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Abstract

We construct the Dirichlet form associated with the dynamical ®3 model obtained in
[23, 7] and [37]. This Dirichlet form on cylinder functions is identified as a classical
gradient bilinear form. As a consequence, this classical gradient bilinear form is
closable and then by a well-known result its closure is also a quasi-regular Dirichlet
form, which means that there exists another (Markov) diffusion process, which also
admits the &} field measure as an invariant (even symmetrizing) measure.
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1 Introduction

Recall that the usual continuum Euclidean @é-quantum field theory on a torus is
heuristically described by the following probability measure:

plde) = N Mgerada(@)esp = [ (Val@P +mat(© + G @te). A

where N is the normalization constant, m is a real constant, A\ > 0 is the coupling
constant and z is the real-valued field and T¢ is the d-dimensional torus. There have
been many approaches to the problem of giving a meaning to the above heuristic measure
ford = 2 and d = 3 (see [21, 15] and references therein). The construction of this <I>§
field measure p has been achieved in [12] for A small enough, which was one of the
major achievements of the programme of constructive quantum field theory. In [40]
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Dirichlet form associated with the ®3 model

Parisi and Wu proposed a program for Euclidean quantum field theory of getting Gibbs
states of classical statistical mechanics as limiting distributions of stochastic processes,
especially as solutions to non-linear stochastic differential equations. Then one can use
the stochastic differential equations to study the properties of the Gibbs states. This
procedure is called stochastic field quantization (see [29]). The <1>§ model is the simplest
non-trivial Euclidean quantum field (see [15] and the references therein). The issue
of the stochastic quantization of the <I>3 model on the d-torus is to solve the following
equation:

dd =(AD — AP — m®)dt +dW (t) @(0) = Do. (1.2)

where W is a cylindrical Wiener process on L?(T¢). In the following we take A\ small
enough (weak coupling) as in [6] and in the following when we analyze (1.2) we omit A
for simplicity if there is no confusion. The solution @ is also called dynamical <I>§ model.
The main difficulty in this case is that W and hence the solutions ® are so singular that
the non-linear term is not well-defined in the classical sense.

In two spatial dimensions, the dynamical ®3 model was first treated in [2] by using
the Dirichlet form approach: The authors considered the following bilinear form on
L?(E; 1) with E being a separable Banach space and pu(E) = 1:

E(u,v) = %/(Du,Dv)deu,

where Du means L2-derivative, which is defined in Section 4. By the corresponding
integration by parts formula for i they obtained that the bilinear form is closable and
its closure (£, D(€)) is a quasi-regular Dirichlet form. Then according to a general
result in [34] (see Theorem D.4), we know that there exists a (Markov) diffusion process
M= (Q,F,X(t), (P")zer) on E properly associated with (£, D(£)). The sample paths of
the associated process satisfy (1.2) in the (probabilistically) weak sense for quasi-surely
every ®g.
Later in [10] and [36], the authors split ® as & = &, + v, where

AP, = Adqdt + dW,

0w =Av — (0¥ 43020, +30: B2 +: B3 ) —m(Py +v), (1.3)

where : &% :: &} : are defined as Wick products. Then the nonlinear terms are well
defined in the classical sense and they obtained a (probabilistically) strong solution to
(1.3).

In three spatial dimensions both techniques break down. For the Dirichlet form
approach we cannot directly obtain that the bilinear form:

1
E(u,v) = 3 /E<DU,DU>L2d/,L, u,v € FCP°,

is closable since the measure p is more singular and may be not quasi-invariant along
smooth direction (see [1]). Here for the definition of FC}° we refer to section 4. No-
body has constructed the Dirichlet form associated with ®3 model successfully and the
closability of the corresponding bilinear form has been a long-standing open problem
for more than 25 years ([2]). For the second approach (1.3) is also not well defined in
the classical sense since the noise is more rough. It was a long-standing open problem
to give a meaning to the equation (1.2) in the three dimensional case. A breakthrough
result was achieved recently by Martin Hairer in [23], where he introduced a theory
of regularity structures and gave a meaning to equation (1.2) successfully. Also by
using the paracontrolled distributions proposed by Gubinelli, Imkeller and Perkowski
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in [17] existence and uniqueness of local solutions to (1.2) have been obtained in [7].
Recently, these two approaches have been successful in giving a meaning to a lot of
ill-posed stochastic PDEs like the Kardar-Parisi-Zhang (KPZ) equation ([30, 4, 22]), the
stochastic 3D-Navier-Stokes equation driven by space-time white noise ([49, 51]), the
dynamical sine-Gordon equation ([27]) and so on (see [26] for more other interesting
examples). These two approaches are inspired by the theory of rough paths [33]. In
[31] the author also uses renormalization group techniques to make sense of the dy-
namical <I>§ model. Recently in [37] the authors obtained global well-posedness of the
solution to (1.2) in the three dimensional case based on the paracontrolled distribution
method.

The aim of this paper is to construct the Dirichlet form associated to the ®21 model.
Dirichlet form techniques have developed into a powerful method to combine analytic
and functional analysis, as well as potential theoretic and probabilistic methods to
study the properties of stochastic processes. In [44, 45] M. Rockner and the authors of
this paper combine the Dirichlet form approach and the SPDE approach to obtain new
properties in the two dimensional case (such as restricted Markov uniqueness and the
characterization of the ®3 field). We hope this paper is a start to study the dynamical ®3
model combining Dirichlet form techniques and the theory of regularity structures as
well as the paracontrolled distributions approach.

Different from [2], our idea is to construct the Dirichlet form from the global solution
®(t) obtained in [37]. It has been proved in [24] that ®(¢) satisfies the Markov property.
Moreover, it is easy to obtain that &(¢) satisfies the Feller property (see Lemma 4.1),
which implies that ®(t) satisfies the strong Markov property. Then we prove ®(t) is
reversible with respect to p by the lattice approximations obtained in [50] (see Lemma
4.2). Hence we obtain our first main result of this paper:

Theorem 1.1. There exists a quasi-regular Dirichlet form (£, D(£)) associated with
®(t). Moreover, ® is properly associated with (£, D()) in the sense that the Markovian
transition semigroup for ® is a quasi-continuous version of the semigroup associated
with (£, D(€)). Furthermore, FCg° C D(E) and (l,-) € D(€) for anyl € E*.

For definitions of quasi-regular Dirichlet form we refer to Appendix D. Here FC}°
denotes all the smooth with all derivatives bounded cylinder functions on the state space
E, E* is the dual space of E and (-, ) is the dualization between E and E*. For the
explicit definition we refer to Section 4. Moreover, we can identify the Dirichlet form on
the cylinder functions as a gradient Dirichlet form:

Theorem 1.2. For f,g € FCi°, £(f,9) = 3 [(Df, Dg)du with (-,-) being the inner prod-
uct of L?(T3) and Df is L*-derivative defined in Section 4.

As a byproduct of Theorem 1.2 we can also deduce that ® is an energy solution in the
stationary case (see Remark 5.2). Energy solution is a notion of weak solutions for KPZ
equation to describe the large scale fluctuations of a wide class of weakly asymmetric
particle systems (see [16, 18, 20]). For the dynamical <I>§ case we can also introduce the
notion of energy solution.

As a consequence of Theorem 1.2, we obtain that the bilinear form is closable, which
we cannot directly obtain as we mentioned before:

Theorem 1.3. The bilinear form £(f,g) = % [{(Df,Dg)du, f,g € FCs*, is closable and its
closure (£, D(€)) is a quasi-regular Dirichlet form. Then there exists a (Markov) diffusion
process properly associated with (€, D(£)), which admits p as an invariant measure.

By using Theorem 1.3 and Dirichlet form theory (see [14, Theorem 1.6.3]) we obtain
the following result easily:

Corollary 1.4. (£, D(£)) and (€, D(£)) are recurrent in the sense that their associated
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semigroups (T} );so,i = 1,2, satisfy fori = 1,2
/ T} fdt = 0 or co a.e. for any f € L'(E;u) with f > 0.
0

Here we use (T});~o to denote the semigroup associated with the above Dirichlet forms
respectively.

Recently a new uniform estimate for the solution ¢ has been obtained in [38], which
combined with the strong Feller property for ¢ obtained in [25] and a support theorem
in [28] for ®, may imply the exponential convergence to equilibrium in this case. By this
result we can deduce the following estimate by using Dirichlet form constructed above.

Corollary 1.5. Suppose that the exponential convergence in the L?-sense hold for the
semigroup P, associated with the solution ®. Then the following Poincaré inequality
holds:

p(f?) < CE(f, f) +u(f)? f € D(E)

for some C' > 0. Moreover, there exists ¢y > 0 such that
/ecﬂHm”Eu(dI) < 00, (1.4)

where F is the state space we introduced in Section 4.

Remark 1.6. (i) In fact (1.4) can be obtained by using [6] and further calculations.
However, the construction of Dirichlet form only need an uniform moment estimate of
the lattice field measures. Here we use Dirichlet form theory to give a new proof of (1.4).

(ii) We recall the following result from Dirichlet form theory: Poincaré inequality
implies the irreducibility of the Dirichlet form (£, D(£)). Then by Corollary 1.4 and [14,
Theorem 4.7.1], for any nearly Borel non-exceptional set B,

P*(opob, <oo,¥n>0)=1, forqe. z€E.

