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Abstract. We investigate the following non-linear stochastic wave equation model:

u—Au=u>+B, 1€[0,T],xcR?,

u(0, ) = ¢o, 0u(0, ) =1,
where ¢y, ¢ are deterministic initial conditions in an appropriate Sobolev space and B stands for a space—time fractional noise.
In this two-dimensional situation, we develop a strategy based on a third-order expansion of the equation, which, combined with a

Wick-renormalization procedure, allows us to extend the results of Deya (2019) to a rougher noise.
We also point out the limits of this specific strategy when considering a highly rough noise.

Résumé. Nous nous intéressons au modele d’équation des ondes stochastique non-linéaire suivant:

u—Au=u>+B, 1€[0,T],xecR?

u(0, ) = ¢y, 0ru(0, ) = ¢,
ou ¢, ¢1 sont des conditions initiales déterministes dans un espace de Sobolev approprié et B représente un bruit fractionnaire espace-
temps. Dans cette situation bi-dimensionnelle, notre stratégie est basée sur un développement de 1I’équation a I’ordre trois, qui, combiné

a une procédure de renormalisation de type Wick, nous permet d’étendre les résultats de Deya (2019) a des bruits plus rugueux.
Nous mettons également en avant les limites de cette stratégie particuliere en présence de processus treés irréguliers.

MSC: 60H15; 60G22; 35L71

Keywords: Stochastic wave equation; Fractional noise; Wick renormalization

1. Introduction and main results
Consider the following non-linear stochastic wave model:

u—Au=u>+B, te[0,T],xeR?,

ey
M(O, ):¢07 alu(oa ')=¢la

where ¢, ¢1 are (deterministic) initial conditions in an appropriate Sobolev space and B stands for a (rough) stochastic

noise. In many situations (that include the space—time white noise case for d > 2), we know that the solution of the

associated “homogeneous” equation, i.e. the solution of

PV —-AV=B, tel0,T],xeR
v,9)=0,  4¥(0O0,)=0

can only be defined as a distribution (in space), which immediately gives us an idea of how difficult the interpretation and
the treatment of the additional product term > in (1). In the white-noise situation and when considering the equation on
a torus, these difficulties have been recently overcome by Gubinelli, Koch and Oh, first for d = 2 [3] and then for d =3
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[4]. Their strategy involves a deterministic expansion of the equation, together with the stochastic construction of some
suitable “iterated integrals” (above the white noise), at the core of the model dynamics.

In the continuity of our previous study [1], we here propose to offer more flexibility as far as the noise model is
concerned, by extending the analysis to a space—time fractional noise. To be more specific, we will focus in this paper on
the two-dimension case (i.e., d = 2 in (1)) and consider a noise B := dy, 0, B defined as the space—time derivative (in
the sense of distributions) of a fractional Brownian sheet B:

Definition 1.1. Let (2, F, P) be a complete filtered probability space. For H = (Hy, H, Hz) € (0, 1)3, we call a space—
time fractional Brownian motion (or a fractional Brownian sheet) of Hurst index H any centered Gaussian process B :
Q x ([0, T] x R?) — R whose covariance function is given by

E[Bs(x1, x2) Bi(y1, y2)] = Ruy (s, 1) R, (x1, y1) R, (x2, y2),
where

1 , : :
Ry, (x,y) & 5(|x|2Hf + [y [PH— x =y,

At this point, we must recall that the first step of this analysis has been carried out in [1], where, thanks to a second-
order expansion of the equation, we have been able to cover the case

5
HQ+H1+H2>Z. 2
Our aim here is to go one step further and treat the situation where
5
l<Ho+H +H =<7, 3)

a condition which will turn out to be optimal (at least when using our “Wick” expansion strategy, see Proposition 1.4
and Remark 1.10 below). Beyond the extension result itself, the study will give us the opportunity to settle a third-
order procedure, which somehow generalizes the so-called Da Prato-Debussche trick and involves the construction of
sophisticated third-order stochastic objects. As far as we know, such a third-order expansion, inspired by the recent
developments in the parabolic setting (see e.g. [7, Section 1.1]), is new in the stochastic wave literature. In fact, while we
were revising the present paper, a similar third-order-expansion strategy has been developed by Gubinelli, Koch and Oh
in [4] for the three-dimensional and white-noise-driven version of (1). Their study additionally appeals to sophisticated
considerations related to paraproducts, which will not be needed in the subsequent (two-dimensional) analysis.

In order to illustrate our strategy, and also to understand the whole difficulty raised by the transition from condition (2)
to condition (3), let us start with a few heuristic considerations on the quadratic fractional model (1).

1.1. Heuristic considerations

For the sake of clarity, the following shortcut notations will be used throughout the paper: for all 7 > 0, ¢ € R and
p,q > 1, we set

Liwer 2 L4([0, T WP (R?)),  LIWRP & Li([0, T, Wisl (R?)), )

loc loc

where WP (R?) stands for the classical Sobolev space and

WP (R?) £ {u € S'(R?) : for every smooth compactly-supported function p : R? — R, pu € W*P(R?)}.

loc

The related (space—time) norms will be denoted by N.; L?W“’p 1.

Besides, we will denote by *,, resp. #; ., any convolution with respect to the space variable x € R?, resp. the space—
time variable (¢, x) € R3. Finally, we will use the convention F; (¢)(§) £ fRz dxe_’@"‘)go(x) for the Fourier transform
of any (suitable) function ¢ : R2 > R.

At a formal level, the mild form of equation (1) (with d = 2) is given by

u=3(Gy %y ¢0) + G #x ¢1 + G %, u”> +79, )



On a non-linear 2D fractional wave equation 479

where G stands for the wave kernel in R?, characterized by its Fourier transform

sin(z|§])
[

and the symbol ¢ refers to the associated “homogeneous” solution, that is the solution of

Fe(Gy)(€) = t>0,¢eR?

Ia,z?—A?=B, te[0,T].x € R2, "

2(0,) =0, 9,200, ) = 0.

Of course, due to the roughness of the noise B, the interpretation of the latter equation is not exactly a standard issue: in
fact, for a proper definition of 7, we will rely in the sequel on a specific approximation procedure (see the convergence
statement for the first component in Proposition 1.3). As a result of this procedure, ¢ will (almost surely) appear as a
stochastic process with values in the space L‘;OWI;S”’ ,forall p>2and o > % — (Hp + Hy + Hy). With condition (3) in
mind, let us assume from now on that o > 0.

Going back to (5), a first natural idea toward a possible fixed-point argument (often referred to as the Da Prato-
Debussche trick) is to consider the dynamics satisfied by the difference process v = u — ¢. To this end, we can rewrite the
equation as

v =3:(G; %y $0) + Gy %y 1 + G 515 V2 +2G %5 (- + G %2 (D, 7

and then try to identify some possible stable space for v. Observe however that we must here face with a new interpretation
issue. Indeed, as 7 is expected to take values in some negative-order Sobolev space, it is not clear to know a priori how
we must interpret the product (D)2 in (7). This problem has been treated in [3] for the white-noise situation Hy = H; =
H, = %, and then in [1] under the more general condition Hy + H; + Hy > %. In both of these references, it is shown that

(9)? can only be understood in some Wick sense, that is through a renormalization procedure and the use of stochastic

estimates, and the construction gives birth to a process with values in L%’Wl;f “F (a.s.). A first new result of the present

study will consist in extending this property under condition (3) (see the convergence result for the second component in
Proposition 1.3). Let us henceforth denote by

ape LW 2P (8)

loc

the resulting Wick interpretation of the product (§)2, and consider the related equation
v=0:(Gr % 0) + G e 1+ G V242G %10 (0D + G QL. ©)

At this point, recall that, even if the property is less convenient to handle than its parabolic counterpart, convolution with
the wave kernel G still yields some regularizing effect, as summed up through the so-called Strichartz inequalities (see

e.g. [1, Propositions 3.2 and 3.3]). According to these results and using the symbol Q{O for the convolution G *; , L, we
can (at least morally) expect to have

%{O c L%QWI—ZQ,Z

loc

Actually, just as with T and @2, the use of stochastic arguments will allow us to improve this regularity property and derive
(see the third component in Proposition 1.3) that

