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Abstract. We provide a new construction of the Brownian disks, which have been defined by Bettinelli and Miermont as scaling
limits of quadrangulations with a boundary when the boundary size tends to infinity. Our method is very similar to the construction
of the Brownian map, but it makes use of the positive excursion measure of the Brownian snake which has been introduced recently.
This excursion measure involves a continuous random tree whose vertices are assigned nonnegative labels, which correspond
to distances from the boundary in our approach to the Brownian disk. We provide several applications of our construction. In
particular, we prove that the uniform measure on the boundary can be obtained as the limit of the suitably normalized volume
measure on a small tubular neighborhood of the boundary. We also prove that connected components of the complement of the
Brownian net are Brownian disks, as it was suggested in the recent work of Miller and Sheffield. Finally, we show that connected
components of the complement of balls centered at the distinguished point of the Brownian map are independent Brownian disks,
conditionally on their volumes and perimeters.

Résumé. Nous donnons une nouvelle construction des disques browniens, qui ont été définis par Bettinelli et Miermont comme
limites d’échelle de quadrangulations avec frontiere quand la taille de la frontiere tend vers 1’infini. Notre méthode est semblable a
la construction de la carte brownienne, mais elle utilise la mesure d’excursion positive du serpent brownien introduite récemment.
Cette mesure d’excursion implique un arbre aléatoire continu dont les sommets recoivent des labels positifs, qui correspondent aux
distances depuis la frontiere dans notre approche du disque brownien. Nous donnons plusisurs applications de cette construction.
En particulier, nous montrons que la mesure uniforme sur la frontiere peut étre obtenue comme limite de la mesure de volume
(convenablement normalisée) sur un petit voisinage tubulaire de la frontiere. Nous montrons aussi que les composantes connexes
du complémentaire du filet brownien sont des disques browniens, comme cela est suggéré dans le travail récent de Miller et
Sheffield. Finalement, nous montrons que les composantes connexes du complémentaire d’une boule centrée au point distingué de
la carte brownienne sont, conditionnellement a leurs volumes et leurs périmetres, des disques browniens indépendants.
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1. Introduction

In the last ten years, much work has been devoted to the construction and study of continuous models of random
geometry in two dimensions. A popular approach has been to start from the discrete models called planar maps, which
are just graphs drawn on the two-dimensional sphere and viewed up to orientation-preserving homeomorphisms of
the sphere. Choosing a planar map uniformly at random in a suitable class, for instance the class of all triangulations
of the sphere with a fixed number of faces, yields a discrete model of random geometry. In order to get a continuous
model, one equips the vertex set of a random planar map with the (suitably rescaled) graph distance, and studies the
convergence in distribution of the resulting (discrete) metric space as the size of the map tends to infinity. This requires
a notion of convergence for a sequence of compact metric spaces, which is provided by the Gromov—Hausdorff
distance (see for instance [14]). It was proved independently in [42] for quadrangulations and in [32] for more general
cases including triangulations, that several important classes of random planar maps converge in this sense toward
a limiting random compact metric space called the Brownian map, which had been introduced previously in [39].
Several recent papers (see in particular [1,4,9,40]) have shown that many other classes of random planar maps converge
to the Brownian map, which thus provides a universal continuous model of random geometry in two dimensions. On
the other hand, in a series of recent papers [44—47], Miller and Sheffield have shown that the Brownian map can be
equipped with a conformal structure, which is linked to Liouville quantum gravity, and that this conformal structure
is in fact determined by the Brownian map viewed as a random metric space. An important step in this program was
to derive an axiomatic characterization of the Brownian map [44].

The Brownian map is known to be homeomorphic to the sphere, but other models homeomorphic to the disk have
been introduced under the name of Brownian disks, and are expected to correspond to scaling limits of planar maps
with a boundary. Following the earlier work of Bettinelli [8], Bettinelli and Miermont [10] constructed Brownian disks
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as scaling limits of quadrangulations with a boundary, when the number of faces grows like a constant times the square
of the size of the boundary (see also [5] for a general discussion of possible scaling limits for quadrangulations with
a boundary). A Brownian disk D is homeomorphic to the closed unit disk of the plane, and its boundary 0D may be
defined as the set of all points that have no neighborhood homeomorphic to an open disk. Furthermore, Brownian disks
are equipped with a natural volume measure and are thus viewed as random measure metric spaces. The distribution
of a Brownian disk depends on two parameters, on one hand the perimeter or size of the boundary, and on the other
hand the volume or total mass of the volume measure. If the perimeter r is fixed, there is a natural way of choosing
the volume at random, and this leads to the so-called free Brownian disk with perimeter r, which is shown in [10] to
be the scaling limit of Boltzmann quadrangulations with a boundary (see Section 4.2 below). Although this has not
yet been proved, it is very likely that the Brownian disk also appears as the scaling limit of more general classes of
random planar maps with a boundary. The case of quadrangulations with a simple boundary was treated very recently
by Gwynne and Miller [26], in view of applications to the study of percolation interfaces on random quadrangulations
with a boundary [27]. Interestingly, Brownian disks, as defined in [10], also play an important role in the recent papers
[24,25].

Our goal in this work is to develop a new construction of Brownian disks in terms of the Brownian snake positive
excursion measure, which has been introduced and studied in [2]. We hope that this construction will be a useful
tool for further investigations of Brownian disks and for new applications of these random objects. Our construction
is in a sense similar to the one in [10] as it relies on a a random continuous tree whose vertices are assigned real
labels, but, in contrast with [10], labels in our approach correspond to distances from the boundary. This has several
advantages, and in particular it makes it possible to define the uniform measure on the boundary as the limit of the
volume measure restricted to the e-neighborhood of the boundary and scaled by the factor ¢ 2. Our construction
also enables us to prove that Brownian disks can be embedded in the Brownian map in various ways. In particular,
we show that connected components of the complement of balls in the Brownian map are Brownian disks. We also
establish that connected components of the complement of the so-called Brownian net, which is a closed subset of the
Brownian map playing an important role in the axiomatic characterization of [44], are Brownian disks. As a matter of
fact, these connected components were already called Brownian disks in [44, Section 4.2], but the equivalence with
the definition of Brownian disks as scaling limits of random planar maps with a boundary had not been proved (see
the discussion in [10, Section 1.6]). We note that a different method aiming to connect the definition of Brownian
disks in [44] with that in [10] is developed in the forthcoming paper [28].

Let us turn to a more precise description of our main results. We start by recalling that the usual construction
of the Brownian map relies on considering the Brownian snake excursion measure Ny, which is a convenient way
of representing Brownian motion indexed by the Brownian tree. Under N, the values of the Brownian snake form
a collection (W;)o<s<o, such that, for every s € [0,0], Wy = (W, (#))o<s<¢, is a finite Brownian path with initial
point 0 and lifetime ¢; > 0. The lifetime process ({s)o<s<o is distributed under Ny according to the Itd6 measure of
positive excursions of linear Brownian motion, see e.g. [49]. Furthermore, the genealogical structure of the paths Wy,
0 <s <o is described by the tree 7, which is the tree coded by ({s)o<s<o (see Section 3.2 for a precise definition of
T¢). Recall that 7T; is obtained as a quotient space of the interval [0, o], and write p, for the corresponding canonical
prOJeCthIl so that 7¢ is equipped with a volume measure defined as the push forward of Lebesgue measure under

. One can define “Brownian labels” on the tree 7; by setting Z, := W3 if a = p¢(s), where W3 = Wi (&) is the
terminal point of the path W;. One may also define “lexicographical intervals” on the tree 7;: Informally, if a, b € T,
[a, b] corresponds to the set of points of 7 that are visited when going “clockwise around the tree” from a to b (see
Section 3.2 below for a more precise definition). We then set, for every a, b € T,

D°(a,b) = Zy + Zp — 2max( min Z,, min ZC> (1)
c€la,b] c€lb,a]
and
k
D(a,b>=inf{ZD°<a,-1,ai>}, )
i=1
where the infimum is over all choices of the integer k > 1 and of the elements ag, a1, ..., ax of T such that ap =a

and a; = b. We observe that D defines a pseudo-metric on 7; and let ~ stand for the associated equivalence relation
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(a =~ b if and only if D(a, b) = 0, which turns out to be equivalent to D°(a, b) = 0). The Brownian map is then defined
as the quotient M := 7, /~ equipped with the distance induced by D and with the volume measure v which is the
push forward of the volume measure on 7; under the canonical projection. More precisely, this is what may be called
the “free Brownian map” under the (o -finite) measure Ny, and the same construction under the probability measure
N(()l) := Np(- | 0 = 1) (under which the lifetime process is a normalized Brownian excursion) yields the standard
Brownian map.

Quite remarkably, a close variant of the preceding construction will give the Brownian disk. The main ingredient
now is the positive excursion measure N(*; introduced in [2]. Under N7, we still have a collection of finite paths W,
0 <s <o, with respective lifetimes ¢;, 0 < s < o, whose genealogical structure is determined by the tree 7; coded by
(¢s)o<s<o - However the paths W, now behave quite differently from Brownian paths. Indeed, each path W;,0 <s < o,
starts from O, then stays positive on some nontrivial interval (0, «) and if it returns to 0 it is stopped at that moment. To
give a somewhat informal description of N, let N, be obtained from Ny by adding ¢ to the paths W;. Then, in a way
similar to classical approximations of the Itd excursion measure of Brownian motion, the measure N{j appears as the
limit when ¢ | 0 of the distribution under the (rescaled) measure N, of the collection of paths (W, (- A 70(W;)))o<s<o »
where 7o(Wj) denotes the first hitting time of 0 by Wy (see [2, Theorem 23] for a more precise statement). Under N,
one can define a random quantity Z; called the exit measure, which counts in some sense the number of paths W;
that return to 0, and one can make sense of the conditional probability measures NS’Z =N{j(- | Z; = 2). See Figure 1
for a schematic illustration.

Arguing now under NE;’Z for some fixed z > 0, we consider again the tree 7}, the labels Z,, the functions D°(a, b)
and D(a, b), and the equivalence relation ~ defined exactly as above. Then, under NS’Z, the quotient space 7T, /~
equipped with the distance induced by D turns out to be the free Brownian disk with perimeter z and boundary glued
into a single point. Here, if (D,, d;) stands for a Brownian disk with perimeter z, and if 0D, denotes its boundary, the
Brownian disk with glued boundary is the quotient of D, corresponding to the pseudo-metric

d! (x, y) =min{d,(x, ), d.(x, dD,) +d,(y, dD,)},

which identifies all points of 9ID,. The reason why a naive imitation under N{ of the construction of the Brownian
map yields an object with glued boundary is easy to understand: If one defines the “boundary” of 7; under NS’Z by
07 :={a €T, : Z, =0}, it is immediate from (1) that D(a, b) =0 for every a, b € 97, N:;’Z a.s.

At

N e N a\

Wi(t)
& >

Fig. 1. A schematic representation of the tree of paths (Wy)g<s<, under Ng. The time parameter ¢ for the paths W is represented by the vertical
coordinate. The exit measure Z “counts” the number of circled points corresponding to those paths W; that return to 0. For the sake of clarity, the
paths W do not cross on the figure, although of course they should.
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The point is now to reconstruct the metric on the Brownian disk from the one on the same object with glued
boundary. Still arguing under NS’Z, we set A°(a, b) = D°(a, b) if

max( min Z., min ZC> >0
c€la,b] celb,a]

and A°(a, b) = oo otherwise. Informally, the condition in the last display means that we can go from a to b around
the tree without visiting a vertex of 37;. We then define A(a, b) for a, b € T \97; by the analog of formula (2) where
De is replaced by A°. It is not hard to verify that the mapping (a, b) — A(a, b) takes finite values and is continuous

on (T \dTz) x (Te\0 Ty ).

Theorem 1. With probability one under N;’Z, the function (a, b) — A(a, b) has a continuous extension to T x T,
which is a pseudo-metric on T. We let © stand for the associated quotient space, and we equip ® with the induced
metric, which is still denoted by A(a,b), and with the volume measure V(dx), which is the image of the volume
measure on T under the canonical projection. Then, the random measure metric space (®, A, V) is a free Brownian
disk with perimeter z under Ng’z, and its boundary 90 is the image of d'T; under the canonical projection from T,
onto ©. Furthermore, if x € © is the image of a € Ty under the canonical projection, we have

A(x,00) = Z,.

In order to recover a Brownian disk with perimeter z and fixed volume v, it then suffices to condition NS’Z on the
event {V(®) = v}, noting that V(®) = o is nothing but the duration of the excursion under Né’z .

Proposition 2. Almost surely under N;’Z, there exists a finite measure v on 0® with total mass z, such that, for every
bounded continuous function ¢ on ©®,

1
(v, @) = lim —2/ V(dx)p (X)L (x,00)<e}-
e—=0¢&° Jo

The measure v is interpreted as the uniform measure on the boundary. Notice that the construction in [8,10] also
gives a natural way of defining a measure on the boundary, which one should be able to identify with the measure v
of the preceding proposition. This identification does not seem to be easy because the construction in [8,10] is rather
different, and does not give access to distances from the boundary which are used in our approximations of v. We
however note that there are other ways of defining the same measure v on the boundary: Using the so-called “exit
local time” under N;;’*, one can define a simple continuous loop whose range is 3, and the measure v coincides with
the occupation time measure of this loop (Corollary 37). Finally, we observe that [44, Section 4.2] constructs a local
time measure on the boundary of a filled metric ball of the Brownian map (these filled metric balls are called hulls in
the present work), which can be identified with our measure v once we know that the complement of a filled metric
ball is a Brownian disk — see Theorem 3 below. In fact, the construction of [44] relies on the exit local time of the
Brownian snake, which we also use to construct v in Section 10.

As an application of Theorem 1, we show that connected components of the complement of balls in the Brownian
map are Brownian disks. To state this in a precise form, we recall that (under Ny or under N(()l) ), the Brownian map
M has a distinguished point x, corresponding to the point a, of 7; with minimal label. The interest of considering
x4 comes from the property D(ay,a) = Z, — Z,, for every a € T, showing that labels correspond to distances from
X4, up to the shift by —Z,, (on the other hand, the invariance of the Brownian map under uniform re-rooting [31,
Theorem 8.1] shows that x, plays no special role in the Brownian map). We use the notation B(x,, r) for the closed
ball of radius r centered at x,, in M. We also recall that v stands for the volume measure on M (which is a probability
measure under N(()l)). If O is an open subset of M, we can define an intrinsic metric digtr on O by declaring that
digtr (x, y) is the minimal length of a continuous path connecting x to y in O (see [14, Chapter 2]).

For every z > 0 and v > 0, we let F ,, be the distribution of the Brownian disk with perimeter z and volume v (see

[10D).
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Theorem 3. Let r > 0. Then, Nél) a.s. for every connected component C of M\ B(xy, r), the limit
19C| := lim 8_2/ V(A 1{p(x,50)<e) 3)
e—0 C

exists and is called the boundary size of C. On the event { M\ B(xy, r) # @}, write C">',C"2, ... for the connected

components of M\B(xy,r) ranked in decreasing order of their boundary sizes. Let d-lrl‘ujr be the intrinsic distance

on C"J, and let V" be the restriction of v to C"J. Then, N(()l) a.s. on the event { M\ B(xy,r) # &}, for every j =

. . . =] i . . . . =]
1,2,..., the metric dimjr has a continuous extension to the closure C’" of C"/, and this extension is a metric on C”.

Furthermore, under N(()]) (- | M\ B(x4, r) # @) and conditionally on the sequence

(oC™ | V(€ ). (JaC 2] v(C™))....

. -~ j i . . . . . . . .
the measure metric spaces (C / , dfn{r vy, j=1,2,..., are independent Brownian disks with respective distribu-

tions Flacr,j‘!v(cr.j), ] = ], 2, e

As a side remark, we note that the distribution of the collection of boundary lengths (|]dC"/|) j>1 as a function of r
should be related to the growth-fragmentation process obtained in [7] as the limiting process for the lengths of cycles
bounding the connected components of the complement of balls in large random triangulations.

As another application of Theorem 1, we study the connected components of the complement of the metric net
of the Brownian map. We now argue under the measure Ny, so that we deal with the free Brownian map as defined
above. We note that, in addition to x,, M has another distinguished point, namely xq that corresponds to the root of
Tz . The metric net N is then defined as the closure of

U 9.

0<r<D(x4,X0)

where, for every r € (0, D(xy«, x9)), $, denotes the connected component containing xo of the complement of the
closed ball B(xy,r) (the complement of §), is the so-called hull of radius r). The metric net plays an important
role in the axiomatic characterization of the Brownian map which is presented in [44]. Write DD DD . for the
sequence of connected components of M\N, which can be ordered by decreasing size of the boundaries (for every
j» the size [dD)| may be defined by an approximation exactly similar to (3)). For every j =1,2,..., let v\/) be
the restriction of the volume measure on M to D). Then Theorem 38 below shows that, for every j, the intrinsic

metric di(njé on DY) has a continuous extension to ﬁ(]) and, conditionally on the sequence (|]dD|, j =1,2,...), the
measure metric spaces (ﬁ(]), di(rﬁ, v)), j=1,2,... are independent free Brownian disks with respective perimeters
oD, j =1,2,....In particular, this makes it possible to identify the probability measure ,u]L)ISK introduced in [44,
Section 4.2] with the law of the free Brownian disk with perimeter L.

Let us sketch the main steps of the proof of Theorem 1, which motivates much of the subsequent developments.
We start from a (pointed) Boltzmann quadrangulation, that is, a random rooted and pointed planar quadrangulation
Q defined under a probability measure PP, such that P(Q = ¢) = ¢127¥ for any fixed rooted and pointed planar
quadrangulation g with k faces, with some normalizing constant ¢ > 0. Write dg, for the graph distance on the vertex
set of O, and note that this vertex set has two distinguished elements, namely the root vertex p and the distinguished
vertex £. Given § > 0, it is not too hard to verify that the distribution of the metric space associated with Q under
P(- | dgr(p, §) > 8+/n), with distances rescaled by /3/2n, converges as n tends to infinity to the distribution of the
free Brownian map under No(- | W, < —84/3/2), where W, stands for the minimal label under Ny (see Corollary 8
below).

The idea now is that we can “embed” a quadrangulation with a boundary in Q. To this end, still under the condi-
tional probability P(- | dgr(p, ) > 84/n), we consider the hull of radius §./n in Q, which roughly speaking contains
those vertices of Q that cannot be connected to & by a path staying at distance greater than §./n from p. It turns out
that the quadrangulation Q may be obtained by gluing to this hull a Boltzmann quadrangulation Q, with a boundary
of size equal to the perimeter of the hull (the definition of a Boltzmann quadrangulation with a boundary is similar
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to the above definition in the case without boundary). For the latter statement to hold (Proposition 16), we need to
use the “lazy hull” whose definition is recalled in Section 6. Furthermore, in the limiting result connecting Q under
P(- | dgr(p, €) > 8+4/n) to the free Brownian map, the boundary size of Q, (normalized by n~1) converges to the exit
measure at level W, + 8./3/2 (counting “how many” Brownian snake paths exit the interval (W, + §./3/2, 00)). See
Proposition 21 in Section 6.5.

We now take § small but simultaneously condition on the event that the boundary size of Q, is close to n (say
between (1 — ¢)n and (1 + ¢)n). We note that the graph distance (computed in Q) between any two points of the
boundary of Q, is smaller than 28./n and thus will be small after rescaling by +/3/2n. It follows that, under the pre-
ceding conditioning, the (rescaled) metric space associated with Q,, after gluing its boundary in an appropriate sense
is close to the (rescaled) metric space associated with Q, which by the convergence result for planar quadrangulations
is close to the free Brownian map under the special conditioning that the exit measure at level W, + §4/3/2 is close
to 1 (see Section 7 and in particular Proposition 28).

We can analyse the behavior of the Brownian snake under the latter conditioning and relate this behavior to the
measure Njj, thanks to the re-rooting representation theorem of [2] (see Theorem 14 and Proposition 15 below). This
indicates that the scaling limit of Boltzmann quadrangulations with a glued boundary can be expressed in terms of
the Brownian snake under N§j, which eventually leads to the representation of the Brownian disk with glued boundary
(Theorem 22) that was already mentioned before Theorem 1. This representation in the glued case is simpler than the
one of Theorem 1 as it involves only the (pseudo-)metric D defined in (2) and not the (pseudo-)metric A in Theorem 1.

On the other hand, to get the statement of Theorem 1, it is crucial to reconstruct the real Brownian disk metric
from the one corresponding to the glued boundary case (Section 8). This is done by proving that the pseudo-metric
A of Theorem 1 has a continuous extension to the boundary (Proposition 31, in combination with the re-rooting
representation of N{j). The idea of the proof of Theorem 1 in Section 9 is then to observe that the collection of mutual
distances in a sequence of independent uniformly distributed points has the same distribution in ® and in the free
Brownian disk. To this end, we rely on a result of [10] stating that the geodesic path between two “typical points” of
a Brownian disk does not hit the boundary. It follows that we can recover the distance between two such points from
the information given by distances in the object with glued boundary, and this is basically what we need to identify A
with the Brownian disk metric.

The present article is organized as follows. Section 2 is devoted to some preliminaries about the Gromov—
Hausdorff—Prokhorov convergence for pointed measure metric spaces. Section 3 recalls the convergence to the Brow-
nian map for rescaled planar quadrangulations. For our purposes, it is convenient to define the Brownian snake ex-
cursion measure within the framework of snake trajectories, which was first discussed in [2]. In particular, we explain
how to associate a measure metric space with a snake trajectory in a deterministic setting (Section 3.3). After recalling
the classical theorem of convergence to the Brownian map for quadrangulations with a fixed size, in a form suitable for
our applications, we derive the similar result for Boltzmann quadrangulations (with a random size), with convergence
to the free Brownian map under a particular conditioning (Corollary 8).

In Section 4, we discuss quadrangulations with a boundary and Brownian disks. We recall from [10] the main
result of convergence of rescaled quadrangulations with a boundary to the free Brownian disk, again in a slightly
more precise form in view of our applications. We also explain why this statement implies a similar convergence
result for quadrangulations and Brownian disks with glued boundary. Section 5 is devoted to some preliminary results
about the Brownian snake truncated at a level of the form W, 4 §. We also recall from [2] the definition of the positive
excursion measure Nfj and its re-rooting representation in terms of truncated snakes (Theorem 14), which plays an
important role in some of the subsequent proofs.

The goal of Section 6 is to prove the already mentioned convergence of the (rescaled) perimeter of the lazy hull of
radius §4/n in a Boltzmann quadrangulation conditioned on the event dgr (0, &) > 84/n. To verify that this convergence
holds jointly with the convergence in distribution to the free Brownian map, which is crucial for our purposes, we rely
on previous results [20] about the convergence of the perimeter and volume of hulls in large random planar maps.

The main objective of Section 7 is to prove Theorem 22, which identifies the free Brownian disk with glued
boundary (of perimeter z) to the random metric space constructed under NE;’Z from the pseudo-metric D defined in
(2). The general idea of the argument is the one presented in the preceding lines, but a few technicalities are needed.
The goal of Section 8 is then to prove the first assertion of Theorem 1, namely the fact that the pseudo-metric A has a
continuous extension to the boundary. The other assertions of Theorem 1 are proved in Section 9.

Section 10 investigates the uniform measure on the boundary and proves Proposition 2 in a more precise form. Here
we rely on an approximation result for the exit local time of the Brownian snake (Proposition 34). Roughly speaking,
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this approximation result provides the needed asymptotics under Njj for the measure of the set of times where W, <,
which corresponds to the quantity f V(dx)1{a(x,30)<¢} in our representation of the Brownian disk.

Section 11 proves that the connected components of the complement of the Brownian net are independent Brownian
disks (Theorem 38). Here we rely on results of [35] showing that these connected components are in one-to-one
correspondence with excursions of the Brownian snake above its minimum, as defined in [2]. Since it is shown in [2]
that the latter excursions are independent and distributed according to (conditional versions of) the measure N, the
proof boils down to verifying that the intrinsic metric on each component coincides with the metric on the Brownian
disk associated with the corresponding excursion. The idea of the proof of Theorem 3 in Section 12 is similar, using
now results of [2] for Brownian snake excursions above 0. There are however additional technical difficulties because
Theorem 3 is concerned with the measure N(()l) (that is, we consider the standard Brownian map instead of the free
Brownian map under Ny), and we really want to consider Brownian snake excursions above the random level W, +r
rather than above 0. A key idea to circumvent this last difficulty is to use the invariance of N(O]) under re-rooting
(formula (14) in Section 3.4).

Finally, the appendices give the proofs of two technical results.

Main notation

d(Gk ;1 P Gromov—Hausdorff-Prokhorov distance on k-pointed measure metric spaces (Section 2)
M (M’“) space of all (k-pointed) measure metric spaces (Section 2)

Qn set of all rooted planar quadrangulations with n faces (Section 3.1)

P root vertex of g € Q,, (Section 3.1)

Vg) vertex set of g € Q,, (Section 3.1)

dgr graph distance on V(q) (Section 3.1)

1% counting measure on V(g) (Section 3.1)

set of all rooted and pointed planar quadrangulations with n faces (Section 3.6)
distinguished vertex of ¢ € Q) (Section 3.6)

Q* (QZ”‘) set of all pointed quadrangulations with a boundary of size 2k (Section 4.1)

(CZ)Ofkfzn contour function of g € Q,, (Section 3.1)

(LDo<k<on label function of ¢ € Q,, (Section 3.1)

(0] Boltzmann (rooted and pointed) planar quadrangulation (Section 3.7)

B Boltzmann quadrangulation with a boundary of size 2k (Section 4.1)

(sz), d;r) Boltzmann quadrangulation with “glued” boundary of size 2k (Section 4.4)

space of all one-dimensional stopped paths w = (W(#))o<r<¢,, (Section 3.2)
W =w((w)) terminal point of w € VW (Section 3.2)

5 (W) =inf{r > 0: w(t) = b} (Section 3.2)

W minimal value of w € W (Section 3.2)

S space of all snake trajectories (Section 3.2)

o (w) duration of a snake trajectory w € S (Section 3.2)

(Ws)s>0,(¢s)s>0 canonical process and lifetime process (s = {(w,)) on S (Section 3.2)
T; genealogical tree of a snake trajectory (tree coded by (s)s>0) (Section 3.2)
d; metric on 7; (Section 3.2)

D canonical projection from [0, o] onto 7 (Section 3.2)

Z, labels on the tree 7, (Section 3.2)

D(a, b) (and D°(a, b)) metric on 7; defined using labels (Section 3.2)

ol snake trajectory w re-rooted at s € [0, o (w)] (Section 3.2)

try (w) snake trajectory w truncated at y (Section 3.2)

(M, D,v) measure metric space associated with a snake trajectory (Section 3.3)
I1 canonical projection from 7; onto M (Section 3.3)

L, L% L mappings from snake trajectories to measure metric spaces (Section 3.3)
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Ny, N)(f) Brownian snake excursion measures (Section 3.4)
N for x > y, N, conditioned on {W, < y} (Section 5.1, 8)
W, W* minimal and maximal values of WX, 0 <s <o (Section 3.4)
K. sy time of the minimum of s — WS, as = p¢ (sx) (Section 3.4, 3.5)
X4, X0 xy = I(ay), xo = I1(p (0)) (Section 3.5)
(Zf)szo exit local time from (b, oo) under Ny, x > b (Section 5.1)
Zp exit measure from (b, co) under N, x > b (Section 5.1)
NG positive excursion measure of the Brownian snake (Section 5.2)
Z5 exit measure at 0 under Nj (Section 5.2)
Ng’z N conditioned on {Z] = z} (Section 5.2)
(Dg, D?, vy) free pointed Brownian disk with perimeter » (Section 4.2)
F, (F}) distribution of the free (pointed) Brownian disk with perimeter r (Section 4.2)
(]D);’?, DT, v;j) free pointed Brownian disk with glued boundary and perimeter r (Section 4.3)
IE‘I (]F;’T) distribution of the free (pointed) Brownian disk with glued boundary (Section 4.3)
Qi,...,9z& sequence of lazy hulls of Q (Section 6.3)
(00)

UIPQ (uniform infinite planar quadrangulation) (Section 6.2)
H;, Vi, Hl.(oo),Vi(oo) half-perimeter and volume of the lazy hull of radius i of Q or Q(® (Section 6.4)

S ,f or S ,j half-perimeter in the peeling algorithm of Q or Q(® (Section 6.4)

On quadrangulation “filling in” the lazy hull of Q of radius |§/n] (Section 7)
Al(a,b) (and A°(a, b)) Brownian disk metric under NP] or under N (Section 8)
(®,A,V) Brownian disk constructed under N("; (Section 8, 9)

2. Preliminaries on Gromov—Hausdorff—-Prokhorov convergence
2.1. Gromov-Hausdorff—~Prokhorov convergence and correspondences

A (compact) measure metric space is a compact metric space (X, d) equipped with a Borel finite measure . We write
M for the set of all measure metric spaces, where two such spaces (X, d, u) and (X’,d’, u') are identified if there
exists an isometry ¢ from X onto X’ such that ¢, = /.