Here op = inf{t > 0: &, € B}, 0 is the shift operator for the Markov process ®, and for
the definition of any nearly Borel non-exceptional set we refer to [14]. Moreover by [14,
Theorem 4.7.3] we obtain the following strong law of large numbers: for f € L'(E, u)

1
lim —
t—oo t

/0 " H(@)ds = / fdu, P*—as.

forq.e. z € E.

Remark 1.7. From Theorem 1.3 we know that there exists another Markov process
which admits ; as an invariant measure. Is this Markov process the same as the solution
® to (1.2) obtained in [37]? In Dirichlet form theory it corresponds to the problem of
the relations between the domains of the Dirichlet forms D(€) and D(£). In the two
dimensional case, they are the same (corresponding to restricted Markov uniqueness,
see [44]). In the three dimensional case we do not know the answer until now, since the
measure is more singular and we do not know along which vector fields the integration
by parts formula holds. This is also a major problem in Dirichlet form theory, which is
related to the long-standing open problem whether Markov uniqueness holds for the

associated generator.

The structure of this paper is as follows. In Section 2 we prove some useful estimates
for the solutions to (1.2). In Section 3 we recall the lattice approximations, which is
required to prove & is reversible w.r.t. p. In Section 4 we give the proof of our first
main result. In Section 5 we identify the Dirichlet form on the cylinder functions. In
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Appendix A, we recall some basic notions and results for the paracontrolled distribution
method. In Appendix B, we calculate the convergence of the stochastic terms. We recall
the paracontrolled analysis for the solutions to the lattice approximations in Appendix C.
We also recall the definitions of Markov processes and quasi-regular Dirichlet forms in
Appendix D.

Notations: Let S'(T?) be the space of distributions on T¢ = [-1,1]¢. For a € R, the
Holder-Besov space C* is given by C* = B% ,(T%) and for p > 1 we use the notation
By = B, . For the definition of the general Besov spaces By, and the paraproduct
see Appendix A. For § > 0,a € R we write || - ||o, CrC® and c@ca instead of || - [|ps _,
C([0,T);C*) and C?(]0,T];C®), respectively in the following for simplicity. For a Banach
space E, B(FE) denotes the Borel-algebra on FE and C(F) and B,(E) denote the bounded
continuous function and the bounded measurable functions on E, respectively. The
Fourier transform and the inverse Fourier transform are denoted by F and F~!. The
heat semigroup is denoted by P, := e!*. To simplify the arguments below, when we
analyze the equations, we assume that FW(0) = 0 and this can be easily removed by
adding a linear term on the right hand side of equation.

For f € S8'(T3) we write p. x f := >, g(k)(f, ex)er, with g being a smooth radical
function with compact support and g(0) = 1, g(¢k) = Fp.(k). Here and in the following
(-,-) denotes L?(T?)-inner product and e (£) = 273/2e!™¢ for k = (k' k2, k%) € Z3,¢ =
(€1,€2,£3) € T3. We also use |k|o = max(|kt|,|k?|, |k?|) and ds.f := f(t) — f(s). To make
our paper better readable we summarize the graph notation used in the paper in the
following table. The definition of them will be introduced below.

(Dl (i)‘i —‘I)Q —(i)g —pPe * (1)2 (@1)0,2 ((I)i)o’Q
/ | \ |

K¢ Pe * K (pe * @1)0’3 ‘131 <& (I)Q ((1)1)0’2 <& (1)2

[
K

2 A uniform estimate

In this section we give an uniform estimate of the solution to (1.2). In the following

we assume that ® € C~* and z € (3, 2). We fix x,7 > 0 satisfying

1
Z—§>2K, 6k <7y, 10k4+3y<2-—3z.

Parameters k,y satisfying the above conditions can always be found. Indeed, we first
choose v < 2_33Z. Then the conditions are satisfied if we choose « > 0 small enough

: : ok 2z—1 2—-32—3y
satisfying k < § A == A =5

Now we recall that the solution obtained by [7] and [37]: (1.2) can be split as follows:
(I):(I)1+‘I)2+(I)3 and

t
qw):/ PrdW = |
t

o« ! \]/
Dy(t) = — lim/ P_, " dsi=— ,

e—0 Jo
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and
D3(t) Pt(q)o@l(O))/tPt_s[cbgmégﬂ — \{/)+®3(3(\{/)2—6'j/)+3 Vo a,
0

+3(W 0(\{/)2_ 'jﬁ)_(\]/)?’_(g(p—m)@}ds.
(2.1)

Here &, does not depend on ¢ (see [7]) and we use [ to denote ®; and . to denote

- v Y ~
pe * @1 and introduce , to represent ®$?, —®,, respectively.

o é% Lo \V)Q, 55#

involve a renormalization procedure and are defined in Appendix B. Throughout this
paper we do not use the explicit formulation of these stochastic terms, but only use their
regularity. We will introduce their regularity in (2.2) below. The most difficult part for

renormalization is N o ®3. For this term we define

K(t) := /Ot P, o(®1)>%ds := Y.

We have the following paracontrolled ansatz

Py = —3n.(— \{/ + B, Y)+<I>ﬁ

with ®F(t) € C'*3~ for t > 0. Here ® is the regular term in the paracontrolled ansatz.
Then

.
N 6 @y = (@ \/)_30(—\{/ + @, ( )
/
—3<—Y +q>3>7r0,0(\ N Y (@, V)

)

% N\ N\
where C(— \{ + &3, ( , 4 ) is defined in Lemma A.3 and 7o o ( ( , \V ) is defined
in Appendix B. Now we introduce the following notations:

L/
Cw(T) = sup [II1] 3 o+ \/HflfmuYn%_mumﬂ s Dl-a

t€[0,T]
N N\ /
+ o0 K N s o+ o (, NV }+H [

(2.2)

||—2r€

C%—Qm’

N ool

C

and
pr = inf{t > 0: Cw(t) > L}.

By [7] P(Cw(T) < oo,VT > 0) = 1 and by [7] on this set there exists a unique local
solution ®3 to (2.1). Recently in [37] the authors proved that the solution to (2.1) does
not blow up in finite time. In fact we can check that the solution obtained in [37] satisfies
(2.1) by smooth approximation. In the following we consider the solution ® obtained in
[7]1 and [37].

Then we have the following estimate for ®:
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Proposition 2.1. For any T > 0 there exist Cy, m > 0 depending on L,T such that on
the set {pr, > T}

w+z+m

L 4z+5n _
Su]p][l\‘bll =+t [ ®slly T (1Dl 4] < Co(l| Dol + 1)

tel0,T

Remark 2.2. Here we obtain the estimate on the set {p;, > T'}, since on this set we can
choose t* below and the bound is independent of w.

Proof. Set

ytztr 3(ytztr)
2 2

Qt) =t 191145 + 1.

By similar calculations as in [50, Section 4] there exists ¢ > 1 such that for¢t < pp, AT

L4z+5n
||(I)3H7+t 2 Hq)?»||%+4n+t

t
Q7 < (Il + 1)+ C [ Qs
0
where the constant C depends on L, T, g. Then Bihari’s inequality implies that on the set
{pr > T} for t* := C7120(||®o||, + 1)]2AT

sup Q1) < C([[Po], +1).
te[0,t*]

Here and in the following the constant C' depends on L, T, q. Then we obtain that
s[up][t ||(I)3H'y+t H<I>s||1+4K} < C([[®o]|-= +1). (2.3)
te[0,t*

Moreover, by similar calculations as in [50, Section 4] there exists mg > 0 such that

sup [|@5(t)]—- < C([[ Qo2 +1).
te[0,t*]
By the main result in [38] we have on the set {p;, > T} fort* <t <T
1@5(t)]|-- < Ct™1/2 < C(t7) 72 < O(|| |2, + 1)

Combining the above estimates we obtain that on the set {p;, > T’} there exists m; > 0
such that

sup [[®3(t)]—. < C(||Pol|™: + 1). (2.4)
t€[0,7)

Let £* = C71[2C(||®o]|™2? 4+ 1)]~2 A t*. Consider the solution to (2.1) at time ¢ > #*, then
it can be viewed as a solution starting from ¢ — % A similar argument as above implies
that on the set {p;, > T} fort* <t <T

t* LETEN t*
(&

Py 0 + ()T 1200 e,

t*
<C([|®s3(t — §)||—z +1)
<C([|Po ) + 1).

bJ

Then we have for t* <t < pp AT

()||v+t st M
<C[[®s(t )||1+4K (2.5)
e %+ +5 m m
<(t") C([[@o]Z2 + 1) < C([[Po]|Z; + 1),
where m > 0 is a constant.
Thus the result follows from (2.3) (2.4) and (2.5). O
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3 Lattice approximation

In this section we will recall the lattice approximation in [50] for later use. For N > 1,
let AN = {—N,—(N—1),.., N} Sete = 52~ Every point k € A" can be identified with
E=cke A ={6=(£,2,8) €eZ®: 1 <¢£,€2,6% < 1}. We view A, as a discretisation
of the continuous three-dimensional torus T? identified with [—1,1]3. Then for n > 1 we
set L*"(A%) := {[| flI 75 (ac) = Zen- €[ f(2)[*" < oo} (1.1) can be approximated by the
following lattice ®3-field measure u°(dx):

N;ngAsdwgexp(s S (6 - #(@) + (3G - 905 —m) 3 %)

[€1—&2|=€,61,62€A, EEA,
1
-3 T 0)
€A,

where N, is a normalization constant and we choose C§, C{ as in [50, Section 1]. The
following stochastic PDEs on A, are the stochastic quantizations associated with the
lattice ®3-field measure:

d®e(t) =(A. 0% (t) — (®°)3(t) + (3C5 — 9CF — m) D= (t))dt
+ dWn(t) (3.1)
P°(0) =5,
where we fix a cylindrical Wiener process in (1.2) on L?(T?) given by >, Brex(€) for
¢ € T3 and restrict it to L2(A.) as Wy (£) = 2kl <N Brex(§) for £ € A., which is also a

cylindrical Wiener process on L?(A.). Here {3} is a family of independent Brownian
motions on (€2, F, P). Also we take ®f independent of W. For ¢ € A, define

Af€) =2 > (fly)— 1)

yENe,y~§

where the nearest neighbor relation ¢ ~ y is to be understood with periodic boundary
conditions on A.. For & satisfying E||<I>8H%2(AE) < oo by [43, Theorem 3.1.1] there exists
a unique solution ®° to (3.1).

