each g > 0.

Then we have
MH=0B)=@ and (1)=(2).
If in addition, writing 1y the indicator function at {b}, we have, for any x € E,
Alpy(x) =1y (x), Al (x) = 1y (x),
)] and, forall [ € DpyU{1E}, g €Dz U{1g},
AQif(b)=Q:if(b),  APg(b)=Pig(h)
then
2)=@3) and (1)< (2).
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REMARK 2.2.

1. Note that A can be defined up to a multiplicative constant ¢, hence the mass
preserving condition (resp., condition (9)) can be stated in a slightly more general
way as, there exists a constant ¢ # 0 such that cA is mass preserving (resp., satis-
fies (9)). We point out that the assertions 1 and 2 implicitly assume that the ranges
of O; and Qf are included in Dy .

2. If m is of finite mass on E, then clearly 1g € L%(m). Otherwise, we under-
stand the conditions (1) and (2) for 1g as Q; and P; acting as Markov operators on
By (E). For sake of simplicity, we keep the same notation as for the L2-semigroups.

COROLLARY 2.3. Under assumption (1) or equivalently, (2) together with the
additional condition (9) for A, then A also intertwines two generators with Robin
boundary condition at b, recalling that it is a linear combination of Dirichlet and
Neumann conditions.

Here, we address that as opposed to the setting in [4], where there are no simi-
larity transforms between two Laplacians acting on two isospectral domains with
Robin boundary condition, our situation is different in two aspects. First, the two
generators are acting on the same space and both have the same boundary at 0.
Second, the intertwining operator A that we consider in this paper is not a sim-
ilarity transform as in [4]. Therefore, we see that under a different setting, there
indeed exists an intertwining relation between two Robin-type generators.

2.2. Excursion theory. We now provide a further probabilistic explanation for
the intertwining relation by means of excursion theory. We first recall that the
complement of the closure of the random set {t > 0; X; = b} is the disjoint union
of a countable number of open intervals, the excursion intervals from b. Then,
to the excursions of X from the regular point b, we can associate an exit sys-
tem (P, [X), where P is the so-called (Maisonneuve) excursion measure; see [36],
Definition 4.10, for definition. Moreover, let us define the collection of o -finite
measures (P;);~o by

P:(f)= P[f(Xt),f < Tb],
for any f € B;(E). Then (P;);~0 is an entrance law for the semigroup P, in

other words, Py, = Py P,T for any s > 0, ¢ > 0. Furthermore, for any ¢ > 0, we
define Uy (f) = JoT e "P;(f)dt. Similarly, let Q denote the Maisonneuve ex-
cursion measure for the process Y, (Q;);~o be the associated entrance law and
V() =/, e 1'Q;(f)dt. We use Ilx(a) (resp., ly(a)) to denote the length of
the first excursion interval with length [/ > a for the process X (resp., Y). In ad-
dition, we let My (resp., My) denote the closure in [0, co) of the visiting set
{t > 0; X; = b} (resp., {t > 0;Y, =b}), and {x = sup My (resp. {y = sup My)
be the last exit time of X (resp., Y) from b. Then we have the following corollary.
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COROLLARY 2.4. Under the assumption in Theorem 2.1(1), the following
statements hold:

(a) Forany A € B(R") a Borel set, we have P(TX € A) = Q(TY € A).
(b) Foreverya € Ry, Ix(a) and ly (a) have the same distribution.
(c) Forevery x >0, {x and {y have the same distribution under Py.

2.3. Krein’s spectral theory of strings. We first recall that the Laplace expo-
nent of the inverse local time is an essential object in Krein’s spectral theory of
strings, for which we will provide a brief review of the known results herein,
and we refer to [31, 32] for an excellent account of the topic. For sake of sim-
plicity, here we take b = 0 as the regular boundary but note that the choice of 0
is indeed arbitrary. Suppose Y is the Markov process corresponding to the gen-

eralized second-order differential operator G = %% with boundary condition

f7(0) =1lim, o W = 0, where m is a string, that is a right-continuous and
nondecreasing function defined on [0, /) — [0, co0) for some 0 <[/ =I(m) < o0
with m(0) = 0. Then Y is called a quasi-diffusion (also called generalized diffu-
sion or gap diffusion) with O being a regular boundary. In this case, it is known
that ®y is a Pick function, that is, a holomorphic function that preserves the upper
half-plane, that is, J(Py(z)) > 0 for all J(z) > 0. Moreover, recalling the Lévy—
Khintchin representation of ®y as given in (4), then the Lévy measure py admits
a density uy which is completely monotone, with

o0
(10) ur()= [ ey (dg),
0
for some measure vy satisfying [;° %d;) < 00, and 8y = vy ({0}).
Indeed, let 2 and 3 denote the spaces of strings and Pick functions, respec-
tively, then Krein’s theory says that there exists a bijection between 9 and 3, in
the sense that for any Pick function ® € ‘3, there exists a quasi-diffusion Y with

generator -~ for some m € 9, such that @ is the Laplace exponent of the in-

verse local time of Y. The converse also holds. Moreover, recalling that Q,T is the
semigroup of Y killed at hitting 0, let G denote its infinitesimal generator, defined
as

G'f=lim

t—0

for f in the domain D(G") = {f € L>(m); G' f € L?(m)}. We also recall that a

family of orthogonal projection operators E = (Eq)ge(—oo0,00) ON L?(m) is called a
resolution of identity if for all f € L2 (m):

ol f—f
t

1. limgy, Eq f = E, f, that is, E; is strongly left continuous for all g €
(—00, 00).
2. limg o0 Eq f =0,limy100 Eg f = f.
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3. EqErf :Emin(q,r)f-

Note that since G' is a self-adjoint operator, it generates a unique resolution of
identity EY = (E;/)qe(_oo,oo), which can be represented by

(11) Ey =1(—001(G").

Finally, let o (G") represent the spectrum of G, then Y (or its corresponding semi-
group Q) satisfies the Krein’s property, which is defined as follows:

1. Forany f € L?(m), Q}L f admits the spectral expansion in L?(m)

(12) ol f= e ' dE} f.
a(G")

2. For any f, g € L?(m), the signed measure (d EZ f, &)m 1s absolutely continu-
ous with respect to vy (dq), the spectral measure of the Pick function ®y as shown
in (4) and (10), and the Radon—Nikodym derivative between these two measures
is given by

(dE] f, 8)m

13
() vy (dq)

= (fv hq)m(ga hq)m

for some function 4.

During the last decades, there have been a lot of nice developments of the
Krein’s theory of strings; see, for example, Kotani [30] for a generalization of
Krein’s theory into the case of singular boundaries. However, these works are
still in the framework of quasi-diffusion or differential operator. In what follows,
we propose an extension of Krein’s theory to general Markov semigroups. Since
these linear operators are in general non-self-adjoint operators (neither normal),
meaning that there is no spectral theorem available, we need to introduce the
following weaker notion of resolution of identity. First, fix some interval [, 8],
—00 < < B < o0, we follow [16] to define a non-self-adjoint resolution of iden-
tity as a family of measure-valued operators E = (E;)ge[a,g] : D(E) — L%(m)
which satisfies the following:

(i) D(E) C4L3(m) and E,D(E) C D(E) forall g € [a, B].
(ii) Eq f =0,Epf = f forall f € D(E).
(iii) E¢E;f = Emin(g,r f forallg,r € [a, B], f € D(E).

DEFINITION 2.5. Suppose that {0} is a regular point for X, then we say X (or
its corresponding semigroup P) satisfies the weak-Krein property if the following
conditions hold:

(i) The Lévy measure uy of ®x (the Laplace exponent of the inverse local
time at 0) has a completely monotone density, which can be represented in the
form (10) for some measure vy.
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(i) There exists a Borel set C and D(EX) C; L?(m) such that on D(EX),

(14) Pl = / e dY
C

for any ¢ > 0, where EX = (E;( )gelinfC,supC] 18 a non-self-adjoint resolution of
identity on D(EX).

(iii) (dEfI( f, &)m is absolutely continuous with respect to vy for any f €
D(EX), g € L2 (m).

Note that the weak-Krein property only requires the spectral expansion (14) to
hold on a dense subset of L?(m), which is distinguished from the Krein property
for quasi-diffusions, where this expansion holds on the entire Hilbert space. Then
we have the following corollary.

COROLLARY 2.6. Suppose that Theorem 2.1(1) holds, with Q being the semi-
group of a quasi-diffusion and A € B(L?(m), L?>(m)). Further assume that for any
g €o(G"), E;/g € Dy for all g € Dy, then P has the weak-Krein property, with

C =o(G").
3. Proof of Theorem 2.1 and its corollaries.

3.1. Proof of Theorem2.1. We start the proof with the following results, which
may be of independent interest.

LEMMA 3.1. Assume that (1) (resp., (2)) holds, then for any f € D and
q > 0, we have
(15) USAf=AV,f,
(16) (resp. UsAf = AV, [).

PROOF. First, assuming that (2) holds and let us define for any n > 0, U, C’; f=

Joe P fdt and V] f = [y e79' Q. f dt, then by the intertwining relation, we
have, for f € Dy,

n n n
U;Af:/O e*qu,Afdzzfo e*quQ,fdtzA/O e 10, fdt=AV] f.

However, note that lim,_ o Vq” f=V,f in LZ(m), and lim,_ o AVq” f =
lim, 00 Uy Af =UgAf in L?(m), then by the closeness property of A, we have
AV, f=UzAf.

Similar arguments hold under assumption (1) and this completes the proof. [
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LEMMA 3.2. Foreach g > 0, we have (pq (pq e L2(m) and (p;/, goq? e L*(m).

PROOF. First, according to Fitzsimmons and Getoor [24], Theorem (3.6)(ii),
we can write

(1, wf) = (8x + (e w}?) YU 1E(D).