YerLow! 2P forall p>2. (10)

loc

Going back to equation (9), we can then expect the solution v to inherit the regularity of %fo, so that, if we refer to standard
distribution-theory results (such as those in the subsequent Proposition 2.2), the product v - { involved in the equation is
likely to make sense as long as (1 — 2«) 4 (—«) > 0, that is as long as « € (0, %). These heuristic arguments somehow

account for the success of the “second-order” expansion used in [1,3] (in both references, it is assumed that « € (0, %)).
In order to go one step further and handle the situation where « € (%, %) (which encompasses condition (3)), let us

iterate the above principles and consider the new process w £ v — %{O Equation (9) now turns into

w =0 (G, %y §0) + Gy e b1 + G e W+ 1) +2G 50, (w+ Y)T)
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= 3(Gy %2 §0) + Gr #x 1 + Gty x W+ Gory (12 +2G 50 (w- V)
+2G #0 (W) +2G %0 P, (1)

where the “third-order” process ‘Kﬁ is defined as

P2Y.o

Again, the interpretation of the latter product is not clear when o € (%, %) (since (1 — 2a) + (—a) < 0), but, just as with
a2, we can hope for a “stochastic construction” of this product, leading (a.s.) to a well-defined element

Perrw . (12)

The construction of this process above the fractional noise will be one of the main technical results of our study (it
corresponds to the convergence property of the fourth component in Proposition 1.3 below). Once endowed with Rﬁ, and

along the same pattern as above, we can (morally) expect to have

00 l—a,2
weLyW, .7,

so that the product w - § in (11) can make sense for any « € (%, %) (due to (1 — @) + (—@) > 0), leading finally to
the possibility of a well-posed equation in our setting. The details of this deterministic procedure will be the topic of
Section 2.2 below.

To end with these heuristic considerations, we need to specify that, since the controls in (8)—-(10)—(12) are only local,
we can only aim at a local solution in this study, in time as well as in space (say on the fixed space domain {|x| < 1}).
For a clear expression of this restriction, let us thus introduce, for the rest of the paper, a smooth function p : R2 >R
with support included in {|x| < 2} such that p(x) = 1 for |x| < 1, and note that we will rather consider the following
“localized” version of (11):

w = 81(Gt *yx ¢O) + Gt *x ¢1
+ Gty (02w2) + Gty (02()2) +2G 504 ((ow) - (0 1))

+2G %1, ((ow) - (pD) +2G 5. (02 ).

Remark 1.2. The use of the above symbols T, a2, %fo and ‘Kﬁ is directly inspired by the recent literature on parabolic
SPDEs (see e.g. [6, Section 4] or [7, Section 1]). In fact, as the reader may have guessed it, the construction of these
symbols (morally) obeys the following simple rules: (i) the circle symbol o refers to the noise B; (ii) each line ! corresponds
to a convolution with the wave kernel G; (iii) two (sub-)symbols attached to a same black knot are just multiplied between
each other (that is, the associated processes are multiplied between each other). Note however that the latter “code” is
only heuristic: in particular, it does not take the possible renormalization procedures into account (as the one involved in
the “Wick” definition of Q).

1.2. Stochastic constructions
As evoked earlier, a proper definition of the stochastic components

@20 Y, P

at the center of the above analysis will be obtained through an approximation procedure. Namely, starting from some
smooth approximation B" of the fractional noise, we first observe that, for each fixed n > 1, the homogeneous equation

37— AY=B", t€[0,T],x eR? 13)
7'0,9=0,  410,)=0
falls within the class of standard hyperbolic systems, for which a unique (global) solution " is known to exist. Then we

. A Y7 n n . .
define the (smooth) approximated path ¥" = (7", q0", %fo ,% ) along the explicit formulas
2 2 n n n
L@ @) -E@wn)] Y Lex.e, P2V (14)

and study the (almost sure) convergence of these processes in suitable spaces.
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In order to implement this standard procedure, we will consider here the approximation derived from the so-called
harmonizable representation of the space—time fractional Brownian motion, that is the formula (valid for every H =
(Ho, H, H2) € (0, 1))

s — 1 e!X1m ] gt¥2m _

Bitr.xn) = e | W (s, dn) ,
ser Jyer? O AALASNINLSS:

where cy > 0 is a suitable constant and W stands for the Fourier transform of a space—time white noise in R3, defined on
some complete filtered probability space (2, F, P). The approximation (B"),o of B is now defined as B® = 0 and, for
n>1,

s 1 ! XIM ] t¥2m _ ]

5)

B} (x1,x2) éCH/
|

§|=<2"

f W (dz. dn)
|n|<2n

T 1 L
gt |y |t |y fota
It is readily checked that for all fixed H = (Hy, Hi, Hz) € (0, 1)3 and n > 1, the process B” indeed corresponds (almost
surely) to a smooth function with respect to all its parameters, and we can thus consider the process ¥" associated with

its derivative B" (along (13)—(14)).
With this notation in mind, our main stochastic result can be stated as follows:

Proposition 1.3. Let (Hy, Hy, H>) € (0, 1) be such that
3 3 5
O<H1<Z, O<H2<Z’ 1<H0+H1+H2§Z. (16)
Then, for all smooth compactly-supported function p : R*> — R, all T > 0, p >2 and

3
o > 5—(H0+H1+H2), (17)

"
the sequence (‘I’Z)nzl £ (p?", p2ast, p(Y) ,pzqﬁ’)nzl defined by (13)—(14) almost surely converges to a limit in the
space 5?’17, where

EFTELPW P x LEW 24P x LPW!T20P 5 LEPW %P, (18)

We denote this limit by ¥, = (p¥, pap, p(Y), ,OZOYS).

The condition Hy + H; + H, > 1 that appears in (16) turns out to be optimal in the framework of our strategy, as
shown by the following divergence property:

Proposition 1.4. Let (Hy, Hy, H>) € (0, 1)3 be such that
Ho+ Hi+ Hy <1, (19)

and let p : R* = R be a non-zero, smooth and compactly-supported function. Then, for all « > 0 and t > 0, one has
Bl (1, )3y ga)) = 00 as n = oo.

1.3. Main results
Let us recall that, for the rest of the paper, we have fixed a smooth function p : R> — R with support included in
D £ {|x| <2} and satisfying p(x) = 1 for |x| < 1. Based on the considerations of Section 1.1 and relying on the result of

Proposition 1.3, the following definition of a (local-in-space) solution for (1) naturally arises:

Definition 1.5. Fix (Hy, H;, H>) € (0, 1)? such that condition (16) is satisfied, and for every T > 0, let

Y, =(p?, p%2p, 0 ¥, 0> ) € N (L7 (@ &7)

a>3 —(Ho+Hi+Hy) P=2
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be the process defined through Proposition 1.3. A stochastic process (u(7, X))o, 77, xer? 18 said to be a Wick solution (on
[0, T']) of the equation

8t2u—Au=p2u2+B, x € R?,

(20)
M(O’ ')=¢07 atu(ov ')=¢ls

if, almost surely, the auxiliary process w £ u — ¢ — (Y) is a mild solution (on [0, T']) of the equation
w = 0;(Gy *x ¢po) + Gr *x P
+ G 1 (0P02) + Gt (0 1)) +2G #rx ((0w) - (0 1)) +2G 4, ((pw) - (09)
+2G % (0°F). @1)

Our main results regarding equation (20) finally read as follows:

1

Theorem 1.6. Let (¢, ¢1) € W 2(R2) x W~ 22(R2) and let (Ho, Hy, Ha) € (0, 1) be such that
3 3 5
O0<H <-, 0< Hy < —, 1< Hy+H +H, <-.
4 4 4
Then, almost surely, there exists a time To > 0 such that equation (20) admits a unique Wick solution u in the set
{ue8' ®):u=2+ +w, withwe LEW??). (22)

Using the continuity properties of equation (21) with respect to ¥ (see estimate (30) below), we are also able to offer
the following sequential approach to the problem:

Theorem 1.7. Under the assumptions of Theorem 1.6, consider the sequence (u"),>o of (classical) solutions to the
renormalized equation

Ru" — Au" = p*W")? —o" + (1 - pHQ")? + B", xeR? 23)
Mn(ov ) = ¢07 atun (O» ) = ¢l»
where o' (x) £ E[(?:' (x))?]. Then o/'(x) is independent of x, one has
on n—00 C;It22n(%—(Ho+H1+H2)) (24)

for some constant C}L,, and, almost surely, there exists a time To > 0 such that the sequence (u") converges in the space

L®([0, Tol; W=*2({|x| < 1})) to the solution u exhibited in Theorem 1.6, for every a > % — (Hy+ H, + H)»).