Following [35, 50] we define a suitable extension of functions defined on A. onto all
of the torus T? (which we identify with the interval [—1,1]%) in the following way:

1
EXY () =55y, ™ EWY(). (3.2)

ke{—N,...,N}3 yeA,

Now we extend the solutions of (3.1) to all of T3. Let u® = Ext®¢ for simplicity. We have
the following equation:

t

¢
u(t) = PyExt®g —/ PfQn[(uf)? — (3C5 — 905 — m)uf]ds +/ P: . PydW. (3.3)
0 0

where Pf = Exte!®: and Qnu(r) = Pyu(z) + Hyu(z) with
Py =F Myo<nF,

and Il is defined for u satisfying suppFu C {k : |k|cc < 3N}

HNU(LL') = E 63\171223,7'-_11kepi1i2i3.7'—u(.’17)
i1,i2,i3€{=1,0,1},3°%_, i27#0
- > Pylely ol

i1,40,i3€{—1,0,1},5°8_, i27#0
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with P2 = {k: kJi; > N ifi; = —1,1;|k?| < N, if i; = 0} is a rectangular division of
Z3\{k € 7%, |kl < N}, €22 () = T2 e "N +Dise’
As in [50] we split (3.3) into the following three equations:

t
wi)= [ pepyaw.

— 00

u(t) = — / P Qul(u$)"¥ds

and
t
us(t) =P; (Ext®g — ui(0)) — / P [QN[Gu‘iUSUE + 3uf (u5)® + 3uf (u5)? + (uj + u5)°]
0

+ P [3(u$)®% o (u§ + u§) + 363.\171.21.3 (u5)*? o (uh + u) — (99° — m)uc]|ds.
(3.4)
Here the terms containing ¢ are defined as in [50, Section 4]. For (3.4) we can do
paracontrolled analysis as in [50, Section 4] and define the corresponding regular term
uS¥ in the paracontrolled ansatz. Also we define

Ciw (T), Eyy (T), AN (T), Dn(T), 0Cyy (T)

similarly as the corresponding stochastic terms in [50]. Here for the completeness of
the paper we include the definition of all these terms in Appendix C. Now we introduce
the following definition:

P = inf{t > 0: C5 (t) + B () + An(t) + Dy (t) > L}, (3.5)
and
e . ytzte o 3+a45n c m
8y = f{t > 0 T usll, -t 7 uSlsaae > Colll®o]™ + 1)+ 1), (3.6)

with Cy, m obtained in Proposition 2.1.

Now we obtain the following estimate for the lattice approximations:
Proposition 3.1. We have for any T' > 0 on the set {p;, > T'} there exists C1,m > 0 such
that

ytzts sHaton
sup - [lut = @ + 77 uz = Pafly + 17T uz — a4
tG[(],T/\pi/\'réO]

<Cy(e% +6C5 (T) + E5y (T) + An(T) + Dy (T) + || Ext®; — @[, )eCr (1Pl =41

where the constant C'; depends on L,T.

Proof. Let

ytzts Rl 3(ytz+n)

L) =177 fug = Dally + 677 uf = @slly g+t 2 [[utF = B[l

Since the nonlinear terms are given by polynomials, by similar calculations as in [50]
and Proposition 2.1 we have that on the set {p; > T'} there exists ¢, m > 1 such that for
te [0, T ApL Apg ATE,]

LE(8)T <C(||®o||™, + 1)("/% 4 6C5, (T) + E (T) + An(T) + Dy (T) + || Ext®S — ol _.)7

t
@)™ +1) [ L)
0
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which by Gronwall’s inequality implies that for ¢t € [0,T A pr A p5 A Tgo]
LE(t) < ("2 + 605 (T) + By (T) + An(T) + D (T) + || Ext®f — Do) (IPol=HD),

on {p;, > T}. Moreover, by similar calculations as in [50] we obtain that on {p;, > T’} for
te[0,TApLAps ATE,]

[uf (t) — ®(t)[| - < (£"/2 + 6C, (T) + By (T) + An(T) + Dy (T)
+ || Ext®§ — g |- ) (120 ll™.+1) 0

Similarly as in the proof of [24, Proposition 7.7] we obtain the following estimate for
the measure ji¢ := p° o Ext™!. Since x° is a measure on L?(A®) and Ext is an isometry
from L2(A.) to Py L?(T?), i has full support on Py L?(T?):

Lemma 3.2. Let n € IN. Then there exists a constant C' independent of € such that

/ ]2 2 (d) < ©

Moreover, i* weakly converges to p on C~~.

Remark 3.3. The proof of this lemma depends on the results in [6]. In fact the results
in [6] are established for the whole space based on the calculations for the correlation
functions, which can be extended to the torus case (see the argument in [6, Section 2]
and [42, Theorem 2.1]). Therefore, we use these results for the torus as was done in [24,
Proposition 7.7].

Proof. The following calculations on A, essentially follow [35, Lemma 8.4]. Suppose
suppd C {a < |k| < b} for § as in Appendix A and a,b > 0. If 27a > /3N, then
J 1Az ]330 (psy° (dz) = 0. For x € suppfi® we have

Ajx = Z 0;(k)(z,ex)e Z 0;( Extflx,e@gek,

|kloo <N [kloo <N

where 0;(-) := 0(277-) and (-, ), (-, ). denote the inner products in L*(T?) and L?*(A.),
respectively. Here we can take Ext™ ' since Ext is an isometry from L?(A.) to Py L?(T?).
If 27b < N — 1, then by changing variables we have

1851 ey ()
/|| Z 0,(k)(x, ex) ek||L2n(Ts)u (dx)

|k|oo <N

_2_3n/ Z 56” Z (H2rL19 ( )eki (f - yi))SSn(yl, vy ygn)df

yi €A i=1,. |kiloo <N,i=1,...,2n
_ 6n66nj —6jn 2n N ki (27 6—y;)
_C/ E e’"2 E 2 (Hi:19(kz)e i l)
yi €29 Ac,i=1,....2n [kiloo <279 N,k; €279 73 ,i=1,...,2n
yl Yon
S5 (2. 20y

o 6naobjn 2n 1
—C/ Z A (H — 5

Yi€29 Aeyi=1,....2n [1 + 22 Zz 1 2(1 = cos(m277(27¢0 — yh)))]
n Yon —6jn n miki (27 E—y;
San(Q 0 57 > 270 (20, (k) (1 — A)em (/60 g

|ki|oo <29 N, k; €2-3973,i=1,...,2n
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_ 6n 65n 2n 1
C/ 2 ’ (H T+ 22 3 2(1 — cos(m27 (20! — yi)))]2>

Yi €27 A, ,1=1,....2n

c (Y Y2n —6jn n moki (27 E—y;
2n(27;v ooy 227]) Z 2 67 (szzl(]- — Aj)za(kl)e ki(27¢ y‘))df
|kiloo <23 N,k;€27973i=1,....2n
j 1 1 Y1
<c 6626J - . + )\2 nd
- (yl y2ze:2j[\ (14129 —y1|%)? (1+|2J§—y2|2)2( (2J 2J) )" dg
<,

where S5, (y1, ..., Y2 ) is the 2n point function for u€ from [6] and C¢ is the covariance for
the corresponding Gaussian measure on the lattice and

Ajf(k)y=2" > (f(K) = f(R)).
k'€2—373 k~k’

Here in the last equality we use the integration by parts formula, since on the boundary
0 vanishes and in the first inequality we used that the support of § is contained in an
annulus to count the number of non-zero terms and deduce

| Z 276jn(H1221(1 7éj)Qo(ki)eﬂwki(zigfyi)” S, 1.
|kiloo<2—9 N,k;€2-373 i=1,...,2n

In addition, we use (8.2) and Theorem 6.1 in [6] to control S5,, and the following: when

1 1 C 1 1 _ 1 C
€ € [FL1] ey S e and when & € [L.2], sy = Tmangeray S @ oo
and when ¢! € [-2, 1] L = L < —=%. Furthermore, in the last

