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1. Introduction

Lévy processes form the prototype of continuous-time processes with a con-
tinuous diffusion and a jump part. In applications, there is a high interest to
disentangle these parts based on discrete observations. While Ait-Sahalia and
Jacod [1] among many others propose an asymptotically (as the observation
distances become smaller) consistent test on the presence of jumps for gen-
eral semimartingale models, Neumann and Reif} [18] argue that, already inside
the class of a-stable processes with o € (0, 2], no uniformly consistent test ex-
ists. The subtle, but important, difference is the uniformity over the class of
processes. Mathematically, the difference is that on the Skorokhod path space
D([0,T]) a-stable processes, « € (0, 2), induce laws singular to that of Brownian
motion (« = 2), while their respective marginals at t;, = kT/n, k =0,...,n for
n fixed, have equivalent laws, which even converge in total variation distance
as a — 2 to those of Brownian motion. It is our aim here to shed some light
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on the geometry of the marginal laws of one-dimensional Lévy processes and
to quantify the distance of the marginal laws non-asymptotically as a function
of the respective Lévy characteristics (b, 02, v). The marginals form, of course,
infinitely divisible distributions, but we prefer here the process point of view
which is sometimes more intuitive.

Let us recall the fundamental result by Gnedenko and Kolmogorov [12].

Theorem 1 ([12]). Marginals of Lévy processes X™ = (X[")i>0 with character-
istics (by, 02, v,) converge weakly to marginals of a Lévy process X = (Xt)t>0
with characteristics (b,02,v) if and only if

bn — b and 0260 + (2% A Vv, (dx) 2 0260 + (22 A 1)v(de),

. . - w .
where &g is the Dirac measure in 0 and — denotes weak convergence of finite
measures.

As a particular example, consider the compound Poisson process with Lévy
measure 6‘2554;55 that has jumps of size € and —e both at intensity ﬁ Then as
e } 0, the marginals converge to those of a standard Brownian motion, which
can also be derived from Donsker’s Theorem. Below, we shall be able to quantify
this rate of convergence for general Lévy processes in terms of the (stronger)
p-Wasserstein distances W,. The derived Gaussian approximation of the small
jump part relies on the fine analysis by Rio [20] of the approximation error
in Wasserstein distance for the central limit theorem. This is the subject of

Theorem 9, of which the following is a simplified statement:

Result. Let X°(¢) be a Lévy process with characteristics (0,0,v.) where v, is
a Lévy measure with support in [—¢,¢€]. Introducing 5*(¢) = [°_a?v.(dx), there
exists a constant C' depending only on p such that:

W, (ZL(X7(€)), N(0,t5%(¢))) < Cmin (Via(e),e) < Ce.

A Gaussian approximation of the small jumps of Lévy processes has already
been employed, for example when simulating trajectories of Lévy processes with
infinite Lévy measure (see e.g. [4]).

The above result is actually an intermediate step for the more general Corol-
lary 3, that bounds the p-Wasserstein distance W, in ¢"(R™) as follows:

Result. Let X7, j = 1,2, be two Lévy processes with characteristics (b;, 0’]2», Vi),
j=1,2. Then for alle > 0, T > 0 and n € N we have

WP((X;T/W, - X(lkfl)T/n)Z:D (XI%T/n - X?kfl)T/n)Zzl)

< TnrHbi(e) = ba(e)| + TV 072 o + 31(e) — 02 — 0 ()|

2
+CY min (TV2n7725;(e),n7e) + n W, (Xph (e), X312 (),
j=1
where bj(e) = bj — [\, <1 7V5(dz), 52 () = Jij<e 2?v(dx) and C is a con-
stant depending only on p. The term W, X%’/i(e), X%’/B;L(E)), involving the jumps
larger €, can be bounded as in Theorem 10.
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Sometimes we can even obtain bounds on the total variation distance, which
for statistical purposes, especially testing, is particularly meaningful. The cur-
rently available bound in the literature is by Liese [16].

Theorem 2 ([16, Cor. 2.7]). For Lévy processes X' and X? with characteristics
(b1,0%,v1) and (ba,03,1), respectively, introduce the squared Hellinger distance
of the Lévy measures (put vog = vy + 112):

H2(11, ) :/R<\/zz(1)(z)\/zz(2)(z)>2yo(d:z:).

Then the total variation distance between the laws of X} and X? is bounded as:

12(X]) — Z(XP) v

< 2\/1 - (1 - %HQ (N(i)lt,aft),./\/'(ggt, U%t))>2 exp ( — tH? (17, 1/2))

with by = by — f_ll zvy(dz), by = by — f_ll xvo(dx).

Note that the bound is very loose or even trivial in the case v, = 0 and
A1 = v1(R) > 1/t because then tH?(vy,15) = tA; > 1. So, this bound does not
allow to deduce a total variation approximation of Brownian motion by jump
processes of infinite jump activity like a-stable processes with « 1 2. In fact, for
pure jump Lévy processes these bounds are analogous to the bounds by Mémin
and Shiryayev [17] in the path space D([0,T]), where pure jump processes and
Brownian motion have singular laws (for other results on distances on D([0,T7)
see e.g. [6, 9, 14, 15]). Our main idea is to use the convolutional structure of
the laws to transfer bounds from Wasserstein to total variation distance. This
strategy is implemented for Lévy processes with a non-zero Gaussian component
(but without any restriction on the Lévy measures, which can be infinite, and
even with infinite variation) and yields Theorem 14:

Result. For Lévy processes X' and X? with characteristics (bj,cr?,yj) and
0; >0, j=1,2, we have for allt >0, € € [0,1]:

Hg(th) B 'iﬂ(XtQ)HTV
_ A - b + V2 VoT o - VeT R
- Voi+ai(e) Vo3 +53(e)

2
2 €
/ : [i=2
+ J; wtojz min (2 to; (), 5)

+ t‘)\l(E) — /\2(€)| + t()\l(é') AN )\2(6)) H

£
Vi vy

)\1(8) )\2(8)

with the above notation, v5 = v;(-\ (—¢,¢)) and \j(e) = v5(R).
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The results proven in this paper provide further insight in the geometry of the
space of discretely observed Lévy processes. At the same time, their nonasymp-
totic character finds fruitful applications in nonparametric statistics, when prov-
ing general lower bounds in a minimax sense. The technology is shown at work
in Section 5.2, making the original proof by Jacod and Reif} [13] for volatility
estimation under high activity jumps simpler and much more transparent.

The results are stated in dimension one. After the first version of this paper
was completed, however, new results for non-asymptotic multidimensional cen-
tral limit theorem in Wasserstein distances have appeared (see e.g. [2]). Since a
(special form of a) central limit theorem was the main technical tool in our proof
of Theorem 9, this makes a multidimensional extension of our findings a promis-
ing future research direction that seems worth investigating. Another potentially
fruitful line of research would be to go beyond the independence structure of
the increments and consider the general framework of semimartingales. Lévy
processes are the basic building blocks for these more general processes and
it is common to use this easier setting as a first step towards a more general
proof; however, the techniques that were used in this paper heavily depend on
the independence structure and do not directly extend to this more general
framework.

The paper is organized as follows. In Section 2 we review basic properties of
the Wasserstein distances and discuss their relationship with the Zolotarev and
Toscani-Fourier distances. Then we recall the main non-asymptotic bounds for
the Wasserstein distances in the CLT and introduce Lévy processes. Section 3
derives bounds between marginals of Lévy processes in Wasserstein distance.
The main focus is on the small jump part, which is treated in Theorem 9 and
for which the tightness of the bounds is discussed in detail, first for concrete
examples and then more generally using a lower bound via the Toscani-Fourier
distance. Main results are presented in Section 3.3. Section 4 introduces proper-
ties of the total variation distance and then shows how bounds in Wasserstein or
Toscani-Fourier distance transfer under convolution to total variation bounds,
see e.g. Proposition 4 and Proposition 7. For Gaussian convolutions the different
bounds are first compared and then applied to the marginals of Lévy processes.
Section 5 is devoted to the application of the total variation bounds for prov-
ing the minimax-optimality of integrated volatility estimators in the presence
of jumps proposed in [13].

