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The Bouchaud-Anderson model (BAM) is a generalisation of the
parabolic Anderson model (PAM) in which the driving simple random walk
is replaced by a random walk in an inhomogeneous trapping landscape; the
BAM reduces to the PAM in the case of constant traps. In this paper, we study
the BAM with double-exponential potential. We prove the complete localisa-
tion of the model whenever the distribution of the traps is unbounded. This
may be contrasted with the case of constant traps (i.e., the PAM), for which
it is known that complete localisation fails. This shows that the presence
of an inhomogeneous trapping landscape may cause a system of branching
particles to exhibit qualitatively distinct concentration behaviour.
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1. Introduction. The Bouchaud-Anderson model (BAM) is the Cauchy
problem

du(t,z)
ar

u(0,2) =1(z),  ze€Z?,

where & = (§(2)),cz¢ is a collection of random variables known as the po-
tential field, o = (0(z)),cz4 is a collection of strictly-positive random vari-
ables known as the trapping landscape, A is the discrete Laplacian defined by
(Af) () = Z|y_z|:1(2d)*1(f(y) — f(2)) (where | - | denotes the £'-norm), and
Ao~ f = A(o~! f). The potential field and trapping landscape are taken i.i.d. in
space and independent of each other; we denote by P their joint law and by E the
corresponding expectation. Here and in the following, we use the notation o for
the field x — o (x)", where u € R.

The BAM was introduced in [17] as a combination of two well-known models:
the parabolic Anderson model (PAM), to which it reduces when o = 1, and the
Bouchaud trap model (BTM), which is the continuous-time Markov chain on Vi
with transition rates

(Ao~ +&)u(t,z),  (t.2) € (0,00) x Z¢,
(D

(2do())”"  ifly—z|=1,

2 w =
) ey 0 otherwise,
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that is, with generator (Ao ~HT . Indeed, under mild conditions on &, o, the
Cauchy problem (1) admits a unique nonnegative solution given by the Feynman—
Kac representation

3) utt.2) =Eoexp] ts<Xs>ds>}11{xt —3)]

where (X;)s>0 is the BTM and E; denotes its law started at z € 74 . Another inter-
pretation for u(, z) is as the expected number of particles at the space—time point
(t, z) in a system of branching particles starting from a single particle at the origin
and evolving through:

e Branching: A particle at site z branches at rate £(z)* or is removed at rate £ (z) ~;
e Trapping: Each particle moves as an independent BTM.

This system has connections to applications such as population dynamics and
chemical kinetics. For more information, we refer the reader to [9, 12] (PAM)
and [1, 4] (BTM).

Like the PAM, the BAM exhibits complex intermittency phenomena, meaning
that the model may develop pronounced spatial inhomogeneities over time. The
strength of this effect depends naturally on the tails of £(0) and o (0). In the most
extreme cases, intermittency manifests as complete localisation, in which there
exists a Z4-valued process Z; such that

u (t’ Z[) . ey
im =1 in probability,
t—oo  U(t)

where U(t) := ), z4u(t,z) denotes the total mass of the solution. In less ex-
treme cases, a larger number of sites may be needed; see Section 1.1 for further
discussion.

In [17], the BAM was studied in the case of Weibull random environments, that
1s, when

4 PEO) >x)~e™ and Po(0)>x)~e ™,  y,ue(0,00).

One of the main results of [17] is that the BAM completely localises throughout
this regime. This is not very surprising, as complete localisation of the correspond-
ing PAM was already known, and it is natural to expect that the presence of traps
strengthens concentration.

In the present paper, we examine the BAM with double-exponential potential,
that 1s, when

P(5(0) > x) mexp{—e*/¢}, € (0,00).

Our interest in this case comes from the fact that complete localisation fails in the
corresponding PAM [3, 8]. By contrast, here we show that, as soon as o (0) has
infinite essential supremum and positive essential infimum, the BAM completely
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localises, that is, the presence of the trapping landscape qualitatively affects the
intermittent behaviour of the solution. While seemingly surprising, this can be seen
as a manifestation of the criticality of double-exponential tails for intermittency in
the PAM; see Section 1.1 below.

As in [17], we additionally provide information about the structure of & and
o around the localisation site Z,. To motivate these results, consider the follow-
ing interpretation of the branching system described above: each particle is an
individual, branching is seen as reproduction, removal as death and movement as
mutation within a space of phenotypes. In this context, £(z) is interpreted as fit-
ness and o (z) as stability of the phenotype z. Similar models were introduced
(and analysed, mostly through simulations) in [5], with the conclusion that, un-
der general conditions, the population should concentrate on phenotypes that are
both atypically fit and atypically stable. This prediction, which we call the “fit and
stable hypothesis”, was first considered rigorously in [17] for the BAM, where
it is shown to hold in many cases, but not always. Here, we confirm the predic-
tion under our assumptions, showing in particular that both £(Z;) and o (Z;) tend
to infinity (in probability) as ¢+ — co. More detailed information is available for
particular choices of trap distribution.

1.1. Localisation in the PAM and BAM. Intermittent phenomena in the PAM
have been the object of extensive study for many years. Earlier approaches [9]
characterized intermittency in terms of moments of the total mass U (¢), and much
effort was devoted to the asymptotic analysis of its moments as well as its almost
sure behaviour [2, 10, 23, 24]. In this literature, a heuristic geometric description of
intermittency emerged according to which the solution should concentrate in a rel-
atively small number of “islands” of slowly growing radius in which the potential
field approaches a certain optimal shape. In particular, the double-exponential fam-
ily was identified as critical: for heavier tails, the islands consist of single points,
whereas for lighter tails their radius grows to infinity.

The geometric description of intermittency was first rigorously established for
the case of double-exponential tails in [8], where an explicit family of islands
was provided whose number grows slower than any power of ¢. Since then, the
geometric approach was very successful for heavier-tailed potentials, for example,
Pareto [13, 15], Weibull [6, 14, 22], stretched-double-exponential [16], which were
all shown to completely localise. More recently, it has been shown in [3] that, in
the double-exponential case, even though there is no complete localisation, most
of the solution is supported in a single island of bounded radius. Corresponding
mass concentration results for lighter tails are expected to be harder, and are still
open.

Even within the complete localisation universality class of the PAM, different
shades of localisation can be distinguished. Most emphatically this relates to how
neighbouring values of the potential interact in determining the position of the lo-
calisation site Z;. In the case of potentials with sub-Gaussian tail decay, one can
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determine Z, by maximising a time-dependent functional W, (z), z € Z¢, that de-
pends on the potential field only through its value at the site z. In other words,
there is no interaction between neighbouring values of the potential. As a conse-
quence, the sites neighbouring Z; all have typical potential values. The situation is
very different in the case of potentials with super-Gaussian tail decay,

P(£(0) > x) =e ™, y >3,

where the localisation site Z; must be identified via a functional that depends on
the values of the potential inside balls of radius

pg:=|(y —1/2|vO0

around each site; the value pg is known as the radius of influence of the model.
In contrast to the previous case, potential values within this distance of Z; are
atypical, and in particular are much larger than their typical values.

The study of localisation in the BAM was initiated in [17], which analysed
the Weibull case in which (4) holds. As mentioned above, the main result of [17]
was that complete localisation occurs throughout this regime. Further, it is shown
in [17] that the BAM exhibits subtly distinct complete localisation behaviour de-
pending on the choice of Weibull parameters (y, i), as characterized by the radii
of influence. More specifically, in order to identify the localisation site, the poten-
tial field and trapping landscape must interact in balls of radius

y—1 n y—1 n IJ
=|1—-—" _|v0 and =|————+3| V0,
P { 2 /H-IJ e pe L 2 atl 2

respectively. As a result, [17] proved two interesting and unexpected addendums
to the “fit and stable hypothesis” in the Weibull case. First, in the case y < 1,
the strict version of the hypothesis actually fails (at least asymptotically); instead
the trap value at the localisation site converges in law to its typical distribution.
This can be understood as meaning that, if y < 1, the benefits of a high branching
rate outweighs any additional benefit gained from a deep trap. Second, the “fit
and stable” profile of the localisation site may extend, in certain circumstances, to
sites neighbouring the localisation site, but with an interesting twist. Specifically, if
pe > 1 then sites neighbouring the localisation site will also be atypically fit, but if
po > 1 the sites neighbouring the localisation site will also be atypically unstable
(so as to more quickly jump back to the localisation site).

To complete this section, we mention recent work [18-20] that establishes the
complete localisation of the branching system itself (as described above) in the
case of Pareto potentials and o = 1 (i.e., corresponding to the PAM). Although the
branching system lacks many of the appealing (and simplifying) features of the
BAM, it might be hoped that the techniques developed in these papers could apply
also in the case of inhomogeneous trapping landscapes.
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1.2. Our results. We now present formally our main results, which consist of
four theorems. The first two apply to a general class of potential and trap distribu-
tions (as described next), and establish complete localisation of the model, a weak
limit for the localisation site Z; as well as some qualitative properties of £ and o
around Z;. The last two concern a specific class of traps that leads to finite radii
of influence, namely: log-Weibull. In this case, we obtain the detailed profile of &
and o around Z; and prove a form of optimality of the radii of influence.

1.2.1. Assumptions. We make the following general assumptions throughout
the paper:

(A.1) There exists a ¢ > 0 such that the function
F(r):=1In(—InP(£(0) > r)), r > essinf£(0)

is eventually differentiable as r — oo, and moreover, satisfies
. /7 _
Jlim F) =
(A.2) The trap distribution o (0) is unbounded, that is,

esssup o (0) = oo.

Condition (A.1) is the same as [3], Assumption 2.1, and slightly stronger than
[10], Condition (F). It ensures that the tail of £(0) lies in the vicinity of a double-
exponential distribution, and guarantees a certain amount of regularity in addition
to bounds on the tail decay. This condition holds, for instance, in the case of exact
double-exponential tail decay

P(£(0) > x) = exp{—e*/?}, x eR.

To avoid certain technicalities, we also make the following ellipticity assump-
tion:

(E) The trap distribution o (0) is bounded away from zero, that is,
bs :=essinfo (0) > 0.

Assumption (E) prevents pathological behaviour caused by excessively “quick
sites”, and is used extensively throughout the proof. This condition can likely be
weakened, although we lack a firm understanding of the extent to which this would
be possible.

Finally, we only consider d > 2. This avoids possible screening effects of deep
traps and very negative potential values (cf. [2]), and is used only to bound from
below the total mass of the solution. Note that we do not, as has been standard
in the analysis of localisation in the PAM, impose any lower tail restriction on
£(0), relying instead on percolation arguments. To our knowledge, our approach
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is novel and could be used to remove lower-tail assumptions that have appeared
in previous work (e.g., [3], Assumption 2.2). Although we do not show it, in the
case d = 1 our arguments go through as long as ¢ (0) and £(0) decay sufficiently
quickly at infinity and negative infinity, respectively (along with some regularity in
this decay); see, for example, conditions (c) and (d) in [17], Assumption 1.6, and
[3], Assumption 2.2.

1.2.2. General results. Our first result establishes the complete localisation of
the model. As in [3, 17], the localisation site may be defined as the maximiser of
a certain time-dependent functional W; (described in detail in Section 2), allowing
in particular the identification of its limiting distribution. Here and in the sequel,
we make use of the abbreviations Iny 7 :=Inln(z vV e) and In3 ¢ :=Inlnln(z Vv €°).

THEOREM 1.1 (Complete localisation). There exists a 74 valued process Z;
such that

. M(t, Zt) . .y
5) lim ———=1 in probability.
t—00 ZzeZd u(l‘, Z)
Moreover, as t — 00,

©) ﬁ (Int)Inz ¢

0 t
where Zoo is a random vector in R with i.i.d. Cartesian coordinates, each

Laplace-distributed with location 0 and scale 1 (i.e., with density x +—> %e"” with
respect to Lebesgue measure).

Z: = Zs in law,

Our second result describes the local profile of £ and o near Z;, in particular
showing that the localisation site has an atypically large potential value and trap
depth; this confirms the “fit and stable hypothesis” in our setting. Recall (A.1) and
define, for ¢t > 0,

@) a; :=inf{u>1:eF(”)Zdlnt}/\l,

where by convention inf @ = oco. Using assumption (A.1), it is straightforward to
show that

lim a;/Inx t = 0.
—00
In the sequel, we say that a sequence of random variables (X;);>0 “asymptoti-
cally stochastically dominates” another random variable Y if, for each x € R,
liminfP(X; > x) > P(Y > x),
—00
and say that (X;);>0 “is asymptotically stochastically dominated” by Y if, for each
x eR,
limsupP(X; > x) <P(Y > x).

t—00
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THEOREM 1.2 (Local profile of the random environments). There exists a
process Z; satisfying (5)—(6) such that, as t — 00, the following hold:

1. (Potential at localisation site)
|§(Z1) —a| — 0 in probability.