? 1—cos(mél) 1—cos(mw(€142)) — (£'42)
step we use that the covariance C¢(y1, y2) of the Gaussian measure is of order |y; — yo| L.
If 277; < N < 2/b+1, we choose a smooth function y which equals 1 on {5 < |k| < 4b}
and vanishes outside the annulus {¢ < |k| < 5b}. Let x; = x(277-). We have

[ 18532 ()

/HZ9 )X (k) {, ex)er||Fan opay i (dz) < C/IIZXJ (, ex)er ]| 5 psy i (dz)

N 1 W) o)l )
§23j Z € Z Z 56” (H?EIXJ (ki)eki (5 - yl))Sgn(yla EES) y2n)

EeN. Yi€Ac,i=1,...,2n |k; |00 <N,i=1,...,2n
§23j+jn'

Here in the second inequality we used Lemma C.2 and the estimate in the last inequality
can be obtained by a similar argument as above and the integration by parts formula
holds for the periodic boundary conditions. Thus, the first result holds by choosing n
large enough and because of Lemma A.1. In fact, for any o < —3, [ [|z]|2"°(dz) < C.
The second result follows from the tightness of the ji® and from the fact that the
corresponding Schwinger functions converge (see [41] and [24, Prop. 7.7]). O

4 Existence of the Dirichlet form

Consider the normal filtration (F;);>o generated by W. As we mentioned in Section
2, by [23, 7, 37] for every « € C~* there exists a unique solution ®(x) to (1.2) starting
from z. By [24] we have that ® satisfies the Markov property on C~* with respect to the
filtration (F;);>0. Define
P*(A) .= P(®(z) € A).
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P7 is a measure on ' := C([0,00); C~%) and we use E” to denote the expectation under
P*. We use X to denote the canonical process on €2’ and equip ' by the natural filtration
(My)>0 generated by X (cf. [34, Chapter1V, (1.7)]). We know X has the same distribution
as ®. By the Markov property of ® we know (', M := V> My, (My)i>0, X, P%)pec-= is
also a Markov process (cf. Definition D.2). Here iii) in Definition D.2 follows from the
measurablity of z — ®(x). Now we prove the following:

Lemma 4.1. (Y, M, (M,)i>0, X, P®),cc-+ is a Feller process on C~%.

Proof. 1t suffices to check that E* f(X(t)) is a continuous function on C~* for f € C,(C~#).
We have
[E* f(X (1) — B2 f(X ()] = |[Ef(D(t, 21)) — Ef(D(t, 22))]
<E|f(®(t,x1)) — f(®(t,22))|Li<p, + CP(t> ppL).

Here ®(x) denotes the solution to (1.2) starting from « and p;, is defined as in Section 2.
The first term goes to zero as x; goes to x5 in C™% by [23] and the second term goes to
zero as L goes to infinity since ECy (t) < C with Cy defined in (2.2). O

By P*(X € C([0,00);C™%)) = 1 for z € C* and by [9, Section 2.3 Theorem 1] we
know that the Feller process (', M, (M;);>0, X, P*),cc-- satisfies the corresponding
strong Markov property (cf. iii) in Definition D.3).

To construct the Dirichlet form associated with X, we first extend the Markov process
to starting points from a larger space, which contains L?(T?) as a subspace. Choose
E=H " “:=By5 “withe >0and H = L*(T?). By Lemma A.1 we have C"* C F and
the following relation holds:

E*CH*<-HCE.

In the following we use (-, ), | - | to denote the inner product and norm on H respectively
and (-, -) also denotes the dual relation between E* and E if there is no confusion. Now
we would like to extend X to a process X’ with state space F in such a way that each
x € E\C™* is a trap for X’ (see [34, page 118]). For notation’s simplicity we still use
(Q, M, (My)i>0, X, P*)zep to denote X'. In the following (', M, (My)i>0, X, P*)sck is
a continuous strong Markov process with state space E. Define the associated semigroup
for f € By(E),x € E
Py f(x) = B f(X(t)).

We also introduce the following cylinder functions
FC° ={fillli,), -, {lm, NIm € N, f1 € CF*(R™), Iy, ..., Iy € E™}.
Define for f € FC;° andl € H,

of

d
E(z) = ﬁf(z + 5l)|s=0,2 € E,

that is, by the chain rule,
af i
a(z) = Zajfl(<lla Z>7 <127Z>a ey <lm7 Z>)<ZJ>Z>H
j=1

Let Df denote the H-derivative of f € F(C};°, i.e. the map from F to H such that

0
(Df(2),l) = 8—?(2) forallle H,z € E.
In the following we prove that P, is a symmetric semigroup with respect to . For this

we use lattice approximation in Section 3 and let ®(z) be the solution to (3.1) obtained
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in Section 3 starting from = € L?(A.). By existence and uniqueness of the solutions to
(3.1) and similar arguments as in [43, 32, Section 4.3] we obtain that ®° satisfies the
Markov property w.r.t. {F;},>0. We define the semigroup of the lattice approximation:
for f € Cy(L?(A:)),x € L%(AL),

Pi f(z) = E(f(9°(t,2))).

Since (3.1) is a gradient system, by [11, Theorem 12.3.2] we have for f, g € Cy(L*(A.))

[ Pzt @) = [ 1) Prg(ey (da). (@1
We also define the semigroup for the extension of the lattice approximation on Py E: for

f S Cb(PNE), r € PyE,
Pf f(z) = E(f(u(t,2))),

where Py is as introduced in Section 3 and u°(z) is the solution to (3.3) starting from z.
Then we prove that Py is symmetric with respect to fi°. Since the extension operator Ext
defined in (3.2) is an isometry from L?(A.) to PyE, we view ji¢ as a measure on Py E.

Lemma 4.2, Fore = and f,g € FCp° we have

2N+1

[ P @glmy (@) d) = [ Sl @) ol ) ) ().

where we used that PvE C E.

Proof. Without loss of generality we assume that f(x) = f1({x,1)), g(x) = g1 ({x, h)) with
f1,91 € Cp°. Then we have that for [} = Z|k\m§N<l7ek>ek’h1 = Z\k|m§N<h’ek>ek7

[ P le) @l e (dn) = [ B2, 1))ar (o)) o)
— [ BG4 Bxt ), 1)) (B b))
= [ BG@ €)1 (. ) ()

— [ Blon((@* (ta), b)) (e ) (dn) = [ Eloa (b)) i (o)) o)
= [ Pelolne)@)f ey p(a)p (do)

Here in the second equality we used (z,l;) = (Ext™'z,l;). for x € PyF to deduce
(®%,11)e = (uf,l1) and in the forth equality we used (4.1). O

By Lemma 4.2 and [34, Chapter II Prop. 4.3] we know that (Pf);~, can be extended
as a strongly continuous Markovian semigroup of contractions on L?(PyE; [i°). By [34,
Chap I] there exists a corresponding Dirichlet form for (Pf);~o. In Proposition 4.4 we
will give the explicit formula for this Dirichlet form. Now we prove that P, is symmetric
with respect to p.

Proposition 4.3. For f,g € FC;° we have fort > 0

| Pt @g@ntds) = [ 1) Pg(antdo).
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Proof. By Lemma 4.2 it suffices to prove that for f,g € FC;*

lim / BE (1 ) ()9 py ()5 () = / By f(2)g(x)u(da). 4.2)

Lemmas 3.2 and 4.1 imply that
tiy [ Pif(@)gle)i (o) = [ Pef@)glonldo)
We also have
/Ipf(f\PNE)(w) — Pof(2)||g(@)|a* (dx)

(4.3)
<C [ B(S00) = F@0) L e<pinpe) () + CPE = pr A ),

where pr, p7 are as introduced in Section 2 and (3.5), respectively. The second term in
(4.3) is bounded by a constant times

P((Cy + Efy + An + Dn)(t) > L) + P(Cw (t) > L)
<c/L,

which uniformly goes to zero as L goes to oco. For some §p > 0 the first term in (4.3) is
bounded by

e / P(Jus (£, 2) — B(t, 2| s < £ (de)
(4.4)
e / P(t < g5 A p, [0 (b 2) — B(t, 2)]|—s > %) (de).

Then the first term is bounded by Ce% and the second integral in (4.4) is bounded by

/[P(t <PLAPpLt <78y, [t 2) = (@) > ™) + P(t < pi, Apr,t > 76, )6 (de)

a+

2tn
S2/P( sup (lu®(z) = @) |2 + s~ = [Juz — B3]l
SE[O,Pi

ApL /\t/\Téo]

S+245n

5 [ — Dyl g yan] > %) (da)

Hm

§2/P(2Cls'“°ecl(””” =T > £%0) i (dx)

+9 / P(SCE, () + An () + By (1) + D (£) > e5)i (da)

S2/1{Hac|\’" >4 In £29_r0 71}ﬂ6(d$) +2Cem T
m> g

20,

1 _ _
S2/ T g el () + 20T = 0, ase = 0,
Cq 2C1

where u3, ®3 correspond to u®(z), ®(z) respectively and 7¢, is defined in (3.6) and in the
first inequality we used Proposition 2.1 and the definition of 7 to deduce

+z2+4k 1/24245kK
T2 us - Ryl 45T 2 l[ug = @3l 44 > e,

sup [llu® = @[|—: + s
se[o,piApL/\t/\Tgo}

In the second inequality we used Proposition 3.1 and in the third inequality we used
Proposition C.1 and in the last step we used Lemma 3.2. Here we choose 0 < dy <
ko < k1 A 5 for 5,k coming from Proposition 3.1 and Proposition C.1, respectively.
Summarizing, we obtain the result. O
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Now we identify the Dirichlet form associated with (Pf);~o on L?(PxE, i).