2. Preliminaries
2.1. The Wasserstein distances

Let (X,d) be a Polish metric space. Given p € [1,00), let P,(X) denote the
space of all Borel probability measures . on X such that the moment bound

E,[d(X,z0)P] < 00

holds for some (and hence all) zy € X.
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Definition 1. Given p > 1, for any two probability measures p, v € Pp(X), the
Wasserstein distance of order p between p and v is defined by

Wylp.v) = int { [B(X", V)], 2(X) = p, 20V)=v}, (1)

where the infimum is taken over all random variables X’ and Y’ having laws
and v, respectively. We abbreviate W, (X,Y) = W,(Z(X), Z(Y)) for random
variables X,Y with laws Z(X), Z(Y) € Pp(X).

The following lemma introduces some properties of the Wasserstein distances
that we will use throughout the paper. For a proof, the reader is referred to [25],
Chapter 6.

Lemma 1. The Wasserstein distances have the following properties:

(1) For allp > 1, W,(-,+) is a metric on Pp(X).

(2) If 1 < p < q, then Py(X) C Pp(X), and Wy(p,v) < Wylu,v) for every
[, v € Py(X).

(3) Given a sequence (in)n>1 and a probability measure p in Pp(X)

Tim Wy (s 1) = 0

if and only if (fin)n>1 converges to p weakly and for some (and hence all)
To €EX

lim d(x,xo)pun(da?):/ d(x,x0)?P p(dx).

(4) The infimum in (1) is actually a minimum; i.e., there exists a pair (X*,Y™*)
of jointly distributed X-valued random wvariables with £ (X*) = p and
Z(Y*) =v, such that

Wp(luv V)p = ]E[d(X*v Y*)p]

Following the terminology used in [26], we can say that the Wasserstein dis-
tances are ideal metrics since they possess the following two properties.

Lemma 2. Let X be a separable Banach space. For any three X -valued random
variables X,Y, Z, with Z independent of X and Y, the inequality

Wp(X +Z,Y +7Z) <W,(X,Y)
holds. Furthermore, for any real constant c, we have
Wy(eX,cY) = [e[W,(X,Y). (2)

Proof. Lemma 1 guarantees the existence of two random variables X*, Y™, in-
dependent of Z, such that

W, (X,Y) = (E[d(X*,Y*)]) 7.
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We have:

T =

Wy(X + 2, + 2) < (B[d(X* + Z,Y* + 2)7])" = (B[d(X",Y*)"])?

=W, (X,Y).
The equality (2) follows by homogeneity of the expectation. O

An immediate corollary of Lemma 2 is the subadditivity of the metric W,
under independence (or equivalently under convolution of laws).

Corollary 1. If X1,...,X,, are independent random variables as well as Y7, ...,
Y., then

Wo(Xi+ -+ X Vi 4+ Y,) <Y W, (X, Y)).
i=1

Proof. By induction, it suffices to prove the case n = 2. Let X, be a random
variable equal in law to X5 and independent of Y; and of X;. By means of
Lemma 2 we have

W, (Y1 4 X2, Y1 + Ya) < W, (X, Ya) = W, (X, Ya),
Wo(X1 + X2, Y1 + Xo) < W,(X1,Y7).

Hence, by triangle inequality W,(X1 + X2, Y1 +Y2) < W, (X1, Y1) + W, (X2, Y2)
follows. (|

A useful property of the Wasserstein distances is their good behaviour with
respect to products of measures.

Lemma 3 (Tensorisation). Let (X, d) be R™ endowed with the distance d(x,y) =
O w =Y, e > 1, for all x = (v1,...,%0), ¥y = (Y1,--.,Yn) and let
pw=Q._ i and v =Q._, v; be two product measures on R"™. Then,

W, (i, v)P < max(n®~1,1) Z Wy (i, v4)P.
i=1

In the special case where py = -+ = up and vy = - -+ = vy, the following stricter
inequality holds:
W (u, V)P < ngwp(ﬂlaVl)p-

Proof. Thanks to Point (4) in Lemma 1, we can always find two random vectors
X" = (X7,..., X0, Yo" = (Y}, ...,Y)) with independent coordinates such
that y; = Z(X}), vi = ZL(Y;7) and W, (i, vi) = E[| X} —Y;*|P]*/P. In particular,
we have:

Wy (1, )P < E[d((X])s, (¥)s)?] = E [( 2_: X7 - Y|)/} R



2488 E. Mariucci and M. Reif8

If p > r, by means of the elementary inequality (21 + -+ + 2,)? < n? (2] +
-+ +22), ¢ > 1, we deduce from (3) that

n n
W v)P < nP/"1 Y TRIIX] =YY= 0Py W (i)

=1 =1

Similarly, if p < 7, the proof follows by the inequality (|z1| + --- + |2,|)}/? <
|21 |9+ - |2V, g > 1
In the case where py = -+ = u, and v; = --- = v,, one may choose X} =
=X} and Y{* =--- =Y. The conclusion readily follows. (]

The distance W, is commonly called the Kantorovich-Rubinstein distance
and it can be characterized in many different ways. Some useful properties of
the distance W, are the following.

Proposition 1 (See [10]). Let X and Y be integrable real random variables.
Denote by p and v their laws and by F and G their cumulative distribution
functions, respectively. Then the following characterizations of the Wasserstein
distance of order 1 hold:

1. Wi(X,Y) /\F x)|da,

2. Wi(X,Y) :/ IF=Y(t) — G~ (8)|dt,
0

3 W (X,Y) = SUD||p iy <1 (fR Ydu — f]R 1/)d1/>, the supremum being taken

over all v satisfying the Lipschitz condition |y (z) — ¥(y)| < |z — y|, for
all x,y € R. This property is generally called Kantorovich-Rubinstein for-
mula.

2.2. Wasserstein, Zolotarev and Toscani-Fourier distances

Let u, v be two probability measures on R endowed with the distance d(z,y) =
|z —yl|, z,y € R. Writing p > 0asp=m+a with m € Nygand 0 < a < 1,
denote by .%, the Holder class of real-valued bounded functions f on R which
are m-times differentiable with

£ (@) = ™ ()] < Ja =y

Definition 2. The Zolotarev distance Z, between u and v is defined by

2o = sup ([ s [ sav)

Remark 1. It is easy to see that the functional Z, is a metric. For p = 0
the metric Z, is defined by the relation Zy = lim,_,¢ Z, and %, is the set of
Borel functions satistying the condition |f(z) — f(y)| < Ly Thanks to the
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characterisation of the total variation given in Property 6 below, it follows that
Zo(p,v) = ||p — v||7v. Also, by means of the Kantorovich-Rubinstein formula,
recalled in Property 1, we have Z1(u,v) = Wi (u, v).

The following result shows that the Wasserstein distance of order p is bounded
by the p-th root of the Zolotarev distance Z,. This fact, together with Theorem
4 below, will be a useful tool to control the Wasserstein distances between the
increments of compound Poisson processes.

Theorem 3 (See [20], Theorem 3.1). For any p > 1 there exists a positive
constant ¢, such that for any pair (u,v) of laws on the real line with finite
absolute moments of order p

(WP('“? V))p S CPZP(H'v V)'

Theorem 4 (Sce [26], Theorem 1.4.3). Let (X;);>1 and (Y;);>1 be sequences
of independent random variables and N be an integer-valued random variable
independent of the random wvariables from both sequences. Then,

N N o)
Zp<z;xi,zgyi) < kZIP(N > k) Zy( Xy, Vi)
i= i= =1

Theorem 5 (See [26], Theorem 1.4.2.). Let X andY be integrable real random
variables with laws p and v, respectively. Then the following characterization of
the Zolotarev distance holds: for any p > 1

(z —

2,06y = [ | [T - vy

where I' denotes the Gamma function.

Let P, and P, be two probability measures on the real line. We will denote
by 1 (resp. p2) the characteristic function of Py (resp. P), i.e.

o1 (1) = /R ¢ Py (d).

