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Universality in Random Moment Problems
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Abstract

Let M, (E) denote the set of vectors of the first » moments of probability measures
on E C R with existing moments. The investigation of such moment spaces in high
dimension has found considerable interest in the recent literature. For instance, it has
been shown that a uniformly distributed moment sequence in M, ([0, 1]) converges in
the large n limit to the moment sequence of the arcsine distribution. In this article we
provide a unifying viewpoint by identifying classes of more general distributions on
My (E) for E = [a,b], E = R4 and E = R, respectively, and discuss universality prob-
lems within these classes. In particular, we demonstrate that the moment sequence of
the arcsine distribution is not universal for F being a compact interval. Rather, there
is a universal family of moment sequences of which the arcsine moment sequence
is one particular member. On the other hand, on the moment spaces M, (R+) and
M (R) the random moment sequences governed by our distributions exhibit for
n — oo a universal behaviour: The first K moments of such a random vector converge
almost surely to the first £ moments of the Marchenko-Pastur distribution (half line)
and Wigner’s semi-circle distribution (real line). Moreover, the fluctuations around the
limit sequences are Gaussian. We also obtain moderate and large deviations principles
and discuss relations of our findings with free probability.
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1 Introduction

Let P(FE) denote the set of probability measures on an (possibly infinite) interval
E C R with finite moments of all orders. For a measure p € P(E) denote by m;(u) =
[ 7 du(x) its j-th moment and define

M (B) = {(ma(n),....mn(p)) : p € P(E)}
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as the set of moment sequences up to order n, generated by P(E). The set M, (E) is
convex and has been the subject of many studies beginning with [19], [20] and [22].
In these classical works, geometric aspects of moment spaces were studied. While
the even more classical moment problems deal with all possible moment sequences, a
probabilistic investigation rather asks how a typical moment sequence looks like. This
was initiated in [6], where a uniform distribution on M, ([0, 1]) was considered. There it
was shown that the first £ moments of such a random vector (m§">, . ,m;@) in M,,([0,1])
obey a law of large numbers, when n tends to infinity (but % is fixed), that is

(my 7, ...,my )i(ml,...,mk), n — 0o, (1.1)

LN denoting convergence in distribution. Here mg-")
moment vector (m&"), - 7m£l”)) and mj is the j-th moment of the arcsine distribution (on

the interval [0, 1]). They also derived the central limit theorem

is the j-th component of the random

Va(m{™, . om{™) = (m5, . omp) S N(O0,5), n— oo (1.2)
with the covariance matrix ¥ = (m; i~ m§m§)f,j:1- [13] investigated corresponding

large deviations principles, while [24] studied similar problems for moment spaces
corresponding to more general functions defined on a bounded set.

More recently, [10] defined special probability distributions on the non-compact
moment spaces M, ([0,00)) and Ma,_1(RR). They could establish results analogous to
(1.2) with the moments of the arcsine distribution replaced by those of the Marchenko-
Pastur distribution (on [0, c0)) and of the semicircle distribution (on R), respectively.

In this article, we are going to investigate this surprising occurrence of the three
distributions arcsine, Marchenko-Pastur and semicircle distribution in more detail. We
are particularly interested in a possible universality of these distributions, as in random
matrix theory the latter two appear naturally for large classes of random matrices with
independent entries (see e.g. [3] and references therein). The arcsine measure also
appears as a universal distribution of zeros of orthogonal polynomials with respect to
weight functions on compact intervals (see [34]). Especially for unbounded moment
spaces a clarification of universality seems desirable, as there is no uniform measure
and thus the consideration of a particular probability measure needs justification. In
other words, we are asking for how typical the moment sequences of arcsine, semicircle
and Marchenko-Pastur distribution are.

The paper will be organized as follows. In Section 2 we review some basic facts
about moment spaces and introduce general classes of distributions on the moment
spaces under consideration. They keep two key features of the uniform distribution
on M, ([a,b]) and can be used to interpolate between distributions on compact and
non-compact moment spaces. For these distributions we derive laws of large numbers of
the type (1.1). In particular, we show that for moment spaces M,,([a,b]) corresponding
to compact intervals there is no universality of the arcsine distribution. Instead, the
arising measures are known as free binomial distributions, i.e. the analogues of the
binomial distribution in free probability theory. On the other hand, for the moment
spaces M,,([0,0)) and M,,(R) the first £k moments of a random vector always converge
to the first £ moments of Marchenko-Pastur and semicircle distributions, respectively.
The occurrence of both distributions will be explained in terms of free Poissonian and free
central limit theorems for the free binomial distribution. In Section 3 we consider central
limit theorems of the form (1.2) and investigate moderate and large deviations principles
for random moment sequences. All proofs are postponed to Section 4. Our results
provide an extensive description of the distributional properties of random moment
sequences and a unifying view on several findings in the recent literature.
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2 Laws of large numbers

To motivate the class of distributions considered in this paper, we remark first that
a real valued sequence (m;);cn, is a sequence of moments corresponding to a Borel
measure on the real line if and only if all Hankel matrices (m;;);;_, are positive semi-
definite (see [17]). Similar characterizations exist for measures supported on the half line
[0,0) and compact intervals, and the corresponding sequences are called Stieltjes and
Hausdorff moment sequences (see [11]). Due to restrictions and relations of this type,
the components of a random moment vector in M,,(E) are generically not independent
coordinates. Moreover, for a compact interval F the moment space M,,(F) is a rather
small set. For instance, it is known that the volume of M., ([0, 1]) is of order O(2~ n? ) (see
[19]), as for a given moment sequence (my,...,m,—1) € M,_1([0,1]), the possible range
of the n-th moment m,, is very small.

For these reasons, we will consider different sets of coordinates that scale with the
possible range of values. Although there are infinitely many choices of such coordinates,
some are particularly natural and have found considerable attention in the literature. To
be precise, assume that (m1,...,m;_1) € M,;_1([a,b]) is a given vector of moments up to
the order j — 1. Then, because of convexity of M, ([a,b]), the set of possible values m,

{m;(w)| e P(la,b]); mi(u) =m; foralli=1,...,j—1}

is a compact interval, say [m;, m;r]. Following [11], we define for mj # m> and a given

J
Jj-th moment m; the j-th canonical moment p; via

L mj — mj
p] L m+ _ m,
J J
The canonical moments are left undefined if m; = m;r (in this case (mq,...,m;_1) is a

boundary point of the set M;_;([a,b]) - see [20]). Clearly, p; € [0,1], and p; gives the
relative position of m; in the available section of the set M;([a, b]). It is also worthwhile
to mention that canonical moments are invariant under linear transformations of the
measure (see [11], p. 13). The correspondence map

[a,0] .

®n p (p1>"'apn)Hmn:(mh'"?mn) (21)

between the canonical and ordinary moments is a diffeomorphism from (0,1)" onto
Int(M,,([a,b])) (Int denoting the interior) and many classical quantities of the measure,
especially of its associated orthogonal polynomials and the continued fraction expansion
of its Stieltjes transform, have expressions in terms of the canonical moments (see [11]
for more details). Canonical moments were introduced in the series of papers [31, 32, 33]
and are closely related to the Verblunsky coefficients, which were investigated much
earlier in [36, 35] for measures on the unit circle.

In case of the uniform distribution on M,,([0,1]), as studied in [6], the canonical
moments have two important properties. After a change of variables by (2.1), the
uniform distribution on M, ([0,1]) has a density w.r.t. the Lebesgue measure on (0, 1)"
proportional to

n

H pi(1—p;))" ™7 = exp [Z(n—j)log(pj(l = pj))|- (2.2)

j=1

Thus, the canonical moments are independent and for n > j nearly identically distributed.
To investigate a possible universality of the arcsine distribution, we will now define a
class of distributions respecting these two properties. However, we will generalize the
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situation by allowing for different distributions of even and odd canonical moments.
This takes into account the different roles that even and odd moments play. While even
moments are always positive and give some rough information about the size of the
support of the measure, odd moments give information about location of the support and
the symmetry of the measure. In canonical moments, symmetry around the center of
[a, b] can be characterized easily as the property that all odd canonical moments are 1/2
(see [33]).

Let V4,V : [0,1] — R be continuous functions. Define the probability measure
Py, [a,5],v1 0 O0 My ([a,b]) by Py, (45,11 , (OMp([a,b])) = 0 and on Int(M,([a,b])) via the
density

L= L5

P vio (M, ..o omy) == ——————exp { -n Z Vi(p2j-1) — ”Z Vz(pzj)} (2.3)
Zn,[a,b],VLg i=1 i=1
w.r.t. the n-dimensional Lebesgue measure, where p; = p;(mi,...,m;) is the j-th canoni-

cal moment of the sequence (mq,...,m,) € Int(M,([a,b])) defined by (2.1) (1 < j < n)
and Z, [4,v,, 15 the normalization constant. By |z] we denote the largest natural
number smaller or equal to x. Note that the case Vi(z) = V2(x) = 0 and [a,b] = [0,1]
has been considered in [6]. The factors n in the exponent in (2.3) are asymptotically
equivalent to the factor n — j in (2.2). It follows from (2.2) that under P, 44},v; , the odd,
respectively even, canonical moments are nearly i.i.d..