2. (Potential at neighbouring sites) For each y € 74\ {0}, the sequence (§(Z; +
¥))r=0 asymptotically stochastically dominates &(0), and

£(Z) —&E(Z,+y)—> 00  in probability.
3. (Trap at localisation site)
0(Z;) = o0 in probability.

4. (Traps at neighbouring sites) For each y € 74 \ {0}, the sequence (o (Z; +
¥))>0 is asymptotically stochastically dominated by o (0).

We note that the asymptotic stochastic domination in items (2) and (4) is not
necessarily strict; indeed, the discrepancy between £(Z; + y) and £(0) [respec-
tively o (Z; 4+ y) and o (0)], will vanish in the limit if y lies outside the radius of
influence of the potential field (respectively, trapping landscape); see Theorem 1.5
below. We also mention that, similarly as in [3, 17], ageing results for both the so-
lution of (1) and the localisation site could be obtained; in the interest of brevity, we
do not pursue this here. We also believe that a two-cities theorem, that is, almost-
sure localisation in two sites as obtained in [13] for the PAM with Pareto potential,
would hold in our setting as well, but a proof of this would likely require much
more work.

In light of Theorem 1.1, one may ask whether a similar phenomenon arises for
potentials with lighter tails. For such potentials, the PAM has even weaker concen-
tration, so we do not expect all unbounded trap distributions to induce complete
localisation. Instead, we suspect that this happens when the trap distribution has
sufficiently heavy tails, at least as long as the potential is unbounded; see Sec-
tion 1.5 for heuristic justification of this.

1.2.3. Refined results for special cases of trap distribution. Theorems 1.1 and
1.2 are the limit of our results in full generality, but we can get more refined results
by specifying exactly the trap distribution. We restrict our attention to the case in
which the trapping landscape has a log-Weibull upper-tail decay:

(LW) There exists a u > 1 such that

—InP(c(0) > x) = (Inx)*, x>1.
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As we will see, this assumption is natural and indeed one of the most interest-
ing for the trap distribution, as it leads to finite radii of influence. The equality
above is not crucial and could be relaxed to an approximate one, but the precise
choice makes certain computations easier. For the same reason, we will also re-
place assumption (A.1) with the condition that the potential distribution is exactly
double-exponential:

(DE) There exists a o > 0 such that
P(£(0) > x) = exp{—e*/?}, x eR.

Under assumptions (LW) and (DE), we give exact values for the radii of influ-
ence of the model as well as a more detailed description of the local profile of the
random environments.

We first make the concept of radii of influence more precise. For r > 0 and
zeZ% let

B (2):={xeZ:|x —z| <7}
denote the ¢!-ball with radius r around z. In the sequel, we abbreviate B, := B, (0).
DEFINITION 1.3. Fix k1, k> € N and let i : 79 — R be a family of random
functionals indexed by ¢ > 0 such that, for each z € Z4 and ¢ > 0, Y (z) is measur-
able with respect to &, 0. We say that v, is (k1, k2)-local if, for any ¢t > 0 and any

z € 74, the random variable Y (z) depends on & only through its values in By, (z),
and on o only through its values in By, (z).

For ¢ : Z¢ — R, we write

(8) argmax ¥ 1= {z e74: y(z) = sup 1//(x)}.

xezd

Define the radii of influence
9) pe = pg(p) = (u—1/2] and ps = ps(n) = /2]

THEOREM 1.4 (Radii of influence). Assume that (LW) and (DE) hold, and
let Z; be the process from Theorems 1.1 and 1.2. There exists a (pg, pos)-local
Sfunctional ; such that

(10) tl_i)rgloP(argmax Ve =1{Z;})=1.

On the other hand, if k1 < pg or ko < ps then no (ki, kp)-local functional satis-

fies (10).
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In order to describe the local profile of £ and o, we introduce the following sets
of “interface sites”, depending on the parameter u:

and

Fem {yEZd:|y|:p$} ifue2N+1,
e otherwise,

Foo= {yGZd3|Y|=,Oa} if u € 2N,
M otherwise.

Note that F¢, F, are empty unless u € 2N+ 1 or o € 2N, which we call “interface
cases”. They correspond to the discontinuity points of the radii of influence pg and
Do > Tespectively.

In the interface cases, certain weak limits arise which we describe next. For
y € Z4, denote by n(y) the number of shortest nearest-neighbour paths in Z¢ from
the origin to y, and set

pn(y)?

(11) E(y): W

Let vg and vy denote probability laws on R with densities proportional to

ecx/e fe(x) and e“Wda /X £ (x) respectively, where fe, fo are the densities of
£(0) and o (0).

THEOREM 1.5 (Local profile of the random environments). Assume (LW) and

(DE). Then there exists a process Z; satisfying (5)—(6) and such that, as t — 00,
the following hold:

1. (Local profile of the potential field)
(a) (Potential within radius of influence) For each y € By, \ ({0} U F),

E(Zi+y)—o(nu—1-=2ly])In3t — olnc(y) in probability,
whereas for each 'y € F¢, §(Z; +y) = vg in law.
(b) (Potential outside radius of influence) For each y € 74 \ By,
EZi+y) = £&(@© in law.

2. (Local profile of the trapping landscape)
(a) (Trap at localisation site)

po(ng !
dlInt
(b) (Traps within radius of influence) For each 'y € B, \ ({0} U Fy),

o(Z)—1 in probability.

o(Z; 4+ y) — essinfo (0) in probability,

whereas for each y € Fo,0(Z; +y) = ve in law.
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(¢) (Traps outside radius of influence) For each y € 7% \ By, ,

oZ:+y) = 00 in law.

Observe both that vg stochastically dominates &(0) and that v is stochastically
dominated by o (0), and so Theorem 1.5 is consistent with our general result in
Theorem 1.2.

Although we do not prove it, similar results hold for other special cases of trap
distribution. For example, in the Pareto case in which there exists u > d such that,

P(o(0) > x) =x"H, x> 1,
the radii of influence are pz = p, =0, and the trap at the localisation site satisfies

ﬁa(zt) = Vg in law,

where 7, is a random variable on R with density proportional to e “*/* f, (x). On
the other hand, in the Weibull case in which there exists © > 0 such that

—InP(o(0) > x) = (x — D*, x>1,

the radii of influence grow with ¢ and satisfy

143 M Po 2
— and — ,
Inyt/1Inz ¢t 2(u+1) Inyz/Ins ¢ 2(u+1)

and the trap at the localisation site satisfies

no 1/(n+1)
( ) o(Z;)— 1 in probability.
dInt

1.3. Overview of the remainder of the paper. The rest of the paper is organ-
ised as follows. After setting up some notation, we describe next in Section 1.5
some heuristic ideas motivating our results. Technical statements start in Section 2,
where we provide a comprehensive overview of the proofs of Theorems 1.1, 1.2
and 1.4 based on intermediate propositions that are proved in subsequent sections.
The main mathematical tools of the paper are developed in Section 3 (properties
of the random environments and spectral theory for the BAM), Section 4 (a point
process approach) and Section 5 (a path expansion technique). These tools are then
applied in Section 6 to obtain the bulk of the proofs related to our main results. Fi-
nally, Section 7 treats the special case of log-Weibull tails, completing the proof of
Theorem 1.5; the proof of a technical result used therein is given in Appendix B.
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1.4. Notation and terminology. The set of positive integers is denoted by
N, and Ny := N U {0}. We denote by |B| the cardinality of a set B. For a
real-valued function f and a positive function g, we write f = O(g) to de-
note limsup,_, ., |f(#)|/g(t) < C for some constant C € (0, 00), and we write
f(t) ~ag(t) to mean that lim,— o f()/g(t) = a, a € R\ {0}. When the latter
limit holds with a = 0, we write f = o(g) or alternatively | f| < g or g > | f|.
By O(-) and o(-) we will always mean deterministic bounds, in the sense that, if
we write for example Y = o(g) for a r-dependent random variable Y, we mean
that |Y| < | f| where f is a deterministic function and f = o(g) [and analogously
for O(-)]. We will call a scale any positive function ¢ > s; indexed by either
t€(0,00)orteN.

We say that a r-dependent event occurs “with high probability” if its probability
tends to 1 as t — oo, and we say that it occurs “eventually almost surely” if there
exists a (random) 7y € [0, oco] that is a.s. finite and such that the event occurs for all
t>to.

1.5. Heuristics. The reason why the BAM with double-exponential potential
exhibits complete localisation for any unbounded trap distribution, whereas com-
plete localisation fails for the equivalent PAM (i.e., the case of constant traps), is
that the models put mass in very different regions of the lattice: while both concen-
trate near peaks of the potential, the peaks are much sharper in the BAM, leading
also to sharper shapes of the solution itself. We give next some heuristic arguments
in support of this statement.

Analogously to in the PAM (cf. [3, 8, 10]), we expect the total mass U (¢) to
be asymptotic to e'*Pr, where Ap, is the principal Dirichlet eigenvalue of the
Bouchaud-Anderson operator in a box D; of radius roughly ¢. Furthermore, we
expect the solution u(¢, x) to concentrate inside a “microbox” Bg, (z) C D; of rela-
tively small radius R; (but possibly still growing with ¢), whose principal Dirichlet
eigenvalue is almost that of Dy; this is of course difficult to prove, but may be used
as an ansatz to obtain a lower bound for U (¢) (see Lemma 3.3).

Now, using [17], Lemma 3.2, and some basic extreme value analysis, we obtain

(12) A, = max{&(z) - o) N =a +o(1)

for large t, where a; is the leading order of & inside D; as given by (7), and the
error is o(1) because o (0) is unbounded. Assuming that ABg,(z) = Ap, + o(1),
Lemma 3.6 below gives

(13) max &(x) Z)“BR,(Z) =a; +o(l).

X€BR,(2)

Since the high peaks of £ in D; (i.e., those within o(1) of a;) are separated by
a distance more than R; from each other, and indeed even from any x where
&(x) > a; — c for some ¢ > 0 (see Proposition 2.1), we see that the potential in
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Bg, (z) is sharply peaked. Using [17], Proposition 3.3, we deduce that the princi-
pal eigenfunction in B, (z) is also sharply peaked (cf. Proposition 2.13 below), at
which point we may apply spectral methods (cf. [17], Proposition 3.14) to show
that u(t, x) completely localises.

In the case of the PAM, the analogous inequality to (12) is

Ap, > max&(z) — 1,
zeDy
that is, a constant below the leading order a;; in fact,
)"Dz =dar— X +0(1)

for a strictly positive constant x (cf. [10], Theorem 2.16). This indicates that po-
tential values inside the optimising microbox Bg,(z) are at a constant gap below
as, and indeed it can be shown that the shifted potential £(x) — a; approaches in
BR, (z) the minimisers of a certain deterministic variational problem (cf. [7, 8]). In
particular, the principal eigenfunction is not sharply peaked, and the solution does
not completely localise.

Note that the value of o on the maximiser of (12) above goes to infinity with ¢,
motivating our result in part (3) of Theorem 1.2. Also note that, when the tail of
£(0) is lighter than double-exponential, (13) is not enough to conclude separation
of high peaks; indeed, some explicit decay in o(1) would be required, translating
[via (12)] into a condition on the tail of o (0). This suggests that complete locali-
sation might still hold for lighter tails of £(0), as long as the tails of o (0) are taken
heavy enough.

To conclude, let us stress that the key factor differentiating the BAM from the
PAM is the asymptotics of A p, . Indeed, principal eigenfunctions in slowly-growing
boxes around high peaks of the potential are also sharply peaked in the PAM, how-
ever, these regions do not contribute much to the solution as their principal eigen-
values are not large enough. Thus the PAM and the BAM concentrate in completely
different portions of the lattice, where the potential assumes very different shapes:
in the PAM, the relevant region consists of several points where the potential is at
a constant gap below a;, whereas in the BAM, the region reduces to a single point
where the potential is within o(1) of a; and the trap is also large.

2. Overview of the proof. In this section, we provide a thorough overview
of the proof of our results, showing how they follow from key intermediate state-
ments. More precisely, we give here the proof of Theorems 1.1, 1.2 and 1.4 condi-
tionally on several propositions that are stated below and proved in the remainder
of the paper. The proof of Theorem 1.4 will additionally depend on Theorem 1.5,
whose proof is also deferred to later sections. Our strategy closely follows that
implemented in [17], with additional input from the techniques developed in [3].
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2.1. The localisation site. We begin by defining the localisation site Z;. For
this, we need a collection of relevant scales. For L > 0, recall the scale a;, in (7)
and observe that

(14) P(E©0) >ar)=L"1

when L is large, as £(0) has an eventually continuous tail by assumption. By [10],
Corollary 2.7,

(15) lim max&(z) —ar =0 almost surely.
L—o0 Z€E BL
It is straightforward to show using (A.1) that, if Ink;, ~1InL, then ax, =ay +o0(1)
as L — oo.
Define for n > 0 and L > O the set Iy , of high exceedances of the potential
field

(16) Mz, :={xe€Br:§x)>ar—n}

By (15), 1, # < for large L. Moreover, this set has useful separation properties,
summarised in the following result (whose proof is deferred to Section 3 below).