Also, denote by .Z°(R) (resp. .£°(C)) the class of real-valued (resp. complex-
valued) bounded functions on R with Lipschitz norm bounded by 1.

Definition 3. For s > 0, the Toscani-Fourier distance of order s, denoted by
T, is defined as:

TS(Pl, PQ) = sup |(‘01(U) _;pQ(u)‘ ]
u€eR\ {0} |ul

The distance introduced in Definition 3 first appeared in [8], under the name
“Fourier-based metrics”, to study the trend to equilibrium for solutions of the
space-homogeneous Boltzmann equation for Maxwellian molecules. After that,
it has been used in several other works, and especially linked to the kinetic
theory, see [3] for an overview. In [25], T3 is called the “Toscani distance”.
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Proposition 2. Forallp > 1

1
Wy(Pr, Pp) > —2T1(P1,P2)~

7

Proof. Thanks to Lemma 1 and Property 1

Wp(Pl,PQ)Zwl(Pl,Pz): sup </’l/)dP1/1/)dP2)
R R

YeLP(R)

/R YdPy — /R »dPy

For all uw € R\ {0}, let us consider the function ¥, (z) = % and observe that
the Lipschitz norm of ¥, is 1. It immediately follows that

/ YdP; — / WdP; / U,dP; — / U, dP;
R R R R

2.3. Wasserstein distances in the central limit theorem

1
> — sup
V2 hELY(C)

sup :T1<P1,P2).

YELL(C)

> sup
uweR\ {0}

O

The class of Wasserstein metrics proves to be very useful in estimating the con-
vergence rate in the central limit theorem. We recall some results. Let (Y;);>1
be a sequence of centred i.i.d. random variables with finite and positive vari-
ance o2. We denote by p,, the law of \/# i, Y. For iid. centred random

variables with finite absolute third moment, Esseen [5] proved the following
result.

Theorem 6 (See e.g. [19], Theorem 16). For any n > 1,

o1 E|Y;|?
~2yn (Var[Yl])3/2

Wy (Mn,N(O, 1))

The constant % in this inequality cannot be improved.
A bound for the Wasserstein distances of order r € (1,2] is due to Rio [20]:

Theorem 7 (See [20], Theorem 4.1). For any n > 1 and any r € (1,2], there
exists some positive constant C depending only on r such that

1/r
r+2

vn(Varlyy]) 2

For r > 2 and i.i.d. random variables with a finite absolute moment of order r,
we have the following:
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Theorem 8 (See [22]). For any n > 1 and r > 2, there exists some positive
constant C', depending only on r, such that

(E06r) L
WT(:U'naN(Ov 1)) < CVT[Yl]nr 2.

1/r

If one only assumes finite absolute moment of order r, this rate cannot be
improved. In particular, under this assumption, the classical rate of convergence
% cannot be recovered for r > 2. For that reason, from now on, we will only

focus on the case r € [1,2].

2.4. Lévy processes

Let us denote by Pt(b’a’y) the marginal law at time ¢ > 0 of a Lévy process X

with characteristics (b,02,v), i.e. (see Theorem 8.1 in [23])
]E(e“‘Xt) = exp (t <iub — —l—/ (e —1— iux]lm|§1)l/(dx)>>
R
w2o? ‘
= exp (t (iub(s) I —|—/ (ezux 11— iuxﬂ|m|§e)V(dx)>>»
R

where b(e) = b—f5<‘w|<1 zv(dz), for all £ € (0, 1]. Equivalently, Pt(b’a’”) denotes
the infinitely divisible law with characteristics (bt,0t,vt). X can be charac-
terised via the Lévy-1t6 decomposition (see [23]), that is via a canonical repre-
sentation with independent components X = XM + X (g) + X5(e) + X B(¢):
For all € € (0,1]

Xo = oWe + b(e)t + limy ( 3T AXI(1AX]) — t(b(e) - b(n))>

0<s<t

+ > AX I 100y (|AXS)),

0<s<t

where W is a standard Brownian motion, AX; := X —lim,45 X, is the jump at
time s of X, X9 (e) is a pure jump martingale containing only small jumps and
XB(e) is a finite variation part containing jumps larger in absolute value than e.
Thus X5 (e) is a compound Poisson process with intensity . := v(R \ (—¢,¢))

and jump distribution F.(dz) = %H(E&m)(\ﬂ). In the following, some-

times we will write X2 () as ZZNZtl Y; where N is a Poisson process of intensity
Ae independent of the sequence (Y;);>o of i.i.d. random variables having distri-
bution F;. Also, for a given Lévy process X we define an auxiliary characteristic
& : Ry — R capturing the variance induced by small jumps:

52 = 22v(dz).
(©) /| (dz)
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3. Wasserstein distances for Lévy processes

Let X7, j = 1,2, be two Lévy processes with characteristics (b;, 032., vi),j=1,2.
As we will see later, thanks to Corollary 1 and the Lévy-Itd decomposition, in
order to control W, (X}, X?) it is enough to separately control the Wasserstein
distances between two Gaussian random variables as well as W), (£ (X795 (e)),
/\/(07155?-(5))) and WP(X,}’B(e),Xf’B(s)). A bound for the Wasserstein dis-
tances between Gaussian distributions is given by:

Lemma 4 (See [11], Prop. 7).

Wa(N(my,07), N(mg,03)) = \/(m1 —my)? + (01 — 02)2.

Upper bounds for W, (.z(Xg’ﬁ(s)),N(o, t53(e))) and W, (th’B(s), XE’B(S))
will be the subject of Sections 3.1 and 3.2, respectively.

3.1. Distances between marginals of small jump Lévy processes

Let X be a Lévy process with Lévy measure v and denote by X*(¢) the Lévy
process associated with the small jumps of X, following the notation introduced
in Section 2.4.

Theorem 9. For any p € [1,2], there exists a positive constant C such that
Jo PP (da) \ P
a*(e)

< C'min (\/Eﬁ(s), 5). (4)

W, (Z (X7 (2)),N(0,t5(2)%)) < Cmin (\/Z&(e), <

In particular, for p =1 the bound is min(2v/t5(¢), 3¢).
Remark 2. The inequality
W (Z(X5()) N(0.16%(€))) < Wa(Z (X5 (). N(0,15°(£))) < 2V ()

is clear from the definition of W, noting that t52(¢) is the second moment of
both arguments. The interest of Theorem 9 lies in the bound

W, (Z (X7 (€)),N(0,t5°(e))) < 2, (5)

which after renormalisation yields

X7 C
W, (z( £(e) ),N(o, 1)) <
VG (e) VG (e)
Thus, not surprisingly in view of the central limit theorem, the Gaussian ap-
proximation is better as ¢ is large. Also whenever 52(¢) is much larger than &2,

then a Gaussian approximation is valid, e.g. for a-stable processes with o > 0
and ¢ small, see Example 1 below.
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Remark 3. The upper bound (4) gives in general the right order. Indeed, let

us consider for ¢ > 0 the Lévy measure v, = ’25;265 and denote by Y(g) the
corresponding (centred) pure jump Lévy process, i.e. Y;(¢) = e(N}(e)—NZ(¢)) is
the rescaled difference of two independent Poisson processes of intensity A =
each. In particular, observe that 6%(¢) = 1 and [~ _|z[*v.(dz) = e.

Let us develop the case p = 1. Applying the scheme of proof proposed in [20],
see proof of Theorem 5.1, we show that there exists a constant K such that

Wi (ZL(Y(e)),N(0,t)) > K min(vt,e).

To see that, we consider the cases where t < 2 and t > £? separately.

22

e t < £2: From the definition of the Wasserstein distance of order 1 it follows
that

Wi (£ (Yi(€)), N(0,t)) > E[N(0,8)[]P(N () + N7 (g) = 0)

\ﬁ \ff

e t > ¢2: Again, by the definition of the Wasserstein distance of order 1, we
find that

Wi(Z(Yi()): N(0,8)) > E| min |VEN - ne]|
> ZP((ﬁ/E)N e Jn+1/4,n+ 3/4])

ne”Z

with N ~ N(0,1). Since in this case (v/#/¢)N has variance at least one,
there exists a constant K such that

Wi (Z(Ye(e)), N(0,t)) > Ke.
In the case p € (1,2] W, is even larger than W;. For the case p = 2 see also [7].

