The Annals of Probability

2019, Vol. 47, No. 6, 3551-3605
https://doi.org/10.1214/18-A0P1319

© Institute of Mathematical Statistics, 2019

SAMPLE PATH LARGE DEVIATIONS FOR LEVY PROCESSES
AND RANDOM WALKS WITH REGULARLY VARYING
INCREMENTS

BY CHANG-HAN RHEE!, JOSE BLANCHET? AND BERT ZWART!

Northwestern University, Stanford University and Centrum Wiskunde &
Informatica

Let X be a Lévy process with regularly varying Lévy measure v. We ob-
tain sample-path large deviations for scaled processes X, () £ X (nt)/n and
obtain a similar result for random walks with regularly varying increments.
Our results yield detailed asymptotic estimates in scenarios where multiple
big jumps in the increment are required to make a rare event happen; we illus-
trate this through detailed conditional limit theorems. In addition, we investi-
gate connections with the classical large deviations framework. In that setting,
we show that a weak large deviation principle (with logarithmic speed) holds,
but a full large deviation principle does not hold.
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1. Introduction. In this paper, we develop sample-path large deviations for
one-dimensional Lévy processes and random walks, assuming the jump sizes are
heavy-tailed. Specifically, let X (¢),7 > 0, be a centered Lévy process with regu-
larly varying Lévy measure v. Assume that P(X (1) > x) is regularly varying with
index —a, and that P(X (1) < —x) is regularly varying with index —g, that is,
there exist slowly varying functions L and L_ such that

(1.1) P(X(1)>x) =L (x)x % PX()<—-x)=L_(x)x".

Throughout the paper, we assume «, § > 1. We also consider spectrally one-sided
processes; in that case only « plays a role. Define X,, = {X,,(r), € [0, 1]}, with
X, (1) = X (nt)/n, t > 0. We are interested in large deviations of X,,.

This topic fits well in a branch of limit theory that has a long history, has intimate
connections to point processes and extreme value theory, and is still a subject of
intense activity. The investigation of tail estimates of the one-dimensional distribu-
tions of X,, (or random walks with heavy-tailed step size distribution) was initiated
in Nagaev (1969, 1977). The state of the art of such results is well summarized in
Borovkov and Borovkov (2008), Denisov, Dieker and Shneer (2008), Embrechts,
Kliippelberg and Mikosch (1997), Foss, Korshunov and Zachary (2011). In par-
ticular, Denisov, Dieker and Shneer (2008) describe in detail how fast x needs to
grow with n for the asymptotic relation

(1.2) P(X(n) > x)=nP(X(1) > x)(1 +0(1))

to hold, as n — o0, in settings that go beyond (1.1). If (1.2) is valid, the so-called
principle of one big jump is said to hold. A functional version of this insight
has been derived in Hult et al. (2005). A significant number of studies investi-
gate the question of if and how the principle of a single big jump is affected by
the impact of (various forms of) dependence, and cover stable processes, autore-
gressive processes, modulated processes and stochastic differential equations; see
Buraczewski et al. (2013), Foss, Konstantopoulos and Zachary (2007), Hult and
Lindskog (2007), Konstantinides and Mikosch (2005), Mikosch and Samorodnit-
sky (2000), Mikosch and Wintenberger (2013, 2016), Samorodnitsky (2004).

The problem we investigate in this paper is markedly different from all of these
works. Our aim is to develop asymptotic estimates of P(X,, € A) for a sufficiently
general collection of sets A, so that it is possible to study continuous functionals
of X, in a systematic manner. For many such functionals, and many sets A, the
associated rare event will not be caused by a single big jump, but multiple jumps.
The results in this domain (e.g., Blanchet and Shi (2012), Foss and Korshunov
(2012), Zwart, Borst and Mandjes (2004)) are few, each with an ad hoc approach.
As in large deviations theory for light tails, it is desirable to have more general
tools available.

Another aspect of heavy-tailed large deviations we aim to clarify in this paper
is the connection with the standard large-deviations approach, which has not been



LARGE DEVIATIONS FOR REGULARLY VARYING PROCESSES 3553

touched upon in any of the above-mentioned references. In our setting, the goal
would be to obtain a function 7 such that

logP(X, € A
— inf 1(&) Sliminfw
E€A°

n—>00 logn
(1-3) logP(X, € A
€
< limsupM < —inf I(£),
n— 00 logn EcA

where A° and A are the interior and closure of A; all of our large deviations
results are derived in the Skorokhod space D = ID([0, 1], R)—the space of real-
valued RCLL functions on [0, 1]—and w.r.t. Skorokhod J; topology. Equation
(1.3) is a classical large deviations principle (LDP) with speed logn (cf. Dembo
and Zeitouni (2010)). Using existing results in the literature (e.g., Denisov, Dieker
and Shneer (2008)), it is not difficult to show that X (n)/n = X, (1) satisfies an
LDP with rate function /1 = I;(x) which is 0 at 0, equal to (o — 1) if x > 0, and
(B — 1) if x < 0. This is a lower-semicontinuous function whose level sets are not
compact. Thus, in large-deviations terminology, /; is a rate function, but is not a
good one. This implies that techniques such as the projective limit approach cannot
be applied. In fact, in Section 4.4, we show that there does not exist an LDP of the
form (1.3) for general sets A, by giving a counterexample. A version of (1.3) for
compact sets is derived in Section 4.3, as a corollary of our main results. A result
similar to (1.3) for random walks with semiexponential (Weibullian) tails has been
derived in Gantert (1998) (see also Gantert (2000), Gantert, Ramanan and Rembart
(2014) for related results). Though an LDP for finite-dimensional distributions can
be derived, lack of exponential tightness also persists at the sample-path level. To
make the rate function good (i.e., to have compact level sets), a topology chosen in
Gantert (1998) is considerably weaker than any of the Skorokhod topologies (but
sufficient for the application that is central in that work).

The approach followed in the present paper is based on recent developments
in the theory of regular variation. In particular, in Lindskog, Resnick and Roy
(2014), the classical notion of regular variation is redefined through a new con-
vergence concept called M-convergence (this is in itself a refinement of other re-
formulations of regular variation in function spaces; see de Haan and Lin (2001),
Mikosch and Wintenberger (2005, 2006)). In Section 2, we further investigate the
M-convergence framework by deriving a number of general results that facilitate
the development of our proofs.

This paves the way toward our main large deviations results, which are pre-
sented in Section 3. We actually obtain estimates that are sharper than (1.3), though
we impose a condition on A. For one-sided Lévy processes with Lévy measure v,
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our result takes the form

o .. P(X,eA)
Caw(4°) <liminf e =7
(1.4) B
P(X,€A -
<limsup— €D _ oA,

n—o00 (nv[n,oo))J(A) -

Precise definitions can be found in Section 3.1; for now we just mention that C;
is a measure on the Skorokhod space, and 7 (-) is an integer-valued set function
acting on D defined as J(A) = inf%e Arp! P+(&), where D, (&) is the number of

discontinuities of &, and }D)J is the set of all nonincreasing step functions vanishing
at the origin. Throughout the paper, we adopt the convention that the infimum over
an empty set is oo. Letting ID; and D ; be the sets of step functions vanishing at
the origin with precisely j and at most j — 1 steps, respectively, we note that the
measure C;, defined on D\ D_; has its support on D;. A crucial assumption for
(1.4) to hold is that the Skorokhod J; distance between the sets A and D_ 7(a)
is strictly positive. For A such that J(A) = 1, this result corresponds to the one
shown in Hult et al. (2005). (Note that Hult et al. (2005) deals with multivariate
regular variation whereas we focus on one-dimensional regular variation in this
paper.) The interpretation of the “rate function” [ (A) is that it provides the number
of jumps in the Lévy process that are necessary to make the event A happen. This
can be seen as an extension of the principle of a single big jump to multiple jumps.
A rigorous statement on when (1.4) holds can be found in Theorem 3.2, which is
the first main result of the paper.

The result that comes closest to (1.4) is Theorem 5.1 in Lindskog, Resnick and
Roy (2014) which considers the M-convergence of v[n, 00) /P(X /n € A). This
result could be used as a starting point to investigate rare events that happen on
a timescale of O(1). However, in the large-deviations scaling we consider, rare
events happen on a timescale of O (n). Controlling the Lévy process on this larger
timescale requires more delicate estimates, eventually leading to an additional fac-
tor n/ in the asymptotic results. We further show that the choice j = J(A) is
the only choice that leads to a nontrivial limit. One useful notion that we de-
velop and rely on in our setting is a form of asymptotic equivalence, which can
best be compared with exponential equivalence in classical large deviations the-
ory.

In Section 3.2, we present sample-path large deviations for two-sided Lévy pro-
cesses. Our main results in this case are Theorems 3.3-3.5. In the two-sided case,
determining the most likely path requires resolving significant combinatorial is-
sues which do not appear in the one-sided case. The polynomial rate of decay for
P(X, € A), which was described by the function 7 (A) in the one-sided case, has a
more complicated description: the corresponding polynomial rate in the two-sided
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case is

(1.5) inf (¢ — DD (§) + (B - DD4(0).
§.0eD]sE—reA

Note that this is a result that one could expect from the result for one-sided Lévy
processes and a heuristic application of the contraction principle. A rigorous treat-
ment of the two-sided case requires a more delicate argument compared to the
one-sided case: in the one-sided case, the argument simplifies since if one takes j
largest jumps away from X,,, then the probability that the residual process is of sig-
nificant size is o((nv[n, 00))7) so that it does not contribute in (1.4), while in two-
sided case, taking j largest upward jumps and k largest downward jumps from X,
does not guarantee that the residual process remains small with high enough prob-
ability, that is, the probability that the residual process is of significant size cannot
be bounded by o((nv[n, 00)) (nv(—00, —n])¥). In addition, it may be the case that
multiple pairs (j, k) of jumps lead to optimal solutions of (1.5). To overcome such
difficulties, we first develop general tools—Lemma 2.2 and 2.3—that establish a
suitable notion of M-convergence on product spaces. Using these results, we prove
in Theorem 5.1 the suitable Mi-convergence for multiple Lévy processes in the as-
sociated product space. Viewing the two-sided Lévy process as a superposition
of one-sided Lévy processes, we then apply the continuous mapping principle for
M-convergence to Theorem 5.1 to establish our main results. Although no further
implications are discussed in this paper, we believe that Theorem 5.1 itself is of
independent interest as well because it can be applied to generate large deviations
results for a general class of functionals of multiple Lévy processes.

We derive analogous results for random walks in Section 4.1. Random walks
cannot be decomposed into independent components with small jumps and large
jumps as easily as Lévy processes, making the analysis of random walks more
technical if done directly. However, it is possible to follow an indirect approach.
Given a random walk Sy, k > 0, one can study a subordinated version Sy ), >
0 with N(¢),t > 0 an independent unit rate Poisson process. The Skorokhod J;
distance between the scaled versions of Sg,k > 0 and Sy(),? > 0 can then be
bounded essentially in terms of the deviations of N(¢) from ¢, which have been
studied thoroughly.

In Section 4.2, we provide conditional limit theorems which give a precise de-
scription of the limit behavior of X,, given that X,, € A as n — oo. An early result
of this type is given in Durrett (1980), which focuses on regularly varying ran-
dom walks with finite variance conditioned on the event A = {X,,(1) > a}. Using
the recent results that we have discussed (e.g., Hult et al. (2005)), more general
conditional limit theorems can be derived for single-jump events.

We prove an LDP of the form (1.3) in Section 4.3, where the upper bound re-
quires a compactness assumption. We construct a counterexample showing that
the compactness assumption cannot be totally removed, and thus, a full LDP does
not hold. Essentially, if a rare event is caused by j big jumps, then the framework
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developed in this paper applies if each of these jumps is bounded away from below
by a strictly positive constant. Our counterexample in Section 4.4 indicates that it
is not trivial to remove this condition.

As one may expect, it is not possible to apply classical variational methods to
derive an expression for the exponent 7 (A), as is often the case in large deviations
for light tails. Nevertheless, there seems to be a generic connection with a class of
control problems called impulse control problems. Equation (1.5) is a specific de-
terministic impulse-control problem, which is related to Barles (1985). We expect
that techniques similar to those in Barles (1985) will be useful in characterizing
the optimal solutions for problems like (1.5). The latter challenge is not taken up
in the present study and will be addressed elsewhere. Instead, in Section 6 of the
extended version of the current paper (Rhee, Blanchet and Zwart (2016)) available
online, we analyze (1.5) directly in several examples; see also Chen et al. (2018).
In each case, a condition needs to be checked to see whether our framework is
applicable. We provide a general result that essentially states that we only need
to verify this condition for step functions in A, which makes this check rather
straightforward.

In summary, this paper is organized as follows. After developing some prelim-
inary results in Section 2, we present our main results in Section 3. Applications
to random walks and connections with classical large deviations theory are inves-
tigated in Section 4. Section 5 is devoted to proofs. We collect some useful bounds
in the Appendix.

2. M-convergence. This section reviews and develops general concepts and
tools that are useful in deriving our large deviations results. The proofs of the lem-
mas and corollaries stated throughout this section are provided in Section 5.1. We
start with briefly reviewing the notion of M-convergence, introduced in Lindskog,
Resnick and Roy (2014).

Let (S, d) be a complete separable metric space, and . be the Borel o -algebra
on S. Given a closed subset C of S, let S\ C be equipped with the relative topology
as a subspace of S, and consider the associated sub o-algebra .7s\c L2({A:AC
S\C, A € .7} onit. Define C" £ {x € S:d(x,C) < r} for r > 0, and let M(S \ C)
be the class of measures defined on .s\c whose restrictions to S\ C" are finite for
all r > 0. Topologize M(S \ C) with a sub-basis {{v e MI(S\ C) : v(f) € G}: f €
Cs\c» G open in R} where Cs\c is the set of real-valued, nonnegative, bounded,
continuous functions whose support is bounded away from C (i.e., f(C") = {0}
for some r > 0). A sequence of measures w, € M(S \ C) converges to € M(S \
O) if uy(f) — u(f) for each f € Cs\c. Note that this notion of convergence in
M(S \ C) coincides with the classical notion of weak convergence of measures
(Billingsley (1968)) if C is an empty set. We say that a set A C S is bounded away
from another set B C S if infyc4 yepd(x,y) > 0. An important characterization
of M(S \ C)-convergence is as follows.
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THEOREM 2.1 (Theorem 2.1 of Lindskog, Resnick and Roy (2014)). Let
w, hp € MI(S\ C). Then pu,, —  in M(S \ C) as n — oo if and only if
(2.1) limsup pup, (F) < n(F)

n—oo

for all closed F € Ss\c bounded away from C and
(2.2) liminf 1, (G) = u(G)

for all open G € Ss\c bounded away from C.