Let us now formulate our first result for random moment sequences of measures
supported on the interval [a, b]. Here and later on, we will tacitly assume that the random
variables (m;")) jn>1 are defined on the same probability space.

Theorem 2.1.
1. Leta < band Vi, Vs € C%((0,1)) be continuous at 0 and 1. Assume that the functions
Wi(p) :=Vi(p) —log(p(1—p))  and  Wa(p) := Va(p) —log(p(1 — p))

each have a unique minimizer pj € (0,1) and p; € (0, 1), respectively. Let m =
(m(ln), . ,mﬁl")) be drawn from P,, [, 4),v, , and abbreviate ¢} := 1—p;,i = 1,2. Then
we have foreachk > 1 asn — o

m$™, o™y S (et omy)

almost surely and in L', where m7, ... ,mj, are the first k moments of a probability
measure fip: ps = ,u;ip; + Mﬁ;,p;- Setting

2
l+ :==a+(b—a) (\/piqé‘ + qui‘) ,

the measures p;¢ P and ,ug* p; are given by
1 1

ac _ V=) — =)
Hps p3 (dz) = 2mpi(x —a)(b — x) RN (@)de,

a . pi pl+p5—1
Hprps = (1= =) bat =] 0.
b/ 4 ) +

Here (y)+ denotes the positive part of y € R and §, is the Dirac measure at the
point y.
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2. If pi, p5 are such that p,: ,» does not have atoms, then i+ ,: is the equilibrium
measure on the interval [a, b] to the external field

Q)= ~ (B = 1) togtt - ) — (F2ETE ) g -,

2 2

i.e. jup: ps is the unique Borel probability measure on the interval [a,b] minimizing
the functional

b b b
pes [ Qautt) - [ [ ogle — sidu(t)du(s) (2.4)

Remark 2.2.

1. If p; = p3 = 1/2, the measure f,: ,» in Theorem 2.1 is the arcsine distribution
on the interval [a,b]. Note that this does not imply V; = V2 = 0. However, we
see that for p} # 1/2 or p5 # 1/2, the limiting measure (the measure having the
limiting moments) is not an arcsine measure on any interval. We conclude that
the moments of the arcsine measure are not universal within the class of random
moment sequences in M,,([a,b]) with nearly i.i.d. canonical moments. Rather, the
moment sequence of the arcsine measure is a member of the universal family of
moment sequences corresponding to iy« .

2. Since for probability measures supported on a fixed compact set convergence of
moments is equivalent to convergence in distribution, the convergence result of
Theorem 2.1 can be restated as follows: Let p,, € P([a,b]) be a random probability
measure with first n moments (mg"), . ,m%")) which are P, [, ,-distributed.

Then p, converges a.s. (and in expectation) weakly to y: ,» as n — oco.

The measure ji,+ ,: is known in the literature under (at least) two different names.
In the context of probability theory on graphs, it is called Kesten-McKay measure (see
[21, 25]). It has also been studied in the context of orthogonal polynomials (see [8, 29, 5]).
In free probability, it is called free binomial distribution (see [27]). It will turn out useful
to explain this naming in more detail.

Free probability is a variant of non-commutative probability theory initiated by
Voiculescu (see [27] or Chapter 22 by Speicher in [1] for an introduction and references)
that has found its applications in particular in random matrix theory. For our purposes
it suffices to know that free probability theory uses a different notion of independence,
called freeness, that manifests itself in a different convolution of probability measures.
A constructive approach to this convolution uses random matrices: Let H, ,, Hs , be
deterministic diagonal n x n matrices with diagonal entries k4 ,,(i7) and hs ,(ii), respec-
tively. Assume that the empirical measures of the diagonal entries, i.e. the eigenvalues,
converge for n — oo weakly to probability measures of bounded support p; and uo,
respectively, that is

1 n
fim Zfshj,n(ii) =pwj, Jj=1,2, weakly.
=1

n—00 N 4

Now let for each n a Haar distributed random unitary n x n matrix U,, be given on a
common probability space. The Haar probability measure on the unitary group U, is the
unique Borel probability measure that is invariant under left (and right) multiplication
with any group element. Letting z, ..., z, denote the n real random eigenvalues of the
Hermitian random matrix H, ,, + U, H> ,U;, the empirical measure of the x;’s converges
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for n — oo almost surely in distribution to a non-random limit. This limit is called the
free (additive) convolution of p; H us, in symbols

n
w1 B po := lim 1 Z Oz, a.s. weakly.
In analogy to classical probability, the free binomial distribution with parameters n € IN
and p € [0,1] is then the n-fold free convolution of the Bernoulli distribution py =
(1 — p)dp + pdy with itself. It seems convenient to extend the name to convolutions of
measures p = (1 — p)d. + pdq with itself, ¢, d € R. Moreover, even fractional convolution
numbers are possible using an analytic approach to the free convolution via the so-called
R-transform (see [1, Chapter 22]). It seems difficult to give a direct interpretation of
the occurence of the free binomial distribution in the context of random moments. For
instance it is not hard to verify that for u = %55 + %5(1 the free convolution p B p is the
arcsine measure with support [¢c + d — vVc? + d?, ¢+ d + V2 + d?], but in general the
measure /i,y p+ is not just a two-fold convolution of a Bernoulli measure with itself.

However, free probability indicates that universal limiting measures may be expected
if random moment problems are considered for the moment spaces M, (R,;) with
R+ := [0,00) and M, (R). Indeed, analogous to classical probability, there are free
analogs of the Poisson limit theorem and central limit theorem for the free binomial
distribution [1, Chapter 22]. Typically, they are considered for p = (1 — p,,)do + prmd1 and
show weak convergence of the rescaled n-th convolution power ;™™ to the free Poisson
(Marchenko-Pastur distribution) or the free Gaussian law (semicircle distribution), as
m — oo and p,,, converges to a zero or non-zero number, respectively.

The following corollary can be seen as a variant of these limit theorems. The proof is
straightforward and will be omitted.

Corollary 2.3. Let for each m € N a,,, < by, and p7 ,,,,p5 ,, € (0,1) be given.
1. Assume that, as m — oo,
am — 0, by — 00,  pi,,,P5,, — 0 such that
Dibm — 25,1 =1,2,

for some constants zy,z5 > 0. Then the measure pp: .- defined in Theorem
2.1 on the interval [a,,, b;,] converges in the large m limit weakly to the measure

MMP7ZI;Z§’ where with lj: = (\/ZT + \/2’;)2

2} 1 (x=1)(4 — )
(dr) = (1- 2 1 @
MM P,z 25 (dx) ( - > N do + pree - gy (@)de. (2.5)

The density of the absolutely continuous part of ji,: = () converges pointwise
to the density of the absolutely continuous part of jinp,.; »; and uniformly within
compact subsets of (I_,1,). Moreover, the moments Ofﬂpf,mmé,m converge to the
moments ofuMp,ZLZ;.

2. Assume that, as m — oo,

A — —00, by, — 00,
p;ﬂn|a7ﬂ|bm — ﬂ*v Am + (bm - am)pim - a*

for constants o* € R,3* > 0. Then the measure p,: .- defined in Theorem
2.1 on the interval [a,,, b,,] converges weakly in the large m limit to the measure
1SC,ax,p+, Where with l1 := o™ +2,/0*

1
HSC,ax,B* (d,I) = 27‘[‘5* AV4 (1} — l_)(l+ - x)ll[lﬂl”(x)dx. (26)
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The density of the absolutely continuous part of ji,,« ,» (x) converges pointwise to
the density of pusc o+ g~ and uniformly within compact subsets of (I_,1,). Moreover,
the moments of ji,; ,+ — converge to the moments of jisc o~ p+-

Remark 2.4.

1. The measure jpp x5 is called Marchenko-Pastur distribution (see [18] or [27]).
For 27 > 25 (absolutely continuous case) it is the equilibrium measure on R, (in
the sense of (2.4)) to the field

t 27—

Qt) = — — L2 10g¢.
Z9 29

Besides its role in free probability theory as the free analog of the Poisson dis-
tribution it is particularly well-known for its universality in random matrix the-
ory. More precisely, let X denote an m x n random matrix with real i.i.d. en-
tries having mean 0 and variance o? > 0. Assume that as m,n — oo we have
m/n — A € (0,00). Then the empirical distribution of the eigenvalues of the sample
covariance matrix X X7 /n converges a.s. and in expectation weakly to pnrp,z, z,,
where z; := 02(1++v/))/(14vA)? and 2, := \z;. For this result and generalizations
we refer to [3] and references therein.
2. The measure p5c o+ g+ is called semicircle distribution. It is the equilibrium mea-
sure to the field
ot
28 B
In free probability, it plays the role of the Gaussian distribution. In random matrix
theory it is the universal limit of so-called Wigner matrices: Let X be an n x n
random matrix with real i.i.d. mean 0 and variance ¢ > 0 entries on and above the
diagonal and the entries below the diagonal are chosen such that X is symmetric.
Then the empirical distribution of the eigenvalues of X/\/n converges a.s. and in
expectation weakly to 115c.4.5 @S n — oo, where a = 0 and 3 = 02, see e.g. [3].