Proposition 4.4. The Dirichlet form associated with (Pf);~o can be written as the
closure of the following bilinear form

af o
> / O 99 g f.geCio(PyE),
Pn

E aek aek

where Cy°(Pn E) means smooth functions on Py E with bounded derivatives.

Proof. 1t is standard to obtain that the closure of (£%, C;°(PnE)) is a quasi-regular Dirich-
let form (cf. Definition D.1, [34, Chap IV Section 4]), which is denoted by (¢, D(£¢)).
By Theorem D.4 there exists a Markov process with continuous sample paths properly
associated with (£, D(£°)). Now we want to prove that the associated Markov process
has the same distribution as u°®.

We can easily conclude that the log-derivative of u® along ey, for |k|., < N is given by

br(z) = 2(z, Acer)e — 2(x® — (3C5 — 9C5 — m)x, ey,). for x € L*(A.),

which implies that for f € Cp°(PyE) and |kl < N

8ek / o 0 Ext)(@)dp” = - / F(Exta) by (2)dps = — / F(a)br (Bxt—La)de,

we obtain that the log-derivative of ¢ is
ﬁk(l’) = bk(EXtilw) = 2<.’L‘, Ae€k>L2(’E3) — 2<QN($3 — (308 —-9CT — m)x), ek>L2(T3),

for 2 € PyE, |k|o < N, where we used that Ext(Ext™'z)? = Qn(2®) for € PyE. This
implies that the associated Markov process is a probabilistically weak solution to the
equation (3.3). On the other hand, the equation (3.3) is a finite dimensional stochastic
differential equation and we can easily obtain the pathwise uniqueness of the solutions
to the equation (3.3), which implies the uniqueness in law of the solutions to (3.3). This
implies that u® has the same distribution as the Markov process given by the Dirichlet
form (£, D(£7)), since u° is also a solution to (3.3). By Theorem D.4 we know that the
semigroup (Pf);~o of u® is properly associated with (£, D(£9)). O

Proof of Theorem 1.1. By Proposition 4.3 we have that [ P fdu = [ fdu for f € FCg°.
Since o(FC{°) = B(E), we deduce that y is an invariant measure for the semigroup P,
which implies that

/Ptfdu = /fdu for f € By(E). (4.5)

By Proposition 4.3 and using (4.5) and the fact that FC;* is dense in L?*(E; i), we have

that for f,g € By(F)
| Pr@a@ntan) = [ f@Pg@n(o).

Since (P;);>o is sub-Markovian, by [34, Chapter II Proposition 4.1] it can be extended
to L2(E, ). This extension is still denoted by (P;);~¢. On the other hand, since ® has
continuous path in E, we can deduce that P, f —;_,o f in y-measure for f € F Cp°. Then
by [34, Chapter II Proposition 4.3] (P;);~¢ is a strongly continuous contraction semigroup
on L?(E; u). Then there exists a corresponding Dirichlet form (€, D(£)) associated with
(Pt)e>0-

We know that (', M, (M;)i>0, X, P?).cp is a right process in the sense of Definition
D.3, which implies that (£, D(£)) is a quasi-regular Dirichlet form by Theorem D.4.
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In the following we prove that FCp° C D(£). By (4.2) and since i° converges weakly
to u we know that for f € FC:°,

1 _ 1 _
supy [(Pf = fdu=suplim o [ (PE(flye) = Flowe) o edit

fn ) 1 DE =€
<timintsup [ (B (flye) = flowe)flryedn

e—0 t>0

=liminf €°(f|pyp, flpyE) <00,
where in the last inequality we used Proposition 4.4. This implies that FCp° C D(£) and
for f € FC~,
1
E(fif) <5 / [Df|*dp. (4.6)

For | € E* by (4.6) we can easily find f,, € FCg° such that f, — (I,-) in L*(E, u) and
fn is a Cauchy sequence in D(&), which implies (/,-) € D(€) since (£, D(£)) is a closed
form. O
5 Identification of the Dirichlet form

In this section we identify the Dirichlet form (£, D(€)) on FC;°. To complete this,
we first write the nonlinear term as an additive functional of the solution. Here we use
paracontrolled analysis to prove the solution ® to (1.2) satisfies the following equation
in the analytic weak sense:

e—0

t t
O(t) = Do+ / Adds — lim / [(pe * @) — (3C5p. + ® — 9CED — m®)|ds + W(t), (5.1)
0 0
where C§ and éf are defined below. For this we consider the following approximation:
Let ®¢ be the solutions to the following equation:
d®® = AD°dt + p. * dW — (9°)3dt + (3C5 — 9C5 — m)d=dt, (5.2)

3°(0) = ®,.

Here C§ and Cf are the corresponding constants defined in Appendix B. For this equation
we can also write ®° = @5 + @5 + @5 and define ®5, ®5, @5, K¢, ®°* similarly as in Section

2. Here we also introduce graph notations for them. We use | to denote ®5 and I

to denote —®5. Moreover, [ is used to denote K°. The corresponding renormalized
terms , 3 0,0 ( ! ) )s To,0( [ ) ) are defined as in Appendix B. Fur-
NV
thermore, weuse | and | todenote —p.x®5 and p.*x K, respectively. We summarise
the graph notations after the introduction. We also introduce the following:
N2 N2 e e ]
7TO,<>( Py, 7 ) = 7TO( i, ! ) - 3(Cf + SDE) 5
Vo N e
7TO,<>( i 3 e ) = 71—0( i ) 7 ) - (Cf + @8)7
with L " L
- € € €
|Fa 2[Rzl ([k1[? + |R2|? + [kpzy*)m
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and

dk1dk;.

@5(0 _ _2,7// 67t7r2(|k?1|2+\k2|2+\1€[12]|2)g(€k1)g(5k2 g(gk[lz})
k1l |k2|?([k1]? + k2] + [kpz)|?) 76

Here kpj) = k1 + k2 and the integral is on the set 73\{0}.
We also define

3C5/(T) == sup [Imo( =, ) —mol |, )l

t€[0,T)

Hlimool ) = moe( Ty Iy

Flimool ) =m0l D e I = g e

N V— | ||;—2n+||7fo(\{ L B 1

+ o \{/ | Vs ) — ool [

o

+H7T0,<>(\ R T N G I | I

By Appendix B we can find a subsequence of € going to zero such that for any 7" >

0 lim.,00C5, (T) = 0,lim._ fOT “i" ds exists P-a.s.. Here and in the following for
simplicity we still use the notation ¢ to denote this subsequence. Set

T ..
Qo = {lin%) §C5/(T) = 0,Cw (T) < oo, lim ~" ds exists, for any T' > 0}.
e—

e—0 0

Then P(Qy) = 1.

Lemma 5.1. ¢ satisfies (5.1) in the analytically weak sense on €.

Proof. First we prove the following:

t t
lim [ [(pe % @)% — (3C5pe @ — 9CED — m®)]ds = lim [ [(®°)% — (3C5 — 9CS — m)d°|ds.
e—0 0 e—0 0
(5.3)
In fact,
t — —_ — —
/ [(B°) — (3CE — 9C — m)&°]ds
0
= / (@5)°+3( = 1 )@)*+ G )*-6 [)d5+43 = ca5  OY
0
sz T3 o T (957 — m)®°ds,
and
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[ 10977 ~ 8502 <0 - 950~ maas
:/otkpe e84 30 = Yoer 8 BT R8T ey 43" 0pn iy
T2 o3 e T (957 — m)®lds, (5.5)
where
To L= T 3G ],

o pe k By i=p. x 3 T +3(CF +¢°)(— Y + @3),

and the other terms containing ¢ and ¢° are defined in Appendix B and ®3 satisfies
equation (2.1). Now we only need to prove that each term converges. First we check the

relations between | , p. x 3 and [ , 5. We have that on )y forany 7' > 0 and € > 0
small enough
sup ||+ — IIA_QK ¢ < sup (]| ]/ — Tl I 1 - \{/ 1 -2k
te[0,T] t€[0,T]

Now we consider p. *x &3 — ®3. We define C§,(T,w) for (5.2) similarly as Cy (T,w) in
(2.2) and we have that for w € Q, there exists a constant C; (T, w) such that C, (T, w) <
C1(T,w) for the subsequence of ¢. Since @5 satisfies a similar equation as ®3, by a similar
argument as in Proposition 2.1 we obtain that

'Y+ +r

sup ][ (@3l + 195]1) + = (”(I)3||%+4n 195115 4 4)] < C(T, w0, [|Rol|-2).-

tel0,T
Then a similar argument as in Proposition 3.1 yields that on €

('y+z+f<)

sup [t @EIHH H‘Pg—‘I’sIIlHHH 19F — &#1115] — O,

te[0,T]

which combined with the fact the |p. * ®3 — ®3]/5_. < €2 ||®3]|5 implies that on € for
€ > 0 small enough

sup [ ”pe * O3 — OF|y—c + t Hps * B3 — (i)§||%+4n—e
€[0T (5.6)
('Y+z+ ©)
Ft 7 [l x ®F = 371y, = 0.

