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Abstract. We study some jumping SDE and the corresponding Fokker—Planck (or Kolmogorov forward) equation, which is a non-
local PDE. We assume only some measurability and growth conditions on the coefficients. We prove that for any weak solution
(ft)ref0,1 of the PDE, there exists a weak solution to the SDE of which the time marginals are given by (f;);¢[0,7]- As a corollary,
we deduce that for any given initial condition, existence for the PDE is equivalent to weak existence for the SDE and uniqueness
in law for the SDE implies uniqueness for the PDE. This extends some ideas of Figalli (J. Funct. Anal. 254 (2008) 109-153)
concerning continuous SDEs and local PDEs.

Résumé. On étudie certaines EDS a sauts et les équations de Fokker—Planck (ou Kolmogorov progressives) correspondantes, qui
sont des EDP non-locales. On suppose seulement que les coefficients sont mesurables et a croissance au plus linéaire. On montre
que pour toute solution faible (f7);¢[0,7] de 'EDP, il existe une solution faible a I'EDS, dont les lois marginales sont données par
(ft)te[0,71- On en déduit que pour toute donnée initiale, 1’existence pour I'EDP est équivalente a I’existence faible pour I'EDS, et
que ’unicité en loi pour I’EDS implique I’unicité pour I’EDP. Nous étendons ainsi des idées de Figalli (J. Funct. Anal. 254 (2008)
109-153) concernant des EDS continues et des EDP locales.
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1. Introduction

We consider the d-dimensional stochastic differential equation posed on some time interval [0, T']

t t t
X, = Xo+ / b(s, Xy ds + / o (s, X;)d By + f / h(s, 2, X, )N (ds, d2), (1)
0 0 0 JE

where (B;):c0,7] is a d-dimensional Brownian motion and N(ds, dz) is a Poisson measure on [0, 7] x E with
intensity measure dsu(dz). The coefficients 5 : [0, T] x R? > R?, 6 : [0, TIx R > S and h: [0, T] x E x RY >
R¢ are supposed to be at least measurable. The space E is endowed with a o'-field £ and with a o -finite measure 1 and
Sj is the set of nonnegative symmetric d x d real matrices. The Fokker—Planck (or Kolmogorov forward) equation
associated to (1) is

d

Z 8ij([6(t, Yo, ')]i,jf’) + L f, )

i,j=1

o fr +div(b(t, ) f;) =
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where £, f; : R? > R is defined by
[ emwewar=[ [ [o@+hez0) - p0olswmu@ ds
R4 Rd JE

for any reasonable ¢ : R? — R. We use the notation V = V., div = div, and 9; = 83{_ X
Let P(R?) be the set of probability measures on R¢ and

PiI(RY) ={f eP(R?) :mi(f) <oo} withm(f):= /Rd x| f(dx).

We define L ([0, T], P1(R?)) as the set of all measurable families ( ft)tefo.1] of probability measures on R4 such
that Sup[o’T] ml(f[) < Q.

1.1. Main result
We will suppose the following conditions.

Assumption 1.1. The functions o : [0, T'] x RY S;, b:[0,T] xR >R and h: [0, T] x E x RY > R? are
measurable and there is a constant C such that for all (¢, x) € [0, T] x RY,

lo@t,x)| + |b(t, x)| +/ |h(t, z,x)|n(dz) < C(1 + |x]).
E

We set a(t, x) = o (¢, x)o *(t, x), which satisfies |a(z, x)| < C(1 + |x|2).

Definition 1.2. Suppose Assumption 1.1. A measurable family (f;):e[0,7] of probability measures on R? is called a
weak solution to (2) if for all ¢ € C2(R?), all ¢ € [0, T],

t
/ () fy(dx) = / () foldx) + / f [Asp(x) + Byp ()] i (dx) ds, 3)
Rd RY 0 Jra

d

with the diffusion operator As¢(x) := b(s, x) - Vo (x) + % Zi,j:l

Jelo(x +h(s, z, %)) — p(x)1u(d2).

a;j(s,x)0;je(x) and the jump operator Byp(x) :=

We will check the following facts in the Appendix, implying in particular that (3) makes sense.

Remark 1.3. Suppose Assumption 1.1.

(i) For ¢ € CZR?), suppg 71xpe ([As@(0)] + [Bsgp(x)]) < o0.
(ii) Any weak solution (f;);e[0,7] to (2) starting from fy € Py (R?) belongs to L>°([0, T1, P1 (R%)).
(i) If fo € Py (RY), the weak formulation (3) automatically extends to all functions ¢ € CZ(R?) such that (1 +
IxDe()] + [Ve(x)| + [D?@(x)|] is bounded.

Point (iii) is far from optimal, but sufficient for our purpose. Our main result reads as follows.

Theorem 1.4. Suppose Assumption 1.1 and consider any weak solution ( f;):c[o0,1] to (2) such that fo € P1 (RY). There
exist, on some probability space (2, F, (Fi)ic0.1], P), a d-dimensional (F;)ic(0,71-Brownian motion (B;)ic(0,1],
a (Fi)ieqo,71-Poisson measure N (dt,dz) on [0,T] x E with intensity measure dtj(dz), these two objects being
independent, as well as a cadlag (F;);c[o,11-adapted process (X;)c(0,1] solving (1) and such that L(X;) = f; for all
tel0,T].

For (X):ef0,r] a solution to (1) and for f; = L£(X;), a simple application of the It6 formula (to compute
fRd o (x) fi(dx) = E[p(X;)] with ¢ € CZ(]Rd)) shows that the family (f7):c[0,7] is a weak solution to (2). The fol-
lowing corollary is thus immediately deduced from Theorem 1.4.
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Corollary 1.5. Suppose Assumption 1.1 and fix fy € P1(R%).

(i) The existence of a (weak) solution (X;);c[0,17 to (1) such that L(Xo) = fo is equivalent to the existence of a weak
solution (ft)ie[0,1 to (2) starting from fo.

(ii) The uniqueness (in law) of the solution (X;),cj0,1] to (1) with L(Xo) = fo implies the uniqueness of the weak
solution (ft)ie[o,1] to (2) starting from fy.