The Gromov—Hausdorff—Prokhorov distance on M is then defined by

Ao (X d . (X)) = it L 00,0/ 0) v (9. L))

where the infimum is over all isometric embeddings ¢ and ¢’ of X and X’ into a compact metric space (E,d%), dg
stands for the Hausdorff distance between compact subsets of E and d}‘f is the Prokhorov distance on the space of
finite measures on E. Writing C? for the (closed) e-enlargement of a closed subset C of E,

d¥ (v,v') =inf{e > 0: v(C) <V'(C*) + e and v'(C) < v(C?) + & for every closed subset C of E}.

According to [3, Theorem 2.5], d((}ol_)lp defines a metric on M, and (M, d © ) is a Polish space.

GHP
We will need to consider k-pointed measure metric spaces, for every integer k > 0. A k-pointed measure metric
space is a measure metric space equipped with k distinguished points py, ..., px (the order of these points is impor-

tant). We write MX® for the space of all (equivalence classes of) k-pointed measure metric spaces. We can similarly
define the Gromov—Hausdorff—Prokhorov distance on M*® by

A% v p0). (X (o] 1)

= At 6009/ X v af (urn, ') v max a” (o). o (o)) ]

where, as previously, the infimum is over all isometric embeddings ¢ and ¢’ of X and X’ into a compact metric space
(E,dE). Again, using the same arguments as in [3], one verifies that (Mke, dékﬁp) is a Polish space.
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It will be convenient to have a bound on the Gromov—Hausdorff—Prokhorov distance in terms of correspondences.
We consider two k-pointed measure metric spaces (X, d, , (p1, ..., px)) and (X", d’, /', (p1, ..., p)), and write 7,
resp. 7/, for the canonical projection from X x X’ onto X, resp. onto X’. Recall that a correspondence between X and
X' is a subset R of X x X’ such that 7(R) = X and 7'(R) = X’. The distortion of the correspondence R is

dis(R) :=sup{|d(x,y) —d'(x",y')|: (x.x') e R, (y,)') e R}.

Lemma 4. Let ¢ > 0 and suppose that there is a correspondence R between X and X' with distortion bounded above
by &, such that (p;, p;) € R for every 1 <i <k, and a finite measure v on the product X x X' such that v(R¢) < &
and

d¥ (mev, p) <e, dlg(, (miv, 1) <e.
Then d% (X, d X, d, ) <3
en GHP(( s U M)v ( ’ ’ I’L )) = J¢€.

Proof. Let us only sketch the proof (see [41, Section 6] for very similar arguments). We equip the disjoint union
X U X’ with the metric §(-, -) such that the restriction of § to X x X is d and the restriction of § to X’ x X’ is d’, and
for every (x,x’) € X x X/,

S(x,x’) =inf{d(x, y)+e +d(y’,x/) : (y, y’) € R}

We note that §(x, x") = ¢ if (x,x’) € R. We then apply the definition of d((}kl—)lP’ letting ¢, respectively ¢', be the
identity mapping from X, respectively X', into E := X U X', which is equipped with df = §. It is clear that
dg(¢(X), @' (X)) <eand dE (¢ (i), @' (p)) =€ for every 1 <i <k. So we need only check that dlf(qﬁ*y,, o) <
3e. To this end, we note that we can view m,v and 7 v as measures on E, and that our assumption gives
dfl;: (Pspt, T4v) < € and dlf? (@i, V) < €, so that it suffices to verify that dlf (7mev, oY) <é.

Let C be a closed subset of E and C = C N X. As previously, we write C?, resp. C?, for the -enlargement of C,
resp. of C, in E. Then 7,v(C) = m,v(C) = v(C x X’) < v((C x X') NR) + &. However, if (x,x") € (C x X')NR,
the fact that § (x, x") = ¢ shows that x’ € C*, and thus (x, x") € X x (C¢ N X’). It follows that v((C x X')N'R) <
V(X x (C* N X)) =n,v(Cf N X'). We have thus obtained m,v(C) < ,v(C* N X') + & < v(C?) + &. The same
argument gives 77, v(C) < ,v(C?) + ¢, and we conclude that a’f? (v, V) < ¢ as desired. |

We note that M = M and in what follows, we write M® instead of M!® and M*® instead of M?Z*.
2.2. Measure metric spaces equipped with a uniformly distributed infinite sequence

Let M°°® be the set of all (equivalence classes modulo measure-preserving isometries of) measure metric spaces
(X, d, n) equipped with a sequence (x,),>1 of points of X. For every k > 0, there is an obvious projection Py from
M>* onto M. We equip M>* with the smallest o-field for which all projections Py are measurable. Note that a
mapping ¢ with values in M°* is then measurable if and only if all mappings Py o ¢ are measurable.

Let (X,d, n) € M, with u # 0. Consider a sequence (U, ),>1 of i.i.d. random variables with values in X whose
common distribution is u/u(X). Then, (X, d, u, (Uy)n>1) is a random variable with values in M®*, and we write
QU(X,d, ), -) for its distribution. By adapting the arguments in [41, Lemma 13], one obtains that the mapping
(X,d, n)—~ Q((X,d, n), A) is measurable whenever A is of the form P;l (B) for some measurable subset B of Mke,
By standard monotone class arguments, the same mapping is measurable whenever A is a measurable subset of M*°®.
Hence QC(-, -) defines a kernel from {(X, d, ) € M : u # 0} to M°°°.

Suppose now that (X', D, 6) is a random variable with values in M, with 8 # 0 a.s. We can then consider a ran-
dom variable (X, D, 0, (V,),>1) with values in M°® such that, conditionally on (X, D, 0), (X, D, 0, (Vy)u=1) is
distributed according to Q((X, D, 0), -). In this way, we can make sense of choosing a sequence of independent
uniformly distributed points in a random metric measure space.
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Lemma 5. Let (X, D, 0) be a random variable with values in M, such that the topological support of 0 is a.s. equal
to X, and let (Vy)n>1 be a sequence of independent uniformly distributed points in X. Then the random measure
metric spaces

1 n
Vi,Vo,....,V,}, D, — Sv.
<{1 > n} n; v,)

converge to (X, D,0/0(X)) a.s.in M as n — oo.

Proof. It is enough to verify the convergence when (X', D, 0) = (X, d, ) is deterministic and such that u has full
topological support. Then, a.s.

Vi,Vo, ...,V — X
n—o00

in the sense of the Hausdorff distance, and

n Z Vs M(X)

in the sense of weak convergence of probability measures, as an application of the law of large numbers. The desired
result follows. 0

3. Convergence of rescaled quadrangulations
3.1. Quadrangulations and Schaeffer’s bijection

For every integer n > 1, we let Q,, stand for the set of all rooted planar quadrangulations with n faces, and, if ¢ € Q,,,
we write |g| = n. We recall that

2 n
#Qn—n+2'3 Cn (€]

where ¢, is the nth Catalan number. The root vertex (tail of the root edge) of a quadrangulation ¢ € QQ,, will be denoted
by p. The graph distance on the vertex set V(q) of g is denoted by dgr, or simply dg if there is no risk of confusion.
We will also use the notation 4, or simply w, for the counting measure on V (g).

For every integer n > 1, Schaeffer’s bijection (see [17, Section 3]) is a bijection from Q,, onto the set T,,, where T,
is the set of all well-labeled plane trees with n edges. Here a well-labeled plane tree is a pair (7, (£,)yev (r)), Where T
is a (rooted) plane tree, with vertex set V (), and (£,),cv (r) is a collection of integer labels assigned to the vertices
of 7, in such a way that labels are positive integers, the root of t has label 1 and |¢,, — €,| < 1 if the vertices u and v
of t are adjacent. It will be convenient to write & for the root of the tree t.

Occasionally, we will also use the notion of a labeled plane tree: This is a pair (7, (€,)ucv(r)) satisfying the same
conditions as above, except that we drop the positivity conditions on labels, and the label of the root is 0 instead of 1.

Although we will not need the details of Schaeffer’s bijection, we record a few useful facts. Let g € Q,, and
let (t, (¢4)uev(r)) be the well-labeled plane tree corresponding to g via Schaeffer’s bijection. Then V(g)\{p} is
canonically identified with V (), in such a way that the endpoint of the root edge of ¢ is identified to the root @ of t.
Using this identification we have dgr(p, u) =12, forevery u € V(g)\{p}-

Let u and v be two vertices of V(7). Let k be the minimal label on the geodesic between u# and v in the tree
7. Then any path in ¢ between u and v (now viewed as vertices of g) must visit a vertex with label k. This is the
“discrete cactus property”, see in particular Proposition 4.3 in [21] in a more general setting. Conversely, it is not hard
to construct a path in g between u and v that visits only vertices with labels greater than or equal to kK — 1 (with the
convention that the label of p is 0). We leave the proof as an exercise for the reader (observe that two adjacent vertices
of V(t) are connected by a path of g of length at most 2).
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Notice that T can be viewed as a genealogical tree in a population whose ancestor is the root & and that the
“children” of every individual are ordered. We use the notation |u| for the generation (graph distance from & in 7) of

avertex u € V(7). The contour sequence of t is the finite sequence ug, uy, ..., Uz, of vertices of t defined inductively
as follows. First ug = & is the root of t, and then, for every 0 <i <2n — 1, u;41 is either the first child of u; that
does not appear in {uy, ..., u;}, or, if there is no such child, the parent of u;. We can then define the contour function

(CZ)kZO and the label function (LZ)kZO of the well-labeled tree (7, (£4)ucv(r)) by setting
Cl=lurl, L{=4¢,, if0<k<2n,

and C} =L} =0ifk > 2n.
Let Q) be distributed uniformly over QQ,,. We recall the following useful estimate. There exist positive constants
K1 and K>, which do not depend on n, such that, for every y > 0,

IP’(makaQ(") > y) <K; exp(—Kznl%) 5)

k>0

Note that the left-hand side in (5) is also equal to

IP’( max der(")(p,u)>y).
ueV(Qmy)

The bound in (5) then follows from [17, Proposition 4] and the version of Schaeffer’s bijection for rooted and pointed
quadrangulations (see, for instance, [36, Section 5.4]).

3.2. Snake trajectories and the Brownian snake

It will be convenient to use the formalism of snake trajectories, which has been introduced in [2]. Recall that a (one-
dimensional) finite path w is just a continuous mapping w : [0, {] —> R, where the number ¢ = ¢ is called the
lifetime of w. We let VW denote the space of all finite paths. The set VV is a Polish space when equipped with the
distance

dw (W, W) = |¢w) — S | + suglw(t ALw) — Wt ALy
>

The endpoint or tip of the path w is denoted by W = w({(w)). For every x € R, we set W, = {w € W: w(0) = x}. The

trivial element of W, with zero lifetime is identified with the point x — in this way we view R as the subset of W

consisting of all finite paths with zero lifetime. Occasionally we will use the notation w = min{w(#) : 0 <t < {(w)}.
The following definition is taken from [2].

Definition 1. Let x € R. A snake trajectory with initial point x is a continuous mapping

w: Ry — Wy

S = wg

which satisfies the following two properties:

(1) We have wp = x and the number o (w) := sup{s > 0 : wy # x}, called the duration of the snake trajectory w, is
finite (by convention o (w) =0 if {s > 0: w, # x} is empty).
(ii) For every 0 <s <s’, we have

ws(t) =wy(t), forevery0<t< min ().
s<r<s’
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We write S, for the set of all snake trajectories with initial point x, and

S={J8

xeR

for the set of all snake trajectories. If w € S, we write W, (w) = w, and {s(w) = {(4,) for every s > 0. The set S is
equipped with the distance

ds(w, o) = |o(a)) — o(a)’)| + sugdW(Ws(w), Ws(o)).

Let w € S be a snake trajectory and o = o (w). The lifetime function s — ¢;(w) codes a compact R-tree, which
will be denoted by 7; and called the genealogical tree of the snake trajectory. This R-tree is defined rigorously as the
quotient space of the interval [0, o] for the equivalence relation

s~s ifandonlyif ¢ =¢¢= min &,
SAS'<r<svs’

which is equipped with the distance induced by

d{ (S, S/) =4+ —2 min Cr
SAS'<r<svs’
(see e.g. [36, Section 3] for more information about the coding of R-trees by continuous functions). Let p; : [0, 0] —>
7T; stand for the canonical projection. By convention, 7 is rooted at p;(0) = p; (c), and the volume measure on 7;
is defined as the push forward of Lebesgue measure on [0, o] under p,. The ancestral line of a vertex a of 7; is the
line segment connecting a to the root.

We observe that w is completely determined by the knowledge of the lifetime function s — ¢s(w) and of the tip
function s — W, (w) (cf. [2, Proposition 8]). To explain this, we note that, for every s € [0, o], A only depends on
P (s), and the values Wi (t), 0 <t < ¢ are recovered from the values of W along the ancestral line of p;(s) in 7.

It will be convenient to use the notation Z,(w) = W (w) whenever a € 7; and s € [0, o] are such that a = p¢(s).
We interpret Z, as a “label” assigned to the “vertex” a of 7;. Notice that the mapping a — Z, is continuous on 7.
We also set

Wi(w) = min{W(w) :0 <5 <o} =min{Z,:a € T¢},
W* () =max{WS(w) :0<s<o}=max{Z,:a €T},

and often refer to W, (w) as the minimal label of w.

We will need to define lexicographical intervals on the tree T; If s, € [0,0] and s > ¢, we abuse notation by
writing [s, 1] = [s, 0] U [0, t] (and of course if s <1, [s, ¢] is the usual interval). Then, if a, b € T, there is a smallest
“interval” [s, t] with s, ¢ € [0, o], such that p;(s) = a and p.(¢t) = b, and we define [a, b] = p.([s, t]). We also use
the notation la, b[= [a, b]\{a, b}.

Let us explain the re-rooting operation on snake trajectories of Sy (see [37, Section 2.3] and [2, Section 2.2]).
Let w € Sy and r € [0, o (w)]. Then w!"! is the new snake trajectory in Sy such that o (w!"1) = o (w) and for every
s €[0,0(w)],

{S(a)[r]) =d;(r,r ®s),
Ws(a)[rl) = Wr@s - Wr,

where we use the notation r @ s =r +sifr+s <o,andr ®s =r + s — o otherwise. It will be convenient to write
{_Y[r](a)) = ¢y (w"1) and Ws[r] (w) = Wy (™). The tree T is then interpreted as the tree 7; re-rooted at the vertex
p¢ (r): More precisely, the mapping s — r @ s induces an isometry from 71 onto 7¢, which maps the root of 7,1 to
p¢ (r). Furthermore, the vertices of 7;[4 receive the “‘same” labels as in 7, shifted so that the label of the root is still
0.
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The notion of the truncation of snake trajectories will also play an important role in this work. Roughly speaking,
if w € Sx and y < x, the truncation of w at y is the new snake trajectory ' such that the values w/ are exactly the
values w; for all s such that wg does not hit y, or hits y for the first time at its lifetime. Let us give a more precise
definition. First, for any w € YW and y € R, we set

ty(w) :=inf{r € [0, {w)] : w(t) = y}

with the usual convention inf @ = co. Then, if x € R and y € (—o0, x), and if w € Sy, we set for every s > 0,

u
ns(w) = inf{u >0: / drlz, <1, (@) > s}
0 )

(note that the condition ¢(,,) < Ty(w,) holds if and only if 7y (w,) = 00 or 7y(w,) = {(«,))- Then, setting o = Wy (w)
for every s > 0 defines an element of Sy, which will be denoted by w’ = try(w) and called the truncation of w at y.
See [2, Proposition 10] for a proof. The genealogical tree of try () is canonically and isometrically identified with the
closed subset of 7; consisting of all a such that Z,(w) > y for every strict ancestor b of a (we leave the proof as an
exercise for the reader). By abuse of notation, we often write try (W) instead of try (w).

3.3. Constructing a measure metric space from a snake trajectory

Let us fix @ € S. Recall the definition of the tree 7; and of lexicographical intervals on that tree. We define, for every
a,beT;,

D°a,b)=Z,+ Z) — 2max< min Z., min Zc). 6)

cela,b] celb,a]

We record two easy but important properties of D°. First, for every a, b € T¢,

D°(a,b) = |Zq — Zp|. (N
Then, if a, is such that Z,, = W,, we have for every a € T,

D®(ax,a) =Z, — Z,,. (8)

We let D(a, b) be the largest symmetric function of the pair (a, b) that is bounded above by D°(a, b) and satisfies
the triangle inequality: For every a, b € T¢,

k
D(a,b) =inf=ZD°(a,-1,ai)}, 9)

i=1

where the infimum is over all choices of the integer k > 1 and of the elements ag, a1, . .., ax of T; such that agp = a and
ar =b. Then D is a pseudo-metric on 7, and we let M be the associated quotient space (the quotient of 7; for the
equivalence relation a = b if and only if D(a, b) = 0) equipped with the distance induced by D, for which we keep the
same notation. Then (M, D) is a compact metric space. If IT denotes the canonical projection from 7; onto M, we
define the volume measure v on M as the push forward of the volume measure on 7; under IT. We can therefore view
(M, D, v) as a measure metric space. There are two distinguished points in M. One of them is IT(p, (0)) (that is, the
image under the projection IT of the root of 7). The other one is I1(ay), where a, denotes any vertex of 7; such that
Z,4, = W, (the existence of such a vertex is immediate by a compactness argument, and conversely, if a, a’ are two
vertices of 7; such that Z, = Z, = W,,, we have D°(a, a’) = 0 and therefore D(a, a’) =0, so that I1(a) = I1(a")).

Note that, as a consequence of (7) and (8), we have D(ay,a) = Z, — W, forevery a € T;.

The preceding construction obviously depends on the choice of w. We claim that it does so in a measurable way.
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Lemma 6. The mappings

L:wor—> (M,D,v),
L0 (M, D,v,I(ay)),
L 0w (/\/l D, v, I(ay), H(P;(O)))7

Sfrom S into M, M®, M*® respectively, are measurable.

Proof. Let us explain the argument for the mapping £ : w — (M, D, v). It is convenient to introduce the space D of
all continuous pseudo-metrics on a compact interval of the form [0, o']. In other words, a mapping d : [0, 04]*> — R,
(where o4 > 0) belongs to D if it is continuous and symmetric, vanishes on the diagonal and satisfies the triangle
inequality. We equip D with the distance

8(dy,dr) = (sup \dl(s Nog, t Nog) —da(s ANog,,t /\Ud2)|) + |oa, — oyl

s,t>0

and with the associated Borel o-field.
Then we first notice that the mapping from S into D defined by

Sswr> ([0,0173 (s,1) = D(pe(s), pe (1)) (10)

is measurable. We leave the proof as an exercise for the reader.

We can then define a mapping from D into M in the following way. If d € D, we consider the associated equivalence
relation ~4 on [0, 04] (s ~4 t if and only if d(s,t) = 0) and denote the associated quotient space [0, o4]/ ~4 by
M. This space is equipped with the metric induced by d (still denoted by d) and with the volume measure v,
which is the push forward of Lebesgue measure under the canonical projection py : [0, 04] — M. Then the mapping
o+ (M, D, V) is the composition of the mapping d — (M, d, v;) with the (measurable) mapping in (10).

So, to get the desired measurability property, we only have to verify that the mapping d — (My, d, v4) is measur-
able from D into M. In fact, we prove that this mapping is continuous.

To this end, let (d,),>1 be a sequence in D such that d, converges to d in D. For every n > 1, we define a
correspondence C, between M, and M, by declaring that a pair (x,, x) belongs to C, if and only if there exists # > 0
such that x,, = py, (t A 04,) and x = py (¢t A 04). Then the distortion of C, is bounded above by

sup |du(s A g, t Aog,) —d(s Aog,t Aog)| < 8(dy,d).
5,t>0

We can then apply Lemma 4 (in the case k = 0) to the correspondence C,, and to the measure v, on My, x My defined
as the push forward of Lebesgue measure on [0, o4, A 04] under the mapping ¢ — (pg, (¢), pa(t)). It follows that
(Mg, ,dy, va,) converges to (Mg, d, vq) in M as desired. O

Remark. The measure metric space (M, D, v) and the pointed space (M, D, v, [1(ay)) do not change if w is re-
placed by the re-rooted snake trajectory w1 for some r € [0, o]. To explain this, recall that the mapping s +> r @ s
induces an isometry Z from 7;[4 onto 7, and that Z, (@) = Z7(4) () — Wr (w) forevery a € 72[,-], by construction.
The isometry Z preserves intervals, in the sense that Z([a, b]) = [Z(a), Z(b)] for every a, b € T{m. It follows that we
have also D1 (a, b) = D,(Z(a), Z(b)) for every a,b € 72[,-] (with the obvious notation D1, D,,). Furthermore, if
a is a vertex of 7E[r] with minimal label, the same is true for Z(a) in 7;. The first two mappings in Lemma 6 (but not
the third one) are thus invariant under the re-rooting operation.

3.4. Brownian snake excursion measures
We now define excursion measures of the Brownian snake, which are (o -finite) measures on S that play a fundamental

role in this work. For every x € R, we define N, as the o-finite measure on S, that satisfies the following two
properties: Under Ny,
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(i) the distribution of the lifetime function (s)s>0 is the Itd measure of positive excursions of linear Brownian
motion, normalized so that, for every ¢ > 0,

Nx(supg“s > 8) = 2%;

s>0
(i1) conditionally on (¢s)s>0, the tip function ( Wx) s>0 1s a Gaussian process with mean x and covariance function

K(s,s')= min ¢.

SAS' <r<svs’

Notice that the quantity o (in part (i) of Definition 1) corresponds under Ny to the duration of the excursion (£;)s>0.
Under the normalization in (i), we have for every s > 0,

1
\/Zns-

We refer to [49, Chapter XII] for more information about the Itd excursion measure, and to [29] for a detailed study
of the Brownian snake (our presentation using snake trajectories is slightly different from the one in [29]).
We will use the formula

Ny(o >5) = an

Ny(W, <y)= 3 for every y € (—o0, x). (12)

3
(x =%
See [29, Chapter 6] for a proof.
Let us take x = 0. For every r > 0, we define the probability measure Né” :=Ng(- | ¢ =r), which can be charac-
terized by properties exactly similar to (i) and (ii) above, with the only difference that in (i) the It6 measure is replaced
by the law of a positive Brownian excursion conditioned to have duration r. From (11), we have

No = foo _8 N, (13)
0 2+/2ms3

One can prove (see e.g. [37]) that Ny a.e. or Ng) a.s. there is a unique time s, in [0, o] such that WS* = W,. We
may consider the snake trajectory W re-rooted at s,, which is denoted by WS+l in Section 3.2. The distribution of

(()r) conditioned on the event that VT/S > 0 for every s (see [37]).

Wl under N(()r) can be interpreted as N
Let us recall the invariance property of the measures Ng) under re-rooting. For any r > 0, and any nonnegative

measurable function G on Sy, for every s € [0, r],
NS (G(WP) =NO (G(w)). (14)

See formula (3) in [37] (this result is initially due to [39]).
We will use the fact that, under N(()r), s« 18 uniformly distributed over [0, r] and independent of the snake trajectory
Ws<l (see [37], noting that both these properties follow from the invariance of N(()r) under re-rooting).

3.5. The definition of the Brownian map

The (standard) Brownian map is the (random) measure metric space (M, D, v) constructed as in Section 3.3 from a
random snake trajectory distributed according to N(()l). In what follows, we will view (M, D, v) as a 2-pointed space,
where the distinguished points are IT(ay) and I1(p,(0)) in this order, as in the third mapping of Lemma 6 — here
asx = p¢(s4) in agreement with the notation of Section 3.3. We will often write x, = I1(as) and xo = I1(p, (0)) for
the two distinguished points of M. Notice that Lemma 6 is used to make sense of the Brownian map as a random
variable with values in M*®®.

We will also be interested in the (2-pointed) space (M, D, v) under the infinite measure Ny and then we speak
about the free Brownian map.
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A property that plays an important role in the study of the Brownian map is the fact that, Ny or N(()r) a.e., for every
a,be Ty, D(a,b) =0 implies that D°(a, b) = 0 (the converse is obvious since D < D°). See [30]. We also mention

the “continuous cactus bound” [31, Corollary 3.2]: Ng or N(()r) a.e., foreverya,be T,
D(a,b)>Z,+ Zp—2 min Z., (15)
c€ella,b]]

where [[a, b]] denotes the geodesic segment between a and b in the tree T; (not to be confused with the lexicographical
interval [a, b]).

3.6. Convergence to the Brownian map

For every n > 1, let Q(,) be a uniformly distributed quadrangulation in Q,, and write C = (C ,in))kz() and

LW = (L,((") )k=0 for the contour and label functions of the well-labeled tree 7, associated with Q) in Schaeffer’s
bijection. A key ingredient of the proof of the convergence to the Brownian map is the convergence in distribution, in
the functional sense on the Skorokhod space,

3 d ~
“12p0m | —1/4p @ @ (s s (1)
<(2n) 2Chns) S@n) /LL2MJ>S>0"_§° (&>, Wil under Ny, (16)

where the limit process is the pair consisting of the lifetime function and the tip function of a snake trajectory “re-
rooted at the minimum” under N(()l) . See [30, Theorem 2.5].

In what follows, we will consider quadrangulations that are both rooted and pointed. We let Q) stand for the
set of all rooted and pointed planar quadrangulations with n faces. An element ¢* of Q) thus consists of a rooted
quadrangulation g € Q, and a distinguished vertex that we will denote by &. Note that #Q = (n + 2)#Q,.

*. and define C™ = (C,E"))kzo and L™ =

Suppose now that Q¢ = (Q ), §n)) is uniformly distributed over Qj,
(L,(("))kzo as previously, so that the convergence (16) holds. We can in fact reinforce this convergence as follows. Let
k(n) be the first integer k > 0 such that the term of index k in the contour sequence of 7g ,, is equal to &) (this makes
sense unless &(,;) coincides with the root vertex p of Q(,), in which case we take k) = 0 by convention). Then, we

have

3 1 d ~
<<(2n) / CEMJ,,/ —2 2n) / LL;"”)@O’ _2n k(n)) n_> ((é's[s ]’ s[s ])szO’ 1 S*) under N0 : (17)

Notice that in the above limit, the quantity 1 — s, is uniformly distributed over [0, 1] and independent of
(;“s[s*], Wgs*])szo. Thus we could replace 1 — s, by s, or by any random variable U uniform over [0, 1] and inde-
pendent of (Cs[s*], WS[S*])XEO. The point of writing 1 — s, is the fact that the vertex Pelss 1(1 — s4) corresponds in the
re-rooted tree ’72[3* 1 to the root of the tree 7 (recall that the isometry from 72[:* 1 onto 7T is induced by the mapping
r—> s Dr).

This fact allows us to deduce the following convergence from (17). For 0 < j < 2n, set

=) _ () () - (n)
cC:'=C, ..+C;7 =2 min C:

J kn®j T kn (Uen® ) Ak <i < (k@ ) Vi
=m)_ )
Li"=Lyg; — Ly,

where, only in this formula, we use the notation k, & j =k, + j if k, + j <2n,and k, & j =k, + j — 2n if
ky, + j > 2n. Also take C;") = L(/.") =0 for j > 2n. Then (excluding the case &) = p), C™ and L™ are the contour
and label functions of the tree ?Q:n) defined as the tree tp ,, re-rooted at the first corner of &(,), with labels shifted so

that the label of the root is 0. Noting the equality (w!"1)[~"1 = @ for a snake trajectory w € Sy and r € [0, o], it is
then straightforward to deduce from (17) that we have also the convergence in distribution

125 3 145 @ =
((2n> 1/20[’;3,”,\@(2;1) 1/4L({52m) = (g5, Wi)sz0  under Ng. (18)
0

5=
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Let us now state the convergence of rescaled quadrangulations to the Brownian map [32,42].