Q(t)

The universality in these random matrix statements lies in the fact that the limiting
distribution is always the same regardless of the distribution of the matrix entries.

3. The measures Mpt pss WM P27 23 and psc,o+,g+ all belong to the so-called free Meixner
class. It consists of the free analogues of the six classical Meixner class distri-
butions which are Gaussian, Poisson, gamma, binomial, negative binomial and
hyperbolic secant distribution. The distributions of the free Meixner class enjoy
some interesting characterizing properties, for instance having a generating func-
tion of resolvent type for the corresponding orthogonal polynomials (see [2] for
details) in analogy to the generating functions of the classical Meixner class being
of exponential type (see [26]).

Let us now turn to infinite moment spaces, starting with M, (R.) (recall Ry = [0, 0)).

Following [10], we may define the canonical moments z1, ..., 2z, of a moment sequence
mi,..., M, in the interior of M, (R, ) as
mg —m,,
2k = kik_, k=1,...,n,
ME—1— Mgy

m, = 0,mg = 1. Here one uses that given m, ..., my_1, the section of possible values
of my, for given moments (mq,...,mg_1) € Int(My_1(R4)) is an interval of the form
[m,, ,00) (see [20], Chapter V). Clearly, z;, € R, . The correspondence

apﬁ*:Zn:(zl,...,zn)Hmn:(ml,...,mn) (2.7)
EJP 23 (2018), paper 15. http://www.imstat.org/ejp/
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between canonical and ordinary moments is a diffeomorphism from (0, c0)™ onto the
interior Int(M,,(R)) of the moment space (for all n € IN). The Jacobian of this transfor-
mation is readily computed as

L amk
]];[1 8zk

To define a probability measure on Int(M,, (R, )), consider any continuous functions
V1,Vo : Ry — R, such that for some ¢ > 0 and all z large enough the inequality

= H(mk,l -—my ) = H 2122 ... 21 = H z,?*k . (2.8)
k=1 k=2 k=1

Vi(2)
log z

>2+4¢e,1=1,2 (2.9)

holds. Then define P, g, v,, on M,(Ry) by P, g, v,, (OM,(R;)) = 0 and on the
interior Int(M,,(R4)) via the density

L=5) 1%)
. exp [—n > Vl(Zj)—nZVz(Zj)}, (2.10)

ZH,R+7V1,2 J=1 j=1

Pn7R+>V1,2 (m17 s ;mn) =

where Z, r. v, , is the normalizing constant such that P, g v, , is a probability density
with respect to the Lebesgue measure on Int(M, (R, )). This is possible due to (2.8)
and (2.9). Because of (2.8), the canonical moments z1, 23, ..., 2; are independent under
P, R, v, and for large n and fixed k nearly identically distributed.

Note that [10] considered the special case of (2.10) with Vi(t) = Va(t) = t — £logt
and showed that under this measure the (ordinary) moments converge to those of the
Marchenko-Pastur distribution. Here we will show that the moments of the Marchenko-
Pastur distribution are in fact universal for all generic functions V3, V5.

Theorem 2.5. Let V1, V, € C%((0,00)) be continuous at 0, satisfy (2.9) and assume that
Wi(z) :=Vi(z) —log = and Wa(z) := Va(z) —log =

each have a unique minimizer z} € (0,00) and z5 € (0,00), respectively. Let the vector

m® = (m{, ..., m{) be drawn from P, ®. ... Then we have for any k > 1 as n — oo
(mgn)7 e ,m,(cn)) — (m],...,my)
almost surely and in L', where mj, ... ,mj, are the first kK moments of the Marchenko-

Pastur distribution WMP, 2t 23 defined in (2.5), that is

L= ji—1 1 (2
* - #\i+1/ *x\i/ % *\j—1—1
m; = ; ( i >(21)Z (23)" (21 + 23)’ lz+1<2>

Next, we consider the moment space corresponding to measures supported on R.
We will use the recurrence coefficients of the corresponding orthogonal polynomials
as a coordinate system. To be precise, note that for any measure p € P(R) there is
a sequence of monic polynomials Py(z), P(x), ... with deg P; = j that is orthogonal in
L2(u). If ;1 is supported on finitely many points, the sequence is finite. In any case, P;(z)
depends on the measure y via its moment sequence (my, ..., me;_1) only. The orthogonal
polynomials satisfy a three-term recurrence relation of the form

Pj+1(x):(x—aj+1)Pj(x)—ﬂij_1(x), ]21, (211)
Py(z)=1, Pi(x)=z—aa
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with recurrence coefficients oy, as,--- € R and S, B2, - - - > 0. For more details regarding
orthogonal polynomials we refer to [7]. The mapping

5y (a1, Bl gy .y o1, Q) b M1 = (M, ..., Map_1) (2.12)

is a diffeomorphism from (R x (0,00))""! x R onto Int(Ma,_1(R)) (for all n € IN). More-
over, as observed by [10], (a1, 51, a2, ..., Bn-1,a,) constitutes a system of independent
coordinates on the moment space Ms,,_1(RR). The corresponding Jacobian is given by

n—1

det Doy, = [[ 87" 7".

j=1

Similarly, we may define a map for moment spaces of even order.

Lemma 2.6. There is a diffeomorphism
Po ¢ (B x (0,00))" = Int(Mzq(R)),
(011,6170[2,---,Oén7ﬂn)H(ml,...,mgn) (213)

between the recursion coefficients of the orthogonal polynomials and the corresponding
moments. The Jacobian of ©% is

n—1

2n—27

det Dl = H g,
j=1

The values §; have a simple interpretation in terms of moments, as

ﬁj:WJ—TrLQ_j, j:l,...,n,
m2j—2 — Mg, _o
is the ratio of two consecutive even moments. The coefficients «; give information about
symmetry of the measure, e.g. for 4 symmetric around 0, one has «; = 0 for all 5. Taking
into account these two different roles, we will again consider two continuous functions
Vi:R — Rand V5 : Ry — R such that for some ¢ > 0 and |«/|, 8 large enough

il S, . B0 4. (2.14)
log|a] log 8

With these notations we define the probability measure P, g v, , on M, (R) by
P, rv,, (OMy(R)) = 0 and on Int(M,(R)) via the density

‘3
wlF
=

L*==] Lz)

! exp{—n Vl(aj)—nZVg(Bj)],
j=1

anﬂ{yvlg (ml, . 7mn) = 7Z .
n,Iv, Va2

<.
I
—

and obtain the following universal law of large numbers.

Theorem 2.7. Let V; € C?(R),V, € C?((0,00)) be continuous at 0 and satisfy (2.14).
Furthermore, assume that

Wi(a) :=Vi(a) and Ws(B) := Va(B) — 2log 8

each have unique minimizers o € R and * € (0,00), respectively. Let m(") =
m'™ ..., m) be drawn from P, ®rv,,. Then foranyk >1asn — oo

M™Y. mE)
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almost surely and in L', where m},...,m} are the first k moments of the semicircle
distribution psc o+ g+ defined in (2.6), that is

/2, . 4 1 /9
mj = ZO (éyi>(\/»@)2l(a*)]_mm<i)' (2.15)
We finish this section with some concluding remarks concerning the class of models
we consider. We study random moment sequences with independent and nearly identi-
cally distributed canonical moments or recurrence coefficients, respectively. Dropping
either of the two properties will in general result in non-universal limiting sequences
even on unbounded intervals, if there is any limit at all. Nevertheless, other related
models have been used for successful studies of random matrix models. More precisely,
so-called Gaussian beta ensembles admit tridiagonal matrix models, see [12]. More
recently, tridiagonal matrix models for studying non-Gaussian beta ensembles were used
in [23]. They consider exp(—nTr Q(T)) det(DyX) as density on the space of recursion
coefficients, where T is the symmetric tridiagonal matrix (truncated Jacobi operator)
with the «;’s on the main diagonal and ;’s on the neighboring diagonals, @ is a strictly
convex polynomial and Tr denotes the trace. It is not hard to see from the results in
[23] that the limiting moments corresponding to this model are those of the equilibrium
measure to @Q (see (2.4)), only for ) quadratic (this case is the one studied in [12]) the
moments of the semicircle appear.
The connection between certain random matrix ensembles and canonical moments
resp. recursion coefficients has also been used in [14] and [15] for deriving so-called
sum rules for free binomial, semicircle and Marchenko-Pastur distribution.

