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Abstract. Fleming—Viot type particle systems represent a classical way to approximate the distribution of a Markov process with
killing, given that it is still alive at a final deterministic time. In this context, each particle evolves independently according to the law of
the underlying Markov process until its killing, and then branches instantaneously from the state of another randomly chosen particle.
While the consistency of this algorithm in the large population limit has been recently studied in several articles, our purpose here is
to prove Central Limit Theorems under very general assumptions. For this, the key suppositions are that the particle system does not
explode in finite time, and that the jump and killing times have atomless distributions. In particular, this includes the case of elliptic
diffusions with hard killing.

Résumé. Les systemes de particules de type Fleming—Viot représentent une facgn classique d’approximer la distribution d’un pro-
cessus de Markov avec mort, sachant qu’il est encore vivant a un temps final déterministe. Dans ce contexte, chaque particule évolue
indépendamment suivant la loi du processus de Markov sous-jacent jusqu’a sa mort, et branche instantanément a partir de la position
d’une autre particule, choisie aléatoirement. Alors que la consistance en grande population de cet algorithme a été récemment étudiée
dans quelques articles, notre but ici est de prouver un Théoréme Central Limite sous des hypotheses tres générales. Pour cela, deux
hypotheses clefs sont que le systeme de particules n’explose pas en temps fini, et que les instants de sauts et de morts ont des lois sans
atomes. En particulier, cela inclut le cas des diffusions elliptiques avec obstacles durs.
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Keywords: Sequential Monte Carlo; Interacting particle systems; Process with killing

1. Introduction

Let X = (X;);>0 denote a Markov process evolving in a state space of the form F U {0}, where 0 ¢ F is an absorbing
state. X evolves in F until it reaches 9 and then remains trapped there forever. Let us also denote t the associated killing
time, meaning that

Ty :=inf{t > 0, X, = 9}.

Given a deterministic final time 7 > 0, we are interested both in the distribution of X7 given that it has still not been
killed at time T, denoted

nri=L(Xrlty > T),
and in the probability of this event, that is

pr =Pty > T),
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with the assumption that pr > 0. We also define 7, and p; for 0 <t < T accordingly. Without loss of generality, we will
assume for simplicity that P(Xo = 9) =0 and pg = 1 so that ng = L(Xp). Let us stress that in all this paper, T is held
fixed and finite.

A crude Monte Carlo method approximating these quantities consists in:

e simulating N i.i.d. random variables, also called particles in the present work,

| N iid.
X()a"'aXO ~ 1o,

e letting them evolve independently according to the dynamic of the underlying process X up to time 7,
e and eventually considering the estimators

N ) ) N .
v izt Ixierdyxi v izt lxicr
ip = ——xy———— and ppi=—""/ "—

2zt leTeF N

with the convention that 0/0 = 0.

’

It is readily seen that these estimators are not suitable for large 7', typically when T > E[13], since they lead to a rare
event estimation problem. The typical situation of interest corresponds to the case where pr is positive but very close to
zero. In this case, one has to simulate a sample with size N of order 1/p7, which might be intractable in practice.

To be more specific, since the random variables X ‘T are i.i.d., we know that N ﬁy has a binomial distribution with
parameters N and pr, so that the relative variance of ﬁ]TV isequal to (1 — pr)/(Npt) = 1/(NpT). By the Central Limit
Theorem, we also have

«/ﬁ(ﬁy—pr)NTDogN(O, pr(l—pr)). (1.1)

Let us emphasize that, even if the probability pr is very low, one might be interested in a precise estimation of this
quantity, as well as in the estimation of the law of the process given that it is still alive, that is n7. For example, this is the
case in sequential Monte Carlo methods for simulating and estimating rare events, in particular concerning the so-called
Adaptive Multilevel Splitting algorithm which is at the origin of the work presented here. In [4], we make a connection
between the latter and Fleming—Viot particle systems that allows us to deduce some asymptotic properties from the results
of the present paper.

A possible way to tackle this rare event issue is to approximate the quantities at stake through a Fleming—Viot type
particle system [2,14]. Under Assumptions (A) and (B) that will be detailed below, the following process is well defined
for any number of particles N > 2:

Definition 1.1 (Fleming-Viot particle system). The Fleming—Viot particle system (X L. X tN )ief0,7] 1s the Markov
process with state space FV defined by the following set of rules:

e Initialization: consider N i.i.d. particles
iid.
X3, XY o, (1.2)

e Evolution and killing: each particle evolves independently according to the law of the underlying Markov process X
until one of them hits d (or the final time 7 is reached),

e Branching (or rebirth, or splitting): the killed particle is taken from 9, and is given instantaneously the state of one of
the (N — 1) other particles (randomly uniformly chosen),

e and so on until final time 7.

Finally, we consider the estimators

v 1 N N 1 NNt
= XI:SXiT and ppr = (1 - N) ,
1=

where NN/ is the total number of branchings of the particle system until final time T'. In other words, N7 is the empirical
mean number of branchings per particle until time 7':

1 o
Nr = I card{branching times < T}.

We also define nV, p¥ and A; for 0 < ¢ < T analogously.
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Under very general assumptions, Villemonais [14] proves among other things that p¥ (or equivalently eN T) con-
verges in probability to pr when N goes to infinity, and that 771Tv converges in law to 7. In the present paper, we go one
step further and establish central limit results for n¥ and p¥ . For this, the key assumptions are that the particle system
does not explode in finite time, and that the jump and killing times have atomless distributions. In particular, it includes
the case of elliptic diffusive processes killed when hitting the boundary of a given domain. As far as we know, this is the
first CLT result in that case of “hard obstacle”, also called “hard killing” in the literature.

The rest of the paper is organized as follows. Section 2 details our assumptions, and exposes the main results of the
paper (Theorem 2.6 and Corollary 2.7). It also includes some comments on the asymptotic variance, and ends by exposing
examples of applications. Section 3 is dedicated to the proof of the central limit theorem, while Appendix gathers some
technical results.

2. Main result
2.1. Notation and assumptions

For any bounded ¢ : F — R and ¢ € [0, T'], we consider the unnormalized measure

(@) = pimi(9) = E[@(X) 11, |,

with Xy ~ 19 = yo. Note that for any ¢ € [0, T'], one has p; = P(ty > t) = y;(1F), and recall that pp = 1 by assumption.
The associated empirical approximation is then given by

v =pinl.
We remark that yON = név . As will become clear from Theorem 2.6 and Corollary 2.7, the study of the final unnormalized
measure y%v allows us to deduce very easily corresponding properties for both p’TV and n¥ .

For simplicity, we assume that F is a measurable subset of some reference Polish space, and that for each initial
condition, X is a cadlag process in F U {0} satisfying the time-homogeneous Markov property, with d being an absorbing
state. Its transition semi-group is denoted Q, meaning that (Q");>¢ is a semi-group operator defined for any bounded
measurable function ¢ : F — R, any x € F and any 7 > 0, by

Q'p(x) :=E[p(X,)|Xo = x].

By convention, in the above, the test function ¢ defined on F is extended on F U {9} by setting ¢ (d) = 0. Thus, we have
Q'p(3) =0 for all ¢ > 0. This equivalently defines a sub-Markovian semi-group on F also denoted (Q"),>0. Note that
just as Q" acts on functions on the right, it can act on finite measures on the left, as any Markovian semi-group. From the
Markov property, we get that ygQ' = y;, and forall0 <t < T,

(QTe) =1 (0" ) = vr(9), @.1)

which is similar to what we have for Markovian semi-groups.
Furthermore, for any probability distribution @ on F and any bounded measurable function ¢ : F' — R, the standard
notation V, (¢) stands for the variance of the random variable ¢(Y) when Y is distributed according to u, i.e.

2
V(@) =V(p(Y)) =E[p(Y)*] —E[p(1)] = u(¢?) — n(p)*.
Our fundamental assumptions can now be detailed. The first one ensures that two different particles never jump nor
branch at the same time.
Assumption (A). This assumption has two parts:

(1) For any initial condition x € F, the jump times of the cadlag Markov process ¢ — X; € F' U {9} have an atomless
distribution:

P(X;- # X;|Xo=x)=0 Vt>0.

(i1) There exists a linear subspace D of the space Cp(F) of bounded measurable real-valued functions on F, which
contains at least the indicator function 1, and such that for any ¢ € D, the mapping (x, ) = Q' (¢)(x) is continuous
on F x R,.
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The following elementary result will be useful.

Lemma 2.1. Under Assumption (A), the non-increasing mapping t — p; = P(ty > t) is continuous and strictly positive
on [0, T].

Proof. In fact, this result can be deduced using either (i) or (ii) of Assumption (A). We just give a proof based on (i). For
any initial condition x € F, (i) implies that the killing time 73 has an atomless distribution in [0, 00). Indeed, if t = 13
then obviously X,- # X; and we conclude that this event happens with probability O at any deterministic time 7. Note
that Ty = oo may have positive probability. However, under (i), the continuity result now comes from the relation

P =Bt > 1) = [ Bl = X0 =xmo(d).
F
Besides, recall that pr is strictly positive by assumption. (]
Our second assumption ensures the existence of the particle system at all time.

Assumption (B). The particle system of Definition 1.1 is well-defined in the sense that P(N7 < 00) = 1.

Since pV = (1 — 1/N)NN:, the mapping 7 > pY is clearly non-increasing, and P(pN = 0) = P(N7 = 00), hence we
get the following result.

Lemma 2.2. Under Assumption (B), the non-increasing jump process t — ptN is strictly positive on [0, T].