In almost all models arising from applied sciences, the jump operator is given under the form Byp(x) =
fF[(p(x + g(s,y,x)) — p(x)]« (s, y, x)v(dy), meaning that when in the position x at time s, the process jumps
to x + g(s,y,x) at rate (s, y,x)v(dy). Here F is a measurable space endowed with a o-finite measure v and
we have two measurable functions g : [0, T] x F X RY > RY and « : [0, T] x F x R? > R . Introducing
E=F xRy, u(dy,du) =v(dy)du and h(s, (y,u), x) = g(s, y, X)Lu<c(s,y,x))» one easily verifies that Byp(x) =
fE[ga(x + h(s, (y,u),x)) — o(x)]u(dy, du). Our results thus apply if fF lg(s, vy, X)|k(s,y,x)v(dy) < C(1 + |x|).

1.2. Motivation

Stochastic differential equations with jumps are now playing an important role in modeling and applied sciences. We
refer to the book of Situ [11] for all basic results and a lot of possible applications. The book of Jacod [8] contains
many important results about weak and strong existence and uniqueness, relations between SDEs and martingale
problems, etc. See also the survey paper of Bass [2].

Existence for PDEs is often more developed than for SDEs, so Theorem 1.4 might be useful to derive some new
weak existence results for the SDE (1).

Our main motivation is the uniqueness for some nonlinear PDEs, for which the use of nonlinear (in the sense of
McKean) SDEs has proved to be a powerful tool. For example, the first (partial) uniqueness result concerning the
homogeneous Boltzmann for long range interactions was derived by Tanaka [13]. He was studying the simplest case
of Maxwell molecules. Unfortunately, he was only able to prove the uniqueness in law of the nonlinear SDE associated
to the Boltzmann equation. Horowitz and Karandikar [7] were able to deduce the uniqueness for the (same) Boltzmann
equation proceeding as follows. Let us recall that the original equation writes 9, f; = Q(f;, f;), for some quadratic
nonlocal operator Q. For f a solution, they consider the linear PDE 9d,g; = Q(g;, f;), with unknown g satisfying
go = fo. They prove uniqueness in law for the (linear) SDE associated to this PDE (for any initial condition). They
deduce, extending some results of Ethier and Kurtz [4, Chapter 4, Propositions 9.18 and 9.19], the uniqueness for
the linear PDE (for any initial condition). So the unique solution (with go = fy) to 9,8, = Q(gs, f;) is f itself.
Consequently, the time marginals of the solution X to the linear SDE (when X ~ fo), which solve 9,8, = Q(g;, f1)
are necessarily ( f;):e[0,7]- Thus X actually solves the nonlinear SDE. Since uniqueness in law holds for the nonlinear
SDE by Tanaka [13], they deduce that there is at most one solution to the Boltzmann equation 9; f; = Q(f7, f;), for
some given reasonable initial condition fp.

Let us recall that the above mentioned results of Ethier and Kurtz (extended by Horowitz and Karandikar [7,
Theorem B1] and by Bhatt and Karandikar [3, e.g. Theorems 4.1 and 5.2]) state in spirit that if some SDE has a unique
solution (in law) for any deterministic initial condition, then the corresponding PDE has a unique weak solution for
any reasonable initial condition.

Our result is much stronger, since it does not require at all uniqueness for (1). If, for example, studying the Boltz-
mann equation, it directly implies that, to any solution f to the nonlinear equation (seen here as a solution to the linear
equation d;g; = Q(gr, f+)), we can associate a solution X to the corresponding linear SDE with additionally X; ~ f;
for all ¢. In other words, X solves the nonlinear SDE. This might look anodyne, but this was crucial when studying
more singular nonlinear equations, such as the Landau or Boltzmann equations for moderately soft potentials, see [6]
and [14]. Indeed, in such cases, we really need to use some physical symmetries to prove uniqueness: it is absolutely
not clear that uniqueness holds for the linear PDE 0, g, = Q(g;, fi), since one really uses that the two arguments of Q
are the same.

We hope the above discussion shows that Theorem 1.4 is an interesting variation of the mentioned results of Ethier
and Kurtz [4]. As already said, the method we use was initiated by Figalli [5] for continuous SDEs (2 = 0) with
bounded coefficients. The boundedness assumption was relaxed in [6, Appendix B]. A special jumping SDE (with
a = b =0 and a special jump operator) was considered in [14] to study a singular homogeneous Boltzmann equation.
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We decided to write down the general case in the present paper. We did not want to assume some boundedness of
the coefficients, although it complicates the proofs without introducing new deep ideas, because it is very useful for
practical purposes.

Finally, as explained in the next subsection, we are not able to prove a general result when the jump part of the
SDE has infinite variations, and this is a rather important limitation.

1.3. Strategy of the proof and plan of the paper

At many places, the situation is technically more involved, but the global strategy is exactly the same as that introduced
by Figalli [5, Theorem 2.6]. Let ( f;):¢[0,7] be a given weak solution to (2).

I. In Section 2, we introduce f; = f; x ¢, where ¢, is the centered Gaussian density with covariance matrix /.
We compute the PDE satisfied by f°: we find that 9, f° + div(b®(¢, ) f;) = % Zi’j ai,j(af’j(t, ) fe) + L fF, for
some coefficients a®, b* and some jump operator £; . Let us mention that a®(¢, -), b*(t, -) and L; of course depend
on f;.

II. Still in Section 2, we prove that a®, b and the coefficient of the jump operator L? satisfy
(i) the same linear growth conditions as a, b, £, uniformly in ¢ € (0, 1),

(i) some (non-uniform) local Lipschitz conditions.

III. In Section 3, we use II to build, for each ¢ € (0, 1), a solution (X7 );c[0,7] to some SDE of which the Fokker—
Planck equation is the PDE satisfied by (f;):c[0,7]. Since both the SDE and the PDE (with ¢ € (0, 1) fixed)
are well-posed (because the coefficients are regular enough), we conclude that £(X}) = f7. Indeed, the time
marginals of (X7);c[o,7] satisfy the same PDE as (f;):¢[0,7]-

IV. Still in Section 3, we prove that the family {(X7):c[0,77, € € (0, 1)} is tight. This is rather easy from the Aldous
criterion [1], using only II-(ii).

V. In Section 4, we finally consider a limit point (X;);c[0,7], as € = 0, of {(X}):c[0,77, € € (0, 1)}. Since L(X?) = f7
by III, we deduce that £(X;) = f; for each ¢ € [0, T']. It then remains to show that (X;)sc[0,7] is a weak solution
to (1) and we classically make use of martingale problems. Since the coefficients a, b, h are possibly rough, we
have to approximate them by some continuous (in x) coefficients a, 15, . We use that we already know the time
marginals of (X;)se[0,77: we can take a(z, -), b(t,-) and h(t, -, ) close to a(t, -), b(t, -) and h(z, -, z) in L’ (fe).

The proof of Remark 1.3 is written in the Appendix.