Theorem 7. For everyn > 1, let Q('n) = (Qw), &@n)) be uniformly distributed over Q3 let (i, stand for the counting
measure on V(Q ) and view V(Q)) as a 2-pointed space with distinguished points p and &, in this order. Then,

3 _ _ (d) 1
<V<Q<n>), \E(zn) V4dgr, n lm,l)) = (M.D.v) under Ny, (19)
where the convergence holds in distribution in M*®. Furthermore, this convergence holds jointly with (18).

In fact the statement of Theorem 7 is stronger than the formulation in [32,42] because these papers consider only
convergence in the Gromov—Hausdorff sense. In the remaining part of this section, we briefly explain how this stronger
form can be derived. We recall the notation IT for the canonical projection from 7; onto M and we write p=1IT o p;
in the following lines. The two distinguished points of M are thus x, = p(s«) and xo = p(0) in that order.

To begin with, we recall the arguments used to obtain the Gromov—Hausdorff convergence (see [43, Section 4] for
a pedagogical presentation). In what follows, we implicitly exclude the case &,y = p, which occurs with vanishing
probability when n — oo. Let (u(()"), u(ln) s ugfl)) be the contour sequence of the tree ?an) (in particular, ué”) =Em)-

Notice that the vertex set V (Qx)) is identified to V (zg, ) U{p} in Schaeffer’s bijection, and that V(?an)) =V(to,)-

For 0 < j <2n— 1, set 5, (j) = j if C\%; < CV" and n,(j) = j + 1if C|/}, > C\". The point of introducing 1,

is the fact that, for every vertex u € V(Qn))\{p,m)} there are exactly two values of j in {0, ..., 2n — 1} such that
(n)

Up () =W Consider then the correspondence C,) between V (Q(,)) and M defined by

Con = {0} )y P®) 12 €10, DU {(p. %), iy, x0) )

By the tightness argument developed in [30], we may assume that, at least along a subsequence of values of n, the
sequence
1/4 —1/4 (n) (n)
((9/8) A=Y dgr(ul_ZnsJ’u\_ZnIJ))s,te[O,l]
converges in distribution, jointly with (18), and the uniqueness of the Brownian map [32,42] ensures that the lim-

iting distribution is that of (D(p(s), p(¢)))s.re[0,1] independently of the chosen subsequence. Using the Skorokhod
representation theorem, one can construct the whole sequence (an))nzl so that the convergence (18) holds a.s., and

((9/8)1/4n_1/4dgr(u({2’,)m , u(&” ))s.ref0.1] converges uniformly to (D (p(s), p(£)))s.ref0.1] @.5. It easily follows that the

distortion of C, (when V(Q) is equipped with (9/ 8)l/4p—1/ 4dgr and M with D) tends to 0 a.s. This gives the
convergence in the Gromov—Hausdorff sense.

To get the convergence in the Gromov—Hausdorff—Prokhorov sense, we just have to apply Lemma 4 to the measure
V(n) defined on the product V(Q)) x M by the formula

1
(V). @) = /O (1" ey PO)) d.

By construction, v is supported on C(,). On the other hand, using the notation in Lemma 4, we have n;v(n) =v, and
T4 V(n) 1s the uniform probability measure on V (Qu))\{p, &n)}, so that the Prokhorov distance between m,v(,) and
n~ @ clearly tends to 0 as n — oo.

Since (p, p(s«)) and (£¢), p(0)) both belong to C(,), Lemma 4 in fact gives the convergence in M*® as desired.

3.7. Convergence of Boltzmann quadrangulations

We will be interested in the convergence of random quadrangulations whose size is not fixed. In this section, we
consider a Boltzmann quadrangulation Q: This means that Q is a random rooted and pointed quadrangulation such
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that, for every n > 1 and every g € Q,

1
F(Q=¢)=;127".

Note that the factor 1/2 corresponds to the formula

o
> 127HQn =2,

n=1
which follows from (4) and the identity #Q}, = (n 4 2)#Q,,. Using asymptotics for Catalan numbers, we have

1
" Vo
In particular, there is a constant K such that P(|Q| =n) < Kn=3/2 for every n > 1.

Recall that £ denotes the distinguished vertex of Q, and assume that § # p. We then consider the tree Tp, which is
the tree associated with Q in Schaeffer’s bijection and re-rooted at the first corner of &, as in Section 3.6 — recall that
labels are shifted so that the labe~1 of £ in ?/Q is 0. We write (E k>0 for the contour function of ?Q, and (Zk)gzo for
its label function. We also write L, = min{Ly : k > 0} for the minimal label in T, and note that der(0,8)=—Ly+1.

As previously, p stands for the counting measure on V(Q) and V (Q) has the two distinguished points p and £. We
write D(R., R?) for the classical Skorokhod space of cadlag functions from R into R.

P(IQ|=n)=4""c n=3/2 (20)

Corollary 8. Let 6 > 0. The distribution under P(- | dgr(p0, &) > 84/n) of

1 3 _iph~ 3 B
((n 1C|."21J’\/;n l/zL\_nzlJ) s <V(Q)’ En 1/2dgr7 2n zﬂ))
t>0

converges as n — 00 to the distribution under No(- | W, < —8+/3/2) of
(({t, Wt)tzo: (M, D, V))
The convergence is in the sense of weak convergence of probability measures on D(R, R?) x M*®.

Proof. This is basically a consequence of Theorem 7, but we provide some details. Let » > 0. As a consequence of
Theorem 7 and easy scaling arguments, we get that the distribution of

e 3 e 3 _
<<n 1CLn2”,,/§n I/ZLWTJ) ,<V(Q), on 124, 2n 2M)>
t>0

under P(- | |Q| = [n?r]) converges as n — oo to the distribution of
((Ch Wr)tzo, (M, D, V))

under N(()ZV). Then, let ® and W be bounded continuous functions defined respectively on the space D(R, R?) and on
the space M*®. To simplify notation, set

~ 3 e 3
@, = cp((n—lcmm,\/;n—l/zLW”) ) v, = \IJ(V(Q), ondgr, 2n_2p,>,
>0

Poo = O((&r. Wi)iz0),  Woo=W(M, D, V).
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Fix two positive constants @ and A with a < 1 < A. Then, recalling that dg: (0, %) = —Z* + 1 on the event {& # p},
we have

A
E[®nWnlian2 <01 an2)n (. 6)>6vm)] = ”2/ ArE[@n WL gz L1, +155m] + O (7). @n
a

using the bound P(|Q| =n) < Kn=3/2,
By the first observation of the proof, we have, for every r € [a, A],

2
E[®p Wl 7, 1osm | 1Q1=]n"r]] — NG (@ocWooly, <5 /372))- (22)

using also the fact that the law of W, under N(()zr) has no atom at —§+/3/2 (we omit the details, but note that (12)
shows that this is true for a.a. r, which would suffice for our argument).
On the other hand, we observe that

o
P(1Q| > An?) < Z Kk—3/% <

k=|An?]

nvA

for some constant K’, and, using the estimate (5),

lan?] >
~ d/n K 8
P({lQl <an®}N{-L.+1>8Vn}) < Y Kk x K exp<— k}ﬁ) exp( 2a1/4),

k=1

with some constant K . This shows that, given ¢ > 0, we can fix ¢ and A such that, for every n, we have

nP(10| > An*) <e, nP({I1Q] <an®*} N {dg(p,§) > 8/n}) <e. (23)
By (20) and (22),
3 1
n ]E[q)nlyill{—z*+l>3ﬁ}1{|Q|=Ln2rj}] njo)o \/ﬁ 0 \yool{W*<_SM})a

so that, by (21) and dominated convergence (justification is easy),

A
dr @2r)
ML Y ian2 <i 01 < antintduto.0)>0vm ] 22, | =50 " (PocWool iy, <5 372)-

Using the estimates (23), we conclude that

nBL[PnWnlig,.(p.6)>5 ]

©  dr

(2r)
oo Jo 3 © —==Ng (Lo Woolyy, < s, /372)) = 4No(Poc Voo lyy, <5, /372))- (24)
We divide the asymptotics (24) by the same asymptotics written with ® = 1 and W = 1, and we arrive at the desired
result. (]

We conclude this section with a technical lemma that will be useful later. We again leave aside the case £ = p and,
for every integer k > 0, we write Ky for the collection of those vertices v of Tp such that the geodesic (in the tree Tp)
from v to & visits at least one vertex with label at most L* + k — 1. Since the label of £ in Tp is 0, Kx = V (Tp) when
k> L*+1— der(p, §).

Recall the notation w = min{w(?) : 0 <t < {(w)} for a stopped path w.
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Lemma 9. Ler 6 > 0 and r € (0,68)]. The distribution of n_z#ICLrﬁJ under P(- | dg: (0, &) > 8./n) converges as
n — oo to the distribution of

1 [
> f dsliw, <w,+ry372)
0 W,
under No(- | Wy < —8+/3/2), and this convergence holds jointly with that of Corollary 8.

Proof. This is a relatively straightforward consequence of Corollary 8, and we only sketch the arguments. Write
up, Uy, ..., uz|g| for the contour sequence of ?Q, and for every m € {0, 1, ...,2|Q|}, let L,, be the minimal label of
all ancestors of u,, in Tp (equivalently this is the minimal label on the geodesic from & to u,,). Then, the distribution
of

1 ~
—L
<ﬁ—Ln25JA2IQI>SZO

under P(- | dgr(p, §) > 8+/n) converges as n — oo to the distribution of (v/2/3W)s>0 under No(- | Wy < —8/3/2),
and this convergence holds jointly with that of Corollary 8 (the point is that the convergence of the rescaled con-
tour and label functions in Corollary 8 entails the convergence of the associated discrete snakes, in the spirit of the
homeomorphism theorem of [38] — we omit a few details here). For every i € {0, 1,...,2[Q| — 1}, set n(i) =i + L if
Cit1 > C; and (i) =i if Cj41 < C;, in such a way that, for every vertex v of V (Tp)\{§} there are exactly two values
of i such that u, ;) = v. Then, for every 0 <k < —Z*,

1
#KCy = 2{16{0 21011} Lygy < Lo+ k— 1)

and (taking k = |r+/n]) it follows from the first observation of the proof that the distribution under P(- | dg(p, §) >

84/n) of

1 1ol 1 L1
-2
#IC == ds1 L, ,

" Lr/n] 2fo S{f n<anJ>—[ — }
converges as n — oo to the law of

1 a

B /0 dsliw <w,+ry372)
jointly with the convergence of Corollary 8, as desired. (]

Remark. In the last step of the proof, we implicitly use the fact that the set of all s € [0, o] such that W = W, +
r+/3/2 has zero Lebesgue measure, Ny a.e. This can be derived by a scaling argument, and we leave the proof as an
exercise for the reader.

4. Quadrangulations with a boundary and Brownian disks
1. Quadrangulations with a boundary

Recall that a quadrangulation with a (general) boundary is a rooted planar map g such that all faces but the root face
(lying to the right of the root edge) have degree 4. The root face is also called the outer face and the other faces are
inner faces. The degree of the outer face, which is an even integer, is then called the boundary size or the perimeter
of g. We will use the notation dq for the the collection of all vertices incident to the outer face. By definition, the root
corner of g is the corner of the outer face that is incident to the root vertex to the right of the root edge. See Figure 2
for an example.
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Fig. 2. A quadrangulation with a boundary of size 16.

The quadrangulation with a boundary ¢ is said to be pointed if there is a distinguished vertex, which will be denoted
by &. For every integer k > 1, we denote the set of all pointed quadrangulations with a boundary of size 2k by Q%.
For every integer n > 0, the subset of Q% consisting of those quadrangulations ¢ that have n inner faces is denoted
by Qg’k. Then, for every k > 1, there is a constant by > 0 such that

#QO* . br12'n 32,

See formula (4) in [22], noting that this formula applies to non-pointed quadrangulations.
A random variable B with values in Q%* is called a Boltzmann (pointed) quadrangulation with a boundary of

size 2k if, for every integer n > 0 and every ¢q € @Z”‘,
P(Bw =q) =bi127",

where Ek > 0 is the appropriate normalizing constant.

4.2. Free Brownian disks

In this section, we recall the construction of (free pointed) Brownian disks from [10]. Our presentation is in fact a
little simpler than the one in [10] because we do not condition on the volume of the Brownian disks.

We start from a standard linear Brownian motion X = (X;);>¢ with Xo =0, and, for every r > 0, we set T, =
inf{t > 0: X; = —r}. Forevery t > 0, we also set X, = info<;<; X;. We consider a process Y ° such that, conditionally
on X, Y° is a centered Gaussian process with covariance

E[YoYg | X]= inf (X,—X,).
SAS'<u<svs’

From now on, we fix r > 0, and let (b(s))o<s<, be a standard Brownian bridge (starting and ending at 0) with

duration r, independent of (X, Y°). We set, for every ¢ € [0, T}],

Y, =Y +/3b(=X,).

We may view (Y;)o<:<7, as labels assigned to the vertices of the tree coded by (X; — X,)o<;<7, and then proceed
in a way similar to the construction of the Brownian map in Section 3.6. Let us explain the details. For every s, s’ €
[0, T, ], we define

Yoo :inf{Yu ‘ue [s,s’]},

where by convention [s,s'] =[s, T,] U [0, s'] if s > s’. We set

D*°(s,s') =Y, + Yy —2max{¥, o, Yy ).
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We then let D? be the maximal pseudo-metric on [0, 7] that is bounded above by D?:° and is such that, for every
s,s" €10, Tr],

X;=Xy= min X, = D(s,s")=0.

SAS'<u<svs'

See formula (17) in [10] for an “explicit” formula for D?(s,s’). To interpret the last display, note that (X;)o<;<T,
codes a forest of R-trees in the way explained in [10, Section 2.1], and that D? can be viewed as defined on pairs of
vertices of this forest, in a way very similar to the construction of the Brownian map.

We let D? be the quotient space of [0, 7,] for the equivalence relation associated with the pseudo-metric D?, and
equip D with the induced metric (still denoted by D?). We let p;. be the canonical projection from [0, 7] onto 7.
The boundary dDD} is by definition

oDy =pr({s €10, T}]: X; = X, }).

The terminology is justified by the fact that D} is homeomorphic to the unit disk in the plane, and that this homeo-
morphism maps 0D} to the unit circle [8,10].

We view D? as a pointed measure metric space: The volume measure vy is the image of Lebesgue measure on
[0, 7] under the canonical projection py, and the distinguished point is p;(s«), where s, is the (unique) time in
[0, T,-] at which Y attains its minimum.

By definition, the pointed measure metric space (D2, D?, v*) is the free pointed Brownian disk with perimeter .
We note that the total mass of the volume measure v; is 7., which has density

(D)
v X )
2mv3 2v

By scaling arguments, it is straightforward to verify that
(D2, D7, v2) L (D3, /r D, r2v}) (25)

We denote the distribution of the free pointed Brownian disk with perimeter » by IFy. Thus, IF} is a probability
measure on M°. If M* € M®, we set k (M*®) = M, where M is the measure metric space obtained by “forgetting” the
distinguished point of M*®. The distribution of the free Brownian disk can then be defined via its density with respect
to k4[Fy. For notational convenience, if M* € M®, we write X(M*) for the total mass of the volume measure of M*®.
The distribution F, of the free Brownian disk with perimeter r is the probability measure on M obtained by setting,
for any nonnegative measurable function G on M,

1
F,(G) :rZF;(—GoK>.
)

Note that this defines a probability measure since

pe( ] /ood T . i P
== v———cexp| —— | =r"".
"\X 0 2703 Pl

4.3. Brownian disks with glued boundary

For technical reasons, we will also need to consider the pointed Brownian disk with “boundary glued into a single

point”. To explain this, let (D7, DY, vy) be the free pointed Brownian disk with perimeter r > 0 constructed as in

Section 4.2. Recalling the notation dIDy for the boundary of D, we set
D*"(x, y) =min{D?(x, y), D?(x, 9D}) + D (y, aD})}, (26)

for every x, y € D?. It is easy to verify that D7 satisfies the triangle inequality, and that D% (x, y) = 0 if and only
if either x =y, or x and y both belong to dD?. We write ]D);’T for the set obtained from D? by identifying the whole
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boundary to a single point denoted by x3, and equip D;’T with the distance induced by D%, and with the volume
measure v;'' which is the image of the volume measure v; on D} under the canonical projection (we notice that vy
gives no mass to the boundary). Finally we let ]F;’T be the distribution of ]D);’? viewed as a random 2-pointed measure
metric space, where the two distinguished vertices are the “boundary point” xj and the distinguished vertex of D?.

As an immediate consequence of (25), we have also
(@eF, DT ve ) L (3T, DT, v, @7

We can use the same method to define the (unpointed) free Brownian disk with glued boundary from the distribu-
tion IF,. We get a probability measure ) on the space M® — the distinguished point is the “boundary point”.

4.4. Convergence to the free Brownian disk

In this section, we recall the convergence of rescaled quadrangulations with a boundary to the free pointed Brownian
disk, which is obtained in [10]. As in the case of the Brownian map, we need a more precise formulation than the one
in [10], which we state below with a sketch of proof (see also [24, Section 4.1]).

As in Section 4.1, we let B() be a Boltzmann quadrangulation with a boundary of size 2k, for every k > 1. We
recall that B, comes with a distinguished vertex &. As previously, the graph distance on the vertex set V(B)) is
denoted by dgr. We denote the counting measure on V (B)) by k) and we view (V (B)), dgr, (k) as a random
pointed measure metric space with distinguished point &.

Theorem 10. We have

3 _ — (d) ° C o
(V(B@),\gk 2dg, 2k zmk)) —> (D}, D%, v}),

k—

where the convergence holds in distribution in M.

Proof. The convergence of the theorem essentially follows from Theorem 8 in [10], except that the latter result only
deals with the Gromov—Hausdorff convergence, and so some additional work is needed here to get convergence in M*®.
This is very similar to the argument explained after the statement of Theorem 7 for the convergence to the Brownian
map, but we will provide some details that will also be useful later. We rely on the analog of Schaeffer’s bijection
for quadrangulations with a boundary that is presented in [10, Section 3.3]. There exists a bijection between the set
Qa’k and the collection of all triples (e, (ty, ..., k), (b1, ..., br)) consisting of a number € € {—1, 1}, a forest of k
labeled plane trees (tq, 12, . . ., Tx) (in the sense of Section 3.1), and a “bridge” (by, ..., by), which is a finite sequence
of integers such that by =0 and b; 1 — b; > —1 for every 1 <i < k, with the convention that b;; = 0. Given a
triple (e, (t1, ..., @), (b1, ..., bx)), the corresponding quadrangulation with a boundary ¢ is such that its vertex set is
identified canonically with V(t1) U-U V(1) U {£}, where £ is an extra vertex which is the distinguished vertex of g.

Fix such a triple (e, (11, ..., ), (b1, ..., b)), and, for every i € {1, ..., k}, let (uf), e uéni) be the contour se-
quence of 7;. The contour sequence of the forest (zy, ..., ) is then the sequence

O L S ST SO S

Setn =2(n1+---+ng)+k, so that the contour sequence can be written as (ug, ..., u,—1). Forevery j € {0, 1,...,n—
1}, we write o; =i if the jth term in the contour sequence corresponds to a vertex of 7; (equivalently if 2(ny + --- +
ni—1)+i—1<j<2m;+---+n;)+i). We define the contour and label functions by

C./:|uj|—ozj+1, Lijaj—}-euj, forO<j<n-—1,

where Zuj is the label of u ;. By convention, we also take C,, = —k and L, = 0. We extend the definition of C; and
L ; to real values of the parameter in [0, ] by linear interpolation.

Suppose now that we consider a Boltzmann (pointed) quadrangulation By with a boundary of size 2k. Then the
associated forest (11, 12, . .., T¢) is a forest of k independent Galton-Watson trees with geometric offspring distribution



Brownian disks and the Brownian snake 261

of parameter 1/2 with labels chosen uniformly among admissible labels. Also, (b1, ..., b) is chosen uniformly at
random among all bridges of length k, independently of (ty, ..., 7). If (Cl-(k))()iii N, and (Lgk))osig N, are the contour
and label functions associated with B®_ one has

- 3 i, (d)
k lc(k)’ “k 1/2L() 4 X,Y ’ 28
< K2 2 K2 0<s<k-2N, oo ( t t)Osthl ( )

where X, Y and T; are as Section 4.2, and the convergence in distribution makes sense in the space of finite paths
defined in Section 3.2. See [8, Proposition 7], which in fact gives a stronger result than (28). As in Section 4.2, we

let (DS, D9, v{) be the free Brownian disk constructed from the pair (X, Y), and p] denotes the canonical projection

k k
(())’ (k) ),

from [0, T1] onto Df. Also, the contour sequence of the forest associated with By is denoted by (uy ", ..., u Ni—1

and for 0 <i < Ny — 1, we set ng (i) =i if Cl.(_]f_)l < Ci(k), and nx (i) =i + 1 otherwise.

Following [10, Section 5.2], we can use the Skorokhod representation theorem to construct the sequence (B k))r>1
in such a way that the convergence (28) holds a.s. and moreover the following holds. If Ci is the correspon-
dence between (V (B,)), (3/2k)1/2dgr) and (D*, D?) defined by declaring that, for every s € [0, T7 V k2N — D],
(u;i)( K25 AN —1))° pi(s ATy)) € C, and furthermore the distinguished vertex & of B® is in correspondence with the
distinguished vertex of D7, then the distortion of the correspondence Cy. tends to 0 as kK — oo. This property gives the
convergence in the Gromov—Hausdorff sense.

To get the stronger convergence in M*, we rely again on Lemma 4. With the notation of this lemma, it is easy to
check that the measure v defined on the product V(B®)y x D} by

k2N AT ®
V), ¢) = /0 dl¢(”nk(Lk2tJ)’ pi(0)

is supported on Cx, and both the Prokhorov distance between 7, v(x) and 2k ~211(x) and the Prokhorov distance between
7,V and v} tend to 0 as k — oo. O

Let B() be as in the previous statement. We can view B() as a submap of a (rooted and pointed) planar quadran-
gulation which is defined as follows. We first add to B an extra vertex @ belonging to the outer face of B(). Then,
if cg, c1, ..., coxr = co are the corners incident to the outer face enumerated in clockwise order starting from the root
corner cg, we draw an edge connecting @ to each of the corners ¢y, ¢, c4, . .., c2x—2. In this way, we obtain a planar
quadrangulation, which is rooted at the oriented edge from @ to the corner co. We write B(Tk) for this quadrangulation,

and use the notation dgr for the graph distance on V(B(Tk)) =V(Bw)U{w}. We view (V(B(Tk)), dgr, M (k)) as arandom
2-pointed measure metric space, whose distinguished points are o and &.

Corollary 11. We have

Ty 3 -1t 42 @ et .t et
<V(B(k))’\/;k P2 2k e Py (DY, DT, v1),

where the convergence holds in distribution in M*®, and the limit is the Brownian disk with glued boundary defined in
Section 4.3.

Proof. We argue as in the proof of Theorem 10, assuming that the convergence (28) holds a.s. and that the distortion
of the correspondences Cy introduced in this proof converges to 0 a.s. Then, for every k, we define a correspondence
C, between V(B(Tk)) and D} by declaring that:

o If (u,x) € Cy and x ¢ 9D then (u, x) € C,j.
o If (u,x) € Cx and x € 9D7 then (u, x;) € CZ.
° (zzr,xa) EC;.



262 J.-F. Le Gall

We claim that the distortion of CZ (as a correspondence between (V(B(Tk)), (3/2k)Y 2d;r) and (]D)T’T, D?%)) tends
to 0. We first observe that, for every u, v € V(By,)),

|d;r(u, v) — min{dg (1, v), dgr(u, dB(k)) + dgr(v, 0Bk }| <4 (29)
and also recall that, by definition,
D™ (x,y) =min|{ D’ (x, y), D?(x, dD}) + D?(y, 9D})},

for x, y € D}.
Taking into account the last two formulas, and recalling that we already know that the distortion of Cy tends to 0,
our claim will follow if we can verify that

sup{|(3/2k)"/?dgr (u, 3 By) — D? (x, 9DY)| : (u, x) € Ci} kﬂ 0. (30)

For every & > 0, write (0ID}), for the set of all points of D} whose D?-distance from DS is less than &. Similarly,
for every A > 0, write (3 B))a for the set of all vertices of By whose dg-distance from 9 By, is less than A. We
will prove that for every € > 0, a.s. for k large enough,

(i) (3D7}). contains all x € D} such that (u, x) € Cy for some u € 0 By).
(i1) (Z)B(k))“/z contains all u € V (B()) such that (u, x) € Cy for some x € dDJ.

Recalling the notation dis Cy, for the distortion of Cg, it will follow that a.s. for k large enough, for every (u, x) € Cy,

(3/20)"% min dg(u,v)> min D?(x,y) —disCx > min D?(x,z) — & — disCx
UGE)B(]() yE(QD') ZEaDT

1/¢
using (i). Similarly, using (ii), we will have for k large enough, for (u, x) € Cg,

min D?(x,z)> min  (3/2k)"/?dgr(u, v) —disCk > min (3/2k)"*dg(u, w) — 2¢ — disCy.
ZE?)DT UE(BB(k))Eﬁ wGaB(k)

The last two displays give (30).

We still have to prove (i) and (ii). Let us start with (ii). Let # € V(B)) such that (u, x) € C; for some x € 0IDf.
We note that x = p}(s) with s € [0, T1] such that X; = X . By standard properties of linear Brownian motion, s must
be a time of decrease of ¢ — X,. Using this remark and a compactness argument, the a.s. convergence (28) entails
that, given § > 0, we can choose k large enough (independently of s) such that there exists j € {0, 1, ..., Ny — 1} with
|s — kj—2| <& and

(k) 7
ct c®.
T g

The last display implies that uﬁ.k) is the root of one of the trees in the forest associated with B and therefore belongs

to dB() (see [10, Section 3.3]). Here we recall that the vertex set V (B,)) is canonically identified with the union of

the vertex set of the associated forest and the singleton {£}. Finally, recalling the definition of the correspondence Cy,
(k)

we get that (uj , pf(kj—-2 A Th)) € Ck, so that

(2k/3)" 2 dgy (u, ug’”) <D? (s, kj—z A Tl) + disCy,

and we just have to use the property |s — kf—'2| < 8 together with the continuity of (¢, ") = D?(z, t') on the diagonal.
The proof of (i) is similar, but we need an extra argument because not every point of d B(x) is the root of one of the

trees in the forest associated with By). Still, if (b(k), R b,ik)) is the bridge corresponding to By, a close look at the

combinatorial bijection for quadrangulations with a boundary (see again [10, Section 3.3]) shows that the maximal
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graph distance between a point of d B and the collection of roots of all trees in the coding forest is bounded above
by

® _p)
R

mnax (bi+1

1<i<k

1/2

where b,(ﬁ | = 0 by convention. The quantity in the last display normalized by K™/~ converges to 0 a.s., simply

because the rescaled processes k=Y 2b(L],2 J)05,51 converge to a Brownian bridge (this is indeed a consequence of

(28)). Modulo this observation, the proof of (i) is very similar to that of (ii) — we now use the fact that if uj.k) is the

root of a tree in the coding forest, then j/ k% must be close to a time 7 € [0, T}] such that X, = X; and therefore
p1(t) € 9D} — and we omit the details.

This completes the proof of our claim that the distortion of CZ tends to 0 and thus establishes the convergence of
the corollary in the Gromov—Hausdorff sense. To see that the convergence holds in M*®, we use Lemma 4 with the
same measure V) that was used in the proof of Theorem 10, or more precisely the image of v(x) under the mapping
(u, x) = (u, X), where ¥ = x if x ¢ 0D} and X = x; if x € 9D7. O

5. Some results about the Brownian snake
5.1. The Brownian snake truncated at Wy, + 8§

In this section, we establish some properties of the Brownian snake that will play an important role in the proof of our
main results.