Now smce qUy1g() <1 and 6x + q(goq ) )m dx(g) < oo, we see that
(1g, @g )m <00 for each ¢ > 0, that is, (pq € Ll(m) since it is nonnegative. More-

over, since (7% (x) <1 for all x, we have
~ 2 0 ~ ~
[ efoyman < [ of woman = (1e.0)),, < .
Therefore, (pf e L2(m). Similarly, we have

(e ¢) )= (x +q(0) . ¢%) ) Ug1e ().
By [24], Proposition 3.9, §x + q((pq)?, @) =6x + q((p;‘, go)?)m < 00, while on
the other hand qﬁqlE(b) <1, hence <p;( € L'(m) and also in L%(m) since it is

bounded by 1. The same arguments apply for the proof for goc;/ and (,oq)7 , and this
completes the proof of this lemma. [J

3.1.1. Proof of (1) = (3). Note that for any x € E; where we denote Ej =
E\{b}, we have P, (Tb = 0) =0, hence since X has an a.s. infinite lifetime, we
can rewrite ¢, X(x) using integration by parts, which yields

o0 o0
0y (x) =/ e 1P (TX € di) =f qe  "P (T} <t)dt
0 0

o0

—1 —/ ge 1" P15 (x)dt
0

=1—-qUj1(x),

where we used the fact that P 1g(x) =P, (Tb > t). On the other hand, since b is
regular for itself, we have Pq X)) =1. Combining with the fact that U e () =
we see that forall x € E,

(17) oy (x) = (1 — qUj1E)(x).

Similarly, we have (pcf x)=UAg — qVqJr 1g)(x). Furthermore, by recalling that
Alg =1g and applying Lemma 3.1, we obtain

(18) UEg(x) =Uj Alg(x) = AV 1E(x).
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Combining the above results, we get that, for any ¢ > 0 and x € E,
o) ()= (1g — qUj1g)(x) = A(Lg — gV, 1£)(x) = Ag} (x).

Since we have shown that (pg € L2(m), we also see that <p5 € Dj. Next, by (1), we
deduce easily that, for any f € Dj and g € D3, the following series of identities
holds:

(£, AP &), = (Af. Pl )y = (B AS gl = (A Q] £. )y
= (0] f. Ag)y =/, O/ Ag)y-
I/t\means that @jﬂg — X]?,Tg € D%\ = {0} since D3 = L2(m). Therefore, PT and
Q' are intertwined on D3 as follows:

AA

19)

=0/A

By [24], Proposition (A.6), we have IPy(TY =0) =0 for all y € E;\S where S is
a m-semipolar set, which m does not charge, recall again [54], Definition (10.9),
for definitions of (semi)polar sets. On the other hand, since we are assuming that
A is also mass preserving, we can use the same arguments as above to prove that

A(pq (x)= Y(x) for all ¢ > 0 and x € Ep\S. This completes the proof.

3.1.2. Proof of 3) = (4). Recall from [24], Theorem 3.6, that under the nor-
malization c(m) = 1, the Laplace exponent of the inverse local time can be written
as

(20) Dy (q) =8x +4(¢F. %),
where we recall that the notation (-, -)m is given in (3), which means that
(go X)m < oo for all g > 0. Similarly, ((pq Y)m < oo for all g > 0. On the

other hand, by Lemma 3.2, we see that (pq , (pq € L?(m) and (p[f, <pq? € L2(m) for
any g > 0. Hence the assumption (3) implies that for any g, r > 0,

<(pc;(’(p:(> =(Ag). o) =10) Apf) =o)L 0}),

Next, since plainly ¢;. (x) 0 goX(x) and gorY x) 1 (pY(x) pointwise as r | 0, we
easily deduce by monotone convergence that

(05 0%)m = lim(ey' ¢; = = limfe;’, ¢; )= =limig; ¢/ ),
1 Yy Yy _ (Y ¥
_lrlfc}(%’(p’ i = (2g 50" )
where we used the fact that (f, g),, = (f, g)m for any f, g € L>(m). Moreover,
from [24], Remark 3.21, the killing term §x can be represented as
. X X . X Y
8x = qlggo(wq Ap—9?), = qlggo(wq A(E—97)),

= lim (A(pf, 1 — ‘PY)m = qlinéo(ﬁ, 1 — (pY)m = y.

q%
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Therefore, combining the above results yields

Dx(q)=8x +q(0) . ¢¥)m="0v+4q(e).¢"),, = Pr@).

where we consider again the normalization c(m) = c(m) = 1. This completes the
proof of (3) = (4).

3.1.3. Proof of (1) = (2). By [24], Theorem 3.6(ii), for any f € Lz(m) and
g >0, Uy f(b) can be written as

(fr0)m  (f. 03 m
®x(q) dx(q)
where the second identity comes from Lemma 3.2. Since we hgve proved (1) = (4)

(resp., (1) = (3)), which means that &y = ®y (resp., K(p;( = @5 m-a.e.), We
deduce that, for f € Dy,

Af o) m (A0S (o0l Im
21 U,Af(b) = 1~ — " — 17 v f(b).
@1 A ®dx(q) dy(q) dy(q) 4/ (®)

Furthermore, by (1), we have U qT Af=A VqJf f, hence the strong Markov property
(6) yields that for any x € Ej,

(22)  UgAf=UJAf+UNfBYo) =AMV f+Vyf b)) = AV, f.
which proves that A = A Q; on Dp and this completes the proof.

Uy f(b) =

3.1.4. Proof of (2) = (3). Now let us further assume that A and A satisfy
the condition (9). We proceed by recalling from [52], Theorem 1, that for any
feLl?(m) U {l1g},

Uy, () +yx f(D)

dx +qUys(1E) +qyx

Next, we will split the proof into three cases, depending on the value of §x and yy.
Case 1. §x > 0. Let us take f = 1g, then under the condition Alg = 1, we
combine (6) and (17) to get, for any x € E,

Uy Alg(x) = Uglg(x) = U1 (x) + ¢} (x)Uy1£(b)

(23) Uy f(b) =

X
(24) = é - %T(x) + X (U 15(b)

1 1\
= (UaLe®) — o 0.
q q

Note that V,; satisfies similar identities as (6) and (24), hence by linearity of A, we
have

1 1
AV 1p(x) = p + (VqlE(b) — 5)1\%{@).
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Since U;Af = AV, f by Lemma 3.1, we have

1 1
(25) (ate) - ;)go;f = (Vate) - 5)A¢5 (x).
Moreover, by taking f = 1 in (23), we see that, under the assumption §x > 0,

1 U,(1 1 —1s
U 1p(b) — ~ = dde)+yx 1 _ g~ dx -0
g éx+qUs(g)+qyx ¢ dx +qUy(1g) +qyx
On the other hand, using the intertwining relation (2) and the assumptions that
AQ; f(b) = Q: f(b), Al1g =1f, we have

U g(b) = Uy Al g(b) = AV 1g(b) = V,15(b),

which is a strictly less than if 6x > 0. Therefore, we can easﬂy conclude from

(25) that ¢ X(x) = A(pq (x). The dual argument ¢, (x) (x) on Ep\S is
proved similarly using the dual intertwining relation AP, = Q,A which can be
shown via similar methods as the ones used to get (19) and combined with the
relation (7) for ﬁq and Vq.

Case 2. §x =0, yx > 0. Since b is regular, we have that U;l{b}(x) = 0 for any
x € E and, therefore,

(26) Ug i) (x) = 9 () Uy 115y (b).
Recalling the condition Al = 1y, we therefore have
go(f(x)Uql{b}(b) = Uql{;,}(x) = Uqu{b}(x) = AVql{b}(x)
=Vl (b)Ag) (x),

where for the last identity follows as the relation (26) for V,,. Moreover, taking
f= l{b} in (23) with 6x = 0, we have

U, (Lpy) + yxipy (D) 124
qUg(Ap)+qyx  qU,(1p) + qyx
Next, the assumption A Q;(b) = Q; f (b) yields that
Uglpy(b) = Uy Alpy(b) = AVl (D) = V1) (b) > 0,

Uglpy(b) =

therefore, ¢, X(x)= Agoq (x). We can prove ¢, (x) A(pq (x) on Ep\ S using simi-
lar techniques with the dual intertwining relation AP, = Q;A and the identity (7).

Case 3. 5x = yx = 0. Recall that (P;);~ is the (Maisonneuve) entrance law of
P¥, and define Q; as Q;( f) =P:(Af). Our aim is to show that Q is indeed the
Maisonneuve entrance law of QT To this end, we define the measure Vo on Ej to
be such that

Vo(f) = /O Q.(f)ds.
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Note that Vo(f) = Up(Af) as by definition, Ug(f) = f0°° P, (f)ds. Using the fact

that QT is the minimal semigroup, that is, Q;r f < O:f for f >0, and together
with the intertwining relation (2), we have for all f > 0,

27) Vo(Q! £) < Vo(Q: f) =Uo(AQ: f) = Ug(PAf).

By [24], Corollary 3.23, we can write Ug = w’? m|g,. Moreover, it is well known

that ¥ is an excessive function for P, hence for any f € L2(m),
@metf = (‘PX, Ptf)m = (Ptsoxv f)m = (‘ﬂxa f)m-

In other words, the measure <pX m is an excessive measure for P. However, since
we are under the case yxy = 0, which means that {b} is a null set for m, we see
from (27) that, for f > 0,

Vo(Q) £) < Uo(PAS) = gXmPAF < p*mAf = Ug(Af) = Vo(f).

Moreover, \70(Q,T f)—>0ast— 00, so Voisa purely excessive measure for Q.
Hence by a standard result (see, e.g., [25], Theorem 5.25), \70 is the integral of
a uniquely determined entrance law, therefore, Q; is an entrance law of Q". Fur-
thermore, let V, = fooo e~ 1'Q; dt, then by [52], the decomposition of resolvents
yields

U, AN Ve
qUg(1E\) qvq(lE\{b})’

Vo f(b) = AVy f(b) =UgAf(b) =

where we used the fact that
Alp\py = AE — 1) =1 = 1y = 1\
Hence Qt is indeed the Maisonneuve entrance law of Q% and V, = Vq. Finally,
we use the relation V, = go(fmlEb, see [24], (3.22), to get that for any g > 0, f €
L2(m) NBy (E),
(@g flw =V =Ug(A) =0y Af )y =(Ag, £,
which yields (pq? x)= T\(pf (x) m-a.e. for all ¢ > 0. The dual relation works simi-

larly.