PROPOSITION 2.1 (Separation properties of the high exceedances). For each
¢ > 0, there exists an n > 0 such that, for any sequence my — oo satisfying
Inmyp < In L, eventually almost surely as L — 00,

17 zelly,, = &kx)<aL—c Vx € By, (2) \ {z}.

We shall need a macroscopic scale
(18) L;:=tlnyt,

as well as a mesoscopic scale Ry — oo, that we take to be nondecreasing and
satisfying

(InL)f < Ry < (InL)"
(19)
as L — oo for some (henceforth fixed) 0 < 8 <o < 1/d.

The macroscopic scale L; is used to define an a priori macrobox By, in which the
solution u (¢, z) is contained with minimal loss of mass; see Lemma 2.8 below. The
mesoscopic scale Ry, gives an upper bound on the scale within which the random
environments interact to determine the localisation site; in other words, it is an
upper bound on the radii of influence.

Observe that the scale in which the separation properties hold in Proposition 2.1
is much larger than the mesoscopic scale R . Recalling the parameter 3, from (E),
we therefore draw the following important corollary.
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COROLLARY 2.2.  There exists § € (0,6, Y such that, eventually almost surely
as L — oo,

(20) zells = &) <ap—45;! Vx € Bag, (2) \ {z},
and hence also

Br, (y)NBg, (z2) =9 for all distinct y, z € T 5.

We fix henceforth § as in Corollary 2.2. The localisation site Z; is defined as fol-
lows. For z € Z¢ and r > 0, let A, (z) be the principal eigenvalue of the Bouchaud—
Anderson operator

Ac~! + &

in B,(z) with zero Dirichlet boundary conditions. Define the penalisation func-
tional

In3 ¢ .
— )\RLt(Z)_T|Z| leEHLMg,

(21) W, (2):
—00 ifz€Z4\ Ty, 5.

Note that argmax ¥, C I1y, s. Setting

(22) = max W, (2),

ZenL,,S

we define the localisation site Z; uniquely by requiring
(23) Z, € argmax Z, = 7 Vz € argmax W,

where > denotes the usual lexicographical order of Z¢. We point out that the spe-
cific choice of § in the definition is of minor relevance and does not affect the
asymptotic properties of Z;, and so we suppress the dependence on § in the nota-
tion.

2.2. Properties of the penalisation functional and the localising site. 'We next

characterise the top order statistics of the penalisation functional W;, in particular

ensuring that a sufficient gap exists between ID,(I) and the second largest value

\Ilt(z), defined as

)
U= max Y (2).
RS YA

We also define the corresponding second maximiser Zt(z) by requiring
2 2
Z,( ) e argmax P, := {ze N, s \{Z:}: Vi(2) = \I',( )},

Z,(Z) >zVzearg max® W, .
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Introduce the scales
24) di =0/ dInt) and r;:=td;/Inzt,

which denote, respectively, the scale of the gaps in top order statistics of Wy, and
the scale of the distance from the origin to the localisation site. Our description
of the top order statistics is contained in the following proposition, whose proof is
undertaken in Section 4.

PROPOSITION 2.3. There exists a scale A; > 0 satisfying lim;_, o |A; —a;| =
0 such that the random vector
2 1 2
(é z@ w4, \D,()—A,t)

’ ’

9
ry Iy drt drt

(25)

converges in distribution as t — o0 to a random vector in (R?2 x R? with distri-
bution

(26) 1{1//1>1/f2}e—(|11|+|z2|+1ﬁ|+1//2+2de_‘/’2)dZI ® dzo ® dyr ® dyn.

The proof of Proposition 2.3 uses point process machinery, similarly as the cor-
responding results in [3, 17]. A crucial observation is that, by Corollary 2.2, the
random variables (Ag, (z));cr, are essentially i.i.d., allowing us to couple the
points (z, W¢(2))zem,, to a linear transformation of i.i.d. random variables (cf.
Lemma 4.5). As a result, we may understand the top order statistics of W; by
analysing the tail of the single random variable A, (0).

From Proposition 2.3 and d,, ~ d;, we draw the following immediate corollary.

COROLLARY 2.4. Forany f; — 0 and gy — 00, the event
1 2 2
{r[ft < |Z[| <T1t&t, \pl‘( ) — lpt( ) > dl‘ft» ‘-Ijt( ) > Art —d[g[}
holds with high probability as t — o0.

Note that, since d; = o(1), the error d;g; in the event above can be chosen to be
o(1).

To draw a further important consequence of Proposition 2.3, we emphasise the
crucial fact that A; = a; 4+ o(1), which will allow us to deduce that the trap at Z;
must be large. To see why, recall from [17], Proposition 3.7 that A, (z) has the path
expansion, for each y € B,(z),

) (@) =EG) —a ()

1 1
+o7! — ’
’ (y)lg pel%,y) Oﬂk 2d 1+0(pi)(Ar(2) —E(Pi))

piFy,0<i<k
Set(p)S B, (2)
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where I'k(x, y) :={p =(po,.... pk): po=x, px =y, |pi — pi-1| =1Vl <i <
k} denotes the set of nearest-neighbour paths in Z¢ of length k running from x to
v, and Set(p) := {po, - .., pr}- The expansion (27) can be seen as a consequence

of the Feynman—Kac representation for the principal Dirichlet eigenfunction of
Ao ™! + £ inside B, (z) (see (43) and (38) below). Recall also the following a
priori bounds on A, (z) (see Lemma 3.6 below):

28 -5 1< —o ') <A (2) < ,
(28) ygﬁiz)é(y) o _yg}%)é(y) o (y) =< r(z)_ygll;rté)é(y)

where the first inequality comes from Assumption (E). Combining the lower bound

with Corollary 2.2, we see that, almost surely as L — oo, each z € I1, s satisfies

(29)  Ag, () — max  E(y)> (ar —26;") — (ap —48;1) =251 >0,
YEBR; (D\{z}

where we used § < 4 I, Now apply (29) to the path expansion (27) (with y = z),

use Assumption (E) and note that |z (y, y)| < (2d)*=1 to obtain, eventually almost
surely,

1
(30) zelp; = m(z)ss(z)—ia—l(z).

Combining (30) with, successively, the definition of W;, Corollary 2.4, the bound
on the maximum potential in (15) and the fact that A,, = ay, + o(1), we deduce
that

| 1

50 (20 <€(Z0) =, (2) <5Z) — W < max £() — Ay, +o() = o(1)
€BL,

with high probability, and so indeed o (Z;) — oo. Along with Proposition 2.1,

this guarantees that the site Z; has the local profile specified in Theorem 1.2, as

follows.

COROLLARY 2.5. For any ¢ > 0 and sequence m; — o0 satisfying Inm; <
In L, the following hold with high probability as t — o0:

Z,) — Z -1 d —
£(Z)) — as| <, o(Z)>¢e ' an yeBm,<z,)\{z, 8(Z) —E(y)| > e7!

PROOF. This follows from the previous discussion together with Proposi-
tion 2.1 and the fact that, by (30) and Corollary 2.4, £(Z;) > ay, + o(1) with
high probability. [J

Corollary 2.5 already indicates an important difference between the PAM and
the BAM with unbounded traps, namely, how close §(Z;) is to a;: in the BAM,
their difference is o(1), while in the PAM it remains strictly positive (cf., e.g., [3],
Theorem 2.9).

The remaining statements needed for the proof of Theorem 1.2 are gathered in
the following.
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PROPOSITION 2.6. Forall y € Z \ {0}, £(Z, + y) asymptotically stochasti-

cally dominates £(0) and o (Z; + y) is asymptotically stochastically dominated by
o (0).

Proposition 2.6 will be proved in Section 4.4.2. The crucial observation is that,
by (27), 1, (z) is increasing in each £(x), and is (locally) decreasing in o (x) when-
ever A, (z) > &(x).

2.3. Path decompositions and eliminating negligible paths. The next step is
to decompose the Feynman—Kac representation of the solution (3) and show that
only a small portion of the path-space of X makes a nonnegligible contribution.
To be more precise, we show that the dominant portion of the solution comes from
paths which, by time #, (i) hit the site Z;, and (ii) do not exit a certain ball D; that
tightly contains Z;.

To define the ball D;, we need to introduce an auxiliary scale #; — 0 satisfying

(31) he > max{1/Ina,, F,(exp{h?Ina,}), Fz(—a;h?)},

where F,;(x) :=P(c(0) > x) and Fe(x) :=P(&§(0) < x). The existence of such a
scale is guaranteed since the right-hand side of (31) is increasing in /4, and tends
to zero when h; = 1. The origin of (31) will become apparent later; for now we
note that whereas the first condition is common in the analysis of the PAM (see,
e.g., [22]), the latter two conditions arise out of the percolation arguments we use
to eliminate screening effects due to heavy traps and large negative potentials,
respectively (see the proof of Proposition 2.9).
We now define the random ball

Dy := Bjz,|(14h,)>

and observe that D; € By, with high probability by Corollary 2.4. We further
define, for A C Z4, the hitting time

Tp :=inf{s > 0: X, € A}.

If A = {z}, we write T, := (). The main result in this step is the following.
LEMMA 2.7. Ast— oo,

t
LIEI() [exp{/ £(Xy) ds}]l{rzt <t< rDc}:| — 1 in probability.
U(t) 0 !

To elucidate how Lemma 2.7 is obtained, we will give here its proof condition-
ally on two intermediate propositions. These will be proved in Section 6 using
spectral bounds from Section 3.2, the analysis of the top order statistics of (slight
generalisations of) W; (cf. Proposition 4.1), and the path expansion analysis of
Section 5.

First, we note that, as a consequence of (E), we may readily restrict to paths
staying within the macrobox By, as is shown by the following lemma.
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LEMMA 2.8. Ast — 00,

t
Eo[exp{/ E(Xs)dS]]l{TBZ < t}] -0 almost surely.
0 t

PROOF. Using Assumption (E), the proof follows as in [3], Proposition 4.7.
O

To prove negligibility of paths, we need to establish a good lower bound on the
total mass; this relies on percolation properties, and is the only place in the proof
that uses d > 2.

PROPOSITION 2.9.  With high probability as t — oo,
U @) >t +o(tdihy).

Next, we obtain an upper bound on the contribution to the solution from cer-
tain sets of paths, to be compared with the lower bound above. This step is rather
involved, and draws heavily on the path expansion techniques developed in Sec-
tion 5.

PROPOSITION 2.10. For any scale g; — 00, with high probability as t — o0,
lnEo[exp{/Oz é(Xs)ds}]l{rZ, A Tpe > t}] < t\If,(z) + o(rig1)
and
lnEo[exp{foté(Xs)ds}ll{rDtc <t< 1'32[}}
< max{tlIJt(Z), t\ll,(l) —hi|Zi | In3t} 4+ o(regr).

Propositions 2.9 and 2.10 will be proved respectively in Sections 6.1 and 6.2.
Together with Lemma 2.8 and Corollary 2.4, they allow us to eliminate the negli-
gible paths as follows.

PROOF OF LEMMA 2.7. Combining Lemma 2.8 and Propositions 2.9-2.10
yields that there exists an f; — 0 such that, for any g; — oo, with high probability,

Eo[exp{/oté(Xs)ds}]l{rzt >10rTpe < t}]

In

1
Ut
(32) " 2) (1 1

<max{r(V;” =W, ), —h| Zi|In3 1, =t W, '} + o(tdihy f1) + 0(ri8:),

where we also used the fact that D, € By,. By Corollary 2.4 and since A, ~
olny ¢, for any f; — 0, with high probability (32) is at most

- 1
maX{—td[ﬁ, —tdth[ft, —EQt lnzl‘} +0(tdtht_ft) +0(rlgl‘)~
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Choosing f; and g; to satisfy f; > f; and f;h; > g;/In3 ¢, the result follows; such
a choice is possible by the first condition on A; in (31). U

2.4. Localisation of the nonnegligible part. 'We have now reduced the prob-
lem to the study of the Feynman—Kac representation of the solution (3) restricted
to paths which hit Z; and stay within the ball D;. The final step is to prove the
following.

LEMMA 2.11. Ast— oo,

1 t
v 2 Bolew| [sxoasfuies <t <opiix =] -0
U epriz 0
in probability.

Our strategy to prove the above is to compare the solution with the principal
Dirichlet eigenfunction of the Bouchaud—Anderson operator in D;; let ¢p, denote
this eigenfunction, which we take nonnegative and normalised in ¢2. We have the
following comparison lemma.