Recall the notation Sy for the space of all snake trajectories with initial point x. If w € S, we can make sense of the
truncation trp (w), for every b < x. Let us also define the point process of excursions of w outside (b, c0). Recalling
the notation 7, (w) = inf{z € [0, {w)] : w(t) = b}, we observe that the set

{S >0:1p(wy) < é-s}

is open and can therefore be written as a union of disjoint open intervals («;, 8;), i € I, where I may be empty.
From the fact that  is a snake trajectory, it is not hard to verify that we must have p;(a;) = p;(8;) forevery i € I.
Furthermore the path wy, = wg; hits b exactly at its lifetime ¢y, = {g;, and the paths wy, s € [a;, B;], coincide with
wy; = wg; over the time interval [0, ¢y, ]. We then define the excursion w;, for every i € I, by declaring that, for every
s >0, Wy(w;) is the finite path (@; 15)78; (§o; +1) — b)oitgi(s) with lifetime ¢#(s) = Ci+s)ng; — Ca;- We observe
that the genealogical tree of o’ (which is coded by ¢') is identified to the subtree of T; consisting of all descendants
of p¢(a;) = pc(B;). The point measure of excursions of w outside (b, 00) is the point measure on Sy defined by

No(@) = "8a,.

iel

Note that our definition is slightly different from the one in [2] because we have shifted the excursions so that their
starting point is 0 instead of b.

We also introduce exit measures, following [29, Chapter 5]. Let x € R and b < x. There exists a continuous
increasing process b = (Zf )s>0 called the exit local time such that, N, a.e. for every s > 0,

s

!
€= lim ~ [ drl,w, < <o (W,)+e)-
e=>0¢€ Jo

It is clear that the topological support supp(dﬁé’ ) of the measure déf is contained in {s > 0 : 7, (Wy) = ¢}, but in fact
more is true:

supp(de?) = {s = 0: 1,(W,) = ¢}, Ny ae. 31
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This follows from the more general results in [29, Chapter 6], see in particular the remark following the proof of [29,
Theorem 6.9]. The quantity Zj, := Eg is called the exit measure from (b, 00) (our terminology is slighly different from
the one in [29], where the exit measure would be the measure Z;3;). As explained in [2, Section 2.5], the process

(Zb)be(—o0,x) has a cadlag modification under N, which we consider from now on.

Let us fix § > 0 and write NB_‘S] = No(- | Wi < —§). The remaining part of this section will provide results about

the truncated snake try, +5(W), the point measure of excursions Ay, 15, and the exit measure Zy, s under NB—(S].
The motivation for these results is best understood from the construction of the free Brownian map as the 2-pointed
measure metric space £°*®(w) under No(dw) (Section 3.5). In this construction, the conditioning by {W, < —§} corre-
sponds to the property D (x,, xo) > 4, the truncated snake try, +s (W) is closely related to the connected component of
the complement of the ball B(x,, §) that contains xo, Zw,+s is interpreted as a (generalized) length of the boundary
of this component, and the point measure Ny, 15 yields information about the other components of the complement
of the ball B(xy, ).

In the next proposition, we use the following notation: If AV is a point measure on the space of snake trajectories,
M (N) denotes the infimum of the quantities W, (w) over all atoms @ of N

Proposition 12. Under the probability measure N([)_‘S], trw,+5(W) and Nw,+s are independent conditionally given
Zw,+5, and the conditional distribution of Nw,+s given Zw, 15 is that of a Poisson point measure N with intensity
Zw,+5 - Ng conditioned to have M(N') = —=8. If f and F are nonnegative measurable functions defined respectively
on Ry and on Sy, we have

0 32,

No(Liw, <=5} f (Zw,+5) F (trw,+5(W))) = 35—3/ o

—0o0

dbNy <Zb exp(— )f(Zb)F(tl‘b(W))).

Remark. If A is a Poisson point measure with intensity zNy, it is straightforward to define the conditional distribution
of AV given that M (N') = —8, for instance as the limit when &€ — 0 of the law of A/ given that —§ — & < M(N) < —§
(note that formula (12) readily gives the density of M(N) — see the proof below). Indeed, properties of Poisson
measures show that this conditional distribution is the law of the sum of a Poisson point measure with intensity
zNp(- N {W, > —§}) and the Dirac mass at an independent random snake trajectory distributed according to Nq(- |
W, = —§) (the conditional distribution Ny (- | W, = —§) is studied in [33]).

Proof of Proposition 12. Let f and F be as in the statement, and also assume that f and F are bounded and
continuous, and that F'(w) =0 if Wy (w) > —8 or W, (w) <—A, for some B, A > 0. Let ® be a bounded nonnegative
continuous function on Sy, such that ®(w) = 0 if sup{|W;(w)| : s > 0} < «, for some o > 0. Set

G(N) = exp(— /Nb(da))é(a)))
Then,

No(Liw,<—8)f (Zw,+5) F (trw, +5(W)) G Nw, +5))

1 Wi+d+e
= lim —No<1{w*<—5—s} / dbf(ZwF(trb(W))G(Nb)).
e~>0¢ Wyts
To justify this, we observe that, Np a.e. on {W,. < —8},as b | W, + 6, we have Z, — Zw, 45 (by the right-continuity
of b > Zp), trp(W) —> try,+5(W) (see Lemma 11 in [2]), and G(Np) —> G(Nw,+s) (we leave the verification of
the last convergence as an exercise for the reader).

We next observe that, for ¢ > 0 small,

Wi+6+e
No <1{W*<—5—5}/ dbf(Zb)F(trb(W))G(Nb)>

Wi+6

0
_ / BN (Lp—s—e v, <3 f (Z5) F (try (W) GN)).

—0o0



Brownian disks and the Brownian snake 265
Fix b < 0. By applying the special Markov property (see e.g. [2, Proposition 13]) to the interval (b, 00), we get

No(Lip—s—s<w,<b—s) f (Zp) F (try(W)) G(Np))
=No(f(Zp) F (trs(W))E(z2,)[ G M (Zs—s<cmrN)<—s}])

where, under the probability measure P(;) (for any z > 0), AV is a Poisson point measure with intensity zNo.
We have thus obtained

No(Lw, <—8) f (Zw,+8) F (trw, +5(W)) G (N, +5))
0 1
— lim deo<f<Zb)F(trb<W>);E@b)[G(N)l{_a_g<M<m<_a}]>. (32)

e—0J _~o

At this point, we use (12) to get that the distribution of M (AN) under P(,) is given (for z > 0) by

for every y > 0, and thus the density of M (N) under P;) is

3z
-3
3z]y| exp<—2—y2> 1 <0y

As explained in the remark following the statement of the proposition, we have then, for every z > 0,

1 _ 3z
EE(Z)[G(N)l{—5—8<M(N)<—8}] = 32673 eXP(——)E}SZ)[G(/\/')],

282

where, under IP"(SZ), N is a Poisson point measure with intensity zNy, conditioned to have M (N') = —34.
We can now pass to the limit ¢ — 0 in the right-hand side of (32), recalling our assumptions on F to justify
dominated convergence. It follows that

No(Lw, <—8) f (Zw,+8) F (trw, +5(W)) G (N, +5))

0 32,
:35—3/ deo(f(Zb)F(trb(W))Zbexp(—#)E‘EZb)[G(N)]) (33)

—00

If we replace G by G’ =1 and f by the function z — f(z)]E‘(SZ)[G(N)], we get that

No(Liw,<—s)f (Zw,+5) F (trw, +5(W)) G Nw, +5))

= No(Liw, <) f Zw,+5) F (trw,+s(W))E(z, [GAD]).

This is enough to conclude that, under No(- | Wy < —8), N, +s is independent of try,+5(W) conditionally given
Zw,+s, and its conditional distribution is as described in the proposition. Finally, the last assertion of the proposition
is the special case G =1 in (33). ]

Corollary 13. The quantity Zyw, s is distributed under Ngﬁs] according to the Gamma distribution with parameter
% with density

1 3 3z
= —exp|l —— ).
L5V 27 O\ T g2



266 J.-F. Le Gall

Proof. We specialize the formula given in Proposition 12 to the case F =1 and f(z) = e~*? with A > 0, to get

0 3Z
No (I{W*<_5} exp(—AZW*+5)) =353 / dbNy (Zb exp(—kzb — K;)) . (34)
—00

We compute the right-hand side of the last display. By formula (6) in [19], for every x > 0,

2 _2
No(1— e_’\z—x) = <)»_1/2 + \/;x> )

Differentiating with respect to A gives

-3
NO(Z—xe_)LZ%) = (1 +xv 2%) :

It then follows from (34) that

o0 / 2\ 3 1
_ 253 — _
NO(I{W*<78} exp(—)»Zw*+a)) =36 /(; dx(l +xy/872+ ?) TR et

Since No(W, < —8) =3/(282), we get

5—2
No(exp(—AZw, 15) | Wy < —8) = \/;’
57+ 3

giving the stated result. U
5.2. The positive excursion measure

The underlying idea of the results presented in Sections 3.6 and 3.7 is the observation that scaling limits of random
quadrangulations of the sphere can be described by the Brownian snake under its excursion measure. The main mo-
tivation of the present work is to show that the scaling limit of quadrangulations with a boundary can be described
similarly by the Brownian snake under its “positive excursion measure”. We now give a brief presentation of this
positive excursion measure, referring to [2] for more details.

Let 86’ stand for the set of all snake trajectories @ € Sp such that w; takes values in R for every s > 0, and, for
every 8 > 0, let S be the set of all w € S such that SUP >0 (SUP;e[0,¢, ()] |@s (1)]) = 8. There exists a o -finite measure

N§ on S, which is supported on S ' and gives finite mass to the sets S©® for every § > 0, such that
N3(G) = lim ~N, (G (ro(W))),
e—>0¢
for every bounded continuous function G on S that vanishes on S\S ©® for some § > 0 (see [2, Theorem 23]). Under
Ng, each of the paths W, 0 < s < o, starts from 0, then stays positive during some time interval (0, «), and is stopped
immediately when it returns to 0, if it does return to 0.
We will use the re-rooting representation of the positive excursion measure. Recall our notation W1 for the snake

trajectory W “re-rooted at 7’ (see Section 3.2). The following result is a consequence of [2, Theorem 28].

Theorem 14. For any nonnegative measurable function G on S,

NG (/OU er(WW)> = 2/_(;0 dxNo (2, G (try (W))).
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Since the definition of the exit measure Z, makes sense under Ny, for every x < 0, the identity of the previous
theorem makes it possible to also define the exit measure at 0 under N’(; (see [2, Section 6] for details of the construc-
tion): To avoid confusion, we will write Z; for this exit measure at 0 under Njj. Roughly speaking, Z; “counts” the

number of paths W that return to 0. The identity of Theorem 14 then implies that we have also, for any nonnegative
measurable function ¢ on [0, 00),

o 0
Ng(/o drqo(ZS‘)G(W[r])):Z/_ dxNo(Z:0(2) G (tre (W))). (35)

By [2, Proposition 33], we can make sense of the conditional probability measures N(’;’Z = N;(- | Z{'; =7z), and we

have
3 o0
N = /Z fo dzz22Ng*. (36)

Proposition 15. Ler § > 0. For every nonnegative measurable function F on the space of snake trajectories, for every
z > 0, we have

o
NGV (F (w45 (W)) | Zw,48 = 2) =2 NG~ (/O drF(W"])).

In particular, and this will be important for us, the conditional distribution of trw, s (W) given Zw, 5 = z does not
depend on §.

Proof of Proposition 15. Let ¢ be a nonnegative measurable function on [0, 0c0). Recalling that No(W, < —§) =
3/ (282), we use the formula of Proposition 12, and then (35), to write

_ 2 (0 3Z
NG (F (trw,15(W))@(Zw, +8)) = 5 / deO(Zb exp(—#)w(sz(trb(W)))

—00

= _N()(/a drF(W[r])exp< 32’;72*) (Zo))

% dz 3z s [° [r]
,/ / 25/2 ( 282) (2N, </0 drF(W )) (37)

using (36). On the other hand, if we set

CEw,4s) = NE“”(F(trw*+a(W)) | Zw,+5)

we have

NG (F (trw, +5 (W) (Zw,+5)) = Ny (G (2w, +5)9(Zw,+5))

°°dz 3z G 18
\/ / < 252) (Do (2) (38)

by Corollary 13. By comparing (37) and (38), we get

G() =7 °N§* (/0 drF(W[”)>
0

as stated. O
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Remark. By [2, Proposition 31], the conditional density of o under Njj and knowing Z;j = z is

fo(5) = ——3s P exp =
¢ 2 2s

so that

© (g ZZ Z2 © du
N*,Z - I R \/5/ Qo _ 2
0 (o) = 5t 3¢ ( 2s> = X A ﬁe z

which is consistent with the case F' = 1 in Proposition 15.

6. The lazy hull process
6.1. Gluing a quadrangulation with a general boundary in a face with a simple boundary

Consider a rooted planar map m with a distinguished face f of degree 2k, for some k > 1. We assume that the boundary
of f is simple and that there is a distinguished oriented edge e on the boundary of f, such that the face f lies on the
left of e. Suppose then that q is a rooted (but not pointed) quadrangulation with a (general) boundary of perimeter 2k.
Recall that the root of q belongs to the boundary and that the outer face lies on the right of the root edge. There is then
a unique way of gluing the quadrangulation q inside the distinguished face § of m, in such a way that the boundaries
of § and q are glued together, and the root edge of q is glued to e. The construction should be clear from Figure 3.

6.2. The lazy peeling

We will now describe an algorithm due to Budd [12] that can be used to generate a Boltzmann quadrangulation. This
algorithm is called the lazy peeling. We content ourselves with the properties that are needed in our applications, and
refer to [12] and [18] for more details. The main reason why we use the lazy peeling algorithm rather than the standard
peeling (used in [20] for instance) is the fact that we can view a Boltzmann quadrangulation as obtained by gluing to
its lazy hull (of a certain radius) a quadrangulation with a general boundary to which we may apply the convergence
to the Brownian disk derived in [10]. See Proposition 16 below.

To describe the algorithm, we need to introduce quadrangulations with a simple boundary, for which we make
a slightly different convention than in the case of a general boundary: A (rooted) quadrangulation with a simple
boundary of size 2k (k > 1) is a rooted planar map such that all faces have degree 4 except for one distinguished face

Vo

>//'
PV

Fig. 3. Left, the planar map m with the distinguished face f of degree 8 in grey, and inside § the quadrangulation q with a boundary of perimeter 8.
The arrows indicate how the edges of the boundary of q are glued to the edges of the boundary of f. Right, the planar map obtained after the gluing
operation.
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of degree 2k (the outer face) whose boundary is simple — note that, in contrast with Section 4.1, we do not require that
the root edge belongs to the boundary. We may assume that quadrangulations with a simple boundary are drawn in
the plane so that the outer face is the infinite one, and then it makes sense to explore the boundary in clockwise order
or in counterclockwise order.

The lazy peeling algorithm produces a finite sequence (q,)o<p<k» such that, for 0 < p < K — 1, gy is a (rooted)
quadrangulation with a simple boundary of perimeter 2L ,, with L, > 1, and qx is a rooted and pointed planar
quadrangulation. To initiate the process, qg is the unique quadrangulation with a simple boundary of length 4 and a
single inner face.

Then suppose that at step p, we have q;, = q, where q is a quadrangulation with a simple boundary of perimeter 2L,
L > 1. We construct g1 in the following way. We choose an edge e of the boundary of g, to be called the “peeled
edge” at step p + 1, and then:

(A) Either we glue a quadrangle to e, so that q,; has a simple boundary of perimeter 2(L + 1). The root edge of
qp+1 is the same as the root edge of q .

Or, for some j € {0,1,...,L —1}:

(Bj) We glue the edge e to the edge ¢’ of the boundary of q such that there are 2j edges of the boundary between e
and ¢’ in clockwise order. After this gluing the edges that were in the boundary of q (except e and ¢") now bound
two faces of respective degrees 2j and 2(L — 1 — j). Following the device explained in Section 6.1, we then
glue a quadrangulation g with a general boundary of size 2 in the face of degree 2 (bounded by the edges that
were in the boundary of g between ¢ and ¢’ in clockwise order). In this way we obtain a quadrangulation with a
simple boundary of size 2(L — 1 — j), which is q,1. The root edge of q,41 is the same as the root edge of q .

(B}) Or we do the same as in (B;) except that clockwise is replaced by counterclockwise.

See Figure 4 for an illustration of the different cases.
The preceding prescriptions have to be interpreted suitably in the two particular cases j =0and j = L — 1 of (B))
or (B%).
J

e If j =0, then we do not need to glue a quadrangulation g as explained above: in that case, we are just gluing
together two adjacent edges.

o If j =L — 1, then qp41 has a boundary of size 0, which is interpreted by saying that q,4 is a rooted planar
quadrangulation. In that event, we take K = p 4 1 and the algorithm terminates. We in fact view gx as a rooted and
pointed quadrangulation, where the distinguished vertex v is chosen as follows: in the last step of the construction,
v is the tail of e, assuming that e is oriented clockwise in case (B;), counterclockwise in case (B}) — v is also the

unique vertex incident to both e and €', unless the length of the boundary is 2 before the last step.

Finally, we observe that, in case (B;) or (B}) and when 1 < j < L — 1, the gluing of the quadrangulation ¢ in the
face of degree 2 j requires that we specify a distinguished edge on the boundary of this face, but this can be made in a
prescribed manner whose choice is unimportant in the following discussion.

We now need to specify the probabilities of the different choices that are made in the preceding algorithm, and to
this end we introduce a few definitions. We set, for every £ > 0,

20
Loy A=2¢
hhe) =2 (ﬁ)

and

iy @2i=2)!

== fori=1,2,....
G — DG+ 1) ort

2
plzg» P—i=2

If we also take pp = 0 and p; = 0 for every integer i > 2, elementary calculations show that the collection (p;)icz
defines a probability distribution on Z with mean 0. In particular,

l & 1
EZip,,- =3 (39)
i=1
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(B3)

Fig. 4. A few possible steps in the lazy peeling algorithm. The peeled edge is the edge e on the left side of the figure. In case (A) one glues a new
quadrangle to e. In case (By), e is simply glued (in “clockwise order”) to the edge e’l. In case (Bé), e is glued in counterclockwise order to the
edge e/z. In the latter case, the shaded region, whose (simple) boundary corresponds to the 4 edges between e and e/2 in the left side, has to be filled
in by a quadrangulation with a (general) boundary of size 4. In cases (Bg) and B),, the “glued edge” is indicated by a small arrow in the right side.

To specify the transition probabilities of the peeling algorithm, we first need to say how the peeled edge at step
p + 1is chosen: At the present time, this choice can be made in an unimportant manner depending only on q,. Then,

conditionally on qg, ..., qp, and given that q;, has boundary of size 2L, the event (A) occurs with probability
o0 Y (L +1) i — 12L +1
R 1105 3L+1°

and for 0 < j < L — 1, either of the events (B;) or (B}) occurs with probability

1 qy  1hN@—j-1)

2Pt T vy P
(one can check [12,18] that piL) + Z;‘;& p(_Lj)_1 = 1). Furthermore, the quadrangulation g is chosen uniformly at
random in the set of all (unpointed) rooted quadrangulations with a boundary of size 2j. It follows from these pre-
scriptions that the half-perimeter of q, evolves like a Markov chain on Z., which is stopped at the time K when
it hits 0. The property K < oo a.s. (the algorithm terminates in finite time) can be derived from the fact that the
half-perimeter process is a random walk with jump distribution (p;);cz conditioned to hit zero before taking negative
values (and stopped at that time): See the comments following Lemma 1 in [12].
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If we perform the lazy peeling algorithm according to these probabilities, the quadrangulation qx that we obtain
is a (rooted and pointed) Boltzmann quadrangulation [12,18]. The key property that we will use is the following
proposition, which is essentially a special case of [12, Proposition 1].

Proposition 16. Let T be a random variable with nonnegative integer values. Assume that T < K and that T is a
stopping time of the filtration generated by (quak)n>0-

Then, conditionally on the event {T < K} and on qr, qx has the same distribution as the quadrangulation obtained
by gluing to the outer face of qr an independent Boltzmann (pointed) quadrangulation q with a (general) boundary
of size equal to the perimeter of qr, with the convention that the root edge of the resulting map is the same as the root
edge of qr and the distinguished vertex is the same as in the quadrangulation q.

Again, for the gluing mentioned in the proposition to make sense, we should specify an edge of the boundary of q7.
The choice of this edge can however be made in an arbitrary deterministic manner given qr, and then q is uniquely
determined, which will be important for our purposes.

Peeling algorithm for the UIPQ. A variant of the preceding algorithm gives rise to the UIPQ or Uniform Infinite
Planar Quadrangulation. We just replace the function 4V (£) by

h'(0) = eh' (0)

in the definition of the probabilities of the different steps. Then the algorithm never stops (this is clear since 21 (0) =0
and thus, with the previous notation, the cases (B;) or (B}) with j = L — 1 never occur). Furthermore, the quadrangu-

lation q,, converges locally a.s. to an infinite random planar map Q) which is the UIPQ. See [12, Section 5] or [18,
Section 4.2] for more details in a more general setting. Note that Q° has a root edge but no distinguished vertex. In
that case, the Markov chain corresponding to the half-perimeter of g, is transient.

6.3. Peeling by layers

In the peeling algorithm described above, the peeled edge at step p + 1 can be chosen on the boundary of q, in an
arbitrary way (depending on q,). We will now describe a specific choice of the peeled edges, which produces the
so-called peeling by layers. This will lead us to define a sequence Qy, O3, ..., Qg of quadrangulations with a simple
boundary, where E > 0 is a (random) integer.

To simplify the presentation in this section, we call label of a vertex of the boundary of g, its graph distance (in
qp) from the root vertex. We say that an edge e of the boundary of q, is of type (i, + 1), resp. (i + 1, i), if the labels
of its ends listed in clockwise order around the boundary are i and i 4 1, resp. i + 1 and i.

Let us turn to the description of the peeling by layers algorithm. The choice of the peeled edge at each step will be
designed in such a way that, for every 0 < p < K, there exists an integer i > 0 such that

(a) all vertices of the boundary of q,, have label i,i + 1 ori + 2.
(b) there are vertices of the boundary with label i;
(c) the edges of the boundary of type (i + 1,7 +2) or (i +2,i + 1), if any, form a connected subset of the boundary.

Supposing that these properties hold at step p, we choose the peeled edge at step p + 1 in the following way:

o If there is at least one vertex of the boundary of q,, with label i + 2, we peel the first edge of type (i + 1, i) coming
after the last vertex with label i + 2 in clockwise order;

o If there is no vertex of the boundary of q,, with label i + 2, we peel an edge of type (i + 1,7) chosen according to
some rule given q .

See Figure 5 for an example.

It is clear that properties (a), (b), (c) stated above will be preserved at each step of the algorithm (though the value
of i may increase to i 4+ 1 between steps p and p + 1) since they hold at the initial step. See Figure 5 for an example
of the evolution of labels on the boundary in the peeling by layers.

Since we start by peeling all edges of type (1, 0), there will exist a first time R at which the boundary contains only
edges of type (1, 2) or (2, 1) (unless the algorithm stops before this occurs, in which case we take R; = 00). Similarly,
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Fig. 5. Evolution of labels on the boundary in the peeling by layers in a few cases. The peeled edge is indicated by an arrow in the left side (and in
each case in the right side the next edge to be peeled is also marked by an arrow).

for every i > 1, we let R; be the first time at which the boundary only contains edges of type (i,i + 1) or (i + 1,1),
with the convention that R; = oo if this never occurs. Then there exists a (random) integer E > 0 such that R; < oo
ifand only if i < E. For 1 <i < E, we set Q; = qg,, and we also let Q = qx be the rooted and pointed Boltzmann
quadrangulation obtained at the end of the algorithm. As previously p and & are respectively the root vertex and the
distinguished vertex of Q. The following properties then hold.

(a) The sequence Q1, Q», ..., Qg is a deterministic function of Q.

(b) We have & <d9(p,£) <E+1.

(c) For every 1 <i < E, the set of all vertices of Q; that do not lie on the boundary is identified canonically to a
subset J; of V(Q). For any v € J;, any path from v to £ in Q must visit a vertex at graph distance at most i from
p. Conversely, for any vertex v of Q that does not belong to 7;, there is a path from v to & that visits only vertices
whose graph distance from p is at least i.

Let us briefly explain why properties (a) and (b) are satisfied (we omit the argument for (c)). Let A be the set of all
dual edges of Q (each edge e of Q corresponds to a dual edge between the faces of Q that are incident to e). Fix
i > 1, and let A; consist of all dual edges associated with a primal edge connecting two vertices at graph distance less
than or equal to i from the root vertex. Let A be obtained by adding to .4; all edges dual to a primal edge that lies in
a connected component of the complement of .4; not containing the distinguished vertex of Q. Then one checks that
i < Eif and only A; # A. Furthermore, if this property holds, Q; can be obtained informally by starting from the root
face (to the right of the root edge) and then gluing quadrangles along the dual edges in A}, and keeping the “same”
root as in Q (as explained in [18, Chapter 3], with each connected subset of A containing the dual root edge one can
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Fig. 6. Left, the rooted and pointed planar quadrangulation Q. Vertices of Q are represented by small black disks, while vertices of the dual map
(one in each face of Q) are represented by small black squares. The figures correspond to distances from the root vertex of Q. The dual edges in
grey form the set A3 and A/3 is obtained by adding to A3 the three dashed dual edges. Right, the lazy hull Q3 of radius 3. The reader may verify
that Q3 is determined by the map .Ag (and the knowledge of the dual root) as explained above.

associate a rooted planar map by this gluing procedure). To give a less informal construction, view A} as the edge set
of a planar map, and let f be the face of this planar map containing . Note that the boundary of § is a simple cycle C,
and that vertices of this cycle have degree 2 or 4. Choose a vertex vy in the face f, and let A} be obtained from A} by
adding, for each vertex v of degree 2 in C, two edges connecting v to vo in f (of course in such a way that these edges
do not cross). Then Q; is the dual planar map to the planar map with edge set A’

We call Q; the lazy hull of radius i in Q. See Figure 6 for an illustration with i = 3.

The UIPQ case. The above considerations also make sense for the peeling algorithm associated with the UIPQ
Q(°°). In that case however, we can make sense of the whole sequence Q;, Q», ... of lazy hulls. The analogs of
properties (a) and (c) above remain valid (in (c), “path from v to £” has to be replaced by “path from v to infinity”).

6.4. Asymptotics for the perimeter and volume of hulls

Let Q and Q) be as previously. For every 1 <i < &, we write H; and V; respectively for the half-perimeter and
volume (number of inner faces) of the lazy hull of radius i in Q. Similarly, for every i > 1, we write Hl.(oo) and Vi(oo)
respectively for the half-perimeter and volume of the lazy hull of radius i in Q(°. By convention, Hy = Héoo) =0
and Vp = VO(OO) =0.

We let (1;):>0 denote a centered stable Lévy process with index 3/2 and no positive jumps, whose law is specified
by the equality

E[exp(AT,)] = exp(2tk3/2),
for every A, t > 0. Write (T,T),Zo for the process T conditioned to stay positive (see [6, Chapter VII]). Let 71, 72, ...

be a measurable enumeration of the jump times of YT, and let 6;,6,,...be a sequence of nonnegative i.i.d. random
variables with density

1 1
N2 x3 exp(—a> @0
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on (0, 00). Assume that this sequence is independent of Y. We then define a process (V,T),Zo by setting, for every
>0,

vi=2 Y (ar))e.

{i:ti<t}

Proposition 17. We have the convergence in distribution in the Skorokhod topology

_ _ (
( 2H(oo) 4V(00)) (yt’uT)t>()’

|nt] > [nt] Jt>0 n—>

where the limiting processes are defined by

=) ul=v),

lIJt_lnf{s>0 / —>t}

The result of the proposition is very close to similar results proved in [20] (see in particular Theorem 2 in [20]).
Unfortunately, it does not seem easy to deduce Proposition 17 from the results of [20], and we postpone the details of
the proof to Appendix B below.

Our next goal is to obtain an analog of the previous proposition for the perimeter and volume process of the lazy
hull of a Boltzmann quadrangulation under a suitable conditioning. We will derive this result from Proposition 17 by
an absolute continuity argument.

