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Abstract. We study lower and upper bounds for the probability that a diffusion process in R” remains in a tube around a deter-
ministic skeleton path up to a fixed time. The diffusion coefficients o1, ..., o4 may degenerate, but we assume that they satisfy
a strong Hormander condition involving the first order Lie brackets around the skeleton of interest. The tube is written in terms
of a norm which accounts for the non-isotropic structure of the problem: in a small time §, the diffusion process propagates with
speed +/8 in the direction of the diffusion vector fields o ;j and with speed § in the direction of [0}, o ;]. We first prove short-time
(non-asymptotic) lower and upper bounds for the density of the diffusion. Then, we prove the tube estimate using a concatenation
of these short-time density estimates.

Résumé. On étudie des bornes inférieures et supérieures pour la probabilité qu’un processus de diffusion dans R" reste dans un
petit tube autour d’un squelette déterministe jusqu’a un temps fixé. Les coefficients de diffusion o7, ..., o5 peuvent dégénérer,
mais on suppose qu’ils satisfont a une condition d’Hoérmander forte sur les coefficients et leurs crochets de Lie de premier ordre
autour du squelette d’intérét. Le tube est écrit en termes d’une norme qui prend en compte la structure non isotrope du probléme:
en temps & petit, le processus de diffusion se propage avec vitesse /8 dans la direction des vecteurs de diffusion o j etavec vitesse
4 dans la direction de [0}, 0]. On prouve d’abord des bornes inférieures et supérieures en temps court (non asymptotiques) pour
la densité de la diffusion. Ensuite, on prouve I’estimée de tube en utilisant une concaténation de ces estimées de densité en temps
court.

MSC: Primary 60HO7; 60H10; secondary 60H30
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1. Introduction

We consider a diffusion process in R” solution to

d
dX,:ZGj(t,Xt)oth] +b(t, X,)dt, X0 = x0, (1.1)

j=1
where W = (W', ..., W%) is a standard Brownian motion and od Wtj denotes the Stratonovich integral. We assume

suitable regularity properties for o, b : Rt x R” — R” and that the coefficients o}, b verify the strong Hormander
condition of order one (that is, involving the o;’s and their first order Lie brackets [o;, 0;]’s), locally around a skeleton
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path defined by

d
dxi(@) =Y _oj(t, xi($)¢] dt +b(t, x,(¢))dt,  xo(h) =0,

j=1

where ¢ is a deterministic control. In such framework, we find exponential lower and upper bounds for the probability
that the diffusion X remains in a small tube around the skeleton path x(¢). We stress that all the regularity and non
degeneracy assumptions that we need are local, that is, for (¢, x) belonging to a tube around the path x;(¢) (see next
(2.11) and (2.12)).

The present article was originally written as two separate preprints [4,5].

Several works have considered this subject, starting from Stroock and Varadhan in [30], where such result is used
to prove the support theorem for diffusion processes. In their work, the tube is written in terms of the Euclidean
norm, but later on different norms have been used to take into account the regularity of the trajectories [10,19] and
their geometric structure [27]. This kind of problems is also related to the Onsager-Machlup functional and large or
moderate deviation theory, see e.g. [14,20,21].

In this work, we construct the tube using a norm which reflects the non-isotropic structure of the problem: roughly
speaking, in a small time interval of length 8, the diffusion process moves with speed /8 in the direction of the
diffusion vector fields o; and with speed § = V8 x /8 in the direction of [0}, o 1. In order to capture the local
geometric structure around (¢, x), we construct a matrix Ag(¢, x) based on «/goi (t,x) and [\/Sai, \/gaj](t, x),i,j=
1, ..., d (see next definition (2.8)), and use it to define a norm | - | o5, x)-

We also consider, as in [23], the time-homogeneous case b(t, x) = b(x) and o (¢, x) = o (x). In this case, we define
a semi-distance d via: d(x, y) < V8 if and only if |x — y|asx) < 1. We prove the local equivalence of d, the semi-
distance associated with the the matrix norm | - | 4,, with the Carathéodory distance d,.. This gives a rewriting of the
tube estimates in terms of the control distance as well.

A key step in proving our tube estimates is the proof of lower and upper bounds for the density of the solution to
(1.1) at a small (but not asymptotic) time, say 8, under the strong Hormander condition of order one.

Let us give a hint on the main idea of our approach. Usually, when studying the short time behavior of the density
of a diffusion process, one employs a stochastic Taylor development of order one in order to isolate a principal term,
which is a Gaussian random variable of covariance matrix oo’ (x). In the elliptic case, this matrix is non degenerated
and then, in short time, the density of X, behaves as the density of ool (x)A, where A is a standard normal random
variable. On the contrary, if we just assume the Héormander’s condition, o1 (x), ..., 0, (x) do not span the whole space.
In this case we have to involve [o;, 6;](x), 1 <i < j < n as well. This is a non trivial problem and we deal with it using
a decomposition which leads to a Gaussian random variable with a stochastic covariance matrix. In order to prove that
this matrix is non degenerated, we use a result due to Donati-Martin and Yor on the variance of the Brownian path [17].
In this context, the Brownian trajectory + — W, appears as a control, and the fact that this trajectory has sufficiently
large variance gives the non degeneracy of our covariance matrix. The argument presented here seems to be new, when
compared to classical density estimates in hypoelliptic setting. In the context of a degenerate diffusion coefficient
which fulfills a strong Hormander condition, the main result in this direction is due to Kusuoka and Stroock. In the
celebrated paper [23], they prove a two-sided Gaussian bound for the density in the control (Carathéodory) distance,
assuming that the coefficients do not depend on the time variable and that the drift is generated by the vector fields
of the diffusive part, which is a quite restrictive hypothesis. Other notable estimates for the heat kernel under strong
Hormander conditions are provided in [11,12]. The subject has also been widely studied with analytical methods - see
for example [22,29]. We stress that these are asymptotic results, whereas we prove estimates for a finite, positive and
fixed time. Non-isotropic norms similar to the one used here have been used in [16,27] to provide density estimates for
SDEs under Hormander conditions of weak type. We also refer to [15], which considers the existence of the density
for SDEs with time dependent coefficients, under very weak regularity assumptions.

In the present paper, we obtain the tube estimate from a concatenation of short-time density estimates, the fact
that our density estimates are not asymptotic being crucial. Examples of application of tube estimates can be found
in [7], where the authors prove tube estimates for locally elliptic diffusions; these estimates are then applied to find
lower bounds for the probability to be in a ball at fixed time and bounds for the distribution function. In [6], tube
estimates are applied to local-stochastic volatility models, finding estimates for the tails of the log-price distribution
and estimates on the implied volatility.
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The paper is organized as follows. In Section 2 we set-up the framework and give the precise statement of our main
results (Theorem 2.4 and 2.9). The lower bound for the density is proved in Section 3, the upper bound in Section 4.
The proof of the tube estimate is developed in Section 5. In Appendix A we study the local equivalence between the
control metric and our matrix norm. Some technical issues are postponed to the other appendices of the paper.

2. Notation and main results
2.1. Notations

Let W be a standard Brownian motion in R¢ and let X denote the process in R”" already introduced in (1.1), that is

d
dX, = oj(t. X)) odW] +b(t,X)dt,  Xo=xo. 2.1)
j=1

Here, the vector fields o}, b : RT x R" — R” are four time differentiable in x € R” and one time differentiable in
t € R, and we suppose that the derivatives with respect to the space variable x € R" are one time differentiable with
respect to the time variable ¢.

Hereafter, for k > 1, o = (a1,...,a¢) € {1,...,n}* represents a multi-index with length |¢| = k and 9y =
Bxal e Bxak . We allow the case k = 0 by setting @ = @& (the void multi-index), |o| = 0 and 9 =1Id.

For f,g : Rt x R" — R" we define the directional derivative (w.rt. the space variable x) 9, f(f,x) =
> gi(t, x)0y,; f (¢, x), and we recall that the Lie bracket (again w.r.t. the space variable) is defined as [g, f1(z, x) =
0g f(t,x) —0drg(t, x).

Let M € M, be a matrix with full row rank. We write M7 for the transposed matrix, and M M T is invertible.
We denote by A, (M) (respectively A*(M)) the smallest (respectively the largest) singular value of M. We recall that
singular values are the square roots of the eigenvalues of MM, and that, when M is symmetric, singular values
coincide with the absolute values of the eigenvalues of M. In particular, when M is a covariance matrix, A, (M) and
A*(M) coincide with the smallest and the largest eigenvalues of M. We consider the following norm on R”:

Iyl =/ ((MMT) "y, ). 22)
We introduce the n x d? matrix A(t, x) defined as follows. We set m = d 2 and define the function
li,p)=(p—-Dd+ief{l,...,m}, p,ie{l,...,d}. (2.3)
Notice that [(i, p) is invertible. For [ =1, ..., m, we set the (column) vector field A;(¢, x) in R” as follows:

Ai(t, x) =loi,0p](t, x) if I =1(, p) withi # p,

=oi(t,x) ifl=I1@, p)withi=p 2.4)
and we set the n x m matrix A(z, x) to be the one having A;(t, x), ..., A, (¢, x) as its columns, that is
A(t,x) = [Al(t,x), e Am(t,x)]. 2.5)

We denote by A(t, x) the smallest singular value of A(¢, x), so

At )2 = (A, 1)) = inf (Ait, %), €. (2.6)

i=1
For fixed R > 0 we define the m x m diagonal scaling matrix Dg as
(Dr)iy=R ifl=1(i, p) withi # p,

=+/R ifl=I@, p) withi=p (2.7)
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and the scaled directional matrix
AR(t,x)=A(t,x)Dg. 2.8)
Notice that the Ith column of the matrix Ag(z, x) is given by ~/Ro;(, x) if I = 1(i, p) with i = p, and if i # p then
the Ith column of Ag(t, x) is R0, 0,](t, x) = [V'Roi, V/Ro, (2, x).
This matrix and the associated norm | - [ 4,(.,.) in (2.2) are the tools that allow us to account of the different speeds

of propagation of the diffusion: ~/R (diffusive scaling) in the direction of o and R in the direction of the first order
Lie brackets. In particular, straightforward computations easily give that

1

1
<L 29
TRy = Plaseo = i oy Y 29

2.2. Short-time density estimates
We suppose that the diffusion coefficients fulfill the following requests:

Assumption 2.1. There exists a constant k > 0 such that, Vt € [0, 1], Vx € R":

d d
Yoo+ b 0|+ > |9¥0i0;(t, x)| < k(1 + |x]).

j=1 j=10<[al<2
d

YN o0+ Y] ab.x)| <«
j=11<|a|<4 1<|a|=<3

Remark that Assumption 2.1 ensures the strong existence and uniqueness of the solution to (2.1). We do not assume
here ellipticity but a non degeneracy of Hormander type:

Assumption 2.2. Let xqo denote the starting point of the diffusion X solving (2.1). We suppose that the smallest
eigenvalues of A at the initial condition satisfies

A0, xp) > 0.

Notice that Assumption 2.2 is actually equivalent to requiring that the first order Hormander condition holds at the
starting point xo, i.e. the vector fields 0; (0, xo), [0}, 0,]1(0, x0), as i, j, p=1, ..., d, span the whole R". In particular,
it is known that under this assumption the law of X; is absolutely continuous w.r.t. the Lebesgue measure, see [21,26].

We also consider the following assumption, as a stronger version of Assumption 2.1 (morally we ask for bounded-
ness instead of sublinearity of the coefficients, in the spirit of Kusuoka-Stroock estimates in [23]).

Assumption 2.3. There exists a constant k > 0 such that for every t € [0, 1] and x € R" one has

d
> |:’8;‘b(t,x)| +) oo 0]+ |a;g‘ato,-(r,x)|] < k.
0<la|<4 j=1

The first result of this paper is the following:

Theorem 2.4. Let Assumption 2.1 and 2.2 hold. Let px, denote the density of X;, t > 0, with starting condition
Xo = xo. Then the following statements hold.
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(1) There exist positive constants r, 8x, C, depending on 1(0, xo) and k, such that for every 6§ < &, and for every y
such that |y — xo — b(0, x0)5|A6(0’X0) <r,

1

<px;(y).
C,/detAsAT (0, xo)

(2) For any p > 1, there exists a positive constant C, depending on \(0, xo) and «, such that for every § < 1 and
for every y e R,

1 C

px; () = x 5 .
JdetAsAT(0,x9) 11y = x0l4;0.00)

(3) If also Assumption 2.3 holds (boundedness of coefficients) there exists a constant C, depending on ’(0, xq)
and «, such that for every § < 1 and for every y € R",

C 1
Px;(y) < GXP(—Ely _x0|A5(0,x0)>~
Vet AsAT (0, xo)

Remark 2.5. It might appear contradictory that the lower estimate (1) in Theorem 2.4 is centered in xo + §b(0, xp),
whereas the upper estimates are centered in xg. In fact, this is important only for the lower bound, the upper bounds (2)
and (3) holding either if we write |y — xo — 8b(0, x0)| A5(0,x0) OF |V — X0l 45(0,xy) (see next Remark 4.5). When proving
the tube estimate we are mostly interested in the diagonal density estimates, meaning the local estimate around the
drifted initial condition xo + b(0, x¢)§.

For the application to the tube estimate it is also crucial that our results are not asymptotic, but hold uniformly for
8 small enough. Also notice that the upper bounds in (2) and (3) of Theorem 2.4 give the tail estimates, which are
exponential if we assume the boundedness of the coefficients, polynomial otherwise.

Remark 2.6. A global two-sided bound for the density of X, is proved in [23], under the strong Hérmander non-
degeneracy condition. It is also assumed that the coefficients do not depend on time, i.e. b(t,x) = b(x),o(t,x) =
o (x), and that b(x) = Z’;: 12ioi(x), witha; € Cgo (R™) (i.e. the drift is generated by the vector fields of the diffusive
part, which is a quite restrictive hypothesis). In the present paper, on the contrary, we allow for a general drift and time
dependence in the coefficients, but we consider only first order Lie brackets. Moreover, in Assumption 2.1, we also
relax the hypothesis of bounded coefficients. Anyway, the two estimates are strictly related, since our matrix norm is
locally equivalent to the Carathéodory control metric, as we discuss in Appendix A.

2.3. Tube estimates

For a control ¢ € L2([0, T], R") we consider the skeleton x (¢) associated to (2.1), that is,

d
dxi (@) =Y oj(t.xi($)¢] dt +b(t. x,($))dt,  xo(p) = xo. (2.10)

j=1

In the following, we use a function R : [0, T] — (0, 1] that plays the role of radius function for the tube around

x(9).

For (t,x) € RT x R" we denote by n(z, x) a constant such that

Vs €[(t—1)VvO0,1+1],Vy € B(x, 1) one has

4 d
> <|a§b(s, W]+ 1808, |+ Y 0% (s. )| + 0,080 (s, y>y> <n(t,x). (2.11)
|oe|=0 j=I1
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We consider now a “regularity property” already introduced in [8], which is needed to control the growth of certain
quantities along the skeleton path. For £ > 1 and 0 < h < 1 we denote by L(u, k) the following class of functions:

L(w,h)={f :R" — R such that f(r) < uf(s) for |t —s| <h}.

