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conductances
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Abstract

We establish heat kernel upper bounds for a continuous-time random walk under
unbounded conductances satisfying an integrability assumption, where we correct
and extend recent results in [3] to a general class of speed measures. The resulting
heat kernel estimates are governed by the intrinsic metric induced by the speed
measure. We also provide a comparison result of this metric with the usual graph
distance, which is optimal in the context of the random conductance model with
ergodic conductances.
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1 Introduction

Let G = (V, F) be an infinite, connected, locally finite graph with vertex set V and
(non-oriented) edge set E. We will write  ~ y if {z,y} € E. Consider a family of
positive weights w = {w(e) € (0,00) : e € E} € Q, where Q = RY is the set of all possible
configurations. We also refer to w(e) as the conductance of the edge e. With an abuse
of notation, for z,y € V we set w(z,y) = w(y,z) = w({z,y}) if {z,y} € E and w(z,y) =0
otherwise. Let us further define measures y* and v* on V by

,uw(z) = ZW(z,y) and l/w(:zj‘) = Z ﬁ

= o wiz, Y)

Given a speed measure 0: V — (0,00) we consider a continuous time continuous time
Markov chain, X = {X;:t > 0}, on V with generator £§ acting on bounded functions
f:V—-~Ras

(Caf)(x) = 9(17) S () (F) - F(@)). (1.1)
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Heat kernel and intrinsic metric for random walks with general speed measure

Then the Markov chain, X, is reversible with respect to the speed measure 6, and
regardless of the particular choice of 4 the jump probabilities of X are given by p* (z,y) :=
w(z,y)/u’(z), z,y € V, and the various random walks corresponding to different speed
measures will be time-changes of each other. The maybe most natural choice for the
speed measure is § = §“ = u“, for which we obtain the constant speed random walk
(CSRW) that spends i.i.d. Exp(1)-distributed waiting times at all visited vertices. Another
frequently arising choice for 6 is the counting measure, i.e. §(z) = 1 for all z € V, under
which the random walk waits at = an exponential time with mean 1/u“(z). Since the law
of the waiting times does depend on the location, X is also called the variable speed
random walk (VSRW).

For any choice of § we denote by P} the law of the process X starting at the vertex
z€V.Forz,y€Vandt>0letpy(t,z,y) be the transition densities of X with respect
to the reversible measure (or the heat kernel associated with £}), i.e.

PY [ X, =y
0(y)

As one of our main results we establish upper bounds on the heat kernel under a certain
integrability condition on the conductances, see Theorem 3.2 below. The resulting
bounds are of Gaussian type apart from an additional factor which may vanish for
specific choices of the speed measure or the conductances (see Remark 3.3 below). It is
well known that Gaussian bounds hold, for instance, for the CSRW on infinite weighted
graphs with bounded vertex degree in the uniformly elliptic case, that is ¢! < w(e) < ¢
for all e € E for some ¢ > 1, see [12]. More recently, Folz showed in [17] upper Gaussian
estimates for elliptic random walk for general speed measures that need to be bounded
away from zero, provided on-diagonal upper bounds at two vertices are given. In [3] we
weakened the uniform ellipticity condition and showed heat kernel upper bounds for
the CSRW and VSRW under a similar integrability condition as in Theorem 3.2, while
in the present paper we extend this result to general speed measures. Notice that
some integrability assumption on the conductances is necessary for Gaussian bounds
to hold. In fact, it is well known that due to a trapping phenomenon under random
i.i.d. conductances with sufficiently heavy tails at the zero the subdiffusive heat kernel
decay may occur, see [6, 7] and cf. [8]. For the proof of Theorem 3.2 we use the same
strategy as in [3] which is based on a combination of Davies’ perturbation method (cf. e.g.
[10, 11, 9]) with a Moser iteration following an idea in [21]. We refer to [3, Section 1.2]
for a more detailed outline of the method.

Naturally, the heat kernel upper bounds in Theorem 3.2 are governed by the distance
function dg on V' x V defined by

pg(t,z,y) =

-1 1/2
. 9(21) A 9(2,;+1)
dy = f IN— 1.2
0 (1'7 y) 'yérll‘zy { ; < (JJ(Z,L'7 Zi+1) ) ( )
where T';, is the set of all nearest-neighbor paths v = (2o, ...,2. ) connecting z and y

(cf. [11, 5, 17, 19, 3]). Note that dj is a metric which is adapted to the transition rates
and the speed measure of the random walk. Further, for the CSRW, i.e. § = 6* = u*, the
metric dj coincides with the usual graph distance d. In general, dj can be identified
with the intrinsic metric generated by the Dirichlet form associated with £ and X, see
Proposition 2.3 below. Further, notice that dj (x,y) < d(z,y) for all z,y € V. In fact, the
distance dj can become much smaller than the graph distance, see [3, Lemma 1.12] for
an example in the context of a VSRW under random conductances. As our second main
result, stated in Theorem 2.4 below, for any x,y € V sufficiently far apart, we provide
under a suitable integrability condition on w a lower bound on dy(z,y) in terms of a
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certain power of d(x,y). This lower bound turns out to be optimal within our general
framework up to an arbitrarily small correction in the exponent.