3 Asymptotic normality, moderate and large deviations

In this section, we examine the fluctuations of the random moment sequences around
their non-random limits. We state the central limit theorem and moderate and large
deviations results. For the uniform distribution on the moment space M,,([0, 1]), results
of this type were obtained in [6] and [13], respectively. The following theorem shows
that the fluctuations of random moment vectors around their limits are Gaussian. We
will adopt a short notation that allows us to state the three cases F = [a,0], E = Ry,
F = R simultaneously. Note that the functions W3, W5 as well as the limiting moments
m differ, depending on E.

Theorem 3.1. In the situation of Theorem 2.1, Theorem 2.5 or Theorem 2.7, assume
that W/ (y}) # 0 fori = 1,2, where

p; , ifE=]ab]
zf L ifE=R,,
of LIfE=R,i=1,
B* | ifE=R,i=2.

Then in any of the three cases E = [a,b], E=R,, E =R, forany k > 1 asn — oo
Va((m”, . om) = (mi,.... m})) 5 N0, 5),
where the matrix ¥, has full rank and is given by
Sk = (D (77))" diag(W7 (y7), W3 (y3), WY (1), .. .) " (Dil (7))
Here, the maps gpkE have been defined in (2.1), (2.7) and (2.12), (2.13), the diagonal

matrix is of size k x k and §* = (y%,v5,v5,...) € RF.
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In the case E = R, and z] = 25, we have

e = (7)) - (0):
(n) (n)

Theorem 3.1 shows that in all considered cases the 1//n-fluctuations of m; "/, ..., m,,
around mj, ..., m; are Gaussian. We will now study larger fluctuations. The approprlate
tool for describing the exponentially small probabilities associated to these fluctuations
is the large deviations principle. Recall that a sequence of random vectors (X,),
with values in a Polish space X' is said to satisfy a large deviations principle with
speed (by,)n, lim, .~ b, = 0o, and good rate function I, if I : X — [0, 00| is lower semi-
continuous, has compact level sets {z € X : I(x) < K}, K > 0 and for any openset O C X
and closed set U C X

h,{glo%f b 1ogP(X €0)> mlgé]( x), (3.1)
hmsup—logP(X eU) < — inf I(x), (3.2)
n—oo On zeU

cf. [9, p. 6]. The next theorem is a result on moderate deviations. It shows that on scales
up to o(1) the exponential leading order asymptotics are still given by the Gaussian
distributions from Theorem 3.1, in particular they are universal.

Theorem 3.2. Let the conditions of Theorem 3.1 be satisfied. Then for any of the three
cases F = [a,b], E = Ry, E =R, for any real-valued sequence (a, ), with lim a, = o
n—oo

and a,, = o(y/n), the sequence of random variables

an (™, om{My = (m},...,m}))

satisfies a large deviations principle on R* with speed b,, = -+ and good rate function

1 . * * * —rk | —
I(z) = §||dlag(W{’(yl),Wé’(yz),W{'(y1)7--~)1/2D<pf(y )~ ta|)3.

The next result shows that for fluctuations of order 1 a new, non-universal rate
function arises.

Theorem 3.3. Let the conditions of Theorem 2.1, Theorem 2.5 or Theorem 2.7 be
satisfied. Then in each of the three cases, the sequence (mgn),. m,&n))n satisfies a
large deviations principle on My, (E) with speed n and good rate function I(m) := oo for

m € OMy(F) and for m € Int (My(E))
L5 15)

Z {Wi(y2j—1) = Wa(yi)} + Z {Walyas) — Walys) }-

Here y;,4 = 1,2 are as in Theorem 3.1 and y;,j = 1,...,k are defined similarly as p;
=[a,b]), zj (E=Ry)orfor E=R as CPES] (j odd) and 3/, (j even).

We remark in passing that the case E = [0,1], V; = V5 = 0 is Theorem 2.6 in [13].

4 Proofs

Proof of Lemma 2.6. For each vector of moments (my,...,ms,) in the interior of the
moment space Mo, (R), we can find a probability measure p with infinite support and
the first 2n moments given by m1, ..., ms,. Using an induction argument and (2.11), it is
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easy to see that the orthogonal polynomials P; corresponding to p and their recursion
coefficients «;, §; satisfy

[Pl duta) = [ 447 (Prsa(a) + @i Pute) + BuPics () dus)

= B /xk_lpkfl(w) dp(x) = B1--- By, (4.1)

/ Py () dp() = / (P () + ks Pola) + By Pos (2)) dis(2)
—aun [ @ Pule)dua) + B [ 2 Pa(a) dute) = B Bulen + o+ ann). (42)

From this we can immediately see that the recursion coefficients i, ..., 8; only depend
on the moments my, ..., mog, while a, ..., a; only depend on the moments my,...,mor_1.
On the other hand, we may determine each moment mo; from S,..., 8k, a1,..., Q%
and each moment mo;_1 from fi,...,Bk_1,01,...,a;. Therefore the mapping ¢%, in
(2.12) is a well-defined bijection between (1,01, ...,ay,5,) and (my,...,ma,). The
corresponding Jacobian matrix Dgpg‘n is a lower triagonal matrix with determinant given
by

LN 1 0

o\ % Br

In order to calculate these derivatives, note that since the P, are monic orthogonal
polynomials we have

2k—2
/CBkqu(w) dp(x) = maop—1 + Z Aim;
i=0
for some real numbers )\; (that may depend on k). Since myq, ..., maor_s only depend on
By Br—1,01,...,a5_1, we get with (4.2)
Omap—1 O [2*Py_q(z)du(x)
= =P Pr-1-
Oay, Oay,
A similar argument using (4.1) shows
am
86? =B Br-1,
which leads to
n k—1 n—1 n n—1 4
det Deg, = [T 1187 =11 11 #7 = 118" 0
k=1 j=1 =1 k=j+1 j=1

We will now prove the large deviations principles, as they play an important role in
the proofs of Theorems 2.1, 2.5 and 2.7.

Proof of Theorem 3.3. For the sake of brevity we restrict ourselves to the case E = [a, }],
the remaining cases can be proved analogously. Note that in the other cases I is a good
rate function by means of the growth conditions (2.9) resp. (2.14).

We will show that each p(2?11 satisfies a large deviations principle on (0, 1) with good
rate function

Ii(p) == Wi(p) — Wi(p7), (4.3)
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where Wi (p) = Vi(p) — log(p(1 — p)). Analogously, the pgi") satisfy a large deviations

principle on (0, 1) with good rate function I(p) := Wa(p) — Wa(p3). The assertion then
follows from the independence of the p;’s and the contraction principle. Note that gagca’b]
is a bijection between (0, 1)* and Int M ([a,b]) and thus the rate function only changes
on the boundary dMy([a, b]), where its value is oc.

For the upper bound (3.2), let U C (0, 1) be a closed set. Then, with WY := in[f] Wi (z),
e

limsupllog/ o= Vi (@) +(n—i) log(x(1-2)) 4,
U

n—oo T

1 Lo .
< limsup — log/ e~ Vil@)=(n—)W" g U
0

n—oo T

For the lower bound (3.1), let O C (0, 1) be an open set and define W© := ing Wi(z). Let
(S

¢ > 0 be arbitrary. By continuity of W on the interval (0, 1) and openness of O we know
that O N {W; < WO + ¢} is a nonempty open set. This yields

lim inf 1 log/ e~Vi(@)+(n=i)log(z(1-2)) g,
o

n—oo N
> liminf l log e—nV1(m)+(n—i) log(z(1—x)) dx
T n—ooo n
ON{W1<WO+e}
> liminf 1 log e=V1(@)=(n=DW+e) gp — 0 _ ¢,
T n—oco N
ON{W1<WO+e}

Now let ¢ — 0, then the assertion finally follows from the choice U = O = (0,1) which
shows that the normalization constant of the density satisfies

1 ! ,
lim — log/ e Vi@ +m=dlog@=2) gp — _ inf Wy(y). O
n—oo N 0 y€(0,1)

Next, we will prove the results on laws of large numbers in Section 2. It follows
from Theorem 3.3 and an application of the Borel-Cantelli lemma that in all three cases
(mg"), . ,m,&")) — (mj,...,m}) almost surely as n — oo, where m; are determined
by pf,2f,i = 1,2 or o*, 3*, respectively. The convergence in L' follows for E = [a, ]
immediately by the boundedness of the moments. For unbounded F, it suffices to see
that the m§")’s are uniformly integrable thanks to the exponential decay from the large
deviations principle. It remains to identify the corresponding measures to the moment
sequences (mj,m3,...). The general technique to do this is to consider the Jacobi
operator associated to the recurrence coefficients of the orthogonal polynomials and
derive an equation for the Stieltjes transform of the desired measure via a continued
fraction expansion. We start with the simplest case of Theorem 2.7, where we explain
the strategy in detail.