LEMMA 2.12. For each z € Dy,

%r)ﬂzo[exp{/oté‘ <Xs)ds}1{fzr =f =t = Z}]

_1
_oZollo "2, |7

(¢, (Z1))’

¢, (2).

PROOF. This is a direct application of Lemma 3.5 below; it is similar in spirit
to the equivalent comparison lemma in the PAM stated, for instance, in [8], Theo-
rem4.1. O

We next exploit the Feynman—Kac representation for ¢p, (see [17], Proposi-
tion 3.3):
o(2) T2
63 90,0 =902~ Bl exp] [ (6000 — ) ds iz, < op) |
o(Zy) 0
where Ap, denotes the principal Dirichlet eigenvalue of the Bouchaud—Anderson
operator in Dy, corresponding to ¢p,. This representation is amenable to the path
expansion analysis in Section 5. Here, the restriction to paths in D; is crucial, since
it ensures that Ag, (z) is maximised at z = Z, with high probability; this is nec-
essary for the path expansion to be applicable. This analysis yields the following
result, which is at the heart of our argument.
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PROPOSITION 2.13. Ast — 00,

o(Z;) Z ¢p,(z) = 0 in probability.
zeDi\{Z;}

Proposition 2.13 will be proved in Section 6.3, and is the key for complete
localisation of the BAM. We note that the same result is not true for the PAM, as
the corresponding localisation process is not eventually in I, , for all n > 0 (i.e.,
Corollary 2.5 is not valid).

We may now complete the proof of Lemma 2.11.

PROOF OF LEMMA 2.11. Fix & > 0 and choose & > 0 such that 5, 1/(1 —
£6,1)? < e. Using Proposition 2.13, Assumption (E) and [|¢p, ll¢1 > ll¢p, II7, = 1,
we obtain

(34) o(Z) Y. ép(2)<E and ¢p,(Z)>1— &8
2€D\(Z1)

with high probability. By Lemma 2.12 and since ||o ~2¢p, I%, <8, by (E) again,
we get

1 t
ve o Eolew| [stoas|uies <t <mpnix =]
) e bz 0

_671
< 8701 <e€
(1—-86 )3

with high probability, as required. [

To finish this section, we complete the proof of Theorems 1.1 and 1.2 subject
to the auxiliary results that remain to be proved, namely Propositions 2.1, 2.3, 2.6,
2.9,2.10 and 2.13.

PROOF OF THEOREM 1.1. Follows from (3) together with Lemmas 2.7 and
2.11. O

PROOF OF THEOREM 1.2. Apply Theorem 1.1, Proposition 2.6 and Corol-
lary 2.5. O

2.5. The log-Weibull case. 'We now give a brief overview of the proof of our
refined results in the log-Weibull case. We begin with a decorrelation result for
local functionals.
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PROPOSITION 2.14. Fix ki, k» € N and let ¥, : Z¢ — R be a (ki, kp)-local
functional as in Definition 1.3. Define a point th € Iy, 5 uniquely by requiring

wt(z;/f):zgll'ﬁx,;wt(m and Z;//zz Vzellg, s
1

(35)
such that ¥;(z) = ‘//z(Zzw)-

Then, for any y1, y» € Z% with |y1| > ki, |y2| > ka, the pair (€(Z} +y1),0(Z) +
¥2)) converges in distribution to (£(0), 0 (0)) as t — oc.

Proposition 2.14 will be proved in Section 4.4.2 by means of a coupling argu-
ment, using the separation properties of Corollary 2.2.

Recall now the radii of influence pg, p; from (9). We define next a (pg, oo )-
local functional satisfying (10). For z € 74 and r, > r; > 0, let Ary,r,(2) be the
principal eigenvalue of

Ao~ + &1, o

in B;,(z) with zero Dirichlet boundary conditions. Define the (pg, ps)-local func-
tional

Ins ¢ .
)"pg,p,, (z) — T|Z| ifze HL,,(S’

W (@) =
—00 ifz€Z9\ 1y, 5.

Our next result shows that its argmax equals the singleton {Z;} with high proba-
bility, where Z; is the process from Theorems 1.1-1.2.

PROPOSITION 2.15. Ast — oo, P(argmax \IJ,'Og"O" ={Z;}) —> 1.

The proof of Proposition 2.15 will be given in Section 7 together with the proof
of Theorem 1.5. They are obtained by refining the method of Section 4 below,
in particular reducing the problem to an analysis of the upper tail of the random
variable A, 5, (0) and determining the shape of the local profile of § and o that
dominates if A5, 5, (0) is conditioned to be large. This analysis is fairly technical,
and we defer the details to Section 7.

It remains to complete the proof of Theorem 1.4 subject to Theorem 1.5 and to
Propositions 2.1, 2.14 and 2.15.

PROOF OF THEOREM 1.4.  One direction is immediate from Theorem 1.1 and
Proposition 2.15. For the converse, suppose that k1 < pg and that there exists a

(k1, kp)-local functional v satisfying (10) (the case k2 < p, is similar). Take Z,w
as in Proposition 2.14. Since, by Corollary 2.5, Z; € 1, 5 with high probability,

lim P(Z =7,)=1.
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Fixing now y € Z¢ with |y| = ps > 1, we obtain a contradiction between Propo-
sition 2.14 and Theorem 1.5, as the first implies that £(Z; 4 y) converges in law
to £(0), while the second implies convergence either to co or to a random variable
different from £(0). O

3. Preliminary results. In this section, we state preliminary results, estab-
lishing the separation properties of the potential in Proposition 2.1, recalling ele-
ments of the general theory of Bouchaud—Anderson operators and then applying
this general theory to our setting.

3.1. Proof of Proposition 2.1. Fix ¢ € (0, ¢) and ¢ > ¢, and let n > 0 be such
that

n <n:=gexp{—c/o}.
Since e™ > 1 — x for x > 0, we have
(36) 1 —e 8 _e=¢/2 <,
Define the event

Ap:={3x € Br,y € By, (0) \ {x}: £(x) > ar — 71, £(y) > aL — ¢}.

Using (A.1), it is straightforward to show that, for any # > 0 and all large
enough L,

P(E(0) > a, —u) < L™,
so that, using (36), Inm < In L and a union bound, we obtain P(Az) < L~ for
some cg > 0. Hence, by the Borel-Cantelli lemma,

37 P(Ay» occurs for infinitely many n) = 0.

Now, for L > 1,letn € N be such that 2"~! < L < 2". Since lim; .o |a21, —az| =
0, when L is large enough we have a; — n > ay» — 1 and ay, — ¢ > ap» — ¢. Since
Br € Bor and By, (x) C By, (x), (17) follows from (37).

3.2. General properties of Bouchaud-Anderson operators. Here, we recall
elements of the general theory of Bouchaud—Anderson operators that hold for
arbitrary deterministic potential fields & and trapping landscapes o; this theory
was developed in [17]. We have already introduced some of these elements in
Lemma 2.12 and in (27), (28) and (33).

We first introduce some path notation. Recall the definition, for sites y, z € 74
and an integer k, of the set I'v(y,2) ={p=(po..... pk): po=Y, Pk =2, |pi —
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pi—1] =1V1 <i <k} of nearest-neighbour paths starting at y and ending at z in k
steps. Similarly, denote

)= J (.2, To.2:=J (.2,

ze74 keNy
Fry:=J . =y, T:=rom.
keNy yezd yez4

For a path p € I'r(y, z), denote |p| := k. For a nearest neighbour continuous-time
random walk X, let p(X;) € I'(X¢) denote the geometric path associated with the
trajectory of {X}s<; and let px(X) € I't(Xo) denote the geometric path associated
with the random walk {X}>0 up to and including its kth jump. Let 7; denote the
kth jump time of X.

Our first lemma gives a pathwise evaluation of the Feynman—Kac formula (3).

LEMMA 3.1 (Pathwise evaluation; see [17], Lemma 3.4). For any k € Ny,
p €Tk and y > maxo<i<k—1§(pi),

Ep, [exp{/o” (E(X0) — V)ds}]l{pk(x) = p}}

(38) h

—

1 1
B E) 24 1+0(p)(y —&(pi)’

We next give an upper bound on the contribution to the Feynman—Kac formula
(3) from the portion of a path starting from a site z up until its exit from the ball
B, (2). Recall that A, (z) is the principal Dirichlet eigenvalue of Ao -1 +£& in B, (2).

LEMMA 3.2 (Cluster expansion; see [17], Lemma 3.13). For each z € 74,
r>0andy > \(2),

TRC(, —1
(39) Ez[exp{/oB’(“)(é(xs)—y)ds”51+maXy€B;(y_){;’ (Z)(y)}'B".

To state the next collection of results, denote by ¢, , the £?-normalised principal
Dirichlet eigenfunction of Ac~! 4 & in B,(z), corresponding to the eigenvalue
M (2).

LEMMA 3.3 (Lower bound on the solution; see [17], Corollary 3.11).  For each
zeZ%andr,t >0,

_ 0@, ()1
T o2 115,

(40) EZ[{/OI@(XS) - Xr(z))ds}]l{rgf(z) >1, X = Z}:|
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LEMMA 3.4 (Upper bound on total mass of the solution; see [17], Lemma 3.12).
Foreachz €Z% and r,t > 0,

(41) Ez[exp{/ot(é(Xs) — 1 (2)) ds]ll{rBrC(Z) > t}} < %

LEMMA 3.5 (Solution-to-eigenfunction comparison lemma; see [17], Proposi-
tion 3.14). Foreach z € 74,5t >0, and x, vy € B, (2),

E[explJg §(X) ds) T <1 < g 10X =y)] _ o (@)llo 26,1,
E.[exp{ [y £(X,) ds}1{tper) > 1}] T (¢ ()}

Oz ().

PROOF. This is a special case of [17], Proposition 3.14. Note that the state-
ment therein contains a typo: o (y) in the numerator of the right-hand side should
be replaced by o (x). U

We close this section by giving a priori bounds on the principal eigenvalue.

LEMMA 3.6 (A priori bounds on the principal eigenvalue; see [17], Lemma
3.2). Foreachze 74 and r > 0,

o —1
yg};az(z){s(y) a(y) }fkr(z)fyg}%)é(y)-

PROOF. The lower bound is in [17], Lemma 3.2. The upper bound is a slight
improvement on its equivalent in [17], Lemma 3.2, and is easy to prove: by the
sub-additivity of principal eigenvalues, the difference A, (z) — max,cp, ;) §(y) is
bounded above by the principal Dirichlet eigenvalue of the Bouchaud operator
Ao 1, which is zero. O

As mentioned in Section 1.5, the lower bound above indicates an important
difference between BAM and PAM, namely that the gap between the principal
eigenvalue and the maximum of the potential becomes small in the presence of
large traps.

3.3. Applications of the general theory to our setting. We now apply the gen-
eral theory developed in the previous section to our setting, in particular assuming
(A.1) and (E). We begin by using the pathwise evaluation in Lemma 3.1 to state
a bound on the Feynman—Kac formula in terms of the number of visits to sites of
“moderate” potential.

Forpel', LeNand e > 0, let

(42) My ® = {x €{po,.... pipi-1}: () < (1 — &)ar}|

denote the number of moderately low points of Set(p) (excluding possibly the last
point), with the interpretation that M 5*8 =0if |p| =0.



THE BAM WITH DOUBLE-EXPONENTIAL POTENTIAL 289

LEMMA 3.7. For each §,& > 0, there exists ¢ > 1 such that, eventually as
L—o0,ally >ap —68/2,k e Ng,and all p € Ty with p; ¢ I, s for0 <i <k—1
satisfy

T;
(00 DE[exp| [ 60X = ) asfalpec) = )
- C(q_é)ke@—lm Lmp*
2d
where g5 = (1 + 88, /2) " (with 8, as in (E)).

PROOF. This follows from Lemma 3.1 as in the proof of [3], Lemma 6.4. []

We next use the pathwise evaluation in Lemma 3.1 to prove that, for sufficiently
small n > 0, the principal Dirichlet eigenvectors in balls of small radius around
z € I, , are highly localised, even when weighted by the trap o (z).

LEMMA 3.8. For each ¢ > 0, there exists n > 0 such that, for any sequence
my, € N satisfying Inmp < In L, eventually almost surely as L — o0,

2 veBy Gzmy (¥)
zellp, = 0@ Yy N Tome 77

¢z,mL ()

PROOF. By [17], Proposition 3.3, the principal eigenvector has the Feynman—

Kac formula
43)

¢z,r (y) = ¢z,r (2) wE
o(2)

y[exp{/ofz (E(Xs) — 1+ (2)) ds}]l{rZ < tBrc(z)}].