Remark 2.3 (About the “minimal” assumptions). The main results of this paper, Theorem 2.6 and Corollary 2.7 below,
are in fact established under Assumption (B) and a different Assumption (A’), detailed in Section 3.2. In a nutshell, (A")
amounts to supposing that when constructing the Fleming—Viot particle system, both the jumps of some specific martin-
gales and the killing times can not occur at the same time. In Section A.3, we prove that (A) implies (A”). Assumption (A”)
is thus a weaker assumption than (A), but it is more cumbersome to describe and it might be more difficult to check in
practice, hence we chose to present Assumption (A) first.

Remark 2.4 (The results of [3] are weaker). In [3], we prove Theorem 2.6 and Corollary 2.7 under two different
assumptions, respectively called (CC) (“‘carré-du-champ operator”) and (SK) (“soft killing”) assumptions. In Section A .4
we show that these assumptions imply (A") and (B). This means that the results of the present article encompass those of
[3]. However, we refer the interested reader to [3] for further details and examples, as well as for a more elementary proof
of Theorem 2.6 in a simpler context.

2.2. Main result
Recall that (X!,..., X ,N )s>0 denotes the Fleming—Viot particle system, introduced in Section 1.

Definition 2.5. For any n € {1,..., N} and any k > 0, we denote by 7, ; the k-th killing time of particle n, with the
convention t, o = 0. Moreover, for any j > 0, we denote by 7; the j-th killing time for the whole system of particles,
with the convention 7o = 0.

Accordingly, the processes N := Zkzl 1;, < and

N
1 Z 1 Z
M = N n:]N‘t” - N 1Tj§t

izl

are cadlag counting processes that correspond respectively to the number of branchings of particle n before time ¢, and to
the total number of branchings per particle of the whole particle system before time ¢.

As mentioned before, we can then define the empirical measure associated to the particle system as nlN =
% Z,}lv:l dxn, while the estimate of the probability that the process is still not killed at time # is denoted ptN =1- %)N N ,
and the unnormalized empirical measure is defined as y,¥ := pNn¥.
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As will be recalled in Proposition 3.13 and already noticed by Villemonais in [14], their large N limits are respectively
m(p) =Elp(X)|X; #0],  pr:=PX;#3), and y(p):=E[eX)1x,2a].

We clearly have 1,(¢) = y,(¢)/v:(1F) = ¥ (¢)/p; and y;(¢) = no(Q’p). We can now expose the main result of the
present paper. Recall that V; (¢) denotes the variance of ¢ with respect to the distribution 7.

Theorem 2.6. Let us denote by D the closure in Cp,(F) with respect to the norm || - |loc of the space D satisfying Condition
(i1) of Assumption (A). Then, under Assumptions (A) and (B), for any ¢ in D, one has the convergence in distribution

N @ = @) == N(0.02@)).

where 672« (@) is defined by
2 2 2 2 r
o7(@) == p7 V(@) — pr In(pr)nr (@) — 2/0 Vo (Q7"(@)) pr dp:.

The variance o% (¢) is linked to the asymptotic variance of the final value of the martingale ytN (QT~(¢)). A sketch
of the proof is given in Section 3.1.

For now, just notice that since 1r € D by assumption, and remembering that y7(1r) = pr, the CLT for ny is then a
straightforward application of this result by considering the decomposition

VN0 (@) — nr(9)) = VNN (@ = nr(@) — vr(e —nr()),

v (1F)

and the fact that py = y;v (1F) converges in probability to pr = yr(1F).

Corollary 2.7. Under Assumptions (A) and (B), for any ¢ in D, one has the convergence in distribution
VN @} () = nr(@) —— N (0,07 (¢ = 7 @)/ p}).

In addition,
IN(p = pr) 572 N(0.07),

where

T
o®:=07(1p)=—pyIn(pr) — 2/(‘) Vo (@77 AR) pedp.

Remark 2.8 (Non independent initial conditions). As will be clear from Step (i) in the proof of Proposition 3.13
and from the proof of part (a) of Proposition 3.24, Theorem 2.6 and Corollary 2.7 both still hold true when the i.i.d.
assumption on the initial condition (1.2) is relaxed and replaced by the following set of conditions: (i) the initial particle
system (X}, ..., Xév ) is exchangeable, (ii) its empirical distribution n{)v = y(fv satisfies

2
el

E[(n) (27 @) — mo(QT @))*] <¢ o

for some constant ¢ > 0, and (iii) the following CLT is satisfied: for any ¢ € D,

VN (07 () = n0(Q" ©)) ——— N (0. Y,y (07 (9))-

N—

In the next subsection, we propose to focus our attention on the estimator p?l in order to discuss the asymptotic
variance given by Corollary 2.7.
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2.3. Some comments on the asymptotic variance
Recall that
«/N(p¥ - pr) AN N(0, 02),
N—o00
where

T
o2 = —pAIn(pr) — 2 /0 V,, (07 (Ap)) pr dpr. 2.2)

In this expression, notice that
2
Vo (077 (1p)) = V(P(XT # 8] X)) = E[(P(Xr #0|X,) — ’;—T> } 23)
t

Here P(X7 # 0|X;) is a random variable with values between 0 and 1, and expectation pr/p;. Hence the maximal
possible value for the variance is obtained for a Bernoulli random variable with parameter pr/p;, so that

0=V, (Q""ap) < p—T<1 - ”—T).
Pt Pt

Taking into account that the integral term in (2.2) is non positive, we finally get the following bounds for the asymptotic
variance of the probability estimate:

—p3In(pr) <o <2pr(1 = pr) + p2In(pr). (2.4)

According to (2.3), the lower bound is reached when, for each ¢ € [0, T'], the probability of being still alive at time T
is constant on the support of the law n;. This situation includes, but is not limited to, the trivial case where the killing
intensity is constant and equal to A on the whole space F, meaning that for any initial condition, 73 has an exponential
distribution with parameter A. Then, obviously, we get V,, (QT_’ (1r)) = 0. In fact, in this elementary framework, one
can be much more precise about the estimator

v 1 NN7
=(1—-— .
Pr < N>

Indeed, a moment thought reveals that (NAT),>0 is just a Poisson process with intensity N, so that NA7 has a Poisson
distribution with parameter NAT, and p¥ is a discrete random variable with law

1\¥ NAT)
P(pév = (1 - N) ) :e_N}‘T% Vk € N.

In particular, it is readily seen that this estimator is unbiased:
E[py]=e*" =P(Xr #9) = pr.

with variance
V(py)= o} 1) = Tim NV(pff) =—pFIn(pr).

which is exactly the lower bound in (2.4). Let us also notice also that in this ideal case, the asymptotic variance is much
better than the one of the crude Monte Carlo estimator ﬁy as given by (1.1). Clearly, when pr ~ 0,

—p7In(pr) < pr(1 — pr) ~ pr.

By contrast, the upper bound in (2.4) may be surprising at first sight. Indeed, by (1.1), the crude Monte Carlo estimator
AN .
pr satisfies

VN (pY = pr) NTDOJ N(0, pr(1 = p1)).
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As 2pr(l — pr) + pZT In(pr) = pr(1 — pr) for any pr € [0, 1], this suggests that there are some situations where
the Fleming—Viot estimator is less precise than the crude Monte Carlo estimator. More precisely, if pr is small, then
2pr(1 — pr) + p% In(pr) = 2p7r (1 — pr), that is almost twice less precise in terms of asymptotic variance.

Although counterintuitive, this phenomenon can in fact be observed on a toy example. Take F = {0, 1} for the state
space, no = pdp + (1 — p)8; with 0 < p < 1 for the initial distribution, Ly =0 < A1 for the killing rates, and consider the
process X; = X until time 7. In other words, nothing happens before killing and the process can be killed if and only if
Xo = 1. Suppose that our goal is to estimate the probability p; that the process is still alive at time 7 = 1. Clearly, for all
t >0, one has p; = p 4+ (1 — p)exp(—AX1t) and the law of X; given that the process is still alive at time ¢ writes

1
n = p—(p80 + (1 — p)exp(—=A11)81).
t

Since, for any ¢ € [0, 1],
P(X1 #3|X,) =1x,—0 +exp(—A1 (1 — D) 1x,=1,

we deduce that

V,, (07 (1)) = p+ (1= pe e (ﬂ)zz (p1 — p)? LP (ﬂ)z.
" P P ppi—p) P\

Therefore, taking 7 = 1 in (2.2), the asymptotic variance is equal to

1—p

+p%lnp1.
pL—p

o2 =2p(1 = p1) +2(p1 — p)*In

Finally, remark that p; can be made arbitrarily close to p by taking A sufficiently large, which in turn leads to a variance
that is arbitrarily close to the upper bound in (2.4).

Therefore, the take-home message is that we can exhibit pathological examples where the application of Fleming—Viot
particle systems is in fact counterproductive compared to a crude Monte Carlo method. Intuitively, the branching process
in Fleming—Viot simulation improves the focus on rare events, but creates dependency between trajectories, which may
be strong.

2.4. Connection with sequential Monte Carlo methods

In this section we will compare our results with what happens with the following discrete time algorithm, which
corresponds to a sequential Monte Carlo algorithm (see for example [5]). We start with a given finite set of times
fho=0<1t <---<t, =T. Let us assume to simplify that the ¢;’s are evenly spaced in terms of survival probability,
thatis py; /pr;, , = p(n) forall j, with p(n) — 1 when n — oco.

We start with N independent copies of the process X and run them until time 1. The ones having reached o are then
killed, and for each one killed, we randomly choose one that is not and duplicate it. Then we run the new and old (not
killed) trajectories until time #,, and iterate until we reach time #, = T. If at some point all the trajectories are killed,
i.e. if they all have reached 9, then we consider that the run of the algorithm has failed and we call this phenomenon an
extinction.

This discrete version of the algorithm falls in the framework of [5], so we can apply the results therein. Among various
convergence results, we will specifically focus on CLT type theorems and compare them to our setting. Let us also mention
that the extinction probability is small when N is large: specifically, there exist positive constants a and b such that the
probability of extinction is less than a exp(—N /b) (Theorem 7.4.1 in [5]).