To prove the tube estimate, we make use of the following hypotheses: there exist some functions n : [0, T] —
[1,00) and A : [0, T] — (0O, 1] such that for some u > 1 and 0 < 2 < 1 we have

(Hl) n(tv-xl(d)))fnt’ VIE[Ov T]a
(H)  Mt.x(@) = A, V2€[0,T], 2.12)
(H;)  R,1¢I*,n,xr €L, h).

Recall that ¢ € L%([0, T1,R") is the control giving the skeleton path and R : [0, T] — (0, 1] stands for the radius
function. Notice that the functions n; and A; depend on the control ¢ through (2.12).

Remark 2.7. Hypothesis (H>) implies that for each ¢ € (0, T'), the space R” is spanned by the vectors (o; (¢, x;(¢)),
[oj,0p1(t, x:(#)))i,j, p=1,....d, j< p» Meaning that a strong Hormander condition holds locally along the curve x;(¢).

Remark 2.8. Hypotheses (2.11) and (2.12) are local assumptions around the skeleton path x;(¢), ¢t € [0, T'], in the
sense that inequality (2.11) concerns (s, y) with s € [(t — 1) vV 0,7+ 1] and y € B(x, 1) with x = x;(¢). In particular
we do not assume any Lipschitz or global growth conditions, so it is not guaranteed that a unique strong solution to
equation (2.1) exists. In the following, X is just a process that satisfies (2.1) on the time interval [0, T'].

For K,qg >0, u>1,he (0,1], n:[0,T] - [1,400), A:[0,T] — (0,1] and ¢ € L2([0, T1,R"), we set the
functions

q
Ht=K<@) ,
At

q/3 1 —1
RY(¢) = exp(—K(%) )(Z + |¢>|?>

The main result of this paper is the following:

(2.13)

Theorem 2.9. Let w > 1, h € (0,1], n: [0,T] — [1,+00), A :[0,T] — (0,1], R : [0,T] — (0,1] and ¢ €
L2([0, T1, R") be such that (H;)—(Hz) in (2.12) hold. Then there exist K, q such that, for H as in (2.13),

r /11 5
exp(—/o HI(E+E+I¢1| )dt) 5P<f‘j§’|xf_x’(¢)|AR1<r,xt(¢>>5 1).

Moreover, there exist K, q such that, for H and R*(¢) as in (2.13), if R; < R/ (¢) for every t € [0, T], one has

T ,—H,
e Mt 1 /1 2
P(f;§’|xf =2y, (oo = 1) = e"p<_/0 R E(E il )dt>'

Remark 2.10. The estimates in Theorem 2.9 allow for a regime shift, meaning that the dimension of the space
generated by the o;’s and the [0}, 0;]’s may change along the tube, and this is accounted by the variation of Ag along

X (9).

Remark 2.11. The fact that R € L(u, h) implies that inf;c[9, 7] R; > 0. So, the radius of the tube is small, but cannot
go to 0 at any time. Notice also that the upper bound in Theorem 2.9 only holds for small R; < R/ (¢). This depends
on the fact that, to obtain an upper bound, we need to be able to use our density estimate on the whole tube. For
the lower bound it is enough that the density estimate holds on a smaller tube, contained in the one that we mean to
estimate. For this reason, in this case the estimate holds for all t — R; < 1.
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Remark 2.12. Let us look at the lower bound. If R; is large enough (for every ¢ € [0, T]), meaning R; > (% +1¢: 1),

then R% < (% + |¢:|%) and the significant contribution in the exponential is given by / (regularity parameter) and the
energy fOT |¢:|*> dt. Something similar also holds for the lower bound: if R, is large enough, meaning H;e (% +
19:1%)~! < R, < R¥(¢), then e;:‘ < H%(% + |¢:1?) and the significant contribution is given by & and fOT |/ |2 dt. In
what follows we give also explicit examples where the significant contribution comes from the radius R.

Remark 2.13. Suppose X; = W, and x(¢) =0, so thatn; = 1, A, = 1, u = 1 and ¢, = 0. Take R, = R constant. Then
1X: — %/ ()| ap(t.x,(¢y) = R™V/>W; and we obtain exp(—CT/R) < P(sup,_7 |W;| < v/R) < exp(—C,T/R) which is
consistent with the standard estimate (see [21]).

Let us suppose now, as in [23], o(¢,x) = o(x). We recall that we have defined the semi-distance d through
d(x,y) <R if |x — y|a #() < 1. We prove in Appendix A the local equivalence of d and the Carathéodory dis-
tance d.. Such equivalence allows us to state Theorem 2.9 in the control metric:

Theorem 2.14. Suppose that the diffusion coefficients o, j =1, ...,d, in (2.1) depend on the space variable x only
and that the hypotheses of Theorem 2.9 hold. Then, denoting d. the Carathéodory distance, we have that there exist
K, q such that, for H as in (2.13),

r 11
exp(—/ Hz(ﬁ + 7 + |¢t|2> dt) < P<SuPdc(Xt,xt(¢)) <v Rt)-
0 t

t<T

Moreover, there exist K, q such that, for H and R*(¢) as in (2.13), if R; < R} (¢) for every t € [0, T1, one has

T g—Hi 1 /1 2
P<SuPdc(thxt(¢)) < \/RT) < eXp(—/O + _<E + o] )dt).

t<T R; H,
We present now two examples of application.

Example 1 (Grushin diffusion). Consider a positive, fixed R and the two dimensional diffusion process
t
X' =x + W, X%:xz—}—/ xlaw?,
0

Here

(R 0
ARAR(X)_(O R(x12~|—2R))’

2 2 2 2
so the associated norm is |$|iR<X) = %—F ﬁ. On {x; =0}, |§|iR(x) = % —{—2% and consequently {& : || 4, x) <
1

1} is an ellipsoid.

If we take a path x(#) with x(¢) which keeps far from zero then we have ellipticity along the path and we may
use estimates for elliptic SDEs (see [7]). If x1(¢) = 0 for some ¢ € [0, T] we need our estimate. Let us compare the
norm in the two cases: if x; > 0 the diffusion matrix is non-degenerate and we can consider the norm [£| g, (x) with
Br(x) = Ro(x). We have

1 1 1
2 2 2 2
e =R+ R =R T
1

1

2 _ g2
mfz =184y
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and the two norms are equivalent for R small. Let us now take x,(¢) = (0,0). We have ny =1 and Ay = 1. Let
IL;(W) = fo 1 sz With this notation, X; — x;(¢) = (W, I,(W)) and using a scaling argument, we obtain

I(W)?
eClT/RS]P’< sup {|W,1|2+—| (W) }5 1)
t<T/R 2

|1, (W)|?
P(?E?{_W' MY }—1)

= ]P’(Sup |X[ — Xt|124R(x[) < 1) < €_C2T/R.
t<T

Example 2 (Principal invariant diffusion on the Heisenberg group). Consider on R? the vector fields Oy, — 22 Oxs
and 0y, — )‘2 0y;. The associated Markov process is the triple given by a Brownian motion on R? and its Lévy area,

that is

1 [ 1 [
X'=x+ W,  XZ=x+ W2 X,3=x3+5/ Xslde—E/ X2dw!.
0 0

We refer e.g. to [1,18,24], where gradient bounds for the heat kernel are obtained, and [9]. Since the diffusion is in
dimension n = 3 and the driving Brownian in dimension d = 2, ellipticity cannot hold. Direct computations give

1 0 0
o(x)=1 0 |, ox)=|11], [01, 02](x) = 05,02 — 35,01 = | O
_x 23k 1
2 2
2
Therefore o (x), 02(x), [o1, 02](x) span R3 and hypoelhptlclty holds In x =0 we have |& | AR(0) = _& +§2 + 3 R2’
taking the control ¢ = 0 and denoting A,(W) = 5 fo X La W2 -5 X 2d W1 (the Lévy area), we obtaln
A (W)[? W2+ W22 |A(W))?
]P)< sup {’Wt1|2+‘Wt2|2+| t( )l }§1>=P(Sup{| t| +| t| +| t( 2)| }fl)
t<T/R 2 t<T R 2R

2
= ]P(Sup |XI|AR(xt(¢)) = ]).
t<T

Appling our estimate we have

A (W)?
e‘C‘T/RSIP’< sup {\Wt1|2+|Wz2|2+7| (Wl }§1>5e‘C2T/R.
t<T/R 2

3. Lower bound for the density

We study here the lower bound for the density of X;.

3.1. The key-decomposition

We start with the decomposition of the process that will allow us to prove the lower bound in short (but not asymptotic)
um\?’e first use a development in stochastic Taylor series of order two of the diffusion process X defined through (2.1).

This gives

Xy =x0+ Z; +b(0, x0)t + Ry, 3.1
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where
d d : ‘
Z, = ZaiW; + Z ai,j/ W; odWYJ
i=1 i,j=1 0
with a; = 0;(0, xp), aj j = 80’[- oj 0, x0) 3.2)
and

d t Ky .
R, = Z/O /0 (30,0 (u, X)) — 35,070, x0)) 0 dW}, 0 AW

Jii=l1

d ot ops 4t ops _
+Z/ / 8boi(u,Xu)duodW;+Z/ / 3,0 (u, X)) du o dW!
i=1 0 JO i=1 0 JO
d ot ops _ t ps
+Z/ / Bgib(u,Xu)odW,ids—i—/ f b (u, X)) duds.
‘= Jo Jo 0 Jo

Since R; = (’)(t3/ 2y, we expect the behavior of X; and Z; to be somehow close for small values of ¢. Our first goal is
to give a decomposition for Z; in (3.2). We start introducing some notation. We fix § > 0 and set

k
) =-=6, k=1,...,d.
sk () 7

We now consider the following random variables: for i,k =1,...,d,
sk(8)

AL W) =W, 5= Wy (s): A (8, W) = /Sk 1(6)(W; - W;k_l(a)) odW/. (3.3)

Notice that AZ"i (8, W) is the Stratonovich integral, but for i # j it coincides with the It6 integral. When no confusion

is possible we use the short notation s; = s (8), Al = A};(S, w), Ai’j = A;;’j (6, W). We also denote the random
vector A(8, W) in R™

A8, W) =ALP(S, W) ifl =1, p) withi # p,
= AD(8, W) ifl=I(i, p) withi = p. (3.4)

(recall [(i, p) in (2.3)). Moreover, with Y{ , ="9_, i .|, we define

d . d . . .
V(5,W)=Z[ZA;+ > Cli,in;j‘i‘ZZzai,jA}/All,+%Zai,i|A;|2:|§

p=1Li#p iF#JI#D, J#P I=p+1i#p j#l i#p
epB. W)= "ap Al +Y D aj N+ apiA), p=1.....d; (3.5)
I>p j#l p>l j#l J#p

d
1 2
1y, W) =app|Ap|"+ D ap AL+ Ape, (8. W), p=1.....d.
I>p

We have the following decomposition:
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Lemma 3.1. Let A(S5, W) and A(0, xo) be given in (3.4) and (2.5) respectively. One has
Zs=V (5, W)+ A, x0) A5, W) +n(s, W), (3.6)
where V (5§, W) is given in (3.5) and n(§, W) = ZZ:I np(8, W), np(8, W) being given in (3.5).
The proof of Lemma 3.1 is quite long, so it is postponed to Appendix B.

Remark 3.2. The reason of this decomposition is the following. We split the time interval (0, §) in d sub intervals of
length 8/d. We also split the Brownian motion in corresponding increments: (W, — WS',L] )si_i1<s<si» P =1,...,d.Let
us fix p. For s € (sp—1, sp) we have the processes (Wsi — W;.p—l )Sp—lfsfsp’ i=1,...,d.Ourideais to settle a calculus

which is based on W and to take conditional expectation with respect to Wi i # p.So (Wsi — Wsip_ ! )s p1<5<sps 1 #p
will appear as parameters (or controls) which we may choose in an appropriate way. The random variables on which

the calculus is based are A = W — W, _ and Aj;p = fs‘v:il (Wi—Wi ydW/,i# p.These are the r.v. that we have

Sp—1 Sp—1
emphasized in the decomposition of Zs. Notice that, conditionally to the controls (W; — Wﬁ'p, . )Sp—lfsf-y ool # p, this
is a centered Gaussian vector. Under appropriate hypotheses on the controls, its covariance matrix is non degenerate.
This a non trivial matter: notice that Wj - Wsip, , are Brownian trajectories, so our goal is to find a subset of the Wiener
space which has strictly positive probability and such that the corresponding paths give a non degenerate covariance
matrix (see Qp in next formula (3.8)). We treat in Appendix C the problem of the choice of the controls. The argument
is based on a result in [17] concerning the variance of the Brownian path.

Remark 3.3. As we mentioned in Remark 3.2, the central idea in this paper is to isolate a Gaussian random variable
which represents the principal term of the short time behavior. Then, we employ it in order to make our analysis. The
same strategy has already been used in [8] and in [27] in the framework of degenerate diffusion processes satisfying a
weak Hormander condition. The construction of the Gaussian principal term was completely different (and much less
involved) there.

We now emphasize the scaling in § in the random vector A (S, W). We define B; = 8~1/2W,s and denote

P
1 d . .
O = gAlI;p:ﬁ—l (B; _sz%l)stI’ ifl =1(, p) withi # p,
d

1
=—A§=B§—B”

\/g p—1

ra
I(i, p) being given in (2.3). For p =1, ..., d we denote with @, the pth block of ® with length d, that is

if 1 =1(i, p) withi = p,

Op) = (O(p—1)d+1: - Opa),

so that ® = (O, ..., O()). We will also denote

1
I(p)=Il(p.p)=(p—Dd+p and Oy, =——=Ah. (3.7

/5

Consider now the o field

G=0o(W - W&’pil(a),sp_l(é) <s<sp®).,p=1,....d,j#p).
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Then conditionally to G the random variables © »»P=1,...,d are independent centered Gaussian d dimensional
vectors and the covariance matrix Q, of ©,) is given by

P
. . d . .
0y’ =0p" = / (B =By, 1)ds. j#p.
d
p

.. d . ; . .

Q) = / (B = By ) (B = Bya)ds. j#pii#p, (3.8)
d
1

p.p_

0y =

It is easy to see that detQ, # O almost surely. It follows that conditionally to G the random variable ® =

@y, ..., O() is a centered m = d* dimensional Gaussian vector. The explicit density of ® represents the main
instrument in our analysis. Its covariance matrix Q is a block-diagonal matrix built with Q,, p=1,...,d:
01
Q= . . (3.9
Qu

In particular detQ = ]—[‘;zl det Q, # 0 almost surely, and A,(Q) = min,—i,__ 4 A+(Q,). We also have 1*(Q) =
maxp,—1,..4A*(Qp). We will need to work on subsets where we have a quantitative control of this quantities, so
we will come back soon on these covariance matrices. But let us show now how one can rewrite decomposition (3.6)
in terms of the random vector ®. As a consequence, the scaled matrix As = As(0, xo) in (2.8) will appear.