Example 1. Let us illustrate Theorem 9 for the class of a-stable Lévy processes
with a Lévy density proportional to ‘1+a, a € [0,2). For all € € (0,1], let us

denote by X°(g) the Lévy process describing the small jumps and by V¢ g
its Lévy measure, i.e.

Jz|T e

Ca
XS(E) ~ (0; 0, VH[*E,&])a l/(d{L‘) = |I|1+a diL',

for some constant C,. In particular, we have

€ 52704
a2(e) = / 2?v(dr) = 2C’a2 —

—€

Therefore an application of Theorem 9 guarantees the existence of a constant
C, possibly depending on p and «, such that:

S 13
W, (2 (Xc:rt(i))

)w(o,t)) < Cmin (Vi,£%), ¥t>0, Ve e (0,1], ¥p € [1,2].
(6)
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Equation (6) validates the intuition that a Gaussian approximation of the small
jumps is the better the more active the small jumps are. Indeed, the approxi-
mation in (6) is better when « is larger.

Let us now prove Theorem 9. For that we need to recall the following lemma:

Lemma 5 (See [21], Lemma 6.). Let X be a Lévy process with Lévy measure v.
If a Borel function f : R — R satisfies flr|>1 f(x)v(de) < oo, limy_0 ’;(f) =
and f(z)(|x|> A1)t is bounded, then

lim TE{f(X,)] = / f(@)w(dz).

t—0
Proof of Theorem 9. Let us introduce n random variables defined by Y; =
\/H(Xt*?/n (e) — th(jil)/n(e)). The Y;’s are i.i.d. centred random variables with
variance equal to t52(g) and such that X;(e) = ﬁ 371 Yj. An application
of Theorems 7 and 6 (using the fact that Y} has the same law as /nX 571 (e)

and the homogeneity property of the Wasserstein distances stated in Lemma 2)
gives

_ nE[| X, ()]
Wl(g(Xf(E))vN(OvtoQ(E))) = T%E)

Let us now argue that

E[| X7 (e)]?
1imsupw S/ |z|*v(dz).
|z|<e

t—0

Indeed, applying Lemma 5 to the family f(z) = fr(z) = |z[*I|_pg g)(z) for
R > ¢, we deduce that

E[|X5 ()T g5
i SOz en<n] [ lafutan),
t—0 3 |z|<e

Thus, using the fact that E[(X7(¢))?] = tJij<e v (dr) + 3t25% (), we get

E[|1X7(e)*] <E[IX()PLxs () <r) + E[(X7 () /R x5 )5 r)

1 _
< E[IX7 )P xso)<r) + = (t/ aty(dx) + 3t204(5)>-
|z|<e

Therefore, for any R > ¢,

ENXS ()3 sl<e iy (dx)
lim sup “ t (8)‘ ] S/ |Z‘|3V(dl‘) + f\ |< )
10 t |z <e R

Taking the limit as R — oo, we conclude. It follows that

nE[ X5, () < |z]Pv(de
Wi (f(Xf(E)),N(O7t52(E))) < liin_)solip “27552(5(;:)' | = ! 625|2(8§ )
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Moreover, by definition of the Wasserstein distance of order 1 and denoting by
N a centered Gaussian random variable with variance t52(g), we have

Wi(Z (X7 (€)), N(0,t5%(2))) < E[| X[ (e)[] + E[|N]] < 2v/t52(e).
We deduce

. , i, el
Wi (Z(X[(€)), N(0,t5°(¢))) < min (2\/150 B )

252%(

Similarly, by means of Theorem 7, for p € (1,2]

nXJ [PH2]\ /P
Wp(f(Xf(E))7N(0,t52(g))) < limsup — = (M)

n—oo to-2( )
¢ |xlPt2u(d 1/p
_ o Lo tavtan)
- a%(e)
and also
S L, g 1/p 1/p —
Wy (£(X5(2)), N (0,t5%(c))) < (E[\Xt (g)m) +(E[|N|p]) < 2\/152 ().
JE 2P 2r; (da)
T S eP. O
Theorem 9 can be used to bound the Wasserstein distances between the
increments of the small jumps of two Lévy processes.

Corollary 2. For all e € (0,1] let X7 () ~ (— f€<‘z|<1 wvj(dzx),of,v;l_c o) be
two Lévy processes with 6’?(5) #0 and o; >0, j =1,2. Then, for all p € [1,2],
there exists a constant C, only depending on p, such that

Wo (X[ (e), X (e)) < i(jmin (\/gaj(@’ (Q#%)@(dm)) 1/p>

ai(e

+1(yfor(e) + 0%~ \fa3(e) + 05)2.

Proof. This is a consequence of Theorem 9 and Lemma 4. ([

The upper bound (4) follows by the fact that

3.2. Distances between random sums of random wvariables

Theorem 10. Let (X;);>1 and (Y;);>1 be sequences of i.i.d. random variables
with Y; € Ly and N, N’ be two positive integer-valued random variables with N
(resp. N') independent of (X;)i>1 (resp. (Y;)i>1). Then, for 1 <p <2,

W(iXiY) < in (6, EIN12, 061, ¥1)) 77 B[N oW, (1, 1) )

+ W, (N, NE[va|?] "/

with the constant c, from Theorem 3.
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Proof. By the triangle inequality,

N N/ N N// N// N/
(X 30n) sm (L xdon) om (T k). @
i=1 i=1 i=1 i=1 i=1  i=1
where N” is independent of (Y;);>1 and with the same law as N. Thanks to The-

orems 3 and 4, the first summand in (7) is bounded by (¢, E[N]Z,(X1, Yl))l/p.
Alternatively, this summand can be estimated via Jensen’s inequality joined

with the fact that W, (3, X;, SN v;)” <E[| SN, (X, - 3)|"], N indepen-
dent of (X;,Y;);>1 and Z(N) = Z(N) = .Z(N"), as follows:

N
E[ ;(Xi 0

Therefore,

N N// p
(X3
i=1 i=1

N
< inf {E[

S (X -
< E[NP]W, (X1, Y1)P.

» N
} < 11«:{1\71’—1 > OIX - Y,»|”} < E[N?]E[|X: - Y4]7].
i=1

P
}, N independent of (X“Yi)i>1}
i=1

To control the second summand, we proceed similarly

N N’ D
w%;niﬁ)
o

<o {8

Nl
YYvi-> v
1=1 =1
< E[|Y1|p]WP(N”7 Nl)pv

p
] , N, N’ independent of (5’1:)1:21}

which, by noting .Z(N") = Z(N), concludes the proof. O

In the preceding theorem one term is bounded alternatively by the Zolotarev
or the Wasserstein distance between X; and Y. The difference is the factor in
front which is either the first or the pth moment of N. If N is likely to be large,
then better bounds can be obtained by profiting from the variance stabilisation
for centred sums. Since the larger jumps are not our main issue, this is not
pursued further.

In the Poisson case the moments and the Wasserstein distances can be easily
analysed.

Proposition 3. Let N and N’ be two Poisson random variables of mean \ and
X', respectively. Let us denote by m, ) the moment of order p of a Poisson
random variable of mean £, i.e.
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P i .
i) D p 1 i—i ().
Mpe) i= E ! {z}’ where {z} = a g (-1) ]<j)]p.
i=1 =0

Then the following upper bound holds for p > 1:
WV, NP < mgp,p—r)y-
In particular,
Wi(N, N') < A= X (8)
Wo(N, NP < X=X+ |A=XNP, 1<p<2. 9)
Proof. Without loss of generality, let us suppose X’ > X and let N” be a Poisson

random variable with mean A — ), independent of N. Thanks to Lemma 2 we
have

Wy(N, N')P = W,(N' + N",N')? < W, (0, N")? <E[(N")"] = mpr—x)-

To deduce (8) and (9) we use the fact that m( ) = €, mpy = £+ 2 and
E[(N")P] < E[N"]>=PE[(N")?]P~! for p € (1,2] by Hélder’s inequality. O

3.3. First main result

We will use the notation introduced in Section 2.4. In accordance with that, for
any given Lévy process X7 with characteristics (bj,ajz,uj), X3:B(e) will be a
compound Poisson process with Lévy measure v;(dz)l(c «)(|z]), i.e.