By Proposition 2.1 and Lemma 3.6, for each ¢ > 0 there exists an n > 0 small
enough such that, eventually almost surely as L — oo, z € I ; implies

Am,(2) —  max  E(y) > (ap —28;) — (ap —¢) =c—25;".
YE€Bm; (D)\{z}

Applying the pathwise evaluation in Lemma 3.1, we obtain, for any y # z,
Gzmy (¥) 1\ 1 1 k=l
cofmS<rm) T el
bem (D) petrr €80 N +80(c—28:)

pi#z,0<i<k
Set(P)EBmL (Z)

where the first factor inside the second sum corresponds to i = 0 (note pg = y).
Note that the path sets I'x(y, z) are disjoint for distinct y; moreover, their union
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over y € Z4 has cardinality (2d)*. Thus summing the above over y € Bg, (2) \ {z}
we get

b ) _ 1 ! S
@ ¥l )

= —1 =T
yeBr, (D\(z} ¢ =38 i1\l +38:(c—28:") c— 285

Taking now ¢ > 0 large enough yields the result. [

Lemma 3.8 will be an important ingredient in the proof of Proposition 2.13
which, as already mentioned, is the key step to prove complete localisation of the
BAM. We note that Lemma 3.8 is also true for the PAM; indeed, only Assump-
tion (E) was used in its proof, and not the unboundedness of the traps. However,
it would not be possible to use it to conclude complete localization in the PAM
because, as mentioned after Corollary 2.5, the corresponding localization process
does not eventually belong to Iy, , for every n > 0.

Combining Lemma 3.8 with Lemmas 3.3 and 3.4, we may use Assumption (E)
and the fact that [|¢; ,|l¢~ <1 to obtain the following consequences.

COROLLARY 3.9. For each ¢ > 0 there exists an n > 0 such that, eventually
almost surely as L — oo, if z € 1y, , then

l—¢e< tirzlgEz [exp{/ot(é(Xs) —Ar,(2)) ds}]l{X, = Z}]l{TB;L(z) > t}i|

< supIEZ[exp{/ot(é(Xs) — g, (2)) ds}]l{TBlceL(Z) > t}i| <1+e.

t>0

4. Properties of the top order statistics of the penalisation functional. In
this section, we study the top order statistics of the penalisation functional. Our
main result, Proposition 4.1 below, is a generalisation of Proposition 2.3 and is
proved in Sections 4.1-4.3. Further applications of the tools developed therein are
given in Section 4.4.1, where we show the existence of certain “good paths” from
the origin to the localisation site Z;, and in Section 4.4.2, where we give the proofs
of Propositions 2.6 and 2.14.

We introduce generalisations of the penalisation functional by defining, for each
ceR,

Z
(44) W@ = 0, @ — (st — 0T ey,

Our reason to introduce the constant ¢ in the above is to be able to more con-
veniently compare differing upper and lower bounds for the total mass coming
from different methods; the results of this section will show in particular that these
bounds are close enough.
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Analogously to (23), recursively set, for k > 1,

k 1 k—1
45) \Il,(c) =max{W; (z): z€ g, 5\ {Zt(’g, el Z,(’C )}},
1 k—1 k
argmax(k)lllm ={zel,s\ {Z,(’L?, e Zt(’c )}: W, (z) = lIJt(,C)},
k) ..
and define Z; . by requiring

(46) Zt(kc) € arg max®w, Zt(kc) >z Vz € arg max® (V.

Recall the definitions of a;, d; and r; in (14) and (24). The following is the main
result of the section, and contains Proposition 2.3 as a special case.

PROPOSITION 4.1. There exists a scale A; > 0 satisfying lim; . |A; —a;| =
0 such that, for each c € R and k € N, the random vector

LG} ) g e e ey
Iy It dr[ d

o)) (k) (D (k)
(Zt,c Zt,c \Ijt,c - Ar[ lI'lt,c - Arr)
Tt

converges in distribution as t — o0 to a random vector in (Rd)k x RK with distri-
bution

k
(47) Ly mommyge” (A H AT 2eO TT g @ dy
i=1

We deduce the following corollary, proven in the same way as in [17], Proposi-
tion 5.8.

COROLLARY 4.2. For each c > 0, with high probability as t — o0,

z =2 ana 7’ =72,

The following three subsections are dedicated to establishing Proposition 4.1.
The crux of the proof is to show that, after proper rescaling and as t — oo, the
point set

(Z, )LRL, (Z))ZEHLt,(S

converges to (the support of) a Poisson point process, and moreover, this conver-
gence takes place with respect to a topology that is fine enough to conclude, by
continuity, the convergence of certain relevant functionals of the point set.
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4.1. Point process machinery. We begin by describing the set-up in which the
point process convergence takes place. Since the functionals we are ultimately
interested in are not continuous with respect to the usual vague topology of point
measures in R x R, we embed R x R¢ in a locally compact Polish space ¢ such
that, for any 0 > 0, n € R, the set

(48) Hi::{(k,z)eRde:A>n+|;—l}

is relatively compact in € and, for any compact K C €&, there exists 6 > 0, n e R
such that K N (R x RY) ¢ ’Hf]. For a suitable choice of &, we refer the reader to
[3], Appendix B.

Note that a Poisson point process in R x R? with intensity measure e * di ®
dz may be extended to €. Let .#, = .#,(€) denote the set of point measures
(i.e., integer-valued Radon measures) in &, equipped with the topology of vague
convergence.

Define a scale L} > 0 such that, for all large enough ¢, L;kr = L,, and abbreviate
R} = Ry Using (18) and (24), we may verify that, as t — o0,

d
LY ~—t(Int)(Iny 1) In ¢,
0

and thus also apx =ar +o(l). Fora scale A; > 0, define the point measure

b () — Ay

(49) Pz = Z 8(%,Y;(Z)) where Yt(Z) = p
1

zeI‘IL;«’(S

The following is the key result of this section.

LEMMA 4.3. There exists a scale A; > 0 satisfying lim;_~ |A; —a;| =0
such that the point process Py defined in (49) converges in distribution, as t — 00,
with respect to the vague topology of .#, to a Poisson point process supported in
R x RY with intensity e dz ® dA.

From Lemma 4.3, Proposition 4.1 follows using standard arguments, as we
show next.

PROOF OF PROPOSITION 4.1. We will use the setup of [3], Section 7.2. We
claim that, in their notation (cf. Equations (7.33)—(7.38) therein), we may write,
forany 1 <i <k,

W) — Ay drp(ZED) — A, 2
dr[ ' drt ’ Tt
d, (In3t —c)*

0 =z
1@ ¢ drt In3 ¢

)= @,
(50)
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with high probability as ¢+ — oo, where A; is given by Lemma 4.3. Indeed,
this follows from the definition of L} and the fact that, by Lemma 4.3, we
may assume that |arg max(i)\lltyc| = 1, and thus our definition (44)—(46) coin-
cides with the one in [3]. Now, by [3], Lemma 7.6, and Lemma 4.3 above,
the vector (CDZ(?II) PrH@), ..., QDg? (Pr,)(1)) converges in distribution as t — 00
to (D (Puo)(1), ..., PP (Ps)(1)), where Py is a Poisson point process in
R x R? with intensity e *dx ® dz; this follows from the almost sure continuity
of @@ (Py,)(#) at & = 1 and, for example, the Skorohod representation theorem.
The expression for the density (47) follows from Proposition A.1 in Appendix A
(see also [22], Proposition 3.2). [

We turn now to the proof of Lemma 4.3, which is achieved by comparing P; to
an auxiliary process P, involving “truncated eigenvalues”, whose convergence is
easier to establish.

To that end, let (%, 0°), 7« be ani.i.d. collection of random fields and trapping
landscapes, with (£%, 0%) distributed as (¢, 0) for each z € Z¢ . Fix a truncation

level

(51 Cy 1= 45;1

and define, for each L > 0, a version of £ that is truncated outside z at the level
aj, — Cx:

ECx)V (ar — e+ 8,1 ifx =z,

E°(x) A (aL — cx) otherwise.

(52) Ef(x) =

Note that this truncation mirrors the separation properties in Corollary 2.2.
By analogy to Il s, define Iz 5 := {z € Br: £%(z) > ar — §}. Let the trun-
cated eigenvalue ):§L)(z) denote the principal Dirichlet eigenvalue of the operator
INCR T &; in the ball B, (z), and define, for A; > 0, the point measure

~(LY)
)"R;*t (Z) - At

(53) Pri= X 8o  whereTi@i=——

zeZd

The following two lemmas will be used to deduce the convergence of P; from
that of P;.

LEMMA 4.4 (Convergenge of truncated eigenvalues). The statement of
Lemma 4.3 holds for P; in place of P;.

For the next lemma, we recall the definition of the principal eigenvalue A,, ,,(z)
of the operator Ao~} +&1 By, (2) with zero Dirichlet boundary conditions in B, (z),
where r, > r; > 0 and z € Z¢. We denote by )A»%)rz (z) the corresponding truncated

eigenvalue, that is, the principal Dirichlet eigenvalue of A(c?)~! + 52]1 By, (2) in
By, (2).
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LEMMA 4.5 (Coupling with ii.d. fields). There exists a coupling P, of
(6%,0%),cpa and (§,0) such that T s = Il s Pp-a.s. and, with Py -probability
tending to one as L — o0,

(), 0(0) = (E°(x), 0% (x)) = (f (x), 0% (x))

(54)
Vzellp s, x € Bg,(2)
and
(55) M@ =M (1) VzeNps 1<r <r <R

The proofs of Lemmas 4.4 and 4.5 will be given respectively in Sections 4.2
and 4.3 below. For now, we complete the proof of Lemma 4.3.

PROOF OF LEMMA 4.3. By Lemma 4.5, P; equals with high probability the
point process

Pri= ) 8 g0

ZenL?‘,B
On the other hand, note that, by Lemma 3.6 and since A,, = a,, +o(1) = apr +
o(1) ast — oo, for any 6 > 0, n € R and all large enough ¢,

My = (T@.5) e,

and thus P, and P; coincide in H?}. Since any compact K C € has K N (R x RY) C
H‘,’; for some 6 > 0, n € R, this is enough to conclude convergence of Laplace
functionals. [

4.2. Convergence of truncated eigenvalues. Assumption (A.l) straightfor-
wardly implies
(56) lim 19P(£(0) > a; +sd) =e™* Vs eR,
1—00
and for each ¢ > 0, as t — oo eventually (cf. [3], Lemma A.1)
17P(£(0) > a; + sd;) <e 179 Vs > 0.

Our goal is to obtain similar statements for the truncated eigenvalues. Recall the
definition of L}, R/ in Section 4.1 as well as the truncated potentials (52) and

truncated eigenvalues )AuﬁL) (z), z € Z¢. Abbreviate i?‘ = )AL;L*’ ) (0). Our result reads
t

as follows.
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PROPOSITION 4.6. There exists a scale A; > 0 satisfying limy_, o |A; —a;| =
0 such that

(57) lim r'P(Lf > A, +sd)=e¢"°  VseR,

t—00

and the convergence is uniform over s in bounded intervals of R. Additionally, for
each ¢ > 0, as t — oo eventually

(58) PO > Ay +sd) <e” 1795 s >0,
PROOF. Abbreviate o := 09, £ := £° and é, = ég?. We first show how to

define A;. Applying a path expansion as in (27) (see [17], Proposition 3.7), we
may write

(59) A=£0)—070) + 0700/ (A)),

where

o= Y T2 :

k>2 pel(0,0) O<i<k 2d 1+ o (pi)(A—&(pi))
pi#0 Y0<i<k
SCt(p)CBR;k

Recall the definition of the truncation level ¢, in (51). As in the proof of (30), this
implies that, for large ¢, Q;(A) < 1/2 uniformly on A > a; — § and the realisation
of £,0. .
Since A} is a strictly increasing function of £(0) over £(0) > ar — 35 1 (59)
implies
1 —0:(A)
o (0)
Thus we may write, using the independence of &, o, for any measurable I C
(0, 00),

)1:‘ > A ifandonlyif &(0)> A+ whenever A > a; — 6.

1-0:(4)
u

60)  P(AF >A,a(0)el):/IP<§(0) > A+ )P(G(O) € du).

Using this together with (56) and Assumption (A.2), we obtain, for any ¢ € (0, §),
61) P(Af > a, —&) = P(a(0) > 4/e)P(E(0) > a; — e/2) > 17

and, since Q;(a;) < 1, P()A\;k >a;) <t¢ by (14). Now note that, since £(0) has
an eventually continuous tail and is independent of Q;(A), (60) is a continuous
function of A and converges to 0 as A — oco. Thus we may define A; to be the
smallest positive number satisfying

(62) P(Af > A) =179,



296 S. MUIRHEAD, R. PYMAR AND R. S. DOS SANTOS

which by the previous discussion necessarily satisfies A; < a,
lim; o0 a; — Ay = 0.

We next argue that, for any scale ¢; — oo satisfying ¢; 'sd v la; — Ay and
any M > 0,

(63) Jlim 17 sup P(AF > A, +sd;,0(0) < £,)=0.