Theorems 1.6 and 1.7 thus correspond to the third-order extensions of Theorems 1.6 and 1.7 in [1] (which only covered
the situation where Hy + Hy + Hp > ?T), and they allow us to handle the fractional problem up to the critical threshold
Ho + Hy + H> = 1 (where “criticality” is here understood in the sense of Proposition 1.4, see Remark 1.10 below). To
some extent, these statements can be compared with the results of [4, Theorem 1.1 and Theorem 1.12] for the three-
dimensional white-noise-driven model.

Remark 1.8. On the unit ball {|x| < 1}, that is on the space-domain we actually focus, equation (23) reduces to the
Wick-renormalized model 8,214” — Au" = [(u")? — 0™] + B", as expected. In fact, a global-in-space solution (i.e. the
consideration of p = 1 on R? in the above results) could perhaps be obtained through the involvement of weighted spaces
in the subsequent analysis, both in the convergence results of Proposition 1.3 and in the study of the deterministic equation.
Nevertheless, we expect this extension to be the source of technical stability issues (see for instance the developments
in [5] for the parabolic setting) and therefore we postpone these investigations to a (possible) future publication. On the
other hand, studying the equation on the 2D-torus (with appropriate boundary conditions) should certainly give rise to
very similar estimates and results. This would however require the introduction of a fractional Brownian noise on the
torus, a model that we find slightly more “exotic” than ours.
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Remark 1.9. At the level of the approximated equation (23), another possibility would be to consider, just as in [1,
Theorem 1.7], the approximation given by

afu" —Au" = ,02((14")2

— ")+ B". (25)
However, expanding equation (25) along the pattern of Section 1.1 readily leads us to the consideration of the alternative
path

¥y & (o, 0%, o[ G e (0%027)] ([ G 0k (07227)]) (01"))

which we have found less elegant (and slightly more difficult to handle) than the path
n n
W= (o, 0% 0 1 0 P)
at the core of the above analysis (see Section 2.3 for more details on the transition from (23) to (21)).

Remark 1.10. The claimed optimality proved through Proposition 1.4 is of course relative to our specific procedure,
which strongly relies on the Wick-renormalized product of ¢, and we do not pretend that any other approach to the
equation would fail likewise. In fact, we think that our strategy induces two major restrictions in this context.

First, it only allows us to consider the central elements ¢, .2, %{O Rﬁ as functions of time (with values in some Sobolev
spaces). But these stochastic elements could be more generally interpreted as space—time distributions in a weak sense,
that is when integrated against smooth test-functions ¢(#, x), and maybe the divergence problem for 2" could be over-
come along this interpretation. However, it is not exactly clear to us how to combine the latter (weak) interpretation with
the Strichartz-type controls at the core of the subsequent analysis.

Secondly, Proposition 1.4 is only based on the consideration of the approximated noise (15) and the Wick-
renormalization method. Perhaps some more sophisticated approximation of the noise and/or some more sophisticated
renormalization procedure would yield a positive result in the rougher situation Hy + H; + Hy < 1.

The rest of the paper is organized along a natural two-part splitting. In Section 2, we will handle the deterministic as-

pects of the problem, that is the well-posedness of equation (21) once endowed with a path ¥, = (o3, ,02OVO, pqﬁ, pzo‘ﬁ) €
E?"’ . The proofs of Theorem 1.6 and Theorem 1.7 will almost immediately follow (Section 2.3). Section 3 will then be
devoted to the technical stochastic estimates behind the convergence statement of Proposition 1.3 and the explosion phe-
nomenon of Proposition 1.4.

Throughout the paper, we will denote by A < B any estimate of the form A < ¢B, where ¢ > 0 is a constant that does
not depend on the parameters under consideration.

2. Auxiliary (deterministic) equation

Let us first recall that for all parameters « > 0, p > 1, T > 0, the functional space 5;”7 has been introduced in (18). Also,
for the whole study, we have fixed a smooth cut-off functions p with support in {|x| <2} (such that p(x) =1 for |x| < 1),
and for this reason let us set D £ {|x| < 2} for the rest of the section.

At some point of the analysis, we will need to use the fact that the noise components we are implicitly interested in,

that is the distributions (p7), (pzovo), (pR{O), (,02%) given by Proposition 1.3, are supported by the compact domain D.
Therefore, in the sequel, we will consider the subset

Epp &= (v w2 W W) e 7P supp(W) C Dfori=1,....4}.

Now, for a fixed element ¥ = (\Ill, 2 , w3 , \Il4) € 5;:% (with suitable «, p) and ¢y, ¢1 in appropriate Sobolev spaces,
our objective here is to settle a (local in time) fixed-point argument for the mild equation

w = 0;(Gy *x P0) + Gy *x @1

+G x (02w2) 4 G wex (B3)7) 426 501 ((pw) - W) +2G %, ((pw) - W1) +2G 5, , W, (26)
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2.1. Basic preliminary results

As we mentionned it in the Introduction, convolving with the wave kernel is known to entail specific regularization effects,
that are generally summed up through the so-called Strichartz inequalities (see [2]). It turns out that the following (much)
weaker result will be sufficient for our purpose here:

Proposition 2.1. (i) Forall0<T <1l and w € L;W_%Q, it holds that

NG *x w; L%OW%’Z] SN[w; Ler_%a]- @7

1

(i) For all 0 < T <1 and (¢, 1) € W2-2(R2) x W~2-2(R2), it holds that

1 1
N[30(Grte do): LEWE S U0l o, and NG s LEWE?] Sl (28)

) 2@’

Proof. Both (27) and (28) rely on elementary estimates only.
(i) Observe first that

t
Fx([G #1,x wl(t, ) (E) =/0 ds(FxGr—s)(E) (Frws) (&),
so that, for every ¢ € [0, T'],

L sin((t = 5)I€D)
£12

t
5/ ds/ ds{1+|s|2}‘%\<fst><s)
0 R2

1 t
/Rz dE{1+ €17} | Fu ([G %0 wlt, ) (©)] 5/0 ‘”/Rz de{1+ €17} |(Few)®)]

2
)

hence the conclusion. 1
(ii) The bound for N[G; *, ¢1; LEW? '2] follows from similar arguments as above. Then, along the same idea, observe
that

Fre(0:(G. #x 90) (1, ))(E) = 0 (Fx G)s (&) (Fp) (§) = cos(1£]) (Frpo) (£),
and so, for every ¢ € [0, T],

[ delt+1eP 7 G s ane )@ = [ defi+15P)H Eon©) -
R2 R2

Then, in order to control the product operations involved in (26), we will appeal to the following standard properties,
the proof of which can for instance be found in [8, Chapter 4]:

Proposition 2.2. (i) Forall «, 8 > 0 and 0 < p, p1, p2 < o0 such that
1 1 1 2 (2 2 2
—<—+—, O<a<pB<—, min{ —4+o,2)>|—4+a)+|[—-8],
p P P2 P2 p P1 p2
one has
If- g||w—avp(R2) S ||f||W*a,P1(R2)||g||wﬂ-pz(R2)~
(ii) For all B > %,0<Ol < B and p > 2, one has

ILf - gllw—ermey S I Iw-er®2)lglhwszme)-
(iii) Forall« > 0 and 1 < p, p1, p2 < 00 such that
1 1

1 (2 2
—+—=— and O<a<min| —,— |,
P p2p p1 P2
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one has

IS - gllwer@zy S I lhwerr @2y g lhyer 2y
2.2. Solving the deterministic equation
We are now in a position to exhibit suitable bounds for (26).
Proposition 2.3. Fixa € (1, 1) andforall T > 0,¢ = (¢o, ¢1) € W3 2(RY) x W1 2(R2) and W = (1, W2, W3, w4) ¢
5?:1"), consider the map I'r ¢ w : L‘;"V\/%’2 — L‘;‘WV%’2 given by
I'7..w(W) = 3(Gy *x o) + Gy xx 1

+G e (02w2) 4 G xrx (W3)7) +2G 501 ((pw) - W) +2G s, ((ow) - W) +2G 5, , W2,

Then, for all T > 0, ¢ = (¢, 1) € W%’z(Rz) X W_%’Z(Rz), v, ¥, c 5}“:% and w, wi, wy € L‘}OW%’Z, the following
bounds hold true:
1
NITr.pw, ) LEW2] < ligol