Ny
. ,
X =3y v
1=1

where N7 is a Poisson process of intensity \;(¢) := v;(R\ (—¢,¢)) independent of

the sequence of i.i.d. random variables (Yi(j ))izo having distribution FY(dx) =

I(c,00) (|])
Aj(e)

order p of a Poisson random variable of mean /.

v;(dx). Recall from Proposition 3 that m, ¢ denotes the moment of

Theorem 11. Let X7, j = 1,2, be two Lévy processes with characteristics

(bj,ajz,z/j), j = 1,2. For all p € [1,2], for all € € [0,1] and all t > 0, the

following estimate holds

Wy (X X2) < (P(01(0) ~ 12(6)” + 101 +1(0) — 02— 92(6))7) i
+ O3 min (Vig(e),2) + Wy (X P (2), X7 P (e),

for some constant C, only depending on p. Introducing L () := t|A\1(g) — Xa(g)],
we have

Wy (X1 2(0), X722 (2)) < ()P + txa (@)W, (Y1, V)
+ (Le(e)Y? + Ly(e) E[(v;2)"]'?.
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Proof of Theorem 11. By some abuse of notation let A/(u1, 02) denote a random
variable with this distribution. Then, thanks to the Lévy-It6 decomposition, we
have ‘ ‘

Xi = N(thi(e), to?) + X% (e) + X, (e)

with independent summands. Hence, by subadditivity we get
Wy (X2, X2) < Wy (N (thi(e), to?) + X% (e), N (tba(e), to3) + X% (e))
+ Wy (X, 7 (e), X[ P(e)).
Observe that
W, (N (tb1(2), ta?) + X5 (), N (tha(e), to2) + ))
< W, (N (th (2), to?) + X5 (), N (thy (2), ( e))
+ Wy (N (tha(e), to3) + X7 (), N (tha(e), ( €))))
+ W, (N (21 (), tof + 53(2))), N (tha(e). t(o 3 a3(¢))))
< W (X 5(e), N (0,107 (2))) + Wo (X7 (), N (0, 153 (<))
+ W, (N (tbi(e), t(of + 51 (€))), N (tha(e), t(os + G3(€)))),

i)
73 (

where in the second inequality we used again Lemma 2. An application of The-
orem 9 together with Point (2) in Lemma 1 and Lemma 4 allows us to bound

W, (N (b1 (€), tod) + X7 (e), N (tha(e), ta3) + X7 (e))

by the quantity

(tQ(bl(g)—bg(s))2+t(01+61(6)—02—62(5) )1/2—|—C’Zmln(\/_crj() )

for some constant C' only depending on p. Finally, W, (th’B(s),XtQ’B(E)) is

bounded by means of Theorem 10 and Proposition 3. O

We now address the problem of how to compute the Wasserstein distance
between n given increments of two Lévy processes. To that end, fix a time span
T > 0, asample size n € N and consider the sample (XliT/n_X(lkq)T/n’ X%T/n—
X (2k—1)T /n)ki=1- From Lemma 3 we know that we can measure the distance be-
tween the random vectors (XkT /n X(1,C V)T /n)i=1 and (XkT/n X(zk_l)T/n)Z:1
in terms of the Wasserstein distance between the marginals. This observa-
tion combined with Theorem 11 allows us to obtain an upper bound for the
Wasserstein distance of order p between the increments of these Lévy pro-
cesses.

Corollary 3. Let X7, j = 1,2, be two Lévy processes with characteristics

(bj,0%,v5), j =1,2. Then, wzth respect to the £ -metric on R™ given by d(x,y)

= (Zi:l |z — yi|” )I/T, r>1, forallpe[l,2],e>0,T >0, n €N we have
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WP((‘Xkl:T/n - X(lkfl)T/n);cl:D (XlzT/n - X?kfl)T/n)Z:l)
< Tn%_1|b1(5) — b2(5)| 4 TY2p52 ‘01 +01(e) — o9 — 62(6)|

2
+C Z min (7207~ 25;(e),nve) +nr W, (X;’/]i(s), X;’/i(s)),

j=1

where C' is a constant depending only on p. The term W,,(X%ﬁ(a),X%ﬁ(s))
can be bounded as in Theorem 10 with t =T /n.

In the Euclidean case r = 2 we see that in the bound for the Wasserstein
distance the drift part disappears as n — oo (T fixed), while the Gaussian
part remains invariant and the Gaussian approximation of small jumps gives
an error of order min(;(),n'/2¢). The bound on the larger jumps scales as
n'/2(T/n + (T/n)'/?) (for p = 1 even as T/n'/2) so that the entire bound on
the Wasserstein distance remains bounded as n — oo.

3.4. Lower bounds

Applying the general lower bound established in Proposition 2 to Lévy processes,
we get the following result:

Corollary 4. Let W be a Brownian motion and X°¢ be a pure jump Lévy process
with jumps of absolute value less than € € (0,1]. This means that X¢ has Lévy
triplet (0,0, ve), supp(ve) C [—¢,€] and characteristic function

€

o5 (u) = E[e™Xi] = exp (t/ (€™ — 1 — iuz) Vg(dx)).

Let 6%(e) = [ 2*v.(dz). Then forp >1
Wp(X7,5(e)Wi)

exp (tf (e — 1 — iux) Vg(dm)) — exp (tf Mus(dx))‘
> .
= ek V2l

By the bound given in Proposition 2 we usually do not lose in approximation
order as the following lower bound examples demonstrate.

Let us start with the general case that at € = 1 we have a standardised pure
jump process X! with E[X}] = 0, Var[X}] = t as for Brownian motion, which
means [ av;(dz) =0, [2%v1(dz) = 1. Then rescaling as in Donsker’s Theorem
we consider X7 := eX! ,, such that v.(B) = e ?v1(¢~'B) for Borel sets B,
7%(e) = 1 and

—2

03 (u) = exp (tE_Z /_11 (e — 1)V1(dx)>~

Let us further assume that g3 := [ 2311 (dz) # 0. Then, taking into account the
first two moments, a Taylor expansion yields
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1 2 . 3
) tu iteu
t€_2/ (ezsuw _ 1)V1 (dx) — _7 — 3l g3 + O(t52u4).
N !

For t > &2 we thus obtain at ug = ¢t~ /2

|0 (ug) — e~/ 1/2 -1/2| —igset=V/2/3140(2/t) 4| _ (93
uo =t/ ‘e 8 —1‘ _8<\/E3!+O(8/\/E))'

Hence, by Corollary 4 there are constants M > 0 and ¢ > 0 such that for all
t> Me?
Wp(Xf, Wt) > ce.

For t < Me? we obtain at ug = (8M\; /t)*/? with A\; = v (R)

4.2
|<,0§(UQ) —¢€ tu0/2| > tl/z eta‘*z J (cos(eupz)—1)v1(dz) _ e—4M)\1
Uuo - (8M)\1)1/2
672M}\1 _ 674M)\1 t1/2

>
- (8M\q)1/2
We conclude
V>0, e € (0,1] : Wy(XF, W;) > K min(vV1,¢)

for some positive constant K, depending on vy, but independent of ¢ and ¢,
whenever g3 = [ 231 (dz) # 0.