We will make use of the following lemma.

Lemma 4.1. Let i+ be a Borel probability measure on R that is determined by its
moments (i.e. the Hamburger moment problem to the moments of 1 is determinate). Let
ay, b1, a9, B2 ... denote the recurrence coefficients of the monic orthogonal polynomials
to the measure u (see (2.11)). If i1 is supported on N points, we set 3; := 0 for j > N.
Then the Stieltjes transform of p,

B(z) := / dulz)

)
Z—x
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defined for z € C* := {2z € C: Sz > 0}, has the continued fraction expansion

(I)(Z)_ 1 ‘_ ﬁl ‘_ ﬂ2 ‘_
_’z—al ’z—az ’Z—Oé;),
Here the convergents
L & | B
]z—al ’Z—O[g Z— 041

converge locally uniformly in CT as | — oo.

Lemma 4.1 is known as Markov’s theorem. For a nice historical survey we refer to
[4]. However, as most statements or proofs in the literature are hard to understand for
readers without a background in orthogonal polynomial theory, we give an elementary
proof below.

Proof of Lemma 4.1. Let y be a measure whose support consists of precisely IV distinct

points. Then the monic orthogonal polynomials P, ..., Py up to order N with respect
to p and the corresponding recursion coefficients ay, 81, s, 8o, ..., Bn—1,an are well-
defined. Moreover, if ;4 has masses w1, ...,wy at the points ¢, ...,¢y and m; denotes the

j-th moment of y, the monic orthogonal polynomial Py is proportional to the polynomial

1 mq my_—1
~ mq mo my t
mN MNy1 ... MaN-—1 tN
1 1 ... 1 1
N N t; t; et t
1,2 N-1 o " tN-1
=D o D) Wi Wiyttt T det [
10=1 ZN—1=1 t}V t]-V tN. t].v
20 21 IN—1

Now the determinant in the last line vanishes whenever two indices ¢; and ¢, coincide.
If all indices are different, the determinant is equal (up to a sign) to the polynomial
Lt) = HlN:l(t —t;). Consequently, the polynomials Py and Py are also proportional to
£(t) and therefore vanish precisely at the the support points ¢1,...¢y of the measure p.

We now define for z € C* the continued fraction

— 1 ‘ b1 ‘ B2 ‘ Bj—1 .
1) = ’ZJ_%I j=1,...,N.

Writing f;(z) as a single fraction ’;;Eig we see that 4;(z) and B,(z),j =1,...,m satisfy

the recursions Ag(z) := 0, Bo(z) := 1, A1(z) :== 1, B1(2) := z — ay and

Aj(2) = (2 — aj)Aj-1(2) = Bj-14j-2(2),
Bj(z) = (z — ;) Bj-1(2) = Bj-1B;-2(2)
for 2 < j < N. Clearly, B; is a polynomial in z of degree j with leading coefficient 1 and

as it satisfies the same recursion as the orthogonal polynomials P;, we conclude B; = P;
for 0 < j < N. Furthermore, note that the sequence of functions

Q) = [ =2 g

z
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satisfies the same recursion as A;, from which we can conclude @); = A; for0 < j < N.
As the roots of Py are precisely the support points of the measure i we obtain

o) = e = i [P = [ auto

which concludes the proof for a measure p with finite support.

If 1« has infinite support, all recursion coefficients 3; are strictly positive. Let N be an
arbitrary natural number. There is a unique measure uy supported on N points such
that the corresponding monic orthogonal polynomials have the recursion coefficients
a1, P1,--.,8N-1,an. By the arguments above, the Stieltjes transform of p has the form

In(z) = _1 ‘_ fl ‘_ f2 ‘_..._’#‘_
]z aq ]z Qg ]z as z—an

Since the recursion coefficients up to order N determine the moments of uy up to
order 2N — 1, we know that m;(un) = m;(p) for 1 < j < 2N — 1. Letting N — oo thus
shows limpy_,oc mj(pn) = m;(p) for all j. Since the measure p is uniquely determined
by its moments, this implies the weak convergence yy — p. For any fixed z € C*, the
function ¢ — i is a bounded continuous function. Therefore the Stieltjes transform of
un converges to the Stieltjes transform of y, i.e.

1 . 1 L | B | B |
du(t) = 1 d t) = — — - ...
/z—t ,u() Nljgo z—t MN() ’z—al ’Z—Oég ’Z—Oég
As z — - is analytic in C* and uniformly bounded away from the real line, fy is

analytic in C* and for any compact K C C* we have supy .cx|fn(z)| < M for some
M > 0. It follows by Montel’s theorem that the convergence is uniform on K. O

Proof of Theorem 2.7. Let psc,o+,+ be the measure for which the recurrence coeffi-
cients of the associated monic orthogonal polynomials are «; = o* and §; = 3* for all
j. From (2.12) we know that psc,q+ g~ has finite moments. By Carleman’s criterion (in
terms of recurrence coefficients, see [30, p. 59], the Hamburger moment problem for
the moments of pgc o g~ is determinate, if

1
Z — =00, (4.4)
j=1 ‘/Bj

which is clearly the case here. Thus by Lemma 4.1 the Stieltjes transform

dpsc.an g (2)
Pscyar,p+(2) 1:/?7
has the continued fraction expansion
I 1

T[Fmat [Emat T =B bscan o (2)

O 50,0+, (2) ; (4.5)

where the dots ... in (4.5) mean a continued repetition of the last fraction before the

dots. Solving algebraically for ®sc o+ g+ (z) yields the two solutions

z—a* F/(z—a*)?—46*
23+ '

Since any Stieltjes transform maps the upper half plane to the lower half plane, we get

Z—Oé*— 2—06*2—4*
P50 ax,p(2) = (25* ) & , (4.6)
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where we define \/(z — a*)2 — 43* for z € C™ as the branch with positive imaginary part.
Note that \/(z — a*)2 — 43* admits a continuous extension from C* to R via

—/(z—a*)?2 =40 |z <a*—2{p*
1_i>151+ Ve +iy—a*)2 —4p* =i\ /4f" — (x —a*)?  ,z € [ —2VB%, a* 4+ 257 .
Yy
(x—a*)?2—4p* x> a*+2VF"
Thus ®5¢,+ 5+ has a continuous extension from the upper half plane to the real line and

Hax g+ has a density on R which is given by the Stieltjes inversion formula (see e.g. [27,
Remark 2.20])

:uOé*uB* (d(E) _ _l : Cx. .
— = y1_1>r(r)1+ SPsc or (T + 1y) (4.7)
1
= 2’/Tﬂ* 46* - (LU - a*)Q]l[a*f2 B* ,a* +2+/B* (.’17)

It is well-known that (see [27, Corollary 2.14]) the 2j-th moment of the semicircle

distribution psc0,1 is jﬁ (2]] ), (2.15) follows by a simple computation. O

Proof of Theorem 2.1. Let j,y ,» be the probability measure determined by having canon-
ical odd moments p; and canonical even moments p}. For a probability measure on [a, b]
with canonical moments p1, p2, p3, . . . the recurrence coefficients of its monic orthogonal
polynomials are given by (cf. [10])

aj =a+ (b—a)(qe—3p2j—2 + q2j—2p2j-1), .
J ) J J J J (] Z 1) (48)
B = (b—a) qzj—2p2j—1G2j—1D2;-

Here we set p_1 = pp = 0 and as usual g; := 1 — p;. In our case a; = a + (b — a)p],
B1 = (b—a)’piqips, and for j > 2 we have a; = a+(b—a)(pigs+p3ai), B; = (b—a)’piaipsas.
Since [a, b] is compact, the moment problem is determinate and hence Lemma 4.1 yields

that the Stieltjes transform
dppy p; (%)
D v u(z) = [ PP
pYP5 (2) /  —
has the continued fraction expansion
1 | (b—a)*piqips |
|z—a—(—api [z—a—(b—a)(pie; +p3q])
B (b— a)?pidipias |
| z—a—(b—a)(pigs +p3ai)
B 1
NEETE =T

(I)pr; (2) =

— (b—a)*paiPsPsc,a,8(2),

where ®5¢ 4.5 is from (4.5) with « := a+ (b—a)(pigs +p5q}), B = (b—a)*piq¢ipsq;. Thus
by (4.6)
_ 2q5
2¢3(z —a—(b—a)p}) = (z —a— /(2 — ) —4f)
(1—2p35)z+a—2g5(a+ (b—a)pi) = V(2 —)? — 40
2p5(z — a)(b — 2) '

As atoms of p,: ,» are simple poles of the Stieltjes transform, atoms can only be at a or b.