-0 sy
To see this, note that, since Q;(A; +sd;) < 1/2 for t large uniformly over s > —M,

/0 Z )P(g(O) oA 4T Q’(ft  sd) —|—sdt)P(a(O) € du)
[0,¢;

(64)
<P(o < £)P(E(0) > a; + d; [(44,d) ™" — M}) = o(t™9)

by (56) and our choice of ¢;. This proves (63).
We may now show (57). Recall first Assumption (A.1) and put G(r) :=e
Using (A.1), it is straightforward to verify that, for any function §; > 0, §; — O,

F(r).

(65) lim sup

=00 u€la;—&,ar+6¢]

G(u) B 1‘
G(ay)
Set x¢y.s == Ar +5d; + (1 — Q;(A; 4 5d;))/u. By the independence properties of
S’ G’
P(§(0) > x7,u,5|(5(x), 0(x))x50) _
P(&(0) > x¢,u,01(5(x), 0 (x))x20)

By the mean-value theorem, there exists 6; ;s € [X7,41.0 A Xt.u.55 X2.4.0 V Xt u.5] SUCh
that

eXp{—[G(xt,u,s) - G(xl,u,O)]}'

(xt,u,s - xt,u,O) G(Gt,u,s)

(66) G (Xt u.s) = G(xpu0) = d, G(ar)

OF (Orus),

where we also used that, by (7) and (24), d; G (a;) = 0. Now note that, when u > ¢;
and s € [-M, M), 0, € [a; — 8, a; + 8;] where &; := |a; — A,| + £ + Md,,
and thus
G(Oru.s)
G(ar)
by (65) and Assumption (A.1), with o(1) uniform over s € [—M, M] and the

realisation of &, 0. Moreover, noting that %Q,(A) is uniformly bounded over
A > a; — §, we obtain

0F (61,us) =1+ o0(1)

(xt,u,s - xt,u,O)
— L =y

a (14 o(1)),



THE BAM WITH DOUBLE-EXPONENTIAL POTENTIAL 297

where o(1) is again uniform over s € [—M, M] and &, o. Hence

/[13 )P(f(o) > x;..5)P(0(0) € du)
(67) _/ Oo) (E(0) > x1,u,51 (5 (x), 0(x)) o) [P(0(0) € du)

=e (o) /e P(5(0) > x1,4,0)P(0(0) € du) = (™ + o(1))1 ™

with o(1) uniform over s € [—M, M], and the last equality holds by (62) and (64)
with s = 0. Now (57) follows from (60), (63) and (67).

To show (58), note that, for large ¢ and any s > 0, Q;(A; + sd;) < O:(A;) < 1,
and thus the numbers 6; ,, s, X1, s In (66) satisty 6; ,, s > A, and x; ;s > X; 4.0+ 5d;
for any u > 0. Since G is nondecreasing,

Gxrus)—G(x )>SG(A) nf F'(0)>s(l —¢)
tu,s t,u,0 Ga )QQ Y

for all ¢ large enough by (A.1) and (65). Reasoning as for (67), we obtain
r? / P(£(0) > x;.,.5)P(0(0) € du) < e 1795,
which together with (60) implies (58). [

Proposition 4.6 has the following useful consequence.

COROLLARY 4.7. Forany 6 € (0,00) and n e R,
(68) litris;pE[ﬁ, (”Hz)] < 00.

PROOF. Using (58) we may write, for ¢ large enough,
E[P(1)] Z P(A* A+ <|0| +n>dt)

A 1 |z|
<#{ze ! |z) <20t} P(; > A +nd) + Y 1TleTan,
lzl>2[n|6r

=

which by (57) converges as t — 00 to

_Ixl

cle_’7+cz/ T dx < oo,
\X|>2|'7|

where ¢y, ¢; are positive constants depending on d and 8. This completes the proof.
O

We may now complete the proof of Lemma 4.4.
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PROOF OF LEMMA 4.4. This follows from [3], Lemma 7.4, with ]V, =0. In-
deed, conditions (7.16)—(7.17) therein may be verified using respectively (57) and
(58) above. [

4.3. Coupling of truncated potentials. Let (§°,0%),c74 be ii.d. with each
(&%, 0%) distributed as (£, 0). For L > 0, we introduce the following random ele-
ments, independent from each other and from (§%, 0%) _yq:

o A random field &7 = (7 (x)) g« thatisiid. inx,
(69) with each & LS (x) distributed as £(0) conditioned on £(0) ¢ Iy s.
e Two random fields (.;g , 0) distributed as (£, o).
PROOF OF LEMMA 4.5. Denote by P, the joint law of (§%,0%) .y« and the

random elements listed in (69), and set ﬁL,g :={z€ Br: £%(z) > ay — &}. For
z € 1y s, we define

ro:=max|{r € {0,...,R.1}: (By(2)\{g})NTILs=2
and §°(x) <ap — 8 Vx € B N (B-(2) \ {z})}.

Then we set
(5°(x),0%(x))  ifx € By.(z) for some z € T 5,
E=.60)  itxen\( U B.0)
10 (E@).0w) = a %J
(Ex),5(x)) ifxeBin [\ BL().
ZGﬁL,g

To check that the pair (£, o) has the right distribution, note that 3| L.s 1s distributed
as Iy s, and the conditional law of (70) given Iy s, (r;),cf s does not depend

on (r;) and is equal to the correct conditional law. Hence Py is indeed a

zellp 5
coupling. It is clear by construction that I1; 5 = m L.s almost surely. Now note
that, also by construction, the first equality in (54) holds as soon as r, = [R ]
for all z € 1, 5, which can be shown to hold with high probability by the same
calculation as for Proposition 2.1 (note that the proposition itself does not apply
directly). Since by Corollary 2.2 we may assume that £%(x) = §Z (x) for all z €

[1; s and x € Bg, (2), the second inequality in (54) as well as (55) follow. [J

4.4. Applications of the analysis. To close the section, we develop some ap-
plications of the set-up and results from the previous subsections, and in particular
exploit the coupling in Lemma 4.5. A first observation is the following.
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LEMMA 4.8. Forany LeN, r >0 and z,y € Z%, y # z, the eigenvalue
)A»§L) (z) is a nondecreasing function of £€*(y) and a nonincreasing function of
% (y).

PROOF. The eigenvalue XﬁL)(z) admits path expansions as in (27) with o, &
replaced by o7, §i From this expression, we immediately deduce that iﬁm(z) is
nondecreasing in éjf i (¥), and hence also in £%(y), as the former is nondecreasing in
the latter. To see that )A\§L)(z) is nonincreasing in o*(y), note additionally that, by
Lemma 3.6, (A.1) and (52), A" (2) = Ei(y). O

4.4.1. Existence of good paths. Here, we use percolation estimates from [17]
to prove the existence of good paths from the origin to the localisation site Z;.
These are nearest-neighbour paths in Z¢ with length comparable to | Z,| and along
which neither the traps are too large nor the potential too negative. The existence of
such paths will be key in obtaining a lower bound on the total mass of the solution;
see the proof of Proposition 2.9 in Section 6.1 below.

Recall the scale #; — 0 in (31) and define

(71) s& = ah?, s? :=exp{h?Ina,}.
Note that sf ,s{ — oo as t — 0o. We also fix an additional scale i} > O such that
(72) hy > B> max{F, (s°), Fe(—s5)).
Recall the path notation from Section 3.2 and set, for z € 74,
[7() = {p e TO.2): Ipl < 211 +47). 5 (p) > =55

o(pi)<sf,0<i<|p|l—1}.

(73)

We call p € '} (z) a good path from 0 to z. The main result of the section is the
following.

PROPOSITION 4.9. TI'J(Z;) # & with high probability as t — 00.

In order to prove Proposition 4.9, we first recall the setup of [17], Section 4.2.2.
Fixd > 2, g € (0, 1) and consider site percolation in 74 with parameter 1 — g, that
is, sites v € Z¢ are declared independently open with probability 1 — g or closed
with probability ¢. For u, v € Z4, we denote by du(u, v) the chemical distance
between u and v, that is,

(74)  doo(u,v) :=inf{|p|: p € ['(u,v), p; is open forall 0 <i < |p|},

where inf & = oo by convention. We will use the following result.
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LEMMA 4.10 (cf. [17], Lemma 4.10). For any q +— ¢4 > 0 such that
lim, ,0cy/q = o0,
doo(0, v)

lim sup IP’(
|v]

>14+ cq) =0.
4—0ez4d\ (0}

We note that the uniformity over v in the above statement is not claimed in [17],
Lemma 4.10, but follows promptly from its proof. We are now ready to give the
proof of Proposition 4.9.

PROOF OF PROPOSITION 4.9. Fix ¢ > 0. We first show how to restrict Z; to
a subset of Z¢ with useful properties. Using Corollary 2.4, pick a constant C, €
(1, co) such that

P(lZ[| > Cgrt, |Zl‘| < Cé‘_]rt or \IJI(Z[) < Ar, — ng[) < 8/2
for all large enough ¢.

Next, we introduce truncated local eigenvalues similarly as in Sections 4.1-4.2
but without i.i.d. copies of the fields. Recall ¢, =46 I and define, for z € Z4 and
L € N, a truncated version of & around z [compare with (52)]:

EQV(aL—c+8;")  ify=z,

(75) ()= E(Y) A (ar — cx) otherwise.

We denote by X}k (z) the principal Dirichlet eigenvalue of Ao ! + gi* in the box

Bgx(2). By Corollary 2.2, X;“ (z) = Agx(2) for all z € [T+ with high probability. In
particular, we see that, for large ¢, Z; belongs with probability larger than 1 — ¢ to
the set

76) 2 i={zeZ?: 0 <|z] < Cory, X} (2) > Ay, + (I2l/r — 2Ce)dy, )
where we also used d; ~ d,. Note that, for each fixed z € 74, X;“ (2) has the same
distribution as the truncated eigenvalue ):?‘ (z) := ig‘*’ ) (z) from Sections 4.1-4.2.

t

Consider now site percolation on Z? where we declare

visopen ifandonlyif &(v) > —sf and o(v) <s7.

The percolation parameter is 1 — g; where
g :=P(£(0) < —s; or o(0) > 57) > h}

by (72). Thus we may apply Lemma 4.10 with ¢,, = h}.

Denote by d&) the associated chemical distance. We also define a modified ver-
sion:

d (u,v) :=inf{|p|: p € T(u,v), p; is open forall 0 <i < |p| — 1}.
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Note that déto)(u, v) < déé) (u, v). The advantage of working with déﬁ} is that, for
fixed z € Z¢4, d&) (0, z) is independent of £(z), o (z). Moreover, it is nondecreasing
in o (y) and nonincreasing in £(y) for y # z, and

[¥(z)#@ ifandonlyif d(0,2z) <|z|(1+h}).

On the other hand, X;" (z) is nondecreasing in £(y) and nonincreasing in o (y) for
y # z, as is verified exactly as for Lemma 4.8. Applying the FKG (or Harris)
inequality (see, e.g., [11], Theorem 2.4) to the conditional law given £(z), o (z), we
see that, for any u, v € R, the events {dffo) 0,2) > u}and {X;k (z) > v} are negatively
correlated, implying [recall (48) and (53)]

P(d(0, Z,) > 1Z|(1+ h}))
<e+ > P(ez®,dD0,2) > |zI(1+h))

0<|z|<Cert
<e+ sup P(dP(0,2) > |zl(1+h})E[P, (H )],
z€Z4\ {0}

where the first inequality follows since Z; Z,(S) with probability at least 1 — ¢,
and for the second we use that A¥(z) and A*(z) have the same distribution. To
complete the proof, take the limsup as t — oo in the above, invoke Corollary 4.7
and Lemma 4.10 and then let ¢ — 0. [

4.4.2. Proof of Propositions 2.6 and 2.14. We next exploit the coupling in
Lemma 4.5 to prove Propositions 2.6 and 2.14, starting with the first.

PROOF OF PROPOSITION 2.6. Let A,(2) := X%L’)(z) and define an auxiliary
functional

(77) W (2) == A (2) — T|Z|, zellg,s.

Let lTJfl), Z be defined analogously to (22)—(23). By Lemma 4.5, Z; = Z with
high probability.