.2

e, -

Nl—

wi?
+ TV {NTw; LEWD2P + 19012 + 19 N Tw: LEWD2 ]+ 0]}, 29)
and
NT7.g.30, (1) = Trg w, (w2); LEW?2]
STV Nwi — wa; LPW 2N wis LEW2] 4+ Nwa; LEW 2]} 418 ) — W | {1¥ ] + (W21}
+ 19— W N wis LEWE2] + 1N [w) — wa; LEW2] + W — ], (30)
where the proportional constants only depend on a, and the norm || - || is naturally defined as
M= ¥l ot
SN[ LW+ N[ LEW 4] 4 N[5 LEW! 24 4 N LEw ],
Proof. As expected, the two bounds (29) and (30) will follow from the combination of the estimates in Proposition 2.1

and Proposition 2.2. The elementary Sobolev embedding

2 2
WSO (D) € WHPL(D)  if sp— — > 51 — — (31)
po P1
will also be requested. For the sake of clarity, let us set Wi)’p £ W*P(D) and LZ 2 W0.r(D).
Initial conditions: the bound for N[3;(G; *y ¢g) + G, % ¢1; L‘;OW%’Z] immediately follows from Proposition 2.1,
item (ii).
Bound on G %; x (,ozwz): Using successively (27) and (31), we deduce that
1
N[G *t.x (pzwz); L(}OW2’2]

4

SN LW, P S Mot L3 Ly) SN ws L4 L S TN ws 1L, )

1 8
and we get the expected bound through the embedding Wg'z CLj,.
Bound on G %; x ((\Il‘;’)z): Just as above, we have

3
NG s (W1)%): LEWE2] S TN W L L, T,

8
and the desired bound is here obtained through the embedding W};zD‘A CLj.
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Bound on G #; x ((pw) - \II‘I’): Let 1 < 7| < 2 be defined by the relation

Using successively (27) and (31), we get that

1 -12 —2a,F
NG #1x (ow) - W LEWT2] S N(ow) - Wi LIW, 2] S TN (ow) - Wi LW, 2471],
Then introduce the additional parameter 2 < p; < 4 defined by

1 11

— .

3
4 TH 2 4
By Proposition 2.2 (item (iii)), we know that for each fixed 1 > 0,

“ (pw); - (‘I’?)tnwl—m,h (R?) = || (pw)[”Wl—Za,Z(]RZ) || (‘I’?), ||W1—2avPl(R2)

S ”wI”Wé’Z H (‘I’?)t ngza,z&,

which immediately yields
1
NG . ((pw) - ¥3); LPW?22]
S TV2NTw; LEWR2IN WY LEW!' 224 < TN Tw; LEWE 2] .
Bound on G #; x ((pw) - ‘Il}): Let 1 < 7, < 2 be defined by the relation
1 3
o4 2
Using successively (27) and (31), we get that
15 —a.F

NG %0 ((ow) - W) LEW22] S N(pw) - W L2W, 2] S T2 (pw) - 1 LW,

Then, using Proposition 2.2 (item (i) and (ii)), we can assert that for each fixed ¢ > 0,

[Gowy: - (1), 2 S [ o] whal (¥ Dilwges Sl 3o 109, e

D

and accordingly
1 1
NG #1.x ((pw) - ¥7): LEW2 2] S TN [ws LEW2 2|4 .
Bound on G #; x \I"l‘: By (27),
—12 _
NG #1x  LEWR2] SN LW, 271 S TN LW < T2 |

which concludes the proof of (29).
We can then show (30) along similar arguments. ([l

2.3. Proof of the main results

Proof of Theorem 1.6. The combination of (29) and (30) easily allows us to assert that for Ty > 0 small enough and for

all ¥ e E? p (Witha € (1 7 2)) the map I';) 4 w is a contraction on some stable subset of LOOWIZ) , which yields a unique
solution w for equation (26). Then it suffices of course to apply this result (in an almost sure way) to the stochastic process
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v, =(pl,p 2qp, pR{O 2%) € ET p given by Proposition 1.3, where « is picked such that % < % —(Hy+ Hi + H) <
a<§,andsetu:?+%ﬁ+w. O

1 1
Proof of Theorem 1.7. For fixed n > 1, let u” be the solution of (23) and set w” £ " — " — (Y) , where {" and OYO
are defined in (14). Following the lines of Section 1.1, we can explicitly verify that w” is the solution of (26) associated

"
with the process (‘I’Z)nzl 2 (p?", pzovo”, ,o(Y) , pzqﬁgn). Observe indeed that the following simplification occurs: setting
vt E " — ¢, we have

V" = (Gt *x ¢0) + Gr #x ¢1 + G % 1 [pZ(Un+?n) —0 +( )(?n) ]
= 0,(Gy % $0) + Gy % 1 + G #0 [p7 (") +2(00") - (09")] + G #1. 22",

and from there it is readily checked that w” (= v" — G #; , Q") satisfies the expected equation (26). Then, based on (29)—

(30), and keeping the result of Proposition 1.3 in mind, the almost sure convergence of w” in L%‘;W%’Z (for some Ty > 0)
can be shown with the very same arguments as those of the proof of [1, Theorem 1.7]. The (almost sure) convergence of
pu in L‘;OVV_‘)‘*2 immediately follows, which entails the desired (almost sure) convergence of u" in L‘%E(W_“’z({|x| <

1})).
For the asymptotic estimate of ¢, let us slightly anticipate the notations of Section 3: in particular, using the forth-
coming formula (35), we get that

nyon ol fon, 27 dé§ dnidn 2
Ut ()C) —]E[(?t (X)) ]_ /§|<2n |%-| 2Hp—1 [ﬂ|<2’l |)71|2H1 ]|T)2|2H2 ]|yt(§7 |77|)|

R = s
=c o rPRHFE3 [ (g Ho-] vils, 1| -

Assertion (24) is now a straightforward consequence of [1, Proposition 2.4]. [l

3. Stochastic constructions

Let us now turn to the main technical part of our analysis, namely the proofs of Propositions 1.3 and 1.4, which includes

in particular the construction of the central path ¥, = (07, pzovo, p(y), ,02%) above the fractional noise. To this end, our
arguments will occasionally appeal to some of the technical results of [1]. However, recall that, in comparison with the
setting of [1], we are dealing with a rougher situation here and third-order processes must also come into the picture, so
that new (sophisticated) estimates shall be required.

Let us start with the introduction of a few convenient notations (related to the wave kernel and the fractional noise)
that we will extensively use in the sequel. First, we set, for all H = (Hy, Hy, H>) € (0, 1)3, EeR,ne RZandr,t >0,

! _e.sin(sr)
Vz(E,V)éelgtv/o dse lésT, VsuE.r) EyiE.r) — v 1), (32)
1|~ 2H1 |y |1 242

H
K= )_ 1+|’7|1+2H0

(33)

For all T € {7, 2, %fo, Rﬁ}, l<n<mand0<s,t<1,letus also set ;""" £ 7" — /', and then, for f € {z", ™", "},
fs,t é ft - fs

With this notation in mind, the following “covariance” identity clearly holds true: for all a = (ay, a2), resp. b =
(b1, by), with a; € {n,m, {n,m}}, resp. b; € {s, t,{s,t}},and all y, y € RZ,

[?a'(y)? (y)] =cy /RZ dne’(”’y>e_’WJ)L,?’“(??)’ (34)
where
1 Yo (&, M ve, (8, Im))
LH,a(n) é '/ d 1 2
b I P =12 2H=1 ey epar npen |&[2Ho=1
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with
D' E{E|<2" Inl<2"},  D"E{E1<2", 5 <2"} and D" ED™\D"

In the same way, it holds that
E[?Zi()’)?zz(f’)] =cy /RZ dne’("’”e’(”’y)i,gl’“(n) (35)

with

Ly () £ :
b N P T gy 2

Vo, (&, 1D, (&, Inl).

|$|2H0—1

f(é,n)eD“l nD%2

Our estimates toward Proposition 1.3 and Proposition 1.4 will heavily rely on the following bounds for L Z’ “

Lemma 3.1. For all H = (Ho, Hy, H>) € (0,1)%, & € (0, min(Hp, 1)), 0 <n <m, 0 <s,t,u < 1 and n € R?, it holds
that

max (|5 (. L™ () S K=o () (36)

and

max(| L " ] LG5 ) S 27 = s (K0 () + Kt ) + K P, (37)

(s,1),t

’

where H; g £ (Hy — ¢, Hy, Hy), H:1 £ (Ho, H1 — ¢, H), H;» e (Hy, Hy, H, — ¢), and the proportional constants do
no depend on (n,m), (s, t) and 1.