Hence by Lemma A.2 we obtain that the terms which do not need to be renormalized
in (5.4) and (5.5) converge Now we concentrate on the renormalization terms. For the

renormalized terms T , o .‘, i ( T )2 by Lemmas A.2, A.3 it is sufficient to
consider the following terms: Since 56’5[, — 0 on £y, we have on )
A2 e,
mo(  , )=m( |, )y=0 incre?,
and
7T0,<>( Py, ) — 7T0’<>( [ , ) — 0 in CTC_i_ K.
EJP 23 (2018), paper 78. http://www.imstat.org/ejp/
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) .

Now we focus on the convergence of RPN pe * @3. It is sufficient to consider g . (pe *

@3, ) i=mlpe x D3, T )+ 3(— + ®3)moo( ¢, ™ ). We have

/ AN
<I>3:—37r<(—\{ + Pg, ()—i—fl)ﬁ.
Then we obtain that

.

.. Kl \{/ \( e d LY 5
mo(pe * @3, 7 )= =3mo(pe xm<(— | + @3, ), ) A mo(pe x F, ).

For the second term we can easily obtain the convergence by (5.6). For the first term we
have

VAR
To(pe * T<(— \{/ + @3, \ ) )

)

S . N .
=7o(pe x T (— \{/ + Pg3, \ ), ) — mo(m<(— \{/ + P, ), )

N oo . AV
+C(- ]/+<I>3, Y )+ (= Y +P)m( 1, ),

where the first two terms converge to zero as ¢ — 0 by Lemma A.5 and the third
term converges to the corresponding term by Lemma A.3 and the last term should be

renormalized and converges to the corresponding term on {2y. Since lim._,q fot " ds
exists, combining the above arguments (5.3) follows. Moreover, on {2, we know that for
any t > 0,

t t
B (1) = By + / AFds / [(B°)? — (3CE — 9C5 — m)&°ds + p. W ().
0 0
Then taking the limit on both sides we obtain the result. O

Proof of Theorem 1.2. The idea is to prove that the drift term in (5.1) is the zero-energy
part in the Fukushima decomposition (cf. [14, Theorem 5.2.2]). In the proof we take
the space of continuous paths C(]0,c0); E) as the sample paths Q) and we denote the ¢-th
coordinate of the path w by X;(w). For t € [0, 00) let (F;) be the natural filtration for X
given in [34, Chapter 1V, (1.7)]. Set F := U;>0F; and define on (2

P*(X € A) := P(®(z) € A),

for A € B({2). Here for x € C~*, ® on the right hand side is the solution from Section 2
starting from z. Then for z € C~* under PZ, X is the solution to (1.2) starting from x. For
x € E\C™* the process X is a trap under P” as in Section 4. Let ¢ be the associated shift
operator. By Theorem D.4 the (Markov) diffusion process (Q, F, (F;)¢>0,0¢, X, P¥)zep is
properly associated with (£, D(£)). Define

O i={w: lirr%) ((pexX )2 —(3C5px X —9Cs X —mX), )dr exists in C([0,00); R), Yy € D}.
E—r 0

and for ¢ € C°(T?),

e lim._ fg((pg * X)3 — (3C5pe + X — 9C~’f)_( —mX),p)ds, forw e O
b 0 otherwise.
EJP 23 (2018), paper 78. http://www.imstat.org/ejp/
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Now we would like to check that Hf is an additive functional (AF) in the sense of [14,
Section 5.1]:

i) It’s obvious that H,” is Fi-measurable;

ii) For w € Q, H?(w) is continuous, Hy(w) = 0. Since P*(X € C([0,00);C~*)) = 1 for

x € C~% and p(C~*) = 1, it is sufficient to check that for x € C=* P*(Q; 1, 6,921 C 4,
and for w € O,
HY, ((w) = Hf (w) + HE (). (5.7)

P(Q) = 1 implies that P*(};) = 1 by Lemma 5.1. Since X (t + s) = X(s) o 6;, we can
easily deduce that 6;2; C ©; and that

t+s o _
| o X0~ (3C5p. + X~ 9CEX — mX). )
0
t
:/ ((po % X)? — (3CEp. X — 90X —mX), p)dr
0
+/ ((pe ¥ X)3 = (3Cp. + X —9C5X —mX), @)dr o 6,
0

which implies that (5.7) holds for w € ;.
Now we know that H; is an AF. Define

M? = (X(t) — X(0), ) —/0 (X, Ap)ds + HY.

We know that M¥ is also an AF, since (X (t) — X(0),¢) and fg (X, Ay)ds are AFs (see [14,
Section 5.2]. Moreover, by Lemma 5.1 we have

ETMf =0, E"(M{)* = |t < oo,

which implies that M ¥ is also a martingale additive functional (MAF) in the sense of [14,
Chapter V]. Here | - | denotes the L?-norm.

Let us fix an arbitrary 7' > 0 and consider the space 21 of all continuous paths from
[0,T] to E. We also use (F;) to denote the natural filtration generated by the canonical
process. We introduce the time reversal operator r on 21 defined by

rrw(t) =w(T —t), 0<t<T,weQr.

By [14, Lemma 5.7.1] and the symmetry of the semigroup P, we have that for any
Fr-measurable set A on Qp

Pt (rpw € A) = P*(A), (5.8)
where P* = [ P*u(dz). Now we have
(X(t) — X(0),9) = M7 + Hf P"—a.s.,
with HY = fOt(X', Ayp)ds — Hf . By (5.8) we have for 0 <t < T
(X(T—t)— X(T),p) = Mf(rr) + Hf (rr) P*—a.s.. (5.9)
Moreover, under P#,
HY (rr)

t t
:/ (X orp, Ap)ds —lim | (((p * X)orr)® = 3C5pe ¥ X —9CTX — mX) orp, p)ds
0

e—0 Jj

EJP 23 (2018), paper 78. http://www.imstat.org/ejp/
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T T
:/ (X, Ap)ds — lim ((pe * X)% — (3C5p. x X —9C5X —mX), p)ds

Tt =0 Jp_y
=H{ — Hf_,. (5.10)

By (5.9), (5.10) we have

Now we know that
. . 1
(X(t) — X(0),9) = i(Mf — M7 or,) P'—a.sVt>D0.

By [13, Theorem 2.2] we have that M¥ = MM, where M¥! is the MAF from the
Fukushima decomposition for (-, ) (see [14, Section 5.2]. Hence, we have that H; = Nt[“”]
is the associated zero-energy additive functional (NAF), which implies that ® is a Dirichlet
process.

Now for f = fi({-,l1), (-, l2),..., {-,1x)) with [;, fi smooth, denote the MAF in the
Fukushima decomposition associated with (-,/;) by M. By Itd’s formula for Dirich-
let process in [8, Theorem 4.7] and [39, Theorem 4.1], we have

k t
COREUEDY | ot +§; / 0. (X (s))dA
4= Z/ By F(X (8)) (L, 1;)ds

i,j=1
_Z/af s))dM} + HY

where 9, f := 8;f1((-,11), (-, 12), ..., (-, [x)) and the stochastic integral [, 9, f(X(s))dH}" w.rt.
NAF is defined in [8]. We know that 3% | [ 9; f(X(s))dM;" is an MAF and H/ is an NAF,
which implies that

/ 0, f(X (s))dM} = MM, (5.11)

where Mt[f I'is the MAF obtained in the Fukushima decomposition.
By (5.11) we know that

£(.) = el =i B2 = 3 [ |DfPan
Then for g € FCp° we can use the above f’s to approximate it and obtain £(g,g) =
3 /' |Dgl*dp. O

Remark 5.2. From the above proof we can check that ¢ starting from x is an energy
solution in the sense that (®, N)o<,;<7 has continuous paths in E such that
i) the law of ® is p for all ¢ € [0, T7;

EJP 23 (2018), paper 78. http://www.imstat.org/ejp/
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ii) for any test function ¢ € C°°(T?) the process t — N; is a.s. of zero quadratic
variation, Ny(¢) = 0 and the pair (®, N)o<;<7 satisfies the equation

(@1 0) = (B0, ) + / (0, Ag)ds + (Nr, ) + (Mr, ),

where ((My,))o<i<r is a martingale with respect to the filtration generated by
(@, N)o<t<r with quadratic variation |p|*t.

iii) the reversed processes fi>t =&y, Nt = Ny — Np_, satisfies the same equation
with the associated martingale M, with respect to its own filtration and the quadratic
variation of (M, o) is also |¢|2t.

iv) N; = —lime_yo [y [(pe % ®)® — (3C5 pe ® — 9C5® —m®)]ds a.s. with C5, C5 introduced
at the beginning of Section 5.

The concept of energy solutions has been introduced in [16] and has been extended
in [18] for the stochastic Burger’s equation, which is equivalent to the KPZ equation.
In their case, the energy solutions satisfy the corresponding i)-iv) with the invariant
distribution given by the Gaussian white noise and N; related to the nonlinear terms in
the Burger’s equation. The main difference in the definition is that N, should be given
by —(Nr — Np_;), since their case are non-reversible while in our case the process is
reversible.