The rest of the paper is organised as follows. In Section 2 we prove a lower bound on
dy in terms of the graph distance and we discuss its optimality by providing an example
in the context of the random conductance model on Z?. In Section 3 we show the heat
kernel upper bounds. Throughout the paper we write ¢ to denote a positive constant
which may change on each appearance. Constants denoted C; will be the same through
each argument.

2 Comparison result for the intrinsic metric and its optimality

2.1 Preliminaries

The graph G is endowed with the counting measure, i.e. the measure of A C V
is simply the number |A| of elements in A. Further, we denote by B(z,r) the closed
ball with center x and radius r with respect to the natural graph distance d, that is
B(z,r) == {y € V | d(z,y) < r}. Throughout the paper we will make the following
assumption on G.

Assumption 2.1. The graph G satisfies the following conditions.

(i) Uniformly bounded vertex degree, that is there exists Cqeq € [1,00) such that
Hy:y~z} < Cleg, Ve e V. (2.1)

(ii)) Volume regularity of order d for large balls, that is there exist d > 2 and C'¢, €
(0,00) such that for all z € V there exists N1 (z) < oo with

Cr;é n? < |B(z,n)| < Chreg nd, Vn > Ni(x). (2.2)

(iii) Local Sobolev inequality (S}) for large balls, that is there exists d > d and

Cs, € (0,00) such that for all z € V the following holds. There exists Na(z) < o0
such that for all n > Ny(z),

d'—1
d/
_d’ 4
( > IU(y>|d’1> < Csn'# 3 fuly) -uz)| @3
yEB(z,n) yVzE€B(z,n)
{y,2}€E

forallu: V — R with suppu C B(z,n).

Remark 2.2. The Euclidean lattice, (Z%, E,), satisfies the Assumption 2.1 with d' = d
and N;(xz) = Na(z) = 1. Further, if Assumption 2.1 holds with Ny (z) = Na(z) = 1 for all
x € V, then Gaussian bounds hold on the unweighted graph.

For f: V — R we define the operator V by
Vi:E—=R, E>e > Vf(e) == fleT)— f(e7),

where for each non-oriented edge e € E we specify one of its two endpoints as its initial
vertex e and the other one as its terminal vertex e~. Further, the corresponding adjoint
operator V*F': V — R acting on functions F': £ — R is defined in such a way that
(VI F) gy = (f,V*F) ) forall f € (2(V) and F € (*(E). Notice that in the discrete
setting the product rule reads

V(fg) = av(f)Vg+av(g)Vf, (2.4)
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where av(f)(e) := 1(f(e*) + f(e™)). On the weighted Hilbert space ¢?(V, ) the Dirichlet
form associated with Ly is given by

EY(f,g) = <f7 _Ewg>52(v79) = <Vf7wv9>52(E) = <1,d1"w(f,g)>£z(E), (2.5)

where dT'“(f,g) := wV fVgand E“(f) = E“(f, f).
As a first step, we identify the metric dy as the intrinsic metric of the Dirichlet form

& on (3(V,0).
Proposition 2.3. Foreveryz,y €V,
i (,9) = sup {(y) = (@) : [Vl < 1, T (0, 6)(€) < 0(e*) A Be7), e € Y.

Proof. We follow the argument in [19, Proposition 10.4]. For any z,y € V set
AF(wyy) = sup {(y) = ¥(@) : Vel < 1, T, 9)(€) < 6() AO(e7) e € BY.

Then, for any function ¢: V' — R with the properties that || V¢|| . < 1 and dT*(3,v)(e) <
f(et) AO(e™) for all e € E we obtain

0(et) AO(e™)\?
w(e) '

Let v € T'; , be a nearest neighbour path connecting x and y. By summing over all

consecutive vertices in v, we get that ¢(y) — ¢¥(x) = Zi”;ol Y(zit1) — ¥(z:). Thus,

Vi(e) < (1 A

Af(z,y) < dg(z,y).

In order to obtain AY(x,y) > dy(z,y), set ¥(z) := d§(x,z) for all z € V. Then, for any
edge e € E an application of the triangle inequality and the definition of dj yields

V(o) < |dg(x,e%) —dg(z,e7)| < dg(et,em) < 1.
Likewise, it follows that, for any e € F,
dr* (¢, ¢)(e) < wle)dg(et,e™)? < d(et) nb(e).

Thus, 1 satisfies the requirements in the definition of A (z,y). Since ¢(z) = 0 we finally
have that dj (z,y) < AY(z,y). O

For some ¢: V — [0,00), p € [1,00) and any non-empty, finite B C V, we define
space-averaged weighted ¢/P-norms on functions f: B — R by

1/p
Flne = (g S 15@ro) " ana 1] = maglsol

r€EB

If ¢ = 1, we simply write || f

p.B = |fllp.B.o-

2.2 Lower bound on dj

As our first main result we show that on a large scale the metric dj can be bounded
from below by a certain power of the graph distance d.