Proof. Thanks to [1, Corollary 2.2], we can assert that, under the assumptions of the lemma, and for all » > 0, one has

[aceten o no
where the proportional constant only depends on Hy and ¢. Both estimates (36) and (37) immediately follow. U
3.1. Proof of Proposition 1.3
The proof consists in showing that for all T € {7, a2, %ﬁ qﬁ}, p>2,0<s<t<Tand1<n<m,onehas

/ﬂ;z dxE[|F ({1 +1- |2}%]-'x(,0 M) 0] < 27| — 52, (39)

for some ¢ > 0, some constant ¢ > 0 that does not depend on n, m, s, ¢, and where the “order” |t| of T is naturally defined

as [ 2 —, |49 2 —2a, [ Y] 21— 20 and [ ] 2 —a.
Indeed, once endowed with (39), we can first use the hypercontractivity property of Gaussian chaoses to assert that

E[N[p . _L_Sn’,tm; W|r|,2p]2[7] < 62—2n£p|t _ s|2£p‘
Then, thanks to the Garsia—Rodemich—Rumsey inequality, we get that, for 0 < gy < ¢ and for p large enough,
E[N[p g CSO([O’ T1: W|r|,2p)]2P] < 62—2}’181),

which ensures the convergence of (o - ") in the space L2P(Q; C0 ([0, T1; W!TI:2P)). The desired almost sure convergence
finally follows from an application of Borel-Cantelli lemma.

Before we turn to the proof of (39), let us state an elementary technical property that somehow sums up the role of the
cut-off function p in the subsequent computations:
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Lemma 3.2. Fix o € R and let R : R?> — R be defined as

drdh . . - .
R(x) 2 _ ZW*M[/ dEdED(A — E)p(—A + L E),
) //<Rz)z{1+|x|2}o{1+|x|2}ae |, 6dEP0 =T+ DD

for some integrable function Q : (R*)? — R. Then, for every p > 1, it holds that

dxd. - \?
ARy < // _ i ) ,
fRz R < TR G

where the proportional constant depends on p, p and o.

Proof. One has

/ dxR(x)?
R2
L dh;di :
:/ d-xl_[// J J - el(x,)\jf)»j)
R JJey? {T4+ 122 {1+ 14,120

x f/ RYy2 d&; dEjp(hj — E)D(—1j + ) Q). &)

—1‘[// dhjdh; J[.. derdEine, - e)pc-i; + E);. &)
e {1+ 2171+ g 21 L

Xﬁ/ dh,
% {1+ [ P11+ 1hp + B0 Gk — A0 P17
x //(RZ)Z dgp dEppOnp = Ep)D(—hp — T Ok = 1) + €p)Q(Ep. &p),

and so

/ dxR(x)?
R2

L dn;dy;
<J] d&; dE;|O(E), &) /f il B 50.)|15G )
P //(RZ)Z j A} Q&) €)) (R2)? {1—‘,—|§j+)\,]‘|2}0{1+|‘s;:j_)\‘j|2}(f|p PG

x ff dgp dép|QEp. §p)
(R?)?

dx,
X/ z p—1 NS PG|y + 2¢, 1()»k—?»k))|.
R? {1+|5p+)\p|2}0{1+|§p_)Vp_zkzl (A — M)l }U

The conclusion now comes from the fact that for all A, & € R? and « > 0, one has
DO +1E + 112} 7 < copu {1+ P} {14152} °
Indeed, as p is smooth and compactly-supported, one has, if o > 0,
|61+ 18 + 212}
= [P+ 18 + 2P} 1 gy + [AOI1+18 + 27 g5 1

= collBM 1y T POHT+IERY 1 1y ]
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< Copue[{UH AP} U+ P70 ey + {1+ P+ 16271 ]
<copu{l+ P14+ 1E17) 7,
and we can exhibit similar bounds for o < 0. |

3.1.1. Convergence of the first component
It actually corresponds to the result of [1, Proposition 1.2]. Let us only recall that the convergence is here a straightforward
consequence of the elementary property

dn H
— K , 40
/Rz e~ W= “0)

valid for all H = (Ho, Hi, H>) € (0,1)* and & > 3 — (Ho + Hy + H).

3.1.2. Convergence of the second component
In this situation, let us first expand the expectation in the left-hand side of (39) (with T =Qp) as

drd : _
_ l(x,A—A)lE Fx .Fx l;l,m )\. .Fx .Fx r;,m )\.
f/@w{1+|x|2}a{1+|x|2}ae [(Fe o Ze (22 ) D (o) 7 (05 ) ) D]

did ; ~ o
= _ 1(x,A—X) dEdEDO. — A—)L—i-
//(R2>2{1+|/\|2}“{1+|x|2}ae //(Rz)z §dEP( =51t §)

x / / dy d5e € G EIE[aghm ()2 T (5] @1)

Thanks to Lemma 3.2, we are thus left with the estimation of the quantity

Af/ didx
WP = PAL AL
®2)2 {1+ A} {1 + A=}

Using Wick formula, it is easy to check that for every j =1, ..., p, the quantity

/:/(Rz)z dy dye—t(k,ﬁet(A,y)E[ovo;l:Im (y)ovo?tm ()7)] .

E[a2y " ()25 ()]

can be expanded as a sum of the form

D cadB[G LB 0% ()] 42)

(a,b)e A
for some index set A such that a; € {n, m, {n,m}}, b; € {s,t, {s, t}}, and one has both {ay,...,as4} N {{n, m}} # @ and
{b1,...,ba} N {{s,t}} # D (in other words, each of the summands contains at least one increment with respect to (n, m)

and one increment with respect to (s, 1)).
By formula (34), each of the above summands can be written as

E[% ()35 D E[Z2 (0)% ()]
- i) Gy —i(7.5)  H (ay, H, (a3, -
= dndijet 9 e=1(1:3) gt (0.3) lm'y)Lbl,g;a; ””(n)Lb},Z‘ff W (5,
(R2)?
and so

‘//(Rz)z dy d&e—zo\,y)ez(x,&)E[%o?:trn (}’)Ovo?,m (5))]

~ H,(a, H,(az,a4) , ~
= > Ca!b// dndii| Ll Op|| Ly 2 @) 81mn 718 ) 43)
(a,b)e A (RZ)Z
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Combining this bound with the bounds of Lemma 3.1, we can assert that for any ¢ > 0 small enough,

Qovo 5 272n£|t _ S|28

dndn K Heo . y
e, + KHea + K Hea
//(RZ)Z {1+ 1+ 7P }Za{ () () ()}

x K0 + K1) + K2 @)} (44)
The conclusion is then an immediate consequence of the following technical result:

Lemma 3.3. Forall H = (Hy, Hi, H»), H = (Hy, Hy, H>) € (0, 1) satisfying

- 3 - 3 5 5
0<H1’H1<Z’ 0<H2’H2<Z’ 1<H0+H1+H2§4_L’ 1<H0+H1+H2<Z’ (45)
and any
3 3 - ~ - 1
a € | max 5—(H0+H1+H2),§—(H0+H1+H2) 25 ) (46)
it holds that
dndi g -
I i Kk Gy < o,
®22 {1+ |n—71%}
Proof.

Step 0: Simplification of the problem. Let us show that the problem actually reduces to the consideration of the four
following integrals:

Jé/ J / I 1 1 KH( )Kﬁ(N)

e e T mme i me s P
o [ [ [ [ .
7)1 " " m {1+771+(772—772)2}“{1+'71+(’72_’72)2}a ' "

e o [ [ [ o
dn nz)7 T (m K™ ()

||l>

||l>

and

7 A/ J /2711 e / 202 J 1 " i
4= n n1 dﬁz/ m——ms>5- K7 (K" (7).
n1 2 {1+|77_’7|2}2a

First, observe that for obvious symmetric and sign reasons, we can focus on the integration over the two domains
D12 {1 <0 <71, (2, 712) € R?} and D2 2 {0 < 1 < 71, (m2, 712) € R?).