Proof of Theorem 1.3. By Theorem 1.2 we know that for f,g € FC;° as elements in
L*(E,u), [(Df, Dg)du is well defined, which implies that (€, FC¢°) is a well-defined
symmetric bilinear form. Since the Dirichlet form (€, D(£)) is an extension of (€, FC;®),
it is obvious that (€, FC;°) is closable. We denote its closure by (£, D(€)). Then by
similar arguments as in [34, Chapter II Proposition 3.5] we obtain that for u € D(&),
v=uVOALl€ DE)and E(v,v) < E(u,u). Moreover, by similar arguments as in the
proof of [34, Chapter IV Proposition 4.2] i) in Definition D.1 follows, which implies that
(£,D(€)) is a quasi-regular Dirichlet form (cf. Definition D.1). Then existence of the
Markov process follows from Theorem D.4. O

Proof of Corollary 1.5. By general theory of Markov semigroup and Dirichlet form (cf.
[48]) we know the following Poincaré inequality holds:

u(f?) < CEf, f) +u(f)?, feDE) (5.12)

for some C' > 0. In the following we follows essentially the same argument from [48,
Section 1.2] to deduce (1.4). Since

2% = e, )2,
k

where )\, € R satisfies A\, — 0,k — oo and {é;} is a real smooth eigenbasis on L?(T?3). We
R 1
first prove that for r > 0,n € IN, f,(-) := 5 (Ze Ae(ex)*+1)2An) ¢ D(£). By approximation

“ 1
we can easily check that f, y := e2((iieo<n M(-er)* D 2A0) ¢ (). Moreover, by direct
computation we know that

gl(fn,N - fnafn,N _fn) — 0, N — 0,

with & (-,-) :== £(,-) + (-, -) L2(;)- We also have
r? 9
g(fn,Nafn,N) S Z fn’Nd/Jw

EJP 23 (2018), paper 78. http://www.imstat.org/ejp/
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which implies the following by letting N — oo

lfuf) < 'y [ s

Let h,(r) := u(f?). By (5.12) we know that

hn(r) < CTrhn(r) + ha(r/2)2.

Thus, for any r € (0,2/+/C) we have
4
< — 2, .
hn(r) < 102 hin(1/2) (5.13)
Next, for any m > 0, let p,, = pu(z : (3, Az, éx)? + 1)1/2 > m). We have

2
ha(r/2)% < €™ + (s, animenyzriy/2smyfn) | < 26™ 4 2pmhn (7).

Substituting this into (5.13) we have

8 8
fin(r) < 4—Cr? et 4 — C’rzpm
By Lemma 3.2 we know that p,, — 0 as m — oo, which implies that there exists mg > 0
such that 48p w0, < 1. Therefore,

hn(r), 0<r<2/VC.

16
< mgr.
fn(r) < 1—Cr°
Letting n — oo we arrive at
Y 1
/er”x”Eu(dz) < /eT(Zk )"“<z’e’“>2+1)2u(dx) <oo, 1€(0,2/VC). O

A Besov spaces and paraproduct

In this appendix we recall the definitions and some properties of Besov spaces and
paraproducts. For a general introduction to these theories we refer to [3, 17]. First
we introduce the following notations. The space of real valued infinitely differentiable
functions of compact support is denoted by D(R¢) or D. The space of Schwartz functions
is denoted by S(R¢). Its dual, the space of tempered distributions is denoted by S'(R%).

Let x, 6 € D be nonnegative radial functions on R¢, such that

i. the support of x is contained in a ball and the support of 6 is contained in an
annulus;

ii. x(2) +>2;500(2772) = 1 forall 2 € R

iii. supp(x) N supp(A(277-)) = 0 for j > 1 and supp(d(2~*-)) N supp(A(2~7-)) = 0 for
|i — 7] > 1.

We call such a pair (x, 8) a dyadic partition of unity, and for the existence of dyadic
partitions of unity we refer to [3, Proposition 2.10]. The Littlewood-Paley blocks are now
defined as

A yu=F N xFu) Aju=F 10277 )Fu).
We point out that everything above and everything that follows can be applied to
distributions on the torus (see [46]). More precisely, Besov spaces on the torus with
general indices p, q € [1, oc] are defined as the completion of C*°(T¢) with respect to the
norm
lull g, = (3 (@A ull pogra) ).
jz—1
We will need the following Besov embedding theorem on the torus (c.f. [17, Lemma 41]):
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LemmaA.l.i)Let1 <p; <py<ocandl < q < ¢ < oo, and let o € R. Then BS , (T%)

P1,q1
is continuously embedded in Bf, o*/P1~1/P2) (Td),

ii) (Besov embedding [47, Chapter 6]) Let a1 < a3, 1 < p; < py < oo, and1 < ¢ <
q2 < 0co. Then

B2 (T4 c B>, (T%); B (T%) c B, (T%), B2, (T%) c B2, (TY.

P1,92 P1,91 P1,491 P1,92 P2,491 P1,91

iii) ([36, Remarks 3.5, 3.6]) Forp > 1
B),(T%) c L? C BY) . (T%).

Now we recall the following paraproduct introduced by Bony (see [5]). In general,
the product fg of two distributions f € C*, g € C? is well defined if and only if o + 3 > 0.
In terms of Littlewood-Paley blocks, the product fg can be formally decomposed as

fo9=">Y_ > AifAjg=n(f.9)+mo(f,9) +7=(f.9),
j>—1i>-1
with
r(fg)=ms(0.0)= > > AifAjg, molf.g9)= >, AifAjg.
J>—1i<j—1 li—j]<1
The basic result about these bilinear operations is given by the following estimates:

Lemma A.2 (Paraproduct estimates, [5, 37, Proposition A.7]). Let o, 8 € R and p, p1, p2, q

€ [1, 00] be such that
1 1 1
p D1 b2
Then we have

IreCf)lps, < I loillgllpe, f €L g€ BE,

and for « < 0, furthermore,

Im< (£ )llpgrs S I, Ngllps . f€ B grg € Bpy

P1-9

For a + B > 0 we have

o, ) psss S IFllg, Nallgs , f € By g9 € By, g

r1.:9

The following basic commutator lemma is important for our use:

Lemma A.3 ([17, Lemma 5], [37, Proposition A.9]). Assume that o € (0,1), 3,7 € R and
D, P1, P2, P3 € [1,00] are such that
1 1 1

1
at+pf+v>0, B+v<0, —=—+—+—.
p P P2 DP3

Then for smooth f, g, h, the trilinear operator

C(fag7h) = 7TO(7T<(fa g)7h) - f7T0(97h)

satisfies the bound

ICCF 0.l gz S 113

P1,@

9l gz, MPllBg, -

Thus, C can be uniquely extended to a bounded trilinear operator from B® __ x B? _ x

P1,00 Pp2,00
B, ., to BothT,
3 )
tA

Now we recall the following estimate for the heat semigroup P; := e"~.
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Lemma A.4 ([17, Lemma 47], [37, Proposition A.13]). Letu € B;jq for some a € R, p,q €
[1,00]. Then for every é > 0

|Prull s < 52 uls,-

Lemma A.5 ([7, Lemma A.1]). Let @ < 1 and B € R. Let ¢ € S(R?), let u € C*, and
v € CP. Then for every ¢ > 0 and every § > —1 we have

lo(eD)m< (u,v) = m<(u, p(eD)V)latprs S € Jullalv]ls-

where o(D)u = F~(¢Fu).

Lemma A.6 ([7, Lemma 2.5], [37, Proposition A.13]). Let u € B;‘,;IL‘; for some a € R,0 <
0 <2,p,q €[1,00]. Then for everyt >0

1P~ Thullsg, S 1972 ul oo

B Convergence of the stochastic terms

We first recall the definition of the stochastic terms from [7] we use in the paper:

.2

Vi e,
H 3 —_ 1
_ e
=lim | | )
e—=0
A\ o . .' o . . _ H
\{; —lim ~ o | .= lim( ™~ - 3(CT+ ) ),
e—0 =0
Lo V)%:;g% by
N RPN - . . _ !
70,0( V» N ) ::ii—rf(l)wo,o( L) = ;Lr%(ﬂo( L) =G ) ),

oo \{/ Do tim( | ),

e—0

rosl Ny imtimmoal [ ) m timiral [ ) 365 4 9

e—0
“ e ®g =05 T 43(C ) (- | +85),
where ég, C‘f, ¢° are terms for renormalization and are defined in [7]. Here the notations
¢ are not the usual Wick products and we used them for the reromalization terms. We do
not recall the explicit formula of them since this is not used in our paper. The convergence
above is in the corresponding space (see (2.2)). The convergence of 5C'§V — 0 can be
obtained partially from [7] and a similar argument as in [7]. In this part we consider the

convergence of f OT “i" ds. We follow the notations from [19, Section 9]. We represent
the white noise in terms of its spatial Fourier transform. More precisely, let Eq = Z3\{0}
and let W (s, k) = (W(s), ex) and we view W (s, k) as a Gaussian process on R x F with
covariance given by

E[ [, sowian [ XEog(n’)W(dn')} = [, o),
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where 7, = (84, ka), S—a = Sa, k—a = —k, and the measure dn, = ds,dk, is the product of
the Lebesgue measure ds, on R and of the counting measure dk, on E,. Denote by

/ )W ()
(Rx Eg)™

a generic element of the n-th chaos of W on R x Ej. Recall that
t o« ! .
/ o do =273 / Chprag / P;_, (k1) Ps_,, (ko) P5_, (k3)doW (dnias).
0 (Rx E)3

Here Pf(k) = e“’“'Zt”Zl{tZO}g(ak) and k[jo3) = k1 + k2 + k3. By a straightforward calcula-
tion we obtain that

ElA( / (@50 / (85)°%do)?