We denote by Afs eR™ i=1,...,n the rows of the matrix As. We also denote S = (A(]s, Ag’) C R™ and S+ its

orthogonal. Under Assumption 2.2 the columns of As span R" so the rows A(ls, ..., Aj are linearly independent and
S+ has dimension m — n. We take I‘g, i =n+1, ..., m tobe an orthonormal basis in ST and we denote Fg = Ag 0, x0)
fori =1,...,n. We also denote "5 the (m — n) x m matrix with rows li=n+1,...,m. Finally we denote by I's
the m x m dimensional matrix with rows Fg, i=1,...,m. Notice that
AsAT(0, xp) 0
T _ 8 P s X0
s _( 0 1d,_, )" (3.10)

where 1d,,,_, is the identity matrix in R™". It follows that for a point y = (y(1), ¥2)) € R™ with yq) e R", y(o) €
R™™"" we have

2 2 2
VIt = 1y la; 0.0 T Y17
where we recall that | y|%6 = ((T's 1"5T)_1 v, y). For a € R™ we define the immersion
Jo:R'">R", (L), =z.i=1,....n and (Ju(2),=(T§.a), i=n+1,...m.
In particular Jo(z) = (2,0, ...,0) and

[JozIrs = 1Z| A5(0,x0) -

Finally we denote

Vo=V, W),

d Ap.p o2 172 d (.11
N0(©) =) =5 900 T8O e @, W)+ apgd©iq)®ip) |

p=1 q>p
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where V (8, W) and ¢,,(§, W) are defined in (3.5) and ©;(y) is given in (3.7). We notice that 1,(0) = Zi:l np, W),
np(8, W) being defined in (3.5). We also remark that both V (8, W) and ¢,(8, W) are G-measurable, so (3.11) stresses
a dependence on w which is G-measurable and a dependence on the random vector ® whose conditional law w.r.t. G
is Gaussian.

Now the decomposition (3.6) may be written as

Zs=Vy+ As(0,x0)0 + 1, (0).
We embed this relation in R” and obtain
Jo(Zs) = Jo(Ve) + T50 + Jo(1.(0)).

We now multiply with I‘S_l: setting

Z=T;"96(Zs), Vo=T;'"00(Ve),  7u(® =T5"Jo(n.(©)) (3.12)
and

G=0+7,©),
we get

Z=V,+G. (3.13)

Our aim is to obtain lower bounds for the density of X;s. As we mentioned at the beginning of this section, X is
close to Zs, which itself is strongly related to 4 (we discuss this in details in Section 3 2). So, we focus now on 7. We
will work conditionally on G and we will use some localization procedures. Since Vw is G-measurable, it represents
just a translation which turns out to be small (see (3.26)). Let us now consider G = © + 7,,(®). Conditionally to G, ©
is a Gaussian random variable, so it is ® which gives us access to explicit estimates (this is the core of our analysis).
Now, G appears as a perturbation of ®, so we will use the local inverse function theorem in order to transfer estimates
from ® to G. The fact that 77,(®) is an explicit function of ® allows us to use some explicit localization procedures, in
order to ensure that Vg7, () is small. So, VoG = Id + Vg7, (®) is invertible and finally we can obtain quantitative
estimates (this is done in Appendix D).

3.2. Localized density for the principal term
We study here the density of Z in (3.13), “around” (that is, localized on) a suitable set of Brownian trajectories (see

A, ¢ in next (3.15)), where we have a quantitative control on the “non-degeneracy” (conditionally to G) of the main
Gaussian random variable ©.

We denote
P
_ i _pi 4 nj

qp(B)_Z‘B§ —BI,T,1|+- Z '/p_il(BX %)dB’ (3.14)

J#p JEPAEpiFE] T d

For fixed ¢, p > 0, we define
Npep= {detQp >¢ef,  sup Z}B’ §e_p,qp(B) < g}, p=1,....d,
Ll <<t jop

(3.15)

d
= Apcp-
p=1

Notice that A, ¢ , € G forevery p =1,...,d. We have the following.
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Lemma 3.4. Let A, ¢ be as in (3.15). There exist ¢ and &, such that for every € < &, one has
P(Ape) > ¢ x g3 @+, (3.16)

Proof. We apply here Proposition C.3. Let p € {1,...,d} be fixed and consider the Brownian motion E =
Vd(B i+ — By-1). Let Q(B) be the matrix in (C.1). Up to a permutation of the components of B, we easily
d d

get QPP (By=d x Q", QP (B) =d*? x Qb for j # p, 0" (B) =d? x Q% fori # p and j # p. Therefore,
det 0, = d**~!det Q(B) > det O(B).

Let now q(E) be the quantity defined in (C.3). With g, (B) as in (3.14), it easily follows that
qp(B) < q(B).

Moreover, sup,; | B;| = Vdsup

e |Bs — Bp-1| > supp-1
set defined in (C.4), we get

|Bs — Bp-1]. As a consequence, with Y, . the
d

U

P
a S=q

Y)e(B) CApep

and by using (C.5), we may find some constants ¢ and &, such that P(A, ¢ ) > ce%d(dH), for ¢ < &,. This holds for
every p. Since Ay o = ﬂ‘;zl A, ¢, p» by using the independence property we get (3.16). (]

Let Q be the matrix in (3.9). On the set A, . € G we have det Q = ]_[‘Z,:l detQ), > 9P Remark that

Q) 1 o
T §|Q|11=<n—1 > Q?,j) <1H(Q). (3.17)

1<i,j<m

For a > 0 we introduce the following function,

2
a
Va(0) = Liyja + e"p(l - m) faslri<2

which is a mollified version of 1{_, 4. We can now define our localization variables.

Ue = (Vay (1/det @) Vo, (101)) Vs (¢(B)).  withay =& % ay =7 a3 =de (3.18)
in which we have set

d
a(B)=Y_qp(B).
p=1
Remark that U, is measurable w.r.t. G. The following inclusions hold: for every & small enough,
dp —2p 7o ry

Ape C{detQ = e, |0l <72, q(B) <de} C {U. = 1) C {T #0).

We can consider U ¢ as a smooth version of the indicator function of A, .. We also define, for fixed r > 0,

U =[Tw:©0. (3.19)

i=1



Tube estimates for diffusions under a local strong Hormander condition 2333

In order to state a lower estimate for the (localized) density of Z in (3.13), we define the following set of constants:

q
Co=14C > 0:there are K, g > 0 such that C =exp| K X , (3.20)
A0, xo)

k being the constant Assumption 2.1. We set
1/Co={C >0:1/C € Cp}.

Lemma 3.5. Suppose Assumptmn 2.1 and 2.2 both hold. Let U, , = Ug U,, Ug and U, being defined in (3.18) and
(3.19) respectively, with p = g Set dPy, , = U, dP and let p7 ;. denote the density on in (3.13) when we endow
Q with the measure Py, . Then there exist C € Cy, e, € 1/Cy such thatfor lz] <r/2,

1
b7 > —. 3.21
PZ,UN (z2) > C ( )

Proof. Step 1. Lower bound for the localized conditional density given §.
Let p 7.0,10 denote the localized density w.r.t. the localization U, of Z conditioned to G, i.e.

E[f(2)0,16] =/f(z)p’z~,(]r|g(z)dz, (3.22)

for f positive, measurable, with support included in B(0, r/2). We start proving that there exist C € Co, &, € 1/Co
such that, on U, # 0, for |z| <r/2

1
~ - >
P7.0,16(0) Z &

We recall (3.13): 7= Vw + O + 7,(0), where w Vw and @ > 7,(+) are both G-measurable and the conditional
law of ® given G is Gaussian. This allows us to use the results in Appendix D. In particular, we are interested in
working on the set {(78 # 0} € G, so one has to keep in mind that w € {ﬁg # 0}.

On 178 #0, by (3.18) and (3.17) one has A*(Q) < 2/me 2", and

dp

S = detQ £ A(QAN(Q)"! = Au(@)@Yimy" e D,

and this gives 1,(Q) > So, fixing p = 1/(8m), for ¢ < ¢&*

(Zf mym’

I s (Q) > Cpe 3m,0+2p > g. (3.23)
16m? A*(Q)

To apply (D.8) to G = © + 7,(®) we need to check the hypothesis of Lemma D.3. We are going to use the notation
of Appendix D, in particular for ¢, (7, r) in (D.5) and ¢; (%), i = 2,3, in (D.1). Recall that 7, is defined in (3.12)
through n,, given in (3.11). Since the third order derivatives of n,, are null, we have c3(7j,,) = 0. Also, for i =I(p)
and j =I(gq) we have 9; jn,(®) = da;;, otherwise we get 9; j1,(®) =0. So [9; j7,(O)] <& Zi’j la;, j|. Using (2.9)
we obtain

- > lail
‘ai,jnw(®)| = ‘Jo(ai,jnw(G))‘ra = |8i‘j7)w(®)|A(S =< —)\l(é’ X0) <C e(.
So, with 4, asin (D.2), we get
h ! > ! 3C, €C (3.24)
o — ~ - 5 1 0 .
" 16m2(e2(w) + Ve3Glw)) — Ci
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We compute now the first order derivatives. For j ¢ {I{(p) : p=1,...,d} we have 9;1, =0 and for j =I(p) we have

d
0jNw(©) =8 apng. pvgOug) + V88, W).
q=p

So, as above, we obtain 10;7,(©)] < C(I8] + |¢; (4, W)|/~/8). Remark now that on {U, # 0} we have |®| < Cr, and
on {U; # 0} we have g(B) < 2de, so
d
> ej 6. w)| < CV8q(B) < CVse.
j=1
Therefore

cx(1w, 16r) < Ca(r +¢), 3C3 €Cy. (3.25)

We also consider the following estimate of |\7w| = |V, la;. First, we rewrite V,, as follows:

Vo= apup@ W)+ ¥p6. W), with

p p
.. d . 1 2
p LJ J AL i
up@ W)=Y A7 and Y, W)= > aA + Y ZZai,jA,A’,,+§Za,~,i|A;,| :
i#p iFEJA#p, J#D I=p+1i#p j#l i#p

Using again (2.9) we have

d d d
1 1
D apup W) =—=|Asdo| D up@. W) )| =D —|up(6, W))| < Cq(B)
- 8 = — Vs
p=1 As p=1 As  p=1
and
[¥ (3, W)|
s, W < ————= =< Cq(B).
V& W)y, =3 o = C1B)
Sincea)e{ﬁgqéO} we get
Vol < Cq(B) < Cze, 3C3€Cy. (3.26)

We consider (3.26), and fix g =2C3 € Cp, so |Vw| <r/2. Then we consider (3.25) and we obtain

6ulandr) £ C2C + De e, fores oo e
Moreover, looking at (3.24)
r=2C3fs§L for e < ei.
C 2C1C3  Cy
So, with
1 1 1

ok

= A AN c —,
&M acea2 " 20165 S Gy
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and r = 2C3¢ we have

(s dr) <e'?, r<—.

V,| <
Vol = =G

N

Now, by using also (3.23) and (3.24), it follows that (D.6) holds, and we can apply Lemma D.3. We obtain

1 K1) < g6
exp| — -
Kdet012 “P\ T o ) =Pa.ung’
for |z| <r, where K does not depend on o, b. Remark that, using 1.(Q) > %, p = ﬁ, r/e =2Cy and ¢ <
1/(4C>2Cy)?,
2 _ @ym)"r? r’ r?
< <2 m_ <2 m__
g = e = e s = v e

< 2ym)"(2C1)%e <K,

where K does not depend on o, b. Therefore pG,UrIQ(Z) > L for |z] <r, for some C € Cy, on ﬁs # 0. Now, by

ol 67
recalling that |V,,| <r/2 and (3.13), we have

1 ~
pZ,UVIQ(Z) > ok for |z| <r/2 on the set {U, # 0}. (3.27)

Step 2. We get rid of the conditioning on G, to have non-conditional bound for p7 ;, .

Since U, is G measurable, for every non-negative and measurable function f with support included in B(0, r/2)
we have

E(f(2)Ue,) =E(U:E(f(Z)U/1G)).

By (3.22) and (3.27), we obtain

~ 1 ~
E(f(Z)Ug,r) > EIE(Ug) / f@)dz.
Since A, C {ﬁg =1}, E(ﬁg) >P(A,.¢), so by using (3.16) and ¢ € 1/Cp we finally get that E(ﬁg) > é, so (3.21)
is proved. 0

3.3. Lower bound for the transition density

We study here a lower bound for the density of X5, X being the solution to (2.1). Recall decomposition (3.1):
Xs —x0—b(0,x0)6 = Zs + Rs.

Our aim is to “transfer” the lower bound for Z = Fa_l Jo(Zs) already studied in Lemma 3.5 to a lower bound for X. In
order to set up this program, we use results on the distance between probability densities which have been developed
in [2]. In particular, we are going to use now Malliavin calculus. Appendix E is devoted to a summary of all the results
and notation the present section is based on. In particular, we denote with D the Malliavin derivative with respect to
W, the Brownian motion driving the original equation (2.1).

But first of all, we need some properties of the matrix I's, which can be resumed as follows. We set SO(d) the set
of the d x d orthogonal matrices and we denote with Id,; the d x d identity matrix.

Lemma 3.6. Set As = As(0, x0) and & = ¥ = Diag(r1(As), ..., A (As)), Ai(As), i =1,...,n, being the singular
values of As (which are strictly positive because As has full rank). Let T's be as in (3.10). There exist U € SO(n),
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U € SO(m — n) and V € SO(m) such that

(U 0\(T O T
=l ) )

where O denotes a null n x (m — n) matrix.

Proof. We recall that

Is = (Eg) ,
where ['5 is a (m — n) x n matrix whose rows are vectors of R” which are orthonormal and orthogonal with the rows
of As. We take a singular value decomposition for As and for I's. So, there exist I/ € SO(n) and V € SO(m) such that
As =UE 0V,
0 denoting the n x (m — n) null matrix. Similarly, there exist f € SO(m — n) and V € SO(m) such that
Ly =U(0" 1dy_p)V",

the diagonal matrix being Id,,—, because the rows of I'5 are orthonormal. Therefore, we get

(U 0/ o0 T
(o 2 (& )

where V is a m x m matrix whose first n columns are given by the first n columns of V and the remaining m — n
columns are given by the last m — n columns of ). Moreover, since each row of Aj is orthogonal to any row of
I's, it immediately follows that all columns of V) are orthogonal. This proves that V € SO(m), and the statement
follows. |

Then we have

Lemma 3.7. Suppose Assumption 2.1 and 2.2 both hold. Let U, , denote the localization in Lemma 3.5 and let U and
2 be the matrices in Lemma 3.6. Set

a=UE and Xs=a ' (Xs—x0—b(0,x0)8).