We now introduce a new notion of equivalence between two families of random
objects, which will prove to be useful in Section 3.1 and Section 4.1. Let F5 =
{x €eS:d(x,F)<8)and G~ £ ((G°)s)°. (Compare these notation to C”; note
that we are using the convention that superscript implies open sets and subscript
implies closed sets.)

DEFINITION 1. Suppose that X, and Y, are random elements taking values
in a complete separable metric space (S, d), and €, is a sequence of positive real
numbers. Y, is said to be asymptotically equivalent to X,, with respect to ¢, if for
each § > 0,

limsupe, "P(d(X,, Y,) > 8) =0.

n—oo

The usefulness of this notion of equivalence comes from the following lemma,
which states that if Y}, is asymptotically equivalent to X, and X, satisfies a limit
theorem, then Y, satisfies the same limit theorem. Moreover, it also allows one to
extend the lower and upper bounds to more general sets in case there are asymp-
totically equivalent distributions that are supported on a subspace Sg of S:

LEMMA 2.1. Suppose that en_lP(X,, € ) — u() in M(S\ C) for some se-
quence €, and a closed set C. In addition, suppose that u(S \ Sp) = 0 and
P(X, € Sp) = 1 for each n. If Y,, is asymptotically equivalent to X,, with respect
to €,, then

liminfe, 'P(Y, € G) > u(G)
n—oo

if G is open and G NSy is bounded away from C;
limsupen_lP(Yn eF)<u(F)

n—oo

if F is closed and there is a § > 0 such that Fs NSy is bounded away from C.

This lemma is particularly useful when we work in Skorokhod space, and Sy is
the class of step functions. Taking S¢g = S, a simpler version of Lemma 2.1 follows
immediately.
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COROLLARY 2.1. Suppose that en_lP(Xn €)= u() in M(S\ C) for some
sequence €,. If Y, is asymptotically equivalent to X, with respect to €,, then
the law of Y, has the same (normalized) limit, that is, €, Py, €)= u() in
M(S\ C).

Next, we discuss the M-convergence in a product space as a result of the M-
convergences on each space.

LEMMA 2.2. Suppose that Sy, ...,Sy are separuble metric spaces, Cq, ...,
Cy4 are closed subsets of Sy, . .., Sq, respectively. If,u,ﬁ,’)(-) — D) in M(S; \C)
foreachi=1,...,d, then

(2.3) M(l) X oo XM(d)(')—>M(1) X oo 1D
in M((TTEZ, S0\ UL (T2 S) x Ci x (T4 14 S

It should be noted that Lemma 2.2 itself is not exactly “right” in the sense that
the set we take away is unnecessarily large, and hence, has limited applicability.
More specifically, the M-convergence in (2.3) applies only to the sets that are con-
tained in a “rectangular” domain ]_[fiz1 (S; \ C;). Our next observation allows one
to combine multiple instances of M-convergences to establish a more refined one
so that (2.3) applies to a class of sets that are not confined to a rectangular domain.
In particular, we will see later in Theorem 3.3 and Theorem 5.1 that in combina-
tion with Lemma 2.2, the following lemma produces the “right” M-convergence
for two-sided Lévy processes and random walks.

LEMMA 2.3. Consider a family of measures (W DYizo.1....m and a family of
closed subsets {C(z)}, =0.1,..,m Of S such that P(X €)— uD) in M(S\
C@)) fori= ,m where {{e, (l) n> 1}}l 0 1 ,,,,, m 1s the family of associated
normalzzmg sequences Let ,u(o)( )= ,u(o)( \ C(0)), and suppose that M(O) e MI(S\

7o C(i)); limsup,_, < ((0) =0fori=1,...,m;andforeachr > 0, there exist
positive numbers ro, .. ., rp, such that (/. C(l)” S (NLyC@)) . Then

P(X, ) — ai©

in MI(S \ /2y C@)).

A version of the continuous mapping principle is satisfied by M-convergence.
Let (S',d’) be a complete separable metric space, and let C’ be a closed subset
of .

THEOREM 2.2 (Mapping theorem; Theorem 2.3 of Lindskog, Resnick and Roy
(2014)). Leth: (S\C, Zs\c) = (S'\C', Fs\¢') be a measurable mapping such
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that h=1(A’) is bounded away from C for any A’ € Ssn¢ bounded away from C'.
Then h : M(S\ C) — M(S'\ C') defined by fz(v) = v o h~ ! is continuous at n
provided (1(Dy) = 0, where Dy, is the set of discontinuity points of h.

For our purpose, the following slight extension will prove to be useful in devel-
oping rigorous arguments.

LEMMA 2.4. Let S be a measurable subset of S, and h : (So, /s,) = (S'\
C, YS/,\C,) be a measurable mapping such that h='(A") is bounded away from
C for any A" € Ss\¢/ bounded away from C'. Then h : M(S\ C) — M(S'"\ C')
defined by fz(v) =v o h~is continuous at u provided that n(3Sg \ C") = 0 and
w(Dp \ C") =0 forall r > 0, where Dy, is the set of discontinuity points of h.

When we focus on Lévy processes, we are specifically interested in the case
where S is Rffw x [0, 11°°, where Rff3¢ L (xe RY :xy >x2>---}, and §
is the Skorokhod space . We use the usual product metrics dpoo) (x,y) =

+

il ‘X’_Z# and djo, 11 (x, y) = Y2, ‘x’z;,y‘l for Rifn and [0, 1]°°, respectively.
For the finite product of metric spaces, we use the maximum metric; that is, we
use ds, x...xS, (X1, .-, Xa), (V1. - .., ya)) = max;—i, . ads, (xi, y;) for the product

S1 x --- x Sy of metric spaces (S;, ds;). For D, we use the usual Skorokhod J;
metric d(x,y) £ infica |[A — €| V |lx o A — y||, where A denotes the set of all
nondecreasing homeomorphisms from [0, 1] onto itself, e denotes the identity and
| - || denotes the supremum norm. Let

S; 2 {(x,u) eIRf¢ x [0,1]%°: 0, Luy,...,u; areall distinct}.

This set will play the role of So of Lemma 2.4. Define 7; : §; — D to be
Ti(x,u)= Z{Zl xi1lp; 17- Let D; be the subspaces of the Skorokhod space con-
sisting of nondecreasing step functions, vanishing at the origin, with exactly
J jumps, and Dg; = Wo<i<;j D, that is, nondecreasing step functions vanish-
ing at the origin with at most j jumps. Similarly, let D_; = Uo<i<jDi. Define
H; 2 {(x RS :x; > 0,x;41 =0}, and H.; 2 {x e RY" : x; = 0}. The contin-
uous mapping principle applies to 7, as we can see in the following result.

LEMMA 2.5 (Lemma 5.3 and Lemma 5.4 of Lindskog, Resnick and Roy
(2014)).  Suppose A C ID is bounded away from D_;. Then Tj_l(A) is bounded
away from H_; x [0, 1]%°. Moreover, T; : S; — ID is continuous.

A consequence of Lemma 2.5 and Lemma 2.4 along with the observation that S;
is open is that one can derive a limit theorem in a path space from a limit theorem
for jump sizes.
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COROLLARY 2.2. Ifu, — nin M((Rﬂ’rO¢ x [0, 11°°) \ (H<; x [0, 1]*°)), and
p(S5\ (Hej x [0, 1]%)") =0 for all r > 0, then i, o Tj‘1 — o TJ.‘1 in M(D \
D;).

To obtain the large deviations for two-sided Lévy measures, we will first estab-
lish the large deviations for independent spectrally positive Lévy processes, and
then apply Lemma 2.4 with h(&, ¢) =& — ¢. The next lemma verifies two impor-
tant conditions of Lemma 2.4 for such 4. Let Dy ,,, denote the subspace of the Sko-
rokhod space consisting of step functions vanishing at the origin with exactly / up-
ward jumps and m downward jumps. Given o, B > 1,let D_; 4 = U(l,m)ell<j,k
am1D<0k)éLJ¢mKL%lexE%b“mmBH<Lké{U,m)eZi\{(ﬁknzax—
DI+ (B —1Dm<(ax—1)j+ (8 — 1k} and Z, denotes the set of nonnegative
integers. Note that in the definition of I x, the inequality is not strict; however,
we choose to use the strict inequality in our notation to emphasize that (j, k) is not
included in I .

]D)l,m

LEMMA 2.6. Let h:D x D — D be defined as h(£,¢) 2 & —¢. Then h is
continuous at (§,¢) € D x D such that (§(t) — £(t—))(¢(t) — ¢(t—)) =0 for all
t € (0, 1]. Moreover, h~' (A) € D x D is bounded away from Dk forany ACD
bounded away from D _ y.

We next characterize convergence-determining classes for convergence in

M\ C).

LEMMA 2.7. Suppose that (i) A, is a w-system; (ii) each open set G €S
bounded away from C is a countable union of sets in A,; and (iii) for each closed
set F C S bounded away from C, there is a set A € A, bounded away from C such
that F C A° and (A \ A°) = 0. If, in addition, u € M(S\ C) and p,(A) — u(A)
for every A € Aj, such that A is bounded away from C, then p, — v in M(S\ C).

REMARK 1. Since S is a separable metric space, the Lindelof property holds.
Therefore, a sufficient condition for assumption (ii) of Lemma 2.7 is that for every
x €S\ Cand € > 0, there is A € A, such that x € A° C B(x, ¢). To see that
this implies assumption (ii), note that for any given open set G, one can construct
a cover {(Ayx)°: x € G} of G by choosing A, so that x € (A,)° € G and then
extract a countable subcover (due to the Lindelof property) whose union is equal
to G. Note also that if A in assumption (iii) is open, then (A \ A°) = u(@) =0
automatically.

3. Sample-path large deviations. In this section, we present large-deviations
results for scaled Lévy processes with heavy-tailed Lévy measures. Section 3.1
studies a special case, where the Lévy measure is concentrated on the positive
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part of the real line, and Section 3.2 extends this result to Lévy processes with
two-sided Lévy measures. In both cases, let X, (¢) £ X (nt) be a scaled process
of X, where X is a Lévy process with a Lévy measure v. Recall that X, has It6
representation (see, e.g., Section 2 of Kyprianou (2014)):

X, (s) =nsa + B(ns)

+ x[N([0,ns] x dx) —nsv(dx)] + xN ([0, ns] x dx),

lx|<1 |x|>1

with a a drift parameter, B a Brownian motion, and N a Poisson random measure
with mean measure Leb x v on [0, n] x (0, 0c0); Leb denotes the Lebesgue measure.

3.1. One-sided large deviations. Let X be a Lévy process with Lévy mea-
sure v. In this section, we assume that v is a regularly varying (at infinity, with
index —a < —1) Lévy measure concentrated on (0, co). Consider a centered and
scaled process

_ 1
3.1 Xn(s) 2 ~X(s) = sa = pivls,

L

where /L;r #f[l’oo)xv(dx), and va £ )[1, 00). For each constant y > 1, let

vy (x, 00) £ x77, and let v{, denote the restriction (to Rf) of the j-fold prod-
uct measure of v,. Let Co(-) £ 50(-) be the Dirac measure concentrated on the
zero function. Additionally, for each j > 1, define a measure C; € M(ID \ D_ )
concentrated on D; as

J
Ci() = E[Vé{y € (0,00)’ : Z)’il[Ui,l] € ”
i=1
where the random variables U;, i > 1 are i.i.d. uniform on [0, 1].

The proof of the main result of this section hinges critically on the following
limit theorem.

THEOREM 3.1. Foreach j >0,
(3.2) (nv[n, 00)) TP(Xy €)= C; (),

in M(D\ D<), as n — 0o. Moreover, X, is asymptotically equivalent to a process
that assumes values in D¢ 74y almost surely.

PROOF SKETCH. The proof of Theorem 3.1 is based on establishing the
asymptotic equivalence of X,, and the process obtained by just keeping its j
biggest jumps, which we will denote by fngj in Section 5. Such an equivalence
is established via Proposition 5.1, and Proposition 5.2. Then Proposition 5.3 iden-
tifies the limit of JA,FJ , which coincides with the limit in (3.2). The full proof of
Theorem 3.1 is provided in Section 5.2. [



3562 C.-H. RHEE, J. BLANCHET AND B. ZWART

Recall that ]D)J denotes the subset of D consisting of nondecreasing step func-
tions vanishing at the origin, and D, (&) denotes the number of upward jumps of
an element £ in D. Finally, set
(3.3) J(A)E inf D, (§).

£eD!NA
Now we are ready to present the main result of this section, which is the following
large-deviations theorem for X,,.

THEOREM 3.2. Suppose that A is a measurable set. If J(A) < oo, and if
As N D¢ g(a) is bounded away from D 7(a) for some § > 0, then

Cron(A%) < limint P(X, € A)
mimnl —m——————
T(A) — n—>o0 (nv[n’ oo))J(A)
(3.4) _
P(X,€A)

<lIi —<C A).
=3P Gl sopyrm = ST

If J(A) =00, and As N Dy is bounded away from Dg; for some § > 0 and
i >0, then

P(X, €A

3.5) im g =
n— (nv[n, 00))*

In particular, in case J (A) < 00, (3.4) holds if A is bounded away from D 7(a);
in case J (A) = 00, (3.5) holds if A is bounded away from D;.

PROOF. We first consider the case 7 (A) < co. Note that 7 (A°) > J(A) im-
plies that A° does not contain any element of D¢ 7(4). Since C7(4) is supported
on D¢ 7(a), A° is a Cz(4)-null set. Therefore, the lower bound holds trivially if
J(A°) > J(A). On the other hand, J(A) = J(A). To see this, suppose not, that
is, 7(A) < J(A). Then there exists ¢ € D] N A such that £ € D_ (4. This im-
plies that £ € As "D a) for any § > 0, which is contradictory to the assumption
that As N D¢y (a) is bounded away from D_ 7(4) for some § > 0. In view of these
observations, we can assume w.l.o.g. that J(A°) = J(A) = J(A). Now, from
Theorem 3.1 with j = J(A°) along with the lower bound of Lemma 2.1 with
So =D<g)

C)(A®) =Cg(as)(A°)
P(X, € A°) P(X, € A)

S o, o T = B o) T

Similarly, from Theorem 3.1 with j = J(A) along with the upper bound of
Lemma 2.1,

i P(X, € A) , P(X, € A)
imsup ——— < limsup

. _<C, (A =C A).
" 50 (nv[n,oo))J(A) ~ Do (nv[n,oo))J(A) — \7(A)( ) ](A)( )
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In case J(A) = 0o, we reach the conclusion by applying Theorem 3.1 with j =i
along with noting that C; (A) =0. O

Theorem 3.2 dictates the “right” choice of j in Theorem 3.1 for which (3.2)
can lead to a limit in (0, co). We conclude this section with an investigation of a
sufficient condition for Cj-continuity, that is, we provide a sufficient condition on
A which guarantees C;(dA) = 0. Such a property implies

(3.6) Cj(A°)=Cj(A) = Cj(A),

implying that the liminf and limsup in our asymptotic estimates yield the same
value. Assume that A is a subset of ID; bounded away from D_;, that is,
d(A,D.;) > y for some y > 0. Consider a path § € A. Note that every & € D;
is determined by the pair of jump sizes and jump times (x,u) € (0, oo)’
[0, 1]/, that is, &£(t) = Zl 1le[u, 17(t). Formally, we define a mapplng T
Sj — D; by f"j(x,u) = Zl 1 Xilp,; 11, where S] 2 ((x,u) € ]R x [0, 1]’ :
0,1,up,...,ujare _all distinct}. Since d(A, D) > y, we know that TJ (x,u)e A
implies x € (y, 00)/; see Lemma 5.4 (b). In view of this, we can see that (3.6) hplds
if the Lebesgue measure of fj_l (0A) is O since Cj(A) = f(x’u)equ(A) du dv}(x).