Write (S ,f Jo<k<k for the Markov chain giving for every 0 < k < K the half-perimeter of qi in the peeling algorithm

with

of Section 6.2, with the convention Sll( =0, and (S kT )i>0 for the analogous Markov chain for the peeling algorithm of
the UIPQ described at the end of Section 6.2. We also let (Sk)r>0 be a random walk with jump distribution (p;);ez
started from So = 2, and set T = inf{k > 0 : S; < 0}. Then both functions h' and k1 are harmonic on {1,2,...} for
the random walk S, as it was first observed by Budd [12, Proposition 3, Corollary 1] (see also formula (3.5) and
Lemma 11 in [18]). Futhermore, the form of the transition probabilities in the peeling algorithm shows that St can be
viewed as the A -transform of the random walk S killed when it hits Z_, meaning more precisely that, for any n > 0
and any function F : Z"*! — R,

hY(Sy)

E[F(Sy. S}, . 8)) Lnzk)] Z]E[m(s )

F(So, 1, ..., 8n) 1{n§T}i|7

with the convention AV (i) =0 fori < 0. Similarly, § 1 can be viewed as the AT -transform of the random walk S killed
when it hits Z_, so that

ht(s,
E[F (SO,SIT,.. ST)] E[hTES();F(SO’Sl’“.’Sn)1{n<T}i|’

with the same convention i1 (i) = 0 if i <0 (and we recall that 4T (0) = 0). By comparing the last two displays, and
recalling that 21 (¢) = £hV (¢), we obtain that

2

E[F(Sg, S} S) Lk =E[FF(S§, st ...,S,I)]. (41)
n

In fact, we can reinforce this identity, noting that apart from the choices of cases (A), (B;) or (B}), the other random

choices (in particular for the quadrangulations with a simple boundary “filling in the holes”) are made in exactly

the same way in the algorithm generating a Boltzmann quadrangulation and in the algorithm for the UIPQ. We get
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more generally that, for any n > 1, for any function F : Z"t! — R, , and for any nonnegative function G, of the
quadrangulations q1, . .., g, obtained in the first n steps,

n n

2
E[GuF(Sy, S}, S¥) Lnek)] =E[FG,1F(S§, Sf,...,ST)]

n

By a standard argument, we can generalize this identity to the case where the integer n is replaced by a stopping time
of the discrete filtration generated by (quak )n>0-

The preceding discussion is valid for any peeling algorithm of the type described in Section 6.2, but we now special-
ize to the peeling by layers of Section 6.3, and we consider the processes (Hy)o<n<z and (V;)o<n<z. By construction,

we have H,, = S,len for every 0 <n < E, and a similar relation links H (%) to ST. The previous considerations, and the

fact that {n < E} = {R, < K}, entail that, for any nonnegative function F on (Z?)",

E[F((H1, V1), ..., (Hy, Vi) ljn<gy] = E[HL F((H, v, .. (H™, Vn<°°>))]. 42)

(00)
n

Combining this equality with Proposition 17 leads to the following result.
Proposition 18. Let t > 0. The distribution of the pair of processes
-2 —4

(I’l HU”J’ n V["SJ)OSSSI

under the conditional probability P(- | E > |nt]) converges as n — 00 to the law of a pair of processes
(ysi’ usi)()gsgt

such that, for any nonnegative measurable function F on the Skorokhod space D([0, t], R?),

2
t 1
BP0 U c)) = 5 B (7 W) |
t
Proof. Let F be a bounded continuous function on D([0, 7], R?) such that 0 < F < 1. By (42),

_ _ 2 _ _
L (7 Hipgon™ Vi )z )izt = | s F (Ve |
Lnt]

From Proposition 17, we get

L. _ _ 2
liminfn?E[F((n~*Hyns), n 4vlm)05s§l)1{azmm]zE[JF((yg,ug)OSﬁ)}. (43)

n—oo
1

On the other hand, we claim that

4 2
Jim (S = L) = & = E[y} (44)

To verify this claim, first note that the distribution of le has density

2
he) = ,—3@ exp<—t£2) 45)

by [19, Proposition 1.2] (beware that the normalization in [19] is different). The second equality in (44) immediately
follows. We then use the following lemma, whose proof is postponed after the end of the proof of Proposition 18.
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Lemma 19. For a rooted and pointed quadrangulation with Boltzmann distribution,

P(dgr(l)v §) = I’l) ifn=2,

T an+2)

5
P(dgr(l)vé) = 1) = 6

Recalling that E < dgr(p, §) < E + 1, we immediately get from the lemma that we have also

lim n’P(E >n) =4,
n—o00
which gives the first equality in (44).
Finally, if we combine (43) with the same result with F' replaced by 1 — F, using (44), we get that

. _ _ 2
lim nE[F ((n™?Hyns), n 4VLnSJ)0§s§t)1{EZLmJ}]=E|:EF((ysT’uéT)0§s§t):|'

n— o0
t
Then we just have to divide by the first equality in (44) to get the desired result. (I

Proof of Lemma 19. We use a version of Schaeffer’s bijection which is different from the one presented briefly in
Section 3.1 (see e.g. [36] for this other version). Recall from Section 3.1 the definition of a labeled plane tree, and
write T° for the collection of all labeled plane trees having at least one edge (we exclude the case where the tree
consists only of its root). Then there is a bijection between the set

of all rooted and pointed quadrangulations of the sphere and T° x {0, 1}. Furthermore, if ((t, (€u)ucv(r)).€) €
T° x {0, 1} and ¢ is the associated rooted and pointed quadrangulation, the distance between the root vertex and
the distinguished vertex of ¢ is equal to

— min £, +e€.
ueV(r)

Suppose now that ¢ is a Boltzmann quadrangulation. Then one easily verifies that the associated tree t is a Galton—
Watson tree with geometric offspring distribution with parameter 1/2 conditioned to have at least one edge, that,
conditionally on t, the labels are chosen uniformly among possible choices, and that € = 0 or 1 with probability 1/2
independently of (z, (€4)ucv(r))- By [16, Proposition 2.4], we have, for every integer n > 1,

IP’( min £, < —n) = é
ueV() n+1n+2)

It follows that, for n > 2,

P(dg(p. &) > n) = 11@( min ¢, < —n) + 11@( min £, < —n + 1) 4
& - 2" \uev(n) ‘T 2" \uevi) ‘T n(n+2)
and similarly P(dgr(p,§) > 1) = (3 x 3) + 1 = 2. O

Remark. Since E < dg(p,§) < E + 1 and we know that P(dg (0, &) > n) ~ 4/n* as n — oo, the result of Proposi-
tion 18 remains valid if we replace P(- | E > [nt]) by P(- | dgr (0, &) > [nt]). We will use such remarks implicitly in
what follows.
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6.5. Asymptotics for Boltzmann quadrangulations

Our goal in this section is to restate Proposition 18 in a different manner showing that the limiting process can be
written as a functional of the Brownian snake, and that the convergence holds jointly with that of Corollary 8. We start
with the convergence of the process of volumes of hulls.

Lemma 20. Let § > 0. The distribution of (n_2VLrﬁJ)05r§8 under P(- | dgr(p, §) > 84/n) converges in the Sko-
rokhod sense to the distribution of the process

1 [
<§ / dSl{m<w*+nﬁa/2})
0 0<r<$§

under No(- | Wy < —8+/3/2). Furthermore, this convergence holds jointly with that of Corollary 8.

Proof. For every integer k < dg(p, &) write H;, for the collection of all vertices v of Q such that any path from v to
& visits a vertex whose graph distance from p is (less than or) equal to k. Recall also the notation J; introduced in
property (c) of the lazy hulls in Section 6.3. From the latter property, we have, forevery 1 <k < E,

Hi—1 C Tk C He.

On the other hand, recall the notation T for the (re-rooted at &) tree associated with Q via Schaeffer’s bijection,
and notice that vertices of Tp are identified with vertices of Q. As in Section 3.7, write Kt for the collection of
those vertices v of T such that the geodesic (in the tree Tp) from v to & visits at least one vertex with label at most
L.+ k — 1 (recall the notation L, for the minimal label on Tp). The properties of Schaeffer’s bijection recalled in
Section 3.1 imply that KOy C Hi C Kyq1 U {p}, forevery 1 <k <dg(p, §).

Let r € (0, 6]. By Lemma 9, the distribution of n_z#lCLrﬁJ under P(- | dgr(p0, &) > |84/1]) converges as n — 00
to the distribution of

1 (e
B /0 dsliw <w,+ry372)

under Ny (- | W, < —84/3/2), and this convergence holds jointly with that of Corollary 8. By the preceding consider-
ations, this holds also if we replace #K N by #J ENIE On the other hand, Euler’s formula, and the fact that the size
of the boundary of the lazy hull of radius |r+/n] is of order n (by Proposition 18) show that n’z(#jL, Jil VLr NG J)
under P(- | dgr(p, &) > |84/n]) tends to O in probability. It follows that, for every fixed r > 0, the distribution of
n_ZVLrﬁJ under P(- | dgr(p, &) > [8+/n]) converges as n — oo to the distribution of

1 o
> / dsliw <w,+r372)
0
under No(- | W, < —84/3/2), and that this convergence holds jointly with that of Corollary 8. Since we already

know from Proposition 18 that the distribution of (n~2 Viryao<r<s under P(- | dgr(p, ) > 84/n) converges in the
Skorokhod sense, the desired result follows easily. |

Proposition 21. The distribution of (n*IHLrﬁJ,n’ZVLrﬁJ)OSrSg under P(- | dge(p0, &) > 8./n) converges to the
distribution of

1 (o2
(waﬁ’ 5/0 dSI{ESEWﬁ-rm})O

<r=<é

under No(- | Wy < —84/3/2). Furthermore, this convergence in distribution holds jointly with that of Corollary 8.
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Proof. For every r € [0, 6], set

1 o
X, = 5/0 dSl{ﬂssw*-krm}'

We first verify that the distribution of (ZW*+rﬁ, X )o<r<s under No(- | Wy < —84/3/2) is the same as the distri-

bution of the process (y} , Z/{r¢ )o<r<s. By comparing Proposition 18 and Lemma 20, we already know from that the
distribution of (X} )o<,<s under No(- | W, < —84/3/2) is the same as the distribution of (uj)OSrs&
Let us start by verifying that (Zy, ., J372)0<r<s (under No(- | W, < —84/3/2)) has the same distribution as

(Jiri Jo<r<s. We observe that the process (Z_,),~o is Markov under No with the transition probabilities of the
continuous-state branching process (CSBP) with branching mechanism ¥ (1) = +/8/ 3u3/? (see e.g. [2, Section 2.5]).
By scaling, the same property holds for (Z,rm)»o with ¥ (u) = 2u3/%. Notice that — W, = inf{r >0:2_, =0}.
It follows (we omit a few details here) that, under No(- | Wy < §4/3/2) and conditionally on Zy, 4 VAZ =2 the
process (ZW* +(—r) m)(}irsg is distributed as the CSBP with branching mechanism v (1) = 2u3/? started at z and

conditioned to become extinct at time 3. Note that, by Corollary 13, the law of Zy, 4 V32 under No(- | Wy < 8+/3/2)
has density

()_1/1 (z2>
gZ—g N—Zexp—s—z.

On the other hand, from [19, Proposition 4.4], we also know that conditionally on y; = z, the process (y;_ o<r<s

3/2

is distributed as a CSBP with branching mechanism v (1) = 2u”/~ started at z and conditioned to become extinct at

time 8. From the absolute continuity relation in Proposition 18, the same property holds for the process (yj_,)osr <5-
So to prove that (ZW* +(—r) m)osrga (under No(- | Wy < —8+/3/2)) has the same distribution as (y(sir)ogrg(g, it
only remains to verify that the density of J)(Si is also given by the function g of the last display. But this follows from
(45) and the absolute continuity relation in Proposition 18.

From the construction of 4T, and Proposition 18, we know that the conditional distribution of (Z/{rl Jo<r<s given
(y} )o<r<s 18 that of the process

1 2
0.815r0 5 > (V) 6

{i:r;€l0,r]}

where rq, r, ... is a measurable enumeration of the jumps of Y¥,and 6,6, ...isa sequence of i.i.d. random variables
with density given in (40), which is independent of ))¥. We then note that the same property holds for the conditional
distribution of (&} )o<,<s given (ZW* T m)oirsg under Ny (- | Wy, < —84/3/2), as a straightforward consequence of
Corollary 4.9 in [19] (alternatively, one could also use [2, Theorem 40]).

We conclude that the distribution of (ZW* /3725 X )o<r<s under No(- | W, < —84/3/2) is the same as the distri-

bution of the process (‘)Jri , Z/l,L )o<r<s, and thus (by Proposition 18) the convergence stated in Proposition 21 holds.
It remains to prove that this convergence holds jointly with that of Corollary 8. To this end, it is enough to show
that, for every r € (0, §], there is a measurable function ® from D([0, §], R) into R such that, a.s.,

yri = (D((usi)()gsfs)'

Indeed the same representation then holds for ZW* 4ry3/2 88 2 function of (&j)o<s<s, and since we know that the
convergence of Lemma 20 holds jointly with that of Corollary 8, a simple tightness argument will show that the same
holds for the convergence of the proposition.

To begin with, consider a process (V;);>0 defined exactly as the process (V;),Zo of Section 6.4, except that Tt
is replaced by the Lévy process Y (with Lévy measure (3/7 /2)|x|_5/ 21{x<0}dx). Clearly, (V;);>0 is a subordinator,
and a few lines of calculations show that its Lévy measure is cg y_7/ 4dy, where ¢o :=3.277/ 4F(3 /4). Write

00 4
Pe) = f coy Mty = 5008_3/4,
£
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for every ¢ > 0. Then, for every fixed r > 0 and « € (0, r),

lirrbcb(e)_]#{s elr—a,rl:AVy>¢}=a, as.
£—

It is not hard to verify that the above limit holds simultaneously for every r > 0 and every « € (0, r) outside a single
set of probability zero. Using the absolute continuity relations between the laws of Y and of Y7, it follows that the
previous limit also holds if V is replaced by V', simultaneously for every > 0 and every « € (0, r), a.s. Next recall
from Proposition 17 the definition of T as a time change of V', with a time change given by

sdr t
\D,:inf{SZO:/ —>t}:/dry,¢.
o ! 0

It follows that we have also
.
lim qb(s)_]#{s elr—oa,r]: AZ/IAT > 8} =/ dsyST,
e—0 r—a

for every r > 0 and o € (0, r), a.s. Thanks to the absolute continuity relation in Proposition 18, the preceding limit
still holds if the pair (M1, U") is replaced by (Y, UV). Hence, for every r € (0, 8], a.s.,

V¥ = lim l(lim ¢(8)_1#{S elr—a,r]: AU > 8}),

a—0 o \e—=0

which gives the desired representation of J/rl as a function of (Z/lsl)ofs <s. This completes the proof. ]

Remark. An argument similar to the end of the preceding proof is used in [13, Section 2.3].

7. Convergence of quadrangulations with glued boundary

The goal of this section is to give a representation of the free Brownian disk with glued boundary in terms of the
measure N introduced in Section 5.2. We recall from Section 4.3 the notation IFZ for the distribution of the free
Brownian disk with perimeter z and boundary glued into a single point. Also recall from Section 3.3 the notation
L*(w) for the pointed measure metric space associated with a snake trajectory.

Theorem 22. For any nonnegative measurable function G on M®,
FI(G) = NJ*(G(L*(W))).

The proof of this theorem, which is given at the very end of this section, requires a few preliminary results.
Let us outline our general strategy. We start from a Boltzmann quadrangulation Q. For § > 0, conditionally on the
event where the perimeter of the lazy hull of radius |§+/n] is of order n, Proposition 16 allows us to “embed” a
quadrangulation Q, with a boundary of size of order n in Q. When 4§ is small, the quadrangulation Q,L with “glued
boundary”, which is derived from Q, as in Section 4.4, is close to Q in the Gromov—Hausdorff—Prokhorov sense
after rescaling distances by n~'/? (Lemma 26). Then, on one hand, the scaling limit of QZ is given in terms of the
measures FZ’T (Proposition 23, which is basically a consequence of Corollary 11). On the other hand, the convergence
of rescaled Boltzmann quadrangulations to the free Brownian map shows that the Boltzmann quadrangulation Q,
under the preceding conditioning depending on n and the usual rescaling, is close to the free Brownian map (M, D, v)
under the conditioning that Zy, s /375 is of order 1, which in turn (when § is small) is close to the random measure
metric space L*®(trw,+5(w)) under the same conditioning (Lemma 25). The distribution of try, 1.s(w) can be written
in terms of the measures NS’Z via Proposition 15. By combining all these observations, we arrive at an expression of
]F;’T in terms of the measures Ng’z (Proposition 29) from which it is then easy to derive Theorem 22.

We keep the notation introduced in the previous section. In particular, Qy, Q», ..., Qg is the lazy hull process
associated with the Boltzmann (pointed) quadrangulation Q. We fix § > 0, and we will argue conditionally on the
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event {E > [84/n]}. By Proposition 16, conditionally on the lazy hull of radius |§./7], Q is obtained by gluing to
this hull an independent (pointed) Boltzmann quadrangulation with boundary of size equal to 2H|5 |, and we denote
this quadrangulation with a boundary by Q,, (as already mentioned, the gluing requires that we specify an edge on the
boundary of the hull, which can be done in a deterministic way given the hull, and then Q, is uniquely determined).
Notice that in this gluing procedure, every vertex of the boundary of the hull corresponds to a vertex incident to the
outer face of Q,, but this correspondence is not one-to-one since several vertices of the boundary of the hull may
correspond to the same vertex in the boundary of the outer face of Q,. However, after gluing Q, to the hull, these
vertices will correspond to a single vertex of Q. Also, each vertex of Q,, not on the boundary corresponds to a (unique)
vertex of Q that does not belong to the hull. We write d,, for the graph distance on the vertex set V(Q;), and | Q| for
the number of inner faces of Q,. We also write w, for the counting measure on V(Q,).

For notational convenience, we agree that Hy = 0 if k > E, so that an event of the type {H 15yn] € [n, (1 4+¢&)n]}is
contained in {E > [§/7]}.

We can view Q,, as a submap of a rooted and pointed planar quadrangulation Qj,, which is constructed in exactly
in the same way as sz) was constructed from By in Section 4.4. We use the notation d,;f for the graph distance on
V(QZ), and also notice that w, can be viewed as a measure on V(Q,Z). As was the case for B(Tk) in Section 4.4, QZ

has two distinguished points, namely the extra vertex @ and the distinguished vertex of Q,,. Recall the notation IF;’T
for the distribution of the free pointed Brownian disk with perimeter r and boundary glued into a single point.

Proposition 23. The sequence of random 2-pointed measure metric spaces

. 3
(V(Q,'l), \/;n_l/zd,;r, 2n_2un>, under P(~ | HLS«/ﬁJ IS [n, (1 +£)n]),

converges in distribution as n — oo in M*®. The limiting distribution is

1+ d
roo_ s o
C(S,s/ —e 1/ F;",
1

r

where cs ¢ is the appropriate normalizing constant.

Proof. If r > 0, and (k,) is a sequence of integers such that n~'k, tends to r as n — oo, Corollary 11 and scaling
arguments relying on (27) show that

t 3 gt 42 @ ot ot et
(V(%)),\Gn Pdg. 2n g ) — (077, DM vp )

and the limit depends continuously on r. It follows that, if ® is bounded and continuous on M*®,

. T 3 _ - . . .
lim IE|:CD<V(B(WJ)), \/;n l/zdgr, 2n 2#(@4))] =E[o(Dy", DT, ve )] =Fe' (@) (46)

n—oo

and the limit is uniform when r varies over a compact subset of (0, co). Then observe that, conditionally on H 18] =
k, the random 2-pointed measure metric space

+ 3
(v, T )

has the same distribution as

T 3 -2
<V(B(k)),\/;n /dgr,Zn Ky )
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The desired result follows by writing
3 _ _
E[q)(V(QZ),\/;n 1/2d2,2n 2MH>I{HL5\/ZJ€[”’(1+8)"]}}

n=H((A+e)n]+1) ; 3 i 5
=n/1 dr]P’(HLS\/,;J = Lnrj) X E|:<I><V(B(WD), En_ / dér,Zn_ MLMJ))}

and using (46) together with Proposition 21 and Corollary 13. (]

The next step is to introduce a random metric measure space that is a candidate for describing the Brownian disk
with boundary glued into a single point. With the notation of Section 3.3, this is the random (2-pointed) metric measure

space L*®(trw, +s(®)) under the probability measure N([)f‘s] =No(- | Wy < =6).

To give a somewhat different presentation of this space, we introduce (under N([)_a]) the subtree 7;(6) of 7T that
consists of all vertices a € 7; such that Z; > W, 4+ § for every strict ancestor b of a. By definition, the “boundary”

872(5) consists of all a € 72(8) such that Z, = W, + 8. We define a pseudo-metric D® on 72(8) by setting, for every
a,be T{(S),

D®(a,b) =min{D(a, b), Zq + Zp — 2(Ws + 8)}.

It is easy to verify that D(® satisfies the triangle inequality. We also observe that D® (a, b) = 0 if and only if at least
one of the following two conditions holds:

(i) D(a,b)=0;

(ii) a and b both belong to the boundary 872(5).

Similarly as in Section 3.3, we let M® be the quotient space of 7';(8) for the equivalence relation a ~ b if and only
if D@ (a, b) =0 and we equip M® with the metric induced by D®. Writing I1®) for the canonical projection from
72(5) onto M® we define the volume measure v®) on M©®) as the image of the restriction of the volume measure on
Ts to ’72(8) under 1. We note that n<5>(a7;(‘”) consists of a single point denoted by x(sy and called the boundary

point of M® . We also notice that if x = IT1® (a) we have D® (x, x@)) =Zg — (Wi +6).
We view (M@, D@ vy a5 a 2-pointed measure metric space, whose distinguished points are the boundary point
xs) and T1® (p, (0)) (in this order).

Lemma 24. Ng—a] a.s., the 2-pointed measure metric space (M®, D® vy coincides with £L*® (trw, +5 (@)).

Proof. This is a straightforward consequence of our definitions. We note that the genealogical tree of the snake
trajectory trw,+s(w) is identified canonically with 72(8). Modulo this identification, we write D’(a, b), a,b € 7'{(8) for
the pseudo-metric defined via formula (9) applied to try, 45 (w) (instead of w). The proof then boils down to verifying

that D'(a, b) = D® (a, b) for every a, b € 7;(8). The verification of this identity is left to the reader. O

Remark. Define the hull of radius § in (M, D) as the complement of the connected component of the complement
of the ball B(x,, §) that contains the second distinguished point xq (this makes sense under NE)_‘S], since D (x4, Xg9) =

—W,). The metric space (M©®, D®) can be viewed as the closure of the complement of the hull of radius 6 in
(M, D), with boundary identified to a single point.

The next lemma bounds the Gromov—Hausdorff-Prokhorov distance between (M, D, v) and the “truncated space”
(MO D@ vy,

Lemma 25. Under NE;‘S], we have

dgp((M. D.v). (M. DO v®)) <3(265 + K») +1s),
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where
®) 7
Ks:= sup{Za —Wy:iae 7;\7§ }, Ks ::/O dSI{p;(s)¢7’;‘”}'

The quantities Ks and s have the following geometric interpretation in terms of the 2-pointed measure metric
space (M, D, v): K; is the maximal distance from x, in the hull of radius § (defined in the preceding remark), and «
is the volume of this hull.

Proof of Lemma 25. We first construct a correspondence C(s) between (M, D) and (M@ D®) whose distortion

is bounded above by 2(5 + K;). We note that two vertices of 72(8) not belonging to 87'{(8) are identified in M® if
and only if they are identified in M. We then define the correspondence Cs) as follows. First if x € M is of the

form x = I1(a) with a € 72(8)\872(6), then x is in correspondence with the “same” point 19 (a) of M®_ Then, if
x =TIl(a) witha € 7}\’7;(8) orac 8’7}(8), x is in correspondence with the boundary point xs).

Let us bound the distortion of C(5). We need to bound |D(x,y) — D®(x’,y")| when (x,x’) and (y,y’) be-
long to Cs). Consider first the case when x = Il(a) and y = I1(b) with a,b € 72(5)\872(5). Then, by construction,
DO (', y"y = D®(a, b) < D(a, b) = D(x, y). On the other hand, we have

Zat+Zp =2Wi+8)=(Za — W)+ (Zp — W) =26 = D(a, b) — 28

because Z, — Wy, = D(a, a,) and Z;, — W, = D(b, a,). It follows that we have also D® (x’, y') > D(x, y) — 28, so
that |[D(x, y) — D@ (x’, y')| <28 in that case.

Suppose then that x =I1(a) and y = I1(b) witha € 7';(8)\872(5) and b € (7T; \72(6)) U 872(8). In that case y' = xs).
Then we have again D®(x', x@)) = Zq — (Wi +68) < D(x, y) by the continuous cactus bound (15). Furthermore,

D(x,y) < D(as, @) + D(ax, b) = Za = Wa + Zp = We < (D (¥, x5)) + 8) + K3s.

We therefore get the bound |D(x, y) — D@ (x', y")| < K5 + 6.
Finally, in the case where a and b both belong to (7; \72(8)) U 872(5), we have D@ (x, y) =0 and

D(x,y) < D(ax,a) + D(ax,b) =Zs — Wy + Z, — W, < 2Ks.

Combining all three cases, we have always | D(x, y) — D@ (x’, y')| < 2(8 + K3) which gives the bound dis(Cs)) <
206+ Ks).
In order to apply Lemma 4, we consider the measure v on M x M©® defined by

/w(x,y)V(dx,dy)=fs0(x,9(x))V(dx),

where 0 (x) = 1 (a) if x = I1(a) with a € ’72(8)\872(8), and 0 (x) = x(5) otherwise (we use the fact that two vertices
of 72(5) \872(8) are identified in M® if and only if they are identified in M). Clearly, v is supported on C5). Moreover,

with the notation of Lemma 4, we have 7,v = v and 77/ v = v® 4 k58 x5,)- An application of Lemma 4 then completes
the proof. (]

We now give a discrete version of the preceding lemma. Recall from the beginning of this section that the quad-
rangulations Q, and QZ are well-defined on the event {E > |8§./n]}. The vertex set V(Q,,) is identified to a subset of
V(Q), and V(Q,T,) =V (Q,) U{w). We note that, by the construction of hulls in the preceding section, any vertex of
0 Q,, is identified in the gluing procedure to a vertex of Q which is at graph distance either |§+/n] or [84/n] + 1 from
the root vertex p.
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Lemma 26. On the event {8 > |§/n},

dg&P((V(QZ),\/gn_l/zd;,Zn_zun)(V(Q), %n_l/zdg,,Zn_z,u))
< 3<2\/§n‘”2(L8\/EJ +Kps+1)+ 2n—2Kn,5>,
where
Ky,5 =max{dg (0,v) :v € VIQO\V(Qn)},  Kns =#V(Q) —#V (Qn) +#3 Q.

Proof. This is similar to the preceding proof. We construct a correspondence C, between V(Q) and V(QZ) by
declaring that every vertex of V(Q,) (viewed as a subset of V(Q)) is in correspondence with itself in V' ( Qj,), and
all vertices of V(Q)\V(Q,) are in correspondence with & . To bound the distortion of this correspondence, we note
that, for every v, v’ € V(Q),

dgr(v, v’) — 2(L8ﬁj + 1) < d,f(v, v’) < dgr(v, v’) +2 ifv,v e V(Qp),

dgr (v,0') = 2Ky 5 =2 <d} (v, @) <dg (v, V) +2 ifv € V(Qy), 0" € VIQ\V(Q0),

dgr (v, V) 2K, 5 ifv,0" € VIQ\V(Qn).
This shows that the distortion of the correspondence C, is bounded above by 2(2n/ 3~V 2(L8ﬁj + K5 +1). On the
other hand, we can construct a measure v, on the product V(Q) x V(Q,Tl) as the image of the counting mesure y on

V (Q) under the mapping u +— (u, 8, (1)), where 6, (1) = u if u is a vertex of Q,, not lying on the boundary 9 Q,,, and
0, (u) = @ otherwise. An application of Lemma 4 then gives the desired result. (I

In the next lemma, and in what follows, we consider implicitly that an event of the form {Zw, 45 € [1,1 4+ «]} is
contained in {W, < —4}.