Then there exist C € Cy, 84,1 € 1/Co such that for § <, |z| <r/2,

1
Pxsu., @)= ek
PRs.U., denoting the density of X5 with respect to the measure Py, .

Proot,'.\ We set Zs =a~1Zs and we use Proposition E.1, with the localization U = U, ,, applied to F = 5(\,3 and
G = Z;. Recall that the requests in (1) of Proposition E.1 involve several quantities: the lowest singular value (that
in this case coincides with the lowest eigenvalue) A*(y;(a) and )\*()/25) of the Malliavin covariance matrix of X5 and

Zs respectively, as well as my, , (p) in (E.1), the Sobolev-Malliavin norms || Xsl|2,p.v.,» 1 Zsl2,p.v..» and ||X5 —
Zsll2,p,v., = ||oz_1 Rsll2,p,u.,, - First of all, by using Assumption 2.1, one easily gets that there exists C € Cp such that

la='Rs|, <cC87'6*2=CVs and |Xsllo,p+ 1 Zsll2,p < C.

”2,17

We now check that my, . (p) < oo for every p. Standard computations and (C.2) give, for every p,

11/ det Qllz,p + 11 Qlill2.p + [¢(B)],, +1©ll2,p < C,
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so we can apply (E.3) and conclude
my,,(p) < C €.

We now study the lower eigenvalue of the Malliavin covariance matrix of Zs. From the definition of Zs, we have

- w17 2
Z=y (Ezs@) =V (ZATL;@) ’ (3.28)

(see the proof of Lemma 3.6 for the definition of I'5). As an immediate consequence, one has 1.(yz,) > A«(y7), and
it suffices to study the lower eigenvalue of the Malliavin covariance matrix of Z. By using (3.13), we have

d . rsi@® d - rsi@®
(v7€.8) Z/ng / (Dsz,s)2=2/ (Di(e+7(©)).£)

i—1 Ysi-1(8) i—1 Ysi-1(8)

d - rsi@® )
Z/ <D’® gf (D;n(@)),é)z)ds

1(8)

v

=S5+ 5.
‘We write
5i® Ay
/ 2 (Die. §> (2Q)’
5i—1(8)
5i(8) , ) d . rs58) 2 2 o
/ o (Vn(@)D;0,§) ds:Z/ (6)<D§-®,VU(®) £) ds <2*(Q)|Vn(®)| £,
Si—1 i=1 Si—1
so that
1 A*
hi(yz,) = Aa(vz) z/\*(Q)<§ Y Eg;lvn(@))Iz)-

On {[75 = 0}, we have already proved in Lemma 3.5 that c.(n, ®) < 4”*(%),4’“(@ Since |Vn(®)| < mcy(n, ©), we
obtain

A(Q)
Q)

|Vn(©®)| < 3

and therefore A (yz,) > 44:(yz) = A+(Q) = €3 Writing now Ey,, for the integral wrt dPPy, , = Ug , dIP, we have

that Ey, , ()L*(/Z\(s)’p) < oo for every p.
Let us study the lowest eigenvalue of yg, . We use here some results from next Section 4, namely Lemma 4.2. There,

we actually prove the desired bound for the Malliavin covariance matrix of o ~1(Xs — xo). Here we are considering
X, s =a (X5 —xo—b(0, x0)8), but their Malliavin covariance matrix is the clearly the same. Then, Lemma 4.2 gives
that ]E(A*(yxé)’ ) < oo for every p.

So, we have proved that all the requests in Proposition E.1 hold. Then, we can apply (E.4) and we get

P20, @ =Pz, 0., () —C'V8

with C” € Cy. Now, from (3.28) and (3.21), with a simple change of variables, we get

1 r
Pz ., @)= ok for |z| < >
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We can assert the existence of 8, € 1/Cy and C € Cyp such that for all § < §,

1
Pxsu., @)= 3

and the statement follows. U
We are now ready for the proof of the lower bound:

Theorem 3.8. Let Assumption 2.1 and 2.2 hold. Let pyx, denote the density of X;, t > 0. Then there exist positive
constants r, 8x, C such that for every § < 8, and for every y such that |y — xo — b(0, x0)8| A5(0,x0) < 7>

1
rx;(y) > ,
C,/detAsAT (0, xo)

Here, C € Co and r, 8+ € 1/Cy.

Proof. We take the same Jy, r as_ in Lemma 3.7 and let X s denotes the r.v. handled in Lemma 3.7. By construction,
we have X5 = xo + b(0, xo) + @ X, so by applying Lemma 3.7 we get

E(f(Xs)) = Ey., (f(Xs)) =Eu,, (f (xo + b0, x0)8 + aXs))

= / f(XO +b(07-x0)8 +az)p5€6»U&r (Z) dZ

1
z= / f(x0 4 b(0,x0)8 + az) dz
C Jizi=r/2)

1

e J(x0+b(0, x0)8 +y) dy.
Cldeta| Jiyj,<r/2 ( )

From (2.8) we obtain
Vet AsAT (0, xo) = |det(er)| (3.29)
and the statement follows. ]

Remark 3.9. We observe that if the diffusion coefficients are bounded, that is Assumption 2.3 holds, then the class
Cp in (3.20) of the constants can be replaced by

q
Lo=1C>0: thereare K,q > 0suchthat C =K X
A0, x0)

and, as before, 1/Ly ={C > 0:1/C € Ly}. This follows from the fact that in the estimates for ||555 — /Z\5||2, p and
||5(\5 ll2,p one does not need anymore to use the Gronwall’s Lemma but it suffices to use the boundedness of the
coefficients and the Burkholder inequality. A time dependent version of this class is defined in (5.3), to be used in the
concatenation along the tube.

4. Upper bound for the density

We study here the upper bound for the density of X;s. As for the lower bound, we scale Xs. We recall the results and
the notation in Lemma 3.6 and we define the change of variable

T,:R">R", T,(y)=a'y, wherea=UZ 4.1)
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and its adjoint 7} (v) = @~ 1"Tv. Note that & is a n x n matrix. We write As ;, for j =1, ..., m, for the columns of As
(which can be J8a; or d8[oi, 0p]). The following properties hold:

Lemma 4.1. Let T, be defined in (4.1). Then one has:

Iylas = Teyl = ylas VyeR", and deta=,/detAsAT 4.2)

1
YoeR" with|v|=1,3j=1,...,m: Tojw-A,g,j}zZ 4.3)

Vi=1,....d, ~8|Tyoj|<1 (4.4)

Proof. (4.2) follows easily from o« = U/ % and the definition (2.2) of | - |ys. Now, (T;v)T As = vTa™'As = [T 0]VT.
So |(Toj‘v)TA,;| = [[vT0]VT| = 1. Recall that As,; are the columns of Ag, therefore 3j =1,...,m: |(T;U)TA5J'| >
%, which is equivalent to (4.3). Moreover, Ty As = [1d,01VT. This easily implies that Vi =1, ..., m, [Ty As ;| < 1.
For A5 ; =0;(0, x0)+/8 we have (4.4). ]

We define now
F=o"'(X;5 — x0) = To (X5 — x0). 4.5)

As for the lower bound, we first estimate the density of F, using the results in Appendix E (specifically, (E.5) in
Proposition E.1), and then recover the estimates for the density of X5 via a change of variable. Estimate (E.5) involves
the inverse moments of the smallest singular value of the Malliavin covariance matrix of F. The boundedness of the
inverse moments of the Malliavin covariance matrix of the hypoelliptic diffusion X is a classic result in Malliavin
calculus (see for example [26] [Section 2.3.3]). In this paper, to obtain the desired bound for the density wrt the
matrix norm defined via (2.2) and (2.8), we need an analogous bound which keeps track of the different time scales
of propagation in the direction of the diffusion vector fields and of their first order Lie brackets. For this reason, we
have defined in (4.5) the rescaled diffusion F', whose Malliavin covariance matrix is non-degenerate uniformly in time.
More precisely, in the following lemma, which is a refinement of the classic non-degeneracy result mentioned above,
we upper bound the L? norm of the inverse of the Malliavin covariance matrix of F by a constant in Cp, Cy being
defined in (3.20). A key fact here is that such constant does not depend on §.

Lemma 4.2. Let o, Ty and F = Ty (Xs — x0) be defined as in (4.1) and (4.5). yr denotes the Malliavin covariance
matrix of F. Then for any p > 1 there exists C € Cy such that, for § < 1, E|A.(yr)|”? < C.

Proof. The proof is a modification of [26] [Theorem 2.3.3], where at each stage it has to be checked that considering
the rescaled diffusion F in (4.5) instead of X allows for bounds not depending on §. All the details of the proof can
be found in the preprint [4], which was replaced by the present article. (]

The above lemma allow us to prove the following upper bound for the density.

Theorem 4.3. Let Assumption 2.1 and 2.2 hold. Let px, denote the density of X;, t > 0. Then, for any p > 1, there
exists a positive constant C € Cy such that for every § < 1 and for every y € R"

C

1
px;(y) = 5 :
Jdet AsAT (0, x0) 1 1Y = %014, 0.5)

Proof. Set F =T,(Xs—xp). We apply estimate (E.5): there exist constants p and a depending only on the dimension
n, such that

pr(2) < Cmax{L,E[x(yp)| "IIF 2, JP(IF — 2| <2)°.
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We first show that || F|l2,, < C € Cp, as a consequence of Assumption 2.1. We prove just that || F||, < C for every p,
for the Malliavin derivatives the proof is heavier but analogous. We write

d .5 ] s d .
F=T, (Z/ oj(t, X;) o dW/ +/ b(t,X,)dz) =T, (Zaj(o,xo)wg —}-B(;),

; 0 0

j=1

j=1
where
d S . 8
Bs =Zf (0, X1) = (0, x0)) 0 d W/ +f b(t, X,)dt.
N 0 0
j=1
Therefore
d .
|F| <) | Tuo(0, x0) Wy | + | Ty Bs|. (4.6)
j=1

(4.4) implies |Taaj(0,x0)WSJ| < CWSJ/\/E, for j =1,...,d. Moreover |TyBs| < |Bs|a; < C|Bs|/é. If assumption
2.1 holds we conclude that E|F|? < C € (.

As in [3], Remark 2.4, it is easy to reduce the estimate of P(|F — z| < 2) to the tail estimate of F, and then to use
Markov inequality to relate the estimate of the tails to the moments of F:

1VE|F|P

P(F =2l <2) <P(FI> |2l/2) < O~

eR". 4.7)
Since, from Assumption 2.1, all the moments of F are bounded by constants in Cp, we have that for any exponent
p > 1 this term decays faster than |z| =7 for |z| — co.

In Lemma 4.2 we have already proved that E|A,(yr)|™7 < C € Cyp, for § < 1. We conclude that pp(z) < ﬁ.
The upper bound for the density of X5 comes from the simple change of variable y = x¢ + «z. For a positive and
bounded measurable function f : R" — R, we write

Ef(Xs) =Ef(xo+aF)= / fxo+az)pr(z)dz

and we apply our density estimate, so that

Cf(xo+otz)dz< ¢ / JAS)
Trlelr = qdetal ) T+ w0 — 317 o0

Ef(Xs) < / dy.

in which we have used (4.2). We use again (3.29) and the statement follows. O

Remark 4.4. If Assumption 2.3 holds then the upper estimate in Theorem 4.3 is of exponential type: there exists a
constant C € Cp such that for every § <1 and for every y € R"

C 1
Px; (y) < GXP(—EI}’ - xO|A5(0,x0)>-
\/det AsAT (0, x0)

The proof is identical to the previous one except for the last part. In fact, looking at (4.6), in this case the bounded-
ness of the coefficients allows one to apply the exponential martingale inequality, so instead of (4.7) we obtain the
exponential bound P(|F| > |y|/2) < Cexp(—|y|/C). This gives the proof of (3) in Theorem 2.4.
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Remark 4.5. In Theorem 3.8 the lower bound is centered at xp + 8b(xp) but for the upper estimate in Theorem 4.3,
one can choose to center at xg or at xg + 8b(xg). In fact, in this case we notice that

C/
[86G0)] 450,50y = 5 180G = €7,

SO
Cy - Cy
L+ |x0 — ¥las0,x0) ~ 1+ |x0+8b(x0) — ¥|A5(0,x0)
< < :
I+ |x0 — ¥l as(0,x0)

and the estimate of Theorem 4.3 can be equivalently written as

1 C

px;(y) = 7 :
Jdet AsAT (0, xg) 11y = %0 = 8b(Gx0) [y 0,xy)

5. Tube estimates

The proof of Theorem 2.9 is inspired by the approach in [7]. A similar procedure is also used in [27] in a weak
Hormander framework. Such a proof strongly uses the estimates for the density developed in Sections 3 and 4 and it
is crucial that these estimates hold in a time interval of a fixed small length. The proof consists in a “‘concatenation” of
such estimates in order to recover the whole time interval [0, T']. Since the “concatenation” works around the skeleton
path x(¢), it suffices that the properties of all objects hold only locally around x(¢), as required in (2.12). In order to
set-up this program, we need the precise behavior of the norm | - |4,. So, we first present the desired properties for
| - lap (Section 5.1) and then we proceed with the proof of Theorem 2.9 (Section 5.2).

5.1. Matrix norms

Recall the definitions (2.5) and (2.8) for A(#,x) and Ag(¢, x) respectively. We work with the norm |y|i‘R(m) =
((ARAR(, X))y, y), y €R™.

Lemma 5.1. Let x € R", t > 0, R > 0 and recall that A*(A(t, x)) and L«(A(t, x)) denote the largest and lowest
singular value of A(t, x).

(i) Foreveryy e R"and0 <R <R’ <1
R R
ﬁ|y|AR(f,x) > VlApaa) = FlylAR(t,x) (5.1
(ii) Foreveryz € R"™ and R >0
|AR(LX)Z|AR(M) <lzl. (5.2)

(iii) For every ¢ € L*([0, T]; R™),

,
/ psds
0

Proof. For fixed x € R"” and ¢ > 0, during the proof we omit in A(¢, x) and A (¢, x) the dependence on (7, x), so we
simply write A and AR

2

,
/0|¢S|?4R<,’x)ds, rel0,T].

<r
AR(t,x)
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(1) For 0 < R < R’ < 1, it is easy to check that
R/ R/ 2
EARA,TQ <ApAl < <§> AgAL

which is equivalent to (5.1).
(ii) For z € R™, we write z = ALy + w with y € R” and w € (ImA%)+ =Ker Ag. Then Agz = AgAky so that

| ARz, = }ARA£Y|1R =((ARA£)71ARA1Tey, ARARY)
= (y. ArARy) = (ARy. ARy) = [Afy[* < |27

and (5.2) holds.
(iii) For ¢ € L>([0, T]; R™) and r € [0, T,

,
/ @sds
0

2

N T o N g
Ar 0 0 0 Jo

s B
ZE/O /0((ARA1T3) 1(‘ps_¢u)s¢s—¢u)dsdu

[ (ara) o) = {(4raR) o) ds d

1 0" 5 )
:E/(; /0 (l‘ps_(pu|AR_2|§03|AR)deu

r r r
< ol dsdu:r/ lgul% du.
/(.) /0 “ Ak o AR a

Next Lemma 5.2 is strictly connected to Remark 2.10, where we stressed that our result allows for a regime switch
along the tube. In fact, here we fix R > 0, two points (¢, x) and (s, y) and we get an equivalence between the norms
| - lag@.x) and | - |Ag(s,y) Without supposing that in these two points the Hormander condition holds “under the same
regime”. To compensate this lack of uniformity, we suppose that the distance between (¢, x) and (s, y) is bounded by
\/ﬁ, and we will need to take this fact into account. In the concatenation procedure of next Section 5.2, the size of the
intervals, to which we apply our density estimates, will have to depend on the radius of the tube.