To conclude this paragraph, let us mention a few difficulties. The regularized jump operator, in its weak form
writes [pa L fF (D@0 dy = [ga [ga [£lo(y+h(t, 2, X)) — ()] (x — y) ff (dx) dy. We found no regular Poisson
representation of the associated SDE. We use an indicator function, see (4). This is why we are not able to treat the
case of an infinite variation jump term: we do not know how to prove that a SDE like (4), with a compensated Poisson
measure and some weaker condition on % (something like fE |h(s, z, x)|*u(dz) < C(1 + |x]?)), is well-posed.

Although this should be classical since the coefficients are rather regular for ¢ € (0, 1) fixed, we found no reference
about the uniqueness for the PDE satisfied by (f;):c[0,77 (see Lemma 2.1). We have not been able to write down a
deterministic proof. We thus use that the corresponding SDE is well-posed (for any deterministic initial condition)
and we apply a result of Horowitz and Karandikar [7].

1.4. Convention

During the whole paper, we always suppose Assumption 1.1 and that fy € P; (R?). We use the generic notation C for a
positive finite constant, of which the value may change from line to line. It is allowed to depend only on the dimension
d, on the parameters a, b, h, E, i, T of our equations, and on the weak solution (f;):c[0,7] to (2) under study. When

a constant depends on another parameter, we indicate it in subscript. For example, C, is a constant allowed to depend
onlyona,b,h,E,u, T, (ft)icio,77 and on €.

2. Regularization

We introduce the following regularization procedure, as Figalli in [5], see also [14].
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Lemma 2.1. For (f;)ief0.771€ L*([0, T1, P1 (R?)) a weak solution to (2) and ¢ € (0, 1), we set
fE) = /R B = D FdX) = (> 90 (0) with 9 (x) = 2e) /21,

Then for any test function ¥ € Cf RY), any t € [0, T,

t
/ YOV SE () dy = / POV EG) dy + / / [Aseth ) + Boo )] £ () dy ds.
R4 R4 0 JRd

with

d

1
Are () =b°(.3) - VYO + 5 3 af (6. )00 (),

ij=1
Bro (y) = /E /R 00+ b 2.0) = Y O] FE (5 0) fi( (@),

where
_ Jra &= (x — y)a(t, x) fi (dx)
ftE(Y) ’

FE(x,y) = "58;2(;)”.
t

 Jra ®e(x = »)b(2, x) fi(dx)

as(t,y) bE(t,y) = )
t

Proof. It is obvious that f;°(y) > 0 for each (¢, y) € [0, T] x R?. We first apply (3) with the choice p(x) = ¢ (x — )
(with some fixed y € RY), which is licit by Remark 1.3-(iii). We then integrate the obtained equality against ¥ €
CCZ(R"). This gives

t
/ 1ﬁ(y)ff(y)dy=/ w(y)fog(y)dva/ (Is + Js) ds,
Rd R 0
where

111:/ / V(N Ape(x — y) fi(dx)dy and J; ;:/ / V(0B (x — y) fi(dx)dy.
R4 JR R4 JR4

First,
1 d
I = / / YD, x) - Voe(x — y) fi(dx)dy + > / / Y (a3 (x — ) fi(dx) dy.
R4 JR4 2 R4 ]Rdi,jzl

But we have [ps ¥ (V)Ve(x — y)dy = [pa ¢e(x — y)VY () dy as well as [ps ¥ (1)0;jpe (x — ¥)dy = [pa ¢e(x —
¥)9;j ¥ (y)dy, so that

d
1
L= [y ey + g [ ]S a0 - napo findy
R? JR? 2 Jrt Jre

d
1
=/Rd bE(t, ) - VY () ff () dy + E/Rd Z ai; (t, ;v ) ff () dy

i,j=1

- / A ) fE () dy
Rd
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as desired. For the jump term, we use a similar computation as in [14, Proposition 3.1]. Since u is o-finite, there exists
a non-decreasing sequence (Ej),>1 C E such that U;’lozl E, =E and u(E,) < oo for each n > 1. We fix n and write

Ji Z/ / 1//(y)¢£(x —y+h, z,x)),u(dz)ff(dx) dy — / / V() (x — y)u(dz) fi(dx) dy
R JR JE, rd Jrd JE,

[ L] vl =y hz0) = g0 = )t fidn) dy.
Rd JRE JE\E,
Using the change of variables y — h(¢, z, x) — y, we see that

/Rdw(y)qﬁs(x—y+h(t,z,X))dy=/ U (y+h(t, 2, )¢ (x — y)dy,

R4

and consequently,
g 2/ / / [V (3 +h(t,2.0) = )]be(x = y)u(dz) fy(dx) dy
R4 JRA JE,
+/ / YO[ge(x =y +h(t.2.)) = $e(x = N]u(d2) fr(dx) dy.
RY JRE JE\E,

Observe now that |y/(y + h(t,z,x)) — ¥ (Mlge(x — ¥) < Clh(t,z,x)|ps(x — y) € L' (u(dz) fi(dx)dy) and
[ (DBe(x — y +h(t, 2, X)) — pe(x — V)| < Cel¥ (WIIA(t, 2, x)| € L (1u(d2) fi (dx) dy): this uses that ¥ € C2(R?),
Assumption 1.1 and that f; € P (R?). We thus can let n — 00:

si= [ [ [l hz0) = w o)t - v i dy = [ B o)dy,
Re JRIJE Rd
which completes the proof. ]
Let us now give some growth and regularity estimates on the regularized coefficients.

Lemma 2.2. Let (fi)ico,771 € L0, T1, Py (R%)) be a weak solution to (2) and recall that af, b®, F¢ were intro-
duced in Lemma 2.1.

(i) There exists a constant C > 0 such that for all e € (0, 1), all y € RY allt e [0, T],
172
el e e+ [ [ ez | F o fian < c(1+ 1)
(i1) Foralle € (0,1) and R > 0, there is Cr ¢ > 0 such that for all y, y» € B(0, R), allt € [0, T],
e 5 e e e 1/2 e 1/2
+Adﬁlh(t,z,X)||F,s(x,y1) — Ff(x, y2)|i(dz) fi(dx) < Crelyr — y2l.