As far as Dj is concerned, let us decompose the domain as D; = D} U D%, with Dll £ {n1 <0< n1,mn <0}
and D? £ {n; < 0 < ij1, m2ii2 > 0}. For (n,7) € D}, one has |n; — 7i;|* > max(|n;|%, 7i;|?) for i € {1,2}, and so the
integral over D} is bounded by J;. For (n,7) € D?, one has again |n; — 1 12 > max(|n112, |71]%), as well as one of the
following four situations [n2] = 21021, 1721 = 2In2l, [n2] < 1n2] < 2|n2] or |72] < |n2| < 2|72]. In the first two cases, one
has |2 — 7j2|? > max(|772|2 |n2|2) and so we can again go back to the integral 71, while the integration in the third and
fourth cases clearly reduces to the consideration of 7;.

Along the same ideas, decompose D, into D, = Dl U D2 with Dl {0<n <1 <2n1,(m2,m2) € R2} and D2 £
{0 < 2n1 < 71, (n2, 712) € R%}). For (,7) € Dé, one has either. (i) n212 > 0 and 0 < |n2] < |N2] < 2|n2|, which leads
us to the consideration of J3; (ii) n272 > 0 and 0 < |n2| < |n2| < 2|72, which leads us to the consideration of J4;
(iii) 7272 > 0 and (0 < 2|7j2| < |n2] or 0 < 2|n2| < |72]), so that |7y — 7|2 > max(|172|2 172]2), which, by inverting the
roles of (11, 71) and (12, 172), brings us back to J»; (iv) n272 < 0, so that | — 772|2 > max(|n2|2, |n2|2), and we are again
brought back to J>. Finally, if (n, ) € D%, then | — 771]* > %max(|m 12, 17111%) and we can use the same splitting as
above for (12, 772) in order to reduce the problem to the consideration of either 71 or J;.
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Step 1: Estimation of J1. The quantity under consideration here can of course be written as

) NI TENEC ’ 47
Ji (/RZ {1+|77|2}a (77) R2 {1+|T~]|2}a (77) 47

and we can thus conclude with the first-order statement (40).
Step 2: Estimation of J>. One has here

00 00 00 1 | !
Np) =/ dm/ dﬁ]/ dnznz/ dr _
0 0 0 0 {407+ mr2)e (L4 +n3r2)

|12 120 I I

Im
|772|2(H2+1:12)_2(1 + I‘)ZI:IZ_1 {14 |1 +2Ho} {1+ (ﬁ% + 77%(1 _i_r)z)lfloJr%}

o0 o0 oo 1=2Hy 5 |1-2H
= I =" ! 1
S/ dm/ dm/ dny - —
0 0 0 | PHHHD=3 (1 g g 142Ho ) (1 + (773 4 n3) o2}
1

1
1
X dr
/0 (U7 + 032} {1+ if + n3r2)e

</OO dm [/w dni (/‘ dr )5}
TJo PR3 Loy -t o 4 gy Hotry No {14 0T+ mr2)2e

1

ot ([ o)’
X 7 7 ~
0 [ RAI 4+ 7 4 2Bty \Jo {14177 +n3r2)>

1

</oo dm (/OO dn )2
~Joo a3 \Jo 421 4 (4 nd)2Ho+T)

([ s argmm) ([ e )
x ; - A
0 214 G n22otty) oo S0 (1422 4 ngr2p

1

[t )
“o =2 \Jo i $#2H1+ Grp + np) 2ot
o0 dﬁl % S n dr
" </ 1 7 ) (/ d’\/ ﬁ)
0 [ 4 G+ n22oerty) oo o (1A% g

<(/OO dm /Oo dni (/OO d}»/'lz dr ))%
~\Jo  ImltR2 o gy HER{L A | #H0R2) A o 0 {1+A24r22

® _dip ™ dii o rin dr
: Z Z 7 dr | s ) ) 48)
0 |ial*=2 Jo |y |4 =21 4 |40 +2) \o 0 {l+AZ4r2)2

At this point, let us pick & > 0 such that 2o — % — & > 0 (noting that o > % by (45)) and write

o0 m dr 00 da m dr B
bl e L e h e S e
0 0 {1+ +r*} 0 {1+k2}2+8 0 {l+r2}a23

so that

/OO din /OO dmn (/Ood)L/nz dr >
o Iml*22 Jo o ML 4 [l #Ho23 o 0 {1422+ r2p2e

< *© dm ! dny n Ood Ood 1
S o I PRI PR Jo a2 Ty ST T g R gy e e

l—
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Using conditions (45)—(46), it is easy to check that the latter integrals are finite for any ¢ > 0 small enough. Note in
particular that, since Hy+ Hy+ Hy > 1 and 0 < H> < %, one has Hy + H; > %, which guarantees the convergence of the
first integral.
It is then clear that these arguments also apply to the second term in (48), which achieves to prove that 7, is finite.
Step 3: Estimation of J3. Let us write

1
J3 = / dm/ dnzmrlz/ d”l/ dr
{1+711r1+rl% }2a

(1 + ) 72H1(1 4 ) 1282 1
_ _ 2 1 7o L
| |21+ H) =2y | 2(Ha+ ) 21+lnl B - P+ 112 4 021+ rp)2) ot

d’ll dnz m n2 1
S = = = dry drz—2 5
0o Jo | PHIHH) =25, |22+ H) =211 4 || 2(Ho+Ho)+2Y Jo 0 {1+rf+ r2}2"‘

</' dnidn
~ 0<ni <l |m|2(H1+H1)—3|n2|2(H2+H2)—3

+/ dnldnz f/ drldl”g
O<nim<oco |1 |2HITHD=2 |y, 202+ H2)=2(] 4 | 2Ho+ )42} J Jio.n v (1 477 +r2)2

nivm>1

The first integral is clearly finite. Then, since o € (%, %),

dridry 2(771V772) p
f_/ 2 . 22 5/ dp——>5- S 1 L+ (v i)* ™,
[0, vml? {1 +ry + 1y} 0 {1+ p=}

and so, using the fact that H;, ﬁi € (0, %) fori € {1, 2}, we get

/ dnidn // dridr
0<ni,m<oo |y |2HIHH) =2y | 20+ H)=2(1 4 || 2(Ho+H)+2) S0 w2 {1+ 1 + 1512
nvna>1

o dr
< S .
1 r2(H0+H1+H2)+2(H0+H1+H2)+40[—5

Thanks to (46), we can assert that the latter integral is finite, and accordingly 73 is finite too.
Step 4: Estimation of J4. We have of course

2m 00 mn 1 " "
54_/ dm/ dm/ dnz/ din—— _KHaKH (),
m 0 {4+ =12

and from there it is easy to mimic the arguments that we have used for J3. (]

3.1.3. Convergence of the third component
Noting that

I, 1 t
EOC)© = F((G o™, )€ = /0 duF (G ) Fr (a8 ) (®),

we get

E[F ({1 +1- P F - Yo ) )]

dirdh L) - S
= ; — et dsdép(A —E)p(—A+ &)
®2)2 {1 4 |A]2}2@¢=Dy] 4 |12} 2D (R2)?

x//{o] dudiiF,(G,)(&)Fo(Ga )(é)ff dydie EN e EDE[I () G,
l
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and so, thanks to Lemma 3.2, we only need to estimate the quantity

A drd
Osp 2 | -
®»2 {1 + |A|2}7(2“—1){1 + |)\|2}7(2a—1)

« / / dudﬁ|fx<Gu)(A>||fx<Gﬁ)<X>|‘ f / dyd5e N EIEapr | (adT —G)]|
[0,£]2 (R2)2

To this end, we can first use the bound (43), together with the estimates of Lemma 3.1, to deduce that, for any ¢ > 0
small enough,

_ dndn - - -
<272 28// = // dudi|Fx(G,)(m+0)||Fx(Gi)(n+
Qap < |t —s| o T 7T g 4 i| Fe (G + || Fe(Ga)n + 1)

x {KHe0 () + K et () + K2 J{ K o0 () + K Pet (7)) + K Pe2 (i) ).