Fix y # 0 and let ¢ be large enough such that |y| < Ry,. Reasoning as in the
proof of Lemma 4.8, we see that A (2) is nondecreasing in é i, (z + y). Moreover,

since &7 are i.i.d., the event {z = Z,} is also nondecreasing in éi, (z 4+ y). As non-
decreasing functions of a real random variable are positively correlated, we deduce
that

Pr(z=Z06,G+y) 2 ul() 0 (W) oy (07)c20)
(78) >PL (2 =Zi(E") s (7)) oy (09) e20)
<P, (£(0) A (ar, — 8) > u).
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Integrating over the remaining random variables and summing over z € Z¢, we
obtain

(79) P/ (Zi+y) 2 u) =P (E0) A (ar, —8) > u),
and since, by Lemma 4.5,

50 P(E(Z +y) = u) =P, (5(Z +y) > u) +0(1)

—PL (L 2+ y) = u) +o()),

the result for £(Z; + y) follows. The proof for o (Z; + y) is analogous. [J

PROOF OF PROPOSITION 2.14. For each z, {,(z) can be seen as a function of
&, o; we denote by fﬁ} (z) the same function applied to £%, 0. Let Z; be defined
via (35) with v, substituted by ¥,. By Lemma 4.5, Z/ = Z, with high probabil-
ity. Fix yi, y2 € 74 with [y1] > k1, |y2| > k> and two measurable bounded func-
tions f, f2. Note that, for each z € 74, the event {z= Z} depends on £%, 0% only
through their values in By, (z), By, (z), respectively; in particular, it is independent
of (§%(z+ y1),0%(z + y2)). Using Lemma 4.5, we may write

E[f1(5(Zi 4+ yD) f2(0 (Zi + y2))]
=o()+ Y E[fi(E*@+yD) (07 @+ y))1 7]

zez74
=o() +E[f1(5(0)]E[ f2(c (0))]
as t — oo, implying the result. [
5. Path expansions. In this section, we present a method based on [3, 17] to
bound the contribution to the Feynman—Kac formula of certain classes of paths.
This will be an important ingredient in the proofs of Propositions 2.10 and 2.13.

Recall the scale Ry, in (19) and the path notation from Section 3.2. For a path
p ey, let

Ar(p) :==max{ig, (y): y € Set(p) NIy s},

with the convention max & = —oo. We also set, for z € Iy, s,

AP (p) :=max{ig, (y): y € Set(p) N1 5\ {z}}.

The goal of this section is to prove the following result.

PROPOSITION 5.1.  There exists a constant ¢ € (0, 00) such that the following
two statements hold eventually almost surely as L. — oo for all x € By :
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(i) Forall N C ' (x) satisfying Set(p) C By and Set(p) N By, | (x) # @ forall
p €N, and every choice of (yp,zp) € R x 74 satisfying

1
¥p > (AL(p) +e_RL) \ (aL — 58) and z, € Set(p) forall pe N,

we have, for all t > 0,

t
lnEx[exp{/o S(Xs)ds}]l{p(Xt) e./\/'}} < su/[\)/{typ —(n3 L —¢)|zp —x|}.
pe
(i) For any z € T 5, any N' C I'(x, z) satisfying p; # z for all i < |p|,
Set(p) C Br and Set(p) N By, (x) # @ for all p € N, and every choice of
(v,zp) €eRx 74 satisfying

1
y > (sup A(Z)(p) +e RL) Vv (aL — 58) and 7, € Set(p) forall pe N,
peEN

we have

E, [exp{/orz (E(Xy) —y) ds}]l{p(sz) € N}] <o (x) et L—c)infpenlzp—x]

In other words, Proposition 5.1 provides upper bounds for the contribution to
both time-dependent and stopped Feynman—Kac formulae from classes of paths
that remain in a reference box, are not too short and, in the stopped case, end on a
high potential peak.

5.1. Proof of Proposition 5.1. The proof of is based on Lemma 5.2 below. In
order to state it, we define an equivalence relation over paths depending on the
structure of their visits to I1; s. Recall the path notation from Section 3.2 and
define, for subsets A, B C Z4,

ra,p= |J Ty,
x€eA,yeB

Recall that Dy, s denotes the R -neighbourhood of IT; 5. Let the operation o de-
note path concatenation, in other words, for p, p’ € T such that p|,| = py, let

pop = (Pos--s Pipls Phs s Plp))-
Now observe that, when Set(p) NIy, s # &, there is a unique decomposition
5 o 5M 4

p=pPop 500 o ) o p,

op op

where m ), € N,

pVer(zd nys) and p’¢M s 0<i<[pW),

(k)GF(HL(s DL(;) and ﬁfk)eDLya, O§i<}ﬁ(k)|,1§k§ml,—l,
(k)el"( 51'[L,3) and ﬁfk)géHL,g, O§i<|[5(k)|,2§k§mp,
(

A(mP) eI'(IIL s, d) and ﬁi(mp) € Dp s, 0<i< |pA(mp)|’
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and
pel(D} 2%,  pi¢Mrs Vi=0 if p* el (5, DS ),
po € D s, pl=0 otherwise.

Note that p1, p("») and p can have zero length.
For & > 0, recall the definition of le’s in (42). Whenever Set(p) NIy s # <,
we define
mp mp
v (i - L, L,
(81) npi=) [P+ 15l and k=) Mo+ MpE
i=1 i=1
When Set(p) NI, s = @, wesetm, :=0,n, :=|p|, kl%’g = Mﬁ’g, and Ay (p) =
—00.

We now introduce an equivalence relation on I': p, p’ €T are said to be equiv-
alent, written p' ~ p,ifm, =m,, p'© = p@ foralli=1,...,m, and p' = p if
Do € DE’ s- Note that n,, kIL,"’? and A (p) depend only on the equivalence class of
p.

In order to state our key lemma, we define, for n, m € Ny,

rom .—{per: np,=n,m,=mj.
LEMMA 5.2. For each §,¢ > 0, there exists ¢ > 1 such that the following

holds a.s. eventually as L — oo. For alln,m € Ng and p € Cm) ywith Set(p) C
BLZ

() Ify > AL(p) v (aL — %8), then, for all t > 0,

LEXs)—y)d
B [0 EXI8 g ]

d
<cm+1(Ri)]l(m>0}<l " cRy )m<q_3)ne(c—ln3L)le,‘8’
Yy —AL(p) 2d

where gs = (1 + 864 /2)*1 [with 6, as in Assumption (E)].
(ii) If, for z € Ty 5, v > AL (p) V (ar — 38), then

FEX)—y)ds
Ep[efo EX0mdsg e ]

d
< " 1+ cR} " qs ne(c—1n3L)k§-€
o(po) V1 _A@ 2d '
Po Yy — A (p)

As anticipated, Lemma 5.2 allows us to give the following.

PROOF OF PROPOSITION 5.1.  Using Lemma 5.2, the proof is as in [3], Propo-
sition 6.1. Observe that Proposition 5.1 only applies to paths that exit balls of radius
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In L; this ensures that a reasonable number of sites of “moderately low” potential
are hit by the path. [

To end the section, we prove Lemma 5.2 with an argument similar as for [3],
Lemma 6.5.

PROOF OF LEMMA 5.2.  We will give the proof of item (ii); for this we need
the conclusions of Lemmas 3.2 and 3.7. Item (i) follows analogously, but also
requires Corollary 3.9; see the proof of [3], Lemma 6.5. In the following, we ab-
breviate I? := ela €(X)=1)d5 and we fix ¢ > 1 as in Lemma 3.7; we may and will
assume ¢ > 8 L(cf. Assumption (E)).

We proceed by induction on m. Assume m = 1. Set £ := |pV], y := ﬁél) €
[T s. Note that, since we may assume z = p|5| (otherwise the integral will be
zero), the case po ¢ Dy s is not possible; therefore, pg € Dy s, and in particular
|p| = 0. By Corollary 2.2, we may further assume z = y and 7; = t,. Hence, by
Lemma 3.7,

z T
(0(po) V D)E o [ 15 L (p(x, )~ py] < (0(p0) V 1) Epg [Ig 1, (x9= 5y ]

£ €
S
2d

’

finishing the case m = 1.

Assume now by induction that the statement is proven for some m > 1, and let
p e Dtlm Define p/:= p@ o p@o...o pmth o pm+D o 5 Then p’ € L)
where n = |p(V| +n’, and ké’e = kIL,;S + Mg(’f). Setting £ := |pV|, x := 15(()2) and
S:=inf{s > T;: Xs ¢ Dy s}, we get

(82)  Epy[I5 1 (pxey~p)] < Epo[ 15 11,020 5 <ry JEx 15" Lip(xp ) ~py )

On the other hand, set y := ﬁél) € I11 5; we may assume that y # z since otherwise

(82) is zero. Then, by Lemma 3.7, Lemma 3.2 and Assumption (E),

(0 (po) vV DE [ 1511, )= ]

TBS (y)
T >
(83) = (0 (po) V DEpy [ Iy Ly, )= JEx [ 1o f]
- C(q_8>fe(c—ln3 L)M[l;'(’f) (1 i CRi )
2d y — AP (p)

Now the induction step follows from (82)—(83) and the induction hypothesis. The
case m = 0 follows from Lemma 3.7. [
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6. Negligible paths and eigenfunction localisation. In this section, we com-
plete the proofs of Proposition 2.9 (lower bound on the total mass), Proposi-
tion 2.10 (negligible paths), and Proposition 2.13 (localisation of the principal
eigenfunction).

Before we begin, we note that Corollary 2.5 and a;, = a; 4+ o(1) imply that, for
any n > 0,

(84) Zt € HLL"”

holds with high probability as ¢+ — co. This will be crucial to apply Lemma 3.8 up
to an arbitrary level of precision, which ultimately drives the complete localisation.
Recall also that

(85) ARy, (Z) = a; +o(1) = oInat(1 +0(1))
with high probability by Corollary 2.4.

6.1. Lower bound on the total mass. As a first step to establish Proposi-
tion 2.9, we give next a consequence of the percolation estimates of Section 4.4.1,

which will allow us to streamline the approach compared to [17]. Recall the defi-
nition of I'}'(z) from (73).

LEMMA 6.1. Foranyt>0,ze€Z4\{0}, p € I'7(z),and 0 <r < %|p|sf,

4d|p|s®
(86) Egleh 9% 1, o] > exp{_rs,s - |Plln< lfm )}

PROOF. The proof is similar as for [3], Lemma 8.1. By requiring the random
walk X to follow the path p until hitting z and using that £(p;) > —s,g , we obtain

lpl—1
7z &
Eolelo §X0 1. )] > 2d)~IPle" P( > o(p)Ei < r),
i=0

where (E;);eN, are i.i.d. Exp(1) random variables. The probability above is at least

21pls?\ —IPl
p(E= o vosizipi—1)= (F20)
|pls; r

where we used o (p;) <s7 and 1 —e™™ > %x for x € (0, %). This proves (86). [

PROOF OF PROPOSITION 2.9.  To ease notation, abbreviate 7 := 7z, and A; :=
Arp,(Z:). Use the Feynman—Kac formula (3) and the strong Markov property to
write, for r € (0, 1),

87) U(r) = Eo[eh 6 XIb 0, 1= Eo[el EXI% 11 yuz (r — 1, Z))].
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To choose r, we use Proposition 4.9 to pick a path p € I'}(Z;) and set

__4d|p|
r .= .
At

(88)

Note that r < t by (85), Proposition 4.9 and Corollary 2.4, so we may indeed take
r in (87). Moreover, eventually r < %| plsy, so we may apply Lemma 6.1. On the
other hand, (84) and Corollary 3.9 yield that, with high probability,

Inuz, (s, Z;) > shs +0(1) for all s > 0.

Collecting these facts, we deduce

4d|pls;

r

InU®t) > (t — r)A — rse —|p|1n( )—I—o(l),

which after using r = 4d|p|/A;, the definitions of s,g , 57 and %a, <A <20Int
becomes
(89) InU(®)=1txr — |plInzt — |p|{In20) +4d(1 + 2h?) 4+ h? Ina,} + o(1).
By Proposition 4.9 and Corollary 2.4 (recall h} < h;),

Ipllinzt <|Z (14 h})Inzt =|Z;|In3t + o(td; hy),

and we may check that the third term in (89) is also o(¢d;h;). This completes the
proof. [J

6.2. Negligible paths. We prove Proposition 2.10 by applying the machinery
in Section 5. In order to do so, we first eliminate paths that fail to exit the ball By, 1, .
The following is an easy consequence of the almost sure bound on the maximum
of & inside balls, stated in (15).

LEMMA 6.2. Eventually, almost surely as t — 00,

t
lnEo[exp{/ é(Xs)ds}]l{rBch > t}] < 20tInst.
0 n Lt

PROOF OF PROPOSITION 2.10. We begin by proving the first statement. For
p € I'(0), we define a choice of z, by setting z,, = 0 if Set(p) N1z, s = @, and
otherwise taking z, to be a maximizer of z — Ag, (z) over z € Set(p) NIz, s
(chosen according to some fixed, deterministic rule). Applying the first statement
of Proposition 5.1 with the settings

N :={peT(0):Set(p) € B, \ {Z:}, Set(p) N Blan, # o}
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and our choice of z;, we deduce that there exists a ¢ > 0 such that
t
lnEo[exp{/ S(Xs)ds}]l{ch <t <Tz ATge }}
0 InL; Lt

—R
(90) < (zgnrgi)\({Z[}(MRLt (2) = (3 L, = o)lz]) +re~ 1) v 1(az, - 8)

< (192 +re Ry vi(ag, —9).