Proof. We start with (i). By Assumption 1.1,

1/2

|+ o)+ [ [ Inez ool un sian

g CfRd ¢s(r = L+ Ix) fr(dx) C[fRd ¢e(x — y)(1 + |x|)2ft(dx>}‘/2
£ £
=:Cl(t,y)+ CJ(t,y).
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Since for y fixed, [ f (17 e (x — y) f: (dx) is a probability measure, we infer from Cauchy—Schwarz that I, (¢, y) <
J: (¢, y). We thus only have to prove that [/, (¢, y)]2 <C(+ |y|2). Let L := 2sup[07T] m1(f:) + 2. We use that

T+ x| < TH Iyl +1x =y = T4 20yl + L+ [x = y[1x—y>|y1+L)

to write

2fRC,(l +2|y| + L)?¢e (x — y) f;(dx) N 2f|x,y,z‘y|“ lx — y[2ps (x — y) f;(dx)
VEG)) V)]

(vl + L) ¢ (Iy| + L)
fts()’)

[, 9] <

<2(1+20yl+L)° +2

For the second term, we used that |y| + L > 2 > +/2¢ and that z — |z|?¢¢ (z) is radially symmetric and decreasing on
{|z| = +/2¢}. To conclude the proof of (i), it suffices to note that

ff(y)z/l | |HLa%(x—y)fz(dx)z¢>s(|y|+L)ft(B(y,|y|+L))z<z>E(|y|+L)/2
x—=y|=ly

because z > ¢.(z) is radially symmetric decreasing and because f;(B(y,|y| + L)) > f;(B(0,L)) > 1/2, since
fi(BO, L)) <mi(f1)/L <1/2.

For point (ii), it suffices to prove that V,b°(¢, y), Vya®(t, y), Dga*’ (t,y) are locally bounded on [0, T] x R¢, as
well as G*(t, y) := [pa [ Ih(t, 2, )|V} Ff (x, y)|1(d2) f; (dx). No uniformity in ¢ is required here. By Stroock and
Varadhan [12, Theorem 5.2.3], the local boundedness of D%ag(t, y) implies that of V, ([a®(t, 172,

First, one easily checks that y — (f° (y))’l is of class C* for each ¢t € [0, T'] and that it is locally bounded, as
well as its derivatives of order 1 and 2, on [0, T'] x R?. This uses in particular the lower bound L) =@ (lyl+L)/2
proved a few lines above.

Recall that by definition, we have a®(¢, y) = (ff(y))_1 fRd ¢ (x — y)a(t,x) fi(dx) and b°(¢t,y) = (f,"?(y))_1 X
fRd ¢ (x — Y)b(t, x) fi(dx). Recall finally that |a(z, x)| + |b(z, x)| < C(1 + |x|?). So concerning a® and b°, our goal
is only to check that

Kelt,)i= [ 11900 = )]+ [ D3ex = 0 [1(1+16) )
is locally bounded on [0, 7] x R?. But using that (1 + |z|*)[| V¢ (z)| + | D?¢¢(2)|] is bounded on R¥, we deduce that

[1Vye (x — )| + D3¢ (x — )11 + |x[*) < Ce(1 4 |y[?), whence K (¢, y) < Ce(1 4 [y[?).

Next, one has [Vy Ff (x, y)| < Ce(ff () *[pe(x = MIVSEW + fF()IVe(x — y)II. Using again that £ is
smooth and positive, the goal concerning G? is to verify that

Le(t.y) = /R d /E It 2030 [ — ) + | Vabe (x — )| (d2) fi ()

is locally bounded. By Assumption 1.1,

Le(t,y) < /Rd[%(x =)+ Ve (x = »[](1+ Ix]) fi(dx) < Ce (14 1y1)

as previously, because (1 + |z|)[¢:(2) + V. (2)|] is bounded. J

3. Study of the regularized equations

In this section, we build a realization of the regularized weak solution (f;):<[0,7]-
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Proposition 3.1. Let (fi)icfo,r1 € L0, T1, P1 (R?)) be a weak solution to (2) and fix € € (0, 1). Consider
(f)iero,11 and a, b®, F? defined in Lemma 2.1 and put 6®(t, y) := (a®(t, y)1/2. Consider a random variable X, a
d-dimensional Brownian motion (By)sc[o,1] and a Poisson measure N (ds,dz,dx,du) on [0, T] x E x R4 x [0, 00)
with intensity measure dsu(dz) fs(dx) du, these three objects being independent. We work with the filtration gener-
ated by X, B, N.

(i) There is a pathwise unique cadlag adapted solution (X{):c[0,1] to

t t
Xf=X8+/ bg(s,Xﬁ)ds—i—/ o®(s, X5)dB
0 0

t o0
+/ / / / h(S,Z,X)l{ufpsa(xyxfi)}N(dS,dZ,dX,du). (4)
0 JEJRIJO

(ii) There is a constant C (not depending on ¢) such that ]E[sup[O,T] IXF1<C(+ ]E[|X8|]).
(ii) If L(X() = fi5 . then L(X[) = ff forallt € [0, T].

Proof. (i) The existence of a pathwise unique solution to (4) is more or less standard, because of the linear growth and
local Lipschitz properties of the coefficients proved in Lemma 2.2. We only prove pathwise uniqueness, the existence
being shown similarly, using a localization procedure (to make the coefficients globally Lipschitz continuous) and a
Picard iteration. Consider two solutions (X7 )se[o,7] and (f( ¢ )ief0,7] to (4) with Xg =X 8 and introduce the stopping
time T :=inf{r € [0, T] : | X7| v |)~(f| > R}, for R > 0, with the convention that inf @ = T. Using the Burkholder—
Davis—Gundy inequality for the Brownian part, we find

INT,
E[ sup |X¢— )~(f|] < E[/(; R|bs(s, XE) — b (s, XE)| ds + C(/O

[0,tATR]

tATR 1/2

lo®(s, XZ) —o°(s, Xf) Izds>

INTR ~
+/ / / }h(s,z,x)HFf(x,Xﬁ) — Ff(x,X§)’fs(dx)u(dz)ds:|.
0 E JRd

By Lemma 2.2-(ii), we deduce that

. IATR . IATR . 5 12
E[ sup yx;f—xﬂ]gcR,SEUO |x§-x§|ds+</0 |Xxe — X¢| ds) ]

[0,tATR]

< Cre(t+VDE[ sup |x:—X:]]

[0,2ATR]