They can be identified using the formula

@p;,p; (2)

tip; ps ({2}) = — ylir&r YSPpr pz (2 + 1y). (4.9)
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Using this, we get after some algebra for x = a

_ps—pi+Ips —pil _JO, if p > p3
/‘pf,p’g({a}) = o = pt if o .
P2 ~ P if p1 < p3
For x = b, we get similarly
[+ *({b}):p’{—‘y—p;—l—i-ﬂ—p’l‘—pg‘: 0, ifpi +p5 <1,
P P5 2p3 %&2_1’ if pt +p3 > 1.

®,x p;(2) has a continuous extension to R \ {a,b}. Thus the measure is absolutely
continuous on R\ {a,b} and the density of the absolutely continuous part [ip¢ s can be
computed using (4.7) as

pps s (dx) /AR — (a — x)?
dx ~ 2mpi(z —a)(b— )
for x € [a — 2y/B,a + 21/B], and 0 elsewhere. This proves (1), since [+ = a + 2/5.
For (2) we use the well-known fact from potential theory (cf. e.g. [28, Theorem 1.3.3])

that p is the minimizing measure of (2.4) if and only if it satisfies the Euler-Lagrange
equations

Q(t) — 2/log\t — sldu(s) {; j : 1: ; iniEZ;: (4.10)
where [ is a real constant. Differentiating, we get for ¢ € supp(u)
Q'(t) = 2H, (1), (4.11)
where
H,(t) = / %@

is the Hilbert transform of u. Note that the integral is understood as a principal value
integral. The Hilbert transform of an absolutely continuous measure can be obtained
from its Stieltjes transform @, via (see e.g. [18, p. 94])

H,(t) = ylga R, (t +iy).

In our case this gives together with (4.11)

Q1) = (1—2p5)t+a—2g5(a+(b—a)pi)  pi—p5s  1—pi—ps
ps5(t —a)(b—1) ps(t—a)  p3(b—1)
Integration yields
* 1_ * ok
Qt) = — (pl - 1) log(t — a) — (pl*p2> log(b — t) (4.12)
Y2 D2

on the support. The integration constant does not matter here and thus is set to 0 for
simplicity. We will consider @) defined by (4.12) as function @ : [a,b] - R U {+c0}. By
construction, () satisfies the equation of (4.10) on the support of y,: ,,-. For the inequality
in (4.10), we compute the Hilbert transform H, o703 outside of the support of y: ,» as

Q) | V(t—a)?—46  Q'(1)
> topmaan—p = 2 tSa— 2VB,

Q' (t V (t—a)?—48 Q' (t)
) _ < €M 4>a42/B.

2 2p; (t—a)(b—t) —

Hupf,p; (t) =

Consequently, Q(t) —2 [ log |t —s| djip: s (s) is nonincreasing on [a,[_), constant on [I_, [ ]
and nondecreasing on (I, b]. This implies the inequality in (4.10) and thus proves (2). O
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Proof of Theorem 2.5. For a probability measure p on R; with canonical moments

21, 22, . .. the recursion coefficients are given by
O = Z52 + 2251, )
T ! (>1) (4.13)
Bj = z2j-1%2j,
with the convention z, := 0. To see this, define the Hankel determinants H,; :=

det(mi+l)g7l=0, Hyjpq = det(miHH)g’l:O, j>0and H_, := H_, := 1. By the solution of
the Stieltjes moment problem in terms of Hankel determinants (see [30, p. 6]) and an
expansion of H,;, we find Hy; = (m; —m; )Hy;_, (cf. [11, Theorem 1.4.4]). By Theorem
9.1 and the subsequent corollary in Chapter I of [7], the «;, 5; admit a decomposition

of the form «; = 7251 + 72; and f; = 7252721, where g := — 5 i((z)), Yoj—1 = f—J
Assertion (4.13) now follows from Theorem 4.2 and Exercise 3.1 in Chapter Iof [7] and
observing v; = z;_1.

Let unp 2y z; be the probability measure on R with canonical moments z;_1 = 27
and zp; = 23, j = 1,.... Then the recursion coefficients of the corresponding orthogonal
polynomials are a; = 27, a; = 27 + 25,7 > 2 and 8; = 2] 25,7 > 1. The Stieltjes transform
of par P2tz will be denoted by ®,, Pzy,z;- BY (4.4), the moment problem is determinate
and thus ®,, Ptz admits the continued fraction expansion
1 ‘ 2125 ‘ 1

[OFY - = — - ...
MP,z7,z5 (Z) ’ - — ZT ’ ” — (Zik I Z;) — Zik — ZTZ;¢SC7a,ﬂ(Z)7

where ®gc o, (7) is from (4.5) with a := (2] + 23) and 8 = 2 23. Using (4.6), this gives

23
28(z —zF) — 2725 (z —a— /(2 — a)? — 40)
2=tz () — 45

Porrpay s (2) =

*
2252

Clearly, pinrp 27 ,»; can have an atom only at 0. A computation using (4.9) gives

z 2¥ —|2F — 22 0 if 25 > 27
PPz 25 (103) = ol ot k1 { 7 : "

225 1—%, if 25 < 27.
The density of the absolutely continuous part can again be determined using (4.7) as

PPy 2z (dr) /48 — (a — x)?
dz N 2rzyx

for z € [a — 2v/B,a + 2/, © # 0, and 0 elsewhere. Now the statement of the theorem
follows noting I+ = o #+ 2/. O

Proof of Theorem 3.1. We will only prove the case E = R, as the remaining parts are
shown by similar arguments. Consider a moment vector under the distribution P, g v, ,
defined by the density (2.10). We will show that the canonical moments satisfy

V(s = 25) L N, W ()7
V(s — 25) L N0, W (25)7)

as n — oo. The assertion of the theorem then follows from the independence of the
2™ and an application of the delta-method. Note that ¥ is nonsingular, as @E isa

K3

diffeomorphism and therefore det DoF (27, 25,...) # 0.
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By Scheffé’s Lemma, weak convergence of a sequence of measures can be proved
by showing pointwise convergence of the corresponding densities. The density of

V(=" | — 27) is given by

fula) i= 91,

Cn

where

gn(x) == exp {—n(W1 (2] + f) Wi(z1) }(zf + %)—(21—1)H{Z*+%>0}

and ¢, is an appropriate normalization constant. By Taylor’s theorem we obtain that

2
x
Wi(z7 + z/vn) = Wi(z7) + %W{’(zf + Az/v/n)
holds for some A € [0, 1]. From this we can easily conclude
gn(x) == exp(=WY' (21)2?/2) (=)~ Y,

and it remains to prove the convergence of the normalization constant. By assumption
W' (zF) # 0 and since z; is a minimizer of W7, we have W{'(zf) > 0. Hence we may
choose 0 < ¢ < z} so small that the inequality W7{'(xz) > W{'(2})/2 is satisfied for all z
with |z — 2| < e. This yields

oo

en = / exp {—n(W1 (2] + z/v/n) = Wi () } (21 + 2/v/n)~ 7D da
NG
evn
= [ e {=n(WGE +a/VA) — WA G + o /VR) 3 de o)
ey
RAAN exp {—W{'(z})z 2/2} —(2=) gy = W{Q’ZTzf)(ZT)(%l)'

Here we have used the dominated convergence theorem with dominating function

g(x) = exp {=W7'(21)a? /4} (2 — )"0

The o(1) term stems from the fact that outside of the interval of integration (—e+/n,ey/n)
the function Wi (25 4+ «/4/n) — W(z}) is bounded from below by some positive constant
K > 0. The remaining integral can then be bounded by

Vne~(n—@i-)K /OOO exp { — (20 — 1)(Vi(z) — Vi(2]) +log(zf (1 — 27))) } dz = o(1).

Hence the density f,, converges pointwise to a centered normal distribution with variance
1/W{' (=), which completes the proof of the first part of the theorem.

It remains to determine the entries of D<p]kR+ in the case z{ = z5. In order to do this,
we will follow the arguments in [10]. Therein, a double sequence g; ; is defined by

1 ,ifi =0,
Gij =140 , ifi#£0,i> 3,
Gij—1+ Zj—it19i-1,;  ifi#0,i <j.
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An induction argument over the sum 7 4 j shows that g; ; is a homogeneous polynomial
of degree ¢ in 21, 29,.... Consequently, the partial derivative %’7: is a homogeneous
polynomial of degree ¢ — 1. Following the arguments of [10] we have g , = my with

dmi 21 27

—(1,1,...) = —

dzT(’ ) <i—r) (i—r—l)
and thus

dm; , . i1 dmy _ (xyi—1 24 2i
Tt = =60 ((F) - (1) o

Proof of Theorem 3.2. We will only prove the case F = [a,}], the remaining cases are
treated similarly. We will first show that each a, (pé?),l — p}) satisfies a large devia-
tions principle with good rate function J(x) := W{'(p})x?/2 and speed b,,, where (a,, ),
and (by,), are chosen as in Theorem 3.2. In order to see this, let U C R be an ar-
bitrary closed set and 0 < ¢ < 1 sufficiently small so that W{(y) > M holds for
all y € (p; —e,p; +¢) C (0,1) and some positive constant M > 0. Set v := inf,cp |2,
R(p) := (p(1 — p))~®~Y and let I, be the function (4.3). Note that I; > 0 with unique
zero pj and I = W/ . In order to limit the number of indicator functions in the following
calculations, we extend the definition of I;, W; and R by I (z) = Wi (z) = co and R(x) =0
for z € R\ (0,1) and use the convention e~ = 0. For (3.2) we show first

1 x 2
lim sup — log/ e h@/antP R(2 /ay, + pt) da < —W{/(p*)l-
n—o00 bn U 2
Note that e="/1(*/an+P1) R(z/a,, + p?) is the density of an(pégll — p¥), up to the normal-
ization constant. The case v = oo is trivial, since then U = (), so we may assume vy < oc.