2

5/ qk 123] ‘/ HS 1PEl )*Hf=1p<§2—si(ki)]d0 dma3
(RXE)2
= ([k1)?+|k2| >+ k3| o =5 Zl Lkl -
S(et +€35) /9 “Tkp23)) / / ex 2 Fea P [l 2 dododkio3
3 K
|t — s[>y |kl

S(ef +¢€5) [ 0279k dk
S+ [ 00 ) e R e

t_
Stet +e) [ o lan § (et + eyt .

Then by Gaussian hypercontractivity and Lemma A.1 we obtain that for any 6 > 0,p > 1,
fg " ds converges in LP(Q; CpC~

1+6
>)

C Paracontrolled analysis for the solution to the lattice approxi-
mation

In this appendix we recall paracontrolled analysis for the solution to (3.4) in [50]. To
avoid confusion we do not use the graph notation for the lattice approximation in this
paper. For the graph notation for «* we refer to [50]. We define

K&( / P (u§)2ds, K*(t / Pe (u5)®2ds,
and .
Ki(t) = / PE el (uf)° ) ds, / B e (uf)* ] ds,

with 3 ,
Pf = Fle kR o (ek) F,

where ¢ is a smooth function and equals to 1 on {|z|« < 1} with suppyg C {|z| < 1.8}
and for k = (k', k%, k%) € R3

4 o kim 5 K27 o K37
flk) = |k|2(sm 7+sm 7+sm 7)

Then we write the paracontrolled ansatz for the solution to (3.4) as follows:

u§ = —3Py[r (uj + uf, K* + Ki)] + u”*
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with u#(t) € C1+3%, Now we introduce the stochastic terms for the lattice approximation:
forT >0

Civ(T) == sup_ [l[uSl_s o+ 11(u§)* 21—z + 0513 o + Mo (5, ) | -2
te[0,T
o mo.0 (15, ()"l -y o + Im0.0 (K%, (1)) | 2] + 05| 3 s .
T
By (T)
= 3up [10D)" e ™ 1o+ mo(ug /Ul + oo (u, e ()l o
tel0,T

+ |0 (K=, e (us) %) || 2 + 1m0 (K5, (u5)*?) || -2 + 70,0 (K, €32 (u5)*?)[| —2x]
and

|
5C5(T) = sup [Jluf = -y on + 1) = N ||o1_on + [l + ]/H%fz

t€[0,T]
|
o)+ mool 2 D)lae+ (i (%) + sl | 2 N )32

,
+||7TO,O(K€,(U§)<>>2)—7TO,0(\ VO] + s + ]/II

1 4 2
8t —2r"
cEct

Here the terms containing ¢ are renormlized terms defined in [50, Section 4]. Moreover,
we introduce the following operators

A}V(g7h)(f) = —7'('0(([— PN)Tr<(f>PNg)>h)7

and
A% (g, h)(f) := mo(Pnm<(f, (Psn — Pn)g), h).

Then we define

An(T) =l (AL + AR )RS + KE, ()% + e ), oo omdoon

and

Dn(T) := sup (|| = mo((I — Pn)me(ug, K¢ + KF), (u§)®? + el™% (uf)*?)
te[0,T
+ mo( Py (uf, (Psn — Py)(K° + K5)), (u5)*? + e (u§)*?)]| ).

By the calculations in [50] we obtain the following result.

Proposition C.1. There exists k1, C > 0 such that
E[6C5(T) + An(T) + E5(T) + Dn(T)] < Ce™.

Moreover, by a similar argument as in [36, Lemma A.6] we obtain the following
estimate on the extension operator defined in (3.2):

Lemma C.2. Let f be a function on A.. Then we have

3
|Extf[|L2n(rsy S N2 || fllL2n(aL),

where the implicit constant depends on n.
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Proof. By (3.2) we have

3 s sin TN +1)(27 — 27
Extf(z) = Z %f(z)l-[?:l sin 2S<in7f(xj )_(J;J) z )
z€A. 2

Then we have

sin Z(2N + 1) (a7 — 27) _2»

2n—1 ]271—1.

2 e 2 e
Extf @) < Y SUEPTY ST

z€A, z€A,

sin 3 (z9 — 27)
By the proof of [36, Lemma A.6] we obtain that
sin 5 (2N + 1) (a7 — 27)

3
g _2n .
[ E H3:1 3 : i 2n—1}2n71 < NS
8 =l sin Z (27 — 27) | ~o

where the implicit constant does not depend on z, which implies the result. O

D Symmetric quasi regular Dirichlet forms and Markov processes

In this section we recall some general Dirichlet form results from [34]. Let E be a
Hausdorff topological space, m a o-finite measure on F, and let B the smallest o-algebra
of subsets of E with respect to which all continuous functions on E are measurable.
Let £ be a symmetric Dirichlet form acting in the real L?(m)-space, i.e. £ is a positive,
symmetric, bilinear, closed form with domain D(£) dense in L?(m), and such that
E(®(u),®(u)) < E(u,u), for any u € D(E), where ®(t) = (0V ) A1l,t € R. The latter
condition is known to be equivalent with the condition that the associated Cj-contraction
semigroup 7;,t > 0, is submarkovian (i.e. 0 < u < 1 m-a.e. implies 0 < T;u < 1 m-a.e., for
all u € L*(m)); association means that lim o (u — Tyu, v) 12(m) = E(u,v), Yu,v € D(E).
Definition D.1 (cf. [34, Chap. IV, Defi. 3.1]). A symmetric Dirichlet form is called
quasi-regular if the following holds:

i) There exists a sequence (F})ren of compact subsets of E such that U,D(E)p, is
511/2—dense in D(€) (where D(E)p, == {u € D(€)|lu = 0 m-a.e. on E — F}}; 511/2 is the
norm given by the scalar product in L?(m) defined by £;, where &; (u,v) := &(u,v) + {u, v),
(,) being the scalar product in L?>(m). Such a sequence (F}).cn is called an £-nest.

ii) There exists an &, /?_dense subset of D(&) whose elements have £-quasi continuous
m-versions. A real function u on F is called quasi continuous when there exists an £-nest
(F)) s.t. u restricted to Fy, is continuous.

iii) There exists u,, € D(£),n € N, with £-quasi continuous m-versions u,, and there
exists an £-exceptional subset N of E s.t. {i, }nen separates the points of E — N. An
E-exceptional subset of E is a subset N C Ny (E — F}) for some E-nest (Fy).

To recall the main results in [34] we recall the definitions of a Markov process and a
right process. Here we consider only Markov processes with life time oco.

Definition D.2 (cf. [34, Chap. IV Defi. 1.5]1). A collection M := (Q, M, (X¢)1>0, (P?)zcE)
is called a Markov process (with state space F) if it has the following properties.

i) There exists a filtration (M,) on (2, M) such that (X,),;>¢ is an (M,);>o adapted
stochastic process with state space E.

ii) For each t > 0 there exists a shift operator 6, : () — ) such that X; 0 0, = X, for
all s,t >0

iii) P#, z € E, are probability measures on (), M) such that z — P*(I") is B(E)*-mea-
surable for eachT' € M resp. B(E)-measurable if T € o{X;|s € [0,00)}, where B(E)* :=
Npep(r)BT (E) for P(E) denoting the family of all probability measures on (E, B(E)) and
BY(E) denotes the completion of the o-algebra B(E) w.r.t. a probability P.

*
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iv) (Markov property) For all A € B(E) and any t,s > 0
P X, € AIM,] = PX<[X, € A] P* —a.s.,z€ E.

Definition D.3 (cf. [34, Chap. IV Defi. 1.8]). Let M := (Q, M, (X4)t>0, (P?).cr) be a
Markov process with state space E and corresponding filtration (M;). M is called a
right process if it has the following additional properties.

i) (Normal property) P*(Xo=z)=1forallz € E.

ii) (Right continuity) For each w € Q, t — X;(w) is right continuous on [0, c0).

iii) (Strong Markov property) (M) is right continuous and for every (M;)-stopping
time o and every v € P(E)

PY[X,4¢ € AIM,] = PX<[X, € A] P" —a.s.

forall A€ B(E), t > 0.

Theorem D.4 (cf. [34, Chap. IV Thm 6.7]). Let E be a metrizable Lusin space. Then a
Dirichlet form (€, D(€)) on L*(E,m) is quasi-regular if and only if there exists a right
process M associated with (£, D(£)), i.e. the semigroup of M is an m-version of the
semigroup associated with (£, D(£)). In this case M is always properly associated with
(€, D(£)).

Remark D.5. The results in [34, Chap. IV] are more general and can be applied for
general Hausdorff topological spaces and more general Markov processes. Lusin spaces
are enough for our use in this paper.
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