We deduce that E[supg ;. azep [ X5 — f(il] =0, where tg > 0 is such that Cg . (g + +/fgr) = 1/2. But then, the same
computation allows us to prove that E[Supj,, xzq. 210)rzg] [ X5 — X¢|]1=0, etc, so that we end with E[supjo, 7 arp) 1X5 —
)~(§ |]=0foreach R > 0. Since limg_, oo Tg = T a.s. (because (X} )c[0,77 and ()}f)te[()’]“] are assumed to be a.s. cadlag

and thus locally bounded on [0, T']), we conclude that E[sup[o,ﬂ |X8 — f(f |] = 0, which was our goal.
(i1) Using the Burkholder-Davis—Gundy inequality for the Brownian part, we find, for # € [0, T'],

iy = lounlc ] =5l £ [ 16 )| ol ([ ortoxpPas)

t
+EU // ‘h(s’z’x)’FSg(x’Xf—)fr(dx)lt(dz)ds]
0 E JR4

Inserting the estimates proved in Lemma 2.2-(i), we find, for some constant C not depending on ¢ € (0, 1) nor on
E[1X511,

1 ‘ 12
uff]E[|X3]]+CIE[/ (1+|X§])ds+(/ (1 |x:P)as) }§u8+C(t+«/;)(1+uf).
0 0
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With 79 > 0 such that C (tg + /%) = 1/2, we conclude that ufo <2ug + 1. One checks similarly that ugto < 2uf0 +1<
4uf + 3. Repeating the argument, we end with u§, < 2L7/01+1y¢ 4 olT/0l+1 7,

(iii) We now assume that £(X{) = f; and we set g; := L(X[). A direct application of the It6 formula shows that
for all ¢ € [0, T], recalling the notation of Lemma 2.1,

t
/ Y dy) = / FOVEy) + / / [ s () + Bye ¥ )] (dy) ds.
R4 R4 0 JRd

Recalling Lemma 2.1 again, (f;°);c[0,7] solves the same equation. The following uniqueness result will thus complete
the proof of (iii): for any vy € P(RY), there exists at most one measurable family (v;)¢[0,7] of probability measures
such that for all ¥ € Cg(]Rd) andallt €[0, T],

t
/ YO (dy) = / FOvody) + / ds f v (@) [As ¥ (3) + Byoth )], )
R4 R4 0 R4

This must be classical (because the coefficients are rather regular), but we found no reference and thus make
use of martingale problems. A cadlag adapted R?-valued process (Y1)re[o,77 on some filtered probability space
(R, F, (Ft)efo,11, P) is said to solve MP,(vp) if L(Yp) = vo and if

t
v — /O [Aseth (¥o) + By.oy (¥0)] ds

is a martingale for all € Cg (R?). Due to Horowitz and Karandikar [7, Theorem B1], the following points imply
uniqueness for (5). Here Cy (R?) is the set of continuous functions from R? to R vanishing at infinity.

(a) Cf (R9) is dense is Co(RY) for the uniform convergence topology,

(b) (t,y) = AW (y) + B; ¥ (y) is measurable for all ¢ € C2(RY),

(c) foreacht €0, T], A; c + B; . satisfies the maximum principle,

(d) there exists a countable family (Y4 )x>1 C C CZ (]Rd ) such that for all # € [0, T'],

LWk, Ar eV + BreWi), k> 1} D {0, Ao + B oy, ¥ € C2(RY) ),

where the closure in the left-hand side is under the bounded pointwise convergence,
(e) foreach yg € R, there exists a unique (in law) solution to MP¢(3y,).

Points (a) and (b) are obvious. The SDE associated to MP; is precisely (4): (Y;):¢[0,1] solves MP¢(vp) if and only if
it is a weak solution to (4) and £(Yy) = vy, see Jacod [8, Theorem 13.55], see also [7, Theorem A1]. Thus (e) follows
from (i). For (c), assume that i € Cf(Rd) attains its maximum at yo. Then B; (¥ (yo) < O (this is immediate) and
A ¥ (¥9) <0 (because Vi (yo) = 0 and, since a(z, yo) is symmetry and nonnegative, Zi’j a;j(t, ¥0)0ij ¥ (yo) < 0).
It only remains to prove (d). Consider any countable subset (Y )x>1 C C?(Rd) dense in Cf(Rd): for ¢ € CCZ(Rd)
with Supp ¥ C B(0, M), there exists (Y, ),>1 With Supp ¥, C B(0,2M) such that

Tim (19 = Wk lloo + [V = ¥ | o + [ D@ = ¥ [ ) =0.

We will prove that (i) limy,— o0 SUp[g, 7} Az, ¥k, — As eV lloo = 0, and (i) lim,, oo supjo, 71 1Bt.e ¥k, — Bre¥lloo =0,

which are more than needed.
By Lemma 2.2,

1
|Are Wk, —V)O| < [ VW, — W) | P59 Xy <om) + §|| D* (Y, — V| la® @ 3) | yi<2n

<C|V@r, — W |, +C|D*Wr, — )| ..
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which tends to 0, implying (i). We next write, using that Supp (Y, — ¥) C B(0,2M),
W, — ) (3 + A, 2.0)) = Wi, — IO < Ly | VW, — )| |2 2.3)]
+ Lyizamy 1Vk, = ¥llooL{y+hir.x.2)1<2m)-
Observing that

2h(t, z, x)|

Lyyi=am,y+h(t,z01<2m) = Lyi=am,ih,z00=1v1/2) < 1jyizam) ]

we deduce that

|Br.e (W, =)0 < Lyjyj<amny | V(¥ — w>||00/ /d|h(hz,X)|Ff(x, y) fi(dx)p(dz)

2\h
T Lpypmann 1V, —wnoof/ | (t & ")'Ff(x,y)ft(dxm(dz»

Recalling that [} [pa |h(t, 2, X)|Ff (x, y) fi(dx)pu(dz) < C(1 4+ |y|) by Lemma 2.2, we find

|By.e(Wk, — )| < Lyi=anny C(1+ 1) | V (¥, — Eﬁ)” + 1y =am) | |

< ||V, =) oo + Cllvk, = ¥lloo

and the conclusion follows.

— VYl

Lemma 3.2. For (f;):efo,77 € L0, T], P, (R?)) a weak solution to (2) and ¢ € (0,1), consider the process
(X7)iero,11> with X§ ~ fi, introduced in Lemma 3.1. The family {(X7)c0,7], € > 0} is tight in D([0, T, R?) and

any limit point (X;)se[0,1 satisfies P(AX; #0) =0 forall t € [0, T].

Proof. We use the Aldous criterion [1], see also Jacod and Shiryaev [9, p. 356], which implies tightness and that any
limit point (X;);¢[0,7] is quasi-left-continuous and thus has no deterministic jump time. It suffices to check that

(1) Supee(o’l) E[Sup[O’T] |XZ€|] < 00,

(ii) limg—08up.c(o,1) SUP(s,5")eSr(B) E[1X§ — X§|1 =0, where St (B) is the set of all pairs of stopping times (S, S

satisfying0 < S <S8 <S+8<T as.