Theorem 2.4. Letp > (d — 1)/2 and assume that forany z € V,

m, = liﬂsogp“l\/u“/eupﬁ(xm) < 0. (2.6)

Then, there exists ¢(m,) > 0 such that the following holds. For every x € V there exists
N3(w, x) < oo such that for any y € V with d(z,y) > N3(w, ),

&5 (x,y) > c(my)d(z,y) =5 2.7)
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Proof. In order to simplify notation, set my(x) := 1V u“(x)/0(x) for € V. Since the
function ¢ — 1/+/ is convex, an application of the Jensen inequality yields

ly—1 -1/2
. L} w w
dg (z,y) > inf I, (Z g mg (z) V mg (Zi+1)> .
N

=0

Moreover, for any p > (d — 1)/2, an application of Holder’s inequality yields

I~ —1
1 9 2|B(x,1
= > mg(zi) Vmg (zi1) < 2AB@ L)l (lx 2) 1Ly mG (|, g
Y

Ly i=0
B(z,1 1/p
2 (LI

By combining the estimates and using (2.2) there exists ¢(m,) > 0 and N3(w,z) < oo
such that for any y € V with d(x,y) > N3(w, z),

IN

dj(z.y) = e(m,) inf ()75 = clm,)d(z,y)' "5,
YET 2,y
where we used in the last step that p > (d — 1)/2. O

2.3 Optimality of the bound in Theorem 2.4

In this subsection we provide an example for which the lower bound in Theorem 2.4 is
attained up to an arbitrarily small correction in the exponent. For this purpose, consider
the d-dimensional Euclidean lattice (Z¢, E;) with d > 2, where E,; denotes the set of all
non-oriented nearest neighbour bonds. As pointed out in Remark 2.2, (Z4, E,) satisfies
the Assumption 2.1. Further, let P be a probability measure on the measurable space
(@, F) = (RY*, B(R;)® "¢) and write E for the expectation with respect to IP. The space
shift by z € Z¢ is the map 7, : Q — 2 defined by (r.w)({z,y}) := w({x + 2,y + z}) for all
{z,y} € E4. Now assume that P satisfies the following conditions.

(i) P is ergodic with respect to translations of 74, ie. P OT;1 =P forall z € Z% and
P[A] € {0,1} for any A € F such that 7,(A) = A for all x € Z.

(ii) There exist p > (d — 1)/2 such that E[w(e)?] < co for any e € Ey.
Then, the spatial ergodic theorem gives that for P-a.e. w,

Jim H/‘sz,B(n) = E[p?(0)] < oo.
In particular, by choosing ¢ = 1, the assumption (2.6) in Theorem 2.4 is fulfilled for P-a.e.
w and the lower bound on dj holds. Nevertheless, for general ergodic environments
we cannot control the size of the random variable N3(x), z € Z?, as this requires
some information on the speed of convergence in the ergodic theorem. However, if
we additionally assume, for instance, that the environment satisfies a concentration
inequality in form of a spectral gap inequality w.r.t. the so-called vertical derivative,
then E[N3(z)"] < oo provided a stronger moment condition holds (depending on n), see
Assumption 1.3 and Lemma 2.10 in [4].

Theorem 2.5. Consider the VSRW, i.e. § = 1. For any p > 1 there exists an environment
of ergodic random conductances {w(e) : e € E4} on (Z4, E,;) satisfying E[w(e)?] < oo
such that for any o > p and P-a.e. w the following hold.
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(i) Suppose d = 2. There exists Ly = Ly(w) < co such that for all L > L there exists
r = z(w) € Z¢ with d(0,z) = L and

d5(0,z) < cd(0,z) "5 .

(ii) Suppose d > 2. There exists Ly = Lo(w) < oo such that for all L > L, there exist
r =xz(w),y = y(w) € [-2L,2L]¢ with d(z,y) = L and
d—1

dy(z,y) < cd(z,y)'~ = .

Proof. Let {Y(i,y) : i € {1,...,d},y € Z?'} be a family of non-negative, independent
and identically distributed random variables such that

P[Y(i,y) >r] = reote)  asy 0o

for some ag > p. For any z € Z? we write &' to denote the element of Z? ! obtained by
removing the i-th component from z. Further, set

w{z,z £e;}) = Y(i,3%), Veezd ie{l,...,d},

where {e1, ..., es} denotes the canonical basis in R¢. Then, note that the conductances
are constant along the lines, but independent between different lines. W.l.o.g. we further
assume that w(e) > 1 for any e € E;. We refer to [3, Example 1.11] and [13, Section 2.2]
for a similar but different example for a model with layered random conductances.