3.1.5. Proof of (2) = (1). Since (2) implies that U, Af = AV, f, and we fur-
ther have U, A f (b) = AV, f(b) =V, f (b) under the assumption that A Q, f (b) =
Q, f(b) forall f € Dy. Thus, by simply reordering the identity (6), we have

USAf () = UgAf (x) = Uy Af (D)) (x) = A(Vy f(x) = Vg f (B)gy (x))
= AV ().

where the second identity uses the fact that (2) = (3). This proves the desired
argument.
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3.2. Proof of the corollaries.

PROOF OF COROLLARY 2.3. First, by Theorem 2.1, we have ®x (q) = Py (q)
and, therefore,

Yy = qll>ngo q q— o0 q
Moreover, recall that for all f € L%(m) U {1}, U, f (b) can be expressed as in
(23), where yx represents the stickiness of X at point b, and similar expression
holds for V, f(b). In other words, when yx = yy =0, b is a reflecting boundary
for both X and Y, hence both processes have a Neumann boundary condition at
b. While when yx = yy > 0, both X and Y have a Robin boundary condition at b
and this completes the proof. [

REMARK 3.3. If A is a bounded operator with Dy = Lz(m), we can also
prove this result via infinitesimal generators. In particular, let L (resp., G) de-
note the infinitesimal generator of P (resp., Q) in L?(m) (resp., L%(m)) and D(L)
(resp., D(G)) for its domain. Then for any f € D(G), by the definition of infinites-
imal generators, we have lim;_, ¢ Q’f f—G fin L2(m). On the other hand, since

A € B(L2(m), L2(m)), we see that for any sequence t, — O and n, k € N,

|n2ef=t _ j2uiof) o) _fufod)

In

Qn
< '”A'”H :

which implies that (A =2— Qu /=] f A )n>0 1s a Cauchy sequence in L?(m), and hence con-
vergent. Since A is also a "closed operator, we have that
o f-r AQtf Af

PAf— A
(28) AGf =Alim = lim = lim y,
t—0 t t—0 t—0 t

where the last identity comes from assumption (2). Moreover, since A maps L2(m)
to L(m), we have AG fe L?(m) and, therefore, the right-hand side of the above
equation converges in L?(m). Hence we conclude that Af € D(L) and LAf =
AG f on D(G). As both L and G have Robin boundary condition at b when yxy =
yy > 0, this completes the proof.

PROOF OF COROLLARY 2.4. First, we combine the representation of ®x as
in (4) and the statement in Theorem 2.1 to make the easy observation that

(29) ux(dy) = py(dy).
Hence by [24], Corollary 2.22, we have
P(TF € A) = ux(A) = uy(A) = Q(TY} € A).

Note that although the normalizing constants c¢(m) and c(m) are not 1 in [24], this
will not bring any issue because the Maisonneuve excursion measure P and Q are
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defined up to a multiplicative constant, that is, if (P, (X) is an exit system, then
so is (¢~!P, ¢l¥) for any ¢ > 0. To see this in more detail, we can simply replace
(X by c(m)[¥ and P by P/c(m), and note that .y is also replaced by jx/c(m).
Similar arguments hold for the process [' and for Q as well, which proves the first
item. Moreover, denoting iy (c) = ux(c, 0o) for any ¢ > 0, it is easy to see from
(29) that [ty (c) =ty (c) for any ¢ > 0. Therefore, by Bertoin [9], Section IV.2
Lemma 1, for any b > a, we have

_px(b)  myb)
Cx(@)  mya)
which proves the second item. Finally, for the last item, we simply apply [24],
Proposition 2.17, to get, for any x, g > 0, that

) )
E.[e~%%] = X __ % =E,[e9%].
dx(g) Py(g)
Hence ¢x and ¢y have the same distribution under P, and this concludes the proof.
O

(30) P(ix(a) > b)

P(ly(a) > b),

PROOF OF COROLLARY 2.6. Given the intertwining relation in (1), by The-
orem 2.1, we see that ®x = ®y. Moreover, assuming that Y is a quasi-diffusion,
which means that py has an absolutely continuous density uy which admits the
representation (10) for some measure vy, hence so does py since we can simply

take vx = vy. On the other hand, since Y has the Krein’s property, Q,T satisfies the
expansion given in (12), and there exist functions (¢),cq (gt such that, for any

f, g €L (m),
(dEY £.8),, = (f. hg)m (8. hg)mvy (dq).

Now let us define the family of operators (E;()qea((ﬁ) as E;( = AE(};A*1 on

D(EX) = Ran(A). For any f € D(EX), let g = A~! f € D, and we observe the
following:

(i) D(EX) = Ran(A) is assumed to be dense in L2(m). Moreover, for any
g € o(G"), we have E}; g € D by assumption. Hence

X YA—1,p__ Y X
E, f=AE;A" f=AE g€ D(E"),
that is, E;‘D(EX) C D(EX).

(ii) Using the property of the resolution of identity E¥ and the boundedness of
A, we have that

lim EYf= lim AE/A'f= lim AE}g=0,
g—info (GT) g—info (GT) g—info (GT)
lim EYf= lim AEJAT'f=AAT'f=F

g—supo (GT) g—supo(G*)
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(iii) BYEYf = ABy AT AEY AT f = AL AT = BNy S for any
q,r € O’(GT).

Hence EX is a non-self-adjoint resolution of identity. Next, let (gr)i_o be a
partition of [info*(GT), supo (GM)]. Then for any f € D(EX), g € L*(m), since

E'(Ay) =B} —EJ | isan orthogonal projection, we have that
Z| B 1 gl = SN A0AT S, Rl | < 00
k=1

since the series )} _, EY(ADATS, A g)m 1s telescoping, and moreover, the right-
hand side is uniformly bounded over all partitions as (d EZI/ f, &)m is a signed mea-

sure for any f, g € L?(m). Therefore, we see that (EX f, g),, is of bounded vari-
ation on [info (G"), squ(G"')], and by the Riesz representation theorem, there
exists a unique operator 13,T f= fa(GT) e 1 dE;( f on D(EX). Then it is easy to see
that for f € D(EX), g € L>(m),

(B f.g) = Ooe*qfd(EXf ) = > “IAAEY AT )
t ’gm_ 0 q ’gm_ 0 e q ,gm
o —qt YA—1, %
:/0 e 1'd(E; AT f, Ag),

=(PTAATf g) = (P . 8.

which shows that indeed P, f = P, f on D(EX). Moreover, for any f € D(EX),
g €L*(m),

(dE) f.8)y =(AdEY AT f.g). =(dE} A™' f. Ag),
= (A7 £, hy),, (Mg, hg)mvy (dq)
= (A" fihy),, (Mg, h)mvx (dg),

which means that (d Eff f> &)m 1s absolutely continuous with respect to vy and this
shows that X (or its semigroup P) also satisfies the weak-Krein property. [

4. Reflected self-similar and generalized Laguerre semigroups. The aim
of this part is two-fold. On the one hand, we illustrate the main results of the
previous sections by studying two important classes of Markov processes, namely
the spectrally negative positive self-similar Markov processes that were introduced
by Lamperti [35] and their associated generalized Laguerre processes whose def-
inition will be recalled below. We emphasize that these two classes have been
studied intensively over the last two decades and appear in many recent studies in
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applied mathematics, such as random planar maps, fragmentation equation, biol-
ogy; see, for example, [10], [11] and [40]. On the other hand, we also provide the
spectral expansion of both the minimal and reflected semigroups associated to the
generalized Laguerre processes. This complements the work of Patie and Savov
[40] where such analysis has been carried out for the transient with infinite life-
time generalized Laguerre semigroups. From now on, we fix the Lusin space to be
(E, &) = (Ry, B(R4)), the space of Borel sets on nonnegative real numbers, and
we set b = (. Next, we denote by ¥ = (Yz)z>o the squared Bessel process with pa-
rameter —6, with 6 € (0, 1), and write Q = (Q, )r>0 its corresponding semigroup,
thatis, Q, f(x) =E,[f (Y1), f € Co(Ry), x,t > 0, where we recall that Co(R)
stands for the space of continuous on Ry vanishing at infinity. It is well known
(see, e.g., [15], Chapter 1V.6) that Q is a Feller semigroup, whose infinitesimal
generator is given by

Gfx)=xf"x)+(1-0)f(x), x>0,

for f € D(G) = {f € CoR4); Gf € Co(Ry), fT(0) = 0} where fT(x) =

% is the right derivative of f with respect to the scale func-

tion s(x) = [* y?~leY dy. Note that Q possesses the so-called 1-self-similarity
property, that is, for allt,x,¢c >0,

Qf(CX) Zac—ldef(x),

where d. f(x) = f(cx). Moreover, the measure m(x)dx = x~%dx, x >0, is the
unique excessive measure for Q, and therefore Q admits a unique strongly contin-
uous contraction extension on L2(7), also denoted by Q when there is no confu-
sion. Furthermore note that 0 is a regular reflecting boundary for Y, hence we let

limh 10

Q = (Q )s>0 denote the L2(m)- -semigroup of the killed process (Y, TO ), where

=inf{r > 0; Y, = 0}. Now let the process Y = (¥;);>0 be defined as
(31) Yi=e 'Y,_;, t>0,

which is the (classical) Laguerre process of parameter —6, also known as the
squared radial Ornstein—Uhlenbeck process with parameter —6. Its semigroup
O = (Q1)s>0, which admits the representation

(32) Q1f = Qer—1der 0 f.

is also a Feller semigroup in Co(R+) with infinitesimal generator given by
Gf@)=xf"x)+1—-6—-x)f(x), x>0,

with D(G) = {f € Co(R1); Gf € Co(Ry), £T(0) = 0}. Moreover, Q admits an

invariant measure m(x) dx with density given by

—Qe—x

(33) m(x):ﬁ, x>0,
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which is the probability density of a Gamma random variable of parameter 1 — 6,
denoted by G(1 — 0). Therefore, O admits a strongly continuous contraction ex-
tension on L%(m), also denoted by QO when there is no confusion. It is well known
that Q is self-adjoint in L?(m) with a spectral decomposition given in terms of
the (classical) Laguerre polynomials; see, for example, [5], Section 2.7.3. We also
let 0F = (Q,T)tzo be the L2(m)—semigroup of the killed process (Y, TOY) since 0 is
also a reflecting boundary for Y.