Point (i) has already been checked in Lemma 3.1-(ii), since E[|X§|] =m1(f§) <m1(fo) + «/de. Next, for S, S e

Sr(B) and ¢ € (0, 1), we have
S+8 s
E[|Xx§ — X§|] < EU |b° (s, Xi)\ds} —HE[ / o®(s, X¢)dBy }
S S
S+p
~|—IET|:/ / / |h(s, 2, x)| F{ (x, XE) fs(dx)u(dz) ds:|
N E JR4

< CE[/SSJFﬁ(l + |X§|)ds] + CEKfSS/’US(S» X§)|2ds)l/2}

where the last inequality follows from Lemma 2.2-(i) and the Burkholder—Davis—-Gundy inequality. But |0 (s, x)|* <

Cla®(s,x)| < C(1+ |x|2) by Lemma 2.2-(i) again, whence

S+p S+p ) 1/2
E[|X8,—Xg|]5c1@[/s (1+|X§|)ds+(/s (1+|X§|)ds) }

Hence E[|X§, — X§|1 < C(8 + V/B)E[supjo r1(1 + XS] < C(B + +/B). which ends the proof.
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4. Conclusion
As Figalli [5], we will need some continuous (in x) approximations of a, b and h.

Lemma 4.1. Let (fi)iefo,7) € L*°([0, T1, P (RY)) be a weak solution to (2). For all p > 0, we can find a : [0, T] x
R? > Sj and b : [0, T1 x R? > R4, both continuous and compactly supported, a set A € E such that (A) < 0o, and

a measurable function h: [0,T] x E x RY Rd, continuous on [0, T] x R4 for each z € E, such that ﬁ(t, z,x)=0
Sforall (t,z,x) €[0,T] x A® x RY and

/ / ['“(t ) — 4, x| |b(t,x)—l;(t,x)‘+/]h(t,z,x)—ﬂ(t,z,x)’u(dz)}f,(dx)dt<,0.
R? 1+ x| E

Proof. For a and b, this follows from the fact, see Rudin [10, Theorem 3.14], that continuous functions with compact
support are dense in L'([0, T1 x R4, dtf,(dx)), and that both a(z, x)/(1 + |x|) and b(z, x) belong to this space by
Assumption 1.1.

Since h € L'([0, T]1 x E x R4, dtju(dz) fi(dx)) by Assumption 1.1 and since u is o -finite, we can find A € £ such

that £(A) < oo and fOT Sac Jga |h(t, 2, )| fi(dx)pu(dz) dt < p/3.

Next, can find a simple function g = Zfl\’:lanlsn, with a, € Ry, S, € B([0,T] x RY) ® &, such that
Jo Ja Jwa I8t 2.%) = h(t, 2. 0| fi(dx)p(dz) dt < p/3.

But for S € B([0,T] x R?) ® £ and ¢ > 0, there is @s.e:[0,T] x R? x E +— R, measurable, continuous on
[0, T] x RY for each z € E and such that fOT Sa Jra M@ z0esy — 95,6(1, 2, X)| f1(dx)(dz) dt < e. Indeed, when
S=C x D with C € B([0,T] x Rd) and D € &, it suffices to consider v continuous on [0, T] x R4 such that

fOT Jra Li@.0ecy — ¥ (1, x0)| fi(dx)dt < ¢/u(A) and to set ¢s (7,2, x) = ¥ (1, x)1zepy. The general case follows
from the monotone class theorem.

Finally, h(t,z,x) = Zfl\]:l n @S, p/Glas2m) (t, 2, X)1{ze 4y is measurable and continuous in (¢, x) for each z € E.
Writing

|h(t, 2, x) = h(t, 2, x)| < |h(t, 2, 0)|Lizeaey + |g(t, 2, X) — h(t, 2, %) |[1zen)

N
+ D lanl[@5,.0/Glanl2n) (1 2, ) = 1z 0)es,) | Lizea),
n=1
we conclude that fOT S Jra |h(t, 2, x) — h(t,z,x)| f;(dx)u(dz) dt < p as desired. O

We now can give the

Proof of Theorem 1.4. Let (f;):c0,771 € L*([0, T, Py (R?)) be a weak solution to (2). For each ¢ € (0, 1), consider
(f)reo. 17 introduced in Lemma 2.1 and the process (X?);¢[o,7] introduced in Lemma 3.1-(iii). By Lemma 3.2, we
can find a sequence (X ")re0,7] converging in law to some process (X;);¢[o,7]. Since we know from Lemma 3.1 that
L(X{")y = f" foreacht € [0, T], each n > 1 and since f;" goes weakly to f; as n — 0o by construction, we deduce
that for all t € [0,T], L(X;) = f;. It thus only remains to verify that X := (X;),¢[0,7] is a (weak) solution to (1).
According to the theory of martingale problems, see Jacod [8, Theorem 13.55], it classically suffices to prove that for
any ¢ € C? (R?), the process

t
v (X1) — ¥ (Xo) —/O [As¥ (Xs) + Bsyr (X) ] ds

is a martingale in the filtration F; = o (X, s <t). Our goal is thus to check thatforany 0 < s <--- <s; <s <t <T,
any ¥, ..., Y € Cp(RY) and any ¥ € C2(R?), we have E[K(X)] =0, where K : D([0, T], RY) > R is defined by

k t
K = (H mmn) <w(k,> —Y(hs) — / [Arv () + Brw(m]dr).
i=1 §
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We fix p > 0 and consider a, b and h introduced in Lemma 4.1. We introduce .AL and Bs exactly as in Definition 1.2

with @, b and h instead of a, b and h. We define a¢, bt, As. and BS, ¢ exactly as in Lemma 2.1, with everywhere a,
b and h instead of a, b and h. Finally, we define K (resp. Ke, resp. Kp) exactly as IC with A, and B, replaced by A,
and B, (resp. by Ar,e and l’;’r,g, resp. by A, . and B, ;).

First, E[K,, (X®*)] = 0. Indeed, since X° = (X7);c[0,77 solves (4), by the It6 formula,

¥ (XE) - /Ot[Ar,s(Xf) + B (Xy)]dr
) [ w5 [

i,j=1
///Rd V(XF +h(s, z2.0)) = ¥ (X7)]F (v, X7) fr(dx)u(dz) dr

is a martingale, which implies the claim. We thus may write, for each n > 1,

[E[LCO]| = [E[LCO] - E[RCO]| + [E[KCO] - E[K(X)]]
+ [B[R(x*)] = E[Ke, (X)]| + [E[K, (X*)] = E[Ke, (X*)]]-

We now study the four terms. We denote by M a constant such that Supp ¥ C B(0, M). We also define ¢(z) =
(Zn)_d/ze_|z‘2/2, so that ¢, (z) = =42 (e71/%2).