(i) Consider the nearest-neighbour path (z, : n > 0) on ]Ng defined by xy := 0,
Tnyl = Tp +€;,,, With

i1 == argmax w({0,e;}), int1 = argmax w({xn,z, +€;}), n>1.
i=1,...,d—1 i=1,...,d

)

In view of the definition of djj in (1.2) it suffices to show that for any o > o there exists
Ly = Ly(w) < oo such that

L
Z w({xn,xn_H})*l/Q < cLlf%, VL>Lg. (2.8)

n=0

For that purpose, set M,, := maxi<p<nw({zx—1,2r}) and u, := n'/® for n > 1. Then, by
construction M,, is the maximum of » i.i.d. random variables 7, ..., Z, defined by

Zy = max  w({0,e;}), Zy =

max  w({zp, 2, +e}), k> 2.
ie{l,...,d—1} i {1, d\{ir_1} ({z, 3]

An elementary computation shows that P[Z; > uy] < (d — 1) Plw(e) > ux] — 0, and
kP[Z1 > ui) > kEP[w(e) > ug] — oo as k — oo and

i]P [Zl > uk] exp(—k]P [Zl > ukD < ci e exp(—ckl_%> < 0.
k=1 k=1

Thus, by [16, Theorem 3.5.2] for P-a.e. w there exists Ny = Ny(w) < oo such that
M, > n'*  VYn>N,. (2.9)
Let (I : k > 0) be the sequence of record times defined by

lo ;=0 and Il = min{j >l : M; > M, }.
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and denote by N(L) the number of records in the interval {0,... L}. Recall that

1 N(L
o B gy NV

k—oo Kk L—oo InL

= 1, P-a.s. (2.10)

(cf. e.g. [16, Section 5.4]). Set Mk := M, . Using Abel’s summation formula the left-hand
side in (2.8) can be rewritten as

L N(L)—
Zw({xnvanrl})_l/Q < ZN(L) ]\4N1/2 + Z lk 1/2 Ml:Jrll/z)

n=0

By (2.9) and (2.10) the first term is of order L', Further, we have that lkM_l/2

(1)}~ 2« < ce('=2:)k for sufficiently large k and therefore

N(L)-1 N(L)
S (VTN < S N < eIV < optoas
k k k+1 = kAL < ce <c

k=1 k=1

for all L larger than some Lo = Lo(w). Thus, (2.8) is proven.
(ii) In order to show the second statement consider

er = argmax  w(e).
e€E4:e— €[—L,L]?

Then, by construction w(ey) is the maximum of order L¢~! i.i.d. random variables and
again by [16, Theorem 3.5.2] there exists Ly = Lo(w) such that P-a.s.

d—1
wler) > e¢L =, VL > Lg.

For such L set z := ¢; and consider the nearest-neighbour path (z,, : n € Ny) on Z?
defined by g := z and x,, 41 = x, + €;,,, with

int1 = argmaxw({x,,z, + e;}), n >0,
i=1,...,d

similarly as above in (i). Then, by setting y = =, we have d(z,y) = L and
w{Zn, Tnt1}) > wler) > CL%, Vn=0,...,L—1.

In particular, (2.8) holds and (ii) follows from the definition of dj. O

3 Heat kernel upper bounds

We work again in the general setting outlined in Section 2.1 above. Our main
objective is to prove Gaussian-like upper bound on the heat kernel py in term of the
intrinsic distance dy. For that purpose, we impose the following assumption on the
integrability of the conductances.

Assumption 3.1. Letd' > d > 2. Forp,q,r € (1, 00] with

1 1 r—-1 1 2
T

there exists Ciy, € [1,00) such that for all x € V there exists Ny(x,w) < oo such that for
alln > Ny(z,w),

1V e/ o v 1V 1V < Cing.  (3.2)

p,B(z,n) q,B(z,n) r,B(z,n) ¢,B(z,n) —
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Similarly as explained at the beginning of Section 2.3 above, in the context of
the random conductance model with ergodic conductances one can use the ergodic
theorem to translate Assumption 3.1 directly into a moment condition, provided the
speed measure ¢ is random and stationary, i.e. 6(z) = 6“(x) = §™=*(0) for all = € Z“.

Theorem 3.2. Suppose that w € ) satisfies Assumption 3.1. Then, there exist constants
¢; = ¢i(d,p,q,Cin) and v = (d, p,q, Cint) such that for any given t and = with v/t >
Ni(x) V Nao(x) V Ny(z,w) and all y € V the following hold.

(i) Ifdy(z,y) < cit then

Y w 9
pi(tay) < ot (14 D50 Y (g ),

t

(ii) If d§(z,y) > cst then

7 W
i (t,y) < cpt™? <1+d(\x/,ty)> exp(—mdg(x,y)(l\/logW))

Remark 3.3. (i) In the case of CSRW or VSRW Theorem 3.2 has been established in [3].
However, the term (1 + d(z,y)/+/?)” is erroneously missing in the result for the VSRW in
[3, Theorem 1.10].

(ii) If the distance dj and the graph distance d are comparable, the estimates in
Theorem 3.2 turn into Gaussian upper bounds since then the additional term (1 +
d(x,y)/v/t)” can be absorbed by the exponential term into a constant. Both distances
are comparable, for instance, for the CSRW, the VSRW under i.i.d. conductances (cf. [5,
Lemma 4.2]) or for random walks on supercritical percolation clusters with long-range
correlations (see [15]). However, if both distances are not comparable, the bounds in
Theorem 3.2 become ineffective in the regime where d$ (z,y) < v/t < d(,y), since in this
case the term (1 + d(x,y)/v/t)” may become large while the exponential term does not
provide a decay yet. Nevertheless, a near-diagonal bound of the following form can be
deduced from the parabolic Harnack inequality established in [2]. There exists ¢ € (0, c0)
such that for any z € V and any ¢ > 0 with v/t > Ny (z) V Na(z) V Ny(x,w) (with a slightly
modified N4) we have forally € V,

Py (ta,y) < ct™ 2,

cf. [2, Proposition 4.7].