One of the typical settings that arises in applications is that the set A can be writ-
ten as a finite combination of unions and intersections of ¢, ! (A1),.... ¢, LA,
where each ¢; : D — S; is a continuous function, and all sets A; are subsets of
a general topological space S;. If we denote this operation of taking unions and
intersections by W (i.e., A = lIJ(¢51_1(A1), .. ,d),;l(Am))), then

W(pr ' (AD), .. ' (An)) SA°CACACU(p (A)..... 0, (Am)).

Therefore, (3.6) holds if fj.—l(\p(qs;l(fil), e A\ f/._l(\ll(¢1_1(A‘1’),
b 1 (A;,))) has Lebesgue measure zero. A similar principle holds for the limit

measures Cj x, defined in the next section where we deal with two-sided Lévy
processes.

3.2. Two-sided large deviations. Consider a two-sided Lévy measure v for
which v[x, co) is regularly varying with index —« and v(—oo, —x] is regularly

varying with index —g. Let

—_ 1 o
Xn(s) = —X(9) =sa— (i v =y vp)s,

where
1
ny = — xv(dx), v £v[l,00),
vy [1,00)
— A —1 — A
My =— xv(dx), v =v(—o0, —1].

\)1 (—00,—1]
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Recall the definition of D}  given below Corollary 2.2, and the definition of vé and
vg as given below (3.1). Let Co o(-) £ 580(-) be the Dirac measure concentrated on

the zero function. For each (J, k) € Zi \ {(0,0)}, define a measure C; ; € M(ID\
D<) concentrated on D x as

Cjx()

J k
5E|:v({[ X ug[(x, ) €(0,00)7 x (0,00)* : > xiljy 11— Y vilvir € H
i=1 i=1
where U;’s and V;’s are iid. uniform on [0,1]. Recall that D_;; =
Umyet<jk Dim and I< j k = {(I,m) € ZZ\{(j,k)} : (@ = DI + (B — hm <
(@ —1)j+ (B — Dk}
As in the one-sided case, the proof of the main theorem of this section hinges
on the following limit theorem.

THEOREM 3.3. For each (j, k) € 72,

(3.7) (nv[n, 00)) ™ (nv(—o0, —n]) *P(X, € ) > Cji()
in M(D\ D x) as n — oo.

The proof of Theorem 3.3 builds on Theorem 3.1, using Lemma 2.2, Lemma 2.3,
Lemma 2.6 and Theorem 5.1. We provide the full proof in Section 5.2.

LetZ(j, k) = (a—1)j+ (B — 1)k, and consider a pair of integers (J (A), K(A))
such that

(3.8) (J(A),K(A)) € argmin Z(j, k).
(j.k)eZ?
D;  NA#D

The next theorem is the first main result of this section.

THEOREM 3.4. Suppose that A is a measurable set. If the argument minimum
in (3.8) is nonempty and A is bounded away from D 7(a).xc(a), then the argument
minimum is unique and

P(X, € A)

liminf >C A°),
T T, 00) 7™ G (—oo, —a DR = CTK (A7)

3.9 _
lim sup P(X, <€ 4) <
n—00 (nv[n, oo))j(A)(nv(—oo, —n])’C(A) -
Moreover, if the argument minimum in (3.8) is empty and A is bounded away from
Doy m UDy,, for some (I,m) € Z%r \ {(0, 0)}, then
P(X, € A)

(3.10) lim =0.
n—00 (nv[n, oo))l(l’ll)(—OO, —n])™

C7eay.ca)(A).
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The proof of the theorem is provided below as a consequence of the following
lemma.

LEMMA 3.1. Suppose that a sequence of D-valued random elements Y, sat-
isfies (3.7) (with X, replaced with Y,,) for each (j, k) € Z3 . Then (3.9) (with X,
replaced with Y,) holds if A is a measurable set for which the argument minimum
in (3.8) is nonempty, and A is bounded away from D 7a) kc(a). Moreover, (3.10)
(with X, replaced with Yy) holds if the argument minimum in (3.8) is empty and
A is bounded away from D ,, UDy ,,, for some (I, m) € Z%_ \ {(0,0)}.

The proof of this lemma is provided in Section 5.2.

PROOF OF THEOREM 3.4. The uniqueness of the argument minimum is im-
mediate from the assumption that A is bounded-away from D 7(a) i (a). Since

X, satisfies (3.7) by Theorem 3_.3, the conclusion of the theorem follows from
applying Lemma 3.1 with ¥,, = X,,. U

In case one is interested in a set for which the arg min of Z in (3.8) is not unique,
a natural approach is to partition A into smaller sets and analyze each element
separately. In the next theorem, we show that this strategy can be successfully em-
ployed with a minimal requirement on A. However, due to the presence of two
different slowly varying functions n%v[n, co) and nfv(—oo, —n], the limit behav-
ior may not be dominated by a single Dy .

To deal with this case, let I_jx = {(,m) : (@ — )| + (B — Dhm =
(@—1)j+(B =Dk}, Ik 2 {Um): (@=DI+(B—1m < (@—1)j+(B— 1k},
D_j« £ U(l,m)e]lzj,k Dy, and D j x £ U(l,m)e]l«,,k Dy . Denote the slowly vary-
ing functions n*v[n, co) and nPv(—oo, —n] with Ly (n) and L_(n), respec-
tively.

THEOREM 3.5. Let A be a measurable set and suppose that the argument
minimum in (3.8) is nonempty and contains a pair of integers (J(A), K(A)). If
As NID=7(4).xc(a) is bounded away from D« 7(a),xc(a) for some § > 0, then for
any given € > 0, there exists N € N such that

S tmy(Crm(A%) — )L (n) L™ (n)
ne—DJI(A)+(B-1)K(A) ’

> tm) (Crm(A) + €LY (n) L™ (n)
ne=DIT(A)+(B-1DK(A) )

P(X, € A) >

(3.11)

P(X, € A) <

for all n > N, where the summations are over the pairs (I, m) € I_7a),xa)- In
particular, (3.11) holds if A is bounded away from D« 7(4) kc(A)-
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PROOF. Note first that from Lemma 5.5 (i), there exists a 8’ > 0 such that
D<<j(A),IC(A) is bounded away from A N (Dl,m)g/ for all (l,m) € H:J(A),IC(A)-
Moreover, applying Lemma 5.5 (ii) to each A N (ID; ;,)s7, we conclude that there
exists p > 0 such that A N (ID;,,), is bounded away from (D; ), for any two
distinct pairs (I, m), (j, k) € I—=7(a),xc(4)- This means that A N (ID;,,),’s are all
disjoint and bounded away from D, ,,.

To derive the lower bound, we apply Theorem 3.4 to A° N (Dy,,)” to obtain

Cl,m(AO) = Cl’m(Ao N ]D)l,m)
= Cl,m(AO N ]D)l,m N (Dl,m)p)
= Cpm(A° N Dy, m)?)

. P(X, € A° N (Dym)")
< liminf
n=>00 (nv[n, 00))! (nv(—o0, —n])"

o P(X, € AN (Dy,m)")
< liminf ’ ’
n—oo (nv[n, oo))l(l’lV(—OO, —n])™

for each (I, m) € I 7(a),xc(a)- That s, for any given € > 0, there exists an N; ,, € N
such that

(Cim(A°) — €))L (n)L™ (n)
n@—Di+(B—hm

for all n > Nj ;. Meanwhile, the following obvious bound holds:

(3.13) 0< P(Xn ea\ U (D,,m)f?).

(,m)€l_ 74),Kc(4)

(3.12) <P(X, € AN Dy )",

Since (& — DI+ (B—1)m = (@ — 1) T (A) + (B —DK(A) for (I, m) € [=7(4).k(A)>
summing (3.12) over (I, m) € I—=7(a),xc(a) together with (3.13), we arrive at the
lower bound of the theorem, with N = MAX (1, m)el_ 7 4).x004) Nim.

Turning to the upper bound, we apply Theorem 3.4 to A N (ID; ), to get

i P(Xn € A N (Dl,m)p)
P (nv[n, 00)) (nv(—o0, —n])™

=< Cl,m(A N (Dl,m)p) = Cl,m(A)

for each (I, m) € I—7(a) x(a). That is, for any given € > 0, there exists Nl/,m eN
such that
(Crm(A) +€/2)L! (n)L™(n)

(3.14) P(X, € AN Dym),) < — T :

for all n > Nj . On the other hand, since A\ Udmyer_ 7 1) @r.m)” is closed
and bounded away from D_ 7(4).xc(a)»

. P(X, €A \ U(l,m)(Dl,m)p)
lim sup

<C A D "),
nsoe. ([, 00)T A (nv(—o0, —n DK = s \(19)( o
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where the union is over the pairs (I, m) € I-7a) x(a). Therefore, there exists N’
such that

P(X,, ea\ U (D,,m)f’>

(I,m)

(3.15) - Ca kAN Uum @im)?) + /LD ) LED )
n@—DIT(A)+(B-DK(A)

(€LY WL )
nle=DIA)+(B-DK@) °

for n > N’ since A \ Ua.myDim)? is disjoint from the support of C7(4). xc(4)-
Summing (3.14) over (l, m) € ]I:J(A),IC(A) and (3.15),

Yy (Crm(A) + ) LL ()L™ (n)
n@—DJI(A)+(B-1)K(A) ’

(3.16) P(X, € A) <
forn> N, where N =N’V Max (1, m)el_ 74 k) N[’m. O

4. Implications. This section explores the implications of the large-deviations
results in Section 3, and is organized as follows. Section 4.1 proves a result similar
to Theorem 3.4, now focusing on random walks with regularly varying incre-
ments. Section 4.2 illustrates that conditional limit theorems can easily be studied
by means of the limit theorems established in Section 3. Section 4.3 develops a
weak large deviation priciple (LDP) of the form (1.3) for the scaled Lévy pro-
cesses. Finally, Section 4.4 shows that the weak LDP proved in Section 4.3 is the
best one can hope for in the presence of regularly varying tails, by showing that a
full LDP of the form (1.3) does not exist.

4.1. Random walks. Let S, k > 0, be a mean-zero random walk, set S, (7) =
Sinr)/n, t > 0, and define S, = {Sn(t),t € [0, 1]}. Let N(¢),t > 0, be an indepen-
dent unit rate Poisson process. Define the Lévy process X (¢) £ Sn@).t >0, and
set X, (1) = X (nt)/n,t > 0. The goal is to prove an analogue of Theorem 3.4 for
the scaled random walk S,,. Let 7 (-), K(-), and Cj k(-) be defined as in Section 3.2.

THEOREM 4.1. Suppose that P(S1 > x) is regularly varying with index —«
and P(S| < —x) is regularly varying with index —f3. Let A be a measurable set
bounded away from D7) ic(a). Then

. PS5, € A) -
@1 }’ln—l>oo (nP(S) > n))7 A nP(S; < —n))L@A) = > Caa).k4)(A°),
' P, € A)

lim sup

MU (S = )T D (P(S; = —m)Kh = CT@. K ().
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PROOF. The idea is to show that S,, and X, has the same large deviations limit.
First, we derive the asymptotic behavior of the Lévy measure of the constructed
Lévy process X,,. From Example A3.17 in Embrechts, Kliippelberg and Mikosch
(1997), we obtain P(X (1) > x) ~ P(S; > x). Moreover, Embrechts, Goldie and
Veraverbeke (1979) implies that v[x, co) ~ P(S; > x). Similarly, it follows that
v(—o0o, —x] ~P(S; < —x).

Now, from Lemma 3.1, (4.1) is proved if (3.7) holds for S,,. To show that (3.7)
holds, we first claim that

i Pd(Xy,Dojp) >y, d(Xy, Sy) > 6)

1m sup -

n—00 (nv[n, 00))/ (nv(—oo0, —n])k
P(d(S;, D<) >y, d(Xp, Sp) > 6)

= lim sup . =0.
n—>00 (nv[n, 00))/ (nv(—o0, —n])k

4.2)

To prove this claim, we consider X, on a longer time horizon [0,2]. Let
02] denote the stochastic process {X,(),t € [0,2]}, and ]D)[O 2] denote the

space of step functions on [0,2] that corresponds to D x. Let d%21 de-
note the Skokhod J; metric on ID([0, 2], R). Note that d(X,,D.;x) > y im-

plies that d1®2(X[02 D2y > 3. and d(5,.D;4) = y implies that either

d'0:21 (}_(,[10’2], }D)[Bf,]{) >y or N(2n) < n. Therefore, we see that (4.2) is implied
by

PO2A(x2 D) =y, d(X,, $,) = 8)
(4.3) lim sup J: =
n—00 (nv[n, 00))/ (nv(—o00, —n])*
To prove (4.3), we construct a piecewise linear nondecreasing homeomorphism An

as follows. Let 1o £ 0 and #; be ith jump time of N (n-). Let L (n—=1)ANn).
Define A, in such a way that An(t) = 1N(nt) on fg,...,tr, Ay(1) =1, and A,

is a linear interpolation in between. For such An, Sn (A (t)) =X, (t) at all r €
[0, 7], and hence, d(S,, X)) < 1A — €lloo V |ISn © A Xnlloo = 1 An —elloo V
SUP;efs; .1 |8, 0 A, (t) — X, (2)]. Note that by the construction of A, Supsepy, .1 1Sn 0
Jon(0) = Xu(D)] < 5P yef1—e.11¢ 1 Xn (@) = Xu(9) on N(n —en) +1<n < N(n+
en), and hence,

P(d(X\"? D% > y.d(X,. 5,) = 9)

(4.4) < P(d()'(,[f”z], D) >y, sup [Xu(0) — Xu(s)| = 5)
s,te[l—e, 14€]

P({N(n—en)+1<n<Nn+en)|)+P(|r, — elloc > 8).