At each t;, we denote by ﬁ,lcv the empirical measure of the particles just before the resampling. We can estimate the
probability P(ty; > T') by

n n—1
[[idam=p¥apiyar with 7Y ap) =[] @r.
k=1 k=1

We also define the unnormalized measures through their action on test functions ¢ by PnN (p) = )7nN a p)ﬁflv (p). As
previously, we will assume that ¢(3) = 0, which implies that for all t > 0, Q' (¢)(d) = 0. The following CLT is then a
straightforward generalization of Theorem 12.2.2 and the following pages of [5]:

\/N(ITN>H J7nN (@) —yr (fﬂ)) NTDQJ N(O, &,12«0))7



644 FE. Cérou et al.

with & the extinction iteration of the particle system, and 5,% (¢) = an — by, where
n
an=10((QT¢ — 10(079))") + v, AR, (T M0 — iy, (27 11 9))).
j=1
and
- 2
b=y v, A2 (1r (@710 — i, (@7 9))).
j=1

with ﬁ,j = p(n)n,j 4+ (1 — p(n))8y. We do not have exactly M because it is an updated measure, while the CLT of [5]
applies to predicted measures (see [5] Sections 2.7.1 and 2.7.2 for a discussion on the difference). After some very basic
algebra, this asymptotic variance can be written as

520 =Y 7, AR (p) (0, ((Q79)7) = miy, ((QT719)))

j=1
—2p)*n:,(Q" ) (11, (QT " 9) — iy, (QT 1))
+ P (07 7) (1= myy, (09797 15)))
+n0((Q7¢ —m0(Q7¢))?).

Now, we should remember that p; = y;(1x), and that

vy, (AF)  pi;_y — py;

1—n (QV711p)=1— =
& l( ) th,l(lF) Ptj,l

If we make n — oo, which implies that sup j(tj —tj—1) — 0, we have, at least formally, that 6”2 (p) — &go (¢) with

T 4 T d
5§o(¢)=/ p?—d (nz((QT”w)z))dt—2/ pin(QT " 0)—(n (Q7 ') dt
0 t 0 dt

T
- /0 pin (@7 0) pldt +no((QT ¢ —n0(Q79))7).

By integrating by parts the first two integrals, noticing that

/
2Pr

_ 2
peon: (07 '9)" = pnr(e) p
t

in the third one, and replacing p; dt with dp;, we get that

T
62.(9) = prVy,. () — p3 In(pr)nT(9)* —2 /0 V. (0T () pr dp,

which is exactly the asymptotic variance cr% (¢) in Theorem 2.6.

In other words, the asymptotic variance of the continuous time algorithm can be interpreted as the limit of the asymp-
totic variance of the discrete time algorithm, when the time mesh becomes infinitely fine, i.e. when the number of resam-
plings goes to infinity.

2.5. Example: Diffusion process with hard obstacle

Before proceeding with the proof of Theorem 2.6, let us give some examples of applications. We show in this section
how our CLT applies to Fleming—Viot particle systems based on a Feller process killed when hitting a hard obstacle.
As far as we know, this is the first CLT result in that case of “hard obstacle”. Yet, there is a cluster of papers studying
the hard obstacle case where the underlying process is a diffusion in a bounded domain of R? killed when it hits the
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domain boundary. Among other questions, the convergence of the empirical measures as N goes to infinity is addressed
in [1,7,11] (see also references therein). This case is also included in the general convergence results of [14].

Let t — X; be a Feller process in a locally compact Polish space E, and let F be a bounded open domain with
boundary dF = F \ F. Let t; be the hitting time of E \ F, and set

_ )?, ift <7y,
"Tlo ifr>1.

We consider the set of continuous and bounded functions D = C,(F) extended as usual to F U {9} by setting ¢(3) =0
if ¢ € D. Note that 1 € D. The difficulty in checking Assumption (A) is the continuity with respect to ¢ of the mapping
(x,1) = Q'(p)(x) because of the indicator function in

0'p(x) = E[p(X)) 1, r; | Xo =x].

However, we have the following general result:

Proposition 2.9. Assume that F is open, that the process X is Feller, and the following two conditions:

(i) Forallx € F andallt > 0, P(X, € §F|Xo = x) = 0.
(1) Forall x e 0F,P(ty > 0| Xg=x) =0.

Then Assumption (A) is fulfilled with D = Cp(F).
The proof is given in Section A.1. Using the latter, we can prove Assumption (A) for regular elliptic diffusions.

Proposition 2.10. Assume that F is open and bounded in R¢ with smooth boundary 9 F, and that Xisa diffusion with
smooth and uniformly elliptic coefficients. Then Assumption (A) holds true.

Proof. This is a direct application of Proposition 2.9. First, the fact that X is a Feller process can be found for example
in [6], Chapter 8, Theorem 1.6. Next, point (i) is obviously true because the first passage time through 9 F' of an elliptic
diffusion has a density with respect to Lebesgue’s measure. Finally, point (ii) is also satisfied since the entrance time in the
interior of a smooth domain from its boundary by an elliptic diffusion is 0. This classical fact can for example be proved
by applying Itd’s formula to a smooth level function defining the domain, and then the law of the iterated logarithm for
the Brownian motion. (]

Assumption (B) is more technical and depends on the specific case at hand. For instance, in [8], the authors prove that
it is satisfied for regular diffusions and smooth boundary. Specifically, they give a general set of sufficient assumptions for
non explosion, some of them being further generalized in [14]. The upcoming result is exactly Theorem 1 of Section 2.1
in [8], in the simple case of smooth domains.

Proposition 2.11. Assume that F is open and bounded in RY with smooth boundary dF, and that Xisa diffusion with
smooth and uniformly elliptic coefficients. Then Assumption (B) is satisfied.

Putting all things together, we conclude that if F is open and bounded in R? with smooth boundary d F, and if the
diffusion X has smooth and uniformly elliptic coefficients, then one can apply the CLT results of the present paper.

2.6. Other examples
The assumptions in [3] are more restrictive than the ones required in the present paper. Therefore, we refer the reader to

[3] for examples of Piecewise Deterministic Markov Processes and Diffusions with “Soft Killing” to which Theorem 2.6
and Corollary 2.7 apply as well.

3. Proof
3.1. Overview

The key object of the proof is the cadlag martingale

1=y (0) =y (0T (),
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the fixed parameters 7 and ¢ being implicit in order to lighten the notation. Since yON = n(l)v and yp = 19, the difference

(@) —vr (@ = (v (@) — v (@) + (0l (@7 () —no(27 (9)))

is the final value of the centered martingale ytN (Q) — yON (Q), with the addition of a second term depending on the
initial condition. Note that this second term satisfies a CLT since the initial conditions Xé, X év are i.i.d. according
to Definition 1.1. We will handle the distribution of yY{V (Q) in the limit N — oo by using a Central Limit Theorem for
continuous time martingales, namely Theorem 3.22. However, this requires several intermediate steps, mainly for the
calculation of the quadratic variation N [yN (Q), yN DI

Unfortunately, showing the convergence of this quadratic variation is not easy. Specifically, it is much more dif-
ficult than in [3] where, thanks to the so-called “carré-du-champ operator” and “soft killing” assumptions, we could
write the predictable quadratic variation as an integral against Lebesgue’s measure in time, with bounded integrand. We
could then easily show the pointwise convergence of the integrand and apply dominated convergence. Here we can-
not do that. Instead, the key idea is to replace the quadratic variation by an adapted increasing process itN such that
N[yN(Q), yN(Q)], — itN is a local martingale. Finally, the convergence of i]TV to U% (p) — VHO(QT((/))) requires some
appropriate timewise integrations by parts formulas, as well as the uniform convergence in time of pfv to p;.

Let us finally mention that, in the sequel, we will make extensive use of stochastic calculus for cadlag semimartingales,
as presented for example in [12] chapter II or [9].

3.2. Well-posedness and non-simultaneity of jumps

In the remainder, we adopt the standard notation A X; = X; — X,- and, to lighten the notation, we will denote for/ =1, 2,

vV (o) =y ([T @]). G.1)

Recall that X} stands for the position of the particle with index »n at time ¢. Let us fix 7 and ¢, and denote for each
l<n<Nandanyt€[0,T],

N
L= Q" "(¢)(X}) and L,:= %ZL”,
n=1

where the parameters 7, ¢ and N are omitted in order to lighten the notation.

We first present a weaker but less practical version of Assumption (A), named Assumption (A’). Lemma 3.1 ensures
that (A) implies (A”). All the results of the present paper are obtained under Assumption (A”). This technical assumption is
in fact the minimal requirement on the non simultaneity of the branching and jump times. In particular, Condition (A’)(i)
states that a single particle branches at each killing time, making the Fleming—Viot branching rule well-defined.

Assumption (A’). There exists a space D of bounded measurable real-valued functions on F, which contains at least the
indicator function 17, and such that for any ¢ € D, t — LL} is cadlag foreach 1 <n < N, and:

(i) Only one particle is killed at each branching time: if m # n, then 7, j # 7, x almost surely for any j, k > 1.
(ii) The processes L} and L} never jump at the same time: if m # n, then

P(3r >0, AL} AL} #0) =0.
(iii) The process L} never jumps at a branching time of another particle: if m # n, then
P(3j=0,AL; #0)=0.

Recall that, by Lemma 2.1, under Condition (i) or (ii) of Assumption (A), the non-increasing mapping ¢ > p; =
P(ty > t) is continuous and strictly positive on [0, T']. This property still holds under Assumption (A”)(i) and the proof is
similar. Besides, as will be shown in Section A.3, it turns out that (A) implies (A”). This is the purpose of the following
lemma.