Even for symmetric Lévy measures, not inducing skewness of the distribution,
we can attain the order min(v/, €). If we consider vy = %(5_1 +01), Ve = 6*25;;‘55 ,
we arrive at the same conclusion by computing the distance 77 between Y;(e)

and N (0,t) as in Remark 3:
(=55 o)

u

T, (£ (Yi(e)), N(0,t)) = sup

u€R

If t > €2, we choose u = 2?” and get

(e (- 2| = (220
s *p 2 - o2 &

If t < €2, the choice u = \/i{ gives

T1 (L (Yi(€), N (0, 1) >

T e_%
T (X(Yt(s)),.f\/—(&t)) > \/E(#)

We conclude that also in this case Wi (Z(Y;(¢)),N(0,t)) > K min(v/%,¢)
holds for some positive constant K, independent of ¢ and e.
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4. Total variation bounds via convolution
4.1. Notation and some useful properties
Let (X,.%) be a measurable space and let y and v be two probability measures
on (X, 7).

Definition 4. The total variation distance between p and v is defined as
[ —vllry = sup ’N(A) - V(A)‘-
AeF

Lemma 6. The total variation distance has the following properties.

1o lp=vlrv = §supjg.<1 | [v ¥(@)(p — v)(dz)|.
2. lp—vlry =inf (P(X £Y): L(X) =p, LY)=v).

Remark 4. Let X be a discrete set, equipped with the Hamming metric
d(z,y) = Iy»,. In this case, thanks to Property 2. above, for any probability
measures p and v on X we have

Wi(p,v) = llp = vizv.

The total variation distance does not always bound the Wasserstein distance,
because the latter is also influenced by large distances. However, thanks to the
following classical result, one can get some control on W, given a bound on the
total variation distance.

Theorem 12 (See [25], Theorem 6.13). Let v and v be two probability measures
on a Polish space (X,d). Let p € [1,00) and xg € X. Then

4 P11
Wil < 27 ([ dton o= vit@n)”, 142 <1
In particular, if p =1 and the diameter of X is bounded by D, then
Wi(,v) < 2Dl — vl

In Proposition 4 we will show an inequality that can be thought of as an
inverse of the one above. Namely, the total variation distance between two mea-
sures convolved with a common measure can be bounded by a multiple of the
Wasserstein distance of order 1.

4.2. Wasserstein distance of order 1 and total variation distance

Recall that a real function g is of bounded variation if its total variation norm
is finite, i.e.
’npfl
lgllBv = sup Z 9(@it1) — g(s)| < oo,
Pe? i)
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where the supremum is taken over the set & = {P = (zg,...,Znp) : To < 21 <
-+ < Tpp } of all finite ordered subsets of R. We will denote by BV (R) the space
of functions of bounded variation.

We now state a lemma that will be useful in the following.

Lemma 7. Let g be a real function of bounded variation and F C {¢: R —
R: [[¢]lec <1} NLYR) a functional class. Suppose that for any ¢ € F

he(t) = /Rsb(y) (g(t —y) - wgrpoog(w))dy

is well defined. Then,
sup [|hg|Lip < [lgllBv- (10)
PpEF

Proof. The proof is an easy consequence of the following classical results on
Lebesgue-Stieltjes measures:

1. For every right-continuous function g: R — R of bounded variation there
exists a unique signed measure p such that

p(] = oo, z]) = g(x) — lim g(y). (11)
Yy——00
2. Let ¢ € L>°(R) and let g € BV (R) be a right-continuous function. Let p be
the finite signed measure associated to g as in (11). Then [ ¢(t — y)u(dy)
is well defined, measurable in £ € R and bounded in absolute value by

1@llocllgll By

More precisely, let p be the finite signed measure associated to g. It is enough to
prove that [ ¢(t —y)u(dy) is the weak derivative of hy since then, using Point 2.
above, we deduce that ||hg||Lip = || [ ¢(- — y)p(dy)lleo < [[¢lloollgll By and hence
(10). The claim above follows by Fubini’s Theorem: for all T' > 0

/OT/¢(t—y)u(dy)dt = //H[07T](U+y)¢(U)dw(dy)
- / B(w)(g(T — u) — g(—u))du
— [ (st~ w~ tim_g(a))du

Hence, [ ¢(t—y)u(dy) is the weak derivative of [ ¢(u)(g(t—u)—lim,—,_o g(z))du
as desired. O

T

=0

Proposition 4. Let 1 and v be two measures on (R, B(R)) and G be an ab-
solutely continuous measure with respect to the Lebesgue measure admitting a
density g of bounded variation. Then the total variation distance between the
convolution measures % G and v x G is bounded by

lgll v
2

[wxG—v*Glry < Wi (g, v).
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Proof.

lp*xG—v=*G|ry = sup /QZ)(I)(N*G*I/*G)(CZI)

lellee <1

ollagr /</¢ g(@ =) V)(dt))dx
H¢S|\ip§1 /</¢ xtdx)( —v)(dt)|,

the supremum being taken over compactly supported functions ¢. Denote by
t) = [z #(x)g(x — t)dx. From the last equality it follows that

A¢wmmwﬂ

hence, applying Lemma 7 to F = {¢: R =5 R : ||¢|loc < 1 with compact sup-
port} and Proposition 1, we deduce that

= N = N

1
lg*G—v*G|ry <= sup sup
2 1¢lloo <1 I¥llip<Ihsllzip

lu* G —v=Gllry HQHQBV

JRCTE mm\ lollovy, 1),

¥l Lip<1
U

The upper bound established in Proposition 4 is sharp. To see that, let us
consider the following example.

Example 2. Let u = &y, v = 6. and G = N(0,1) for some £ > 0. Denoting
by ¢ the density of a random variable N ~ A(0,1) and by ® its cumulative
distribution function, we have

|v* G —p*Gllry = %/Rkp(x) —¢(x —¢)|dr = @(E> _q>(_ f)

€ €
:2@(—) 1= 1 0(2).

5 5 TOE)
At the same time it is easy to see that Wi (u,v) =€ and ||g||pv = \/g There-
fore, the upper bound established in Proposition 4

VV1(,u7 V) = \/%

1
vxG —uxG < —
v+ G = Gllry < ——

is exactly the correct estimate up to the first order.

4.3. Total variation distance and Toscani-Fourier distances

For any Lebesgue density f introduce its Fourier transform % f(u) =
[ e f(z)dz. A first elementary result linking the total variation distance be-
tween convolution measures to Toscani-Fourier metrics is the following.
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Proposition 5. Let u,v and G be probability measures and suppose that its
characteristic functions ¢, ., pa are differentiable. Assume that G has a
Lebesque density g with mth weak deriwative g™ . Then, for all k,j,r € {1,...,
m}, we have

||M *G —vx* GHTV
< C(Tk(u, V)[lg® 2 + V2T (1, v) || (zg(x) 7|2

+V2sup WW ||2>

u€R
for some numerical constant C > 0.

Proof. First of all, remark that if any one among the ||g(®||2, ||(zg(x))®)]2,
To(pt, 1), OF SUP,cR w appearing above is infinite, then there is noth-
ing to prove. Therefore, from now on, we will assume that they are all finite.
Since G admits a density g with respect to Lebesgue measure, p* G and v * G
have densities g x u and g * v.

Using the Cauchy-Schwarz inequality we have

/\/—\/1+x2|g*u —g*v(z)|dx

<C(lg*p—gx*vl2+llz(g*p—g*v)l),

|+ G —vxG|ry =

for some numerical constant C' > 0. For all £ > 0 an application of the Plancherel
identity yields

1 () — eu(w)?
lg 1= g vI = 5= leaten - )l = o [ 2 (o () Pudu

() = 00 ()
ot g 2wl < g sup PP B b 2

u€eR

Hence,

In the same way we also have

1 1
(g * p(@) — g 5 v(@)IE < —Iealen = 2o)l5 + —llvale — eI
and we conclude as before that for all r,7 > 0

|(g * p(x) — g * v(z))ll2
[pu(w) —eu(W)l o, 1 o (w) = (W] s
< \/;sup HTHU egllz + —sup WHU oG 2.

uER u€ER
It remains to apply the inverse Fourier transform. O

Using a different set of hypotheses, one can also establish the following rela-
tion between the total variation distance and the Toscani-Fourier distance.
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Proposition 6. Let u, v and G be real probability measures absolutely continu-
ous with respect to the Lebesgue measure. Let f,,, f, and g denote their densities
and F,, and F,, denote the cumulative distribution functions of i and v. Suppose

that #g € Ly and that F,, — F,, € L. Further suppose that the graphs of f, * g
and f, * g intersect in at most N points. Then,

N
I+ G = v+ Gliry < 5 Ti(,v) / | F g(u)|du.