The last two terms of (4.4) decay at geometric rates and are negligible asymptot-
ically. Applying Theorem 3.4 on D0, 2] to the first term of (4.4) and then letting
€ — 0, we arrive at (4.3). This proves the claim (4.2).
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Now we are ready to prove (3.7) for S, and conclude the proof of Theo-
rem 4.1. Let G be an open set bounded away from D_; ; so that there exists a
y > 0 such that X, € G implies d(X,,,]D<, %) > y. Since P(S €G) > P(X €

. d(Xp, 5,) <8) =P(X, €G°) —P(X, € G, d(Xy, 51) = 8) = P(X,, €

5) —Pd(X,, Deji)=v, d(X,,S,) >8), (4.2) implies that

P(S, € G) P(X, € G™%)
liminf > liminf
n—>o (nv[n, 00))/ (nv(—oo, —n)k = =00 (nv[n, 00))J (nv(—oo, —n))*
> Cjx(G™°).

We arrive at the lower bound for (3.7) by taking 6 — 0. Turning to the upper bound
for (3.7), consider a closed set F' bounded away from D_; ;. Then there exists a
y > 0 such that S, € F implies d(S,,, D j.k) > y. Since for any sufficiently small
8 > 0 such that Fjs is bounded away from C, P(S, € F) =P(S, € F,d(Xy, Sp) <
8) +P(S, € F,d(Xy, 5,) 2 8) <P(X, € F5) + P(d(Sy, D ji) = v, d(Xp, Sp) >
8)P(X, € Fs), from (4.2),

P(S, € F) P(X, € F;)
lim sup < lim sup
n—oo (nv[n, 00))’ (nv(—oo, —n])k n—oo (nv[n, 00))’ (nv(—oo, —n])k
< Cjk(Fs).

Taking 6§ — 0, we arrive at the upper bound for (3.7). This concludes the proof of
Theorem 4.1. [

4.2. Conditional limit theorems. As before, X, denotes the scaled Lévy pro-
cess defined as in Section 3.1 for the one-sided case and Section 3.2 for the two-
sided case, respectively. In this section, we present conditional limit theorems
which give a precise description of the limit law of X,, conditional on X, € A.

The next result, for the one-sided case, follows immediately from the definition
of weak convergence and Theorem 3.2.

COROLLARY 4.1. Suppose that a measurable subset B of D satisfies the
same conditions as those that A is required to satisfy in Theorem 3.2 and that

C7(3)(B°) = C7)(B) = Cz)(B) > 0. Let X\E be a process having the condi-
tional law of X, given that X,, € B, then there exists a process X oo B such that

X2 = x8
in D. Moreover, ifP'B(-) is the law of )'(lﬁ, then

Csm(-NB)

PP(XC €)= C7(5)(B)
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Let us provide a more direct probabilistic description of the process X Lﬁ. Di-
rectly from the definition of P/® we have that

i J(B)
X2 =" xulw,.n@®,
n=1
where Uy, ..., Uz (p) are i.i.d. uniform random variables on [0, 1] and

PlB(Xl €dxy, ..., X7B) €dx7(B))

TP (@xi o dx) I gy > -+ > x1 > OP(TE Y xa 1y, 11() € B)
Cy)(B) ’

An easier to interpret description of P/Z can be obtained by using the fact that
dp :=d(B,D<y(B)—1) > 0. Define an auxiliary probability measure, PLB, under
which, not only Uy, ..., Ug(p) are i.i.d. Uniform(0, 1), but also x1, ..., x7(B) are
i.i.d. distributed Pareto(«, §p) and independent of the U;’s; that is,

PLB(Xl € dxl, coos XT(B) € dXJ(B))
J(B)
= (/8p)7® [T (xi/8) ™"~ dxil(x; = 8p).
i=1
Then, we have that
(4.5) PE(xBec)=Pf(XIBc.|XEcB).
Moreover, note that

(4.6) P’ (X2 ¢ B) = 5,7 Pt 1 5)(B) > 0.

In view of (4.5) and (4.6) one can say, at least qualitatively, that the most likely
way in which the event X,, € B is seen to occur is by means of 7 (B) i.i.d. jumps
which are suitably Pareto distributed and occurring uniformly throughout the time
interval [0, 1].

We now are ready to provide the corresponding conditional limit theorem for
the two-sided case, building on Theorem 3.4. The proof is again immediate, using
the definition of weak convergence.

COROLLARY 4.2. Suppose that a subset B of D satisfies the conditions in
Theorem 3.4 and that

Cy).x8)(B°) = Cy8).k(8)(B) = C().x(8)(B) > 0.

Let )_(,LB be a process having the conditional law of X,, given that X,, € B, then
there exists a process LIZ: such that
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in D. Moreover, ifP'B(-) is the law of XL@, then
_Comkm(NB)
Cy).cB)(B)

PE(x!Be.):

A probabilistic description, completely analogous to that given for the one-
sided case, can also be provided in this case. Define 6p = d(B,D. 7().xc(B)) >

0 and introduce a probability measure PLB under which we have the follow-
ing: First, Uy, ..., Uz, V1,..., Vi) are i.i.d. U(0, 1); second, x1,..., x7(B)
are i.i.d. Pareto(a, §p), and, finally o1, ..., 0Kk are ii.d. Pareto(8,dp) ran-
dom variables (all of these random variables are mutually independent). Then
write

i T(B) K(B)
XB0) =Y xulw,n® =Y only,11(0).
n=1 n=1

Applying the same reasoning as in the one-sided case we have that
PExEe)=P(XEc.|XEeB)
and
P#I#B (Xc\g c B) _ 81;J(B)(a+2)—/C(B)(/3+2)CJ(B)JC(B)(B) 0.

We note that these results also hold for random walks, and thus forms a signif-
icant extension of Theorem 3.1 in Durrett (1980), where it is assumed that o > 2
and B = {X,(1) > a}.

4.3. Large deviation principle. In this section, we show that X, satisfies
a weak large deviation principle with speed logn, and a rate function which
is piece-wise constant in the number of discontinuities. More specifically, de-
fine

(@ — 1D+ (B—1DD-(§)
“4.7) I1(&) £ if £ is a step function & £(0) = 0;
oo otherwise,

where D_ (&) denotes the number of downward jumps in &.

THEOREM 4.2. The scaled process X, satisfies the weak large deviation prin-
ciple with rate function I and speed logn, that is,

logP(X, € G
4.8) —inf [(x) < liminf 2P Xn €0
xeG n—00 logn
for every open set G, and

logP(X, € K
(4.9) limsup SEEXn€K) ot 1)
n—00 logn xeK

for every compact set K.
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The proof of Theorem 4.2 is provided in Section 5.3. It is based on Theo-
rem 3.4, and a reduction of the case of general A to open neighborhoods; remi-
niscent of arguments made in the proof of Cramérs theorem Dembo and Zeitouni
(2010).

4.4. Nonexistence of strong large deviation principle. We conclude the current
section by showing that the weak LDP presented in the previous section is the best
one can hope for from the classical LDP framework in our heavy-tailed setting, in
the sense that for any Lévy process X with a regularly varying Lévy measure, X,
cannot satisfy a strong LDP, that is, (4.9) in Theorem 4.2 cannot be extended to all
closed sets.

Consider a mapping 7 : D — ]Ri that maps paths in D to their largest jump
sizes, that is,

7€) = ( sup (60 = £0)), sup (6= - £1))).

1€(0,

The supremum in the above definition should be attained since the number of
jumps whose sizes are greater than € should be finite for any fixed € > 0. Note
that 7 is continuous, since each coordinate is continuous. For example, if the
first coordinate (the largest upward jump size) of w(§) and 7 (¢) differ by €, then
d(&,¢) > €/2, which implies that the first coordinate is continuous. Now, to de-
rive a contradiction, suppose that X,, satisfies a strong LDP. In particular, suppose
(4.9) in Theorem 4.2 is true for all closed sets rather than just compact sets. Since
7 is continuous w.r.t. the J; metric, 7 (X,) has to satisfy a strong LDP with rate
function I'(y) = inf{I (§) : ¢ € D, y = w(x)} by the contraction principle, in case
I’ is a rate function. (Since I is not a good rate function, I’ is not automatically
guaranteed to be a rate function per se; see, e.g., Theorem 4.2.1 and the subse-
quent remarks of Dembo and Zeitouni (2010).) From the exact form of I’, given
by

I'(y1, y2) = (@ — DI(y; > 0) + (B — DI(y2 > 0),

one can check that I’ indeed happens to be a rate function. For the sake of
simplicity, suppose that o = B = 2, and v[x,00) = v(—00, —x] = x72. Let
ISV 2 Loy, 1) and K1 2 LR (A 1y, 1) where Q;7 () £ inf{s >
0: nvfs,00) < y} = (n/y)"/? and R (y) = inf{s > 0 : nv(—o0, —s] < y} =
(n/ y)l/ 2. The random variables I'; and A are standard exponential, and Uy,
V1 uniform [0, 1] (see also Section 5 for similar and more general notational con-
ventions). Note that ¥, £ (f <1 K<) is exponentially equivalent to 7 (X,,) if we
couple JT(X ) and (J J<! K <1) usmg the representatlon of X, as in (5.4): for any
§ >0, P(|Y, — 71(X,)| > 8) <P, #r1(X,)) =P(Q, (I')) <lorR; (A <
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1), which decays at an exponential rate. Hence,

log P(|Y, — 7(X,)| > §)
logn

as n — oo, where | - | is the Euclidean distance. As a result, Y, should satisfy
the same (strong) LDP as 7 (X,). Now, consider the set A £ UrZ,[logk, 00) x
[k_l/z, 00). Then, since [logk, 00) x [k_l/z, 00) C Afork > 2,

P(Y, € A) > P((JS', K1) e [logn, 00) x [n71/2, 00))
=P(Q (') > nlogn, R (A1) > n'/?)

((F) = meen(5) =)
(

I' < )P(Al <1)
— (1 —e n(logn)z)(l — efl).

P

P

n(log )2

Thus,
1
_ 1 1 _ _n(logn)2 1 _ 1
limsupP(Y, € A) > limsup og( ¢ it )
n—00 n—00 logn
> lim sup 10g n(logn)2 ( 2n(logn)2)( )
n—00 logn

=-—1.
On the other hand, since A C (0, o0) x (0, 00),
4.10 — inf I’
(4.10) o (1, y2) =

Noting that A is a closed (but not compact) set, we arrive at a contradiction to the
large deviation upper bound for Y. This, in turn, proves that X,, cannot satisfy a
full LDP.

5. Proofs. Section 5.1, Section 5.2 and Section 5.3 provide proofs of the re-
sults in Section 2, Section 3 and Section 4, respectively.

5.1. Proofs of Section 2. Recall that Fs = {x € S: d(x, F) <8} and G %=
((Gs)".

PROOF OF LEMMA 2.1. Let G be an open set such that G N Sy is bounded
away from C. For a given § > 0, due to the assumed asymptotic equivalence,
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P(X, G %,d(X,,Y,) >38) =o(e,). Therefore,

liminfe, 'P(Y, € G)

n—oo

> liminfe, 'P(X, € G™°,d(X,, Vy) < 8)
n—oo

(5.1)
=liminfe, ' {P(X, € G°) =P(X, € G°,d(Xy, Yy) = 5))

=liminfe, P(X,1 € G_a).

n—oo

Pick r > 0 such that G~% NSy N C, = 0 and note that G2 N (C,)° is an open set
bounded away from C. Then

liminfe, 'P(X, € G™°) =liminfe, 'P(X, € G NSo)
= 1’11131()%&;‘1’()(” €eGPNSHN(C,)°)

=liminfe, 'P(X, € G~ N (C,)°)

n—oo

> u(G7°N(C,)°)

=u(G° N (C,)°NSy)
(G N So)
=u(G™),

Since G is an open set, G = sy G°. Due to the continuity of measures,
lims_ou(G~%) = 1 (G), and hence, we arrive at the lower bound

liminfe, 'P(Y, € G) > u(G)
n—oo

by taking 6 — 0.

Now, turning to the upper bound, consider a closed set F' such that Fs NSy
is bounded away from C. Given a § > 0, by the equivalence assumption, P(Y, €
F,d(X,,Y,) =6) =o(e,). Therefore,

lim supen_lP(Yn eF)

n—oo

=limsupe, {P(Y, € F,d(X,, Y,) < 8)

n—oo

+P(Y, € F,d(X,, Yy) = 8))
=limsupe, 'P(X, € F5)

n—oQ

= limsupen_lP(Xn e FsN'Sp)

n—oo

(5.2)
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<lim supen_lP(Xn e FsNSp)

n—oo
< u(Fs N Sp) = u(Fs NS N Sp)
< u(Fs N'Sp) = wu(Fs) = wu(Fs).

Note that { F} is a decreasing sequence of sets, F = (5. Fs (since F is closed),
and p € M(S \ C) (and hence, u is a finite measure on S \ C" for some r > 0
such that Fs €S\ C” for some § > 0). Due to the continuity (from above) of finite
measures, lims_,o i (Fs) = (F). Therefore, we arrive at the upper bound

limsupe, 'P(X, € F) < ju(F)
n— oo
by taking 6 — 0. [J

For a measure 1 on a measurable space S, denote the restriction of & to a sub-
space O C S with uq.