We proceed by introducing two classes of Markov processes with jumps which
are natural generalizations of the processes Y and Y in the sense that they share
the 1-self-similarity property of ¥ and the second class is constructed from the
first one by means of the relation (31). To this end, let & = (&;);>0 be a spectrally
negative Lévy process with a finite absolute first moment, which is possibly killed
at a rate ¥ > 0, that is, killed at an independent exponential time with parameter
k. It is then well known that such & can be characterized by its Laplace exponent
Y Cqr ={z€C:9N(z) =0} — C, which is defined, for any %i(z) > 0, by

2

(34) Y(z) =pz+ %zz — /Ooo(e_zy — 14 zy)[1(dy) —«,

where 8 € R, 0 >0, ¥k > 0, and II is a o-finite measure satisfying fooo(y2 A
y)I1(dy) < co. Note that the quadruplet (B, o, I1, k) uniquely determines i and
therefore uniquely determines &. Furthermore, let

(35) T(r) = inf{s =~ 0 / & dr > t},
0

and for an arbitrary x > 0, define the process X = (X;);>0 by
(36) X, = xe ), 1>0,

where the above quantity is assumed to be 0 when T(tx~!) = co. According to
Lamperti [35], X is a 1-self-similar Markov process, and its infinitesimal generator
takes the form

. Lf(x)=0%xf"(x) + (B +02) f (x)
67 IT(dy)

X

o0
+ [T = f@ 4 @)= e,
for at least functions f € Dy, ={f.(-) = f(e) € C2([—o00, 00])}. Next, writing the
set N = {3 of the form (34)}, the Lamperti transformation (36) enables to define
a bijection between the subspace of negative definite functions A" and the 1-self-
similar processes X. Moreover, when

(38) VveNy={yeN;B>0,k=0}

then X never reaches 0 and has an a.s. infinite lifetime. Otherwise, if ¥ € N\ \- 1
then O is an absorbing point, which is reached continuously if x =0 and 8 < 0 or
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by a jump if « > 0. In addition, according to Rivero [51] (see also Fitzsimmons
[23]), for each ¥ € N/, where

N, ={¥ € ;30 € (0, 1) such that v (6) =0},

X admits a unique recurrent extension that leaves a.s. 0 continuously, denoted by
X = (Yt)tZO- Its minimal process YT = (Y; )i>0 = (X;:0<t< TOX) is equivalent
to X, and O is a regular boundary for X.LetP = (FI)IZO and ?T = (?,T) >0 denote

the Feller semigroups of X and Y?, respectively, that is,

Pif)=Ef(X)]. P fa)=E.[fX).t <T¥]. feco®y).

We also deduce from [51], Lemma 3, that 7 is, up to a multiplicative constant,
the unique excessive measure for P and also an excessive measure for FT, hence
both P and P' can be uniquely extended to a strongly continuous contraction

semigroup on L2 (77), still using the same notation when there is no confusion.
Moreover, we define the process X = (X;);>0 by

the_tyet_l, IZO,

which, by the self-similarity property of X is a homogeneous Markov process
and is called a reflected generalized Laguerre process, with 0 also being a regular
boundary. X T=(X ,J( )r>0 stands for its minimal process, that is the one killed at
the stopping time TOX . Note that, due to the deterministic and bijective transform
between processes X and X, X can also be uniquely characterized by ¢ € N, .
We further let P = (P;);>0 and P’ = (P,T),Zo denote the Feller semigroups of X
and X7, respectively. Then we easily get that

(39) P f=Py_1dgi 0 f,
and the infinitesimal generator of P is given, for f € Dy, by
(40) Lf()=Lf(x) —xf'(x).

We observe that Y and Y are special instances of X and X, respectively, when
k =0 and IT=0in (37). Before stating the main result of this section, we need to
introduce a few additional objects. First, we recall that the Wiener—Hopf factoriza-
tion for spectrally negative Lévy processes (see e.g., [33]) yields that the function
¢ defined by
u
¢ (u) = M, u>0,
u—=0

is a Bernstein function, that is the Laplace exponent of a subordinator n = (1;);>0
(i.e., a nondecreasing Lévy process); see, for example, the monograph [53] on
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Bernstein functions. Then, for f € Co(R;) we define the Markov multiplier A
by
(41) Ay f () =E[f(xIp)],

where Iy = fooo e~ dt is the so-called exponential functional of n; see, for exam-
ple, [45] and the references therein for a recent account on this variable. We are
now ready to state the following.

THEOREM 4.1.  For each vy € N, the following statements hold:

1. There exists a positive random variable Vy, whose law is absolutely continu-
ous with a density denoted by m, and it is an invariant measure for the semigroup
P. Moreover, the law of Vy, is determined by its entire moments

(42) My, (n+1) =]‘[’/’(k), neN.

2. Ap €B(Co(Ry))N B(L%(m)) N B(L2(m), Lz(m)) and has a dense range in
both L*(m) and L?(m). Furthermore, both Ay and A¢ are mass-preserving and
satisfy the condition (9).

3. Forall f e L2 (m) (resp., f € L2(m)), we have

(43) Pihgf=Ap0/f (resp., iAo f = Ap0Q:f),

and consequently,

(44) PiAgf =040 f (resp. P/Asf =Ag0] ).
4. Under the normalization c(m) = c(m) = c(m) = 1, we have for any q > 0,

(-6
dy(q) = Pxlg) = (FT))ZI_G 0
(45) and

OT (g + 0)
T(1+0)I(q)

5. X and X satisfy the weak-Krein property.

Px(q) =Py(q) =

REMARK 4.2.

(i) The expression of the entire moment of Vi, appears in the work of Barczy
and Déering [6], Theorem 1. Their proof relies on a representation as the solution
of stochastic differential equation of some recurrent extensions of Lamperti pro-
cesses. We shall provide an alternative proof which is in the spirit of the papers of
Rivero [51] and Fitzsimmons [23] and could be used in a more general context.
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(i) To prove (43), we shall resort to a criteria that was developed in [17], and
the details of this proof can be found in Section 4.1. Note that a crucial assumption
is the conservativeness of the semigroups (i.e., P;1 =1, P,1 = 1), a property that is
not fulfilled by ?T or PT.Instead, to prove (44), we use our Theorem 2.1, revealing
its usefulness in this context.

(iii) It is well known that the local time is defined up to a normalization
constant. In this paper, it is considered as an additive functional whose support
is {0} and with the total mass of its associated Revuz measure normalized to
c(m) = c(m) = c(m) = 1. However, one can also view the local times of ¥ and
Y as the unique increasing process in the Doob—Meyer decomposition of the semi-

martingale (Yf),zo and (Y,e),zo, respectively (see, e.g., [28], Theorem 3.2), which
are denoted by ¥ and 1¥. The local times for X and X can be defined similarly;
see Section 4.2 for the proof. Under this definition, the total mass of the Revuz
measures is given respectively by

o OWe(1+0)
T TA-6)r(1+6)

(46) ¢(m) ¢(m)

“Ta-0)
where Wy, will be defined later in the context. Under this normalization, the corre-
sponding Laplace exponents take the form
ra—-6yrg+e) % @ ra—-6)yrg+o9)
) y(q) = .
We(1+0)'(gq) ra+6) I'(g)

@7 dx(g)=

We will detail this computation in Section 4.2.

(iv) The intertwining relation (43) is also a useful tool for deriving the spectral
expansion of P, f and P,T f in L2(m) under various conditions. We will provide
such expansions in Section 4.3.

The rest of this section is devoted to proving Theorem 4.1.

4.1. Proof of Theorem 4.1(1), (2) and (3_). First, let us prove that the expres-
sion of the entire moments of the variable X | under Py is given by (42). Writing
Yy (u) =¥ (u+60), u >0, we observe that

Yy (0) =v(0) =0, Yy(u) >0 foru >0, w%(0+) =v'(0) >0,

hence /4 € N} is the Laplace exponent of a spectrally negative Lévy process gt
which drifts to 400 a.s. and is associated, via the Lamperti mapping, to a 1-self-
similar process which can be viewed as the minimal process X' conditioned to stay

.. 0 . . .
positive. Let Iy, = I e~% dt denote the exponential functional of £T, which, by
[13], Theorem 1, is well defined, that is, Iy, <ooas., and has negative moments
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of all orders, see [13], Theorem 3. We also let Uy f (x) = [5~ e 9" P, f (x)dt de-
note the resolvent of the self-similar semigroup P. Then combining [51], Theo-
rem 2, and [13], equation (4), with p,(x) = x%, we get, for each g > 0, 3 (z) > 0,

1

quZ(O) = MI,/,T (Q)F(l _ 0)6]9

o0
M, (=z+6) /O e~ 170 4y

48
@ -0+ 1My, (-2+0)

' —-0) My, (6)

P—z—1(q).

On the other hand, from the definition of the resolvent Uq and the 1-self-similarity
of P, we have

o0 o
Ugpe@ = [ 1P pe @ = My, c+ 1) [~ e s
0 0
(49)
= Mvw z+DI'(z+ Dp—;—1(q).