Lemma 3.1. Under Assumption (A), the system of particles satisfies Assumption (A") with the same set D of test func-
tions.
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Then, under Assumption (A) or (A'), it is easy to upper-bound the jumps of y, N(Q) and y,N (0?).

2
Corollary 3.2. Under Assumption (A'), one has |AytN(Q)| < 3“(’% as well as |AytN(Q2)| < %.
Proof. Since y," (Q) = pN1L,, one has

Ay (@) = [A(pLe)| = [P Le = p Y Li- |-

First case: if p¥ # p}", this implies that L, # L, = L,- + AL and that p¥ = (1 —1/N)p~, with 0 < p¥ <1, hence
we have

layN (@) =pN|(1 = 1/N)L; — L,-| < |(1 =1/N)L; — L~ | < |AL;| +|L,~|/N.

Recall that L, = (Zn 1 L)/ N, and since the jumps of L} and L}* don’t coincide, we deduce that

1 n 1 T—t n 2||§0||oo
|ALz|<ﬁ11<na<xN|AL ‘——1r<na<xN|AQ (@ (X)1)] < N

Since |L;-| < ||¢|lco, We finally get

ar (@) < el

Second case: if pt/\i = ptN but L, # L,, then by the same reasoning as above,

Ar¥ (@) = AL | = [P Ly~ pY | < 81, < 212
The last and trivial situation is p = pN and L, = L;, in which case |AyN(Q)| = 0. Finally, since 0 <
Q" (@) (X)) = llgll%, one has

[A{(QT @ (X)) = el
and the same reasoning applies to |Ay,N (0% (]

The rest of the paper is mainly devoted the proof of the following result. We recall that D is the closure of D in Cj,(F)
with respect to the norm || - || c-

Proposition 3.3. Under Assumptions (A') and (B), for any ¢ in D, one has
D
VN (9) = vr (@) =N (0,07(9)),

where
T
02(9) = prVy, (9) — p3In(pr)nr(p)* —2 /0 V,, (@ (@) pr dp:.

Thanks to Lemma 3.1, Proposition 3.3 implies Theorem 2.6.
3.3. Martingale decomposition
This section will build upon the martingale representation of [14]. We decompose the process ¢ — ¥,V (Q) into the
martingale contributions of the Markovian evolution of particle n between branchings k an k + 1, which will be denoted

t— M;”k, and the martingale contributions of the k-th branching of particle n, which will be denoted ¢ — M;”k.

Remark 3.4. Throughout the paper, all the local martingales are local with respect to the sequence of stopping times
(tj) j>1- As required, this sequence of stopping times satisfies lim;_, o 7; > T almost surely by Assumption (B).
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Recall that we have defined for each 1 <n < N and any t € [0, T], L} := QT_’(w)(X{’), and L, := % Zfl\]:l L7, so
that

(@) =N (" (¢) = p]Ls.

If X, is any particle evolving according to the dynamic of the underlying Markov process for (and only for) 7 < 7,
then it is still true that QT’t((p)(Xl)IKTa is a martingale. As a consequence, for any n € {l,..., N} and any k > 1,
Doob’s optional sampling theorem ensures that by construction of the particle system, the process

0 ift < Tnk—1>
nk . .
M = (Ler, If = L5 Wiz, =L =17 if Gl <1 < T, (3.2)
-Lr if T <1,

is a bounded martingale. Accordingly, under Assumption (B), the processes

o0
My =Y M =Lr— Y L (3.3)
k=1 0<T, 1 <t
T
M, :=— Y M?, (3.4)
s
are local martingales.
Forany n € {1,..., N} and any k > 1, we also consider the process
1 1
ko
s (1 B N) (Lgn,k CN-—1 Z LZL,k>IIZTVL,k = (erln,k - Lfn,k)llifn,k’ 3.5
m#n

which by Lemma A.6 is a constant martingale with a single jump at ¢ = 1, &, and which is clearly bounded by 2|¢|| -
Then, under Assumption (B), the processes

o0
M ::ZM?’]{: Z ( "Z’n,k _H‘Tn,k)’
k=1

Offn,k <t

N
1
M[ = — Mn,
i
are also local martingales. Recalling the notation

N = Z 1o, <t

k>1
for the number of branchings of particle n before time ¢ and
e 1
N = N Z-/vtn = N thjSt
n=1 j>1
the total number of branchings per particle before time ¢, (3.2) and (3.5) respectively implies that foreach 1 <n < N
dM} =dL! — L} dNT, (3.6)
dM] = (L} —L;)dN;, (3.7
so that the sum yields
dM; +dM,; =V N(dL; — L, dN\)). (3.8)

Let us emphasize that, in the above equations, I, = IL,+ since the process L, is right-continuous.
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Remark 3.5. By definition, the jumps of the martingales M} are included in the union of the set of the jumps of L}, and
the set of the branching times 1, x for £ > 1. The jumps of M} are included in the set of the branching times t, x for
k > 1. Therefore, Assumption (A’) implies that for m # n, the jumps of M/* and M/ can’t happen at the same time, the
same being true for M}* and M7 .
The following rule will be useful throughout the paper.
Lemma 3.6. Recalling that pY = (1 — :)NNi it holds that
dp) =—pl dN:. (3.9)

Proof. When A; # N, one has Ap) = (1 — 1)yMi — (1 — HyVNi=l — (1 — IHyNNi=1(p — L 1) while AN, =
fort =1;, j = 1. Hence the result follows. O

The upcoming result attests that the process ¢ — y,¥ (Q) is indeed a martingale and details its decomposition.

Lemma 3.7. We have the decomposition
N N 1 y
W@ =@+ [ o @it +amy. (3.10)
Proof. Recalling that p,N is a piecewise constant process, one has by plain integration by parts

t
N () =pNL =y (0) +/O (pdL, +L,dpl).

where we emphasize that in the above equation, the last integrand is indeed L, = IL,,+. Besides, by (3.9), we are led to

t
¥ (Q) = vy (Q) = /O P (dLy — Ly dN,).
The result is then a direct consequence of (3.8). O

Remark 3.8. Since yr(¢) = y0(Q7 ¢), this implies the unbiasedness property IE[)/}V ()] = yr(p) forall N > 2. In
particular, the case ¢ = 1 gives ]E[pZTV(ga)] =pr >0.

3.4. Quadratic variation estimates for M and M

The remarkable fact is that the 2N martingales {M}, M7'}1<, »<ny are mutually orthogonal. We recall that two local
martingales are orthogonal if their quadratic covariation is again a local martingale.

Lemma 3.9. Under Assumptions (A’) and (B), the 2N local martingales (M}, M*} 1<y m<n are mutually orthogonal.
In addition,

N
1 n n
M, M=) [ M, M,

n=1
Orthogonality implies that the process [M, M]; is a local martingale, and denoting
| N
A= > v,
n=1

that the process [M, M|, — A; is also a local martingale. In addition, the jumps of A are controlled by

lell3
A, < =02 G.11)
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Proof. By Assumption (A’) (see also Remark 3.5), for n # m, the piecewise constant martingales M7 and M}* do not
vary at the same times, so that [M", M"™]; =0 and the two martingales are a fortiori orthogonal.

In the same manner, for n # m, the martingales M} and M/" do not vary at the same times, so that [M", M"], =0
and the two martingales are a fortiori orthogonal.

Moreover, since M" is a pure jump martingale, we have by definition of M

d[M", M"]| = AM} d M} = —L_d M},

which defines a martingale, so that M"* and M" are orthogonal.

Next, we claim that the product M M" is a martingale, implying the orthogonality. Indeed, for a given s € [0, T'], let
us define o; := (1; A T) V s the stopping time in [s, 7] closest to the i-th branching time. For any i > 1, conditional to
Foi1s M1 <6,)r>0 and (M'1; .4, )s>0 are by construction independent, hence we have

E[M::_MZ,-_ |.ng_|] = Mm Mn

Oi—1"
In addition, since the martingales M™ and M" do not jump simultaneously, it yields Mg Mg = Mg MZ_, + M:’_, Mg, —
M™ M"_, so that I '
Ul- Gi
E[M M, |Fy: 1= [M" (Mg — M?;) + Mg’i_ (Mg, — MZ,-‘) + M?f MZF |J-‘(,;]
— Mm Mﬂ
o o’

and combining these equations gives

E[MgMgi |]:Ui—1] let 1Mﬁl 1
By iterating on i > 1 and taking into account that g = s and lim;_, o, 0; = T, we obtain

E[M} M7 | Fs ] = My My,

which shows the claimed result.
For the last point, Assumption (A’) guarantees that

AA; = % max A[M", M”] =i max (AM;’)Z,

1<n<N N 1<n<N

and the indicated result is now a direct consequence of (3.2) and (3.3). O

In the same way as in (3.1), for each ¢ € [0, T'], we use in the upcoming lemma the notation

1 N
Ve (0) =V, (07 (@) = - D (L) ( ZL") (3.12)

n=1

Lemma 3.10. One has

dIM, M, <4|lg|% dN;. (3.13)

Moreover, there exist a piecewise constant local martingale M, and a piecewise constant process R, both with jumps at
branching times, such that

1 1 ~
d[M, M]t ZV,;[I\: (Q) d./\/t + Nth + \/_ﬁth’ (314)

with the following estimate

141>
AR < %. (3.15)
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Proof. Considering the orthogonality property in Lemma 3.9, and taking into account that the martingales M™ are
piecewise constant with a single jump at time 7, , we have

1 N oo
M, M]; = ﬁ ZZ(MgifllzTn,k'

n=1 k=1

This implies (3.13) since |[M™K | = L2

Tnk

Le, ;| < 2ll¢llco- This equation also implies that (3.14) holds true with

Tn, K

N oo
~ 1 ZZ n n,
Ml = N ((anlic) _]E[(Mr”k;‘) |fr’:k])1t2tn'k’