PROOF OF LEMMA 2.2. We provide a proof for d = 2 which suffices for the
application in this article. The extension to general d is straightforward, and hence,
omitted. In view of the Portmanteau theorem for M-convergence—in particular
item (v) of Theorem 2.1 of Lindskog, Resnick and Roy (2014)—it is enough to
show that for all but countably many r > 0,

)

@
(e X 1) 81 x5\ (€1 82U xCyr )

converges to

NG
(™ % 1), 8w xsus: xyr )

weakly on (S1 X Sp) \ ((Cy x Sp) U(S1 x Cy))", which is equipped with the relative
topology as a subspace of S| x Sy. From the assumptions of the lemma and again
by Portmanteau theorem for M-convergence, we note that /,L,gl)‘gl\(cq converges
to M(l)‘gl\cq weakly in S; \ Cf, and Mf,z)|52\(c§ converges to ,u(z)|§2\(c§ weakly in
S, \ €, for all but countably many r > 0. For such r’s, M,(f)lgl\@i X M22)|Sz\cg
converges weakly to u(1)|gl\q X M(2)|S2\(C5 in (S;\ C)) x (S \ C,). Noting
that (S1 x §2) \ ((Cy x S3) U (S1 x C3))" coincides with (S; \ C}) x (Sz\ C5),
1 2 . .
and M(1)|S1\C€ X M(2)|SZ\<C§ and M;)|S1\C1 X u,g)|§2\(cz coincide with (u x

(2)) i d (1 ?2) _
) 181 xS)N((C xS)US xCr)yr and (n = Xt ") |(S) xS\ ((Cy xS2)U(S| xCy)) s T€
spectively, we reach the conclusion. [

PROOF OF LEMMA 2.3. Starting with the upper bound, suppose that F is
a closed set bounded away from (/_,C(i). From the assumption, there exist
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ro, ...,y such that F C U2 (S\ C(i)"), and hence,

i P(X,eF) . 2 P(X, € FN(S\CG)')) €,(i)
lim SUPW < limsup o) )
n— 00 n n—oo 74 n n
i 2 P(X, € F\CG)") en(i)
1
= lflso'”épg &) e
i P(X, € F\ C(0)?)
= limsup ,(0)

<@ (F\CO") <2 (F).
Turning to the lower bound, if G is an open set bounded away from ('L, C(i),
P EG) o PG EGACOD o

liminf ——— > liminf
n— oo €n (0) n—oo €n (0)

(G \ C(0),).
Taking r — 0 yields the lower bound. [

PROOF OF LEMMA 2.4. Suppose that p,, — win M(S\ C), and u (D, \C") =
0 and ©(3Sy \ C") = 0 for each r > 0. Note that 34~!(A’) €S\ C” for some
r > 0 due to the assumption, and 3h~'(A") € h~1(dA’") U D, U 8Sg. Therefore,
W@ (A") < o h™ (@A) + u(Dy \ C") + u(3So \ C") = 0. Applying Theo-
rem 2.1 (iv) of Lindskog, Resnick and Roy (2014) for h=1(A"), we conclude that
wn(h™1(A")) = w(h~1(A")). Again, by Theorem 2.1(iv) of Lindskog, Resnick and
Roy (2014), this means that , o A~! — o h™!in M(S'\ C’), and hence, h is
continuous at . [

PROOF OF LEMMA 2.6. The continuity of 4 is well known; see, for example,
Section 3.5 of Whitt (1980). For the second claim, it is enough to prove that for
each j and k, h=1(A) €D x D is bounded away from D; x D; whenever A C D is
bounded away from D; ;. Given j and k, let A C D be bounded away from D .
To prove that A~ (A) is bounded away from D) j x Dy by contradiction, suppose
that it is not. Then, for any given € > 0, one can find § € D and ¢ € D such that
d(&,Dj) <e€/2,d(, D) <€/2,and & — ¢ € A. Since a continuous time-change
of a step function does not change the number of jumps and jump-sizes, there exist
£'e€D; and ¢’ € D such that [|§ — &[0 <€/2 and || — ¢'|loo < €/2. Therefore,
dE—¢,8 =) <N1E-)—E = lloo £ N1E—E"llo 11 —¢'lloo < €. From this
along with the property d(§" —¢’,D; ) =0, we conclude that d(§ — ¢, 1D x) <e.
Taking € — 0, we arrive at d(A,D; x D) = 0 which is contradictory to the as-
sumption. [J

PROOF OF LEMMA 2.7. From (i) and the inclusion-exclusion formula,
wn (UL Ai) — nw(U/L, Ai) as n — oo for any finite m if A; € A, is bounded
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away from C fori =1, ..., m. If G is open and bounded away from C, there is
a sequence of sets A;,i > 1in A, such that G = [ J72; A;; note that since G is
bounded away from C, A;’s are also bounded away from C. For any € > 0, one
can find M, such that M(UIM;I A;) > nu(G) — €, and hence,

M, M.

liminf 1, (G) > liminf 14, <U1 Ai) = M(Ul Ai) > u(G) —e.
1= 1=

Taking € — 0, we arrive at the lower bound (2.2). Turning to the upper bound,

given a closed set F', we pick A € A, bounded away from C such that FF C A°.

Then

w(A) —limsup pu, (F) = hm n(A) +hm1nf( pn(F))

o = liminf(11,(A) = fta (F))
= liminf 10,(A \ F)
> liminf 12, (4° \ F)
> 1(A°\ F) = pu(A) = p(F).

Note that ;(A) < oo since A is bounded away from C, which together with the
above inequality establishes the upper bound (2.2). [J

5.2. Proofs of Section 3. This section provides the proofs for the limit the-
orems (Theorem 3.1, Theorem 3.3) presented in Section 3. The proof of Theo-
rem 3.1 is based on:

1. The asymptotic equivalence between the target object X, and the process
obtained by keeping its j largest jumps, which will be denoted as Iy S : Proposi-
tion 5.1 and Proposition 5.2 prove such asymptotic equivalences. Two technical
lemmas (Lemma 5.1 and Lemma 5.2) play key roles in Proposition 5.2.

2. M-convergence of Iy ~/: Lemma 5.3 identifies the convergence of jump
size sequences, and Proposition 5.3 deduces the convergence of Iy ~/ from the
convergence of the jump size sequences via the mapping theorem established in
Section 2.

For Theorem 3.3, we first establish a general result (Theorem 5.1) for the M-
convergence of multiple Lévy processes in the associated product space using
Lemmas 2.2 and 2.3. We then apply Lemma 2.6 to prove Theorem 3.3.

Recall that X, (f) £ X (nt) is a scaled process of X, where X is a Lévy process
with a Lévy measure v supported on (0, 0o). Also recall that X, has Itd represen-
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tation

X, (s) =nsa + B(ns) + x[N([0, ns] x dx) — nsv(dx)]
<1
(5.3) lx|<
+ xN ([0, ns] x dx),
[x|>1
where N is the Poisson random measure with mean measure Leb x v on [0, n] x
(0, 00) and Leb denotes the Lebesgue measure. It is easy to see that

5,
323 0Ty 2 f| V(0. s) x ),
121 X |>

where [ = E1 4+ E» + --- + Ej; Ei’s are i.i.d. and standard exponential random
variables; U;’s are i.i.d. and uniform variables in [0, 1]; 1\7,, =N, ([0, 1] x [1, 00));
Nyp =121 8, 05~ (ry))» Where 8y y) is the Dirac measure concentrated on (x, y);
0, (x) £ nv[x,00), Q7 (y) £ inf{s > 0 : nv[s,00) < y}. Note that N, is the
number of I';’s such that I'; < nvfr, where vf“ £ J[1, 00), and hence, N,, ~
Poisson(nvﬁ). Throughout the rest of this section, we use the following repre-
sentation for the centered and scaled process X,, £ %X ne

- p 1 1
Xn(s) = —Jn(s) + —B(ns)

n n

(54) |

+ o _/l;lfl x[N([0, ns] x dx) — nsv(dx)] — (] v{)s.

PROOF OF THEOREM 3.1.  We decompose X, into a centered compound Pois-
son process J,,, a centered Lévy process with small jumps and continuous incre-
ments Y,,, and a residual process that arises due to centering Z,. After that, we will
show that the compound Poisson process determines the limit. More specifically,
consider the following decomposition:

X,u(5) 2 V,(5) + Ju(5) + Zu(s),

1 1
Y, (s) = ;B(ns) + - x[N([0, ns] x dx) — nsv(dx)],

n Jix|<i

(5.5) _ P&
n(s) = =3 (0 (C) = ). 1),
=1
_ 1 Nn
Zy(s) = - Yo ui wn(s) — pivy's,
=1
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where ul = + f[l ) Xv(dx). Let A Sjal Zl 1 @ (T 1y, 17 be, roughly
speaking, the process obtained by just keeping the j largest (uncentered) jumps
of Jn In view of Corollary 2.1 and Proposition 5.3, it suffices to show that X,

and Jn are asymptotically equivalent. Proposition 5.1 along with Proposition 5.2
prove the desired asymptotic equivalence, and hence, conclude the proof of the
Theorem 3.1. [

PROPOSITION 5.1.  Let X, and J, be as in the proof of Theorem 3.1. Then X,
and J, are asymptotically equivalent w.r.t. (nv[n, 00))’ for any j > 0.

PROOF. In view of the decomposmon (5.5), we are done if we show that
P(|Y,] > 8) = o((nv[n, 00))™ 7y and P(||Z,|| > 8) = o((nv[n, 00))~/). For the
tail probability of || Y, |,

Pl:tes[l(l)pl]|Y W) >8] < P[ sup ]|B(t)| > né/2]

+ P[ sup
tel0,n]

/ x[N((0, 1] x dx) — tv(dx)]’ > n8/2].
lx|<1

We have an explicit expression for the first term by the reflection principle, and in
particular, it decays at a geometric rate w.r.t. n. For the second term, let Y'(r) =
lelfl x[N((0, t] x dx) —tv(dx)]. Using Etemadi’s bound for Lévy processes (see
Lemma A.4), we obtain

P|: sup / x[N([0,¢] x dx) — tv(dx)]| > n8/2:|
te[0,n]lV]x|=1
<3 sup P[|Y'(2)| > ns/6]
t€[0,n]
<3 sup (P[|¥'(11])] > n6/12] + B[|Y'()) = Y'(1])| > n8/12])
1€[0,n]
<3 sup P[|Y'(l7])| >n8/12]+3 sup P[|Y'(t) — Y'(L2])| > nd/12]
1€[0,n] r€[0,n]
=3 sup P[|Y'(k)|>nd/12]+3 sup P[|Y'(t)| > n8/12]
1<k<n t€[0,
k
<3 sup P[ YY) -Y'i-D}| > n8/12]
1<k<n i=1

+3P[ sup |[Y'(0)]" > (n8/12)" ].
tel0,1]

Since Y'(i) — Y'(i — 1) are i.i.d. with Y'(i) — Y'(i — 1) 2 Y'(1) = f\x|§1 x[N (0,
1] x dx) — v(dx)] and Y’(1) has exponential moments, the first term decreases at
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a geometric rate w.r.t. n due to the Chernoff bound; on the other hand, since Y'(z)
is a martingale, the second term is bounded by 3% for any m by Doob’s

submartingale maximal inequality. Therefore, by choosing m large enough, this
term can be made negligible. For the tail probability of |Z, |, note that Z,is a
mean zero Lévy process with the same distribution as T(N(ns) /n—v; *s), where

N is the Poisson process with rate V1 . Therefore, again from the continuous-time

version of Etemadi’s bound, we see that P(|| Z,|| > &) decays at a geometric rate
w.r.t.nforany § > 0. [

PROPOSITION 5.2.  For each j > 0, let Jy and ffj be defined as in the proof
of Theorem 3.1. Then J,, and fngj are asymptotically equivalent w.r.t. (nv[n, 00))/ .

PROOF.  With the convention that the summation is 0 in case the superscript is
strictly smaller than the subscript consider the following decomposition of J,;:

JSia Z O (T 1,115
l 1

A 1 &
7022 5 (05 @) — uh) .

it
P R A
TS E =N —ui
n
=1
Rné_]l(N < Z (05 @) — wH) iy,

I=N,+1
so that
=05 4 JSI 4 J7) —R,.

Note that P(||J;/ || > 8) = 0 for sufficiently large n since || J;" S = jumi/n. On the
other hand, P(||R, || > §) decays at a geometric rate since {||R,|| > 8} € {N, < j}
and P(N, < j) decays at a geometric rate. Since P(IIJ_n>j|| >4) < P(||J_n>j|| >

8,05 () = ny) +P(lJ;7 | = 8,05 (I';) < ny), Lemma 5.1 and Lemma 5.2
given below 1mply P(]| J>J | >8) =o((nv[n, 00))’) by choosing y small enough.
Therefore, Jn\] and J,, are asymptotically equivalent w.r.t. (nv[n, 00))/. [

Define a measure ,u((xj ) on Rioi by

J 00
us (dxi.dxy, ) &[] va(dx)liy 2520500 [ Sodxi),
i=1 i=j+1

—

where v, (x, 00) = x~%, and §y is the Dirac measure concentrated at 0.
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PROPOSITION 5.3. Foreach j >0,
(nvln, 00)) /P(JS €)= C;()
in M\ D, ;) as n — oo.

PROOF. Noting that (11’ x Leb)oT; ™! = C; and P(J;/ € ) = P((Q;~(I)/

n,l>1),U,l>1)) € TJ-_I(-)), Lemma 5.3 and Corollary 2.2 prove the proposi-
tion. [

LEMMA 5.1. Forany fixed y > 0,8 >0, and j >0,
(5.6) P{|J>7] =6, 07 (T)) = ny} = o((nvln, 00))’).

PROOF.  (Throughout the proof of this lemma, we use 11 and v; in place of
n and v;, respectively.) We start with the following decomposition of J, ’: for

any fixed A € (0, ﬁ),

N
N ]
J7l == 3" (05 (T — i) lw,.1
n A
I=j+1
= JUFLa 401 _ f,gﬁn“’””l(l“)]ﬂ(ﬁn <nvi(14 1))

LRI S (14 0)),

where
[b]

- 1
Jlabl & - > (05 @) = p) .-
[=Tla]

Therefore,
P{|J77]| =8, 07 (T)) = ny)
<P(|JYHmEDN > 573, 0T ) = ny)

4 P Sl (0] > 5/3) 4 P(N,, > v (1 + 1)
= (i) + (i) + (i)

Noting that || JiM 1IN < () (14-0) — Ny, /n) 1 —recall that N, is defined
to be the number of /’s such that O, (I';) > 1, and hence, 0 < O, (I';) < 1 for
[ > N,—we see that (ii) is bounded by

. N,
P((1(1+2) — Ny/m)1 = 8/3) =P<— <1+i- )
nvi 3vip
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which decays at a geometric rate w.r.t. n since N, is Poisson with rate nv; . For the
same reason, (iii) decays at a geometric rate w.r.t. n. We are done if we prove that
(i) is o((nv[n, 00))’). Note that Q" (I';) > ny implies Q,(ny) > I';, and hence,

(14+2)nvy
3 (05 (T =T+ 0u(my)) — 1) ljy,.1)

I=j+1
(1+2)nv;

< Y (05 @) — )l

I=j+1

(14+X)nvy
< Y (Qy @ =Ty — )l

I=j+1
Therefore, if we define

Ay £{0, () = ny},

(14+2)nv
B £ { sup Y (O (T —T)) — 1)l (1) = ”5}’
t€l0,1] j=j4+1

(14+2)nv;
B/ 2 {tei[%fl] > (O (T =T+ Quny)) — w1) Ly, (@) < —”5},
=i

then we have that
(i) <P(A, N (B, U B)))
<P(A,NB,)+P(A,NB))
=P(A,)(P(B,) +P(B)),

where the last equality is from the independence of A, and B, as well as of
A, and B; (which is, in turn, due to the independence of I'; and I'; — I';).
From Lemma 5.4(c) and Proposition 5.3, P(A,) = Py e D\ D) "/?) =
O((nv[n, 00))7), and hence, it suffices to show that the probabilities of the com-
plements of B, and B, converge to 1, that is, for any fixed y > 0,

(I+A)nvy

(5.7) Pl sup > (O (T =Tj) = 1)y, 11(1) <n8} -1
t€l0,1] l=j+1

and

(I4+X)nvy
(5.8) P!tei[%fl] S (05 (T =T + Qu(my)) — 1) L@ > —n(S} - 1.
T l=j+1
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Starting with (5.7)

(1-4+1)nv;
P: sup Y (Q:,_(Fz—Fj)—Ml)l[U,,l](t)<n5}
lE[O,l] 1:j+1
(A4+1)nvy—j
=P{ sup (Q,T(Fl)—m)l[ul,l](t)<n5}
tel0,1] =1
(14 M)nv—j

>P} sup > (Q,T(Fz)—m)l[ul,l](t)<n8,1\~/n§(1+k)nw—j}
t€l0,1] 1=1

Nll
>P{ sup Y (Q5 (T) — 1)1, 11(1) <nd, Ny < (1+ Mnvy —j}
tel0,1] ;1

Nn
>P{ sup Y (05 (M) — wi) () < na>}
tef0,1];54

—P{N, > (1 + 1)nv; — j}.
The second inequality is due to the definition of O, and that 1 > 1 (and hence,
0, (1)) —p1 <0onl > N,), while the last inequality comes from the generic

inequality P(AN B) > P(A) —P(B“). The second probability converges to 0 since
N is Poisson with rate nv;. Moving on to the first probability in the last expres-

sion, observe that ZlN:”I(Q;_(Fl) — 1)1y, 11(-) has the same distribution as the

compound Poisson process Zi]:('i')(Di — 1), where J is a Poisson process with
rate v and D;’s are i.i.d. random variables with the distribution v conditioned (and
normalized) on [1, 00), thatis, P{D; > s} = 1 A (v[s, 00)/v[1, 00)). Using this, we
obtain
Ny
P! sup Y (05 () — p1) 1y, () < 713}
t€0,11)—;

=P sup E (Dl—ul)<n6}
1<m=<J(n) ;=
5.9)

m
>P{ sup > (Dj—p1)<nd, J(n) < 2nv1}

1<m=<2nvy ;1

>P1  sup Z(Dl—/,cl)<n8}—P{J(n)>2nv1}.