Combining equations (48) and (49), we deduce that
Fz—64+1) My, (=z+6)
ra-ere+1) MI‘M (@)
MI‘/% (—z+0)
M, (6) ’

My, (z+1) =
(50)
=Mpa-99(z+1)

where B(1 — 6, 0) is a random variable following a Beta distribution with param-
eters (1 —6,0). By [43], (2.3), the Mellin transform of Ly, satisfies the functional
equation

_c
Y4 (2)
which holds on the domain {z € C: ¥4 (9i(z)) < 0}. Combining (51) and (50), we
get, for N(z) > 0, that

(51 My, (=24 D)= ——My, (~2),

My,z+1)  T@ T@E-0+1) My, (=z2+6)
My, (2) " T@+1) T'(@z-6) MI¢T(_Z+9+1)
_ 209z =0) _¥1z=0) _ ¥

Hence (42) can be easily observed from the above relation together with the initial
condition MVy, (1) = 1. Next, the estimates

n+1
k) 2
(nr1))? Y(n+1) g
i v (n+1)?
(n!)?

if o2 >0,

2
0 ifor=0

as n — 0o,
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yield that the series

= My, (n+1) o [Temr ¥ (6)
aVy] — A =1 ¥Y\% n
n=1 n=1
converges for |g| < % when o2 > 0 and converges for |g| < co when o2 = 0.

Therefore, we get that Vy, is moment determinate. This completes the proof of
Theorem 4.1(1). Now, combining [51], Theorem 1 and [39], Proposition 2.4, we
obtain that the law of Vy, is absolute continuous and we denote its density by m.
Then we write, for any ¢, x > 0,

my(tx) = m(x),
that is, changing slightly notation here and below [;° f(x)m(x) dx =mf =
nydy/; f. Then, combining (42) with the self-similarity property of P identifies
(¢ (x)dx)i>0 as a family of entrance laws for P, that is, for any ¢, s > 0 and
feCoRy), n, Py f =nyqs f. Next, using successively the relation (39), the pre-

vious identity with r =1 and s = ¢’ — 1, and the definition of n, above, we get
that, for any ¢ > 0,

mPtf = mﬁe:_ldea o f = netde—t o f = mf

Hence, m(x) dx is an invariant measure for P. Therefore, P can be uniquely ex-
tended to a strongly continuous contraction semigroup on L?(m), also denoted by
P when there is no confusion.

Next, we proceed by proving Theorem 4.1(2). The fact that Ay € B(Co(R4))
follows immediately by dominated convergence. For any f e L?(m), we use the
Cauchy—-Schwarz inequality and a change of variable to deduce that

1Ag 112 < E[ [ Pt dx} = My, @) [ e dx

= My, @I fI3

Since M 1,(6) <00 by [40], Proposition 6.1.2, or [45], Theorem 2.4(1), we get
that Ay € B(L?(m)). In order to prove that the range of Ay is dense in B(L2(m)),
we first define the following function, for f(z) € ( %, % + 1):

Wo(—z+5+Drc-9
F(—z+5%+1)

(53) Mg(Z) =

where Wy is the unique log-concave solution to the functional equation Wy (z +
1) = ¢ (2) Wy (z) for i(z) > 0, with initial condition Wy (1) =1, see [40], Theo-
rem 5.0.1, and [45], Section 4, for a comprehensive study of this equation. Using
the Stirling formula (see, e.g., [38], (2.1.8)),

(54) IP@)| = Cle™||27]1z12(1 + o(1)), C >0,
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which is valid for large |z| and |arg(z)| < 7, as well as the large asymptotic be-
haviour, along the imaginary line % +ib, of Wy (see [40], Theorem 5.0.1(3)), we
have

1
(55) Mg(5 + ib) — o(Jb] )
as |b| — oo, for any u > % — 0. Mg being analytical on the strip Ri(z) € (%, % +1),
it is therefore absolutely integrable and decays to zero uniformly along the lines of
this strip. Hence one can apply the Mellin inversion theorem which combines with
the Cauchy theorem (see, e.g., [47], Lemma 3.1, for details of a similar computa-
tion) gives that

1 patico X (—1)"Wyn+1) , o
g(X)_%/‘é—ioo X Mg(Z)dZ—ngE) (n!)2 X2,

On the other hand, again by (55), one easily observes that the mapping b —
M g(% +1ib) € L2 (R) and, therefore, by the Parseval identity of the Mellin trans-

form, we have g € L>(R. ), which further yields that
0 o (=1)"Wg(n 4 1) _
P =x1gr) =Y P x" e L2 ().
n=0 (nl)
Moreover, we recall from [12] that the law of I is absolutely continuous, with a
density denoted by ¢, and is determined by its entire moments

n! n!
(56) Mpn+1)=E[I}= = , neN.
’ 5] [ dk) Wy +1)
Hence, by means of a standard application of the Fubini theorem (see, e.g., [56],
Section 1.77), one shows that, for any c, x > 0,

X (—1)" Wy (n + 1 ©, (—cx)"
n=0 ’ n=0 ’

=dce(x),

where e(x) = e~* € L?(m). Since the span of (d.e).-¢ is dense in L2(m), we
conclude that Ay has a dense range in L2(m). Next, combining (42) and (56), we
obtain that, for all n e N,

[Tici (k=) (k) _Ta+1-6)
[Tiz1 ¢ (%) I'd—0)
= Mga-o(n+1),

where we recall that G(1 — 6) is a Gamma random variable with parameter 1 — 6
whose law is denoted by m. Since both I and G(1 — ) are moment determinate
and so is Vy,, see Theorem 4.1(1), we have

My, (n+ DM (n+1) =

(57) G(1—-0)L vy x I,
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where £ stands for the identity in distribution and x represents the product of
independent variables. Therefore, for any f € L?(m), by Hélder’s inequality and
the factorization identity (57), we have

IApFI2 < /O Ag f2(x)m(x) dx = /0 fo L) f2(xy) dym(x) dx

B © ool z B %
(58) _/0 ¥ (z)/o xt(x)m(x)dxdz—/o Fm(z)dz
=11,

where the second last equality comes from the factorization (57). Therefore, we
see that Ay € B(L?(m), L?(m)) with [|Agll < 1. Next, for an arbitrary polyno-
mial of order n € N, denoted by p,(x) =>""_, a,-,nxi, ain € R, we write g,(x) =

o Wx". It is easy to observe that g, € L2(m) and Apgn(x) = fu(x).
Therefore, p, € Ran(Ay) C L?(m). Using the fact that Vy is moment determinate,
we deduce that the set of polynomials are dense in LZ(m) (see [1], Corollary 2.3.3),
hence Ay has dense range in L?(m). Moreover, as A is a Markov multiplier, that
is, Apl(x) = fooo t(y)dy = 1 where here 1 =1g, . Furthermore, observe that

o0
/ t(y)dy=1 ifx =0,
0

Agplioy(x) =/(; Moy (xy) dy = {O if x £ 0
I X s

and hence A g1y = 10). Moreover, for any f € L%(m),

Apf(0) = /0 FOL)dy = £(0).

To prove similar results for 7\¢,, let us first observe that for any f € L?>(m), g €
L*(m), f,g >0,

(F Rpg)m = (A f. ghm = /O £y dy g(om(x) dx
= [ rem™ o) [ /mgeome xme) dr
0 0

=/oof(r)m_1(r) /OOOg(rv)m(rv)t(l/v)l/vdvm(r) dr.
0

Moreover, for any f € L%(m), ge L%(m), | fle L%(m), lg| € L?(m), hence we get
that for any g € L?(m),

—~ 1 00 1\ 1
(59) Rog(0 ™ —— [ glenmon (- ) d.
m(x) Jo y/y
Therefore, for any x > 0, K(;,l(x) = ﬁ fooo m(xy)t(%)% dy =1 by the factoriza-
tion (57). Furthermore, both properties K(p 1(0y = 140; and ZA\¢ f(0) = f(0) can be



INTERTWINING, EXCURSION AND KREIN THEORY 3259

proved using the same method as before. Next, we prove (43) in two steps. The first
step is to establish (43) in Co(IR, ). Note that by identities (39) and (32), in order to
prove PiAy = Ay Q; on Co(Ry), it suffices to show only that F,A(;, = A¢§t on
Co(R), for which we use the criteria stated in [17], Proposition 3.2. On the one
hand, by (57), we have

(60) Mg -6)(2) = My, (2)M,(2)

for all z € 1 +iR. Since Mg(1-9)(z) #0 on z € I + iR and My, (z) < oo on
z € 1 + iR (see [40], Proposition 6.1.1, or [45], Theorem 2.4(1)), we see from
(60) that Mvw (z) #0 on z =1 + iR. Hence by an application of the Wiener’s
Theorem (see, e.g., [40], Lemma 7.1.4), one concludes that the multiplicative ker-
nel Vy associated to Vy,, that is, Vy f(x) = E[ f (x V)], is injective on Co(R).
This combined with (57) provides all conditions for the application of [17], Propo-
sition 3.2, which gives that (43) holds for all # > 0 and f € Co(R;). Next, re-
calling that Co(R) N L%(m) is dense in L?(m) (resp. Co(R4) NL2(m) is dense
in L?(m)), and since A, € B(L?(m), L?(m)) and, for all t > 0, P, € B(L?*(m)),

0, € B(L2(m)) (resp., P; € LZ(m), 0; € L2(m)), we conclude the extension of
the intertwining relation between P and Q from Co(R ) to L%(m) (resp., between
P and Q from Co(R ) to L?>(m)) by a density argument. Finally, using the prop-
erties of Ay proved in the first statement, we can directly apply Theorem 2.1 to
deduce (44) from (43). This concludes the proof of Theorem 4.1(3).