We will first consider U N {|z| > €a,,} and get

1 .
lim sup 0 log/ ]l{|m‘25an}e_"h(w/a’L+p1)R(x/an +pl)dx
n U

n— oo

IN

1 ) .
lim sup W log/]R]l{mZsan}e_(m_l)vl(g”/a"ﬂ’l) exp (—(n —(2¢—1)) inf Il(y)> dx

n—o00 n \y—pi‘\zs

IN

1 .
lim sup — log/ ane” UV exp (—(n —(2¢—1)) inf Il(y)> dt
R

n—00 n |y—10f‘25

IN

lim sup ai(logan —(n—1(2¢—1)) inf Il(y))/n = —00.

n—oo |y—PT|25

For the set U N {|z| < €a,}, note that by Taylor’s theorem
/ ]l{\95|<san}67nI1 (I/anerI)R(J:/an +p1) dz
U

< sup R(y)/U]1{|I‘<8a"}exp(—nxz/(2ai) inf  W{(z))dz

ly—p7l<e lz—pil<e

< sup R(y)/ exp (—((1 —e)ny?/(2a2) + ena®/(2a,))  inf W{’(z)) dx
ly—pil<e R |z—p5|<e
< sup R(y)exp(—(1—e)b,y?/2 inf W/ (2)) \/27r/ (d)n inf Wl”(z))
ly—pil<e l=—pil<e l=—pil<e
Consequently,

1 . 2
lim sup = log/ 1jo|<ca,ye "1 PO R(x/a, + p})de < —(1 —¢)  inf Wl”(z)%
n U

n—o00 |z—pi|<e
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Using log(a + b) < log?2 + max{log a,logb}, a,b > 0, we conclude

1 «
lim sup — log/ e_nll(w/an'f‘pl)R(x/an + pT) dr
U

n—oo b’!L

1 "
< max{limsupb1og/UIL{x<€an}e_"h(‘"”/“"+p1)R(a:/an+p’{)dm,

n—oo

1 - o log 2
lim sup " log/ ]l{‘MZsan}e_”Il(‘/“”J”’l)R(sc/an +p7) dx} + lim sup %8
n—oo mn U n—o0 n
42
< —(1—-¢) inf W/(z)—.
|2—pi|<e 2

Letting € — 0 now yields

n—oo b"’L

1 . 2
lim sup — log/ e rh@/antPD R(2/a, + pt)de < —Wl"(pf)%. (4.14)
U
For the lower bound (3.1), let O C R be an arbitrary nonempty open set. Set again

vyi= ing |z| < co. By the definition of v the set O N {|z| < v+ ¢} is a nonempty open set.
zE

Therefore by Taylor’s theorem

/ e’"h(z/“"“’I)R(:r/an +pl)dx
o

Y

/o Lja<rseye” "M PO R(2 0y + p}) da

%

RMNON{lal <y+ebexp (~n(y+2)%/2a)  sw W),

inf
ly—p*|<(v+e)/an ly—p7I<(vt+e)/an

where ) is the Lebesgue measure. This yields

1 . 2
lim inf — log/ e h@/antPR(z /4, + p}) do > fW{’(pT)M.
n—oo by, o 2
Letting ¢ — 0 we therefore get
PR i —nli(z/an+p7) * M (% l?
liminf —log [ e VYR(xz/an + py) de > =W/ (p]) 5 (4.15)
n—oo n O

Note that the density of a,, (pS? | — p}) is

1 -
emnh@/antp) R(y /a, + pt) da,
Cn

where ¢, is the normalization constant. Plugging U = O = R into (4.14) and (4.15)
(n)

shows nhﬁngo % log ¢, = 0. This proves the large deviations principle for a,(py;” ; — p7).

Analogously, a,(p2; — p3) satisfies a large deviation principle with speed b, and
good rate function W4 (p3)z?/2. Since the canonical moments are independent, we can
conclude that the vector

an (P, ) — )

satisfies a large deviations principle with speed b, and good rate function ||Hz|3/2,
where the matrix H is given by H = diag(W{ (p}), W4/ (p3), Wi (p%),...)"/? € R¥**, Recall
that §* = (p}, p5, 5, ... ) € (0, ).
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In order to transfer this large deviations principle to the sequence of ordinary
moments, we need to apply the delta-method for large deviations. As Theorem 3.1 in
[16] states, the sequence

n n * * a,b n n R
an((mg )77m£ ))_(mlvamk)):an(@gc ](p(l )7,p](¢ ))_LPLG ](y ))
satisfies a large deviations principle with good rate function

. a,b] ;% a,b] / —x\ —
I(z) == inf{| Hy|3/2 | (DL 7))y = &} = | HDo " (57) " ]|3 /2. O

References

[1] Akemann, G., Baik, J., and Di Francesco, P. (eds.), The Oxford handbook of random matrix
theory, Oxford University Press, Oxford, 2011. MR-2920518

[2] Anshelevich, M., Free Meixner states, Commun. Math. Phys. 276 (2007), no. 3, 863-899.
MR-2350440

[3] Bai, Z. and Silverstein, J. W., Spectral analysis of large dimensional random matrices, second
ed., Springer Series in Statistics, Springer, New York, 2010. MR-2567175

[4] Berg, C., Markov’s theorem revisited, J. Approx. Theory 78 (1994), no. 2, 260-275. MR-
1285262

[5] Castro, M. M. and Griinbaum, F. A., On a seminal paper by Karlin and McGregor, SIGMA
Symmetry Integrability Geom. Methods Appl. 9 (2013), Paper 020, 11. MR-3033562

[6] Chang, F. C., Kemperman, ]J. H. B., and Studden, W. J., A normal limit theorem for moment
sequences, Ann. Probab. 21 (1993), no. 3, 1295-1309. MR-1235417

[7]1 Chihara, T. S., An introduction to orthogonal polynomials, Gordon and Breach Science
Publishers, New York-London-Paris, 1978, Mathematics and its Applications, Vol. 13. MR-
0481884

[8] Cohen, J. M. and Trenholme, A. R., Orthogonal polynomials with a constant recursion formula
and an application to harmonic analysis, J. Funct. Anal. 59 (1984), no. 2, 175-184. MR-766488

[9] Dembo, A. and Zeitouni, O., Large deviations techniques and applications, second ed.,
Applications of Mathematics (New York), vol. 38, Springer-Verlag, New York, 1998. MR-
1619036

[10] Dette, H. and Nagel, J., Distributions on unbounded moment spaces and random moment
sequences, Ann. Probab. 40 (2012), no. 6, 2690-2704. MR-3050514

[11] Dette, H. and Studden, W. J., The theory of canonical moments with applications in statistics,
probability, and analysis, Wiley Series in Probability and Statistics: Applied Probability
and Statistics, John Wiley & Sons, Inc., New York, 1997, A Wiley-Interscience Publication.
MR-1468473

[12] Dumitriu, I. and Edelman, A., Matrix models for beta ensembles, J. Math. Phys. 43 (2002),
no. 11, 5830-5847. MR-1936554

[13] Gamboa, F. and Lozada-Chang, L.-V,, Large deviations for random power moment problem,
Ann. Probab. 32 (2004), no. 3B, 2819-2837. MR-2078558

[14] Gamboa, F., Nagel, J., and Rouault, A., Sum rules via large deviations, J. Funct. Anal. 270
(2016), no. 2, 509-559. MR-3425894

[15] Gamboa, F.,, Nagel, J., and Rouault, A., Sum rules and large deviations for spectral measures
on the unit circle, Random Matrices Theory Appl. 6 (2017), no. 1, 1750005, 49. MR-3612269

[16] Gao, F. and Zhao, X., Delta method in large deviations and moderate deviations for estimators,
Ann. Statist. 39 (2011), no. 2, 1211-1240. MR-2816352

[17] Hamburger, H., iiber eine Erweiterung des Stieltjesschen Momentenproblems, Math. Ann.
81 (1920), no. 2-4, 235-319. MR-1511966

[18] Hiai, F. and Petz, D., The semicircle law, free random variables and entropy, Mathematical