1<m<2nv I=1

The second probability vanishes at a geometric rate w.r.t. n because J (n) is Poisson
with rate nv;. The first term can be investigated by the generalized Kolmogorov
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inequality; cf. Lemma in page 335 of Shneer and Wachtel (2011) (given as Re-
sult A.1 in the Appendix):
2nv1V(né/2)

P(_max g(Dl—m)Zn(Sﬂ)iC o

where V (x) = E[(D; — u1)% w1 —x < Dy < iy +x] < w2 +E[D% Dy < g +x].
Note that

v[s, 00)

E[D? 12d “lﬂz
Di; D; < =
[Di; Dy < 1 + x] fo s s+f1 sv[l,oo)

_ 3 2—a
=1+ o (1 +x)""" Ly +x),

for some slowly varying L. Hence,

> 1 —P( max Y (Dj— 1) Zn8/2> — 1,

1<m=<2nv; =

as n — oQ.
Now, turning to (5.8), let y, = Q,, (ny).

(14+X)nvy
P{ inf, > (0 (T =T+ Qu(ny)) — 1)y, 1y(0) > —HS}
0 S
(I+1)nvi—j
=P{ inf > (O (Tr+vyn) — m)ly,1@t) >—nd
tel0,1] =
(I+1)nvi—j
>P tei[r(l)fl] > (05 Tr+vn) — m) 1y, 11(t) > —nd, Eg > Vn}
’ =1
(I+M)nvyi—j
>P tei[I(l)fl] > (05 T+ Eo) — i) Ly, 11(t) > —né, Eg > )/n}
’ =1
(14+A)nvy—j+1
=P inf Yo (05 @) =)y, ) > —nd, T1 >y,
tel0,1] I—
(14+1)nvi—j+1

>P{ inf > (O () = p) @) > —ndp —P{T) < y,}
tel0,1] -

=(A) — (B),
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where E is a standard exponential random variable. (Recall that I'; LFE+E+

.-+ Ey, and hence, (I + Eo, Up) 2 (Ti41, Up) 2 (D41, Usg1).) Since (B) =
P{I'{ < y,,} — 0 (recall that y,, = nv[ny, co) and v is regularly varying with index
—a < —1), we focus on proving that the first term (A) converges to 1:

(14+A)nv —j+1

(A) :P{t inf > Oy @) = ), @) > —nd

0. o

(14+M)nvi—j+1
>Pyinf > (O (T) — )y, 1(@) > —nd,
tel0,1] I—

Ny<(1+Mnv—j+1

Ny
>P{ inf Y (Qy (T — 1),y @) = —nd/3,
te[O,l]l:1

. <«
nf (O (T) = ) w11 (0) > —n8/3.

(14+A)nv —j+1

tei[r(l)fl] > (O @) = ), ) = —nd/3,
’ I=N,+1

Nn5(1+/\)nv1—j+1}

tel0,1

o
> P{ inf_ > (05 (T — wn) Ly, (@) = —na/3}
=1

+P{Q, (1) — 1 < né/3)

(14+1)nvi—j+1
+P!t€i[r(1)fl] o (@) =)y, @) = —n8/3}
’ l:Nn‘f'l

+P{N, < (14 2)nv; — j+1} -3
= (AI) + (AI) + (AIID) + (AIV) — 3.

The third inequality comes from applying the generic inequality P(A N B) >
P(A) + P(B) — 1 three times. Since N,, is Poisson with rate nv,

N , N, j—1
(AIV)=P{Nn5(1+A)nv1—]+1}=P{—§l+k— }—>1.
nvi nvi
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For the first term (Al),

N,
(AD=P{ inf > (0 (T) — 1)y, 13(t) = —nd/3
tel0,1] =

Nn
=Py sup > (1 — Qf(Fz))l[Ul,l](t)§n5/3}
16[0,1]121

m
=P{ sup ) (u—Dp< n5/3},
I<m=<J(n) ;-1

where D; is defined as before. Note that this is of exactly same form as (5.9)
except for the sign of D, and hence, we can proceed exactly the same way using
the generalized Kolmogorov inequality to prove that this quantity converges to 1—
recall that the formula only involves the square of the increments, and hence, the
change of the sign has no effect. For the second term (AII),

(AID) > P{Q, (I'1) <nd/3} =P{I'1 > 0,(n8/3)} — 1,
since Q,(né/3) — 0. For the third term (AIII),
(A+)nvi—j+1

(Al =P tei[l(l)fl] > (Qy @) =)l @ = —n5/3}

l:Nn+1
(14+1)nvy—j+1
>P1 inf —u1l t) > —né8/3
~ |tel0,1] Z wi i, 11(1) = / }
I=Ny+1

(1+1)nvi—j+1
>P oo om < n3/3}

I=N,+1

> P{u1((1+A)nvy — j — Ny + 1) <néd/3}

N, j—-1
>Pil+A— <—+
3vip; — nvp nvi
— 1,
since A < ﬁ This concludes the proof of the lemma. [J

LEMMA 5.2. Forany j > 0,6 > 0, and m < oo, there is yy > 0 such that
P{|J77] > 6. 05 () <np}=o(n™).

PROOF. (Throughout the proof of this lemma, we use ©1 and v; in place of
ni and v, respectively, for the sake of notational simplicity.) Note first that
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Q, (I'j) = o0 if j =0, and hence, the claim of the lemma is trivial. Therefore,
we assume j > 1 throughout the rest of the proof. Since for any A > 0,

P{|J7] > 8, 05 (L)) <ny}
Ny
SP!

Z (0, (T — )l
N, 1
— € [L 1+ k]}
nvy nvy

I=j+1
]'\"/ .

+P{ "¢ [i,lﬂ}},
nvy nvy

and P{ r]l\]’)"l ¢ [W 1 + XA]} decays at a geometric rate w.r.t. n, it suffices to show

that (5.10) is o(n~™) for small enough y > 0. First, recall that by the definition of
0, (),

>né, Q, (I'j) <ny,

(5.10)

Oy () =s = x=0a(5),
and
nv(Q, (x),00) <x <nv[Q, (x),00).

Let L be a random variable conditionally (on N,,) independent of everything else
and uniformly sampled on {j +1,j +2,..., Nn}. Recall that given Nn and I';,
the distribution of {I"j 41, 'j42,...,T Nn} is the same as that of the order statistics
of Nn — j uniform random variables on [I"j, nv[1, 00)]. Let D;,1 > 1, be i.i.d.
random variables whose conditional distribution is the same as the conditional
distribution of 0, (I'r) given Nn and I';. Then the conditional distribution of

Zl lj+1(Qn(Fl) 1)1y, 17 is the same as that of Z;V:"I_j(Dl — 1)1y, 17- There-

fore, the conditional distribution of || Zl ]+1(Qn(rl) — 1)1y, 17lleo 1 the same
as the corresponding conditional distribution of SUP| <<, — [ > (D — p)l.
To make use of this in the analysis that follows, we make a few observations on
the conditional distribution of Q0 (I'z) given I'; and N .

(a) The conditional distribution of Q,; (I'L):
Let g £ Q, (T'j). Since I'y, is uniformly distributed on [I"j, Q,(1)] = [T},
nv[1, co)], the tail probability is
P{Q; (L) = s|Tj, Np} =P{TL < Qu(5)|T;, Ny}
=P{I'L <nvls,00)|T';, N}
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ry—T; ,00) —I'; -

:{ L—T; Snv[s ) ]|1—~j’Nn}
nv[l,00) —=T'; 7 nv[l,00) =T

_nv[s,oo)—Fj

~ nv[l, 00) — I

for s € [1, g]; since this is nonincreasing w.r.t. I'j and nv(g, o0) < T'; < nv[gq, 00),
we have that

vis, q) - R Vs, q]
) <P{Q; (T1) =5|Tj, Ny} < gl

(b) Difference in mean between conditional and unconditional distribution:
From (a), we obtain

i 2B[0; pIry N1+ [T 5D as 1 [T 20D a]

v[l,q) v[l, q]
and hence,
s — ] < v[1,q) [{°vls, 00)ds — v[1,00) [{ Vs, q)ds
v[1, c0)v[1, q)
y v[1,q] [° vIs, 00)ds — v[1, 00) [{ vIs, qlds
v[1, 00)v[1, ¢] '
Since

v[1,q) [ s, 00)ds — v[1,00) [{ v[s,q)ds
v[1, co)v[l, q)

_ vlg.0) @—Dt Jq vls,00)ds  v[g,00) [ vIs, oo)ds’

v[l,q) v[l, 00) v[1, 00)v[l, q)

and
v[1,q) [ v[s,00)ds — v[1, 00) [1(1 v[s,q)ds
v[1, c0)v[1, q)
B v[1,q] /7" vls, 00)ds — v[1, oo)flq v[s, qlds
v[l, c0)v[l, g]
B v{g}((g — Dv[1, 00) —i—fqoov[s, oo)ds +f1q v[s, 0o) ds)
B v[1, 00)(v[1, g) + v{g})

’

we see that |1 — fi, | is bounded by a regularly varying function with index 1 — «
(w.r.t. ¢) from Karamata’s theorem.
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(c) Variance of Q, (I'r): Turning to the variance, we observe that, if o <2,

v[s, ql
v[1,¢q]

q
[ sv[s, 00)ds
1

ds

- 1 q
E[Q,T(FL)ZIFj,Nn]sf 2sds—|—2/ s
0 1

5.11) 14

v[l, q]
=1+4¢""L(q)
for some slowly varying function L(-). If & > 2, the variance is bounded w.r.t. g.

Now, with (b) and (c) in hand, we can proceed with an explicit bound since all the
randomness is contained in g. Namely, we infer

d

N, ~ .
n N ]
S0y @) —u) 1| >nd, Q5 (T))<ny,— € [—, 1+ AD
I=j+1 00 nvi nvi

Ny

ZP( Yo (O @) —un)ly | >nd8,Tj= Qulny),
N .
nvi nvi
Ny i
=E[P< > (05 (T = wi) w1 >n5‘Fj,Nn>;szQn(ny),

e[ L]

nv nvj
m

=E|P| max | (D/—p)

1<m<N,—j =1

N .
e [L 1 +AH.
nvi nvi

By Etemadi’s bound (Result A.2 in Appendix),

> nS‘Fj,Nn); Fj > Qn(”y),

m
P max |3 (D/—u))|zns|r), N,
1=m=Na—j|j=1
m ~
(5.12) <3 max_ P[> (D — 1) zns‘rj,N,l
ISmSNn =1




3590 C.-H. RHEE, J. BLANCHET AND B. ZWART

m
<3 max {P(Z(Dl I Nn)

lgman =1

+P<Z(m — D)) > ns|T;, N)}

=1
and as | D; — [i,| is bounded by ¢, we can apply Prokhorov’s bound (Result A.3 in
Appendix) to get

P(Z(Ml — D)) > nS‘Fj» Nn)

=1

m
= P(Z(ﬂn — D) = né —m(uy — fly) rj, Nn)
=1

m
< P(Z(ﬁn — Dy) >nd —nvi(1+ 1) (u1 — fn)|Tj, Nn)
=1

_ 1@y 40y —fin))

(qn(S—w(lJr?»)(/M —lln))) %
mvar(Q:~(I'z))

<< nvi(1+x)var(Q,; (I'z))
T \gn@@ —vi(1+A) (1 — fin))

IA

n(@—vy (1+2) (11 —Hn))
2q

n@—v (1+10)q =Ly (@)

vi(1+ 1)1 +¢*"Li(g)) % :
- ifa <2,
g8 —vi(1+1)g""*La(q)) 1
n(d—vq (1 —ar
1)1(1 n )\.)C B—vy( +>n2);1 2(9)) .
— otherwise,
g —vi(l+2A)g" ~*La(q))

for some C > 0 if m < (1 4+ A)nvy. Therefore, there exist constants M and ¢ such
thatg > M (ie., I'j < Q,(M)) implies

m
né
P(Z(m U nS\Fj) <c(g'm),
=1

and since we are conditioningon g = Q; (I';) <ny,

1—05/\2)’81—6 1—0(/\2)%.

c(g 1 <c(q

Hence,

P(Z(m - D)) zna\r_,-) < (0 (T,

=1
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With the same argument, we also get

P(Z(Dl — ) zna\r,-) < c(Q (T en2).

=1
Combining (5.12) with the two previous estimates, we obtain

m
P( max Y (D — p1)
1<m<Np—jlj—1

onT; > Q,(ny), N, — j <nvi(1+1),and T'; < 0, (M). Now,

m
E|P|  max | (D;—p1)
1<m<N,—j

=1
]'\", .
e [L 1+ A]:|
nvi nvi
m
<E[P( max > (D;—p1)
1<m<N,—j

=1
N .
— € [i 1 +A]; r;< Qn(M)}
nvi nvi

> 8T, Nn> <6c(0; ()~ %)%,

>ns\rj,1\7,1>;rjz On(ny):;

>n3)r,~,1\7,1>;1“,~ > Qn(ny);

+P(Fj > Qn(M))
<E[6c(Q;(T))! )% |+ P(T; > 0, (M)

< E[6e(Q; ()™ )% 0= (1)) = nP] + P(Q;(T)) < nf)
+P(Fj > Qn(M))

< 6c(nﬂ(17°‘/\2))% +P(T; > 0,(nP)) +P(T; > 0, (M))

< 6c(nPUI= D)7 L P(T; > (11 =P L(n))) + P(T} > Qu(M)),

for any B8 > 0. If one chooses 8 so that 1 —af >0 (e.g., B = ia), the second and
third terms vanish at a geometric rate w.r.t. n. On the other hand, we can pick y
small enough compared to §, so that the first term is decreasing at an arbitrarily
fast polynomial rate. This concludes the proof of the lemma. [J

Recall that we denote the Lebesgue measure on [0, 1]°° with Leb and defined
measures 15 and 1% on R
pa and pg on Ry as

J 00
ud(dxy,dxy, . ) 2 ] valdx)ly sxzmx=00 [ So(dxi).
i=1 i=j+1
and vy (x, 00) = x~%, where Jg is the Dirac measure concentrated at 0.
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LEMMA 5.3. Foreach j >0,
(nvln, 00)) ' P[((Q; (T /n, 1= 1), (Ui, 1 = 1)) €] = (1} x Leb)(-)

in MRV x [0, 1]°°) \ (Hj x [0, 1]°°)) as n — .