(iii) The on-diagonal decay ¢~%/? corresponds to 1/|B(z, \/i)]. In general we expect
a stronger decay to hold resulting from the volume of a ball with radius v/t w.r.t. the
distance dj under the speed measure ¢. For instance, the heat kernel of the random
walk discussed in Section 2.3 admits the on-diagonal decay ¢~ (4+1)/2, see [14].

/2

If  and y are sufficiently far apart, the term (1 + d(z,y)/v/?)” can be simplified by
using Theorem 2.4.
Corollary 3.4. Suppose that w € (2 satisfies Assumption 3.1, and assume that there
exists C > 1 ande € [0,(d—1)/(2p — d + 1)] such that for any z € V and all y € V with
d(.’L‘, y) > N3(w7 QC)

d(z,y) < Cdf(z,y)"*e.
Then, there exist constants ¢; = ¢;(d,p,q,Cin) such that for any given t and = with

Vt > Ni(x) V No(z) V N3(x,w) V Ny(z,w) and all y € V with d(z,y) > Ns(w,z) the
following hold.
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(i) Ifdg(z,y) < cit then

tte?)

pi(t) < cot 2 (1V a5 (a.0)) " oxp e T

(i) If di(x,y) > c5t then
dw
Pyt y) < et (1vdy(2,y)) eXp(—CS % (z,y) (1 v log 0(5;»?4))>

Remark 3.5. Note that p > (d — 1)/2 for any p satisfying (3.1). Hence, Theorem 2.4
implies that for any « € V and all y € V with d(z,y) > N3(w, x),

d(z,y) < c(mp)—2p/(2p—d+1) ds (x, y)1+e
withe = (d —1)/(2p — d + 1). In particular, ¢ — 0 as p — co.

Proof. This is a direct consequence from Theorem 3.2. Indeed, since

<1+d<§;’>)ﬁy < (1+W) < (1vds(e,y)” (HOdﬂjgy))vv

the second term can be absorbed by the exponential term into a constant. O

In the remainder of this section we explain how the proof of [3, Theorem 1.6] needs to
be adjusted in order to prove Theorem 3.2, that is to obtain Gaussian-like upper bounds
on the heat kernel for a larger class of speed measures 6. We also take the opportunity
to streamline the arguments in [3] and to correct some technical mistakes leading to the
error mentioned in Remark 3.3.

3.1 Maximal inequality for the perturbed Cauchy problem

Consider the following Cauchy problem

{ Oiu — LFu = 0,

3.3
u(t=0,-) = f, (3-3)

for some function f: V — R. Recall that for any given y € Z<, the function (t,z) —
p§ (t,z,y) solves the heat equation (3.3) with f = 1y,,/0(y). For any positive function ¢
on V such that ¢, ¢~ € £°°(V) we define the operator Cgi » acting on bounded functions
g:V—>Ras

(L35 9)(@) = 6(2)(L5d ™ g)(x).

As a first step we establish the following a-priori estimate.

Lemma 3.6. Suppose that f € (?(V,0) and u solves the corresponding Cauchy problem
(3.3). Further; set v(t, ) := ¢(x)u(t, z) for a positive function ¢ on V such that ¢, ¢!
¢>(V'). Then

[[o(t, ')H[“(v,e) < i H‘éfHeQ(v?e)’ (3.4)

where

7 (@) = max 29 Z| dr<(¢,¢~")({z, y})|.
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Proof. This can be shown by the similar arguments as in [3, Lemma 2.1]. O

Our next aim is to derive a maximal inequality for the function v. For that purpose
we will adapt the arguments given in [2, Section 4] and set up a Moser iteration scheme.
For any finite interval I C R, finite, connected B C V and p,p’ € (0,00), let us introduce
a space-time-averaged norm on functions u: R x V' — R by

1 : L/
illremo = (i [ Nl d) " and sy = s0p ]

where u; = u(t,.), t € R.

Lemma 3.7. Suppose that Q = I x B, where I = [s1, s3] C R is an interval and B C V is
finite and connected. For a given ¢ > 0 with ¢,¢~! € (>(V), let v; > 0 be a solution of
O — L§ 4o <0 on Q. Further, letn: V — [0,1] and ¢: R — [0, 1] be two cutoff functions
with

suppn C B and n =0 on 0B,
supp( € I and ((s1) = 0.