We set

0 ={(t.x) €[0, T] x R: A(t,x) > 0}

which is open, and under (2.11), we set (recall that X is defined in (2.6) and 7 in (2.11))

t, a
L= {C: O — R, : there are K, g >OsuchthatC(t,x):K<Z§t xi) } (5.3)
, X

We also define
1/L£L={c: 0 — Ry suchthat 1/c € L}.

Notice that this is the time dependent version of the class of constants in Remark 3.9.

Lemma 5.2. Assume (2.11) and let L as in (5.3). There exists C* € L such that for every (t,x),(s,y) € O and
R € (0, 1] satisfying

lx — y|+ 1t —s| <vVR/C*(t,x), (5.4)
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then for every z € R" one has
2 2 2
Z|Z|AR(I’X) = |Z|AR(s,y) §4|Z|AR(t,x)' 5.5)
Proof. (5.5) is equivalent to
1
HARAR) (1, x) = (ARAR) (s, ) = 7 (ARAR) (1, %),

so we prove the above inequalities. Let Ag x, k =1, ..., m, denote the columns of Ar. We use (a + b)2 > 5a° —

(ARA,TQ(S, nz.z)= ) (Ark(s.y), Z)z

M=

>-
I

(AR (t, ), 2) + (AR k(s ¥) — AR i(t, %), 2))°

Il
M=

>-
I

1

>

| —
Ms

(Ar(t,x),2) = D (Ara(s,y) — Ags(t,x),2).
k k=1

We use (2.11): for every (s, y) such that [t —s| <1 and |x — y| < 1, we have
1 m
(ARAR(s 1)2,2) = 5 Z Ag(t,x).2) = Cin(t, ) R(1x — y[2 + |t — s?) |z %,
in which C; > 0 and « > 1 denote universal constants. Notice that
m
S ARkt x). 2 = (ArAR (1 1)z, 2) = A2 (AR, 0)) |2 = R22 (A, 0) Iz,
k=1

We choose the constants (K, ¢) characterizing C*(¢, x) such that K > 2./C; Vv 1 and g > «. So, under (5.4) we obtain

m

1
Cin(t, x)*R(1x — yI* + It — s?) 2> < ZZ(AR,k(z,xxz)z
k=1

and
1 & 1
((ArAR) (s, )z, 2) ZZAR (1, %), 2) =Z((ARA£)(t,x)z,z).

The converse inequality follows from analogous computations and inequality (a 4 b)? < 2a® + 2b°. (]

We prove that moving along the skeleton associated to a control ¢ € L2([0, T, R?) for a small time 8, the trajectory
remains close to the initial point in the As-norm. To this purpose, we assume the conditions (Hy) and (H>) in (2.12).
Notice that these give (¢, x;(¢)) € O for every t. Moreover, in such a case the set £ can be replaced by the following
class of functions:

q
A= {C [0, T1— R, : there are K, g > 0 such that C; = (%) }, (5.6)

t

n; and A; being defined in (2.12). We also set

1/A={c:[0,T]— (0,1]: 1/c; € A}.
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Lemma 5.3. Let x(¢) be the skeleton path (2.10) associated to ¢ € L*([0, T1, R?). Assume (Hy) and (H») in (2.12).
Then there exists 8%, e* € 1/A such that for every t € [0, T1, 8; <8}, &/(8;) <¢&], s €[0,8;] witht +s <T and for
every z € R" one has

1 s 2 2
212085, o) = 12y, s.xis ) = 4245, (. @)- 5.7
Moreover, there exists C € A such that

5D [ (@) = (@) + b1 50 B)9) | g oy = Colen 6V V). (5.8)

<s=<é;
where

t+8 ) 1/2
/(8) = (/ 64| ds) |
t

Proof.

Set s; =inf{s > 0: |x;45(¢) — x;(¢p)| > 1}. From (2.11) and (Hy) in (2.12), we have
1= ‘xt-i-st (@) — xt(¢)i = nt(St + «/ggt(st))-

We take C € A such that n, (/5 + & (s;)) < C,'%, so that s, > 1/C,. Take now 8* € 1/A such that §* < 1/C. Then if
5 <8; <é&F, onehas s <s; and again from (2.11) and (Hj) in (2.12) we have

|Xe5 (@) — xe(D)] + 15| < v/8: (n: (V8 + £:(80)) + V/5F).

By continuity, for every £* € 1/.4 and for every ¢ there exists 8, such that &, (8;) < g;. So, there actually exists §; < §
for which &;(8;) < &/. For such a §;, we have

|45 (@) — 2 (9)| + 15| = V8 (s (V/8F + &) +/57).

We now choose §*, ¢* € 1/.A in order that the last factor in the above right hand side is smaller than 1/C*(z, x,(¢)),
where C*(¢, x) is the function in £ for which Lemma 5.2 holds. Then (5.4) is satisfied with R = &;, x = x;(¢),
y = xr+5(¢) and s replaced by ¢ + s. Hence (5.7) follows by applying (5.5).

We prove now (5.8). For the sake of simplicity, we let x; denote the skeleton path x;(¢). We write

JZ,S = Xp4s — Xp — b(l,x;)s

1+ t+s
= / ()'cu — b(u,xu)) du +/ (b(u,xu) — b(t,x,)) du
t t

t+s t+s
=/ o(u,xu)¢>udu+/ (b(u, xy) = b(t, x,)) ds,
t t
so that

) t+s 5 t+s ’
[ t,s s, .0 SZS/I |o(u,xu)¢u|A6’(t’xt)dl+2S/t b x) = b x|y, (A

In the above right hand side, we apply (5.7) to the norm in the first term and we use (2.9) in the second one. We obtain:

t+s +s 1
2 2
by <2 [ ool gy dut2s [ s lbn) - b du
tt
t+s 2 t+6; 1 ) 2
58sft |U(u,xu)¢u|Aat(u’xu)du+28,/t 22 x n;(|lu—t]+ |xy — x¢1)" du.
tot
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We have already proved that, for u € [£, 1 + 5], [u — t| + |x, — x;| < /8;/C}, with C* € A, so

t+s
2 -
|JZ,S|1245/([’)C’) S 8s/t |U(ua x“)¢“|A5(u,xu) du + C1811

with C € A. It remains to study the first term in the above right hand side. Fori =1, ..., m, we set 1//(j —Dd+j — J—8_¢j

for j=1,...,d, 1//‘i = 0 otherwise. Then, recalling (2.8), we can write o (u, x,)¢, = As, (1, x,,(¢)) ¥y, so that, by
(5.2),

o G, x) b = | As, (., x) V| < Wl = — I’

o (U, x,)Py As (wx) 8 (U, Xy Yu As, (.x,) = Yul” = 5, oul”.

Hence, for s < §;, we finally have |Jt‘s|345 ) = 85,(8,)% + C;4;, and the statement follows. U
e (Xt

Remark 5.4. Let us finally discuss an inequality which will be used in next Appendix A. Fix x € R” and let x(¢)
be the skeleton path (2.10) associated to ¢ € L%([0, T1, R?) with starting condition xo(¢) = x. Assume simply (2.11)
and recall £ defined in (5.3). Then looking at the proof of Lemma (5.3), we have the following result: if (0, x) € O,
there exists 8, € € 1/£ and C € L such that if § < (0, x), £9(8) <&(0, x) and s € [0, §] then

sup5|xs (@) = (x + 50, 0)5)| 4 0.0) = CO,X)(0(8) V V3). (5.9)

0<s<
5.2. Proof of main theorem on tube estimates

This section is organized as follows: the lower bound in Theorem 2.9 is proved in next Theorem 5.8, whereas the
upper bound in Theorem 2.9 is studied in next Theorem 5.9. Since the proofs are long and technical we begin by
giving the principal elements.

Remark 5.5 (Localization). Our aim is to estimate the probability of the set

AT={ sup ’Xf_xl(‘/))‘AR,(t,x,(qb))51}

0<t<T

and our hypotheses (H;),i = 1,2, 3 are “local hypotheses”, along a tube around the curve x;(¢). Our first goal is to
stress that, in order to deal with our problem, there is no loss of generality in taking “global” bounds on the coefficients.
This, thanks to a localization procedure, that we explain here for the lower bound, which is the most complicated case.
For the upper bound case, a similar localization hinges on the fact that R, < R/ (¢). Let us now focus on the lower
bound case: since n; > 1

* 2 o
Ar DA = {OZ‘ET”I |Xe =@ 4 000 = 1}

and we will estimate the probability of A%.. On this set we have, by (2.9),

A,
|Xt —xt(¢)| = |Xz —Xt(¢)|AR’(t,x,(¢))\/Ft)\*(t,Xt(¢)) = —(tnx;((]ﬁ)) <1,
t

so that A7 C {supy<,<7 |X; — x:(¢)| < 1}. Let T = inf{t > 0: [X; — x;(¢)| > 1}. We have that X;,. coincides with
Xz, where X, is the solution of the same SDE but with globally bounded coefficients & and b. More precisely we
may assume the following hypothesis. Let ¢ € (0, T'). For every y € R"” and s € (¢, ¢ + h) (recall that & is given in

(H3))

> |08 (s, )| + (05085 (5, )| + [0B (s, y)| + |9509B(s. y)| <. (5.10)

0| <4
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The construction of the coefficients & and b is done in a standard way: one takes & (s, y) = o (s, y) for y € B(xs(¢), 1).
So for such (s, y) one has the inequality [o (s, y)| = |o (s, y)| < n(s, x;(¢)) < n;. Then one takes the extension for
every y € R" which keeps this restriction. Similar restrictions are obtained for the derivatives. So, in the following we
will assume that (5.10) holds true for our coefficients.

Remark 5.6 (Short time estimates). We assume the localization as in Remark 5.5. In particular, the coefficients
b,oi, i =1,...,d, verify (5.10). So, Assumption 2.3 holds with x = n,. Let us fix r > 0 and § > 0. We want to
estimate the density p(z,t 4 §, x, y) of the solution X at time # 4+ § with the starting condition X; = x. We define the
(open) set

0= {(t,x) At x) > 0}.

We set

q
L= {C: O — R, : there are K, g > 0 such that C(¢, x) = K(}\:[ )) }
, X
We are slightly abusing the notation here (compare with (5.3)) but this is not a problem because of (5.10). Up-
per and lower bounds proved in Theorem 3.8 and 4.3 can now be written for a general starting condition (¢, x) in
place of (0, xp): there exist C € L, r*,8* € 1/L such that for (t,x) € O, § < §*(¢,x) and for every y such that
ly —x —b(t, x)8|a51,x) <r*(t, x) one has

1 eC(t‘x)

<pt,t+38,xy) < —FV———,
C(t,x),/det As Al (1, x) Jdet AsAT (2, x)

where p(t, s, x, -) denotes the density of the solution X at time s of the equation in (2.1) but with the starting condition
X t=X.

5.11)

Remark 5.7 (Concatenation). The plan for the proof is the following. Consider first the lower bound for the tube
(see next Theorem 5.8). For ¢ € L2[0, T, let x(¢) be the skeleton associated to (2.1) given in (2.10). We set a
discretization 0 =ty < t; < --- <ty = T of the time interval [0, T']. Then, as k varies, we consider the events

2 .
D":i e nt|Xt_xt(¢)‘AR;(l,xt(¢))S1} and Ti={y: [y =50 @), 0,00 =7t}

e <I=l}41
where r; < 1 is a radius that will be suitably defined in the sequel. We denote [P the conditional probability
Pr() =PCIWi, t <tk Xy € Th).

We will bound from below P(sup, .7 [X: — x:(@)]ag, (t.x,(¢)) < 1) by computing the product of the probabilities
Pr(Dx N {Xs 41 € T'ky1}), and this computation uses the lower estimate of the densities given in (5.11). This esti-
mate is applicable because at each step we condition to X, € I'x, and on this small set we control the eigenvalue
A(tx, Xi), and as a consequence we control the constant in the density estimate (5.11).

We recall the set A in (5.6) and 1/.A defined as usual.

Theorem 5.8. Let > 1,h € (0,11, n:[0,T] — [1,+00), A : [0, T] — (0,1], ¢ € L2([0,T1,R") and R : [0, T] —
(0, 1] be such that (Hy)—(H3) in (2.12) hold. Then there exist K, g > 0 such that

(e (Ly ) 241 ) ) < P(sup|x <1 5.12
e~ [ K(5) (g Hlolfar)) s (f§?| =5 g o = 1) (5.12)
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Proof. Step 1. We first set-up some quantities which will be used in the rest of the proof.
We recall (H3): R, |¢.|>,n., ». € L(w, h), where f € L(u, h) if and only if f(t) < uf(s) for |t —s| < h. We set,
for g1, K1 > 1 to be fixed in the sequel,

1 1
fr®) =K, (‘1”’) (5 Tt |¢t|2).

Then straightforward computations give that fr € L(,uqu“, h). We define

1
5(1) —lnf{S >0: / fr(s)ds > qu | } (5.13)
‘We have
8(1) t+6(1) 1 t46(1) 1
T_/z Edsf/, fr(s)ds = 2q1+17

s0 §(¢) < h. We now prove that §(-) € L(pu*+ p). Infact,if 0<t —1' <h,

) | t+5(1) 1 t'46(t") , | ,
PN fr(0)8 (1) z/ SRy ds = -y =/ fr(s)ds = p= D fr()s (1),
t t

so8(t) < ,u4‘11+28(t). Since the converse holds as well, we get §(-) € L(yf‘ql“, h). We now prove a further property
for §(-): we have

t+8(1) t+5(1)
! :/ fR(s)dsz/ L IORPRRPNS /(0
t t

pratl p2aitl pratl

SO

S(t — — 1/A 5.14
= fR(t) <M”t> = Kl(l/«”t) €l ( )

(recall that R;, A, <1 and n; > 1 for every ¢). We also set the energy over the time interval [z, r + §(7)]:

t+8(1) 1/2
e (5(1)) = ( / |¢s|2ds) :
t

Since n, A € L(i, h) and 8(t) < h, for s € (¢,t + 8(¢)) we have

g Ky (pun\?
fR<s)zI<1(A ) 0: = 2oy (T) s 2.

N

Hence

pratl 21\,

1 1+8(t) K\ {pn q1 pt+8(t)
=/ fr(s)ds = " (—t) / s ds.
t t

which gives that

1 A q1
(5(;)) <z (—) el/A. (5.15)

Step 2. We set now some notation and properties that will be used in the “concatenation”, which is developed in
the following steps.
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We define the time grid as
fo=0, fr = tk—1 + 8(fk—1),
and introduce the following notation on the grid:
Ok = 8(tk), &k = &4, (8k)» Nk =Ny, g = Ay, X=Xy, Xk = X5, (), Ry = Ry,.
Recall that §(¢) < h for every t, so we have
Ri/iw < Ry < uRy, forfy <t <tpy.
We also define
Xp= X +b, X8, £ =xx + b, x0)8%,
and for fy <t < fy41,
Xie(6) = X+ bk, X) (¢ =11, 2(0) = xi + bltg, x) (¢ = ).