PROOF. We first prove that
(5.13) (nvln, 00) VP{(Q T /n i = 1) € ] u ()
in M(RY \ H._ ) as n — oo. To show this, we only need to check that
(5.14) (nvln, 00)) /P[(Q (T))/n, 1> 1) € A] > ul(A)

for A’s that belong to the convergence-determining class A; 21z e Rofi 1xp <
s Xy Sy il > j,xp = --- > x; > 0}. To see that A; is a convergence-
determining class for M(Rf¢ \ H j)-convergence, note that A’j 2z e Rofl :
X1 <z1<VY,..,xi<z<y}t:l>j,x1,...,x1 € (0,00),y1,...,y € (0,00]}
satisfies conditions (i), (ii) and (iii) of Lemma 2.7, and hence, is a convergence-
determining class. Now define A4 (i)’s recursively as A; (i + 1) £ (B \A:A,Be
Aj(i). A B} fori >0, and A;(0) = A 2 {{z e RTV 1xy <z1.....x <) :
[>j,x1,...,x; > 0}. Since we restrict the set-difference operation between nested
sets, the limit associated with the sets in A;(i 4+ 1) is determined by the sets
in A;(i), and eventually, .A/j( . Noting that A’j C U2y Aj(), we see that A’; is
a convergence-determining class. Now, since both P[(Q, (I'}))/n,l > 1) € -] and
uij ) (+) are supported on Rwi’ one can further reduce the convergence determining
class from A7 to A;.

To check the desired convergence for the sets in .A;, we first characterize the
limit measure. Let / > j and x; > --- > x; > 0. By the change of variables v; =
xfy “fori=1,...,J,

fof')({ze]RfLoi 1X] 521,---,)61521})

“1G =0 [ e [Tz ) dvaln - du ()

J B 1
=]I(J=l)<1_[_xl) /(; /O ]I(xl_avlfi_xj_av])dvldvj
i=1

Next, we find a similar representation for the distribution of I'f,...,I';. Let
Uqy, ..., Ug—1) be the order statistics of / — 1 i.i.d. uniform random variables on
[0, 1]. Recall first that the conditional distribution of (I'1/ Iy, ..., T;—1/ ) given
I'; does not depend on I'; and coincides with the distribution of (Uyy, ..., Ug—-1));
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see, for example, Section 4 of Pyke (1965). Suppose that/ > jand0 < y; <.-- <
y;. By the change of variables u; =y~ 'y;v; fori =1,...,1 —1,and y = yjv;,

Py <yi,....T1 <y)
=E[P(T/Ty <y1/Ts,....Ti—1/Tr < yi—1/TuI0) - LT < )]

i e—yyl 1
=/0 PWUw =y1/y,..-.Ug=1) < yi- 1/)/)Wd7

Yooy (Y /vy
= [Tyt [T M i = s = Ddur - dueady
0 0 0
-1 v 1 1
=T / 67}’/ / Iyyvi <+ < yi—1v—1 <y)dvy---dv—1dy
i 0 0 0
! 1 1
= (T / / e (yivy < - <y dvg - dy
: 0 0
i=1

Since 0 < Q,(nxy) <--- < Qu(nxy) forxy >--- > x>0,
(nvln, 00)) TP[Q (T /n = x1, ..., O (1) = x/]
= (nv[n, 00)) 'P[['| < Qpn(nx1),....T; < Qn(nx)]

= (nv[n, 00))~ (1_[ On(nx;) )

1
: /0 fo e~ CrDUI(Q, (nx1)v) < -+ < Qu(nxy)vr)dvy -+ duy

) (o)

— ln, 00) i=j+1
/ / _Q"("x’)”’]l( Qn(nx,) e < Onnxi) vz) dvy---dvy.
nvln, oo) ~ nv[n, 00)
Note that Q,(nx;) — 0 and % — x;“asn—ooforeachi=1,...,1

Therefore, by bounded convergence,

(nvln, 00)) P[Q(C)/n > x1,..., 07 (T) > x1]

J
—>H(j=l)(1_[xz) / / v < < x %) duy - do;
i=1

=uP(zeR x1 <21, 0 <)),
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which concludes the proof of (5.13). The conclusion of the lemma follows from
the independence of (Q,, (I';)/n,l > 1) and (U;,[ > 1) and Lemma 2.2. [

LEMMA 5.4. Suppose that x;y > --- > x; >0, u; € (0,1) fori =1,...,;
iz 2y=00€(0,1) fori=1,...,k;uy,...,uj,vi,..., v are all dis-
tinct.

(a) Foranye >0,
{x€G:d(x,y) < (1+4¢€)é implies y € G}
<G~
ClxeG:d(x,y) <8 impliesy € G}.
Also, (AN B)s € AsN Bs and A= U B~° C (AU B)™® for any A and B.

) X7_ xily, € M\ D)™ implies x; > 8.
(© iy Xilw,n ¢ D\ D<)~ implies x; < 26.
(d) Z{:l Xl 11— Zf:] Vil € (]D)\]D)<j7k)_8 implies xj > 6 and y; > 6.
(e) Suppose that & € Dj . If | < j or m <k, then & is bounded away from

Dy .
(f) If1(§) > (a —1)j + (B — Dk, then & is bounded away from D _; ; UD; .

PROOF.  (a) Immediate consequences of the definition.
(b) From (a), we see that Zl ]x,l[ul ne@d\D.j)~ 3 and Zj L Xl €
D_; implies d(Z, 1% L 1 Z —1 x,l[u 11) = 6, which is not pos51ble ifx; <34.

(c) We prove that for any € > 0, lelx, (w;,1] € MM\ ]D><j) implies x; <
(2+¢€)4. To show this, in turn, we work with the contrapositive. Suppose that x; >

24¢€)s. If a’(Z{:l Xilw; 11, ¢) < (14 €/2)8, by the definition of the Skorokhod
metric, there exists a nondecreasing homeomorphism ¢ of [0, 1] onto itself such
that || Z{:l Xil; 11— ¢ o dlloc < (1 4+€/2)5. Note that at each discontinuity point
of Zijzl Xi1{y; .11, ¢ o ¢ should also be discontinuous. Otherwise, the supremum
distance between Z{Zl xilpu; 11 and ¢ o ¢ has to be greater than (1 + €/2)3, since

the smallest jump size of Z{Zl xi 1y, 17 1s greater than (2 4 €)8. Hence, there has
to be at least j discontinuities in the path of ¢; thatis, ¢ € D\ D_ ;. We have shown

that d(Z{:l Xilp; 11, ¢) < (1 4+ €/2)8 implies ¢ € D\ D, which in turn, along
with (a), shows that 3-7_, x; 11,17 € (D \ D~ ;).

(d) Suppose that 3-/_y x;1p, 1) — Y5, vl € (D \ Do) Since
Z{;ll Xilps ) — X8y yilp 1 ¢ D\ Do,

j k j—1 k
xXj> d(inl[u,-,l] = vilpan Y Xilpg, 1 — Zyz'l[v,-,l]> >34
i=1 i=1 i=1 i=1

Similarly, we get yx > 6.
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(e) Let& = Z{:] Xilp, 11— Zf‘:l Vil 17- First, we claim that d(¢,§) > x;/2
for any ¢ € Dy, with I < j. Suppose not, that is, d(¢, §) < x; /2. Then there exists
anondecreasing homeomorphism ¢ of [0, 1] onto itself such that || Z{:] Xl 11—
¢ 0@lloc < xj/2. Note that this implies that at each discontinuity point s of &, { o ¢
should also be discontinuous. Otherwise, [ o (s) —&(s)|+ | op(s—) —&E(s—)| >
|€(s) —&(s—)| = x;, and hence, it is contradictory to the bound on the supremum
distance between & and ¢ o ¢. However, this implies that ¢ has j upward jumps,
and hence, contradictory to the assumption ¢ € D ,,, proving the claim. Likewise,
d(,&) > yi/2 forany § € Dy ,, with m < k.

(f) Note that in case I(£) is finite, D+ (§) > j or D_(§) > k. In this case,
the conclusion is immediate from (e). In case I(£) = oo, either Dy (¢) = oo,
D_(¢) = o0, £(0) # 0, or & contains a continuous nonconstant piece. By con-
taining a continuous nonconstant piece, we refer to the case that there exist #; and
to such that t; < tr, £(t1) # &(t,—) and & is continuous on (71, #2). For the first
two cases where the number of jumps is infinite, the conclusion is an immediate
consequence of (e). The case £(0) # 0 is also obvious. Now we are left with deal-
ing with the last case, where & has a continuous nonconstant piece. To discuss this
case, assume w.l.o.g. that §(¢1) < §(1,—). We claim that d(§,D; x) > %
Note that for any step function ¢, '

1§ — ¢l = |§(ra—) — £(12—)| Vv [E(11) — £ (1)
> (E(h—) — ¢(—) v (¢(n) — &(n)

=

{(E(n—) — &) — (¢(r—) — ¢ ()}

=

N = N =

lew -5~ X (0 -cu-n)

te(ty,tr)
1
> 5{(-‘302—) — &) —2D+(ONE = ¢},

where the fourth inequality is due to the fact that ||§ — || > %{(’_) for all
t € (11, tp). From this, we get

6 — ¢l > §(n—) —§@) . S(lz—? —E(fl),
20+ O+ 1D 2+ 1D

for ¢ € D; ;. Now, suppose that { € D; x. Since ¢ o ¢ is again in D; ; for any
nondecreasing homeomorphism ¢ of [0, 1] onto itself,

§(nn—) — &)
d§,¢) = W,

which proves the claim. [J
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Now we move on to the proof of Theorem 3.3. We first establish Theo-
rem 5.1, which plays a key role in the proof. Recall that D_; = (Jy<;; D; and
let Degy.ooji) 2 Uttt L=t Dy where Loy i 2 {1, -0 o) €
ZENAG s j)Y e = DI+ -+ (@a = Dla < (@1 = Dji + -+ + (aa —
1)ja}. For each [ € Zy and i = 1,....d, let C/?(-) £ E[vl, {x € (0,00) :
le-:] le[Uj,l] € -}] where Uy, ..., U; are i.i.d. uniform on [0, 1], and v(lxi is as
defined right below (3.1).

THEOREM 5.1. Consider independent one-dimensional Lévy processes X1,

- XD with spectrally positive Lévy measures vi(-), . .., vq(-), respectively. Sup-
pose that each v; is regularly varying (at infinity) with index —o; < —1, and let
X ,(11) be centered and scaled scaled version of X© foreachi =1, ..., d. Then, for
each (ji,..., ja) ez,

P K )

nid:1 (nv;[n, 00))Ji Jj1

in M(TZ D\ D<jy.....ju)-

x C )

PROOF. From Theorem 3.1, we know that (nv;[n, oo))_jP()_(,(f) e)—>C;()
in M(D \ D) fori =1,...,d and any j > 0. This along with Lemma 2.2, for
each (I1,...,14) € Zd we obtain

d
TGt o) ™R, X)) = G - x G000

in M([T, D\ Cg,....1,)) where Cq,..1y 2 U (D'~! x Dy, x D). Since
Degyjn) = ﬂ(ll .... OELGy i) Cuqy,....1;)» our strategy is to proceed with

Lemma 2.3 to obtain the desired M(H —1 D\ D_(j,.,....j,)-convergence by com-
bining the M(H,:1D \ Cq,,...1))-convergences for (I1,...,100) ¢ Lo(j,....j0)-
We first rewrite the infinite intersection over Z4 \ I_(;, ., as a finite one
to facilitate the application of the lemma. Consider a partial order < on Zfi
such that (I1,...,ly) < (my,...,mg) if and only if Cy,,..1,) € Cony...omy)-
Note that this is equivalent to [; < m; for i = 1,...,d and [; < m; for at
least one i = 1,...,d. Let Jj . ;, be the subset of Zi consisting of the
minimal elements of Zi \ I<(jy,....ja)» that is, J; ﬁ {(q,...,1g) € Zd \
IeGi,jo) s my,....mg) < (I1, ..., 1) implies (ml,.. md) eleiy,.jnt Fig—
ure 1 illustrates how the sets ]I<(j1 ,,,,, jo and Jj . look when d = 2, ]1 =2,
J2 =2, a; =2, ap = 3. It is straightforward to show that [J; .
and that (my,...,mgq) ¢ I_(j... j» implies Cy, . 1) € Cny,....my) for some
(1, --.5la) €Ty, jgs therefore, Do, i =Ny, l)el;, C( ,,,,, 1;)- In view

,,,,,

.....

.....
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(J1,72) = (2,2)

N — I

6 ~..8

FIG. 1. Anexample of I_(j, .. i, and Jj . j, whered =2, j1 =2, jy=2,a1 =2 and ap =3.
The blue dots represent the elements of 1}, j,), and the red dots represent the elements of I j, j,.
The dashed red line represents (11, lp) such that (] — D)I1 + (ap — 1)lp = (21 — 1) j1 + (g — 1) jo.

.....

d ) -
of this and the fact that limsup % — O for (I1,....la) €Jj,..ju \
=1 (nviln,

{(j1,..., ja)}, the conclusion of the theorem follows from Lemma 2.3 if we
show that foreachr >0, £ (&,...,&y) ¢ Uq,.... el i, ]_[fl:l Dy,)" implies
£ ¢ (Cqy,.. 1) forsome (I1,...,15) € Jj, .. j,- To see that this is the case, sup-
pose that & is bounded away from (Jg, . el iy ]‘[;1:l Dy, by r > 0. Let m; =
inflk > 0:& € (Dgx)"}. In case m; = oo for some i, one can pick a large enough
M € Z such that Me; ¢ 1}, ... j,) where ¢; is the unit vector with O entries ex-
cept for the ith coordinate. Letting (/1,...,lg) € Jj, ... j, be an index such that
Cuy,...1) € Cupe;» we find that & ¢ (Cy, lj))’ C (Cpme;)" verifying the premise.
If max;—y, qgm; <00, & € (]_[fZIID)mi)’, and hence, (my,...,mq) ¢ I_(j,
which, in turn, implies that there exists (/1,...,lq) € Jj, ... j, suchthat Cy, ;) C
Comy.....my)- However, due to the construction of m;’s, each &; is bounded away
from D_,,, by r, and hence, & is bounded away from Di—1 x Do, x D4 by r
for each i. Therefore, & ¢ ((C(l],‘..,l,))r C (Cpny..... m;))"» and hence, the premise is
verified. Now we can apply Lemma 2.3 to reach the conclusion of the theorem.