Using the elementary estimate

sFOpulfx(Gu>(n+ﬁ>|§{1+|n+n| V- 3 (49)
ue|l,

we have thus, for any ¢ > 0 small enough,

|2€

Q(Y) 5 272n£|t — 5

dr’ d’? H 0 H H, H. " H » H B
e, + K"el + K e K e0 + K el 4 KHe2 )
f/ oy (T I e KO0 ) (K0 (@) ()}

Observe that we are here in the very same position as in (44), and so, using the same technical Lemma 3.3, we get the
desired estimate (39) for T = Q{D

3.1.4. Convergence of the fourth component
n,m
First, observe that F (Qﬁv, ; ) can be readily expanded as

Fo(B0)) = Fe((G e a™), ) # Fel8) + Fe (G %00 08"),, ) % Fu (@)
+ F((G e 02™™) ) % Fu(T5y) + Fe((G 0 9")) + Fu(T51)-

As it should be clear to the reader, the subsequent arguments could be applied to any of these four terms, and thus we will
only focus on the estimate related to

B[ (11 P FE @) (B (G 5, ) < A )]
= di.dh 1 (x,A—A) Zarn e 5 E
_//(R2>2{1+|)\|2}‘5{1+|X|2}‘§e //(Rz)z dEdsp( —Ep(=2+8)

y // dBdf f/ dudiFo(G,)(B)F+(Ga)(B)
(RZ)Z [O,I]z

X// dydy// dzdie—t B0 ot B9) g=1{6—.2) 1 E—.2)
(®2)? (®2)?

< B[l I @A (I G)]. (50)

which, by Lemma 3.2, reduces to bounding the quantity

o A// d)dh
Y Meer 1+ 250+ i3
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dﬂdB// dudﬁfx(Gu)(ﬂ)fx(Ga)(ﬁ)// dydy
(R?)? (0,172 (®2)?

% v/:/(IRz)2 dz dze_l(ﬁ’y)el <ﬁ&>€_l<)»_ﬁ,z =Bz E[OYO?ZZJ u(y)?m (Z)Ovov —u,t— u(y)?m (Z)]

Using Wick formula, we can expand (along the same idea as in Section 3.1.2) the expectation

E[f) " N (@3 ()Y ()]

as a sum of terms of the form

E[3 0% ) E[T: 0% DIE[E @ @), (51)
2B O DEL 08 @ B[S DT ()] (52)

or
3 B T D E[T: 09 O JE[E DI ()], (53)

where a; € {n,m, {n,m}}, by,bse{s —u,t —u,{s —u,t —u}}, bp,bs€{s —u,t —u,{s —u,t — u}}, and one has both
{ai,...,as}N{{n,m}} @ and {by, ..., ba}N{{s —u,t —u}, {s —u,t —u}}) # &. An example of a pair (a; b) satisfying
these conditions is given by

(a; b) = (({n,m},m,m,m); ({s —u,t—upl,t —u,t—u,t— 11)) 54)

In the sequel, and for the sake of clarity, we will only focus on the estimates associated with this particular pair (a; b),
but it should (again) be clear to the reader that any other pair (a; b) satisfying the above conditions could be treated with
similar arguments.

Injecting successively (51), (52) and (53) into (50) (with (a; b) fixed as in (54)) gives rise to the consideration of three
specific integrals, that we denote by J1, J> and J3, respectively.

Estimation of [J1. Using the covariance formula (34), we get on the one hand

/ / dyd5e BD S BIE[FM TSI )T 2]

(R2)?

_ H,((n, m> m) H,(m,m) B—(+7) < 1{F,B—(n+)
[ s it [ s o) ([ asons )

— H,((n,m),m) H,(m,m)

_C//(uw dndiL i D8 gy iy (55)

and on the other hand

=, —1(A—P.2) 1 (A—B.2) o N H,(m,m) y
//(Rz)z dzdie "W —B2) gt =Pz ]E[?;n(z)?;"(z)] = / dr/L (@ )5{A_,3:X—/§=ﬁ}’

so that

. dndidn H,((1.m).m) H,(m.m) H. ()
VIS // dudu /// = L -(m||L ML, @)
(0.0 (R2)3 {1+|7]+7~]+7~7|2}a| (s—u,t—u),t—u || t—u,t—u H |

X | Fo(G) 0+ D)|| Fe (G (n + 1) (56)

5// dudﬁ// dndi{1+ In + 712} | F (G| Fe (G )]
[0, (R?)?

x |LH "”(n)I(/Rz di| L — |[L " G )|> (57)
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At this point, we can apply Lemma 3.1 to assert that for any ¢ > 0 small enough,
H,(m,m) ~| y H,((n,m),m) ~ H,(m,m)
|L ( )|(/RZ dn|L(s—u,t—u),t—ﬁ(n_n)HLt —u,t— u( )|>
2
sz"fu—sﬁK”&O(ﬁ)Z( / dﬁK”&f(n—ﬁ)K”&%ﬁ)).
i—0 \JR?

Thanks to the forthcoming Lemma 3.4, we know that for every i € {0, 1, 2} and for any ¢ > 0 small enough,

1 1
’ (f dﬁ\KHs-O(ﬁ)f)z < o0

Going back to (57) and using also (49), we have thus obtained that

sup / diK i (i — i) K M (77) < (/ dﬁ|KH5'i(ﬁ)|2>
R2 R2

neR?

Fig2 st [ aiko [ anfiem iR (e me) (58)
R R
Applying the subsequent technical Lemma 3.5 finally yields

dn -
Ji<ome—spe [ — T e,
E2 {1+ [F|2}e—e

and the conclusion now comes from the first-order assertion (40).
Estimation of J>. Using the same arguments as in (55) (with the help of both (34) and (35)), we get

// dydy// dz die—1 ) gHB3) o=t (=B, 1 G—f.2)
(®2)2 (®2)2
< B[ YD E[, 0 @ B[S (D ()]
Sz H(m)m) o Hmam) = 7 H )
:C//KR2)3 dﬂdndﬂL(s un;mu)ml u(n)Lt u";m (n)Lt umtm (77)8{/3:'7+'7}8{l§=77+7:)}8{)‘:'7+2'~7}8{5»=r]+27:)}’

and so

~ ~ ;%7 H, H, H,
25 [t [ anandil S ol DI )

< {1+ n+2iP} 2 {1+ In+20P) 2 | Fe(Gu) (0 + 3 || Fe (Ga) (n + 1)
< //{0 . duda/Rz dn| LI m\(f dn!Lf’f,”’,m)<n>|{1+|n+2ﬁ|2}‘fyfx<Gu><n+ﬁ>|)
N3
x(/ anLfI,E";m)(n)I{lJranr%:ilz}zlfx(Gg)(nJrﬁ)I). (59)
Combining (36) with the result of Lemma 3.4 and estimate (49), we can assert that for any ¢ > 0 small enough,

sup
uel0,r]

s 1/2 . 1/2
s(/ dﬁ\KHs-O(m) (f dﬁ{1+|n+2ﬁ|2}‘“{1+|n+ﬁ|2}‘)
R2 R2

1/2
s(/R dﬁ{1+|n+ﬁ|2}‘°‘{1+|ﬁ|2}‘1> :

fd77|LzHL(,"§m)(n)|{1+In+2ﬁ|2}_%|fx(Gu)(n+ﬁ)|'
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and similarly

sup
iiel0,]

~ o L N\12
5([}1{ dn{1+ ln+al*} {1+ ) 1) ,

which, going back to (59), yields

~ H, ~21—1
JzS//[O[]Z dudu/Rz dn|Li u(n)|/ dif{1+In+il} {14171

/anLf’f,"i’”)<n>|{1+|n+2ﬁ|2}‘3|fx(G,_a)(n+ﬁ)|‘

2
<27 —s|EZ/Rz dnk " () fR dift+ I+l ) {1+ 1R
i=0

We can then conclude with the same arguments as in (58).
Estimation of [J3. As above,

/ﬁR2)4 dyd);dzdze—:(ﬁ,Y)et(5&)6—:(A—ﬁz)et(i—ﬂ,Z)E[ Rl u(y)?t u(y)] [ _u(y)?:"(g)][@[ :”_ﬁ(j,)?:"(z)]

_ - H,((n,m),m) H,(m,m) ;= 1 H,(m,m) =\ 5 5 3
_c///(uw dnd"d"% == DL 2™ DL 25 DS tp=n 5y 1S pimn i
and thus, for any ¢ > 0 small enough,
. dndidn H.((n,m), m) H (m,m) o || 5 H,(mom) =
5% o 8 [ iy S DI
X | Fe (G + || F(Ga) n + 1)

2
S —sI Y ///@w dndijdij K1 () K 0 () K o i)
i=0 ’

1

- _ 1 ~ _1
x {1+ In+a+a2 A1+ m+a2 {1+ +a*) 2

Now split the integration domain into Dy 2 {(n, 7, 7) : {1 + |5 + 712172 < {1 + |5 + 71>}"2} and D> 2 {(1, 7, 7) :
{1415 +72)"2 < {1 +|n+ 7>} 2}, and write (trivially)

1 ~ 1

///D dndidik tei K Ho ) KHo 1+ In+ 7+ 712} {1+ In+ 712} 2 {1+ In+ 77} 2
1

~ ;= . ~ < ~ = — < -1
s/ff  dndidnK e ap K@K @1+ I+ 7+ 0P} {1+ I+ alP)
(R?)

which essentially brings us back to the integral involved in (56). We can thus rely on the same arguments as with 7} to
handle the integral over D;. Finally, it is readily checked that these arguments can also be used for the integral over D,
which concludes the proof.