4.2. Proof of Theorem 4.1(4). In order to compute ®y, we first note that [48]
has considered the normalization [E, [~[,R] = fé q,(x,0)ds, where g (x,y) is the
transition density of Q with respect to the speed measure 7. Under this normal-
ization, we have

c(m) = lim — / / m(x)q,(x,0)dxds =1,

t—0t

where we used the property that the integration of g, (x,0) with respect to the
speed measure is 1. Hence by [21], Section 5, we have, for g > 0,

~ 0
Oyq) = 20%n(0) =~ 21
Combining this formula with the intertwining relation P;,A = AQ, and Theo-
rem 2.1, we easily deduce that & = ®y and this completes proof of the first
half of Theorem 4.1(4). Now let us focus on computing ®x and ®y. As previ-
ously mentioned in Remark 4.2(ii), (¥ is defined in [28] as the unique continuous
increasing process such that

(61) N; = Ye — [Y is a martingale,

which uses the Doob—Meyer decomposition of the semimartingale Y, where we
recall that Y is the squared radial Ornstein—Uhlenbeck process of order —8. The
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expression of @y, the Laplace exponent of the inverse of I7, is given in (47).
Therefore, our goal is to compute the constants ¢(m) and ¢(m) and we simply
have

dx(g) by (9)

= , Oy(q)=——
c(m) c(m)

In this direction, we will need the following lemma, which is a generaliza-
tion of [28], Proposition 2.1, from continuous semimartingales to cadlag semi-
martingales, and serves as a stepping stone for computing ¢(m).

dx(g) =

LEMMA 4.3. Let (M;);>0 be a cadlag semimartingale with My = 0. Let g :
Ry — Ry be an increasing continuous function with g(0) =0, and let h : Ry —
Ry be a strictly positive, continuous function, locally with bounded variation. We
set

Ny=h(®)Mgy), t=0,

and we denote by ™ (resp., VY the local time at 0 of the cadlag semi-martingale
M (resp., N). Then NV can be obtained from a simple transform of ™ by

~ t ~
(62) [ = /0 h(s)d1y{,,.

PROOF. By definition of the local time via the Meyer—Tanaka formulae, see
[49], Chapter IV, one has

t .
M,| = fo sgn(My) dM, + ¥

(63)
+ > (IM| — M| — sgn(M;_)AMy),
O<s<t
t -
N = fo sgn(Ny) dN; + 1V
(64)

+ Y (INg| = [Ns—| — sgn(Ny_) ANj),

O<s<t

where the function sgn is the sign function defined by sgn(x) = 1{y~0; — 1x<0}-
Consequently,

g()
[Mgr)| = ./0 sgn(M;) dM; + [g(t)

+ > (Mgl — |Ms—| — sgn(M,_) AM)
O<s=<g(t)
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_/ sgn(Ny) d((h(s))™ N5)+[g(t)

+ 3 (k)" (INg] — INs—| — sgn(Ns_) ANy)

O<s<t

_/t ~1 ! ) M
= [ senVor s~ dns = [ (h) IVl o) + T

+ 3 (1)) (INy] — INy—| — sgn(N;—) AN;).

O<s<t

Therefore, using integration by parts, we have

t t
Nl = h(1)| M| = / h(s)d|Myqs)| + / | M5y dh(s)
—/ sgn(Nj )d(N)—/ (h(s))~ |N |dh(s)+/ h(s)d[g(v)

(65) +/ h($)) ' INsldh(s) + 3 INg| — [Ns—| — sgn(Ny—) AN

O<s<t

_f sgn(Ny) d N —i—f h(s)d[g(g)
+ Y INg| = |Ny—| — sgn(Ns_AN),
O<s<t

which, by identification between (64) and (65), yields that [N fo h(s)d ™ 2(s)" ]

Now let us compute the constants ¢(m) and ¢(m). To this end, we first recall
from [51] that pg(x) = x?, x > 0, is an invariant function for the semigroup ﬁT,
therefore, P; py(x) > F: po(x) = pp(x), from which we deduce that the process
(79) = (Y?),Zo is a submartingale. Hence using a similar definition as (61), we
define X as the unique increasing process such that
(66) M, = Y? — T,Y is a martingale.

Using the deterministic time change (31) between X and X, we get X f =
¢=9' X" |, hence Lemma 4.3 yields that

~ t —
[tX:fo i 1—/0 e (dX sy +dMys )
t t
= / e Pd(e” XY) + / e " dM,s_y
0 0

t t
:9/ des+x,9—xg+/ e dM,s_y.
0 0
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Now we observe that, on the one hand,

- Xg ds [m(x)dx = Xg m(x)dx ds= | mPspyds
Jy L s [ / h

/ . We(1+6)
= Jo "B = ara o)

where we used the fact that m(x) dx is an invariant measure for the semigroup P.
On the other hand, by the martingale property of (M;);>0, we have, for all x > 0,

t
Ex [/ et dMes_l] =0.
0
Hence, by the definition of ¢(m), see (5), and the one of the semigroup P, we get
00 - 00 1
&(m) = f E. [[{ Jm(x)dx = / IE,{(@/ X%ds + Xx§ — Xg)}m(x)dx
0 0 0

_ OWy(1+6) _ _ OWe (1 +60)
S Ta—ordze P T = R ey e)

In particular, since Y (u) = u, we have ¢(m) = T (19_9), and Theorem 4.1(4) fol-
lows from dividing (47) by ¢(m).

4.3. Proof of Theorem 4.1(5) and spectral expansions. In this section, we will
prove Theorem 4.1(5) by providing the spectral expansion of P; f and P, f. In
fact, we will find conditions on ¥, f and ¢ such that these expansions hold. Note

that the expansions for P and P require additional analysis that will be detailed
in the forthcoming paper [41] (see already the paper by Patie and Zhao [47]),
which provides the spectral expansions for reflected stable processes. Let us start
by recalling some well-known results for the self-adjoint semigroups Q and Q7.
Forn >0, let £, and £ be the Laguerre polynomials (of different orders) defined
by

_ R<">m(x> SRR A ) B
©67)  Lyx)= kX(:)(_ ) Tk+1—0)Tm—k-+1) k!’
" k+6
) El;(x):Z(—l ' C(n+1406) x

Fk+14+0OCn—k+1) k'’

where R™ f(x) = (xnf,(l—f))(n) is the Rodrigues operator. Then £, € L?(m)
(resp., £,T1 e L%(m)) is an eigenfunction of Q; (resp., Q:) associated with eigen-
value e~ (resp., e~ "t that is, Q,L,(x) = e ™ L,(x) (resp., Q; L] (x) =
e_(”+9)t£j;(x)) for all n > 0. Moreover, for any t > 0, f € L?(m), Q; and Q:
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admit the following spectral expansions in L?(m):

(69) O f = €™ (=0, Ln)mLn,
n=0
ra-6) _ .
(70) Of f= 23" e 00, 0)(f, L)), L
! r(1+0)n§

where for any n > 0, u > —1, we set
Frd+u)l'(n+1)
'n+1+u)

(71) Ca(u) =

In order to study the spectral expansions of P and PT, we again recall from [51]

6

that the function py(x) = x is an invariant function for semigroup P'. Hence we

have
_T —T _ _ —
P po(x) =Pl deipg(x) = P\_,-ipo(xe™") = py(xe™) = e~ py(x),

that is, pg is a O-invariant function for semigroup P'. Therefore, by Doob’s /-
transform, we can define a semigroup Pt = (PtT) >0, for t >0 and x > 0, by

(72) Pl f(x) = e
Do (x)

Note that P1 is a generalized Laguerre semigroup associated to ¥4 € Ny, which
we recall is defined as ¥4 (u) = ¥ (u + 6) for all u > 0. Therefore, as shown in
[40], the semigroup P has an invariant measure m', whose law is absolutely
continuous and determined by its entire moments

[Tiz ¥4 (k)
n! ’

(73) Mt (n+1) = eN.

Next, we say that a sequence (P,),>0 in the Hilbert space L2(m) is a Bessel se-
quence if there exists A > 0 such that

(74) SIS Pl < AlLFIR
n=0

hold, for all f € L%(m); see, for example, the monograph [18]. The constant A
is called a Bessel bound. Recalling that the class N is defined as the collection
o_f ¥ in the form (34), we further define the following subclasses of N. Denoting

TI(y) = fyoo [2° T1(dx) dr the double tail of I1, we set
(75) Np =y eN;0?>0),
(76) Noo=NpU{¥ € N;62 =0, TI0+) = oo}.
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Note that when i € N o then lim,_, o '/’1(4”) = 00. Moreover, define the following

sets of (¥, f):
DY (Ag) = {(, ) ¥ € Ny, f €Ran(Ay)}.
DNP(m) = {(¥, f): ¥ e Np NN, f e L2(m)}.
Finally, for any ¢ € N/, we let

k!
(77) PYx) =) (- ( ) k.
* ,;) T, v ()

We are now ready to state the following theorem, which provides spectral proper-
ties of the non-self-adjoint semigroups P; f and P,T f.

THEOREM 4.4. For any ¥ € N/, we have the following:

1. Let us write, for any n € N,
Pa)=Pl(x),  Pla)=x'P) (x).

Then P, € L>(m) (resp., P,I e L2(m)) is an eigenfunction of P; (resp. P;r)
associated to the eigenvalue e (resp., e~ ") Moreover, the sequence

_1
(¢n * (—0)Pn)us0 is a dense Bessel sequence in L2(m) with upper bound 1, where
we recall that ¢, (u) is defined in (71). Finally, we have (e™""),>0 = S(Q;) C
S(Py), and (e~ = S(Q]) € S(P).
2. Forany ¥ e Ny NN oo and n >0, let
RMWm(x)

(78) m,(x) = ————>, m(x)=
m(x)

R(”)mT(x)
xfm(x)

Then m,, (resp., mj,) is an eigenfunction of P, (resp., 13\:) associated to the
eigenvalue e " (resp., e~ Moreover, the sequences (Pp)p>0 and (My)>0
(resp., (77; )n>0 and (m:l)nzo) are biorthogonal sequences in L2(m). Furthermore,
if € Np NN, then for any € > 0 and large n,

(79) |l = O ().
If in addition ﬁ(0+) < 00, then with b = %, we have for large n,
(80) Iyl = O(n°),

and the sequence (/¢ (b)my,),>0 is a Bessel sequence in L2(m) with bound 1.



INTERTWINING, EXCURSION AND KREIN THEORY 3265

3. Foranyt > 0 and (Y, f) € DY (Ap) U DNp (m), we have in L%(m) the fol-
lowing spectral expansions

(81) Pfx)=)_ e " (fimy)mPn(x),
n=0

(82) Pl fey =Y e 0 fml) Pl
n=0

Before proving the previous theorem, we state the following corollary which
gives the speed of convergence to equilibrium in the Hilbert space topology L?(m).