Step 1. Here we prove that lim,,_, oo E[l& (X&) = E[l& (X)]]. Since X*" goes in law to X by construction, it suffices
to verify that K is bounded and a.s. continuous at X .

Since a, b and h are continuous in space and time, we easily deduce that (r X) > Arl//(x) and (r, x) — B Y(x)

are continuous and bounded on [0, 7] x R<. For ArW(x) =b(r,x)- Vi (x)+ 5 Zi’j a;j(r, x)0;j ¥ (x) this is obvious,

and for B,y (x) = [ [¥ (x +h(r,z,x)) — Y ()u(dz) = [, [ (x + h(r, z,x)) — ¥ (x)1u(dz), this follows from the
Lebesgue theorem, because v is bounded and p(A) < oo.

We easily deduce that K is bounded, and that it is continuous at each A € D([0, T'], R4 ) which does not jump at
S1,...,8k,s,t. This is a.s. the case of X, see Lemma 3.2.

Step 2. Here we check that A := |[E[K(X)] — E[l@(X)]l < Cp for some constant C. We have, since Supp ¢ C
B(0, M),

- t 3 )
K — K| SC/O (A () = Ay )|+ |Brvr (hr) = B ()| ] dr
! ~
< Cfo (|a@r, 2r) —a(r, A | + |bGr, Ar) — b(r, M) ), <pry dr
t
+C/ /|h(r’z’kr)_l:l(nzv)‘r)“'b(dZ)dr.
0o JE

Using now that 1jj,<p) <C(1 + |x)~! and that £(X,) = f, for each r € [0, T], we conclude that

A< c/ / <'”(r D ZACO1 L —E(r,x)y>f,(dx)dr
R 14 x]

+C/// |h(r’z’x)_E(r’zfx”fr(dxm(dz)dr,
0 JE JRd

This is smaller than Cp by Lemma 4.1.
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Step 3. Now we verify that for alln > 1, A} = |]E[I€‘9,1 (X*)] — E[K, (X**)]] < Cp. Asin Step 2,

t En — gén ~
AZSC/ / (|a (7‘7 y) (rv y)l +|b8"(}”, y)—be"(r,y)|)ff"(y)dydr
Rd 14yl

+C/ // / Ih(r. 2. 2) — it 2. 0| 225 =2 £ () 50 () dypatdz) d.
R¢ ()

Recalling (see Lemma 2.1) that a® (r, ) " (y) = [ga @s, (x — Y)a(r, x) f(dx), that @ (r, ) f" (¥) = [ga e, (x —
y)a(r, x) fr(dx) and similar formulas for 5% (r, y)fe” (y) and ben (r, y)f (v), we find

A"<C// f ('“(”) “(”)'+|b<r,x>—B<r,x>|)¢sn<x—y)fr(dx)dydr
Rd JRA 1+ |y

+C/// / |h(er’X)_f’(r’z’x)’fﬁen(x—y)fr(dx)dy,u(dz)dr_
0 JE JRd JRA

Lo
But [pa ¢¢, (x — y)dy =1 and, since 11};' 1+ lﬂL“)yll Sl+|x—yl <2+ x -y

I+ [xDe, (x — y)dy

5/d(2+|x—y|2)¢gn(X—y)dy=2+dgn <24d.
R

R 1+ [yl
Consequently,
Al < c/ / ('a(r G BT —l;(r,x)’)fr(dx)dr
R4 1+ x|

+C/// |h(r, 2, x) = h(r,z, x)| fr(dx)p(dz) dr,
0 JE JRY

which is smaller than Cp by Lemma 4.1. ~ _ ~
Step 4. Finally, we check that lim,_, o [E[C(X®")] — E[/C,, (X®*)]| = 0. We first observe that |E[/JC(X®")] —
E[fC, (X*)]| < C, + J,), where

t t
I, ::E[/ |Ar,5n¢(an) —,Zl,W(Xf") dri| and J, ::E[/ |l§r,gn¢(xfn) _ BrW(Xf") dr
0 0
Since € Ccz(Rd) and since £(X:") = frg", we have
t
I, < c/o fqubfn (r,y) = b(r, p)| +[a (r, y) —ar, y)|) £ (y) dydr

! ~ ~
< C/ f / (|b(r, x) = b(r, )| + |a(r, x) — a(r, y)|)be, (x — ) f(dx) dy dr,
0 JRA JRA

because [6° (r, y) — b(r, 1" () = [pa be, (6 — V)b, X) fr(dX) — [ga Pe, (x — )b(r, y) fr(dx), with a similar
formula concerning a. Using finally the substitution y = x 4 ,/&,u, we find

t
1, §C/ /d/d(}g(r,x)—g(r,x+@u)}+ |&(r,x)—&(r,x+\/au)D(b(u)f,(dx)dudr.
0 JrdJR

Hence lim,, I,, = 0 by dominated convergence, since a and b are continuous and bounded.
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By the same way, since f;" (y) = [pa s, (x — ¥) fr(dx),
J= [

- fE [v (X" +h(r.2. X;7)) = ¥ (X7) widz) | dr
:E[ i Y (XE + h(r, z,x)) — (X +ﬁ(r, z, X)) )

<CE[/// [L ARGz, x) — R(r,z, XE)
R4

because v and Vi are bounded. Using that £(X ) = f", the substitution y = x + «/€nu and the fact that ﬁ(r, Z,X) =
Oifz ¢ A,

En

(X5 4G 20) — w(xan)]‘m"( — X ¢ v

Rd "(X7")

)

e = X
= X))

3

¢>a,,<x X7
= o fr(dX)M(dz)dr}

t
Ih=C / / / / [1Ar. 20 2) — 20 ) [Je, (& — ) fy (dx) dyp(d2) dr
0 JAJRE JRE

t
ZC/ // / (1A |G, 2, %) = h(r, 2, x + enu)| | ) £ (dx) dyp(dz) dr.
0 JAJRE JRA

Hence lim,, J,, = 0 by dominated convergence, since % is continuous in x and since ((A) < oo.
Conclusion. Gathering Steps 1, 2, 3 and 4, we find that |E[KX(X)]| < Cp. Since p can be chosen arbitrarily small,
we conclude that E[K(X)] = 0, which completes the proof. O