Proof. As in the proof of Proposition 4, let us introduce the function

/gf) g(t — x)d
/h W)(dt)).

Using an integration by part and Plancherel identity, we get

/% mz/m R (1))dt

TNy () F (Fy — F,)(u)du

and recall that

|+ G—vxG|ry = sup

1
2 Jplle<t

o
- FH(u )Mdu
o -
<T(u,v /L?h’ )|du. (12)

Also observe that

su_| [ oo = vian| = [ g0 vyan
llglloo<1|JR R
where
1 if  fuxg(x) > fo,*g(x).
Let us denote by —oco = 29 < 71 < -+ < oy < Tnyy1 = +00 the points

of intersections between the graphs of f, * g and f, x g. In particular g?)(u) =
+ Zio(—l)il[%miﬂ)(u) with the sign depending on the sign of f, x g — f, * g
on (—oo,x1). Thus,

N .
— 423 (<1 g(u—xy).
j=1

In particular, we get that
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Fhs(u ﬂz 1)7.Z g(u)e®s,

hence L@h;(u)\ < 2N|%g(u)|. This fact, together with (12), concludes the
proof. O

Let us observe that another way to link the total variation distance between
convolution measures to the Toscani-Fourier distance is offered by Theorem 2.21
in [3] joint with Proposition 4. More precisely, Theorem 2.21 in [3] states that,
under appropriate hypotheses on p and v,

18M\ /3
Wl(pﬁ V) < (T) T2(H7V)1/67

with M = max {E[X?],E[Y?]}, X ~ p and Y ~ v. Therefore, from Proposition
4, it follows that

9M V3
s G = v s Gllrw < lallav (50 ) Tau

where g denotes the density of G. Using some ideas from the proof of Theorem
2.21 in [3] we will be able to prove the following general result.

Proposition 7. Let p,v € P;(R), j > 1, and G be a measure, absolutely
continuous with respect to the Lebesque measure. Suppose that the density g of
G is j-times weakly differentiable with jth derivative g9) € Ly. Then,

s G—vs*Glry < C;/(2j+1) ||g(j)|\§j/(2j“)Tj(u, v)2%/ (2041

where C; = max (E[|X + ZJ],E[|Y + Z)]) with X ~p, Y ~v, Z ~G and Z
independent of X and Y .

Proof. Using the same notation as in Proposition 6, we have for all R > 0

1
G = v Glley = ;5 [ loula) - g viz)ldo

< %(/_z |9 * p(x) = g% v(@)|de + ]; /lDRxljlg*u(w)—gw(w)ldw)

([ gentor—gereiar+ ).

By Cauchy-Schwarz inequality,
R
/R g% p(x) — g+ v(z)lde < V2R|g*p— g v
. B c, 2/(2j+1)
holds. Taking R = (—\/§|\g*u]—g*u\|2) we get

1 ; o
lux G —vxGliry < 5OV (V2llg = g v]2)/ 3D
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Using Plancherel identity and the properties of the Fourier transform, we deduce
that

1 1
lg*p—g*v|s= —||f(g wp) — F(gxv)l5 = %Hgg(@u o)l

. 2 2 |50u( ) — @u(u)|2

— o [ 17 g a2 g

< 5Tl [ 1790w Puid
1 .

= 5T () Fg V5 = T3 (. v) g3

It follows that
s G = v Gliry < O/ ST (T; (1) gD ) 2)>/ 0. 0

Remark 5. To better understand the upper bounds presented above, let us
specialise to the case G = N(0,0?). In order to compare the results presented
in Propositions 5—7 let us start by observing that the following equalities hold.

2

o If g(z) = \/21706721?772, then Fg(u) = e~ . Therefore, [ [Zg(u)|du =
V2n

o

e Also, ¢'(z) = o1 27 and ¢ (z) = \/%6367;?(—1 + ﬁ) It fol-

2
lows that ||¢'||3 = 4\[03, 9”113 = #fooo eV (y? — 1)2%dy = 4f05 and

lgllav = 4/ 55

We are now able to compare the previous results for independent random vari-
ables Z ~ N(0,02), X ~pu, Y ~ v.

Proposition 5 for Ti: With a numerical constant C' > 0, independent of the
laws of XY, Z,

I Z(X+2)-ZY + Z)|rv < C(T1(X,Y)(\/% + %)

1 [P (u) =y ()]
)

+ sup
03 uer

Proposition 6: Let N be the number of intersections between the graphs of the
densities of X + Z and Y + Z. Then,

[Z2(X+2) =LY + Z)|lrv £ =——
Proposition 7 for Ty :

|L(X+2) -2 +2Z)|rv

o (R (B + Z)EY + Z])y 1 (15, Y)
< o

2/3

g
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Proposition 7 for Ts:
Z(X +2) 2L + 2)|rv

_ (max (B[(X + 2P E[(Y + 2)°]) \"/° (1p(X, V)5
- ( 167 > 2 '
Proposition 4 + Theorem 2.21 in [3]:

g

9max (E[X?], E[Y2)) ) V3 (1y(X,Y)) /0
275 '

We see that Proposition 7 gives a much tighter bound than Proposition 4 +
Theorem 2.21 in [3] when T5(X,Y) is small.

| L(X+2)— LY +2) |7y < (

g

4.-4. Main total variation results

As it was the case in Section 3, in order to obtain an upper bound for the total
variation distance between the marginals X} and X7 of two Lévy processes it
is enough to separetely control the total variation distance between Gaussian
distributions, between the small jumps and the corresponding Gaussian compo-
nent and finally between the big jumps. The latter can be controlled by means
of the following result.

Theorem 13. Let (X;);>1 and (Y;);>1 be sequences of i.i.d. random variables
a.s. different from zero and N, N’ be two Poisson random variables with N
(resp. N') independent of (X;)i>1 (resp. (Yi)i>1). Denote by A (resp. ') the
mean of N (resp. N'). Then,

#(3 %) - #(3m)

Proof. Without loss of generality, let us suppose that A > X and write A\ =
a+ N, a > 0. By triangle inequality,

N N’ N N
(%) -2(Xv)],, < [2(Xx) -2(Xx)]
H ZX zZY TV_.,%ZX .,%ZX "
=1 =1 =1 =1
N// N/
Hle(Xx) -2 (Xv)
i=1 i=1
where N” is a random variable independent of (X;);>1 and with the same law as

N'. The first addendum in (13) can be bounded as follows. Let P be a Poisson
random variable independent of N” and (X,);>1 with mean «. Then,

Jo(32x) -2, - 2 (3 %) (L)
<[ ()

< QALK — 23y +1— P,

‘TV’ (13)

‘TV

!

-
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where the last bound follows by subadditivity of the total variation distance.
By definition, it is easy to see that

P P
“503(;)(1-) " P(gxﬁéo) <l—e @

In order to bound the second addendum in (13) we condition on N’ and use
again the subadditivity of the total variation joined with the fact that £ (N’) =
Z(N"):

2(52x) -(30)

‘TV

_ %HZ(X_;XZ> _g(;yz) ’TV I =)
<> LX) - LM)|lrvP(N' = n)
n>0
=N[Z2(X1) = 2(M)|rv. .

The treatment of the small jumps is the subject of the following result:
Proposition 8. Let X be a pure jump Lévy process with Lévy measure v.
Introduce ve = vVl <.. Then, for all ¥ >0 and € € (0, 1], we have

0,%,ve (0,4/%22+52(¢),0) (0,0,v. 0,5(¢),0
s AT )

<4/ W min (2 ta2(e), g)

Proof. This follows by applying first Proposition 4 and then Theorem 9. 0

As a consequence of the above estimates on the Wasserstein distances, we
obtain a bound for the total variation distance of the marginals of Lévy processes
with non-zero Gaussian components.