Let r* € 1/.A be the radius-function in Remark 5.6, associated to the points (¢, x;(¢)) as t € [0, T]. We set r}| = r,’;.
Let us see some properties.
For all t <t <341, we have R, > Ry /u > 8/ and, by using (5.1), we obtain

Ok
&1 AR, (tx) =4/ R_kE'A“k/“(”x’) <&l As .30

last inequality holding because §; < Ry. Since &§x/u < 8, we apply again (5.1) to the norm in the right hand side
above and we get

&1 AR, (t.x0) = I | Ag, (2,x1)- (5.16)
Taking & = x; — Xx(t), we have
Jxe — fk(t)‘AR[ () = wlxe — ’ek(t)’Aak (t,x0)"

By (5.14) and (5.15), we can choose g1, K| large enough such that §(z) < §*(¢), &/(8(t)) < £*(¢) where §* € 1/ A and
&* € 1/ A are the functions in Lemma 5.3. So, we apply (5.7) to the norm in the above right hand side and we obtain

|xt - xAk(t)‘AR[ (t,x1) =px 4’xt - )ek(t)|A5k(l‘k,xk)'

We use now (5.8): for some C € A, we get
e = 2O g, ) = Crler vV V80,

where Cy = C_‘,k, and, as a consequence of the estimate above, we have also
|x — 32k(¢)|ARz () S MCr(er v /80),

for all # € [#, tx41] and for all k. By recalling that x;, | — Xk (tr+1) = Xg+1 — Xk, and possibly choosing K1, g larger,
we can resume by asserting that §; < 8;; in Remark 5.6 with initial condition (#, x;), and

[Xk+1 _xAklA(sk(tk,xk) 57;/4 for all k, 5.17)

. 1
|26 (1) — x; |AR, () = e for all # € [ty, t+1] and for all k. (5.18)
t
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We have already noticed that, under our settings, (5.7) holds, so that

1
5 814 vy = 181y o) = 218 s, -

Since 8(-) € L(u*01+2 k), one has 8 /8541 < u*1*2 and 8341 /8 < u*@1+2. So, using (5.1) to the right hand side of
the above inequality we easily get

2g1+1
WE'A%(%”) =< |$|A5k+1 (k41 Xk+1) =< 2“’ a |§|A5k (tr,xx) for all k. (519)

Step 3. We are ready to set-up the concatenation for the lower bound.
We set, for K> and g3 to be fixed in the sequel,

_ ()" 5.20
rk_K2M2q1+2qz+l ) (520)

Moreover, since A, n € L(i, h) and 8; < h, one easily gets rr4+1/rr < quz for every k.
We define

Te={y:ly — Xkl Ag, () = re} and Pr() =PCIW, 1 <t Xi €T,

that is, Py is the conditional probability with respect to the knowledge of the Brownian motion up to time #; and the
fact that X € I'r. The aim of this step is to prove that

Pr(Xk+1 € Tht1) > 2/L_4"‘“ exp(—K3(log,u + logny — log)»k)) for all k (5.21)

for some constant K3 depending on K1, K7, g1 and ¢.
We denote p (X, y) the density of X1 with respect to this probability. We prove that

Tepr €Lyt ly = Xelag ox <7} (5.22)

If (5.22) holds, as we will see, then we can apply the lower bound in Remark 5.6 to px (X%, y). We use here the
estimate given in (5.11): there exists C € A such that

1
Cyydet As AL (1, Xp)

o (Xi, y) = forall y € [gy1, (5.23)

where C; = C, . Here, a direct application of (5.11) would give a constant which depends on A(z, Xi), but using the
fact that X € I'y and so it is close to x;, we can show that the same is true with A(f, x;), and so the constant can be
taken in A. Let us show that (5.22) holds. We estimate

1y = Xkl as, 0 =1y = X114, (00 + X1 = Srlas, e + 156 — Xielag, @

and by using (5.17) we obtain

*
Tk

o = Xl - (5.24)

Iy = Xilas, .0 = 1Y = X1l A5, @) +

Using (5.19), the fact that riy1/rr < ,uz‘” and recalling that |y — x4 |A5k+1 (ter1.xk41) = Tk+1, We obtain

2g1+1 2g1+1
a |y—xk+1|A5k+1(tk+1,Xk+1)52:““ N kg

q2
< 2M2q1+242+1’”k < i(ﬁ) .

|y — Xk+1 |A5k(tk,xk) =< 2:“’

Ky \ng
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(2.11) also gives |x; — )A(k|A3k (o) < Crlxk — X""“Bk (t.x)> Where Cy = C;, and C is a suitable function in .4, and

the conditioning with respect to I'y gives |xx — X"'Aﬁk (o) < Crrg. Similarly, |%x(r) — )A(k(t)lAR[ tx) =< Crlxr —
Xk|AR, (t.x;) and by using firstly (5.16) and secondly (5.7), we get

|2 (1) — Xk(t)|AR, (o) = Gl = Xl ag, x) < Crot X 206 = Xkl ag, () < 20 Corie,

for every 1 € [fy, fx+1]. Recalling (5.20), K> and g» (possibly large) such that |y — xer1lay, (ex) < 75/8, [k —
XHAS,( (tex0) <17 /8, and

. ) 1
| Xk (1) — Rc(1)| Ay ) = et for all t € [t;, tx+1] and for all k. (5.25)
t

From (5.24), this implies |y — )A(k|A5k (e.xx) < 75 /2. On the event I'x, we also have, from (2.9), [xx — Xi| < [xx —

Xk|A8k ) A (A, X1)) Sk < nfj(«/ékrk, for some universal constant o« > 0. So, we can fix K, and ¢» in order that
Lemma 5.2 holds with R = 6, x = xx, y = Xi, t =t and s = 0. Then, we get

%|$|A3k(tk,xk) =1 las, e x0 = 218 A, (0 -
These inequalities give two consequences. First, we have
ly — )A(k|A3k X <2ly — )A(k|A3k () <TEs
so that (5.22) actually holds and then (5.23) holds as well. As a second consequence, we have that

. < Tkl e < Tk+1
y:ly _xk+1|Aak(tk»Xk) = 4pla+l Cyr:ly xk"‘l'Aﬁk(tk*xk) — 2platl

- {y dly _xk+1|A,gk+1(tk+1,xk+1) =< Vk+1} =Tiy1,
in which we have used (5.19). Since ri41/(4u>1+1) > rp /(4u?01+242+ 1) we obtain
. rk
Cer1 D1y :ly _xk+l|A3k(tk,Xk) < W .

By recalling that ry /(4 201+202+1) = W (ﬁ—i)qz, we can write, with Leb,, denoting the Lebesgue measure in
2
R™,

1 A VPANRL
Leb, (T )>\/det(A AL (e, X0) [ (2
n\lk+1) = S gy ks> Ak 4K, +4a2+2 \ py )

So, from (5.23),

1 1 A\ 2\
Pr(Xg+1 € Tky1) = @(W(ﬁ) ) ,

where C,, is the constant in (5.23). This implies (5.21), for some constant K3 depending on K> and ¢>.
Step 4. We give here the proof of the lower bound (5.12).
We set

N 1
Dkz{ sup nt2|Xt—xt|ARt(,,xt)§l} and Ekz{ sup n,2 Xf_Xk(t)|ARt(z,x,)5§}'

e <t =<tg41 e <t =<I}41
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For ¢t € [, tr+1], by using (5.18) and (5.25) we have
|Xl‘ _xtlAR[(t,x,) = |Xt - Xk(t)|AR,(tyxt) + |Xk(t) _xAk(t)|ARt(t,xt) + |xAk(t) _xtiARt(taXt)
N 1
<X = Xk 4 )t e
so that Ex C Dy. Moreover, by passing from Stratonovich to It6 integrals and by using (2.9), we have

Xt - Xk(t)|AR,([>Xt) =< |G(tk, th)(Wt - Wtk)iARt(l,Xt)

+

t
/ (0(s, X5) — o (1, Xi)) d W
Ik

AR, (t,x1)

t
+ f (b(s. Xs) = b(tx, X1)) ds
T

AR, (t,x¢)
d t
+Z/ Voi(s, Xs)(o1(s, Xy) — 01(tx, X)) ds
1=1"1 AR, (1,x1)
Ji wo [
< | =0 (tk, Xy, )(W; — Wy) + | [ (o, X5) — o, X)) dW,
/—Rk k k Ar5) R " ( J ) S

1
+ ’R% /t (b(s, Xs) — b(tx, X)) ds

+Z

v X
Rk/ M( 01(s. X,) — oy, Xp)) ds

We use now the exponential martingale inequality (see also Remark 5.5) and we find that

1 A\ Ry
e e () 5

for some constants K4, g4. From (5.14), Ry /8x > K (ung/ )7, so by choosing K| and g; possibly larger and by
recalling (5.21), we can conclude that

_ 1
Pk(Eli) <u 4nqu exp(—K3(log,u + logny — logkk)) < —Pr(Xk+1 € Tr41).

[\

Hence,

Pr({Xit1 € Tt} N Di) = Pe({Xiq1 € Tig1} N Ex) = Pu(Xiq1 € Tiy1) — Pe(Ef)

[u—y

> ~Pr(Xpt1 € Tiq1) > exp(—Ks(log o + logny — logAr)), (5.26)

l\)

for some constant K5. Let now N(T) = max{k : ty < T}. From definition (5.13),

N(T)

N(T
/ fR(t>dr>Z / fr(t)dt = zq(lfl
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From (5.26),
N(T)
P<SUP 1X: — Xt|ag, (t.x) < ( () (Xk1 € Thga} N Dk)
t<T
N(T)
]_[ (—Ks(log it + logng —logAx))
N(T)
= exp(—KS Z (logu + logny — logkk)).
k=1
Since
N(T) N(T) 41

Z (logu +logny —logix) = ] Z / fr(@)(logu +logny —logiy) dt

3
241“/ fR(t)log< )d;

the lower bound (5.12) follows. O

We can now address the problem of the upper bound. In this case we need to consider a sufficiently small radius
R; < R} (¢), such that the density estimates hold on the whole tube (cf. also with Remark 2.11). This allows us to use
the same ideas that we explained in Remarks 5.5, 5.6, 5.7. In particular, Remark 5.5 holds in similar fashion, with a
simpler justification, consequence of assumption R; < R; (¢). Also, it is not necessary in this case to introduce the
analogues of the sets Dy’s, but only the analogues of the sets ['x’s, that we call Ag’s.

Similarly to (2.13), for u > 1, h € (0, 1] and K, g+« > 0, we denote

_ qx 1 —1
R} (®) =eXP<—K*(%) )(E + |¢|?) (5.27)

Theorem 5.9. Let > 1,h € (0,11, n:[0,T] — [1, +00), 2 : [0, T] — (0, 1], ¢ e L*([0,T],R") and R : [0, T] —
(0, 1] be such that (Hy)—(H3) in (2.12) hold. Then there exist K, qx, K ,q > 0 such that for R*(d)) as in (5.27), if
R, < R*(d)) one has

P(f;’fT’|X’ - x’(¢)|AR, (@) = 1)

T (un \I[exp(=K (5207 )
fexp<—/0 K()T) |: R +E+|¢t| i|dt). (5.28)

Proof. We refer here to notation and arguments already introduced and developed in the proof of Theorem 5.8. So,
when we recall here Step 1, 2 and 3, we intend to refer to the same steps developed in the proof of Theorem 5.8.
We define, with the same K1, g1 as in Step 1,

pn \ 1 [ exp(=Ki (5% 2"*)+1+|¢ E
Ar R, )

gR(l)—K1<

We work here with §(¢) as in the proof od Theorem 5.8 but defined from gg:

. t+3 1
8(1) =mf{8 >O:/t gr(s)ds = qu.+1}
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We set, as before,

148(1) 172
e (3()) = ( / |¢s|2ds) .
t

As in Step 1, we can check estimates similar to (5.14) and (5.15): we have indeed,

h A q1 1 A q1 1 A q1
5(t) < —(—’) < —(—’) and 8,(8(t))2 < —(—t> .
K1\ pny K1\ un; Ky \ pun;
In particular, §(¢) < h. With these definitions we set a time grid {t; : k =0, ..., N(T')} and all the associated quantities
as in Step 2. As we did for the lower bound, since we estimate the probability of remaining in the tube for any

t € [ty, tx11], we can suppose that the bound in Assumption 2.3 holds on Rt x R” (recall Remark 5.5). The short time
density estimate (5.11) holds again. Recall now that R, € L(u, h), and this gives the analogous to (5.19):

1
m's'ARk(lk,xk) S |E|ARk+1(tk+lyxk+l) = 2\/ﬁ|‘§|ARk(lk,xk)- (529)

We define
Ar={y:ly — Xkl Ag, (30 = 1} and Py() =P(|Wi.t < 15 Xi € Ap),

so [P is the conditional probability given the Brownian path up to time 7 and the fact that Xy € A.
Now, since §(r) < h and R, A, n, |¢|> € L(u, h), recalling R; < R} (¢) in (5.27), we have

t+56(t) n q1 1 n q1 1
/ Kl(’;> <E+|¢|§)dssu2ql“l<l(%> <z+'¢'f2>5“)
t S t
a N §(¢
i () ool () )
t t t

and
1+8(0) g \ 91 exp(— K () 24+)
/ K1< - ) 2 ds
t )‘S Rx
<20 g (P e (=i (7)) 20
- )\.[ A-T Rt
‘We obtain
14+5(1) a1 @\ (1
I:MZ‘?“H/ gr(s)ds <2u*+2K, kil exp| — K K 30
t )\'t )"t Rt
SO
R; 4 ung \ 1 ung \ %
L <out 2R [ 2] exp( —Kio[ == ) 5.30
sy~ " "\ & A8 (5.30)

As we did in Step 3, if g4, K, are large enough, Ry is small enough and the upper bound for the density holds on
Ag+1. By using inequality

[8 1 1
R_km|§|A5k(fk,xk) = m'slARk(’k,xk) = |é|ARk+] (et 1 Xk+1)
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which can be proved using (5.29) and (5.1), one gets

Ry n/2
Lebn(y : |y _xk+1|ARk+1(tk+l’xk+l) =< 1) < <g> 2nMn/2Lebn(y : |y _xk+1|A5k(tk,xk) =< 1)

Rk n/2
=<§> Z”M"/z\/det(AakA(;Tk(tk,xk))-

Now, using the upper estimate for the density (5.11), we obtain

B — /R n/2
Py (Xpq1 € Apyy) < ea((s_;) ,

where Cy = ak, C € A (see the constant in the upper bound in (5.11); also here, a direct application of (5.11) would
give a constant which depends on A(#, X), but using the fact that X; € Ay and so it is close to xi, we can show that
the constant can be taken in A).