Surveys and Monographs, vol. 77, American Mathematical Society, Providence, RI, 2000.
MR-1746976

EJP 23 (2018), paper 15. http://www.imstat.org/ejp/
Page 22/23


http://www.ams.org/mathscinet-getitem?mr=2920518
http://www.ams.org/mathscinet-getitem?mr=2350440
http://www.ams.org/mathscinet-getitem?mr=2567175
http://www.ams.org/mathscinet-getitem?mr=1285262
http://www.ams.org/mathscinet-getitem?mr=1285262
http://www.ams.org/mathscinet-getitem?mr=3033562
http://www.ams.org/mathscinet-getitem?mr=1235417
http://www.ams.org/mathscinet-getitem?mr=0481884
http://www.ams.org/mathscinet-getitem?mr=0481884
http://www.ams.org/mathscinet-getitem?mr=766488
http://www.ams.org/mathscinet-getitem?mr=1619036
http://www.ams.org/mathscinet-getitem?mr=1619036
http://www.ams.org/mathscinet-getitem?mr=3050514
http://www.ams.org/mathscinet-getitem?mr=1468473
http://www.ams.org/mathscinet-getitem?mr=1936554
http://www.ams.org/mathscinet-getitem?mr=2078558
http://www.ams.org/mathscinet-getitem?mr=3425894
http://www.ams.org/mathscinet-getitem?mr=3612269
http://www.ams.org/mathscinet-getitem?mr=2816352
http://www.ams.org/mathscinet-getitem?mr=1511966
http://www.ams.org/mathscinet-getitem?mr=1746976
http://dx.doi.org/10.1214/18-EJP141
http://www.imstat.org/ejp/

Universality in Random Moment Problems

[19] Karlin, S. and Shapley, L. S., Geometry of moment spaces, Mem. Amer. Math. Soc. No. 12
(1953), 93. MR-0059329

[20] Karlin, S. and Studden, W. J., Tchebycheff systems: With applications in analysis and statistics,
Pure and Applied Mathematics, Vol. XV, Interscience Publishers John Wiley & Sons, New
York-London-Sydney, 1966. MR-0204922

[21] Kesten, H., Symmetric random walks on groups, Trans. Amer. Math. Soc. 92 (1959), 336-354.
MR-0109367

[22] Krein, M. G. and Nudel’'man, A. A., The Markov moment problem and extremal problems,
American Mathematical Society, Providence, R.I., 1977, Ideas and problems of P. L. éebyéev
and A. A. Markov and their further development, Translated from the Russian by D. Louvish,
Translations of Mathematical Monographs, Vol. 50. MR-0458081

[23] Krishnapur, M., Rider, B., and Virag, B., Universality of the stochastic Airy operator, Comm.
Pure Appl. Math. 69 (2016), no. 1, 145-199. MR-3433632

[24] Lozada-Chang, L.-V., Asymptotic behavior of moment sequences, Electron. J. Probab. 10
(2005), no. 19, 662-690. MR-2164026

[25] McKay, B. D., The expected eigenvalue distribution of a large regular graph, Linear Algebra
Appl. 40 (1981), 203-216. MR-629617

[26] Meixner, J., Orthogonale Polynomsysteme mit einer besonderen Gestalt der erzeugenden
Funktion, J. London Math. Soc. S1-9 (1934), no. 1, 6. MR-1574715

[27] Nica, A. and Speicher, R., Lectures on the combinatorics of free probability, London Mathe-
matical Society Lecture Note Series, vol. 335, Cambridge University Press, Cambridge, 2006.
MR-2266879

[28] Saff, E. and Totik, V., Logarithmic potentials with external fields, Grundlehren der Math-
ematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 316,
Springer-Verlag, Berlin, 1997, Appendix B by Thomas Bloom. MR-1485778

[29] Saitoh, N. and Yoshida, H., The infinite divisibility and orthogonal polynomials with a constant
recursion formula in free probability theory, Probab. Math. Statist. 21 (2001), no. 1, Acta
Univ. Wratislav. No. 2298, 159-170. MR-1869728

[30] Shohat, J. A. and Tamarkin, J. D., The Problem of Moments, American Mathematical Society
Mathematical surveys, vol. I, American Mathematical Society, New York, 1943. MR-0008438

[31] Skibinsky, M., The range of the (n+ 1)th moment for distributions on [0, 1], J. Appl. Probability
4 (1967), 543-552. MR-0228040

[32] Skibinsky, M., Extreme nth moments for distributions on [0, 1] and the inverse of a moment
space map, J. Appl. Probability 5 (1968), 693-701. MR-0246351

[33] Skibinsky, M., Some striking properties of binomial and beta moments, Ann. Math. Statist.
40 (1969), 1753-1764. MR-0254899

[34] Stahl, H. and Totik, V., General orthogonal polynomials, Encyclopedia of Mathematics and its
Applications, vol. 43, Cambridge University Press, Cambridge, 1992. MR-1163828

[35] Verblunsky, S., On Positive Harmonic Functions, Proc. London Math. Soc. (2) 40 (1935), no. 4,
290-320. MR-1575824

[36] Verblunsky, S., On Positive Harmonic Functions: A Contribution to the Algebra of Fourier
Series, Proc. London Math. Soc. (2) 38 (1935), 125-157. MR-1576309

Acknowledgments. The authors would like to thank M. Stein who typed parts of this
manuscript with considerable technical expertise. The work of H. Dette and D. Tomecki
was supported by the Deutsche Forschungsgemeinschaft (DFG Research Unit 1735, DE
502/26-2, RTG 2131: High-dimensional Phenomena in Probability - Fluctuations and
Discontinuity). The work of M. Venker was supported by the European Research Council
under the European Unions Seventh Framework Programme (FP/2007/2013)/ ERC Grant
Agreement n. 307074 as well as by CRC 701 “Spectral Structures and Topological
Methods in Mathematics”.

The authors would like to thank the referee for a thorough review of the manuscript,
valuable comments and pointing out the reference [4].

EJP 23 (2018), paper 15. http://www.imstat.org/ejp/
Page 23/23


http://www.ams.org/mathscinet-getitem?mr=0059329
http://www.ams.org/mathscinet-getitem?mr=0204922
http://www.ams.org/mathscinet-getitem?mr=0109367
http://www.ams.org/mathscinet-getitem?mr=0458081
http://www.ams.org/mathscinet-getitem?mr=3433632
http://www.ams.org/mathscinet-getitem?mr=2164026
http://www.ams.org/mathscinet-getitem?mr=629617
http://www.ams.org/mathscinet-getitem?mr=1574715
http://www.ams.org/mathscinet-getitem?mr=2266879
http://www.ams.org/mathscinet-getitem?mr=1485778
http://www.ams.org/mathscinet-getitem?mr=1869728
http://www.ams.org/mathscinet-getitem?mr=0008438
http://www.ams.org/mathscinet-getitem?mr=0228040
http://www.ams.org/mathscinet-getitem?mr=0246351
http://www.ams.org/mathscinet-getitem?mr=0254899
http://www.ams.org/mathscinet-getitem?mr=1163828
http://www.ams.org/mathscinet-getitem?mr=1575824
http://www.ams.org/mathscinet-getitem?mr=1576309
http://dx.doi.org/10.1214/18-EJP141
http://www.imstat.org/ejp/

Electronic Journal of Probability
Electronic Communications in Probability

e Very high standards

e Free for authors, free for readers
e Quick publication (no backlog)
e Secure publication (LOCKSS!)
Easy interface (EJMS?)

Non profit, sponsored by IMS3, BS* | ProjectEuclid®

Purely electronic

Donate to the IMS open access fund® (click here to donate!)

Submit your best articles to EJP-ECP

Choose EJP-ECP over for-profit journals

'LOCKSS: Lots of Copies Keep Stuff Safe http://www.lockss.org/

2EJMS: Electronic Journal Management System http://www.vtex.1lt/en/ejms.html
3IMS: Institute of Mathematical Statistics http://www.imstat.org/

4BS: Bernoulli Society http://www.bernoulli-society.org/

5Project Euclid: https://projecteuclid.org/

6IMS Open Access Fund: http://www.imstat.org/publications/open.htm


http://en.wikipedia.org/wiki/LOCKSS
http://www.vtex.lt/en/ejms.html
http://en.wikipedia.org/wiki/Institute_of_Mathematical_Statistics
http://en.wikipedia.org/wiki/Bernoulli_Society
https://projecteuclid.org/
https://secure.imstat.org/secure/orders/donations.asp
http://www.lockss.org/
http://www.vtex.lt/en/ejms.html
http://www.imstat.org/
http://www.bernoulli-society.org/
https://projecteuclid.org/
http://www.imstat.org/publications/open.htm

	Introduction 
	Laws of large numbers
	Asymptotic normality, moderate and large deviations
	Proofs
	References