N oo
Rii= 30 S (ELMEA)1F, ] =V (@)L,

n=1 k=1 Tn,k

On the one hand, Lemma A.6 ensures that /Wt is a cadlag local martingale. On the other hand, by Assumption (A”),
we have ILlTn L= ]th, for all I # n, so that (3.5) becomes
’ n,k

1 1
n.k n I
M= (1 B N)(H"f"vk CN-—1 Lrn,k)
I#n

Then, by construction of the branching rule, given ]-"fk, ]Lﬁn L is uniformly drawn among the (]L’r’fl k)m?g,,, which yields

[(M"k)| - _Z( )(m _; L )2
T,k Tk N_1[7é;1 Tk :

If we temporarily denote the empirical distribution without particle n by
= 5 o
m;én

we can now reformulate the latter using notation (3.12) as

E[(M34))1F,- ] = (1— —) Vyn (O

In other words, we have
N oo 1 2
Ri= Zl ;((1 - N) Vi (@ =V (Q))lm,k.
n= = nk n,

For the last statement, notice that for two probability measures p and v with total variation distance || — v||y and for
any test function f,

V() = V(D] = [ = (F2)] + [ =) (O+ )| <6l — vl £IIZ

so that, for any n and &,

1
AR, | = (1——) |V ® (Q) Vv (Q)|+<1— (1——> )V v (Q)

nk

<6(1 12(N n(— 1+1||||2+2||||2
= N N_1 N) TN )1l ™ ¢l

14]l1%,
< —=.
= N O
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Remark 3.11. A byproduct of the previous proof is the following equation, which will prove helpful in Definition 3.15
below:

1 ! "
NR,+/0 Y (Q)dN; = (1— —) Z/ V0 (Q) AN (3.16)

This identity will be useful to show that the left hand side is increasing because the right hand side obviously is. This will
be used to construct a suitable quadratic variation to the martingale in (3.10).

The next lemma is a very important step of the analysis. It relates the quadratic variation of the local martingale
t — M, — given, up to a martingale additive term, by the increasing process ¢ — A; defined in Lemma 3.7, with the
process ¢ > y,N (Q?). This will yield estimates on A,. Note that this idea is inspired by the fact that by definition of the
quadratic variation, for any Markov process X, the process  — [QT ~/(¢)(X;)]? equals the quadratic variation of the
martingale # — Q7 ~'(¢)(X,) up to a martingale additive term.

Lemma 3.12. There exists a local martingale (M,),Zo such that

1 ~
N(2 N N
dy" (Q%) = pL dA; + G dM. (3.17)
In particular, this implies that
t
el [ ot an] =50 (@) - ' (@) < ol 619)
Moreover, we have
t ~ ~
E[fo Py dIM, M]u] <5lol% (3.19)
as well as
5llel5
|AM,| < ===, (3.20)
VN

Proof. Differentiating ytN (0% = ptN % 2’2 1 (L;’)2 yields

dy( Zpl- + (L) dp).

Since dp}¥ = —pN dN;, one gets

dy ( Zpl — (L2)*dN;). 321

Next we claim that
d(Ly)® — (L) dN = d[M", M"], + 2L dML. (3.22)
We know from (3.6) that dM = dIL" — L d N/, so that the bilinearity of the quadratic variation gives
d[M", M"], =d[L", L], + (LY)* dN} —2d [/ L" dN™, ]L”]
t

—d[L", L"), + (L))? dN = 2(ALM)L! ]!
=d[L",L"], + L} (2L]- — L") dN}".
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Then, using again (3.6) through dL = dM + L dN}, it comes
d(L?)? =217 dL} +d[L", L"),
= (LI M + 2L L A7) + (d[M 1], — LY LI — L) dAT).

which immediately simplifies into (3.22).
Putting (3.21) and (3.22) together, considering in Lemma 3.9 the definition A := % >, [M", M"], and recalling that

= % >, N, we obtain

N N
dyN(0*) =pN di; + W S (NG — dN;) + 2L aMy]

n=1
pN N N
=pV dA,+§Z[< Z (L") )d/\/t”+2]Lf_ de},
n=1 m=1

and we see that (3.17) is satisfied with
N
—= > I AN] + 2L dMY, (3.23)
where we have defined
N
J= Z (L) —(1—1/N)<(]L”) ——Z >
m=1 m#£n

Note that, in the same fashion as (MF);>0, (fé JIdN])i=0 is a local martingale since, for each k > 1, 1+ J/'1;>q, , is
a bounded martingale by definition of the branching rule and Lemma A.6. Moreover, in the same way as in Lemma 3.7,
the 2N local martingales

t t
([ 0) o ([ o).
0 t>0 0 t>0) I<n,m<N

are all orthogonal to each other. Indeed, for any pair n, m, (i) [M", M™] is a martingale by Lemma 3.7, (ii) [M", M™] =0
and [M", M™] =0 if n # m by Assumption (A’). The only new point to check is that the quadratic covariation

d[/L’; dMQ’,/JS”d/\/;’} = —(L")*J dN;
t

is indeed a local martingale, which is a consequence of the branching rule implying E[J |.F ] 0 and Lemma A.6.

To establish (3.19) and (3.20), we recall that for any 1 <n < N sup,-(|J/'| < ||90|| , supt>0 |]L” | < ll¢lloo, and
sup; o |AMY| < 2[|@ ]l
For (3.19), we apply 1t6’s isometry to (3.23) and use orthogonality to get

t
E/ PN d[M, M, = — ZE[/ Mo )d/\/"+4/ iv(L:‘)zd[M”,M”]u}
0

t
< ”*"”i"EUo plY dNu} +4||¢||§0E[/0 pl. dAu]

o0

1 1)/
< loliz Z(l - ﬁ) +4lelIE[r" (%) = v’ ()]

j=1

<5lpld
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In order to obtain (3.20), consider (3.23) and recall from Assumption (A’) that, for n # m, AN/'AN]" =0 and
AM} AM}* = 0. We then deduce that

2
|> < Slells

~ 1
AM <—( JI"| 4 2 sup|IL" AM?
IAM,| = 5 (supl 7| + 2 5up[ Ly | sup| AM; N O

3.5. L2-estimate for yr ()

The convergence of y}v (¢) to yr(p) when N goes to infinity is now a direct consequence of the previous results. This
kind of estimate was already noticed by Villemonais in [14].

Proposition 3.13. For any ¢ € D, we have

6llell%

E[(v (0) — vr(9))’] < i

Proof. Thanks to Lemma 3.7 and the fact that yr (¢) = yo(QT(p), we have the orthogonal decomposition

1 T 1 T
y#(w)—w(@:ﬁfo ”’NdM”ﬁ/o o dM, 4 1Y (07 ¢) — (07 9).

and it is easy to upper-bound the individual contribution of each term to the total variance.

(i) Initial condition. Since yy = no and yév = n(j)v , we have

1

1 1
E[(v (27 ¢) — w(QT9))’] = NVnO(QT(rp)(X)) =y e @2, < ﬁnwnio.

(i) M-terms. Using It6’s isometry and (3.13), we obtain

(L o) | [t

) 1 i 1 2(j—-D 5
=4lelleew (1 - —) <4lels-
N o N

(iii) M-terms. In the same way, applying Itd’s isometry and (3.17), we get

([ ) ][ o esn]
51EUOTp{V dA,} =E[yy (0] < lel%. O

In particular, Proposition 3.13 implies that for any ¢ in D, ¥, (¢) converges in probability to y;(¢) when N goes to
infinity. Since we have assumed that 15 belongs to D, the probability estimate p,N goes to its deterministic target p; in
probability. The next subsection provides a stronger result.

3.6. Time uniform estimate for p;

In this section, we prove the convergence of sup, (o 7 | ptN — p¢| to 0 in probability by using the time marginal conver-
gence of Proposition 3.13. Recall that, by Assumption (A) or (A’), the mapping ¢ > p; is continuous (see Lemma 2.1).
Hence, the proof only uses this argument and the monotonicity of 7 — p/¥. One can merely see it as a Dini-like result.

Lemma 3.14. One has

N P
sup |pt —p,|—>0.
+€[0,T] N—o0
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Proof. Since the mapping ¢ — p; is continuous on [0, 7] by Lemma 2.1, it is uniformly continuous. Hence, for any
& > 0, there exists a subdivision {fo =0 <t} <--- <ty =T} such that, forany 1 < j < J and any ¢ in [¢;_1, ;], one has

max (| p; — Pl |pe— pi ) <e

Hence, since t — p,N is decreasing, it is readily seen that

P! = pi = max(|pf, = pils [P = i) <&+ max(|pr], - = py).
Consequently, with probability 1, uniformly in z € [0, T], we get

[P’ = pil <&+ max [pf = py.
Taking ¢ =1f and T =t¢; in Proposition 3.13 ensures that

N P

ozjzy P TP T 0
Therefore, we have

]P’( sup |p — pi >25) <IP>< max ‘p, - pyj| >s) —0.

1€[0,T] 0<j N—00

Since ¢ is arbitrary, we get the desired result. (]

3.7. Approximation of the quadratic variation of y™ (Q)
As will become clear later, the following process represents a useful approximation of N[y" (Q), y™ (Q)];.

Definition 3.15. For each ¢ € D and T > 0, we define for 7 € [0, T'] the cadlag increasing process
N LN ' NN, L[N
iy :=/ (PM) dA, — ; V¥ (Q)p,-dp, +N/0 (PX2)"dR.. (3.24)
0 u—

The fact that this process is increasing comes from (3.16) and d ptN =— ptj\f dN;, which yields the alternative formu-
lation

2(1—1/N)2

1
~V, (@) dp + = (p]') AR, = (p)) ZV(M(Q)”W"

where the empirical distribution without particle n is denoted by n(") = N VT Dom £n Ox71.
The estimation of i z, is in fact easier than the estimation of N [yN (Q), yN (Q)]; and these two increasing processes
are equal up to a martingale term.