Theorem 14. With the same notation used in Theorem 11 and Section 2./,
forallt >0, e € (0,1] and for all 0; > 0, i = 1,2, we have:

Pt(bl,ffl,lll) _ Pt(bz,UQ,Vz)

TV

<\/7’b1 ) — ba(e ’JF\/—’\/UlJFUl \/‘72+‘72( )‘

\/‘71+‘71 V\/‘72+‘72()

Z

+th(e) - /\2(5)] +t(M(e) Ada(e)) |

m1n2t0 ))

)\1V(1 ) )\2 HTV
with v = v;(- N (R\ (—¢,¢))) and Aj(e) = v5(R).
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Proof. By subadditivity of the total variation distance and by the triangle in-
equality,

Hpt(bl,alﬂh) _ Pt(b2,<7271/2)

2
o2+52(e
‘ < Z Hpt(tm,w(e)) _ Pt<0,\/ F+ai( >,0>H
TV = TV

n HPt(bl(E)V\/ oi+57(e).0) Pt(bQ(E)’ 0§+5§(6)70)HTV

+ [ 2(X @) = L (X E) |y

The proof follows from Proposition 8, the classical bound

L‘ _ _
=l — po| + V2|01 — o
HN(uluO—%)_N(LQ?US)”TV S 2 .

g1 \Y g9
and Theorem 13. O

Another useful result follows directly from Proposition 7 with 7 = 1 and
allows to bound the total variation distance for Lévy processes with positive
Gaussian part by the Toscani-Fourier distance for the same Lévy processes, but
with a smaller Gaussian part.

Theorem 15. Let X' ~ (b, 02,v;), with o; > 0, i = 1,2, be two Lévy processes.
For any ¥ € (0,01 A 03) consider the Lévy processes X' ~ (b;, 02 — X2, 1),
1 =1,2. Then,

max (E[| X}, E|1x2]) " (1 (X}, X2))*°

Hg(th) - g(XE)HTV =< (167-‘-)1/62\/E

5. A statistical application
5.1. Lower bounds in the minimazx sense

One of the main goals in statistics is to estimate a quantity of interest from the
data. There are different criteria that can be used to judge the quality of an
estimator. In nonparametric statistics it is common to use a minimax approach.
Let us recall the classical setting. From the data (Xi,...,X,) one wants to
recover a quantity of interest 6 (e.g. 6 is the density of the observations, or
the regression function, or the Léyy density, or the diffusion coefficient, etc.).
In practice 6 is unknown (but supposed to belong to a certain parameter space
©) and one needs to estimate it via an estimator (a measurable function of
the data) én = én(Xl, ..., Xn). To measure the accuracy of the estimator one
computes the minimaz risk

R} :=infsupE d*6,T,)],
Tn 9co [ ( )]

where the infimum is taken over all possible estimators T, of € and d is a
semi-distance on ©. Furthermore, one says that a positive sequence (1, )n>1 is
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an optimal rate of convergence of estimators on (©,d) if there exist constants
C < oo and ¢ > 0 such that

limsup ¢, 2R} < C (upper bound) (14)
n—oo
and
lim inf ¢/, RE >, (lower bound). (15)

The goal is then to construct an estimator 4 such that

sup E[d*(6;,,0)] < C'vy
0cO

where (¢, )n>1 is the optimal rate of convergence and C’ < oo is a constant.

The usual way to proceed is to build an estimator 6, of 6 and start the
investigation about its performance firstly via an upper bound like (14). This
is important since the first thing to check is that the considered estimator is
at least consistent, that is automatically implied if supgeg E[dz(ﬂ,én)] — 0.
After that, a natural question is whether one could construct a better (in terms
of rate of convergence in the class (©,d)) estimator. In order to ensure that it
is not possible to obtain a better estimator than the one already constructed
one has to prove a lower bound, that is it is needed to prove that the rate of
convergence of any other possible estimator of # will not be faster than the
rate obtained in the upper bound. This is in general a difficult task and we
refer to Chapter 2 in [24] for general techniques to prove lower bounds. Without
recalling all the steps needed to prove a lower bound following [24], let us stress
here that one of the fundamental ingredients is to have a fine upper bound
for the total variation distance or other measure distances. To that end the
estimates in Section 4.4 can be of general interest to prove lower bounds in the
minimax sense.

One situation when this general procedure applies is the following, where we
show how to simplify the arguments used in [13] in order to prove the desired
lower bound for an estimator of the integrated volatility.

5.2. How to simplify the proof of the lower bound in [13]

In [13], the authors consider a one-dimensional Ité-semimartingale X with char-
acteristics (B, C,v):

t t
B, = / bsds, C; = / csds, v(dt,dx) = dtF;(dz).
0 0

They assume that X belongs to the class S’ of all Ito-semimartingales that
satisfy

Ibe| + ¢z + /(w A1)F,(dz) < A VYt e [0,1].
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Their goal is to estimate the integrated volatility C at time 1, C'(X);, from
high-frequency observations X i, ¢ = 0,...,n. They have an upper bound for

an estimator of C'(X); and th%y want to prove that the rate of convergence
attained by that estimator is optimal. To that aim they need to prove that any
uniform rate 1, for estimating C'(X); satisfies

Y > (nlogn)_Qg_T if r>1. (16)

Following [24], their strategy conmsists in finding two Lévy processes X' ~
(bio2, F;), i = 1,2, such that

1. 0} — 02 =a, = (nlogn)_%, r € (0,2),

2. [(Jz|" AN1)F;(dz) < K,
3. L 2(X ] )isicn) — L(X2

Z/n)lgign)HTV — 0 asn — oo.

The construction in [13] of the Lévy processes as well as the proof of the con-
vergence in total variation stated in Point 3. above is very involved. Let us now
see how to use Theorem 15 to prove (16) more easily. To that aim consider two
sequences of Lévy processes X" ~ (0,1 + a,, F!) and X2" ~ (0,1, F2) with
Lévy measures F} and F?2 satisfying the following conditions:

o [(|z|"ADFi(dz) < K,i=1,2.

e Define W;,, == [p(e™® — 1 — ijual|y<1)Fi(dx), i = 1,2. Then ¥y, and

U, ,, are real positive functions such that

Uy (u) = % + Uy (u), VY|u| <u,:=24/nlogn. (17)

It is not difficult to see that Lévy measures F! and F? satisfying such conditions
always exist. In particular, it follows from (17) that the X»™ i = 1,2, have the
same characteristic function for all |u| < u,, i.e.:

) n 2 Uy,
E[emx;/n} ~ exp ( 3 ;‘—(1 fay - T ,(u)),
n

n
2,n u? Uy, (u)
B[R] = oxp ( - 12 - Lanl)y,
2n n

In order to apply Theorem 15 let us observe that X11 /Z (resp. X1 /n) is equal

in law to the convolution between a Gaussian distribution N (0 ( ) and X 11 /Z
(resp. Xl/n), where X1 ~ (0, + an, Fy) (vesp. X2~ (0, ;, 2)). We ob-
tain

n 32
L2l - 2l < (2) (T (. 00)

where C? = max (E [|X1/n\] [|X1/n|]) We are therefore left to compute T (fi,
v,) and show that n||.Z (X 1/n) ZL(X 1/n)||TV — 0.
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exp (= (3 0) = 2202) — e (= T2 — 2202

Tl(/"‘ru V’I’L) = sup

u€R u
exp (— i) - Jow (= i — P) — e (- )|
= sup
[u[>un u
u2 n logn —
o (D) exp (- Dakeny o
- U, 2y/nlogn 2y/logn’
Hence,
0/4N\2/3 39\ 1/6 O30
G Gl < (it YT a2y Gt
i G = Gl < (Gt 5 )
Therefore,

1L (X m<icn) = L(Xm)1<i<n) ||Tv<\/ 2 (X m) = LX) v

<(%)1/12(\/§)%>1/3_>0’

as desired.
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