COROLLARY 4.5. Let v € Np NN, with TH(0+) < oo, then recalling that

b= %, we have, for any f € L*(m) and t > 0,

b+1
(83) IIsz—mfllmf,/%e_tllf—mfllm-

REMARK 4.6. We point out rates of convergence of the form (83) have been
observed in the study of kinetic equations and called hypocoercivity phenomenom
by Villani [57]. Here, we have an explicit rate of convergence expressed as a nat-
ural generalization of the spectral gap estimate for self-adjoint ergodic diffusions.
Indeed, we have also the spectral gap of the generator which is perturbed by the
spectral projection norms of the (co)-eigenspaces which are know to be 1 in the
self-adjoint case; see also [40], Theorem 1.4.1, for similar results.

The rest of this section is devoted to the proof of these results.

4.3.1. Proof of Theorem 4.4(1). Let ¥ € N, and recall that Agp(x) =

E[xk1 (’g] = ak"(;) Pk (x). Use the linearity of Ay and note that for any n > 0,

" (—Dfrm+1-0) 1

Aolnlx) = k; Pkt 10—kt Dk o7

_i(—l)k(n—G)“'(k—l-l—G) 1
k=0 (n—i)! 15, ¢ G)
" n—0)--(k+1-0) L i—0

=Y (=DF
k;( ) o [T557w

i=1

_(n=0\ & (n\ (=DFK! o Pux)
_< n >§<k>nf~;1w>x " (=)

Pr(x)
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Since £, € L?(m), and A, € B(L?(m), L*(m)), we get that P, € L?(m). Apply
the intertwining relation (43), together with Q;L, (x) = e " L,(x), we get, for
eachn e N,

PiPn(x) = en(=0) PLAg L1 (x) = ¢ (—0) Ay Q1 L1 (x)
= cu(—0)e M ApLy(x)
=e P, (x).

This proves the eigenfunction property of P,. Next, using the fact that V, is mo-

ment determinate, we see that the set of polynomials are dense in L%(m) (see

[1], Corollary 2.3.3), which proves the completeness of (Py),>0. Next, to get the
1

Bessel property of (¢, 2 (—8)Py)n=0, We observe that, for any f € L?(m),

PR c;f<—e>7>n>m|2=2|<f V(=0 A L) |
n=0

|(A¢f Veu(=0)La |’

ﬁrllﬂéz L

=11Ag fl7 <15

where we used the Parseval identity for the (normalized) Laguerre polynomials in
L2(m) (see, e. g., [5], Section 2.7), and the fact that A¢ € B(L%(m), L2(m)) as the
adjoint of Ay € B(Lz(m) L2(m)) with [|Ag|l = [l Aglll < 1. Finally, using similar
computations than above, we observe that

Ws(1+6)

OV AG L,
T ro) @ heln

Pl =
and the proof for 77; being an eigenfunction for P; with eigenvalue e~ "9 fol-

lows through a similar line of reasoning using the intertwining relation with Q,T.
This concludes the proof.

4.3.2. Proof of Theorem 4.4(2). Let us write Tiy(u) = Mj‘rlx//(u + 1) for
u > 0, then by [34], Lemma 2.1, 71 is the Laplace exponent of a spectrally neg-
ative Lévy process, which satisfies 731 (0) = 0 and (77v)’(0) = ¥ (1) > 0. Hence
Tiv eN + and, therefore, by [40], Theorem 1.1.1, 71y characterizes a generalized
Laguerre semigroup, denoted by P= (ﬁz)zzo, with an invariant measure denoted
by m, and the spectral properties of P have been studied in [40]. In the rest of
the paper, this semigroup P will serve as a reference semigroup in order for us to
develop further spectral results for P. Our first aim is to establish an intertwining
relation between the semigroups P and P. To this end, we need introduce a few
objects and notation. Let Z be a random variable whose law is given by

(84) P(z € dx) = ¢ (W (—Inx)dx + W(0)81(x), x€[0,1],
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with 8; denoting the Dirac mass at 1, and W/ being the right-derivative of the so-
called scale function of the Lévy process & (see, e.g., [33], Section 8.2), which is an
increasing function W : [0, co) — [0, 0o) characterized by its Laplace transform

00 1
(85) / MW (x)dx = ——,
0 Vv (2)
We also recall that W (0) = 0 whenever i € N s, and thus in such case the law of

Z is absolutely continuous with a density denoted by 3. We are now ready to state
and prove the following lemma.

LEMMA 4.7. Define the multiplicative kernel Az as Ay f(x) = E[f(x2)].
Then Az € B(Co(R4)) N B(L?(m), L>(tv)) with || Az || < 1. Furthermore, for all
fe L2(m), we have

(86) AzPif =P Asf.

PROOF. First, we observe that, for all n € N,

k
[l vk  Thoggv&+DyM@n+1)
n! n! Yn+1)
y(Hn+1)
Yyn+1)
where, by [40], Proposition 2.3.1, V7, is the random variable whose law is the
stationary distribution of P and is determined by its entire moments MVT] ,(n+

My, (1 +1) =

= My, (n+1)

1) = w Now by (85), we have, using an obvious change of variable and
integration by parts, that for each n € N,

1 o0 !
— —(n+1)x — n _
—w(n—i-l) /0 e W(x)dx /0 u"W(—Inu)du
1 1 [
Therefore,
Yy(DH(n+1)
My, (1) =Myz, (n+ D=0

1
=MV7-1¢(n+l)w(1)/O u" Wy (—Inu) + W(0)81 (u) du

1
= My (1) [ ) du = My (0 DM+ 1),
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Both variables Vy, and V7, are moment determinate by Theorem 4.1(1) and [40],
Proposition 2.3.1, and so does Z since it has compact support. Hence we conclude
that

87) Vy LV x 2.

Therefore, the facts that Ay € B(L?(m), L2(11)) and || Az < 1 follow from sim-
ilar arguments as (58) and Az € B(Co(R4)) follows easily from dominated con-
vergence. Moreover, by [40], Lemma 7.1.4, the multiplicative kernel V7, defined
by V7y f(x) = E[f(xV74)] is one-to-one in Co(R ). Hence again using [17],
Proposition 3.2, the intertwining relation (86) holds for all f € Co(R.), and we can
further extend this relation to L?(m) using a densny argument as Co(Ry) N L%(m)
is dense in L?(m) and the fact that P, € L2(m) Pt € L%(m). This completes the
proof. [

COROLLARY 4.8. For any ¥ € Noo NN, we have m(x) > 0 for any x > 0
and m e C3°(Ry).

PROOF. Let us write ¢ (u) = TW(”) , u >0, then since 71y € Ny, an appli-
cation of the Wiener—Hopf factorlzatlon ylelds that ¢ is a Bernstein function; see

[40], (1.9). Moreover, by observing that ¢ (1) = %qﬁ(w + 1), it is easy to see

that lim,_ o0 @1 (1) = ¢ (1) = 00 as ¥ € N . Hence by [40], Theorem 1.1.1(2),
the density of m is concentrated and positive on (0, co). Now since, for all n € N
v [T Tiv (k)
n!

B[Vt === nrn YO

we get by moment determinacy that

—y(DE[VZ,],

(88) xm(x) =y (DHmkx), x>0.

This implies that the density of m has the same support as m. Now let IT; denote
the Lévy measure of 71, then by [39], Theorem 2.2,

Mo = [ T T dr + e TIdR) = e T,
(89) y

T1;(04) =TI(04),
therefore, if ¥/ € N o, so does 71y and, therefore, h Cy°(R4) by [40], Theo-

rem 5.0.2(2a). Again using (88), m and m have the same smoothness properties,
which shows that m € Cq°(Ry). [

We now have all the ingredients to prove Theorem 4.4(2). From (89), it is
easy to see that if ¥ € Noo NNy, then Tiy € Nog NNy and we see from
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[40], Theorem 1.3.1(la), that P, has co-eigenfunctions i, € L2(t), given by
RMi(x)
m(x)

m,(x) = . Now let us define, for any n € N,

(90) my = Agthy,

then m, € L%(m) since KZ € B(L%(m), L2(m)). Moreover, similar to (59), we de-
duce that, for almost every (a.e.) x > 0,

. 1o L . 1
() = Ry (1) = — [ mn(xy)m(xy)Za(;)dy

] 0 -1 (}’l)“ 1
f VIR m(xy)z(—)dy,
0 y

m(x)
where we recall that 3 denotes the density of the random variable Z whose law
is absolutely continuous as W (0) = 0 with ¥ € N . We write, for any n € N,
wy, (x) = m, (x)m(x) and W, (x) = M, (x)0(x) = R™m(x), x > 0, then the above
equation is equivalent to

SR 1
1) wa(x) = / y wn(xy)z(—)dy
0 y

for a.e. x > 0. In other words, we have, with the obvious notation, wy, = WA/3
where ,/ represents the Mellin convolution, see [37], Section 11.11. Therefore, by
[37], (11.11.4), we have, for any N(z) > n,

-D" T
M (0) = Ma() M, ) = Ma@) DMy @)
CC) e
ST T @

where the last identity comes from the factorization (87). Observe that the right-
hand side of the above equation is indeed the Mellin transform of R m(x), and
by injectivity of the Mellin transform, we conclude that w,, (x) = R™m(x), or
equivalently

RMm(x)
my(x) = TX)

for a.e. x > 0, which can be extended to every x > 0 by the continuity of m,, and
the smoothness of m; see Corollary 4.8. Furthermore, by the intertwining relation-
ship (86),

(92) P, (x) = P Agth, (x) = Ay P, (x) = e M Ayt (x) = e "' m, (x),

which shows that m,, is an eigenfunction for P (or co-eigenfunction for P). Fi-
nally, take any g € L?(m), then by the co-eigenfunction property of m, and the
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intertwining relation (43), we have
"(Apmu, 8)m =" (M, Agpg)m = (P, Apg)m = (My, PIA§g)m
= (M, Ag Qs g)m = (Apmn, Q:18)m.