Then, there exists C; < oo such that for « > 1 and p,p. € (1,00) with 1/p+1/p. =1,

1 E< (i)
mHC( H1ooQ9 |I| /C |B| dt

< 010® (|11 /01l .0 150y 107 .00 + (1€ ey + 25 (0)) 1 11,
(3.5)

Proof. Fix some o > 1. Since v > 0 satisfies d,v — E‘g)’@v < 0 on @, a summation by parts
yields

1 al|? 2, 2a—1 —1
% ath’t Hf(v,e) < < (v "), wV (e ”t)>42(E) (3.6)
for any ¢t € I. By applying the product rule (2.4), we obtain
<V(772¢U152a_1)aWV(¢_1Ut)>e2(E)

= < v(n )drw(d)UQa 17¢7lvt)>z2(]3) + <av(¢v2a 1) dF”(n%letmz(E)
. T1 + TQ. (37)

Let us first focus on the term 7. Again, an application of the product rule (2.4) to-
gether with the fact that (V¢)(Veo~!) <0 and —av(¢~1)(Ve) = av(¢)(Ve1), yields the
following lower bound

dr (v L ¢~ o) > av(@)av(g™!) (v vy) + av(vy®) dI¥(¢,¢7")
+ av(6) (av(o) T 671) — av(ud ) dT¥(u, 671))),
where we used that by Holder’s inequality, av(v{'') av(vf?) < av(vi* T*2) for any ay, g >
0. Further, by [3, Lemma B.1], we have that

200 — 1

dre (vt v) > 3

Al (v, vf),

ECP 24 (2019), paper 5. http://www.imstat.org/ecp/
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and

‘ av(vt)(e)Vvtza_l(e) — av(v?o‘_l)(e)Vvt(eﬂ

2(a—1

= ‘vfo‘fl(e"’)vt(e_) - vfo‘fl(e_)vt(e"')’ ) |av(vi')(e) Vog(e)|  (3.8)

IN

(67

for all e € E. Thus, by combining the estimates above and using that

av(¢)| Vo' = Vav(g)av(p—1) - /—(Ve) (Vo 1), (3.9)

an application of Young’s inequality, that reads |ab| < 1(ca® + b%/c), with ¢ = 1/(2a)
results in

Ja—1

Ty > "0 (av(n?) av(9) av(6 ™). AT (o)) sy — 200[BIBG(0) [0

- 2«
Let us now address the term 75. Observe that
av(pvy* 1) I (6 vy, %)
= 2 av(d)vfo‘fl) av(n)(av(qb_l) AT (ve, m) + av(vy) dI‘“(¢_1, 77))

> —dav(n)av(e) av(u® ™) (av(e™h) [dD* (v, m)| + av(ee) [0 (67", n)]).
Since av(v* ') av(v;) < av(v?®), an application of the Young inequality yields

dav(n) av(¢) av(v;®) [d“ (67", )]
(3.9)

<78 av(9) av(6™) av (1) AT (m,n) — 5 av(r?) av(s}) dT*(,67").
On the other hand,
|av (o2 (e) (Tu) )
< || + 5 @ ule) - i e ueh))]

2
38)2a — 1 o o
< |av(ef)(e) Vg (e)].

@
Thus, by applying again Young’s inequality with ¢ = 1/(4«), we get

4av(n) av(e) av(e 1) av(v2* ) |dIW (vt 17)’
200 — 1

IN

4 av(¢)av(¢™") av(n) av(vy') [T (o7, )|

200 — 1
202

< av(6) av<¢-1>( av (1) AT (0 ) + 8(2 — 1) av(s3®) dmn,n))

Hence, the estimates above together with the fact that

av(o™)av(6) = 1- 1 (Vo)(Vo™)

give rise to the following lower bound

200 — 1
Ty > =5 (av(r)av(6) av(e™ ). M (o, of))
— 16| B] H“w/er,B,e ’|V77Hj°°(E) H”t% pe B T 00 hg (¢) |B| H”t2aH1,B,9'
ECP 24 (2019), paper 5. http://www.imstat.org/ecp/
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Since av(¢)av(¢~!) > 1 and
1
av(n”) AT (vf', o) > o AU (g, i) — av(v;*) dT*(n,7),
we obtain that there exists C'; < oo such that
T4 Ty > = &)
— v
1 22, Ny

c y o
= Bl (1101, o V0 ) 2]

poBo T hi (¢) H”tMHLB,f))'
Hence,

&Y (nvy)
|B|

< 00 ([0, 19 e i 107

20| ne)? ]y 5 +

po T Q) Hv?‘”HLB’e). (3.10)

Finally, since ((s1) =0,

[ewaome st = [ (a2, ) - Ol 2], ) a

S1

2 ?H(W’SFHLB - ||C’||L°°(I) | 1] Han‘

p+,1,Q

for any s € (s, $2]. Thus, by multiplying both sides of (3.10) with ¢(¢) and integrating the
resulting inequality over [s1, s] for any s € I, the assertion (3.5) follows by an application
of the Holder inequality. O

For any zo € V, 6 € (0,1) and n > 1, we write Qs(n) = [0,n?] x B(zg,n) to denote
the corresponding space-time cylinder, and we set

Qso(n) == [(1—-0)s,(1—0)s" + O'(STLQ} x B(zg,on), o € (0,1],

where s’ = eén? and s” = (1 — €)dn? for some fixed € € (0,1/4).