Lemma 27. Let 8 > 0. We have for every o > 0,

limsupP(2n ™ %kn,s > B | Hys i) € [n. (1 +)n]) <No(ks 372 = B | 2wy, 45572 € [1. 1 + ),

n—o0

and similarly

limsupP(n "2 K5 > B | Hs jm) € [n. (1 +a)n]) <No(Ks 57 = B | w153z €11, 1+ al).

n—oo

Proof. As we already noticed in the proof of Lemma 20, the properties of the lazy hull ensure that V(Q)\V(Q,) C
H|5./n)> Where we recall that the notation # refers to the collection of all vertices v of Q such that any path from
v to & visits a vertex whose graph distance from p is (less than or) equal to k. We also saw that Hy C Kr41 U {p},
and Lemma 9 implies that the distribution of (2n%)~1#KC 18:/7) under P(- | & > |84/n]) converges as n — oo to the
distribution of

o
/0 sl <w, 453721 = K532

under No(- | W, < —84/3/2). On the other hand, arguments very similar to the proof of Lemma 9 show that the
distribution of

n~1/2 max{dg(p,v) : v € ICL,SWJ(Q)}
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under P(- | E > |84/n]) converges as n — oo to the distribution of
sup{Wy — W, 15 €[0,01, W, < Wy +8y/3/2} = K; 372

under No(- | Wy < —384/3/2). The latter two convergences in distribution hold jointly with the convergence of
n~'H 1sn) 10 Zy, 45,7372 in Proposition 21. Both assertions of the lemma now follow. g

Proposition 28. Let o > 0 and € > 0. Let F be a bounded Lipschitz continuous function on M*®. Then, for all § > 0

small enough,
0 [ 12t 02
E|F V(Qn), En dy,2n "y,

—No(F(M®, D@ v®)|2y s smell.l+al)

lim sup
n—o0

Hs ) € [n, (1 +oz)n]:|

<e.

Proof. We may assume that F is bounded by 1 and 1-Lipschitz. Recall the notation Ay, +s for the point measure of
excursions outside (W, + 8, 0o) (see the beginning of Section 5). If we write

Nw, 45 = Z Swis
i€l

then it follows from our definitions that

Ks =06+ sup W*(a),‘,(g), Ks ZZU(wi,S)-

i€l iels

From the description of the conditional law of Ny, s given Zy, s in Proposition 12 and the subsequent remark, it is
not hard to verify that, for every g > 0,

No(Ks > B | Zw,+s €[1,1+a]) pas 0, No(ks > B | Zw,4+s5 € [1,1+a]) pa 0. 47)

Let us explain how the first convergence in (47) is derived (the proof of the second one is analogous). If z € [1, 1 + «],
the conditional law of Ny, s given Zyw, s = z is the sum of a Poisson point measure N5 with intensity zNo(- N
{W, > —4}) and the Dirac mass at an independent random snake trajectory w(s) distributed according to No(: | W, =
—3&). For § < B/2, we have thus

No(Ks > B | Zw,45 =2) < IP’(suP{W*(w) : @ atom of/\/'((;)} > g) +]P’<W*(w(5)) > g)

A scaling argument shows that W*(w(s)) has the same distribution as §W*(w1y) and thus tends to 0 in probability
when § — 0. On the other hand, we may assume that \V(s) is the restriction of a Poisson point measure A with intensity
zNp to the set {w : Wy(w) > —8}. Now observe that A/ has only finitely many atoms  such that W*(w) > 8/4 and
that, for each of these atoms, we have W, (w) < 0. It follows that, if § > 0 is small enough, no atom w of /\/(5) satisfies

W*(w) > B/4, and hence P(sup{ W*(w) : @ atom of N5} > g) tendsto 0 as § — O.
It follows from (47) that, if § < £/100 is small enough, we have both

No(Ks. 572 > /100 | Zy, 45 372 € [1, 14+ al) <£/100,

No(ks 572 > €/100 | Zy s 575 € [1, 1 +a]) < £/100,
and (using also Lemma 27) for all n sufficiently large,

P(2n k5 > £/100 | Hg f) € [, (1 +a)n]) < /100,

P(n~"?Kys > /100 | His ) € [n. (1 +a)n]) < &/100.
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By Lemma 25, we have then

No(|F(M®, D® V) — F(M, D.V)| | Zy, 5z €111+ ))
<2No(3(2(8 4 Ks) + ks ) Lky<e/100.05<e/100) | Zyy, 45573 € [1, 1 +al) +4 x (£/100)
<40 x (¢/100).

Similarly, from Lemma 26, we get for n sufficiently large,

Eo[ F(V(QZ),\/gn_l/zd;,Zn_zun) — F<V(Q), %n_l/zdgr, 2n_2u)‘ | Hs sy € [n. (1 +ot)n]]

<50 x (¢/100).

Finally the convergence to the Brownian map (Proposition 7) and Proposition 21 also show that for n large enough
we have

‘NO(F(M, D.V)|Zy, 557 €11 +al)

_E[F(V(Q),\/gn—l/ngr,Zn—ZM) | Hs ) € [n. (1 +a)n]] < ¢/20.

We get the desired result by combining the last three displays. (]

We will now combine Propositions 23 and 28 to get a representation of ]F;k (defined in Section 4.3) in terms of the
measure NZ’Z introduced in Section 5.2. Theorem 22 will be an easy consequence of this representation. Recall the
notation £°**(w) from Section 3.3.

Proposition 29. For every z > 0, for every nonnegative measurable function G on M*®, we have
o
Fri) =2 [ er(E"(W[r])))
0

Proof. Let I'; denote the conditional distribution of trw,+5(W) given Zw, s = z under N([)_‘s]. By Proposition 15, I";
does not depend on §, and moreover, for every nonnegative measurable function F on the space of snake trajectories,
we have

/ I (dw)F (@) =z Ny~ (/0 drF(W[’]))
0

Hence the identity of Proposition 29 is equivalent to IE‘;’T (G) = f I, (dw)G(L** (w)).

We prove this identity for z = 1. We may assume that G is 1-Lipschitz and bounded by 1. Let us fix ¢ > 0. We first
choose ag > 0 so that [F27(G) — JF;’T(G)I <eif 1 <z <1+ ap. Using Lemma 24 and Corollary 13, we have for
every a > 0,

14+« dz z
No(G(M®, DD vO) | Zyy 15 spell.1+al) =csa 1 Eexp(—8—2>/Fz(clw)G(,c"(w)),

where the normalizing constant c; 4 is such that

1+« dz ( Z> .
c —exp| ——= ) =1.
b | O\ TR



286 J.-F. Le Gall

It follows that
‘NO(G(M@”, DO VY 2y s amell, 1+al) - / I (dw)G(.c"(w))‘

< sup
1<z<l+4«a

/ I, (dw)G (L** () — / Fl(da))G(ﬁ"(a)))‘.

Thanks to the continuity of G and the scaling properties linking the measures NS’Z (and hence the measures I,
according to Proposition 15), it is not hard to verify that the right-hand side tends to 0 as o — 0.

We fix « € (0, op) such that the right-hand side of the last display is smaller than ¢, and note that this bound holds
for any 6 > 0. We then fix § > 0 small enough so that we can combine the latter bound with Proposition 28 to get that,
for all large enough n,

<2e.

‘E[G(V(Q;),\gn—”zd;,zn—zun> | His € [n. (1 +a)n]] —/Fl(dw)G(C“(a)))

On the other hand, thanks to Proposition 23, we have also for n large,

1+o dz

]E[G(V(Qj;),\/gn—l/zd,l',zn—zun> | His ym) € [n. (1 +oz)n]:| — Cs.a 7exp<—;—2)F;»"'(G)
1 Z

and from the fact that o < «y,

<eE&.

I+o dz

1Yz

By combining all these bounds, we have

2 \ e o
exp<—8—2>FZ’ "G)-FT(G)| <e.

C8.a

<A4e.

/ T (dw)G(L** (@) - F}YT(6)

Since ¢ was arbitrary, we get

F'(G) = f [} (dw)G(L* (@),
which was the desired result. U
Proof of Theorem 22. Recall from the remark at the end of Section 3.3 that the pointed measure metric space

L (W) does not depend on the choice of s € [0, o].
From the relation between I, and [} (Section 4.2), we have

FI _ ZFQ,T 1 .
(G) =z7"F7 fGOK ,

where «® is the obvious projection from M®® onto M* that consists in “forgetting” the second distinguished point, and
% denotes the total mass of the volume measure. By Proposition 29, the right-hand side is equal to

NS’Z(l /0 Uer([Z'(W[’]))>

o

and this is equal to NS’Z(G(£°(W))) by the first observation of the proof. O
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8. Construction of the metric under Nz

Theorem 22 shows that the law of the Brownian disk with perimeter z and glued boundary can be identified as the
law of £*(W) under N;’z. Our objective is now to recover the distribution of the Brownian disk (without gluing), by
reconstructing the original metric from the metric with glued boundary. We aim at constructing this original metric
under Né’z, but it will be more convenient to argue first under a different measure, and then to use the re-rooting
representation of Nfj in Theorem 14.

In the first part of this section, we fix r > 0, and we will argue under the measure N£0] =N,(- | We <0). To
simplify notation, we write W' = tro(W), so that W' = W, , with

t
s = inf{t -0 / T s}. (48)
0

It will be convenient to write 7 for the genealogical tree of WY, and py, for the canonical projection from [0, o (W)]
onto 7. Recall that 7" is canonically (and isometrically) identified with the closed subset of 7; consisting of all a
such that Z, > 0 for every strict ancestor b of a. Without risk of confusion, we keep the notation (Z,),c7w for the
labels on 7% (Z, = Ws‘r if @ = py(s)). Note that, by the definition of the truncation tro, the labels Z,, a € T, are
nonnegative. By definition, the boundary 37" is

3T "={aeT": Z, =0},

and we set 7" =T"M\3T".
Fora,b € T, [a, b] stands for the “lexicographical” interval in 7, as in Section 3.2, and as previously we define
forevery a,b e T,

D™°(a,b) = Zy + Zpp — 2max< min Z., min ZC>.

c€la,b] celb,a]

We then set, for every a, b € T™°,

A°(a, 5) = { —l::)o (@) iﬁ:f;f:;m[b] Ze, mincefp.a) Zo) > 0, )
and,
k
A@b)= - nf ; A°(ai-1, @), (50)
where the infimum is over all choices of the integer k > 1 and of the elements ag, ai, ..., a; of T such that ag = a

and a; = b. Notice that A(a, b) > |Z, — Zp| by construction.

Remark. If a, b € T"°, we can also define D°(a, b) by viewing a and b as elements of Tz, using (6). If a and b are
such that max(mingefq,p) Zc, Mingeppq] Ze) > 0 in (49), then A°(a, b) = D™°(a, b) = D°(a, b). The point is that, if
MmiNnce[q.5] Zc > 0, the points of the interval [a, b] of T correspond to the “same” interval of T; modulo the preceding
identification of 7 as a subset of 7T; (and similarly if [a, b] is replaced by [b, a]).

Proposition 30. The following properties hold N EO] a.s.

(i) A(a,b) < oo foreverya,be Th°.

(ii) A defines a pseudo-metric on T™°.
(iii) The mapping (a, b) — A(a, b) is continuous on T%° x TH°,
(iv) Foreverya,b e T"°, A(a,b) =0 if and only if A°(a,b) =0.
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We omit the easy proof of these properties (for (i), observe that, if [[a, b]] denotes the geodesic segment between
a and b in T, T"\[[a, b]] has only finitely many connected components Cj, ..., C; that intersect 37", and, if a;
denotes the unique point of C;N[la, b]l, then, assuming that the components have been ranked so that ay, ..., ay come
in this order from a to b along [[a, b]], we have A°(a;_1, a;) < oo foreveryi =1, ..., k+ 1, with the convention ay =
a and a4+1 = b). In order to verify (iv), we use the analogous property for the Brownian map recalled in Section 3.5.

Proposition 31. N£0] a.s., the mapping (a, b) — A(a, b) has a continuous extension to T x T,

Proof. An important ingredient of the proof is the the reduced tree of 7%, which consists of all vertices of 7" that
have at least one descendant with label 0. Let us briefly explain why this reduced tree, which is denoted by TV, is
relevant for our purposes. In the infimum in the definition (50) of A(a, b), we interpolate between a and b using points
b1, ...,bx—1 such that A°(b;_1, b;) is finite for every i =2, ...,k — 1, and thus the minimum of Z on the interval
[bi—1, b;] (or on [b;, b;_1]) is positive. A way of finding such points is to let b1, ..., by_1 be successive branching
points of the reduced tree 7V, meaning that there is no branching point of 7V in the interior of the line segment
between b;_1 and b;. To get bounds on the quantities A°(b;_1, b;), we then need to control the labels Z, when a
varies over branching points of 7 V. In order to obtain the result of the proposition, it will be enough to prove that the
maximum of these labels over branching points of 7V that are “close” to the boundary 37" tends to O sufficiently
fast (see the bound (51) below).

The probabilistic structure of 7V is described in [23, Theorem 4.7.2] (in a much more general setting). Let us
mention only the properties that are relevant for our purposes. The tree 7V is a binary R-tree, which can be constructed
by induction as follows. One starts from a line segment connecting the root of 7 to a first branching point ag. To
this branching point are attached two other line segments connecting ag respectively to branching points a; and as,
listed in the lexicographical order of 7. To a; (respectively to ap) are then attached two line segments connecting
ay (resp. az) to branching points 1,1y and a2y (resp. a,1y and a(2,2)) and so on. The tree 7V has the following
recursive structure: conditionally on the line segment joining the root to ag, and on the labels along this line segment,

the two (labeled) subtrees rooted at ag are distributed independently according to the law of 7V under N ?a]@ .

Thanks to this recursive property, the distribution of 7V (and of labels along 7 V) is characterized by the law of
the (length of the) segment connecting the root to ag, and the distribution of the labels along this line segment. These
labels can be represented by a stopped path WV = (WV(r) : 0 <t <¢V), with WY (0) =r and WV (V) = Z,, —
in particular ¢V is the length of the line segment from the root to ag. The distribution of WV is then given by the
formula

s

N£0] (CD(WV)) =2u(r)”! / dsE, |:1{s<r0}l/t(BS)2 exp(—4/x dtu(B,))CD(Bt, 0<t< s):|,
0 0

where @ is a nonnegative measurable function on the space W, (B;);>0 is a linear Brownian motion that starts from
r under the probability measure P,., 7o = inf{t > 0: B, =0}, and forevery y > 0, u(y) =N, (W, <0) = 3/(2y?).

We are in fact interested in the distribution of Z,, (the terminal label of WV). From now on, we take r = 1
to simplify the presentation. From the preceding formula, we get, for every nonnegative measurable function ¢ on
[0, 00),

N ¢ (Z4p)) =3 / " WK, [l{m}(Bs)—“ exp(—6 / S i)mm]
0 o (B)?

At this point we use classical absolute continuity relations between Bessel processes (see e.g. [37, Proposition 2.6]),
which show that, for every s > 0,

N d
E| [umo}(Bs)—“exp(—é / —tz>¢>(Bs>] =E[(R)*p(Ry)].
o (Br)

where R = (R;);>0 stands for a nine-dimensional Bessel process that starts at 1 under the probability measure ng).
We are thus led to the calculation of

3 fo GEP[(R) S (Ry)].
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and we specialize to the case ¢ (x) = x?, for p > 0. For y, z € R?, let G(y,z) = cglz — y|~ be the Green function
of nine-dimensional Brownian motion, with co = I'(7/2)/(27°/%). We also write 1 for a fixed point of the unit sphere
of R?. Since a nine-dimensional Bessel process has the distribution of the norm of a nine-dimensional Brownian
motion, we have

o0 6 oo
3/ dsEP[(Ry)~8+7] =3/Rg dzG (1, 2)|z| %P = 7/ dppP/n,,(dz)|z—1|*7,
0 0

where 7, stands for the uniform probability measure on the sphere {|z| = p}. In the last equality, we also note that, if
cy= 27%/2/ T'(9/2) is the volume of the unit sphere of R, we have cocy =2/7. Finally, we observe that

[mo@z =17 =105

and thus

7f d pf (dz)| | —7/ d p(/\ )—7 l 61
e -1 —— 1 = —4+—,
Yoy 7p(dz)|z PP 1% 1+

provided that 0 < p < 6. Summarizing, we have obtained that, for 0 < p < 6, we have

6 1 1
NO(Zgp)?) =2 — + ——).
1(( az)) 7<p+1+6_p)

As a function of p, the right-hand side attains its minimal value for p =5/2, and

24 1
[0] 52
N ((Zap)?) = <7

At this point we use the recursive structure of the labeled tree TV, together with scaling properties. If
o0
= J.2)" (where {1,2})° = {2})
n=0

then for every (i1, ...,i,) €1, Za(l.1 ) has the distribution of the product £&y& - - - &,, where &, ..., &, are indepen-

,,,,, in

dent and have the distribution of Z,_ under N[lo]. Consequently,

24 n+1
[0] 5/2\ _
Nl ((Za<i1,...,in)) / )_ <E> ’

Fix areal « € (0, 1) such that 2a_5/2% < 1. Then

24 n+1
>a") < W_SH/ZNEO]((ZH@'] ,,,, in))S/Z) = a—5"/2(5> .

If we sum this bound over the 2" choices of (i1, ..., i,) € {1, 2}, we obtain that
0
[0]
ZNl ( U {Z%l,m,m) > O‘n}> < 00,
n=0 (i1seein)€{1,2}"
and, by the Borel-Cantelli lemma, we get that N [10] a.s. for n large enough, for every (i1, ..., i,) € {1,2}",

V4 <o ShH

Ay, onin) =
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Let J be the set of all infinite sequences u = (i1,i2,...) where i; =1 or 2. For u = (i1, i2,...) € J and k > 1 write

[ulr = (i1, ..., ix) for the truncated sequence at order k. It follows from the preceding considerations that
o
lim ( sup Za,, | =0, as. (52)

Let us use (52) to prove the statement of the proposition. Let § € (0, 1). We note that, under N[O], each excursion
of W outside (8, 00) that hits O (in the sense of the beginning of Section 5.1) corresponds to a subtree of 7% rooted
at a vertex a of 7" such that Z, = 8. We let Ti s, ..., Tn;.s be the subtrees of 7" obtained in this way. We observe
that it is enough to prove that

lim< sup sup Ax, y)) =0. (53)
§=>0M<i<Ny x,y€Ti s, ZeAZy>0

Indeed, assume that (53) holds. Then, if we are given a sequence (x;, y,)n>1 in T % T such that Z xa N Zy, > 0and
if (x,,, y») converges to (x, y), with Z, = Z, = 0, then, for every § > 0, there exist i, j € {1, ..., N5} such that, for all
n large enough, say for n > ngs, we have x,,, x € 7; s and y,, y € 7}3 Therefore we also get that, if m, n > ns, we have
A(xy, xm) <rs and A(y,, ym) <rs, where rs denotes the supremum over 1 <i < N; appearing in the last display.
Consequently, |A(x,, Yn) — A(Xp, Ym)| < 2rs for all n, m > ns, and we obtain that A(x,, y,) is a Cauchy sequence.
We can therefore set A(x, y) =lim A(x,, y,) as n — 00, and this gives the desired continuous extension.

It remains to prove (53). For every k > 1, let T(kv) be the subtree of 7V that consists of all ancestors of the vertices

agy,...ip forall (i, ..., i) € {1, 2}". By compactness,

,,,,,

&= inf Z,>0.
aeT(kv)

Suppose that § < &, and let x, y € T; 5 for some 1 <i <T; 5, with Z, A Z,, > 0. Let p; 5 stand for the root of 7; s.
Then,

A(x,y) < Ax, pis) + Ay, pis)

and in order to bound A(x, p; 5) (or A(y, pis)), we may proceed as follows. Write x, for the most recent ancestor of
x that belongs to 7 V. Note that x, belongs to 7; 5 (because p; s € 7V and so x, is a descendant of p; 5). We can find
integers m and ¢, with k <m < £, such that x, € [[a(;,....ip)» AG)....ies ] @0d p; 5 € [laG),....ip)» QG ....ims1) ]| TOT SOME
@1, .5 ie41) €11, Z}K+1 — here we recall the notation [[a, b]] for the geodesic segment between two points a, b € TV.
Then,

Ao(xy x.) = Dtr’o(a9 b) S ZX + ZX.’

where the first equality holds because no vertex y of the lexicographical interval [x, x,] of 7' can be such that
Z, = 0 (otherwise, this would contradict the fact that x, is the most recent ancestor of x that belongs to 7). For
similar reasons, we have

A°(Xe, a(iy,.ip) < Zxy + Zag, .

Ao(a(il ,,,,, im+1) ,01',8) = Za(il + Zpi_s

“"vim-f—l)

and, for every j suchthatm < j </,

Ao(a(il,...,ij)a agy,..., ij+1)) = le(,‘] i + Za(il

,,,,, iy
By combining these bounds, we get

£+1
A(x,p,-,g)gzzz% ;T3 sup sup Zg.

= 1<n<Nsa€Ty,;s



Brownian disks and the Brownian snake 2901

The supremum in the last display tends to 0 when § — 0, by a simple uniform continuity argument, and we just have
to use (52) to complete the proof of (53). O

Remark. Instead of the Borel-Cantelli argument used to derive (52), we could have referred to standard large devia-
tion estimates for tree-indexed random walk, see in particular [48, Section 18].

We keep the notation A for the continuous extension of A to 7% x T,

Proposition 32. The following properties hold N[rol a.s.
(i) ForeveryaeT",

inf{A(a,c):cedT"} =

(ii) For every b,b’ € dT™, A(b,b') =0 if and only if Z. > 0 for every ¢ €1b,b'[ or the same holds with 1b, b'[
replaced by 1b’, b[.

Proof. (i) Leta € 7'tr We can assume that Z, > 0. There exists s € [0, 0 (W')] such that py(s) = a. Then set s
inf{t € (s, o(W”)] Wtr =0} and b = py(s") (this definition only makes sense if {t € (s, (W")]: Wtr =0}#02, but
if not we take s’ = sup{t €[0,s): Wtr = 0} and make the necessary adaptations in the following lmes) Then Z, =0
and b € 3T™. For every n > 1 such that n~' <2z, sets, =inf{t € (s o(WNH]: Wtr =n""1}, and b, = pu(sn). Then
sp 1 s and thus b, — b as n — oo. On the other hand, A(a, b,) = Z, — Z,,, s0 that we get A(a, b) = Z,. This shows
that inf{A(a, ¢) : c € T} < Z,. The reverse bound is obvious from the inequality A(a,c) > |Z, — Z.|.

(ii) The fact that Z, > 0O for every ¢ € ]b, b'[ implies A(b, b") = 0 is easy and left to the reader. Let us prove only
the reverse implication. If a € 7™, we use the notation @ for the “same” point in 7; (recall that 7" is canonically
identified to a closed subset of 7).

Letbh, b’ € 9TY, with b # b’, and assume that A(b, b') = 0. Write b = p(s) and b’ = py(¢t) with s, t € [0 o (WH].
For definiteness, we may assume that s < ¢. For every n > 1 such that n=! < r, set s, = inf{u > s : Wtr >n~ly,
by, = pu(sy), and similarly ¢, = sup{u <t : Wtr >n~1}, b, = pu(ty). Then b, — b and b, — b’ as n — o0, so that
A(by, b)) tends to 0 as n — oo. Now recall formula (50) defining A(by, b),). In this formula we can restrict our
attention to choices of b, = ag, ay, .. = b/, such that, for every i = 1, k, A°(a;_1,a;) < oo, and therefore

max( min Z., min Zc)>0.
c€laj-1,ail c€la;,ai-1]

By the remark preceding Proposition 30, this implies that
A®(ai-1,a;) = D°(@;—1, a;).

It follows from these observations that A(by,, b)) > D(bn, bn) By passing to the limit n — oo we get that D(b % )=
0. By the property recalled at the end of Section 3.5, this implies that D°(b b ) =0 and thus Z. > 0 for every c in
the interval [b b'] of 7T; (or the same with [b,b'] replaced by [0, b]). The latter property can hold only if Z > 0 for
every ¢ € ]b b [, since otherwise this would mean that the mapping s Ws has a local minimum at O, which does
not occur N [10] a.s. (this would contradict (31)). From the construction of truncations, this also implies that Z. > 0 for
every ¢ belonging to the interval 1b, b'[ of T". O

Then, Ng()] a.s., A is a pseudo-metric on 7%, and we can consider the associated quotient metric space, which we
denote by (O, A). We equip ® with the volume measure V', which is the image of the volume measure on 7" under
the canonical projection. The image of 37 under the canonical projection is the boundary 9®’ (by definition).

We now observe that, thanks to the re-rooting representation of Ng (Theorem 14), the same construction works as
well under Njj. Arguing now under Nfj, we set

={ceT;:Z:.>0}.
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For a, b € T;, we define D°(a, b) by (6), then, for a, b € T;, we define A°(a, b) as in (49), replacing D™-° by D°,
and finally, for a,b € 72°, we define A(a, b) by the formula analogous to (50), where ay, ..., ax_; now vary in 7¢

(under N, we keep the same notation A°, A as in (49) and (50) under N£O], but this should create no confusion).
These definitions are consistent with those given in the introduction.

Corollary 33. The results of the previous three propositions remain valid if the measure NEO] is replaced by N,
provided T is replaced by T¢, T™° is replaced by T, and dT" is replaced by T\ T

As already mentioned, Corollary 33 follows from the re-rooting representation of Njj (Theorem 14).
Then, under the measure Ng, we can define a measure metric space (®, A, V) by exactly the same procedure as

before to define (®', A, V') under N£°]: O is the quotient space of 7; for the equivalence relation associated with
the pseudo-metric A, and V is the image of the volume measure on 7; under the canonical projection. By definition,
the boundary 9® is the image of the set 7';\7?’ under the canonical projection. By simple scaling arguments, the

construction also works under NZ‘;’Z for every z > 0, and we recover the first part of Theorem 1.

9. Identification of the Brownian disk

In this section, we prove Theorem 1, which was stated in the introduction. Let (D,, D?, v,) be a free Brownian disk
with perimeter z. As in Section 4.3 above, we can construct ]D)I by gluing the boundary of DD, into a single point,
and equipping the resulting quotient space with the metric D?" defined as in (26). Let VZ be the volume measure on

DZ, and denote the total mass of VI by |VZ|. By Theorem 22, we know that the distribution ]FI of ID)Z, as a random
pointed metric measure space, is the same as the distribution of £*(W) under NS’Z. According to Section 2.2, we

may consider a sequence Uy, ..., Uy, ... of independent uniformly distributed points in (Di, DT, VZ), and similarly
a sequence Vi, ..., V,, ... of independent uniformly distributed points in £°(W). Then, the distribution of
(vi], (DI, 8,01, ..., Uy ..))

coincides with the distribution of
(0, (L°W), 0, V1,..., Vi, ...))

under NS’Z. Here, we use the notation 9 for the distinguished point (boundary point) of ]D)Z or of L*(W), and both

(]DZ, d,Ur,...,U,,...)and (L*(W),d,V],..., V,,...) are viewed as a random variables taking values in the space
M®* of metric measure spaces equipped with an infinite sequence of distinguished points.

We then claim that, if x, y € D.\dD, are such that there exists a D?-geodesic from x to y that does not intersect
aD;,

14
D(x,y) = ot > DM (it i), (54)
ot

.. .. i=1
DT (y;_1,y))<D¥T(d,y;—1)+D?7(3,y;)

where the infimum is over all choices of the integer p > 1 and of the points yo, ..., y, € D;\0D; such that yo = x
and y, =y, and the condition D*"(y;_1, y;) < D*7(d, yi_1) + D?7(d, y;) holds for 1 <i < p. The inequality < in
(54) is clear from the fact that DB'T(yi_l, i) = Da(yi_l, y;) under the condition Da’T(yi_l,y,-) < Da’T(a, vi—1) +
D?7(d, y;), so that we can just use the triangle inequality for D?. For the other inequality, we pick a D?-geodesic y
from x to y that does not intersect 91D, (so that it stays at a positive distance from dID), and points yo = x, y1,...,yp =
y coming in this order along the geodesic y and such that D?(y;,_1, y;) < min{D?(u,dD,):ucy}forl <i <p.It
follows that D?(y;_1, y;) = D% (y;_1, yi), and

p p
Y D i,y =) D’(yio1, ) =D’ (x, ).

i=1 i=1
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We apply (54) to each pair (U;, U;), noting that a.s. the (unique) geodesic between U; and U; in D, does not
intersect 01D, (see Lemmas 17 and 18 in [10]). It follows that, a.s. for every i, j > 1,

p
0 ; 0,F
D’(U;,Uj) = L > DY (Ui, Uyy). (55)
NS k=1
DT (U, Uy )<D?F(0.U;,_)+D?7(0,U;,)
using also the fact that any finite sequence yi, ..., y,—1 can be approximated by Uj,, ..., Ui, , for suitable choices
of iy, ..., ip—1, since the sequence Uy, Uz, ... is (a.s.) dense in ;.