In other words, qumn is a co-eigenfunction of Q;, which is indeed £,, since Q; is
self-adjoint. Moreover, recalling that Ay has a dense range in L?(m), we have that
A¢ is one-to-one on L?(m) and thus equation A¢ f = L, has at most one solution
in L2(m), which is indeed m,,. Therefore, we deduce that, for any m,n >0,

(P M )m = 6 (=) (A g Lon, M) = € (—0) (L, Ay )

- Cm(—Q)(ﬁm, ‘Cn)m = 1{m:n}7

by the orthogonality property of the Laguerre polynomials. This shows that the
sequences (P,),>0 and (m,),>0 are biorthogonal. Next, by [42], 71y and ¢ have
the same parameter o2, hence ¥ € Np NN,/ if and only if 71¢ € Np NN+. More-

over, observing that ¢ (00) = ¢ (00) = 8 + I1(0+), hence by [40], Theorem 9.0.1
and Theorem 10.0.1, the bounds on the right-hand side of (79) and (80) hold for
|t || Since my, = Az, and || Az|| = [| Azl < 1, we conclude the same bounds
for ||my,||m. Finally, by [40], Theorem 10.0.1, the sequence (v/c,(b)m,),>0 is a
Bessel sequence in L2() with bound 1, hence we have, for any f € L2(m),

Z| ,Ven(b) mn | —Z| vV ¢ (b) AZrnn) |
n=0

(93)

- Z{(Azf, Ve ()i |
n=0

<Az fI3 <IfIZ

since ||| Azl < 1. This proves that (v/c,(b)m;,),>0 is a Bessel sequence in L2(m).
Now in the case of mz, let us first prove that it is in L?(m), which suffices to
show its L?(m)-integrability around the neighborhoods of 0 and infinity. To this
end, define dy, = sup{u < 0; ¢1(u) = —o0 or ¢1(u) = 0}, where we recall that

o1(u) = w = %, then we easily observe that dg, =6 — 1 since 0 is the
largest root of yr. Hence by combining [40], Theorem 5.0.4 (5.5), and (88), we
see that for any a > 6 and A € (0, v), that exists a constant C, 4 > 0 such that
m(x) > C, 4x¢ for all x € (0, A). Therefore, denoting wZ = mzm, then we see

that
(wie)? _ 1
m(x) = Caa

forall x € (0, A). Hence to prove the L? (m) -integrability of mZ around 0, it suffices
to prove the L?(p_,)-integrability of w, around 0, where p_,(x)dx = x"“dx.

(mf (x))m(x) = ~(w! ()
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1) 1
However, observe that wz —RTml

sides, we have, for R(z) >n + 6,

, thus by taking the Mellin transform on both

(—=D" T'(z—0)
n! I'(z—60—n)
_ =D TE=0)  We(2)
on! T@E—0-—n) We(1+6)

M i (2) = Mgmyr (2 —0) = Wyt (z —0)

where for the last identity we used [40], (8.12), with ¢ () = WT(M) =¢+0).
Therefore, using the Stirling approximation (54) as well as the asymptotic behavior
of Wy by [40], Theorem 5.0.1(3), we have, for large |b|, that

1 . 1—a _ N
Mp_%wg(iﬂb)_/wwz(—z +ib) =o(lb")

for some u > n + % Hence b +— /\/lp_a wi‘(% +ib) e LA(R), and x — x_%wi(x) €
T n
L2(R+) by the Parseval identity of Mellin transform, that is, w, € Lz(p_a).

This proves the L?(m)-integrability of m:; around 0. On the other hand, since

W (u+6
M1 () = Wigy () = {1155, we have

I"'(u)
Fu+0)I'(l—0)
= CMp,0)(u)M,,+ (u),

Mpgm(u) =Muu+0)=

Wy (u+6)

where C = % and B(1, 6) is a Beta distribution of parameter (1, 6). Hence

by the formula for the density of product of random variables, we have, for x large
enough such that m" is nonincreasing on (x, 00),

9—11

1 00 X

1 _ ? oyl

Cm(X)Pe(x) —/x m (y)(l y) y dy
=/ Yy Imt & - dy

x+1
> / YOm0 =0 dy > @+ D m 1)
> wa_ng(x)

for some Cy, > 0 by [40], Theorem 5.0.5. Combine the above relations together,
we have, for x large enough,
T
m'(x) - 1 ‘
x?m(x) T CCy
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Now denoting m} = B which is in L2(m ) by [40], Theorem 8.0.1, then we

have (m] (x))2m(x) = (m} (x))2m" (x) 3 ]f(‘;) < oty (mh (x)*m? (x) and is inte-

grable around oco. Hence mjl € L%(m) for all n € N. Furthermore, again by [40],

Theorem 8.0.1, m 2 is the co-eigenfunction for P,T with eigenvalue e "', Hence we
have, for any n € N,

Ryt
<P;r ,mfl)m = e_0t<p0 PtTi: —> = €_9t<PtTi’ m2>
pPo pomt |m Do mt
T
s L) s
Po m? pom [

= e_(”+0)t(f, mn) )

Therefore, nfr is a co-eigenfunction for P with eigenvalue e ="t On the other

hand, any solutlon f of the equation A¢ f= ET shall satisfy the relation

ra-o

tooyae (O -1 1
TR IOLIOL /0 y f(xy)m(xy)t(y)dy

Hence taking Mellin transform on both sides and after some careful computations,
we have
(D" Tw—-6)  We@)

Therefore, we see that mj, is a solution of K¢, f= c; by injectivity of the Mellin
transform, and the uniqueness of this solution is due to the one-to-one property of
K¢. Hence the biorthogonality of (P}, m!),>0 follows by a similar argument as
(93). This completes the proof.

4.3.3. Proof of Theorem 4.4(3). First, take any f € Ran(Ay) with Agg = f
for some g € L?(m), then by the intertwining relation (43) and the spectral expan-
sion for Q;, see (69), we have

Pif(x)=PAsg(x) =ApQ:8(x) =Ny D e ey (=0)(g, Ln)mLn(x)

n>0

=Y e (g La)wPa).

n>0
where the last identity is justified by the fact that Ay € B(L?(m), L?(m)), the
1

Bessel property of (cn 2 (—0) Py )n>0 combined with the fact that the sequence

(Ven(=0)e (g, Lo)m)n=0 € £* since ((g, Lu)m)n=0 € £>. Moreover, recalling
that A¢mn = L,, we see that (g, L,)n = (Apg, My)m = (f, My)m, hence this
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proves (81) for all (¢, f) € D/(Aqg). Now let us define the spectral operator S,
t >0, by

(94) Sif ()= e " (fimp)mPu(x).

n=0

We first note that under the condition DNP (m),

_ _ 0 (_
Ver(=0)e ™ (f, mp)m < e || f ity I = O (n2e71FE).

Hence (¢, (—0)e ™ (f, My)m)n>0 € ¢2. By the Bessel property of the sequence

1
(¢n 2(—=0)Py)u=0, we get that S; f (x) € L2(m) for (¥, f) € DY (Agy) UDVF (m).
Our next aim is to show P; f(x) = S; f (x) under the conditions DNp (m)\D‘/ (Ag).
Since Ran(Ag) is dense in L%(m), for any f € L?(m), there exists a sequence
(8m)m>0 € LZ(m) such that lim,,— oo Apgm = f in L2(m). Hence we have from
the previous part that

e 1
PiBggm(x) =) cni(Apgm)en 2 (—0)Pp(x),
n=0

where the constants ¢, ; are defined by ¢, ((f) = Ve (—0)e ™ (f, my)m for f €
L2(m). Now let us define operator S : 02 - 1L2(m) by, for any (c,)n>0 € 22,

(95) S((cn)) =D cntn (oyP,.
n=0

Then by [40], (1.31), S is a bounded operator with operator norm [||S||| and

0
1P Aggm — St fI12 = [S(ene(Bpgm — D) a < NS 2, (Aggm — f)
n=0

< CillAggm — fIIA

for some constant 0 < C; < 0o. Hence limy, .00 PiApgm = S; f. However, since
P, is a contraction, we conclude that P; f = S; f under DNP(m). The spectral
expansion of P;f f for (yr, f) e DY (A ) can be proved similarly using the spectral
expansion of Q: f in (70), the intertwining between PT and Q' and the properties
of P! as well as m!. Finally, for (, f) € DNP (m), we have ¥y € Np NN} and,
therefore, by [40], Theorem 1.3.1, for all f € L>(m™),

o0
PtTf = Z €_m(f, mi)mTP,fT.
n=0
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Hence, writing f 0= 5"

0
P[Tf — e—91p9 PfTig = Z e_(n—l—@)l‘(ie’ mlI)mT,PII
n=

w o
=2 e "L ml) P

n=0
This completes the proof of Theorem 4.4.

4.3.4. Proof of Corollary 4.5. For any ¥ € Np NN, and assuming T0+) <
1

00, since by Theorem 4.4, (¢n 2 (— —0)Pn)n>0 and (4/¢,(b)m,),>0 are both Bessel
sequences in L?(m) with bound 1, we have, for t > T, = 1 In( b+2)

oo - _9
12 = 1 = [S(ana () = 32 oo O
n=1 "

0o —2(n—1)t 2 (—0
=e—2t Z € ¢ ( )’<f, /Cn(b)mn>m‘2

0

e (=) e 2D (b)e, (—6)
Coa® oD ad)a(=o)

(f —mf, Ve (ym,) |°

b+1 > )
= 75¢ " 2l = mf Ve ®m),|
n=1
b+1 _
< i—g¢ I =m Sl

where we used the fact that by the Stirling approximation,
—2(nm—1)t _
e c1(b)cn(—0) <1
cn(b)c1(—0)

forall > Ty,. On the other hand, for r < Ty, 3 b“ e 2 > giﬁ z > 1 since b >0 >

—6. Invoking that P; is a contraction, this concludes the proof of this corollary.
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