Proposition 3.8. Forxo € V, § € (0,1], ¢ € (0,1/4) and n > Ni(zo) V Na(zo), letv > 0
be such that 0w — L yv = 0 on Q(zo,n). Then, for any p,q,r € (1, 0] satisfying (3.1)
there exists Co = Cy(d, p,q,r,¢) < o0 and k = k(d', p,q,r) < 0o such that

Co (m®(M)\" 201 ch(d)on?
(t,m)gﬁ,}l{/2(n)v(t7x) = nd/2( el > ¢ ) H(ZSfo(V’G)7 (3.11)
where
. pe w 1
m (n) = Hl v 7“}7,3(1‘0771)70 ’ ||1 Vv Hq,B(ro,n) ’ Hl N 9’|T’,B(£0,’n) ’ Hl v qu,B(mo,n)'

Proof. We will follow similar arguments as in the proof of [2, Proposition 4.2]. Fix some
1/2 <0’ <o <1. Forp,r € (1,00), let p. :=p/(p—1) and r, := r/(r — 1) be the Holder
conjugate of p and r, respectively. For any k € N set a;, := o, where
1 Ty d’
=14 ——-— and = —
Notice that for any p,q,r € (1,00) satisfying (3.1) we have o > 1. In particular, r./p +
1/p < 1. Further, for

o =0 +27%o—-0) and 7 = 2%l o-0'), kelN,
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we write I, := [(1 — oy)s', (1 — ok)s” + opon?], By = B(zo,oxn) and Qr = Qs,0,(n)
to lighten notation. Note that |Ix|/|I41| < 2 and |Bg|/|Bys1| < 2?CZ,. The constant
¢ € (0,00) appearing in the computations below is independent of n but may change from

line to line. First, by using Holder’s and Young’s inequality,

oo < [l ] @12)

ap,a,Qr41,0 ||1 00,Qk+1,0 p/74,1,Qr41,0

(cf. [18, Lemma 1.1]). Due to the discrete structure of the underlying space 74, the
discrete balls By, and By may coincide whenever 7in is sufficiently small. For this
reason, we proceed by distinguishing two different cases.

First consider the case 7un > 1. For any k € INj let 7, be a cut-off functions in space
and ¢, € C*°(R) be a cut-off function in time such that suppn; C Bg, nx = 1 on Byy1,
nx = 0 on 0By, kaHZw(E) < 1/(rxn) and supp (x C g, G =1 on Ipyq, G((1 —ox)s’) =0
and HC,@HLOO([OMm < 1/(,0n?). Then, from (3.12) we get

2akH

19 oo < € (100 00 + 1G] s ors):

Further, by Assumption 2.1(iii) we may apply the Sobolev inequality for functions with
compact support in [1, Equation (28)] to obtain

g w 7/ nkv )
[ o P L [ e [ o oA / Cr(t |Bk|t dt.
Hence,
HCk(”kvak)QHLm,Qk,e + Hg’f(”kvak)zHp/m,LQk,e
T«/p

1 [vNl,.5, 1015 EY (™)
< 2 - a2 q,Df T,Df t 7dt
< cn <|Ik|HCk(77kv ) ”l,oo,Qk,a + A A Cr(t) By )
(3.5 mw(n) 1 w o
< e TV, \5 (77 750 1,00 (313)

Thus, by combining the estimates above, we get

= el

vl|
H 200 4+1P+ 20 +1,Qk+1,0 apw,,Qr41,0

or o (1400°0§(9)) m®(n) /(2
= (Cz o= iV, 10/l 200,00 (3.14)

Next we consider the case 7xn < 1. Again we shall estimate both terms on the right
hand side of (3.12). Note that for any ¢ € I,

‘ 1—reps/p P/
102 ] 0 < (i vi(a)?) [ e
= (lBk|(1+1/q)/p* v p«/(1+1/q), Bk>1*”p*/”H ;" ::p};ip
< | By| 1+ (/a1 /p) H1/9||;/§;—f’*/ﬂ|| 2ak|p*’Bk,97
where we have used that by Holder’s inequality
. —1/p. 1/p
|‘U2M|p*/(1+1/q),Bk < Hvtmel/p P, Bk HG 1 p«q,Br — vawp*,Bk,eHl/ Hq,gk'
ECP 24 (2019), paper 5. http://www.imstat.org/ecp/
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Since d(1 +1/q)(1/psx — r«/p) < 2 and n < 1/7;, we find

2%” . Hl/eul/p*—r*/puvzak‘

o (3.15)

o

p/7,1,Qr41,0 P, 1,Qk,0°

In order to estimate the first term on the right hand side of (3.12), recall that v;(x) =
o(x)u(x), where

w pe (@
6tut(.’17) = ([:9 ut)(a:) > — 0(53)) ut(aj)
Hence, d;v(x)0(x) > —u“’(as)vt(:r) and therefore
2a 2a
3t||v pe 2 =loe™ 1, e (3.16)

Let now & € C°°(R) be a cut-off function in time such that supp&, C Ii, & = 1
on Iyi1, & (tx) = 0 and |‘£,’€||Lm([o 7)) < 1/(emxén?), where we write in short t; :=

(1 — 01,)s” + orén? for the right endpoint of I;,. We also choose t. € I}, such that