O

.....

.....

PROOF OF THEOREM 3.3. Let X and X() be Lévy processes with spec-
trally positive Lévy measures v and v_, respectively, where v [x, 00) = v[x, 00)
and v_[x, o0) = v(—o0, —x] for each x > 0, and denote the corresponding scaled
processes as )_(,(f)(-) £ xH (n-)/n and )_(,(,_)(-) =S X(_)(n-)/n. More specifically,
let

X (s) =sa+ B(ns)/n + % x[N([0, ns] x dx) — nsv(dx)]

lx|<1

1
+ - xN ([0, ns] x dx),

nJx>1

_ 1
(=) _
X, (s)= " /);<71xN([O, ns] x dx).
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From Theorem 5.1, we know that (nv[n,o0))” f(nv( 00, —n])” kP((X(+>
X)) €)= €f x () in M((D x D) \ D<) where C7 () 2 E[vi{x €

(0, 00)/ : Z,:1x11[U,,1] €-}and C; (1) = E[Vﬁ{y € 0,000k : 5 yiliy, 1y €
. InViewofLemma26andthatC+XC,:{(S ) eDxD:E@)—-E@—))(C(@)—
¢(t—)) # 0 for some ¢ € (0, 1]} =0, we can apply Lemma 2.4 for h(§,¢) =& — ¢.
Noting that C; () = (CJr x C)oh™ 1(.), we conclude that (nv[n, c0))~/ x

(nv(—o0, —n)FP(XSY — X$7) € ) > Cj4() in M(D \ D_ ). Since X, has

the same distribution as X ,(,+) - X ,(,_), the desired M(ID \ D x)-convergence for
X, follows. [

PROOF OF LEMMA 3.1. In general,
min  Z(j, k) <I(j(A) IC(A)) min  Z(j, k),

(/ kyez? (j,k)eZ2
j kﬂA#@ ]D)j kNA° 5&@

and the left inequality cannot be strict since A is bounded away from D 7(4) x(4)-
On the other hand, in case the right inequality is strict, then D 7(4) xca) N A° =
@, which in turn implies C7a) ic(a)(A°) = 0 since C7(a),k(a) 1S supported on
D7(a),k(a)- Therefore, the lower bound is trivial if the right inequality is strict. In
view of these observations, we can assume w.l.o.g. that (J(A), KC(A)) is also in
both

argmin Z(j,k) and argmin Z(j,k).
(j.kyeZ’ (j.k)ez%
D; xNA°#D D; xNA#S

Since A° and A are also bounded-away from D_ 7(4) x(4), the upper bound of
(3.9) is obtained from (2.1) and Theorem 3.3 for A, j = J(A) = J(A), and k =
K(A) = K(A); the lower bound of (3.9) is obtained from (2.2) and Theorem 3.3
for A°, j = J(A°) = J(A), and k = K(A°) = K(A). Finally, we obtain (3.10)
from Theorem 3.3 and (2.1) with j =1, k=m, F = A along with the fact that
Cim (A) = 0 since A is bounded away from Dy ,,. U

LEMMA 5.5. Let A be a measurable set and suppose that the argument min-
imum in (3.8) is nonempty and contains a pair of integers (J(A), K(A)). Let
(I,m) € I_7a),K(4)-

(i) If As N Dy is bounded away from D« 74y xc(a) for some § > 0, then
AN Dy )y is bounded away from D« 7(a),xc(a) for some y > 0.

(ii) If A is bounded away from D« 7(a) xc(A)» then there exists § > 0 such that
AN Dy )s is bounded away from D i for any (j, k) € I-7a),1ca) \ {1, m)}.

PROOF. For (i), we prove that if d(A2s "Dy, D 7(4),kc(4)) > 38 then d (AN
(Dr1.m)s, D« 7(A).k(4)) = 8. Suppose that d(A N (D m)s, D« 7(4).k04)) < 8. Then
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there exists £ € AN (ID;,,)s and ¢ € D« 7(4),k(4) such that d(§,¢) < §. Note
that we can find &’ € Dy, such that d(§, §") < 28, which means that &’ € Aps N
Dyu. Therefore, d(Azs N Dy Decriayioa) < d(E'.0) < d(E.8) +d(E.¢) <
25 + 8 < 346.

For (ii), suppose that d(A, D« 7(a),x(4)) > y for some y > 0 and (/,m) and
(j, k) are two distinct pairs that belong to - 7(4),x(4). Assume w.l.o.g. that j <.
(If j > I, it should be the case that k < m, and hence, one can proceed in the
same way by switching the roles of upward jumps and downward jumps in the
following argument.) Let ¢ be a positive number such that ¢ > 8(/ — j) + 2 and
set § = y/c. We will show that A N (ID; ;)5 and (ID; x)s are bounded away from
each other. Let & be an arbitrary element of A N (D ,)s5. Then there exists a ¢ €
Dy, such that d (¢, &) < 26. Note that d (¢, D« 7(4),k(4)) = (¢ —2)8; in particular,
d(¢,Djm) > (c—2)5. If we write ¢ £ 2521 Xi L 11— 2272 1 il 17, this implies
that x4 > % Otherwise, (c—2)8 > Yi_;, xi =l = ¢'|| = d(¢. ¢'), where
{2 ¢ =Y Xilpg1) € Dj . Therefore, d(¢,Dj4) = % which in turn
implies d(§,D;x) > (zc(z_—Zj()s — 28 > 26. Since & was arbitrary, we conclude that
AN (Dy,;n)s bounded away from (D x)s. U

5.3. Proofs for Section 4. Recall that

162 (¢ —DDi(E)+(B—1DD_(&) if & isa step function with £(0) =0,
S otherwise.

PROOF OF THEOREM 4.2. Observe first that 7 (-) is a rate function. The level

sets {& : I(§) < x} equal | (.m)eZ2 Dy ;m and are therefore closed—
(@=Dl+(B—m=|x)

note the level sets are not compact so /(-) is not a good rate function (see, e.g.,

Dembo and Zeitouni (2010) for the definition and properties of good rate func-

tions).

Starting with the lower bound, suppose that G is an open set. We assume w.l.0.g.
that infec 1(§) < 00, since the inequality is trivial otherwise. Due to the dis-
crete nature of /(-), there exists a £* € G such that I(§*) = infzcg 1(£). Set
jE D, (%) and k £ D_(£%). Let u1+, e, uj be the sorted (from the earliest to

the latest) upward jump times of £*; x1+, ey x;f be the sorted (from the largest

to the smallest) upward jump sizes of £€*; u;,...,u; be the sorted downward
jump times of £*; x7, ..., x; be the sorted downward jump sizes of £*. Also, let
x;Zrl =X =0, ud =uy =0, and u}r“ =u; . = 1. Note that if ¢ € Dy, for
[ <j,thend(&*,¢) > x}L /2 since at least one of the j upward jumps of £* cannot
be matched by &. Likewise, if ¢ € I ,, for m < k, then d(§*, ¢) > x; /2. There-
fore, d(D . «, £%) > (x;' A x;)/2. On the other hand, since G is an open set, we

can pick 8o > 0 so that the open ball Bgx s, L eD:d(, &) < 8y} centered at
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&* with radius J is a subset of G, that is, Bg+ 5, C G. Let § = (8o A x}L A X ) /4.
If j =k =0, then £* =0, and hence, {X,, € G} contains {|| X, || < 8} which is a
subset of Bgx 5. One can apply Lemma A.4 to show that P(X,, € G) converges to
1, which, in turn, proves the inequality. Now, suppose that either j > 1 or k > 1.
Then d(Bg+ 5, D<) > 8. As d(Bg+ 5,D-j k) > 0 and Bg+ s is open, we see from
our sharp asymptotics (Theorem 3.1) that

Cjx(Bex 5) <liminf(nv[n, 00)) ™ (nv(—o00, —n]) * P(X, € Bex ).
n—>oo

From the definition of Cj , it follows that C;(Bgx 5) > 0. To see this, note first
that we can assume w.l.0.g. that xii’s are all distinct since G is open (because, if
some of the jump sizes are identical, we can pick € such that B¢+ . € G, and then
perturb those jump sizes by € to get a new £* which still belongs to G while whose

jump sizes are all distinct). Suppose that £* = lezl xl,t e 25{:1 xl:l[uf 17>
1 [ ! [

where {ili, ey iji} are permutations of {1, ..., j}. Let28' 2§ AAFAATAA, A

Ay, where Af =min—y 1) —uf ), AT =minioy (7 —x), A, =

min;—y _ g+1(u; —u;_;), and A =min;—;,__x(x;_; — x; ). Consider a subset

.....

v, €y =8 u; +8),y7 e(x; =8 x7 +8),i=1,... k.

1

Then
Cjx(Bexs5) > Cji(B')

= dLeb

(uf =8 +8") xx (uf =8 ,ut +8")

. / dvgy
(=8 x40 X x (xf =8/ x T +8)

. / dLeb
(U =8y +8") XX (uy =8 ,up +5')

. / dl)/g
(xp =8, x] +8) X x (x). =8, x; +8")

= (28')(26'(x)") (26)"(28' (7)) > 0.
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We conclude that

~ . logP(X, €G)
liminf ———=
n— 00 logn

logP(X,, € Bg~
> liminf 2EPXn € Ber.s)
n— 00 logn

> liminf log(Cj x(Bgx s)(nv(n, OO)l)j(nV(—oo, —nD (1 +0(1)))
n— o0 ogn

=—((a = Dj+(B—Dk),

which is the lower bound. Turning to the upper bound, suppose that K is a compact
set. We first consider the case where infzcg 1(§) < oo. Pick £, j and k as in the
lower bound, that is, I (§*) £ infeck 1 (), j = D4 (€*), and k = D_(£*). Here,
we can assume w.l.o.g. either j > 1 or k > 1 since the inequality is trivial in case
j=k=0.Foreach ¢ € K, either I (¢) > I(§*),0r I(¢) = I(£*). We construct an
open cover of K by considering these two cases separately:

o If 1(¢) > I(§7), ¢ is bounded away from D_ ;  UD; ; (Lemma 5.4(f)). For each
such ¢’s, pick a §; > 0 in such a way that d(¢, D UD; x) > ;. Set j; =8
and k; = k. Note that in this case Cijp ke (3575;) =0.

o If I(5)=1(5%),set j¢ 2D, (¢)and k¢ £ D_(¢). Since they are bounded away
from D, x, (Lemma 5.4(¢e)), we can choose §; > 0 such that (¢, D, x,) >
8; and Cj, k. (Bys,) < 0.

(5.15)

Consider an open cover { B¢, 5 1§ €K} of K and its finite subcover {BCi?‘SCi Yi=1....m-
For each ¢;, we apply the sharp asymptotics (Theorem 3.3) to Bfi;sci to get

logP(X, € B;,:s, )
(5.16)  limsup—2 %

<(¢—1)jg+ (B — Dkg =—1(5%).

n—oo logn
Therefore,
, logP(X, e F) . log > | P(X,, € Bei5,,)
lim sup —— < limsup -
n—00 logn n—00 logn
logP(X, € B.5,.)
(5.17) ~ max limsup "= 7%

i=1,....m n—o0 logn
<—I(&")=— inf I1(§),
<-1(E) =~ jinf (&)
completing the proof of the upper bound in case the right-hand side is finite.

Now, turning to the case infgcg I(§) = 0o, fix an arbitrary positive integer /.
Since D, ; is closed and disjoint with a compact set K, it is also bounded away
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from each ¢ € K. Now picking é; > 0 so that Bg 5, 1s disjoint with K for each

¢, one can construct an open cover {B;;,g ¢ € K}of K. Let {Bg;: ;3 Yiz1

finite subcover, then from the same calculation as (5.16) and (5.17),
logP(X, € K)

limsuyp ——— < —(a¢ + B — 2)m.
n—o0o logn

,,,,,

Taking m — oo, we arrive at the desired upper bound. [

APPENDIX: INEQUALITIES

LEMMA A.1 (Generalized Kolmogorov inequality; Lemma in p. 335 of Shneer
and Wachtel (2011)). Let S, = X1+ --- + X,, be a random walk with mean zero
increments, that is, EX; = 0. Then

nV(x)
P<Il£1§ar)1(5k zx) <C 2
where V (x) = E(XZ; |X1] <x),forall x > 0.
LEMMA A.2 (Etemadi’s inequality). Ler X1,..., X, be independent real-

valued random variables defined on some common probability space, and let
x > 0. Let Si denote the partial sum Sy = X1+ -+ + Xi. Then

P( max |Sg| > 3X> < 3lrgka§nIP>(|Sk| > x).

1<k<n

LEMMA A.3 (Prokhorov’s inequality; Prokhorov (1959)). Suppose that &;,
i=1,...,n are independent, zero-mean random variables such that there exists a
constant ¢ for which |§;| <cfori=1,...,n,and }7_, var§; < oo. Then

(Z & > x) < exp{—z— arcsinh Zle—cvarS,}

i=1

which, in turn, implies

P@f" ] ) ( :-Llciarsi)_zxc‘

We extend the Etemadi’s inequality to Lévy processes in the following lemma.

LEMMA A.4. Let Z be a Lévy process. Then
P( sup |Z(1)] > x) <3 sup. P(|Z(t)| > x/3).

te[0,n] tel0
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PROOF. Since Z (and hence, |Z] also) is in D, supy;<om |Z(£’—,’,§)| converges
to sup, ¢, |Z(7)| almost surely as m — oo. To see this, note that one can choose
t;’s such that |Z(#)| > sup,¢jo 1 1 Z(1)] — i~!. Since {;}’s are in a compact set
[0, n], there is a subsequence, say, #;, such that t; — #o for some 1y € [0, n]. The
supremum has to be achieved at either 7, or 7. Either way, with large enough m,

SUpg<g<om | Z (§—£)| becomes arbitrarily close to the supremum. Now, by bounded
convergence,

P{tes[l(l)Pn]{Z(tﬂ > x}

= lim P{ sup

m=oo lo<k=<om

3]~}

2(2(0)-#("57)

i=

= lim P{ sup

m— 00 0<k<2m

>x}
() -2(""))

. nk
= lim 3 sup P{ 2(2_’") >x/3}

m=—>00 "o <om

IA

lim 3 sup P{

m—>00" o _p <om

>x/3}

<3 sup P{|Z(1)| > x/3},
te[0,n]

where Z(r) 20 fort <0. O
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