Recall (5.30), fort =1

R q1 G
Sk < 2,U«4ql+2K1 ik exp( — K. Mk
Sk M M

so we chose now K, g, large enough to have

Pe(Xiy1 € Agrr) < exp(—K2)
for a constant K7 > 0. From the definition of N(T')

N(T)

/ng)dr Z/ gr(t)dt = 2(31_N(T)

So, we have

N(T)
P<Su¥|xz =2 D4y o) = 1) < E( I1 M(Akm)
1< LA

k=1
N(T) T
< ]_[ exp(—K3) = exp(—K2N(T)) feXp(—Kz/O gR(t)>

k=1

and (5.28) holds as a consequence. U

Appendix A: On the equivalence between matrix norm and control distance

We establish here the local equivalence between the norm | - |4, (s,r) and the control (Carathéodory) distance d.. We
use in a crucial way the alternative characterization of d, given in [25]. These results hold in the homogeneous case,
so we consider now the vector fields o;(f, x) = o (x), and the associated norm | - |az¢,x) = | - |Ag(x) (see (2.2) and
(2.8)). We assume in this section the following bound on o': there exists « : R” — [1, +00) such that

sup Y Z\a o ()| <k(x), VrxeR" (A1)
y=xI=1g<jq|<4 j=1

So, (A.1) agrees with (2.11) in the homogeneous case and when b = 0.
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We now introduce a quasi-distance d which is naturally associated to the family of norms |y|4, ). We define the
open set

0 ={xeR": 1, (A(x)) > 0} = {x : det(AAT (x)) #0}.
For x,y € O, we define d(x, y) by
d(x,y)<\/§ & |y —Xlagm < 1.

In the elliptic case |y — x|agx) ~ R™2|y — x|, s0 |y — X|Apx) <1 amounts to |y — x| < VR. In the hypoelliptic
case considered here, R appears as a radius, but we have ellipsoids instead of balls. It is straightforward to see that d
is a quasi-distance on O, meaning that d verifies the following three properties (see [25]):

(i) forevery x € O andr > 0, the set {y € O : d(x, y) <r} is open;
(i) d(x,y)=0if and only if x = y;
(iii) for every compact set K € O there exists C > 0 such that for every x, y,z € K onehasd(x,y) < C(d(x,z)+
d(z, y)).

We recall the definition of equivalence of quasi-distances. Two quasi-distances dj : D x D — R* anddp : D x D —
R™ are equivalent if for every compact set K C D there exists a constant C such that for every x, y € K

1
Edl (x,y) <da(x,y) < Cdi(x,y).

dy and d; are locally equivalent if for every £ € D there exists an open neighborhood V of & such that d; and d; are
equivalent on V.

We introduce now the control metric. Without loss of generality, we assume 7 = 1,

For a control ¢ € L? ([0, 1], Rd), p €[1, o0], let u(y) satisfy the following controlled equation:

d
du () =)o (u ()i dr. (A2)

j=1

Notice that the equation for u () is actually the skeleton equation (2.10) when the drift b is null.
For x,y € O and § € (0, 1], p € [1, co] we denote C(f’a(x, y) the set of controls ¥ € L? ([0, §]; R4) such that the

corresponding solution u () to (A.2) satisfies ug(y) = x and us(y) = y. For ¢ € Cg_a(x, y), we set the associated
energy

P 1/2
sum=<ﬁ|mPM> :

We also write ||[{|l2 = &y (1) and define the control (Carathéodory) distance between x, y € R" as

de(x,y)=inf  [[¢]2.
veC? | (x,)

Notice that for any fixed § € (0, 1],

de(x,y)=+5 inf  &,(5). (A3)
Vel 5(x,y)

Indeed, foreach x, y € R" and ¢ € C7 | (x, y), take ¢, =81 (16~") and & = u s (). Then, d§, = Z‘f-=1 o (&g di
and of course &y = x, & = y. Moreover, |||, = \/38(,) 5).

Lastly, we consider the analogous distance defined via the sup-norm || - ||co:
doo(x,y)= Inf [[¥]lco-
YeCy (x,y)
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Under (A.1), we define

q
£={c:0—>R+:C=K(@) ,EIK,q>0}.
A(x)

Notice that £ is actually the set in (5.3) in the homogeneous case.

Theorem A.1. Suppose that (A.1) hold. Then, the semi-distance d is locally equivalent to d. on O. As a consequence,
for every compact set K C O there exist rx and Ck such that for every x,y <rg one has d.(x,y) < Cgd(x,y).

Proof. Step 1. We first prove t_hat there exi_sts C € £ such that if de(x,y) < 1/@2({) thend(x, y) < ZC_’(x)dC(x, y).
Assume that d¢(x, y) < 1/C?*(x), with C € L to be chosen later. We set 8(x) = C*(x)d,(x, y)*. Notice that §(x) <
1/C%(x). (A.3) with § = 8(x) gives

de(x,y) =+/8(x) inf 8¢(8(x)) =C(x)d.(x, V) inf £¢ (8(x))

¢€C§’5(X>(X’y) ¢€Ca.3(x)(xy}’)

and thus,

2
inf 8¢(8(x))= = < =.
PEC2 4 (x.9) Cx)  Cw)

2

Hence, there exists ¢« € C; sx

)(x, y) such that

£p, (8(x)) < I8

For every fixed x, we apply Remark 5.4 to ¢, (recall that here b = 0): there exists 8, € 1/£ and C € £ such that
(with the slightly different notation of the present section)

|us (@) = x| 5 () < C(X) (84, (8) V V3),

for every 4 such that § < 8(x) and £¢,(8) < &(x). We have just proved that §(x) < 1/C%(x) and £¢,(8(x)) < 2/C(x).
So, possibly taking C larger, we can actually use § = 6(x). Since us(y)(¢«) =y, the above inequality gives

[y = xlas0) < C)(gg, (8(0)) v V/8(x)) <2.

By (2.9), we obtain |y — x|a, ) <1, thatis d(x,y) < /46(x) = 2C(x)d.(x, y), and the statement follows.

Step 2. We prove now the converse inequality. We use a result from [25], for which we need to recall the definition
of the quasi-distance d, (denoted by p» in [25]). The definition we give here is slightly different but clearly equivalent.
For 6 € R™, consider the equation

dvy(0) = A(vi(9))0 dt. (A4)
We denote
Ca(x,y)={60 € R™: the solution v(f) to (A.4) satisfies v(#) = x and v1(0) = y}.

Notice that 8 € C4(x, y) is a constant vector, and not a time depending control as in (A.2). Moreover, recalling the
definitions (2.4)—(2.5) for A, (A.4) involves also the vector fields [0}, o], differently from (A.2). In both equations
the drift term b does not appear.

Let Dg be the diagonal matrix in (2.7) and recall that Ar(x) = A(x)Dg. We define

dy(x,y) =inf{R > 0 there exists @ € Ca(x, y) such that |D'6| < 1}.
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As a consequence of Theorem 2 and Theorem 4 from [25], dy is locally equivalent with dso. Since d¢(x, ¥) < doo (x, ¥)
for every x and y, one gets that d, is locally dominated from above by d,. To conclude we need to prove that d, is
locally dominated from above by d.

Let us be more precise: for x € O, we look for C € £ and R € 1/L such that the following holds: if 0 < R <
R(x) and d(x, y) < +/R, then there exists a control 6 € C4(x, y) such that |D,_319| < C(x). This implies dy(x, y) <
C(x)V/R, and the statement holds. Notice that we discuss local equivalence, and that is why we can take C(x) and
R(x) depending on x.

Recall that d(x, y) < +/R means |x — YlAgr(x) <1, and this also implies |x — y| < 2*(A(X))VR, by (2.9). Let v(6)
denote the solution to (A.4) with vg(8) = x. We look for 6 such that v;(0) = y. We define

1
@(9):/ A(vs(8))0.ds = A(x)8 +r(6)
0

with r(0) = fol (A(vg(0)) — A(x))0 ds. With this notation, we look for 8 such that ®(0) = y — x. We introduce now
the Moore—Penrose pseudoinverse of A(x): A(x)™ = A(x)T (AAT (x))~!. The idea here is to use it as in the least
squares problem, but we need some computations to overcome the fact that we are in a non-linear setting. We use
the following properties: AA(x)T =1d; |x — y|aw) = |A(xX)T(x — y)|. Write 6 = A(x)Ty, y € R". This implies
A(x)8 = y, and so we are looking for y € R”" such that

Y+ r(A(x)ﬂ/) =y—x.

One has r(0) =0, Vr(0) = 0 and, as a consequence, |r(0)| < C(x)|0|?, for some C € L — from now on, C € £ will
denote a function that may vary from line to line.

From the local inversion theorem (in a quantitative form), there exists / € £ such that y > y + r(A(x)Ty)
is a diffeomorrphism from B(0,[,) to B(0,[l,/2). Remark that |x — y| < )L*(A(x))\/ﬁ. So, taking R, such that
A*(A(x))VR = I /2, then for every R < Ry and |y — x| < A*(A(x))V/R then there exists a unique y such that
y +r(A(x)*y) =y — x and moreover, |y| < 2|x — y|. Now, using (2.9)

MEAC)Ir(AX) Ty ATy ? Ix —yI?
R SCX R Scx R fcx|x_y|124R(x)~

[r(ACTY) 4y =
Sincey =x —y —r(A(x)Ty),
¥l 4R < 1 = ¥lageo + Cxlx = Y13 ) < Coes

(using |x — ylape) < 1). We have |Dg'0] = D' A(x)*y|. Since AfAr(x) = Af(x)A(x)Dpg is an orthogonal
projection and AA™T (x) is the identity,

|DR'0| < DA Ty | < A|AL(O)AWDRLY A Ty | = [AR )y | = 17 lar)-
So |£1_€19| < Cy, and this implies dy(x, y) < Cxv/R. O

The proof of Theorem 2.14 is now an immediate consequence of Theorem 2.9 and Theorem A.1. The only apparent
problem is that in Theorem A.1 the global estimate (A.1) is required, whereas in Theorem 2.14 the local estimate
(Hp) in (2.12) holds. But this is not really a problem, since it can be handled as already done for Theorem 2.14 (see
Remark 5.5).

Appendix B: Proof of decomposition Lemma
We prove the decomposition (3.6) in Lemma 3.1. We recall Z; in (3.2):

d t )
Zai,j/ W;odW}J
0

d
Zt = Zai th +
i=1 i,j=1



2358 V. Bally, L. Caramellino and P. Pigato
with a; = 0;(0, x0), a;,j = 05,0 (0, x0). Setting 5; = ld(S, [=1,...,d, we have
d
Zs = ZZ(SI) —Z(s1-1) = Z(Za, Al 4 Z aj,j / wi odW]>
=1 =1 i,j=1

Recalling the quantities A’ and A in (3.3), we write

-1
WlodW] Wi Al Ay = (ZA’)AJ—i—A”

S]— p= 1
Then
d d ;
=3 Y a3 Y a”(ZA’I,)A1+Z S a8 =514 524 55
=1 i=1 I=11i,j=1 I=11i,j=1
Notice first that
Z(IIAZ —i—ZZa,A’
I=1 il
We treat now S3. We will use the identities
|AIP =2AF and  AIA] =AM 4 AJ
Then
d d .. d PR
5= Y asal + 3 T aa)
=1 i=1 I=1 i#j
= ZZa, ,A;’l + ZZaUA;'l + ZZ“IJA?J + Z Z lli,jA;’]
=1 i=1 I=1 il =1 j#l I=1i#j,i#lj#l
144 o d '
Ezzai,ﬂAH +3°3 gy
I=1 i=1 I=1 il
d d .
ZZ aj (A A =AY+ YT aay
I=1 j# I=1isj,i#l, j#l
1 ¢ d .
:EZ tt|A | + = ZZGH +ZZ(ai,l_al,i)A;’l
i=1 1 1 il I=1 il
d d .
DIOMRTIED S
I=1 “j#l I=1i#],i#l,#j#

We treat now S>. We want to emphasize the terms containing Ai We have

d d
S3=3 Y aijALA] =S)+ )+ 8] + 5
I>pi,j=1
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with
d d '
$y = Z“;LZAZAé’ $y = ZZ“IL/AgAIJ’
I>p I>p j#l
d d d _
Sy =" aAbAl SP=Y" )" aijALA].
I>pi#p I>pi#p,j#l
We have
d d _
=3280 3 Yo
p=1 I=p+1 j#l
and
d p—1 )
sy’ ZA1<ZZ(111A ):ZAﬁ(ZZaﬁpAQ
p=li#p p=1 I=1 j#l
so that
d d . p—l .
Sé’ + 87 = Z Aﬁ( Z Zap,jAzj + ZZ(ILPAZ]).
p=1 I=p+1 j#l I=1 j#
Finally
ZalAl +ZZa,Al
I=1 i#l
d d d o d '
+zap,zAﬁA;+2A5(zzap,jA; +22a,-,pA;)
I>p p=1 I>p j#l p>1 j#l
+Z Z al]A’ AJ+ Za”|A' ZZall
I>pi#p,j#l 1—1 l 1 i#l
d _ d ' d .
+ Z Z(Cli,l — Cll,i)A;’l + Z(Zaz,,‘A{)Af + Z Z ai j A
I=1 il I=1 Njl I=1isj,i#l, j#l

We want to compute the coefficient of AZ: this term appears in Z;i)=1 Aﬁ(a p +&p), with

d d
€p ZZZastAl] +Zzaj,pAlj +Zap,jA§,.

I>p j#l p>l j#l J#p

We consider now Al,;p . It appears in

d
Z Z(ai,p - ap,i)Ai;po

p=li#p

2359
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The vector a; , — ap,; corresponds to the bracket [0}, 0,]1(0,x). Notice that for [ = [(i, p) when i # p, then
[oi, 0p]1(0,x) = A;(0, x), A;(0, x) being the /th column of A(0, x). The other terms are

ZZaZA’—i—Z Y @ ALA] + Za,,|A| + = ZZal,|A’

I1=1 i#l I>pi#p,j#l l 1 i#l
d o d
+03 @A+ Y apabal
I=1i#j,i#l, j#l I=p+1

We put everything together and (3.6) is proved.

Appendix C: Support property

The aim of this section is the proof of the inequality in (C.5), which has been strongly used in Lemma 3.4.
Let B = (B!,..., B?71) be a standard Brownian motion. We consider the analogous of the covariance matrix
Q;(B) considered in Section 3.1: we define a symmetric square matrix of dimension d x d by

I
0% =1, Qd~/=Q1*d=/ Blds, j=1,...,d—1,
0 (C.1)

o
Q]’p:Qp’]:/ BsJBSpds’ j,pzl,...,d_l
0

and we denote by A, (Q) (respectively by 1*(Q)) the lowest (respectively largest) eigenvalue of Q.
For a measurable function g : [0, 1] — R?~1 we denote

1 1 1 2
ag(§)=$d+/0 (8s.8+) ds, ﬁg(é)ZfO (gs,é*>2ds—</0 (gs,é*)dS> with

E=@.....E0€eR! and & =(&.....81).
We need the following two preliminary lemmas.
Lemma C.1. With g(s) = By, s € [0, 1] we have
(Q&.£) = (€) + B (&).

As a consequence, one has

2
#(Q) = inf («5(©) + u(E) and X7(Q)= sup (@h(&)+ pu®)) = (1+5uplBi])"
= — t<

Taking &, = 0 and &5 = 1 we obtain (Q&, &) =1 so that 1.(Q) <1 < 1*(Q).