Next recall the definition of the pseudo-metric A on Tg’ under Ng’z (formulas (49) and (50) with 7%, 7%° and D"-°
replaced respectively by T, 720 and D°) and the definition (9) of D(a, b). Also note that, N(";’Z a.s., D(ay,a) = Z, for
every a € T, where a, is any point of 7; such that Z,, = 0. We claim that we have, NZ;’Z a.s. foreverya,b e ’7?,

p

Aa.b)= inf > _D@i-1.a), (56)
ap=a,ay,..., ap=b ‘1
D(a;—1.a1)<D(as.ai—)+D(a.ar) '

where the points ay, ...,a,-1 vary in 72". To obtain the inequality < in (56), we first note that, for every a, b € 72",

the condition D(a, b) < D(ay,a)+ D(a, b) = Z, + Z;, implies D(a, b) = A(a, b). Let us justify this. Fora, b € ’7?’,
we have D(a, b) < A(a, b) by construction. On the other hand, if, in the definition of D(a, b) as an infimum of sums,
one of the terms is such that miny,, , 4,1 Zc =min, , ;1 Zc =0, we get D°(a;—1, a;) = Z4, + Z4,—1 and (using the
property D°(u,v) > |Z, — Z,|) we obtain that the corresponding sum is greater than or equal to Z, + Z;. Thus, if
D(a,b) < Z, + Zp, this means that such cases can be discarded, so that D(a, b) = A(a, b).

The preceding discussion shows that we can replace Zf:] D(aj_1,a;) by Zip:] A(a;j—1, a;) in the right-hand side
of (56), and we use the triangle inequality for A to obtain the inequality < in (56).

The reverse inequality in (56) follows from the definition (50) of A(a, b) (with D%:° replaced by D° as explained
before Corollary 33), noting that in this definition we need only consider the case where A°(a;_1, a;) < oo for every
1 <i <k, which implies D°(a;—1, a;) < Zg; |, + Z4; = D(ax, ai—1) + D(ax, a;) and also

D(aj-1,a;) < D°(aj—1,a;) = A°(ai—1, a;).
Then, we can apply (56) to each pair (V;, V;) and we get, similarly as in (55),
P
A(V;, Vj) = inf > DVi,. Vip). (57)

i():i,il,...,ip:b =1
DV, Vi) <D(@,Viy_)+D(®,Vy)

Write Uy = 9 and V) = 9 for convenience. Thanks to the identity in distribution mentioned at the beginning of this
section (following from Theorem 22), we know that the collection

(D(Vi, Vj)) under N;’Z,

i,j>0
has the same distribution as (D% T (U;, U 1))i, j>0- Looking at (55) and (57), we infer that the collection

(AV;, V]-))Z.J21 under Njj'¢,

has the same distribution as (D?(U;, U i))i, j>0, and that this identity in distribution holds jointly with that of |v.| and
o.
By Lemma 5, we know that

PR
Up,....,U.), D%, =Y "6y,
<{1 ) nz U,)

i=1
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converges a.s. in M to (D,, D?,¥,), where V. = |v.|~!v_, and similarly

1 n
Vi,...,Vuh, A, — Sv.
<{ 1 n} n; v,)

converges a.s.in M to (®, A, V), where V is the normalized volume measure on ©. Notice that the assumption abAout
the topological support in Lemma 5 is easily verified. We then conclude that (|v,|, (D,, D?.¥.)) and (0, (®, A, V))
have the same distribution. Theorem 1 stated in the introduction now follows.

Remark. By [8], we know that the Brownian disk is a.s. homeomorphic to the closed unit disk of the plane. The
boundary of ® may then be defined as the set of all points x € ® having no neighborhood homeomorphic to an open
disk. It will follow from the results of the subsequent sections that this boundary coincides with d® as defined above.
Proposition 35 below shows that d® is the range of a simple loop in ®, and Theorem 38 provides an embedding of

. ) ) )
a whole sequence of Brownian disks (O, AW VDY (each of which is a copy of (®, A, V) under Nz’z ! , for a

certain random value of z(/)) in the Brownian map, in such a way that 3®(/) appears as the topological boundary of
©®) in the Brownian map, which itself is known to be homeomorphic to the two-dimensional sphere.

10. The uniform measure on the boundary

Let us fix » > 0 and argue under the measure N,.. Recall from the beginning of Section 5 the definition of the exit local
time (68)520, and the fact that 152 = Zp. We will need a different approximation of this process. Recall the notation
7o(w) =inf{r € [0, {(w)] : w(t) =0} forw e W.

Proposition 34. We have N, a.e., for every t > 0,

1 t
0_ 1o - R
Et B sh—rf(l) g2 /0 dSI{T()(Wx)ZQ,WJ <e}*

We note that the condition to(W;) > ¢, holds only if 7o(Wy) = ¢ or 19(Wy) = 0o. We refer to Appendix A below
for a proof of Proposition 34, which is a refinement of [2, Lemma 14]. The motivation for this result is the fact that it
will allow us to reinterpret the exit local time in terms of W truncated at 0. As in Section 8, we write W% = trg(W),
so that WStr = W,,, with (n,)s>0 defined in (48). We set, for every s > 0,

0 _ 40
Ly=¢, .

Then as a consequence of the preceding proposition, we have, N, a.e., for every ¢ > 0,
1 t
LY =lim — / ds1 ey (58)
O s

We note that (L?) s>0 has continuous sample paths, Ng a.e.: The point is that, if n,_ < 5y, then necessarily 7o(W,) < ¢,
for every u € (ns—, 1) and this implies that 62& = Egs (for instance by using the preceding proposition, together with
the fact that {s : 7o(Wy) = ¢} has zero Lebesgue measure).

Recall the notation T, py introduced in Section 8. Under the probability measure NP] =N, (- | Wi <0), the
construction of Section 8 yields a pointed measure metric space (@', A, V') associated with W¥. Recall that ©® is
obtained as a quotient space of 7' and write I for the canonical projection from 7y onto ®’. Also recall that, by
definition,

300" =Ty({laeT":Z, =0}).
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Proposition 35. For every t € [0, Zy), set
yto = inf{s >0: L? > t}
and y%o = yg. Then, Ny)] a.s., the mapping

[0, 201 5 1 > Ty (pe (1))

defines a simple continuous loop in ®' whose range is 0.

Proof. From (31), we have
supp(dL?) = {s > 0: 7o(W") = ¢}, (59)

with the obvious notation £.".

Let us start by showing that the mapping of the proposition is continuous. Since ¢ > yto is right-continuous with
left limits on [0, Zp), the desired continuity on [0, Zo) will follow if we can prove that Ty (p(y,))) = Ty ( pe(y2))
whenever ¢ € [0, Zp) is such that y,o_ <y If this occurs, we have by definition

0 _ 70
LVtO a L)’to—
showing that, for ylo_ <u< yto we must have ro(WLSr) = 00 (use (59)). But we know (Proposition 32) that this implies
Ape(r?)s pu(y2)) = 0 and thus M (pu(,”) = Mu(pu(yL)). A similar argument (noting that y3 _ = sup{s €
[0,0(W™)]: WY =0}) implies that Htr(ptr(ygo_)) = Htr(ptr(y(?)), giving the desired continuity at t = Zj.

We next prove that the range of the mapping of the proposition is d®’. It follows from (59) that any u > 0 such that
u =y for some t € [0, Zo] is such that 7o(W') = ¢, which implies py (1) € {a € T : Z, =0}, and [y (pe () €
00,

Conversely, if a € T% and Z, = 0, then a = py(s) for some s € [0, o (W')] such that V’I\/Str = 0, hence necessarily
1o(WI) = ¢'". By (59), s must be an increase time of L? and so s =y or s = y_ for some ¢ € [0, Z,]. But we saw
that T ( ptr(yto)) = Htr(Ptr(]/tO_)), so that, in either case, we obtain that I1i(a) is in the range of the mapping of the
proposition.

It only remains to verify that the mapping [9, Zy) Dt Htr(ptr(yto)) is injective. However, if 0 <s <t < 2,
there exist times u with y0 < u < y such that W = 0, and, by Proposition 32 (ii), we know that py(y?) and p(y,")
are then not identified in ®’. O

Write (A;)o<;<z, for the loop with range d®’ defined in Proposition 35. The image of Lebesgue measure on
[0, Zo] under ¢ — A, then defines a finite measure v on 3@’ with total mass Z;. This is the uniform measure on 90’
in the sense of the following proposition.

Proposition 36. Almost surely under N£O], for every bounded continuous function ¢ on ©’,

. 1
(v, ) = lim —2/ V' ([dx)o ()1 {a(x,00) <e)-
e—~>0¢&° Jor

Proof. By definition,

LY LY Ot
(v, ) = /0 drg(A,) = /0 dro(Me(pu())) = fo 4% (M (pu(s))).

where oy = o (W'). By (58), we know that the measures

1
EI{W}ks}l[oﬁu‘] (r)de
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converge weakly to dL? as ¢ — 0. Consequently,

. 1 Otr
(v, ) =€lgr58—2/0 1y @ (M (pe (D))

The desired result follows since, by Proposition 32(i) and the definition of the volume measure on ®’,

Otr
/0 dfl{W;r<£}<P(Htr(Ptr(t))) =/®/ V' ([dx)(0){ax,00) <e)-

We can restate the last two propositions in terms of the Brownian disk.

Corollary 37. Let z > 0. The following properties hold NS’Z a.s.
(1) The limit

exists for every s € [0, o], and defines a continuous increasing function with L, = z.

(ii) Set y; = inf{s € [0,0]: Ly > t} for every t € [0, z], and y, = o. The image of (y:)o<i<; under the canonical
projection from [0, o] onto ® defines a simple continuous loop whose range is 00.

(iii) Let (At)o<i<; be the continuous loop obtained in (ii), and let v, be the image of Lebesgue measure on [0, z]
under the mapping t — A;. Then, for every bounded continuous function ¢ on ©®,

. 1
(vz, ) = lim —2/ V(dx)p(x)1{ax,00)<e)-
e—=0¢€° Jo

All these properties follow from the previous propositions and the re-rooted representation theorem (Theorem 14),
which links the measure Njj with the laws of truncated snakes. To be more precise, one first obtains that the properties
of the corollary hold under N. It follows that they hold under N;’Z for a.a. values of z > 0, but then a scaling argument
shows that they must hold for every value of z > 0.

Proposition 2 stated in the introduction follows from part (iii) of Corollary 37.

11. Brownian disks filling in the holes of the Brownian net

In this section, we deal with the free Brownian map M under the measure Ny, as defined in Section 3.5. Recall that
M has the two distinguished points x, and xg, and that D(x, xg) = —W,.
The metric net N is the closed subset of M defined as the closure of

U a9

O<r<—W,

where $), denotes the hull of radius r, which is defined for 0 < r < —W, (recall from Section 7 that this hull is
the complement of the connected component of the complement of the ball B(x,, r) containing xg). The connected
components of the complement of the metric net are called Brownian disks in [44]. The goal of the next theorem is to
provide a precise justification to this terminology.

Before stating this result, recall from [35, Section 8] that connected components of M\N are in one-to-one corre-
spondence with jump times of the exit measure process (Z,), <o (we noticed in Section 5 that this process has a cadlag
modification). We denote the sequence of these jump times (ordered by decreasing size of the jumps) by r1, r3, ... and

the associated connected components of M\N by D), D® | .. As usual, DY denotes the closure of DY) in M.
(x, y) is the infimum of the lengths

For every j > 1, we can equip DU with the intrinsic metric d.7), such that di(rﬁ
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(computed with respect to D) of continuous paths in DY) connecting x to y. We also write v\/) for the restriction of
the volume measure on M to D).

ot has a continuous extension to ﬁ(j) , which is a metric on
=) .. . . —(j) ; .
DV F urthermore, conditionally on the exit measure process (Z,), <o, the measure metric spaces (D / ,di;]ti, vy,
J=1,2,... are independent free Brownian disks with respective perimeters AZ,;, j =1,2,....

Theorem 38. Ny a.e., forevery j =1,2, ..., the metric di(j)

Proof. We rely strongly on the results of [35, Section 8] and [2]. According to [35, Section 8], the connected compo-
nents DD D@ are also in one-to-one correspondence with excursions of the Brownian snake above its minimum,
as defined in [2, Section 3]. For the sake of completeness, we briefly recall the definition of these excursions (notice
that this definition is quite different from the definition of excursions outside (b, 00) in Section 5.1). We first introduce
the closed subset F of 7; defined by

F .= p;({s €[0,0]: W, = WS})

Roughly speaking, each excursion above the minimum describes the process of labels restricted to a connected com-
ponent of the open set 7;\F. To explain this, say that a € F is an excursion debut if ¢ has a strict descendant b
such that Z, > Z, and Z. > Z, for every interior point c¢ of the geodesic segment between a and b in 7. For a
given excursion debut a, the collection of such points b then forms a connected component of 7; \F denoted by C,).
Moreover, I1(C(4)) is a connected component of M\N. In this way, one obtains one-to-one correspondences between
excursion debuts, connected components of 7;\F and connected components of M\N (see [35, Section 8]). Next,
if a is a fixed excursion debut, there are exactly two times 0 < s1 < s2 < o such that p;(s1) = p;(s2) = a, and the

labels of descendants of a are described by the snake trajectory w(® defined by saying that 65“) = Ws,+5s — Zq and
g @@ = Csi45s — L5 for 0 <s < o (w@) := s, — s1. The excursion above the minimum associated with a (or with the

connected component IT(C@)) is then the truncation at 0 of the snake trajectory (@ (this requires a minor extension
of the definition given in Section 3.2, where the truncation level had to be different from the initial point of the snake
trajectory — see the next section for an analogous definition of excursions above 0).

For every j =1,2,..., we write W for the excursion above the minimum associated with D&, T() for the
genealogical tree of W) and (Z,gj))beﬂ;) for the labels on 7, and we also set 7W)-° :={b e T : Z,gj) > 0} and
AT W) = TUWN\T U)o,

By [2, Theorem 40], conditionally on (Z,),<0, w, W(z), ... are independent and distributed according to

*,AZ, *,AZ, . . . ; ;
No r NO 2, ... respectively. We can thus define, for every j = 1,2, ..., a measure metric space (®(1), AW,

V) constructed from W /) via the procedure of Section 8. Thanks to Theorem 1, the proof of Theorem 38 then boils
)
d.

.t can be extended continuously to a metric on ﬁ(j), in such

down to verifying that, Ny a.e. forevery j =1,2,...,
a way that
(ﬁ(/) JY V(j)) — (@(j)’ AD, V(j)) (60)

> ntr?

in the sense of equality in M.
Let us proceed to this verification. We note that 7/ is identified canonically to the closure C" of the connected
component C/) of T:\F corresponding to DV ) (this basically follows from the construction of excursions above
=0

the minimum, see [2, Section 3]). More precisely, there is an isometric bijection ¢; : TW — C” which preserves

labels up to a shift (to be specific, Z,, ) = Z lgj )+ zj, where z; = Z,; if a; is the excursion debut corresponding to
C ) and is such that the following holds. We have ¢ i (TWe)y=cY, and ¢ ; maps the volume measure on TG to

the volume measure on E(]), and preserves intervals, in the sense that, for every a, b € TW,

¢;(la, b]) = [¢j (@), p; )| N CT".

In particular, if a,b € TY)-°, we have [a, b] N ATV = & if and only if [¢;(a),¢;(B)] N 9CY) = & and then
@j(la,b]) =lgpj(a), p;(b)].
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As already mentioned, we have I1(C G ?) =D" and moreover M(3C) = oDV ) (see [35, Lemma 14]). Writing
1) for the canonical projection from T onto ®Y), we next observe that, for a, b € T)-°, we have

NY (@ =1 ) ifandonlyif T(p;(@)=T(p;®)). 61)

This is a straightforward consequence of the preceding remarks: If MY (@) = 1Y) (b), then Zéj ) = Zl(,j ) and at least
one of the intervals [a, b] or [b, a] does not intersect 37 ) and is such that labels on this interval remain greater
than or equal to Z,gj )Tt follows that a similar property holds for ¢;(a) and ¢;(b) so that I1(gp; (a)) = I1(g;(b)). The
converse is obtained in the same way.
Thanks to (61), the restriction of ¢; to 7¢)-° induces a bijection ®\/) from ®N\3OW) = 1) (T)-°) onto
DY) =T11(CY), and we have @) o [TV (@) =TT o @;j(a) forevery a € TG0 This bijection is an isometry:
A<j)(x, y) = d‘j)(CD(j)(x), q)(j)(y))

ntr

for every x,y € ®):°, Again this is a simple consequence of the preceding remarks. To prove that AV (x, y) >
di(rﬁ(@(j)(x), d>(j)(y)), we note that, in the definition (50) of A(a,b), each term A°(a;_1, a;) can be interpreted
(provided it is finite) as the length of a curve connecting a;_1 to a;, namely the union of two simple geodesics starting
from a;_; and from a; up to their merging time (see [31] for the definition and properties of simple geodesics).
To get the reverse inequality, we use the definition of the intrinsic distance, formula (9) expressing D(a, b) as an
infimum and the fact that, with an obvious notation, D°(a, b) = AU )*"((pj_l (a), <pj_1 (b)) if a, b € CY) are such that
D°(a,b) < Z, + Zp — 2z (see the remark before Proposition 30). Details are left to the reader.

Since ®/) is isometric, simple arguments show that it has a unique extension to a mapping ®/) from @) onto

DY, such that &) o T = Mo ;. The fact that @) is onto is immediate from the last equality. We claim that /)

is also one-to-one. This will complete the proof of the proposition, since then the bijection &) will map AY) to the
(unique) continuous extension of di(I{t)r to ﬁ(j), thus showing that (60) holds (the fact that /) also maps the volume
measure on ©) to the volume measure on ﬁ(]) is immediate).

It remains to verify that &) is one-to-one. So let x, y € 30Y) with x # y. Write x = I1Y) (a) and y = 1Y) (b),
with a, b € 9T ). By Proposition 32(ii) (and Corollary 33), the fact that x # y implies that there exists ¢ € ]a, b[
such that Zg" ) =0 (and the same if ]a, b[ is replaced by ]b, a[). In fact, there must exist infinity many such values
of ¢, because otherwise an application of the triangle inequality for A would imply that AY)(a, b) = 0 and so
MY (@) = 0W (h). Next, from the fact that @; preserves intervals (and labels up to a shift) we also get that both
lpj(a), 9j(b)[ and lg;(b), ¢;(a)l contain infinitely many values of ¢ such that Z. = Zy,a) = Zy, »). This implies
that ITo @;(a) # IT o ¢; () so that O (x) # ®)(y). This completes the proof. (]

12. Brownian disks in the Brownian map

This section is devoted to the proof of Theorem 3, which is somewhat more delicate than the proof of Theorem 38 in
the preceding section. In several parts of the proof, we argue under the measure Ny rather than under N(()l).

For the reader’s convenience, we have broken the proof in several steps. The first three steps are devoted to checking
that connected components of M\ B(x,, r) are in one-to-one correspondence with connected components of {a € 7; :
Z4 > W, + r}, then using this to define the boundary lengths of components of M\ B(xy, r) (via Corollary 37), and
to verify that the intrinsic distance on each component C has a continous extension to the closure C. It turns out that
it is easier to derive the latter properties for the random value r = —W, under Ny, and then a re-rooting invariance
argument allows us to obtain that they hold for a fixed value of r, still under Ny (Step 2). We in fact want these
properties to also hold under N(()S) = Np(- | 0 =), for every s > 0, and then we need an extra absolute continuity
argument (Step 3). Step 4 is the heart of the proof. Again, we start by considering the special case r = —W,, and we
use the excursion theory of [2] to derive the conditional independence and the law of the connected components of
MA\B(x,, —W,), and a re-rooting invariance argument then allows us to prove that the same properties hold under
Nés) for almost all values of r. Since we want the result to hold for every value of r, we need another argument (Step
5) relying on the absolute continuity properties already used in Step 3.
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We will use the local times of the process (Ws)sz()~ There exists a process (L™), cr with continuous sample paths
and nonnegative values, such that, Ny a.e. for every nonnegative measurable function ¢ on R,

/ dt(p(W,):fdu(p(u)L(”).
0 R

The same result holds if we replace Ny by N(()S) for any s > 0. See [11] for the case of N(()l), from which the other cases
follow immediately. Notice that L") = 0 if r ¢ (W,, W*). On the other hand, the explicit distribution of L® under
N(()l) found in [11, Corollary 3.4] shows that LO® =0, Ny ae. or Nés) a.s. We also set

(o2
o_ :=/0 dtl{W,<0}~

Step 1. Ny a.e., or N(()S) a.s., for every r € (W,, W*), the mapping C > IT(C) induces a one-to-one correspondence
between connected components of {a € T; : Z, > W, 4 r} and connected components of M\ B(x, r).

Indeed, let C be a connected component of {a € T; : Z, > W, + r}. Then II(C) is connected and it is easy to
verify that [T~!(IT(C)) = C (the continuous cactus bound (15) shows that if a € C the property I1(a) = I1(b) may
only hold if b € C). Since the topology on M is the quotient topology, it follows that IT(C) is open. Finally, if b ¢ C
the geodesic path in 7; from b to an arbitrary point a of C visits a point ¢ such that Z. < W, + r, so that by [31,
Proposition 3.1], any path in M from I1(d) to I1(a) must visit a point of B(x, r), thus proving that TT(b) does not
belong to the connected component of M\ B(x,, r) containing IT1(C), and we conclude that this connected component
is indeed IT(C). For future use, we also notice that the boundary of I1(C) is equal to IT(dC) (we leave the proof as an
easy exercise).

Step 2. We claim that, for every fixed r > 0, the following properties hold Ny a.e. on the event {r < W* — W,}:

(a) For every connected component C of M\ B(xy, r), the limit
. - 1 .
[0C| := Elgr(l) S—ZV({x eC:D(x,0C) < 8})

exists in (0, 00).

(b) The quantities |dC| when C varies among the connected components of M\ B(x,, r) are distinct.

(¢) For every connected component C of M\ B(x,, r), the intrinsic metric on C has a continuous extension to the
closure C, which is a metric on C.

To obtain the preceding properties when r is a fixed (deterministic) quantity, we will in fact start with the case
where r = —W, is random. Note that, by Step 1, the connected components of M\ B(x,, —W,) are in one-to-one
correspondence with the connected components of {a € T; : Z, > 0}. Let C M €@ .. be the connected components
of the set {a € T; : Z, > 0} (we will explain later how they are ordered), and let Cl=11(cV),C2=T11(C?),...be
the corresponding connected components of M\ B(x., —W,). These objects are also in one-to-one correspondence
with the Brownian snake excursions above 0, which will be denoted by w, W(z), .... Let us recall the definition
of these excursions, following closely [2]. We first notice that, for every j =1, 2, ..., there is a unique a; € 7; that
belongs to the closure of C () and is such that C¥) is contained in the set of descendants of a ; in T;. Furthermore,
there exist 0 < u; < v; < o such the latter set of descendants is equal to p; ([, v;]), and we define a snake trajectory
W) € Sy with duration v; — u; by setting

Wi (1) 1= W tomo, Gy 0. 0=t <87 = Casyno, — G-

Since we are only interested in values s € [0, v; — u;] such that p;(u; + s) belongs to (the closure of) CY, we
introduce the time change

u
). . , .
g = mf{u >0: /0 dl‘l{rg(wt(_,>)>z[(_/)} > S},
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with the notation 75 (w) = inf{ > 0: w(#) = 0} for w € W. The effect of this time change is to eliminate the paths
WS(] ) that return to 0 and then survive for a positive amount of time (in fact, the closure of C 0 is equal to {p; ((u; +
ns(j )) Avj):s > 0}). We define another snake trajectory by setting

() 7 (J)
W =W 7

for every s > 0. We call W), W® . the Brownian snake excursions above 0 — note that we can similarly define
the excursions below 0 corresponding to the connected components of {a € T; : Z, < 0}.

It follows from [2, Theorem 4] (together with Corollary 37 (i)) that, Ny a.e. for every j =1, 2, ..., the boundary
size |dC)| can be defined by

() 1 () Lo
}) I T J) . _ .
|ac)| = lim ngol({a eCV:z,<e})= lim /O s, (62)
where we write Vol for the volume measure on ;.

The quantities [dC1|, [dC?)|, ... are distinct Ny a.e. (they indeed correspond to jumps of a continuous-state
branching process with stable branching mechanism) and therefore we may and will assume that the compo-
nents CV, C® ... (and consequently the excursions W), W® ) have been ranked so that [CV| > [aC?| >

-+. Furthermore, [2, Theorem 4] implies that, under Ny and conditionally on the sequence of boundary sizes
(1ac¢M1,18C@], ...), the excursions W, W@ are independent and distributed respectively according to

aCM| #,]0C@|
N Ny
0 » N0 ’

and are also independent of the excursions below 0.

It now follows from (62) that property (a) stated above holds when r = —W,,, and |dC/| = |dC| (notice that
D(x,9C/) = Z, if x = I1(a) and a € CV). By a preceding remark, property (b) also holds. As for (c), a straight-
forward adaptation of the arguments of the proof of Theorem 38 allows us to verify that, for every j =1,2,..., the
intrinsic metric on C/ can be extended continuously to a metric on the closure C’, and the resulting metric space
equipped with the restriction of the volume measure v coincides (as an element of M) with the Brownian disk asso-

ciated with the excursion W) — this makes sense since we know that, conditionally on [3CY )|, W) is distributed

according to Ny’ w10CC) . In what follows, we simply write C’ for this random measure metric space.

So propertles (a), (b), (c) hold if r is replaced by the random quantity —W,. By a re-rooting invariance argument
(see [37, Theorem 2.3]), we then obtain that these properties hold for r = W, — W,, fora.a. t € (0,0), Ng ae. It
follows that they also hold for a.a. r € (0, W* — W,), Ny a.e. From a Fubini argument, one can pick one value of
ro > 0 such that (a), (b), (¢) hold for r = r¢, Ny a.e. on the event {ro < W* — W, }. But then the scaling property of Ny
shows that (a), (b), (c) hold for every r > 0 (on the event {r < W* — W,}). This completes Step 2.

Step 3. Let s > 0 and r > 0. The properties (a), (b), (c) stated in Step 2 also hold N(()s) a.e. on the event {r <
W* — W,}.

The fact that this is true for a.a. s > 0 follows from Step 2, but it does not seem easy to get the result for every
s > 0. However, we may use the following absolute continuity argument that will also be useful later. We fix n > 0,
and, on the event {¢5 /2 > 1}, we define

Rey =sup{r € (0,0/2) : & =n}, Sty :=inf{t € (6/2,0) : & =n}.
Still on the event {¢s/2 > 1}, we consider the snake trajectory (W, x>0 defined by

Wi (1) == Wrg,+uyns, (M +1) — WRW 0<1t<¢! =Ry +wnsy — 1>
and we also set

m" :=min{W, :u € [0, RpplU[Sep, 11}, M":=max{W, :u € [0, Riy)]1 U [Sep), 11}
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Roughly speaking, the definition of W' means that we remove a part of the genealogical tree near the root and shift
the labels so that the label of the new root is again zero. It is not hard to prove (see the proof of Proposition 10 in [34])
that the distribution of W7 under N(()S)(- N {¢s/2 > n}) is absolutely continuous with respect to Ny.

Recall the notation £° in Lemma 6. On the event {¢5/2 > n} N{W, <m™ < M" < W, +r}, each connected compo-
nent of the complement of the ball B(x,, r) in £*(W) is identified with a corresponding connected component of the
complement of the same ball in £°(W"). Furthermore this identification is isometric if either connected component is
equipped with its intrinsic metric. We can thus use the preceding absolute continuity property and Step 2 to see that
properties (a), (b), (c) hold N(()s) a.e. on the event (W, <m’” < M" < Wy +r} N {2 > ni N {r < W* — W, }.

Clearly, if 7 is small, N(()S)(gs/z > 1) is close to 1. This is not the case for NE)S)(W>k <m" < M" < W, +r), but we
may use the re-rooting invariance property (14), recalling that the space £*(W) does not change if we replace W by
Wl for some 7 € [0, 0]. If n > 0 is small enough then, with N(()S)-probability close to one, we will be able to find a
rational ¢ € [0, s] such that the property W, < m” < M" < W, +r holds when W is replaced by W/, This completes
Step 3.