Appendix

Proof of Remark 1.3. First, it is very easy, using only that a and b are locally bounded on [0, T] x R?, to show that
A;¢(x) is uniformly bounded as soon as ¢ € Cg (RY). The case of B;¢ is more complicated. We consider ¢ € C Cz (RY)
and M > 0 such that Supp ¢ C B(0, M) and we write

|Bio(x)| 51{|x\52M}|IV¢||oo/15\h(t,Z,X)’M(dZ)+1{\x|32M}/E|<ﬂ(X+h(t,z,X))|M(dZ)~

We observe that [¢(x + h(t, 2, X))| < |@llcod{jx+n(,z,x)|<m) and that

2/h(t, z, )|
Xl

Since fE |h(t, z, x)|u(dz) < C(1 + |x]) by assumption, we conclude that

Cllelloo (1 + |x])
|x| ’

Lxi=2M, |x+h(t, 201 <My < Yix=2M, (2,012 1x1/2) < L{jx|=2m)

1Bio(0)| < 1jx1<2m) ClIV@ oo (1 4 1) 4 Lxjz20)

which is bounded. We have proved point (i).
We next prove (ii). We put ¢(x) = (1 + Ix|%)!/2, which satisfies

1+ x|

C
<p(x)<1+lx|, [Vg[<1 and |Dz¢>ls;.

We also introduce an increasing C? function X Ry Ry suchthat x(r) =r forr € [0, 1] and x(r) =2 for r > 2.
We thus have

FAlL<x(r)<2(rAl), X' (| <Cly<y and  |x"(r)| < Clj<r<y.
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We then set, for n > 1 and x € R?, v, (x) = nx (¢(x)/n), which satisfies
2 C
pAn =Y, <2(p An), V| < Cl{(pSZn} and |D ¢n| =< ;1{<p§2n}-

Consequently, for all s € [0, T1, since |b(s, -)| < Cg and |a(s, -)| < Cy? by Assumption 1.1,
|Astal < [bCs, )|IVYal + als, )| |D*Yn| < Colipzany < Clp A Cn)] < CY.

We next claim that

Y (x)

An(s,2, %) = Y (x + h(s, 2, x)) — Ya(x)| < C|h(s, 2, x)| 20

(A.1)

First, if ¢(x) < 4n, then we only use that Vi, is uniformly bounded to write A, (s, z,x) < C|h(s, z, x)|, whence
the result because V¥, (x) > ¢(x) A n > @(x)/4. Second, if ¢(x) > 4n (whence |x| > 4n — 1 > 3n), since ¥, is
constant (with value 2r) on B(0, 2rn)¢ and bounded on R? by 2n, we can write A, (s, 2, x) < 4nl{xyn(s,z.x)|<2n) <
Anln(s,z, 0= 1x1/3) < 12nlh(s, z, x)|/]x|. But 12n = 6y, (x) and |x| > ¢(x) — 1 > ¢(x)/2, whence the result.

We deduce from (A.1), using Assumption 1.1, that

By ()| < C ‘””( )

/|h(s @) |uids) = CLER (14 ) <y,

%( ) (1

(x)
Applying (3) with the test function ¥,, — 2n € CC2 (R), for which of course (A + By) (¥, — 2n) = (As + Bs) ¥, and
using that fy and f; are probability measures, we find

t
/ Y (0) fi () = / U () fodx) + / / (Actin () + Byt () fi(dx) ds
R4 R4 0 JRA
t
< / () foldx) + C / / U () fi(dx) ds.
R4 0 R4

Since fy € P (R9) by assumption and since 0 < ¥, (x) < 2|x| + 2, sup,»; fRd Yn(x) fo(dx) < co. We thus con-
clude, by the Gronwall Lemma, that sup,,- SUP;efo, 7] fRd Y (x) ft (dx) < oo, which clearly implies that ( f;):c[0,7] €
L>([0, T1, P (RY)), because limy, .o ¥, (x) = ¢ (x) > |x].

For point (iii), we introduce a family of functions x, € CC2 (Rd), for n > 1, such that 1jjx|<p} < xu (%) < Ljjx|<n+1
and such that | Dy, (x)| + | D%y, (x)| < C1{jx|emn,n+17}- We then consider ¢ € C2(R?) as in the statement, i.e. such
that (1 + |x[le(x)| + [V (x)| + | D%@(x)|] is bounded. Of course, ¢ x, € C?(Rd) for each n > 1, so that we can
apply (3). We then let n — oo. Since ¢ is bounded, we obviously have lim,, [ps @(x) X (x) fi (dx) = [a ¢(x) f;(dx).
Next, we want to prove that lim, fot fRd [As (@ xn) (x) + By (@ x0) (X)] f5 (dx) ds = fot fRd [Aso(x) + Bsp(x)] fs (dx) ds.

By dominated convergence and since (f;);cf0,771 € L*([0, T'], P, (R%Y) by (ii), it suffices to prove that for all s €
[0, T],x e R,

(@) sup, [As(@xn)(X)] = C(1+ |x]), (b) lim, Ay (¢ xn) (x) = Asp(x),
(c) sup, [Bs(@xn) ()| = C(A + [x]), (d) lim, By (@ xn) (x) = Byg(x).

Point (a) is easy: since |a(s, x)| + |b(s,x)| < C(1 + Ix|%) by Assumption 1.1 and since x,, Dy, D?,, are uni-
formly bounded,

| As (@x) )] = C(1+ 1x12) (| Dl@xn) )| + | D*(@x) (0)]) < C(1 + Ix1?) (Jo(x)| + | Do (x)| + | D?

),

which is bounded by C(1 + |x|) by assumption. Point (b) is not hard, using that lim, V(¢ x,)(x) = Ve(x) and
limy, 3;j (@ xn)(x) = 3;j¢(x) for each x € RY.
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Next, V(¢x,) is uniformly bounded, so that [(¢x,)(x + h(s,z,x)) — (@x,)(x)| < C|h(s,z,x)| and thus
|Bs (@ xn)(x)] < CfE |h(s,z,x)|n(dz) < C(1 + |x|) by Assumption 1.1, whence (c). Also, by dominated conver-
gence, since lim,, x,(y) =1forall y € R4,

li;nBs(wxn)(x)=lipﬁ[(wxrz)(x+h(s,z,x)) — (@ xn)(x) |1 (dz) =/E[¢(x+h(s,z,X)) — o(x)]n(dz),

which is nothing but B¢ (x) as desired. O
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