Proof. By direct computation

1 1
(Q8,&) =¢&7 +2sd/0 (Bs, &) ds + (/0 <Bx,5>,<>ds))2

1 1 2
Bg,*zd—< BS,*d>
+/0< £ ds fo< &) ds
1 2 1 1 2
=(sd+/ <Bs,s*>ds> +f <Bs,s*>2ds—(f <Bs,s*>ds>.
0 0 0

The remaining statements follow straightforwardly. ]
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Proposition C.2. For each p > 1 one has
E(| detQ|_p) <Cpdq <00, (C2)

where C, 4 is a constant depending on p, d only.

Proof. By Lemma 7.29, pg 92 in [13], for every p € (0, c0) one has

I 1 .
/Rd 1£14CP=D) ,~(058) g

[detQ” = T(p)

Let (&) := fol (Bs, £«) ds. Using the previous lemma
E19CPDe =088 g — | (3 + |%-*|2)d(2p_1)/26—(§d+9(§*))2—ﬁ8(5*)d%—
R4 R4 d
d2p—1)/2 — —
<C / (@) T o) e P g,
i

< C/ sup1 v |Bt|d(217*1)(1 + |€:*|d(217*1)+])e*/33($*) dE,.
R

d—1 t<l

We integrate and we use Schwartz inequality in order to obtain

1 _ 2 _ 1/2
o] PR SCJFC/ E((1 4 [£,[4CP~D+1)20=265E0)) /2 g
<|detQ|p> {Ié*\zl}( (el ye )

For each fixed &, the process bg, (1) := |§*|_1 (By, &) 1s a standard Brownian motion and Bp(&,) = |f§*|2 fol (be, (1) —

fol be, () ds)?dt =: |§*|2VS* where Vg, is the variance of bg, with respect to the time. Then it is proved in [17] (see
(1.f), p. 183) that

(o) (e ) = P
*

We insert this in the previous inequality and we obtain E(| det Q|~7) < oco. O

We are now able to give the main result in this section. We define

d—1 1
q(B)=Z|B§|+Z/ B! dB! (C.3)
i=1 i#p"0
and for ¢, p > 0 we denote
Tp.o(B) = [det@ = e sup B <677, q(B) <e]. (C4)
t<l

Proposition C.3. There exist some universal constants c, 4, €p,q4 € (0, 1) (depending on p and d only) such that for
every € € (0, &p,4) one has

P(Y, +(B)) > cp.a x e29@HD. (C.5)

Proof. Using the previous proposition and Chebyshev’s inequality we get

1
P(det Q < &”) <eP’E|det Q| 7P < Cpqe?” and IP’(sup|Bt| > 8_”) < exp(—c 2p)'
t<1 2
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Let ¢'(B) = Y4= |Bj| + ;| Jy B! dBY). Since | [y B! dBY| < |B]||B]| + | [y B! dB]| we have q(B) <
2¢'(B) + ¢'(B)? so that {¢’(B) < %8} C {g(B) < ¢}. We will now use the following fact: consider the diffusion
process X = (Xi,Xj’p, i=1,...,d,1 <j < p<d) solution of the equation de = dBf,dX,“’ = Xl/ dBtp. The
strong Hormander condition holds for this process and the support of the law of X is the whole space. So the law of
X is absolutely continuous with respect to the Lebesgue measure and has a continuous and strictly positive density p.
This result is well known (see for example [23] or [2]). We denote ¢4 := inf|y|<1 p(x) > 0 and this is a constant which
depends on d only. Then, by observing that ¢'(B) < /m|X |, where m = 1d(d +1) is the dimension of the diffusion
X, we get

P(q(B) <¢) zIP’(q/(B) < g) zIP’(IXll < 35%> > (wgw x &4,

with ¢z > 0. So finally we obtain

s gyt _ e o oo 1
P(Yy,e(B)) > Cqe? Cp.a€ exp| — =25 )-

Choosing p > ﬁd (d + 1) and € small we obtain our inequality. ([

Appendix D: Density estimates via local inversion

In this section we see how to use the inverse function theorem to transfer a known estimate for a Gaussian random
variable to its image via a certain function 7. For a standard version of the inverse function theorem see [28].
We consider ®(0) =6 + n(0), for a three times differentiable function n : R™ — R™. Define

e = max sup|din()|.  cx(= max sup|d}n(x). (D.1)
=1,..., mix|<1 t,],k:l,...,mpc‘fl
and
hy, = ! (D.2)
T 16m2(ca(n) + 3 (n) ’

Lemma D.1. Take hy, as above. If the function n is such that

1
ne CR™R"), nO)=0, V0 <,

then there exists a neighborhood of 0, that we denote with Vi, C B(0,2hy), such that @ : Vh, = B(0, %h,]) is a
diffeomorphism. In particular, if we denote with ®~' the local inverse of ®, we have

_ 1
o! :B<0, 5h,,) — B(0,2h,),

and we have this quantitative estimate:

1 1
VyeB(o, ihﬂ>’ Ze o ==4e o). (D.3)

Remark D.2. Here we write ® ! for the inverse of the restriction of ® to th, what is called a local inverse.
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Proof. We have
V& (0) =1d+ Vn(0).

So
1 1 1 1
|V®(O)x‘2zzlx|2—|V17(0)x|22§|x|2—z|x|2=Z|x|2.
and
2 2 2 2 1 2 5 2
|V (0)x|” <2/x|* +2|Vn(0)x|” <2|x| +§|x| §E|x|.
Therefore

1
Sl = [VeOx| < V3x].
This implies ®(0) is invertible locally around 0, and the local inverse is differentiable, using the classical inverse

function theorem. We now look at the image of the inverse, and at the estimates (D.3). We develop 1 around 0, writing
Vzn(x)[u, v] to denote Vzn(x) computed in u and v.

1
n(6) = Vn(0)0 —l—/ (1 —=0)V*n0)[0,0]dt.
0
Fix y e R™. Suppose ®(6) = y. Then

0= (Vo) Vo 0)e

(V)" (6 + Vn(0)6)
1
- (vq>(0))‘1<9 +n(0) —f (1 —t)Vzn(te)[G,O]dt>

= (V®(0)~ ( /(1—z)v2n(z9)[9 O]dt)

We define
1
Uy(0) = (y—/ (1 —I)Vzn(t9)[9,9]dt>,
0

so that 6 can be seen as a fixed point for Uy. Recall that |%x| < |V (0)x].
|Uy(01) — Uy (62)] = ‘ Vo (0)) ( / (1= 0)(V2n(t62)[65, 621 — VZ5(101)[61, 611) dr)’

< 2‘/0 1 - t)(vzn(lez)[92, 6r] — V20 (160)[61, 01]) i

1
< 2/0 (1 —0)(|V2n6)[61, 61 — 61| + [V (161)[61 — 62, 6]

+ | V206116, 62 — Vn(162)[62, 6-1]) di..
Now, from (D.2), for 61, 6> € B(0, hy)

1
|V20(t00)[61, 61 — 621 < mPea(m)hy |6 — 62| < Tl —oal,
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and
2 2 3 2 1

|V2n(161)[62, 621 — V0(t62)[62, 62]| < m>c3(m)161 — 62l < 756

and therefore
1
|Uy(01) = Uy (62)] = 7161 = 65].
For y € B(0, $h,) and 6 € B(0, 2h,,) this implies
1

Uy @] =[Uy0) = Uy @) +[U,0)] = 7161+ 2y = 2hy.
Define now the sequence

0o =0, Ok+1 = Uy (k).

We know that 6y € B(0, 2h,) for any k € N, therefore inequality (D.4) implies

1
|Uy6) — Uy (Br1) | < 710k = Oi .

|01 — 03],

(D.4)

The Banach fixed-point theorem tells us that 6; converges to the unique solution of 6 = U, (), which is 6 = (),

and 0 € B(0, 2h;). So it is possible to define the local inverse @1 on B(0, %hn), and

1
Vi, = c1>—lB<0, 5h,,> C B(0, 2hy).
Now, for y € B(0, %h,,), letd = o~! (v) and the following inequalities hold

1
0] =|Uy ()] < SO+21 = 16 =4lyl,

1 1 1
61= U, 0) = [Uy O] = |Uy(©) = U, )] = 511 = 516 = 161 = {13l.

O

Let now © be a m-dimensional centered Gaussian variable with covariance matrix Q. Denote by A and A the lowest
and the largest eigenvalues of Q. Keeping in mind the setting of the last subsection, we also introduce the notation

cx(n,h) = sup max|d;n’ (x)|
Ix|<2h @]

for i > 0. Recall we are supposing n € C3(R™, R"™) and 1(0) = 0.
Take r > 0 such that

1 [x _ 1
cx(n, 16r) < ﬂ\/: r=hy= 16m2(c2(n) +/c3()

We take a localizing function as in (E.2):

U=[Tvr©.

i=1

(D.5)

(D.6)

(D.7)
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Lemma D.3. Let Q be non degenerate. Let r such that (D.6) holds and set U as in (D.7). Then the density pg.u of
G = d(O) =06 + 1(®)

under Py has the following bounds on B(0,r):

L exo(=S122) < pov@ < —S—exp( ——= 2P (D)
Cdet12 P\ 73 X1 | S POURI = qorpi P\ T 5 ) '

Proof. For a general nonnegative, measurable function f : R” — R with support included in B(0, 4r), we compute
E(f(G)lgeco-15(0.4r)))- Here @~ is the local diffeomorphism of the inverse function theorem. After the multipli-
cation with the characteristic function, on the support of the random variable that we are averaging, ® is a diffeo-
morphism and the first equality holds. The second follows from the change of variable suggested by Lemma D.1 for
G=9(®)

E(f(G)lioco-150.4r)))

_/ f(‘D(@));eXp(—l(Q‘le,e)) do
&-1(B(0,4r)) (2m)m/2det Q1/2 )

_ / F@pe @) dz,
B(0,4r)
where for z € B(0, 4r)
pG(2) = ! exp(—2(07107 (@), 71 ().
2m)m/2det Q1/2|det VO (D1 (z))| 2
Again from Lemma D.1, since 4r < %, we have z € B(0,4r) = 6 € B(0, 16r). Using c.(n, 16r) < ﬁ %

1

S = (1= mentn, ) < [(VOO)x, x)| < (14 mew(n, hy) x| < 2Jx].
Therefore if z € B(0, 4r)

27" < |det @ (! (2))] < 2™

Moreover, using Lemma D.1

1 16
(0o (). & () < X|<1>*‘(z)|2 <l

(0o (@), o7 (2)) = |¢—1(Z)|221L|Z|2_

6A

> =

Therefore

— X R — X e .
@ryPder g2 TP\ TR ) S PO = Tamger g P\ T 30n

Now we define, as in (E.2) the localization variables

U =[]vie®),  Ua=][]v- 0.

i=1 i=1
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Notice that

Uz = lLigeo-18(0.4r)) = U1

so that we have

E(f(G)U,) < E(f(G)l{@)eqﬂB(OA,)}) <E(f(GU)).

The following bounds for the local densities follow:

> ——
pG,U](Z)_ (Sﬂ)m/2dCth/2 exp( A|Z| >’

2m/2 1 2
< —¢€Xx ——=I< .
pG,UZ(Z) — ].L,m/zdeth/2 p< 32)\4|Z| )

U, = U = U,, so for the localization via U both bounds hold. O

Appendix E: Localization and density estimates

We first recall some notations and basic notions in Malliavin calculus. Our main reference is [26]. Given a d-
dimensional Brownian motion W = (th, cee Wtd )r>0 we denote its Malliavin derivative as

DF=(DF',...,DFY)".

We introduce the Sobolev norm of F':

1

1 T 2
IFlli, =[EIFI” +E|DF|’]? where |DF| = (/ |DSF|2ds> .
0

For any k € N, for a multi-index o = (aq, ..., ) € {1, ..., d}k and (sq, ..., s%) € [0, TT¥, we denote the higher order
derivative as

DY F:=D". DXF.

S yeens

We denote by |a| =k the length of the multi-index. We define the Sobolev norm of Df, | F as

1
k . » 1/2
IFllk,p = |:]E|F|1’ +Z]E}D<I>F"’} where |DYV F| = (Z / |Dpg.. o F % dsy ...dsj) )

j=1 la|=j

Notice that with this notation |[DF| = |[D" F|. Also notice that D) means “derivative of order j” and D’/ means
“derivative with respect to W/”.

We denote by D7 the space of the random variables which are k times differentiable in the Malliavin sense in L7,
and DK = ﬂ;ozl DK?. As usual, we also denote by L the Ornstein—Uhlenbeck operator, i.e. L = —§ o D, where §
is the adjoint operator of D.

We consider a random vector F' = (Fy, ..., Fy) in the domain of D. We define its Malliavin covariance matrix as
follows:

. d .1
vy = (DF;, DF;) =Z/ DY¥F; x DXF; ds.
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The following notion of localization is introduced in [2]. Consider a random variable U € [0, 1] and denote
dPy = U dP.

Py is a non-negative measure (not a probability measure, in general). We also set Ey the expectation (integral) w.r.t.
Py, and denote

IFIIY y =Eu(IFIP) =E(FI'U),

k
IFN o =1FI" ,+ > Ey(|DDF|).
j=1

We assume that U € D> and for every p > 1
my(p):=14+Ey|DInU|’ < oco. (E.1)

The specific localizing function we will use is the following. Consider the function depending on a parameter a > 0:

2
a
Ya(0) = Ljyjza +e"p<1 - m) fastei<2
For ®; € D2 and a; >0,i=1,...,n we define the localization variable:
n
U=]]va®©n. (E2)

i=1

For this choice of U we have that for any p, k € Ny

my(p) < C—L (E.3)

The proof of (E.3) follows from standard computations and inequality
p C
sup| (In ) (0) " ra (x) < —.
X a

In the following proposition we state the general lower and upper bound that we use in our density estimate. These
results are proved in [2] and [3].

Proposition E.1. Let F € (D>>).

1. Suppose that for every p € N: Ey i (yF)| P < 00, U € DV and my (p) < 0o. Let G € (D**)? such that
forevery pe N

Ey|a(yve)| " < o0.
Then for every p > d

pr.U(y)
> p,u(y) — Cmy(p)” max{1, (EU|)»*(VG)|_p)b(||F||2,p,U + 1Gll2,p,u) JIF = Gli2,pu, (E.4)

where C, b are constants depending only on d, p and my (p) is given by (E.1).
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2. Assume E|M(yr)|™P < 00,Vp. Then 3C, p, b constants depending only on the dimension d such that
- b
[P = Cmax{1LE[h(yr)| "IIFl2,p P(IF =yl <2). (E.5)

Proof.

1. The lower bound (E.4) for pr ¢ is a version of Proposition 2.5. in [2] with the lowest eigenvalue instead of the
determinant.
2. The upper bound (E.5) for pr is a version of Theorem 2.14, point A., in [3]. We take therein ¢ = 0, so there is
no derivative, and ® = 1, that means that we are not localizing.
O
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