Step 4. Thanks to Step 3, we can define, Nés) a.e. on the event {r < W* — W,}, the sequence Ccr, j=172,...
of connected components of M\ B(xy, r) and their boundary sizes. This sequence is ordered in such a way that

|dC"1| > |dC"2| > ---. Also for every j = 1,2, ..., we know that the intrinsic metric dirr’ltjr on C"/ has a continuous

extension to a metric on C . For the sake of simplicity, in the following lines, the notation C"’ will be used to

represent the measure metric space (Er'j, dlrmjr vioJ ).
We now aim at establishing the last part of Theorem 3. Let us come back to the excursions W, W above 0
under Ny. By preceding observations, under Ny and conditionally on the sequence (|]dCV|, [dC?)|, ...), the excursions

W w®  are independent of the triple
(We, o, L),
because W, is just the minimal value attained in all excursions below 0, o_ is the sum of the sizes of all the latter
excursions and the local time L© is a measurable function of the collection of excursions below 0, since
©) L[
L =81£%E A dtl{fgsvT/,<0}'
Letn > 1 and let G and H be nonnegative measurable functions defined respectively on R? and on R x RN, Also let

Oq,..., D, be nonnegative measurable functions on M. Recall that, for every j = 1,2, ..., Ej is the Brownian disk
associated with W), Using the fact that, conditionally on the sequence of boundary sizes (|dCV|, [dC?)|, ...), the

. . . . . ) @)
excursions WD, W@ are independent and distributed respectively according to Ng"ac l, Ng’lac l, ..., together

with Theorem 1 and the observation of the preceding paragraph, we have

NO(G(W* Lo (5C),) [ o (Ei)>

i=1
o 600 Lo (5€1)) [T 00 ).
i=1

We slightly modify the last formula by conditioning also on the volumes v(C!), v(C®), ... . Recalling the notation
F,., for the distribution of the Brownian disk with perimeter z and volume v, we get from the previous display and
standard arguments that

N (c(w*, LA (o (€| (E),y) [T <€'>)

i=1

aC!

:N()(G(W*,L(O))H(a,(

¥(C))2) HFWCH,v(Ci)(@i))’

i=1
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where the function H is now nonnegative and measurable on R x (R?)N. Noting that

o=o0_ +ZV(Cj),

j=1

we get from the preceding display that, for any nonnegative measurable functions G, g and H defined respectively on
R2, on R and on (RZ)N, we have

No (G(W*, Lg@)H((]aC

() [T )

= No (G(W*, L®)g@)H((|oC’

V(C)),21) HFaCf,v(Cf>(q’i)>-

i=1

The last formula still holds if we replace Ny by N(()S) for any s > 0. Indeed, using (13) and the fact that g can be
any nonnegative measurable function, we get that the formula must hold under N(()S) simultaneously for any choice of
G,g,H ®yq,...,P,, fora.a. s, but then a scaling argument shows that it holds for all s > 0.

We next apply the formula of the last display (with Ny replaced by N(()‘Y)) with ¢ = 1 and G(W,, L©®) =
h(—W,)/L©, where h is a nonnegative measurable function on R, . It follows that

) [ H(=Wy) ;
(M (e

()2 [T )

sy [ h(=Wy) ;
:Ng>( L(O)* H((joC

¥(C))i21) HFacfl,v(Cf)(®i)>' (63)

i=1

We rewrite the left-hand side of (63) by using the invariance of N(()S) under re-rooting. Note that, if W is replaced by
Wl for some fixed ¢ € [0, s], then W, is replaced by W, — VT/',, LO g replaced by LW) and CL,C2, ... are replaced

by the connected components CWf_W*'l, CWf_W*'Z, ... of M\ B(xy, Wt — W,). Hence, we get that the left-hand side
of (63) is equal to

n

Lo f (5 h(W, —Wy) VWi VWi — W —W,i
“No (/O dIWH(ﬂaCW el v ) ) [T @€ ))

=1

w* n '
= %N(()S) (/W duh(u _ W*)H((|acu—W*,i , V(cu—W*,i))iZI) 1_[ q)i (EM—W*J))
’ i=1

= lN(()S) (/OW*—W* drh(r)H((‘acr’i},V(C"i))izl) HQi(ér,i)>

i=1

1 > 1 1 ‘ — 70
—+ | amomy (nmw*w*}H«rac“\,v<c”>>i>1> [Toi(c )).

0 i=1

In the first equality, we used the definition of the local times.
Note that, in the previous lines we left aside certain measurability issues, concerning in particular the measurability
. —r1 —r, . .
of the mapping r — (C"",...,C""). To deal with these issues, one may observe that the connected components of
{a €Ty : Z, > Wy + r} can be represented by Brownian snake excursions above 0 (in the case r = —W, these are
the excursions W, W@ introduced above) and the collection of these excursions depends on r in a measurable
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. =1 —=r2 . . .
way. Furthermore, the measure metric spaces of , of , ... are obtained as measurable functions of these excursions
(this measurability property can be verified by an adaptation of the arguments of Section 3.3, but we omit the details).

By the same manipulations, we obtain that the right-hand side of (63) is equal to

1 [ ; : z
;/(‘) drh(r)N(()s) <l{r<w*W*}H((’acr’l’,V(Cr’l))i>1) HF|3Cr*i,V(Cr*i)(q>i)>'

i=1

Since the function & was arbitrary, the equality of the quantities in the last two displays means that for a.a. r > 0
we have

N (l{mw»«—w*}H((iaC’*" M), ﬁda(é”'))

i=1

n
:N(()s) (1{r<W*—W*}H((|aCr’i ,V(Cr’i))izl) HF|aCr,f|,v(C’vi)(q’i)>' (64)

i=1

Step 5. We now prove that (64) holds for every r > 0, which will complete the proof of Theorem 3. We may assume
that H, @1, ..., ®, are bounded and continuous. It is then enough to prove that both sides of (64) are continuous
functions of r for a fixed value of s > 0. By a simple scaling argument, this is equivalent to showing continuity in s
for a fixed value of r > 0.

It turns out to be easier to deal first with the quantities

n .
N(()S) (1{—W*<r}1{r<W*—W*}H((|8Cr’i |’ V(Cr’i))izl) 1_[ P (Er’l)) "
i=1

and

n
NG (1{—W*<r}1{r<w*—w*}H((|3Cr’i V(C))i) HFlacr'i’v(Cr'i)(q)i)>. .

i=1

So let us fix r > 0 and discuss continuity in the variable s of the quantities (65) and (66). We rely on the same
absolute continuity argument as in Step 3 above. Recall the notation W7, m", M" introduced in Step 3 (these random

quantities are defined under N(()s) on the event {¢;/> > n}). We also note that, as s" — s, the distribution of W" under

N(()S/)( N {&y /2 > n}) converges to the distribution of W under N(()‘Y)(- N {¢s/2 > n}) in variation distance (recalling
our notation ¢, = Sewny. it suffices to prove the analogous convergence for the distribution of ¢", and one can use the
explicit formulas available under the Brownian excursion measure — we leave the details as an exercise for the reader).

Let us argue on {— W, < r} but discard the event {{;/2 < n} U {—W, <r < M" — W,} U {W, = m"}, which has
small N(()‘Y)-probability when 7 is small, uniformly when s varies over a compact subset of (0, co). We already noticed
in Step 3 that, on the complement of the latter event in {—W, < r}, the connected components of the complement of
the ball B(x,, r) in L*(W) are identified isometrically with the connected components of the complement of the same
ball in £*(W"). It follows that the quantity

n

Lw, <l <we—wa H((0C7],v(€™)) ) [ 2:(C™)

i=1

coincides with a measurable function of W7, except on a set of N(()S)-probability small when 7 — O (uniformly when
s varies in a compact subset of R, ). Since we know that (for a fixed value of 7), the distribution of W" under
N(()S )(~ N {¢s/2 > n}) converges in variation distance to the distribution of W under N(()S)(- N{¢o/2 > n}) whens — ',
this suffices to give the desired continuity in s of the quantity (65), and the same argument applies to the quantity (66).
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We then use a re-rooting invariance argument, recalling the remark at the end of Section 3.3. If W is replaced by

WU for some ¢ € [0, 5] the quantity inside the expectation in (65) does not change, except that 1{_w,<r} is replaced
by 1;{%, _w, <,- Noting that

N
/0 I{Wt_W*<r}dt = V(B()C*’ r))v N(()S) a.s.,

we see that the quantity (65) is also equal to

V(B(xx,7)) ’ ’
Ny (1{r<W*—W*}+H((|3C “lv(c) U )
Next since
o0
V(B(xy, 1)) = Zv C” ), NE)S) a.s.,
i=1

by changing the function H in an appropriate way, we derive that, for every § > 0, the quantity

n

() V(B (xy,7)) ri ri =~

Ny (1 w_way———————H((|0C"" |, v(C"")). P;(C
0 ( {r<w W*}V(B(x*,r))+8 ((‘ | ( ))12]) lj ’( )

depends continuously on s. When § — 0, the quantity in the last display converges to the left-hand side of (64)

uniformly when s varies in a compact subset of (0, 00), so that we also obtain that the left-hand side of (64) depends

continuously on s. The same argument applies to the right-hand side, and this completes the proof of Theorem 3.

Appendix A. Proof of Proposition 34

We will use properties of the Brownian snake that can be found in [29]. We fix r > 0 and view the Brownian snake as
a strong Markov process with values in W, which is killed at the first time o when its lifetime hits O (the measure N,
is then viewed as the excursion measure of this Markov process away from the trivial path consisting only of the point
r). We keep the notation (W; )¢ for this Markov process, and (¢;)s>0 for the associated lifetime process — we slightly
abuse notation since in the previous sections (Wj)s>0 stood for the canonical process on the space of snake trajectories.
For w € W, we write [Py, for the probability measure under which Wy = w. As in Section 8, we write (B;);>0 for a
standard linear Brownian motion that starts at x under the probability measure Py, and 7, :=inf{r > 0: B, = y} for
every y € R.

The definition of the exit local time (K?)Szo makes sense under each probability measure Py,, w € W,. We recall
the first moment formulas

Nr(/o dsF(Wa): | aB P (Boosiz)] (A1)

and

N, ( /0 dEEF(Wa) —E,[F((Bozr<n)]. (A2)

which hold for any nonnegative measurable function F on W, (see Propositions IV.2 and V.3 in [29]).
We fix K > 1 and, for every ¢ > 0, we set

t
ark = L [ as W
! T 82 0 {to(Ws)>&s, Tk (Ws)=00, W5 <e,}°
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for every t > 0. We also define
0,K Lo
&= / Al izg (wWy)=o0}-
0

Then both Af’K and E?’K are additive functionals of the Brownian snake. The potential of these additive functionals
is easy to compute using [29, Lemma V.5] and formulas (A.1) and (A.2). For every w € W,

Lw) AT (W)ATK (W)
h(w) :=Ey [€25] :2/ ey (w(t)), (A.3)

0

L ATo(W)ATE (W)

he(w) :=Ey[A5K] =2 / drge (w(t)), (A.4)
0

where, for every x € (0, K),

— X

K
Y(x) :=Py(r0 <) = X

9

and

1 TONTK 1
@e(x) = Ex|:_2/ dSI{BS<€}:| = _2/ dyG(x, y),
& 0 & (0,¢)

where we write G for the Green function of Brownian motion killed at 79 A 7k . From the explicit formula G (x, y) =
2K~ 1(x A y)(K — (x V y)), we readily get that we also @, (x) = ¥ (x) if x > &, and ¢ (x) < ¥ (x) < 1 for every
x € (0, K).

Then,

) o TONTK
Nr((ES’K))=2Nr</ dEF?’KEWS[ES’K])=4Er[1{m<fk} f drw(Bt)]
0 0
o0
—4 /0 AE, [ 1y <o me 1V (BD)Ps, (70 < )]

=4Er[/m " dtl/f(Bt)Z:|
0

using (A.3) and (A.2) in the second equality. Similarly,

o TONTK
N, (€25 A5K) =2N, ( /0 dedKEy, [Af*K]) =4E, [1{r0<,,<} /0 dz%(B,)}

TONTK
_4E, [ fo dzw(B,)sos(Bt)},

using (A.4) and (A.2). Furthermore, using (A.4) and (A.1), it is also easy to verify that

() = | [ aromo2],
0

in such a way that we obtain

TONTK
N, (€K — A2K)?) = 4E, [ /0 de (v (B,) — sos(B»)z}.
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Take ¢ € (0, r). Since ¥ (x) = ¢-(x) when x € (¢, K), we get
2 TONTK
N, (65K — A2K) )54E,[/ dt1{3t<s}] <4e?.
0

Let us fix § > 0. We note that both (Af}\’f, + he(Wing))i>5 and (Z?)\’; + h(Winq))i>s are uniformly integrable
martingales under Ny (- | ¢ > §). Since the terminal values of these martingales are Ai’K and ES*K respectively, we
deduce from the last display and Doob’s maximal inequality for martingales that

2 2
N, (SUp(£1n = Af2ly + hWing) = he(Wine))* [0 = 8) < 4N (€05 = A5F)? |0 2 8) = eae?,

t>6

where ¢s > 0 is a constant depending on 8. Set &, =n~! for every n > 1. It follows from the preceding display that

n—00

lim sup|¢.5 — AT K 4 h(Wino) — hey(Wino)| =0, N, ae.
t>8

Since § is arbitrary, and since hg, (W) —> h(w) as n — oo, for any w € W, it follows that

: en K _ 0K
nlggo A%y =4, foreveryt>0, N, ae.

We apply this result to a sequence of values of K tending to 400, noting that Af"’K =g, 2 fot dsl wo>c,. W, <, and

E?’K = 6? for every r > 0 and every n, except on a set of N,-measure tending to 0 as K — oo. This gives the result

of the proposition, except that we restricted ourselves to the sequence (¢,,),>1. The proof is however completed by a
straightforward monotonicity argument. ]

Appendix B. Proof of Proposition 17

We write q,I for the quadrangulation with a boundary obtained at the kth step of the (lazy) peeling algorithm of the

UIPQ. Recall that S,j is the half-perimeter of q,I and write M ,I for the volume (number of faces) of q,I. We have then

the following convergence in distribution in the Skorokhod sense

(n‘2/3ST =430

(d)
nt]> Lntj)

>0 njo)o (TtT/3’ VIT/3)IZO’ (B.D
where the processes YT and V! are as in Section 6.4. See [12, Theorem 3] or [18, Section 5.3], noting that these
references deal with a more general setting, and that one needs to compute the value of the relevant constants in
the case of quadrangulations. At least for the first component, the convergence (B.1) is basically a consequence of
invariance principles for random walks conditioned to stay positive [15].

On the other hand, we have, for every k > 1,

() _ g1 ) _ gyt
H® =5l . v®=m], (B.2)

where we abuse notation by still writing Ry for the number of steps of the peeling algorithm needed for the k first
layers of the UIPQ (in Section 6.3, we used the same notation but for the peeling of a Boltzmann quadrangulation
instead of the UIPQ, this should however create no confusion here). In order to deduce Proposition 17 from (B.1), we
thus need to control the time change (Ry). To this end, the rough idea is that Ry — Ry (the number of steps needed
to discover the k 4 1-st layer) is close to 3 times the half-perimeter S;k of the hull of radius k. The appearance of the
constant 3 comes from the property (39).

In order to make the preceding idea more precise, we introduce a probability measure P, under which we run
the peeling by layers algorithm of the UIPQ starting from a boundary of length 2¢. Under Py, vertices of the initial
boundary receive labels O or 1 alternatively. When running the peeling by layers algorithm, newly created vertices
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receive labels equal to their graph distances from the set of vertices with label 0. Note that the label of a vertex may
change in the case of an event (B;) or (B}). We still write Ry for the number of steps needed to complete the first

layer, meaning that the boundary only contains vertices labeled 1 or 2, and (SkT )k>0 for the half-perimeter proces
under P, (in particular P, (ST ={)=1).
Before we state our first lemma, we notice that, for any 1 < £’ < £, we have

/

¢
ot
P, (rknzlg st < z/) < (B.3)

This is a straightforward consequence of the identity (41) relating the laws of S* and of S¥, or rather of the extension
of this identity to the case where ST and S both start from ¢ (and then the constant 2 has to be replaced by ¢). We
leave the details to the reader.

Lemma 39. Let € > 0. Then,

Pe(R1 = (3—e)t) — L. (B.4)
{— 00
Furthermore, we can find constants A., Ce and p. > 0 such that, for every £ > 1,

P, <R1 > (3+e)¢. inf st > Ag) < Cpe Pt (B.5)
>

Proof. We start by proving (B.5). It is convenient to introduce a sequence (§;)x>1 of integer-valued random variables
defined as follows. If, at the kth step of the peeling algorithm, the event (B;) occurs (for some j € {0, 1, ...}), we take
& = j + 1, and otherwise we take & = 0. Writing F; for the o-field generated by the first £ steps of the algorithm,
the conditional distribution of & knowing F% is derived from the prescriptions in Section 6.2:

EH) o 1
. >D_5 ifj=1,2,...,5;,
]P)Z(Ek-l—l =] |-Fk): 2 J 1 1 k
1 Sy ) . .
I=322ip-i ifj=0,

where the weights p(_l‘j), for L>1and 1 <j < L, are defined as in Section 6.2, replacing ht by K1 since we are
considering the UIPQ.

Let N be the number of vertices labeled O at the kth step of the algorithm (and No = £). Then, R} = inf{k > 1:
Ni = 0}. From the definition of the algorithm, one easily gets that Ny < (Ny — $k+1)+, for every k=0, 1,...,
Ri — 1. Tt follows that Ny < (£ — (&1 +--- + &) T fork =0, 1, ..., Ry, and therefore,

Ri<min{k >1:& +---+& > £}.

For every integer m € {1, ..., £}, set [, :=min{k > 0: S,j < m}. Using the explicit form of 2" (and in particular the
fact that 11 (€ + 1)/ k" (£) is a decreasing function of £), we can, for every integer k > 1, couple &, ..., & with i.i.d.
random variables & l(m), e ,Em) taking values in {0, 1, ...} and with distribution determined by ]P’(Si(’" )= j)= % p(_”;.)

for j > 1, in such a way that éi(m) <§ foreveryi €{l,...,k} on the event {I', > k}. Using also the last display, we
get that

(R > K} N {Ty > k) C {& + -+ 5™ < ).

Recalling (39), we can fix m = A, large enough so that the mean value of the variables Si(AS) is (strictly) greater than
(3 + &)~L. We have then

Pg(Rl > (B +e)¢, inf sl > Ae) <P(M 4. +,§L(é€+)gw <),
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and standard large deviation results for sums of i.i.d. random variables give (B.5).

Let us turn to the proof of (B.4). The argument is slightly more involved since the upper bound Ny < (Ny —
£c11)" does not help us to find a lower bound for R (the point is the fact that events of the type (B;.) may also
lead to a decrease of Ny). To begin with, we observe that we may run the peeling by layers algorithm on a model
with infinite boundary represented by Z, in such a way that even integers are labeled 1 and odd integers are labeled
0. We start the algorithm from the edge (0, 1) on the boundary, using the probabilities p; and % p—j—1 for steps of
type (A) and (B;) (or (B})) respectively. We notice that a step of type (A) occurs with probability 2/3 and creates
a vertex labeled 2. An event of type (B;) does not change the number of vertices labeled 2, whereas an event of
type (B;.) can decrease the number of vertices labeled 2 by at most j 4 1. Recalling (39), we easily deduce from the
law of large numbers that the number of vertices labeled 2 converges to infinity a.s., which also means that after a
certain (random) number of steps, the vertices that lie to the left of vertices labeled 2 are no longer affected by the
algorithm. The same conclusion holds a fortiori if instead of using the probability weights p1, p—j—1 (j =0,1,...)
we use ng), p(ij)fl (j=0,1,..., L —1). Indeed we just have to observe that p; < pEL) and p_;_1 > P(,Lj),l-

Let us return to the case with finite boundary. By the first part of the proof and (B.3), we know that Py (R| < 4¢)
tends to 1 as £ — 00, and it easily follows that, for every § > O,

]P’g<sup ‘S,I —£| >8£) —> 0.

k<R, L— o0

A coupling argument relying on the law of large numbers also shows that P;(R; > +/¢) tends to 1 as £ — oco. There-
fore, if we set

E;:={R, >IN { sup |SkT —¢| 55/2},
k<R

we have Py(E;) —> 1 as £ — co. A comparison argument with the case of the infinite boundary discussed above
now shows that the following holds on the event E; except maybe on a set of probability vanishing when £ — oo: for
every k such that [+/€] < k < Ry, the kth step of the peeling algorithm affects the number of vertices labeled 0 only
if it is of type (B;). In other words, we can find an event E, C E; with P¢(E;\E;) —> 0, such that on E, we have

Nit1 = (Ng — &) T
for every L\/ZJ <k < R;. In a way similar to the first part of the proof, it follows that, still on the event E/,,

Ry — Vel =min{j = 1:& s+ +E g4, = Nva b

Since it is also clear that Py (£ — NL«/ZJ > gf) —> 0 as £ — oo, for every ¢ > 0, and since we may couple the variables
& with i.i.d. variables & taking values in {0, 1, ...} with distribution given by P(§; = j) = p_; for j > 1, in such a
way that & <&/ for every k, a renewal-type argument using (39) gives (B.4). (]

In the next lemma, we come back to the peeling by layers algorithm of the UIPQ. We consider the “inverse process”
of (Ri)k>1 defined by

T,=k ifandonlyif Ry <n < Ry,

with the convention Ry = 0.
Lemma 40. Let ¢ € (0,1) and 0 < s < t. We have

P<(3—8)(TUUJ — T x  min ST < |ne) — |ns) —|—en> 1, (B.6)
n—oo

lns]<i<|nt]
and

P<(3+8)(TU,IJ—TL,”J)X max szLmJ—LnsJ)n:;l. (B.7)

lns|<i<|nt]



Brownian disks and the Brownian snake 309
Proof. We start by proving (B.6). Since Ry, +1 > [ns] and Ry, < [nt], we have

Tine)—Tins)—1
lnt] — |ns] = Z (Rry +j+1 — RTg)+7)- (B.8)
j=1

Now note that, for every j > 1, conditionally on the event SITQT = £, the distribution of
J

s
RTLMJ +j+1 - RT[MJ +j

coincides with the distribution of Ry under P;. Recalling that SkT — 00 a.s. as k — oo, we then deduce from (B.4)

that, for every j > 1,

¢
P(RTLH.YJ+j+l - RTI_nsj"‘j > (3 - S)SRTL,”J+j) njo)o 1

Let n > 0. Consider also a constant K > 1. Then for any fixed § € (0, 1), the bound

T

RT\_nsJ +j+1 - RTI_n.rj +j > (3 - (‘V-")‘S‘RTU”J +j

holds for at least |[Kn'/3] — [8n'/3] values of j € {1,2,..., |Kn'/3]}, except possibly on an event of probability
bounded by 1 when = is large. Using (B.8), we obtain that the bound

((Tyar) = Tins) = D A | Kn'P]) = 6n'?) x 3 —¢)  min S! < |nt] — |ns]

[ns]<i<|nt]

holds except on an event of probability bounded by n when n is large.
Now use (B.1) to observe that, if § has been chosen small enough, we have

sn'? x3  min SiT <en,
[ns]<i<|nt]

except on a set of probability bounded by 1 when # is large, and therefore the bound

((Tyne) = Tins) = DA | Kn'P ) x B—¢)  min S < [nt] — [ns] +en

[ns|<i<|nt]

holds except on a set of probability bounded by 2n when n is large. Furthermore, we may also assume that K has
been chosen large enough so that

LKn1/3J x (3—¢) min SZT > [nt] — |ns] +en

[ns|<i<|nt]

except on a set of probability bounded by n when n is large. By putting together the previous observations, we
conclude that

(Tine) = Tinsy — 1) x B3—¢)  min SiT <|nt]— |ns|+¢en

lns]<i<l|nt]

except on a set of probability bounded by 3 when n is large. This proves (B.6).
Let us turn to the proof of (B.7). In a way similar to (B.8) we now write

T[n[] _T\_nsj

lnt] = lns] < Ry 11— lnsl+ D) (R ajt1 — Rrj+))- (B.9)
j=1
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Let § > 0. Using (B.1) and (B.3), we can fix & > 0 small enough so that, for every n,

IP’( min ] < an) <. (B.10)

k>|ns]

Then, using the Markovian properties of the peeling algorithm and (B.5), we get that for n large enough (such that
an > A,), forevery j > 1,

. . i\ 1 t —Pe
IP’<RTW+J+1 — Ry, +j =3 +8)SRTM+]., kranlnI;J S, > an) < Cge Pe9.
The same bound holds for the probability of the event
1 -
{RT[,,_;J+1 —lns] =B +e)S,,) (min Se = an}.
By (B.6), we have T|;;| — T|xs) <n with probability at least 1 — § when n large. Using also (B.10) and the preceding

estimates, we deduce from (B.9) that we have for all large n,

[nt] — [ns] < (T — Tiwsy +1) x 3+¢€)  max st

lnsj<i<lne) '

except on a set of probability bounded above by 26 + C. (n + 1)e™"*". This completes the proof of (B.7). ]
We need a last lemma before we proceed to the proof of Proposition 17.
Lemma 41. The sequence of the distributions of n='/3T,, n > 1, is tight.

Proof. We need to verify that P(7,, > An'/?) can be made small uniformly in n by choosing A > 0 large. We observe
that

P(T, > An'3) <P(R g3 <n) < P(vfjfjl/” <um))

(c0)

since V' = MIT?k for every k > 1. By (B.1), we have

—4/3 @ 1
n / MI’T njgo V1/3.

On the other hand, the known results about the convergence of hulls in the UIPQ (see [19, Section 5] or [20, Sec-
tion 6.2]) imply that

d
n—43y () (d)

LAn'3] &0

with a limiting process (;);>0 such that x; 1 oo as ¢ 1 co. Notice that [19,20] deal with “simple” hulls instead of the
lazy hulls we consider here, but as far as volumes are concerned this makes no difference (we leave it as an exercise
for the reader to check that the volume of the lazy hull of radius r > 1 is bounded above by the volume of the simple
hull of the same radius, and bounded below by the volume of the simple hull of radius r — 1). It follows that

limsupP(V 3% 1 < M) <P(xa < V] 5)
n—oo

and the right-hand side can be made arbitrarily small by choosing A large. This completes the proof. ]

Let us turn to the proof of Proposition 17. We follow the method of [20, Proof of Proposition 10]. We fix 0 < s < ¢.
From Lemma 41 (or from the bound (B.6)), we may assume that along a suitable sequence of values of n, we have,
for every integer k > 0 and every 1 <i < Zk,

~1/3 (d (5,1)
n Tzt a-sn) = Tinri-12-4a—sn)) — A

n—o0
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and these convergences hold jointly, and jointly with (B.1). From Lemma 40, we then get

27kt — %) 27kt — %)

< A](:,t)

T
3 SUPst (i —1)2—k(t—s)<r<s+i2=*(1—s) Tr/ 3 infy s+@{I—1)27k(t—s)<r<s+i2=k(t—s) T r/3

By summing these bounds over i and then letting K — oo, we get that necessarily

A((jY’1t)=lv/t dr .
’ 3/ TT

r/3

Since the limit does not depend on the sequence of values of n we were considering, we have thus proved that, for
every 0 <s <t,

/ d) 1 4 dr
(Tine) — Tins) —> —e3 ) 3T
S

r/3

and this convergence holds jointly with (B.1).
By Lemma 41, n~!/3 T\ns) is small in probability when s is small, uniformly in n. The convergence in the last
display then implies that we have also, for every ¢ > 0,

t t/3
w7, S : & =/ &
0

n%oo3 0 TT/S TrT

and this convergence holds jointly with (B.1). By a monotonicity argument, the convergence in the last display holds
in the functional sense (in the Skorokhod space), if both sides are viewed as processes indexed by ¢ > 0. It follows
that we have also

( RLntJ)t>0 (3\IJI)I>O’

where

\IJ,_mf{s>0 f —>t}

in agreement with the notation introduced in Proposition 17. The preceding converges again holds in the functional
sense and jointly with (B.1). Finally, we use (B.2) and (B.1) to conclude that

—2 77(c0) —4 (00) _ (. —2ch —4 5,1
(0 H g Vi )iz0 = (07 S5 muy ™ Ma 3Ry )iz0

converges in distribution to

(Yd, Vi)

t>0"

This completes the proof of Proposition 17.
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