02 g = s 2%,
Then, from (3.16) and product rule we get
at(gk HvzakHLBk,e) > &t ||02Qk||1,3k, 20 Eie(t Hv2akH1,Bk,lﬂ7
and an integration over ¢ yields
tr
e (o], < /t (200 &6 (0) |07 [], 5, e = €O 0775, ) .
so that
1% [l e @0 < 20k el 0% [l 1 g e + = I10°** 1100
co 2
— E(U - 2 Hl \/ Hp,Bk,@ H zak‘ Px,1,Qk,0’ (317)

where we used Jensen’s and Holder’s inequalities in the last step. Combining (3.12) with
(3.15) and (3.17) we get in the case 7un < 1,

1/(2a)
Hv2ak Hap*,(:ijJrlﬂ

CQQkOL " 1/(2a)
< (L ) oo G0

g(lo—a’)

of
H 20k 4+1Px 20k 4+1,Qk+1,0

By iterating (3.14) and (3.18), respectively, and using the fact that Z,;“;O ko < oo,
there exists ¢ < oo independent of K such that

- mw(n) 1/(2a)
19l 200 < € U ((u(sn hi () 55(0_0,)2) 012, 2.05.0 ().6°

Setting x/ps 1= % >t 1/, and using that Qx | Qs1/2(n) we get

t = i
(tﬁf)ég(?,)l(/z(n) olt,) Koo HUHQO‘KP*»QO‘KvQKve

w K/ Dx
w m*(n)
<c ((1 + 5n2h9 (¢)) 25(0 — cr’)2) ||UH2p*,2,Q5,‘,(n),0
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Finally, by using similar arguments as in [20, Theorem 2.2.3] or [1, Corollary 3.9], there
exists ¢ = ¢(p, ¢,7,d") < oo such that

m(n)

ta) < (1 Sn2hg )
(t7:v)€nClQ£:i(/2(n)U( ?) < C( +0n°hi (¢) =5 ) ||U||2,OO,Q5(TL),9

3.4 cOM2

re w m“’(n) " w n2
iz <<1+5"2h9(¢)) e >eh9(¢)é 19512 v:0)-

Since for any ¢ € (0,1/2) there exists ¢(¢) < co such that forall n > 1 and ¢ € (0,1],

< ¢(e) < o0,

(1+6n%h (9)) o022 @0n?
the claim follows. O

3.2 Heat kernel bounds

Proposition 3.9. Suppose that Assumption 3.1 hold and let xo € V be fixed. Then, for
any given v € V and t with v/t > Ny(x0) V Na(zo) V N3(2¢,w) the solution u of the Cauchy
problem in (3.3) satisfies

lu(t, )| < Cyt=9/? 14 d(zo, )Y 14 d(z0,y) Meghg(d,)tf( )
’ ZV( ﬂ)( ﬁ>¢<x> /

with v := 2k — d/2 and C3 = C5(d, p, q, Cint)-
Proof. Given (3.11) this follows as in the proof of [3, Proposition 2.7]. O

Proof of Theorem 3.2. First, notice that the heat kernel (t,z) — p§(t,z,y) solves the
Cauchy problem (3.3) with f = 1;,,/0(y). Further, let o € V be arbitrary but fixed and
consider the function ¢ = e¥ with (z) := —Amin {dy (z, z),ds (z,y) } for A > 0. Then, for
sufficiently large t, an application of Proposition 3.9 yields

Y Y
i (ta,y) < Cayt™? (1 + d(”i%x)) (1 + d(f%y)) VW)=V (@)+2h5 (8]t

Next we optimise over A > (. Since

1.2 et e ) \V/2
[Vie)| < Ald (@, et) = di (ze7)] gu(ww)w)

and a( cosh(z) — 1) < cosh(y/az) — 1 for all z € R and any a > 1, we get

15(6) = mas 3 0D cosh (V((a. ) ~1) < Cacy (cosh ) - 1).

Hence,

2C4egt
exp(6(y) - ¥(@) + 205 (9)1) < exp<dz(x7y>(—x+ — (cosh<A>—1))).

O(xay)

By setting

— _ -1 _
F(s) = ix;f(')( A+ s~ (cosh(N) 1)),
ECP 24 (2019), paper 5. http://www.imstat.org/ecp/
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we finally get

w & d(zo,x) d(z0,y) Y o dg (z,y)
et x,y) < tdg(u&’%) (1+\;£ exp( dy(z,y) F ;Tgt . (3.19)

Further, notice that
F(s) = s7'((1+ 5512 — 1) —log(s+(1+ s%)1/2)

and F(s) < —s/2(1 — s%/10) for s > 0 (see [5] and [11, page 70]). Hence, if s < 3, then
F(s) < —s/20 whereas if s > ¢, then

F(s) < 1—log(2s) = —log(2s/e).

Now, choose z = z(. In view of (3.19) we find suitable constants ¢y, ..., cs such that if
dy (zo,y) < cit then

d(fof;&y)> exp(—2c3 dj (z0,)*/1).

This finishes the proof of (i). In the case dg’(xo, y) > cit statement (ii) can be obtained
from (3.19) by similar arguments. O

Py (t, 20, y) < cat™ Y2 (1 +
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