Lemma 3.16. The process t — N[yN(Q), yN(Q)], — itN is a local martingale.

Proof. From (3.10) and Lemma 3.9, we know that

t t
NN ), v o), - /0 (o) dA, - /0 (P )2 dIM. M), (3.25)

is a local martingale. The result is then a direct consequence of (3.14). (|

The next step is just a reformulation of i tN through an integration by parts.
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Lemma 3.17. The increasing process itN can be decomposed as

iV =pNyN(0%) - v (D) + [N (@ npN — 2/ N (0?)dpY
+m§V+e§V+o(%>,
where

2
my == o (p,")" M,

is a local martingale, and
N ! N N 2
¢ :=—/0 Inpd(y, (Q))".
Proof. Starting from (3.24), we apply Lemma 3.12 to get
N "N N(?2 ' N ;. N v, L[N
i =/0 po-dy, (Q )—/0 Vv (Q)p,-dp, +m; +ﬁ/0 (P)-)" dRu.

Using (3.15), we are led to

fol(pf‘v_)ZdR" _14||¢|| Z( _> <Tllgl.

We claim now that a first timewise integration by parts yields

t t 1
[ o ant@ == [ v @)ant + (@) - ¥ (@) + 03 )
Indeed, Corollary 3.2 ensures that |Ay ( Q2)| < 2||go|| /N, so that Condition (i) of Lemma A.7 is satisfied with zt =

(Q2) and integration by parts rule (4.3) can therefore be applied.
Next, remarking that

t / .
[ nla) = [ X0y - [ (X)) and.

a second timewise integration by parts yields
"N 2, Ny-1 ;N Lo 2 N 1
[ 0@y ant = [ @) dioen +0( )
N 2. N LN (N 2 1
= [ (@] Inp; —/O Inp_d(y, (Q)) +0<ﬁ)'

Indeed, Assumption (A”) also implies, for N > 2,

) 6]l¢llco i
Y@ £20plle = /M) and [ayN ()] = DO~ 1Ny

As a consequence, Conditions (ii) and (iii) of Lemma A.7 are satisfied for th = (ytN (0))?, so that we can apply succes-
sively rules (4.4) and (4.5) of Lemma A.7. Finally, putting all estimates together gives the desired result. (|

Lemma 3.18. One has E[(mN)*] = O(1/N) as well as E|¢N| = O(1/+/N).
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Proof. The first assertion is an immediate consequence of It6’s isometry for martingales, together with (3.19). For the
second one, It6’s formula yields

t t
o= folnpﬁyuN<Q>dy;V<Q>—/o iy d[yV (). 7V ()],

Therefore,

t t
Ele)| < 21EW0 lnpff_yﬁ(Q)dyuN(Q>‘] +EUO [ p? |a[y™ (), VN(Q)]M}-

Then, Cauchy—Schwarz inequality and It6’s isometry provide

172

t
El¢] sz(JE[/O (lnpf,vJ/MN(Q))zd[VN(Q),VN(Q)]uD

+E[fol|1np$|d[yN<Q>, WQ)]J.
Since p?|In p| <1 for any p € (0, 1], we have
(npY ¥ (@) = (np. x Y0¥ (@)* < [npY | x llgl%.
Hence, if we denote
¢(N) = E[/OTunpuN_ [V (0). VN(Q)]M},

it comes
E|e)| < 2l¢llocv/c(N) 4 c(N).
Next, the basic decomposition of Lemma 3.7 yields
1 2 1 2
dly"(Q), ()], = 5 (p")"dIM, M, + - (pY)"dIM, M,

so that the orthogonality property of Lemma 3.9 allows us to reformulate ¢(N) as

T
c(N)= %]E[/ |lnpflv_ (pitv_)z(dAu +d[M, M]u)]
0

Using the fact that p|In p| < 1 together with (3.13), this yields

c(N) < iE[/Tp,N dA,} + 2 ol? Z(l - l>j.
N Lo N2TTT = N

Finally (3.18) gives ¢(N) < % ||<p||62>o and the proof is complete. O
3.8. Convergence ofi,N
For the forthcoming calculations we recall that

PV (07 @) =n[(Q" @)1 - p ' (" ()]
nl(@" @) - pi (@)’
=1(0%) = (rr @)’

The asymptotic variance formula will be denoted as follows:
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Definition 3.19. For any ¢ € [0, T'] and any ¢ € D, let us define

t

ir(@) ==pi(0%) — 10(0%) + [ (@) Inp; —2 fo vu(Q?) dpu. (3.26)

Our next purpose is to show that i; (¢) corresponds to the asymptotic variance of interest, as suggested by Lemma 3.17.
Proposition 3.20. Foranyt € [0, T], one has

.N P .
i, —— i (p).
N—o0

Proof. By Lemma 3.17 and the relation y,(QT_’(w)) =y (Q) = yr(p), we can write
iV =i (@)= (p v (Q%) = p¥i(Q%)) — (%' (2%) — w(Q%))
+ (Y (@7 Inp) =y (0’ Inp) +m + € +0(1/N)
t t
- 2(f0 v (0%)dpy — /O ve(Q7) dpu)

Clearly, by Proposition 3.13 and Lemma 3.18, the boundary terms and the rest terms all tend to O in probability. So we
just have to show that

t t
/0 YN (0%)dpl — /0 vu(Q%) dpu =¥ +BY

goes to 0 as well, where we have defined

at’vr=f0tyu’i(Q2)d(p£,V—pu) and th:=/t(y;v-(Q2)—yu(Q2))dpu.

0

P . . .. P . .
The convergence of b — 0 is a direct consequence of Proposition 3.13. The proof of a/¥ — 0 requires more attention.

Since |Any (0% < 2||(p||%o /N by Corollary 3.2, the timewise integration by parts rule (4.3) of Lemma A.7 enables us

to rewrite tfle first term as
t
o == [0 = p) an (@) + 7" (@)oY = p) + 01/,

where we have used that pév = po = 1. Since y" (Q?) is bounded, the boundary term goes to 0 by Proposition 3.13. For
the integral term, equation (3.17) leads to the decomposition

t t 1 t ~
[ 0= p)ark (@)= [ (o = p)pl-ab+ = [ (ol = pa)pll di. (327)
0 0 VN Jo
Since A is an increasing process, it comes
t
/O (P — pu)plYaa,
The supremum term goes to 0 in probability by Lemma 3.14 and, by (3.17),
t

E[ /O Pa- dAu} =E[7"(2*)] = ll¢l%-

So the right hand side of (3.28) is the product of an op(1) with an Op(1), which is classically an op(1) (see for example

[13], Theorem 7.15, for a general version of this result), and the first term of (3.27) goes to zero in probability.
For the second term in (3.27), just notice that | pf{v, — Ppul p'iv, < 1, so that Itd’s isometry and (3.19) yield

t ~\2 t -
E[(/o (p;V_—pu)puN_dMu) i|:]E|:/0 (pﬁ_—pu)z(py_)zd[M,M]u}55||<p||‘éo

and atN tends to zero in probability as well. ([

t
< sup\p,iv_ - pu| X </0 piv_ dAu>. (3.28)
u
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3.9. Another formulation of o% (p)
In order to retrieve the expression of Theorem 2.6, one can then simplify the variance at final time 7" as follows.
Lemma 3.21. Define

a2 (9) ==V, (0T @) +ir(p),

with it (@) like in (3.26), then
2 2 2 2 T
o7 (9) = prVy, (@) — pr In(pr)ng (@) — 2/0 V,, (@ (@) pr dp:. (3.29)
Proof. Since y7(03?) = yr(¢?),

T
it = pryr(9?) — w(Q%) + yr(@)*Inpr —2 /0 vi(Q%)dp;. (3.30)
Furthermore, by definition,

P (0%) =0 (@7 (@?) =V, (0T (@) + p; v (@7 (). (3.31)

Recall that from equation (2.1), ¥,(Q7 ~(¢)) = yr(¢), so that reporting the latter identity into (3.31), and then (3.31)
into (3.30) gives

T
it = pryr(9?) — w(Q?) — yr(p)*Inpr — 2/0 V,, (@ () pr dp:.

In the same way, pryr(9?) = pFVy, (9) +yr(9)* and V, (07 (9)) = 10(Q?) — (yr(¢))?, hence the result holds true. O
3.10. Martingale central limit theorem

The following result is an adaptation of Theorem 1.4 page 339 in [6] to our specific context. The main difference is about
the initial condition.

Theorem 3.22. On a filtered probability space, let t — zfv denote a sequence of cadlag local martingales indexed by
N > 1. Assume moreover that

. D . . .
6)) Z(I)V ——> 1o, where g is a given probability on R.
N—+o00

(ii) One has limy o0 E[sup, (o 7] |AZN1=0.
(iii) For each N, there exists an increasing cadlag process t +— i,N such that t — (ng - z(])V )2 — itN is a local martingale.
(iv) The process t — itN satisfies limpy _ oo E[sup,e[O,T] Ai,N] =0.
(v) There exists a continuous and increasing deterministic function t — i; such that, for all t € [0, T,

. P .

th —_— .

N— 400

Then (z,N),E[o,T] converges in law (under the Skorokhod topology) to (Z;)sel0,1], where Zo ~ o and (Z; — Zo)ie[0,1] IS
a Gaussian process, independent of Z, with independent increments and variance function i;.

Proof. First, we notice that Theorem 1.4 with condition (b) in [6] is exactly the present result in the special case where
zév =0 and po = §p. See also Section 5, Chapter 7 of [9] in which, again, the case of a general initial condition is left to
the reader.

Second, fix ¥ € Cp(R), and consider the P-absolutely continuous probability defined by

1

_ ¥ (zd)
=——— ¢ /P,
v E[ellf(z@’)]
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We next give the argument that covers the case of a general initial condition. For any v/, we claim that under Py, with the
same filtration, all the assumptions of the present theorem hold for 7 > z¥ — z instead of 7 > zV.