It only remains us to prove the two technical lemmas at the core of the above reasoning.

Lemma 3.4. For all (Hy, Hy, H>) € (0, 1)3 such that
3 3
O<H1<Z, O<H2<Z and Hy+ Hy+ Hy > 1, (60)
it holds that

/ dn\KH(n)|2 < 00.
R2
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Proof. One has, since 4H; —2 < land4H, —2 < 1,

/ dn}KH(n)]2<// dnydn </°° dp
R? ~ ) e It P2y A2 (] |n2H4H0y ~ fy pAUHH)=S(] 4 p2+4Ho)

and we can easily check (using (60)) that the latter integral is indeed finite. O

Lemma 3.5. ForallO<8<a<%,itholds that
- -0 — ~91—1 —(a—
/Rz dif{ 1+ I+ P} (U P S (P
Proof. Let us first write

[ diti el mRy s [ dafns =R

N

<Je
/"o dtt

et UL CIEEII O

Now split the integration domain into D2 [% T"'] and D, £ {0<t< @orr > %}. On the one hand,

dtt 2 —a 2/3 drr
- 1+ — 7 =
/Dllﬂz{ ol =V =F | o e e

1 1
[l (1 [ )L
-1 {1+ [n]?r2}e Ini> Jo r2 1+ |2

On the other hand, for every t € D3, one has ||| — 7| > max(r [nl), and accordingly
drt f(afS)/oo dtt 21— (a—e)
1 - 1 2 <1 ,
/ 1+2{ +ml =} S {1+ n?) A {1+f2}1+5~{ + 1} -

3.2. Proof of Proposition 1.4

In the sequel, we use the notation A 2 B whenever there exists a constant ¢ > 0 such that A > ¢B. Besides, without loss
of generality, we can here assume that o > % For the sake of clarity, let us also introduce the additional notation

2
[, )_/zn gg O o

|§|2H0 1

Using (34) and then Wick formula just as in Section 3.1.2, we get that

E[] o 2" . )| y-202]
H() n

Hon, ~
_C/ dfl/ 7 (In) L0 (7)) d§ 15(
[n]<2" [77]<2n |711|2Hl U |PH2=1 |77 [PH =1 g |2Ha =1 o {1+ (£ 12)2

Then observe that

dé§ ~ .
o e e o=
d&

_ d& PONEES 1 /
_/R2 {1+|§+(71—ﬁ)|2}2‘x|p(§)| YL+ I = a2 Jre {1+ (€]

n—m)[.

T 56|,
and so

[“P " (t, )HW 20(2]

N /2 4 /"1 i /2”‘ p /'72 i ! r7" (Il r" (i)
= n m n n p - 177 17 Z
0 I 0 L {14 | — 7232 (1 [P =Yg | 2= |y [2Hi=1 |y |2 H2 =1
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n—1 n—1
>/2 /2 dnidn; / / dridr
~oo oo Ayl {1+ nirf +n3r3)2

X FHO n(|’7| HO n(\/’)](l —r)?+ 7)2(1 — 7’2)2)

>/ dni di f / drydr,
" Jo<m <<zt IR n M (1417 +r3pPe
2
XFHOn(|77|) Hgn(\/ <1__) . (1__2)>
n g n2
/ 40 /2n 1 /ermG/ZtSln@ dr1 di"z
4H/+4H B {1+ +r3)
ri 2 ) 2
x THom@yrfor( Je2sin6( 1 - — +172c0s20(1— ’
Tsinf Tcosd

where, for technical reasons (in subsequent arguments) we have picked H{ > H| and H; > Hj such that % < Ho+ H| +
H; < 1. At this point, observe that for all 6 € ) 1€(2,2" Y andr,r e (0, 21,' sind), we have

2 2
1
T>102 [2sin?0(1— r,l +12cos20(1— 2 >_—7>1.
’ Tsin6 T cos6 2

We are therefore in a position to apply the (forthcoming) lower bound (63), which entails, with the notation of Lemma 3.6,

E[]p- 22" (0. )| y-2u2]

n 27171
> [* a0 _dr
~ z ) L4H|+4H;—5
1 . 1 .
5T8inf  p5Tsing drydry ct ct
Hy Hy
Xf / 1+r1 +r2}2a |:-[1+2H0 + 0 (t)][ 1+2H, + 0, (Tr,é))i|

s ([ __dndn " ]—df + R ©62)
~ {1~|—r1 +r22}2°‘ T4(HO+H]’+H2’)73 ’

where we have set

T 211—1
4 dt
RM2 f do f —
x , pAH{+4H]-S

5T sin6 5T sin6 dridr) ct ct
X /0 /0 (L 72 4 2 | 712 QHy(tr0) + mQHo(T) + O Hy (1) QHy (Trp) |-

Let us now show that |R}| is uniformly bounded with respect to . In fact, thanks to (64), we can assert that for any & > 0,

¢ Ho ¢ Ho Ho Ho <
t:[%?ﬂ ‘[1+2H0 Ql (Tr,é)) + '[1+2H0 Qt (T) + Qt (T)Qt (Tr,e) ~

73 +4Hy—¢

Therefore,

dridr © dt
sup |Rn|<(f f 22)(/ 4(Hy+H|+H})—2—
1€[0.1] (L7} +r3)2 )\ )y AHoHH+H)-2—e
< r o dt
~\Jo m 2 HHoHHHH)=2=e )7

and, provided ¢ > 0 is picked small enough, these two integrals are obviously finite, due to o > % and Hy+ H{ + H} > 3
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Going back to (62), we get the conclusion since, as Hy + H { + H2’ <1,

2t d'L' n—00
_— 5 0.
) _[4(H0+H|’+H2’)73
Lemma 3.6. There exists a constant ¢ > 0 such that for all Hy € (0,1),e >0,n>1,1€[0,1] and T € (1,2"),

/o (r) > 1+2H0 +0/" (1) =0, (63)

with Q10 satisfying
Hy CS,HO
sup |Q; " (D| = 577 - (64)
tE[O,l]’ ! ‘ 72+2Ho—¢

Proof. We will lean on similar estimates as those of the proof of [1, Proposition 2.4]. Let us first recall the explicit
expression (see the latter reference) |y, (€, )12 = c{A; (&, T) + Ay (=&, 7)), with ¢ > 0 and

1 —cos(t(& — 1)) n cos(tt){cos(t&) — cos(tt)}
t2(§ —1)? 2E-0)(E+7) '

Thus, one has, for any 7 € (1, 2"),

2
Hon(_[)>/ dsm@ )! =2c/ g M0 A D)

|&[2Ho |&[2Ho=1 =

A D)=

Decompose A; (€, T)l{—r<§‘<r} into A, (&, T)l{—r<§<r} = Atl ¢, )+ Atz(& 7), with

1 —cos(t(§ — 1))

AEDE TG _o2 ten
and
A L —cos(t(§ —1)) cos(tt){cos(t&) — cos(tt)}
B e -0+

On the one hand, it is easy to check that forall 7 > 1, & € (—1,1) and ¢ > 0,

1 1
2
SEAE r”[” = |s||16]’

and so

TOA2E D)
TG

On the other hand,

1
~ [2Ho—2

/‘d AX(zE,7) - 1

|$|2H071 ~ -L-2H0+278 '

-1

/fdA}(g,z)_ 1 /1 de 1 —cos(tt(l —£))

S|‘g’_-|2H0—1 T p2Ho+2 |y |£_—|2H0—1 (1 _%—)2

t /7 d 1 —cosé&
(N

= [2Hp+1 1— i|2H0—1 £2
T

ot /Oodsl—cosé_i_ t Uz d 1 —cos& /‘oodgl—cosé:|

The conclusion now follows immediately from the result of [1, Lemma 2.5]. |

—-T
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