By construction, the equivalent probabilities I and Py, have a likelihood ratio dP/dIPy, that is (a) bounded above and
away from 0, and (b) measurable with respect to the initial o-field (i.e., time 0). Condition (b) immediately implies that
any martingale property under P still holds true under Py, the filtration being kept the same. The processes ¢ N - zév
are thus local martingales under Py, with the same localizing stopping times. Condition (a) implies that the upper bound
on jumps (ii) is still satisfied under Py . In addition, (a) implies that the process (zfv — z(])\' )2 — itN is still a local
martingale and thus (iii) holds true. Condition (a) implies also that the upper bound on jumps (iv) is satisfied. Finally, (a)
implies that convergences in probability under IP or P, are equivalent, so that (v) is verified.

As a consequence, under each Py, with bounded v/, the process ¢ —> th — zS’ converges in law under the Skorokhod
topology to (M;)¢[0,7], @ Gaussian martingale with initial value My = 0 and variance function i;.

Finally, let F be a continuous functional on the Skorokhod space of cadlag paths, and ¥ a continuous bounded test
function. Using the previous reasoning and assumption (i), we have that

B[V F(e — 2 0)] = By [F( - 21 = O)JE[e¥ )] —— B[ (Mot > 0)Juo(e¥).

N—o0

Since F and y are arbitrary, the latter limit corresponds to the weak convergence of (zfV )i>0 towards Z; := Zo + M;,
where Zo ~ o and (M;);>o are independent. This is exactly the desired result. O

Remark 3.23. In other words, the limit Gaussian process (Z;);<[o,r] is the solution of the stochastic differential equation

Zy ~ o,
dZ, = /i, dWt,

where (W;):¢[0,7] is a standard Brownian motion.

Proposition 3.24. Under Assumption (B), for any bounded ¢ such that Assumption (A) is satisfied, the sequence of
martingales (Z{V)OSIST defined by

2N =VNEN (T (@) — (T (9))

converges in law towards a Gaussian process (Z;):e[o,1] With independent increments, initial distribution N0,
VWO(QT(go))) and variance function 6[2 (p) = V,,O(QT (@) +i: (@), with i; (@) defined by (3.26).

Proof. We just have to check that the assumptions of Theorem 3.22 are satisfied in our framework. Before proceeding,
let us remind that since ¢ belongs to D, it is necessarily bounded.

(1) Recall that (Xl, e, X(I)V) are i.i.d. with law ng = yy, so that clearly

D

2 = VNIV (0T @) — 1(07 ©))) —— N (0, V, (2T (9))).-

N—o0

(i1) This is a simple consequence of Corollary 3.2.
(iii) This is the purpose of Lemma 3.16.
(iv) By Definition 3.15, we have

t t t
) 2 1 2
l;vzf (V) dAu—/ V,,N_(Q)Pf,v—dpliv"'ﬁ/ (Pa")"dRu,
0 0 u 0
so that
, 1
AiN < A+ ol | ApN | + ~ ARl

It remains to see that |Ap,N | < 1/N and to apply the bounds given in (3.11) and (3.15) to deduce that

0.

IE 2lel% |, 141915

E[ sup AN
OSIET i N N2 N—o0

(v) This last — and most important — point is exactly Proposition 3.20. (|
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Let us assume in the following discussion that Assumption (B) is satisfied. If we marginalize on the final time in
Proposition 3.24, we obtain that, for any bounded ¢ such that Assumption (A’) is satisfied,

N @ = (@) —== N (0.0 (0)).

We can now complete the proof of Proposition 3.3. Indeed, we can extend this result to any function ¢ in the | - ||oo-closure
D of D, and thus establish Proposition 3.3, and in turn Theorem 2.6.

Lemma 3.25. Under Assumptions (A") and (B), for any ¢ € D, we have

1819112,

E[(v¥ (9) — vr(9)’] < N

Proof. For any ¢ in D, consider a sequence (¢,) in D converging to ¢ with respect to the supremum norm. In particular,
(1¢nlloo) 20es to @ lo- Since |y7 ()] < I flloo and [y ()] < || flloo» We have

2 2
(v @) —yr@)” <3{y (@ —e)* + (v (0n) — v (@n))” + 1 (90 — 9)*}
2
<3y (@) — vr(gn)” +6l9 — enll%
Now, Proposition 3.13 implies

18]l@nll ) 18]lpl12,

E[(r' (@) = yr (@)’ ] = === +6llp = gullde o — .

We close this section with the proof of Proposition 3.3.

Proof. We will use the simplified version (3.29) of the asymptotlc variance. Let us denote by @ any bounded Lipschitz
function, G a centered Gaussian variable with variance o7 Z () for an arbitrary function ¢ € D.

For any ¢ > 0, we can find ¢, in D such that ||¢ — ¢ |lco < €. We can also assume that y7 (¢:) = yr(¢). Note that we
can also choose ¢, such that |cr% (pe) — a% (¢)| < e.Indeed, it is easy to check by dominated convergence that ¢ U% ()
is continuous for the norm || - ||». Hence, let us denote by G, a centered Gaussian variable with variance 0’72~ (@e).

Then we may write

[E[@(/N (v (9) — vr(9))] - E[2(G)]|
<E[|e(vVN (©) — vr(@)) — (VN (ge) — v (@))]]
+ [E[@(VN(yY (9e) — v (©))] - E[@(G)]|
+ |E[®(Go)] — E[®(G)]].
For the first term, by Lemma 3.25, Jensen’s inequality and remembering that y7 (¢ — ¢,) = 0, we have
E[@(VN(y7' (@) = 71 @) = ®(VN (v7 () = 1)) | = 320 @llLipllg — elloo-

Hence, for any given § > 0, we can choose ¢ such that this first term is less than §. Clearly, the same property holds for
the third term as well. Besides, since ¢; is in D, for N large enough, the second term can also be made less than § by
Corollary 3.24. As this result holds for any bounded Lipschitz function @, we conclude using the Portmanteau theorem. [

Remark 3.26. This corollary might be useful in practice: to obtain the CLT associated with any observable g, it is
sufficient to check Assumption (A) or (A’) for appropriately regularized functions.

Appendix
A.1. Preliminary on Feller processes

In this section, we recall the definition and some properties of Feller processes (see also for example Section 17 of [10]).



662 FE. Cérou et al.

Definition A.1. Let E be a locally compact Polish space. Let Co(E) denote the space of continuous functions that vanish
at infinity. A cadlag time-homogeneous process in E is Feller if and only if each of its probability transitions maps Co(E)
into itself. Formally: for all ¢ € Co(E) and ¢t > 0, z — E[p(Z)|Zo = z] € Co(E), where (Z;);>0 denotes the Markov
process constructed with any given initial condition Zg =z € E.

Feller processes enjoy many useful standard properties including: (i) The associated natural filtration 77 := o' (Z,, 0 <
t' <t) is right-continuous; (i) Z is strong Markov with respect to FZ; (iii) Z is quasi-left continuous with respect to FZ.
A characterization of quasi-left continuity is the following ([9], Proposition 2.26): if (t,),>1 is any increasing sequence of
stopping times, then on the event {lim, 7, < 400}, one has lim, Z;, = Zjim, r, . Note that taking deterministic sequences
implies that quasi-left continuous processes never jump at deterministic times.

We will need a slightly less standard property of Feller processes related to the so-called Skorokhod J; topology as
defined in the following proposition.

Proposition A.2 (J; topology). Let d be a metric of the Polish topology of E. Let Dg denote the space of cadlag maps
from Ry to E. There is a Polish topology on D, called the Skorokhod J| topology, characterized by the following
property: 1im, (z}):>0 = (z¢)r>0 in Dg if and only if there is a sequence (\"),>q of increasing one-to-one maps of Ry
onto itself such that for each tg > 0

lim sup d (2} ) =lim sup [3"(1) — 1| =0.

m0<r<ty 0<t<ty

If Z is Feller, the distribution of (Z;);>0 € (Dg, J1) is continuous with respect to its initial condition Zy = z. This is
detailed in the following lemma.

Lemma A.3. Let Dg denote the space of cadlag trajectories endowed with the Skorokhod Ji topology, and let (ZZ)s>0
denote a Feller process with initial condition Zy = z. The map z — L(Z});>0 defined from E to probabilities on D,
endowed with convergence in distribution, is continuous.

Proof. Let (z"),>0 be a sequence of initial conditions with lim, z" = z and denote Z" := 77" as well as Z := Z%.
Then, by Condition (iv) of Theorem 17.25 in [10] (Condition (ii), which implies Condition (iv), is trivially true in the
present context), the sequence of processes ((Z;');>0)n>0 converges in distribution towards (Z;);>¢ in the Skorokhod
space (Dg, Jy). O

We then recall the lower and upper continuity of hitting times with respect to the Skorokhod J; topology.

Eemma A;4. Let B C E, (z/)1>0 € Dg, and define tp(z) :=inf{t > 0,z; € l°3}, as well as tp(z) :=inf{t > 0,z,- €
B or z; € B}. Consider a converging sequence lim, (z});>0 = (z¢)i=0 in (Dg, J1). Then tp is upper continuous in
(Dg, J1):

limsupp(z") <15(2),
n

and t g is lower continuous in (Dg, Ji):
p(z) <liminf7p(2").
n

Proof. For the upper continuity, without loss of generality, we can assume that 3 (z) < oo. By right continuity of (z;):;>0
and by definition of ¢g, Z;5(z)+¢ € B for some arbitrary small enough & > 0. By definition of the Skorokhod topology,
there is a converging sequence lim, t, = tg(z) + & in R such that lim,, Ty = Zg(o)+e € B. Thus, since B is open, for

any n large enough, z € B so that 15(z") < t,. The result follows by taking the limit n» — 400 and then ¢ — 0, ¢ being
arbitrary.

Concerning the lower continuity, set o := liminf,, 7 5(z"), which we assume finite without loss of generality. By def-
inition of the hitting time functional 75, we can construct a sequence (f,),>1 such that, up to extraction, (i) t, <1 + 1,
(i) lim, #, = 19, and (iii) lim, d(z},, B) = 0 where d denotes a distance for the Polish space E. On the other hand, by time
uniformity in the definition of the J; convergence (z");>0 — (z/)s>0, the set {z}',t <ty + 1,n > 0} is bounded. Hence,
by compacity, there exists a sub-sequence of (#,),>1 satisfying lim, ¢, = fy as well as z;fl — b, where b € B by condition
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(iii) above. The convergence in J; topology implies that the extracted limit b necessarily belongs to {Zfo_ , 2o}, implying

that either 2 € B or 2y € B. By definition of 7 3, this means that 73(z) < 1. O

We can conclude with the key property that is useful in the proof of Proposition 2.9.

Lemma é.S. Let B_be a subset of E, Z a Feller process, and 7z € E a given initial condition. Denote Tp = inf{t >
0,Z;,- € BorZ; € B} €[0,00] as well as tp :=inf{t > 0, Z; € B} € [0, 0o]. Besides, assume that

PTp=1tplZ0=2)=1. 4.1

Let lim,, 2" = z be a given converging sequence of initial conditions. Then the distribution of tp € [0, oo] under P(-|Zy =
z"") converges when n — oo towards its distribution under P(-|Zy = z). Moreover if P(tp < 4+00|Zy = z) > 0, then the
distribution of (Z.,, tp) under P(-|Zo = 2", Tp < 00) converges when n — oo towards its distribution under P(-|Zy =
zZ,Tg < 00).

Proof. Using Lemma A.3 and a Skorokhod embedding argument, we can construct a sequence (Z}');~o of processes
with initial conditions (z"),>¢ such that lim, Z" = Z in (Dg, J;) almost surely. We claim that (i) lim, 7 = 7, and
(i1) lim,, Z;‘g = Z, on the event {tp < oo}, which enable to conclude by dominated convergence.

On the one hand, Lemma A.4 together with (4.1) directly implies (i).

On the other hand, let us work on the event {rp < oco}. The definition of the Skorokhod topology implies that
the sequence (ng)nz 1 has its accumulation points included in {Ztgo_, Z,go}. Since by construction Z;’g € B, these

accumulation points are also included in B. We now claim that by quasi-left continuity of Z and condition (4.1),
ZTE €B= ZTE = Z., which in turn implies from the discussion above that lim, Z?” = Z,, and hence proves (ii)
above. Indeed, defining By = {x,d(x, B) < 1/k}, one has by construction limy 7, = T g which also _equals Tp=1p by
Assumption (4.1). Then quasi-left continuity implies that limy ZTBk = Zlim; g, = Zy,, while ng € B implies 75, < 73
so that limy, ZTBk = ng, hence we get the claimed result. O

Proof of Proposition 2.9. The Feller property classically implies the quasi-left continuity of # — X and thus Condition
(1) of Assumption (A) for all jump times except perhaps 7.
Let (x™, ") be a sequence in F x [0, T'] converging to (x,t) € F x [0, T]. We claim that

im Eo [0(X] ) 1ego0] = Ex [0 (X011, 42)

which will ensure Condition (ii) of Assumption (A).

First, we claim that Py (ty = 7) = 0. Indeed, since X is Feller hence quasi left continuous, it cannot jump at a given
t > 0sothat {tg =t} ={r5 =t and X, = = X ~}. Thus {ry =t} implies X + € 0 F, which has probability zero by Condition
(i) in Proposition 2.9.

Second, we claim that

P.(Ty=19)=1,

where Ty := inf{t, )~(t— eE\ For X, €E \ F} < 13. Indeed, by the strong Markov property of Feller processes, it is
enough to prove that }P’;(?a (t5 > 0) =0, which is just a consequence of Condition (ii) in Proposition 2.9.

Finally, according to Lemma A.3, a Skorokhod embedding argument shows that we can assume the almost sure conver-
gence lim, X" =X in (Dg, J1). Since X is Feller hence quasi left continuous, lim, X7 = =X ;. To obtain (4.2), it remains

to show that lim,, 7§ = 7. This follows from Lemma A.5 by simply taking B = E \ F . (]
A.2. Stopping times and martingales

Lemma A.6. Let T be a stopping time on a filtered probability space, and U an integrable and F; measurable random
variable such that E[U|F,-]=0. Then the process t — Ul;>. is a cadlag martingale.

Proof. Lett > s be given. First remark that 1;,>; = 1,57 + 1,7 1;>7. Then by definition of F;, Ul,> is Fs-measurable,
so that

E[Ultzt”:s] = Ulszr +E[U1t2t|]:s]1s<r‘
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Next, by definition of .-, E[U1;>¢|Fs]1s<; and 1;>; are F,--measurable, therefore
E[U 15| Fs]ls<r = E[E[U|F;- 11| Fs 1< = 0.
The result follows. O

A.3. Proof of Lemma 3.1: (A) = (A')

The following obvious weakening of Assumption (A) is the raw condition that is required in the proof of Lemma 3.1.

(1) For any initial condition x € F, the killing time has an atomless distribution, that is
P(ty =t|Xg=x)=0 Vr>0.

(2) There exists a space D of bounded measurable real-valued functions on F, which contains at least the indicator
function 1r, and such that for any ¢ € D, for any initial condition x € F, the jumps of the cadlag version of the
martingale t — Q" ’(¢)(X,) have an atomless distribution:

P(AQ" ™ (@)(X) #01Xg=x) =0 Y0<1<t.

Our goal now is to prove that conditions (1) and (2) above imply Assumption (A’). Throughout the proof, let 1 < m #
n < N and j, k > 0 be given integers. We recall that, by convention, 7, 0 = T;y,0 = 0.

(i) It is sufficient to prove that P(t, 11 = T, j+1 & T, j < Tn,k) = 0, since taking the countable union of such events
over j,k>0and 1 <m #n < N will yield the result. Conditionally on 7, , and {z,, j < 74k}, the two branching
times 7, x+1 and 7, j+1 are independent. Moreover, Assumption (1) implies that conditionally on F7, ., Ty x+1 has
an atomless distribution. We deduce that

]P)(Tn,k+l = Tm, j+1 & Tm,j = Tn,k|]:r,l.k) =0.

(i1) According to Proposition 1.3 in [9], we can define a countable sequence of stopping times o, , with a > 1 that
exhaust the jumps of IL}" for ©,,,; V Ty k <t < Ty, j+1. Conditionally on F7, , and {t;,,; < Ts i}, the two processes
L)<z 5y, and (L")s <, ;,, are independent. Moreover, Assumption (2) implies that conditionally on F7, ,, (L} =
0T~ (©) (X)), <t <z, ., has jumps with atomless distribution. As a consequence, for each a > 1,

P(ALZ  #0& Ty, j < T k| Fr,,) =0

Taking the countable union of such events overa > 1, j,k >0and 1 <m # n < N gives the result.
(iii) One can apply the same reasoning as for (ii) with 7, ;11 instead of oy, 4.

A.4. About soft killing and Carré-du-Champ operator

As mentioned in Remark 2.4, we prove in [3] Theorem 2.6 and Corollary 2.7 under two different assumptions, respectively
called (CC) (carré-du-champ operator) and (SK) (soft killing) assumptions. We refer the interested reader to [3] for the
explicit formulations of (CC) and (SK). Without going into details, let us just justify why this is a more restrictive
framework than the one presented here, meaning that (CC) and (SK) imply (A’) and (B).

The fact that (SK) implies (B) is established in Lemma 3.2 of [3], where B, stands for NA/;. Moreover, Lemma 3.1
and Lemma 3.4 in [3] respectively ensure that (SK) implies (A”)(i), and that (CC) and (SK) imply (A’)(ii) and (A’)(iii).

A.5. Integration rules
Remember that pN = (1 — 1/N)¥M, 5o that p) = 1. Recall that YL A—=1/N) =N,

Lemma A.7. Assume N > 2. Let t — ng be a cadlag semi-martingale, ¢ > 0 a deterministic constant, and consider the
following conditions, satisfied for any branching time t;, j > 1:

@) |Az§j| <c¢/N, i) [z | <e(1 = 1/N)/, (iii) |Az¢j’.| <c(1—1/N)//N.
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If (i) holds true, one has

t t
/ pYdz) =p)z) —zf —/ 2 dpY + O(1/N). 4.3)
0 0

If (ii) holds true, one has

t t
/0 zﬁv,(p?/,)_ldpﬁv=/(; ZMdnp) +01/N). (4.4)

Finally, if (iii) holds true, one has

t t
/ NdmpY =¥ npl —/ InpN dzl + 0(1/N). (4.5)
0 0

In all equations above, the O notation only depends on the deterministic constant c.

Proof. Equation (4.3) comes from the integration by parts formula defining the quadratic variation

t
o = ol = [ an o [ o a + o),

and the fact that Ap?; =—(1—1/N)/~1/N forall j > 1 so that

[p".2"], ZAinAz, O(1/N).
Jj=1

1

For (4.4), notice that for any jump time z;, j > 1, one has (piv,)_1 Ap?j’_ =—yaswellas Aln pr_ =log(1— N) implying
j

that

t
[ 102) ™ apY —ampl]

1 1
log(l - N) + N‘ =0(/N).

=2l
j J

Similarly to (4.3), Equation (4.5) is merely an integration by parts formula, with this time

[np¥, 2], =D Alnplazy _log(l——)ZAz = O(1/N).

izl
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