Observe that we have chosen L; and Ry, in (18) and (19) so that te Ru < r,.
Moreover, for any f; — 0 and g; — o0, |Zt(i)| <r4/& and \II,(ZC) > a; — f; with
high probability by Corollaries 2.4 and 4.2. Hence (90) is in turn bounded above
by tlIJ,(z) + cry /& + o(ry), which together with Lemma 6.2 proves the result.

For the second statement, we again apply item (i) of Proposition 5.1, this time
with

N :={p eT(0): Set(p) C By, Set(p) N D # &}.

This is justified by Corollary 2.4: it implies that, with high probability, D; € By,,
and thus N # &; moreover, |Z;| > In L., so all p € N satisfy Set(p) N By, ; # @.
Choose z,, as before except if this sets z, to be Z;, in which case choose z) €
Set(p) arbitrarily satisfying |z,| > |Z;|(1 + h;). We then similarly obtain

t
lnEo[exp{/ S(Xs)ds}l{rDtc ViTge SI<Tp }}
0 nLg t

< (v (" =12, In3 L,)) + o(r1g))

with high probability, completing the proof. [

6.3. Localisation of the principal eigenfunction. Similarly as in Section 6.2,
we apply the machinery of Section 5 to the Feynman—Kac representation of the
principal eigenfunction ¢p, (Z;) in (33). This time we aim to use the second state-
ment of Proposition 5.1; the following lemma ensures that this is applicable in our
setting.

LEMMA 6.3. Forany f; — 0, with high probability as t — 00,

Ar, (Z A d fi.
Ry, ( ’)>zentmnﬁff5\{zf} Ry, (@) +di fi

PROOF. The proof is similar to Lemma 7.1 of [17], and uses the fact that
h,— 0. O

PROOF OF PROPOSITION 2.13.  We wish to apply Proposition 5.1 to paths p
['(y, Z;) for y # Z;. To that end, we must first exclude paths that fail to exit the ball
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Binr,(y), which is only possible when y € By, (Z;) and Set(p) C Baing,(Z;).
Setmyp :=2In L. By Corollary 2.4, with high probability B,, L (Z;) C Dy, and thus
Ap, = Amp, (Ze) V AR, (Zy) by eigenvalue monotonicity (see [17], Lemma 3.1).
Thus

1 (E(Xy)—hp,) d
E,[eh” €X0=2n) ez <rgg, )]

Jo E(X)=hm, (Z1))ds
<E,[e" L, 4 ]l{fzt<rB}%L (z[)}]
t

— G(Zt) (bZ,,mL, (y) ]l
o(¥) ¢z,my, (Z1)

where the equality follows from the Feynman—Kac formula (43) for the principal
eigenfunction ¢z, L corresponding to the eigenvalue A, L (Z;) (cf. Section 3.2).
Splitting (33) according to whether X exits By, 1, (y) or not before hitting Z;, we
obtain

By, () ()

¢, (y)
Z
YA
¢Z,,mL )
91 Z)———1
On =o( )¢meL; Z) B, z)(¥)
+o(yE, [exp{/o “ (E(Xy) — )»RL[(Zt))ds}ll{thnL[(y) =7z < TDf}]

In light of (84), Lemma 3.8 implies

¢Z,,mL, (y) .

92) tl_l)lgo o(Z;) Z 0 in probability.

Y€Bu; (ZO\Z1) ®zimr, (Z1)
For the term in (91), we may apply item (ii) of Proposition 5.1 with the settings

N:={pel(y,Z): pi #Z: Vi <|p|,Set(p) € Dy, Set(p) N Bin, (y)¢ # 2},

Y = Ag,, (Zy) and z) := Z;, which is valid by Lemma 6.3 and since e R =
o(d;) by (18) and (19). We deduce that there exists a ¢ > 0 such that, with high
probability as t — oo,

17;
o8, [expf [ (600) — an, @) as)ateag, ) =72 < )|
< e L—0ly-Z|

Summing over y € D; \ {Z;} and combining with (92) yields the result. [
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7. The special case of log-Weibull traps. In this section, we study the spe-
cial case of log-Weibull traps, completing the proof of Proposition 2.15 and
Theorem 1.5 under Assumptions (LW) and (DE). Note that, in this case, §, =
essinfo (0) = 1, but we prefer to keep 6, to show how the formulae depend on it.

Recall the definition of R} in Section 4.1. We use the machinery developed in
Section 4, which allows us to reduce the problem to studying the upper tail of (a
truncated version of) the single random variable A g+ (0). In particular, we wish
to observe the local profile of the random environments conditionally on A gx(0)
being large.

To define the appropriate local profile, we begin with some notation. Recall the
radii of influence ps and p, and the interface sites F¢ and F,. Recall also the
constants ¢(y), y € Z¢ from (11). In order to separately keep track of the interface
cases for £ and o, we set

e (y) = ié(y) if y € Fy, & () = iy)  ifyeF,

0 otherwise, 0 otherwise.

Foreach y € 74, define scales

__Jolnc(y) 4+ o(n — 1 —2|yl)In3z if y € (Bp, \ {0}) \ Fe,
%,t(y) = .
0 otherwise,
_ld Int
70 e T
For an integer m > p, and scales f; — 0, g; — 00, define the rectangles
Ec:= ] mfox [ (-eneo,

y€(Bp \{OD\F YEBm\Bpg )UFg

Eo:=(1— fi,1+ f) X [T  Go.ds+ 1)

Y€(Bps \{OD\Fo

x [T  Go+fig0.

ye(Bm\Bpg)U]:(r

as well as their transformed versions

Sg 1= 1_[ (%,t()’) — ft:qs.:(y) + ft) X l_[ (—&: 81),

yE(Bpg \{0})\}—5 ye(Bm\BpE)U]:é
and

So = (G (1 = ) dox A+ ) x [ Gorbo+ £0)

YE(Bps \{OD\Fo

x [T 6o+ fig0.

YE(Bm\Bps )UFs
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Define the event where & and o have the local profile described by Sg¢ and S :
93) St = {(5()’))yeBm\{0} € S, (U(}’))yeBm € So}.

Recall the truncated principal eigenvalue if and the scale A; from Proposi-
tion 4.6. Let

A (s) = {if>A,+sd,}, s eR.

The main result we need is the following, which builds on the analysis of Proposi-
tion 4.6.

PROPOSITION 7.1. There exists a constant k = k(jt) € (0, %) satisfying the
following. Fix scales f;, g+ > 0 such that gy — 00, f; = 0 and f; > (Inpt)™* as
t — o0. Then, for each m > p, and uniformly over s in bounded intervals of R,

(94) lim P(S]" |4 (s) = 1.

Moreover, denote by vgy and v} the probability measures on R with densities

proportional respectively to e%x/e fe(x) and eCo e /x £ (x), where fe, fo
are the density functions of £(0), o(0). Fix a Borel set T C R. Then, for any
y € (B \ Bpg) U Fe,

95) tlifgo|P(5(y) eT|Ai(s)) — Ugy(z)‘ =0
and, for any y € (B, \ B,,) U Fy,
(96) tl_ifgo{P(U(y) €Z|A(8)) —v)(D)| =0,

where in both cases the convergence is uniform over s in bounded intervals of R.

Proposition 7.1 will be proved in Appendix B by repeated applications of
Laplace’s method (cf. Proposition B.1). An explicit bound for the constant k above
is given in the proof (see (109) below); in fact, separate error bounds are possible
for o (y) and &(y) depending on |y|. Also note that, if y ¢ F¢, then c¢(y) =0 and
vg equals the law of £(0) (analogously for o).

We show next how Proposition 7.1 implies Theorem 1.5 and Proposition 2.15.
We start with an intermediate result. For z € Z4, define

97) Szm (2) = {(S(y))yeBm(z)\{z} € SS’ (G(y))yeBm(z) € Sa},

that is, 5" (z) is the translation by z of the event S in (93). Our next lemma shows
that the local profile defined by S, S is with high probability seen from the point
of view of Z;.

LEMMA 7.2. Foreachm > pg,
(98) ll_i)rgoP(S;’:(Z,)) =1.
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PROOF. Fix ¢ > 0. Reasoning as in the first part of the proof of Proposi-
tion 4.9, we obtain C; € (0, co) such that, with probability larger than 1 — ¢, Z;
belongs to the set

ZE = ={zeZ%: |z] < Cery, Ar () > A, —I—s(a)d 1 st(ez) .= (Iz|/rs — 2C¢).
On the other hand, since |s(8)| <2C, when |z] < C.ry, we get [recall (48) and (53)]

P(S"(Z)%, 2 e Z7) < Y P(S"(2)°ze Z7)

|z|<Cery
< s RS GEEP, ()] = 0
z|=Ce¢ry

by Proposition 7.1 and Corollary 4.7. This implies limsup,_, ., P(5](Z,)°) < e,
and since ¢ is arbitrary, (98) follows. [

We complete next the proofs of Theorem 1.5 and Proposition 2.15, starting with
the first.

PROOF THEOREM 1.5. In light of Lemma 7.2, it only remains to prove the
weak convergence of £(Z; 4+ y) and o (Z; + y) in the cases y € ng UFgandy €
B;ﬁ U Fy, respectively. Recall from the proof of Proposition 2.6 the abbreviation

)1; = )A»EQLL’) = )A»f’, the functional @, in (77), its maximizer Z and the fact that
Z; = Z, with high probability. By Lemma 4.5 and Corollary 2.5, it is enough to
prove the statements for & Z (Z + y) and ot (Z + y). Here, we will only prove
the first, as the second follows analogously. Fix y € ng U Fe.

For z € Z4, let
_ -~ <
T;(z) :=d, <max U, (x) — A, + Ud,).
X#2Z Iy

Fix ¢ > 0. By Proposition 4.1, there exists C, € (0, o0) such that, when ¢ is large,
Z,; belongs with probability larger than 1 — ¢ to the set

2 .={zeZ¢: 2| < Cery,

T;(z)| < 2C.}.
Moreover, forany 0 <a <b < oo and z € 74,

Ptz +y) € (a.bl. Z, =z, z€ 219)
99) =P(E°(z +y) € (a,b], A} (2) > Ay, + T1(2)d),.

T:(2)| =2Ce)

2C,
_ L . PEOY € @ b11A; )P, ) B(T; ) € du),
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where the last equality holds by the independence between T;(z) and (£%, 0'%) and
the translation invariance of the latter. By Proposition 7.1 (with m > |y]), (99)
equals

vl (@.b)(1+o0(M))P(Z =z.2€ Z),
where o(1) is uniform in z. Summing over z, we obtain

v (a,b)(1 — &) < liminfP(% (Z, + ) € (a, b))

< limsupP(éZ (Z, + y) € (a,b]) < vg(a, b) +e,

t—00

and since ¢ is arbitrary, the conclusion follows. [J

PROOF OF PROPOSITION 2.15. This proof is similar to the proof of Corol-
lary 5.11 in [17]. Recall the definition of X pz.po (2) from Section 2.5 and note that
the monotonicity properties of the principal eigenvalue with respect to the domain
and to the potential (see [17], Lemma 3.1) imply that A Ry, (2) = Aps. p, (2). We now
claim that, for some g; — 0,

(100) ARy, (Ze) = hpe.p, (Z) <dye;  with high probability as  — 0.

The first step to showing this claim is to replace the eigenvalues by their truncated
equivalents. Indeed, Lemma 4.5 and Corollary 2.5 imply that, with high probability
ast — 0o,

ARy, (Z0) =R (Z0) and Ay, (Z0) =251 (Z0).

Therefore, it suffices to show that, with high probability as ¢t — oo,
(101) )\;L;t)(z,) — ML (Z) < dye.
We now appeal to the eigenvalue path expansion (27). Specifically, we write

(102) Mo (Z) =3 (Z)=Ti+ T+ T,

where, abbreviating, o; = o Z , & = §LZ’ (with éL as in (52)) and &t fftle,,g (Z))>

1 1
n-——% ¥ (Il
Gf(Z’) k>2 pely(Z,,Z,) “O<i<k 2d 1 +o; (Pz)()»(Lt)(Zt) —&(pi)
piFZ: Y0<i<k
Set(p)SBp, (Z:)

(103)

1 1 }
0ziek 24 1401 (p) (g, (Z) — & (p)
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1 1
= > > 5
"f( D5 perizozy \oiek 24 1401 (p) i (Z0) = E(pi)
pi#Z, ¥Y0<i<k
SetCB,, (Z;)
1 1 }
0zt 24 1+ 0, (p G (20 — E(pi)
and
1
T; =
Gt(Zt)
1
x> > H
Py DT 20 Z) ik 24 1+ 00 (p) A (Z0) = &(pi))

pi#Z: Y0<i<k
Set(p)SBry , (Z)

Set(P)N(Bry, (Z)\Bpy (Z:))#2

We deal with 77 initially. Applying Lemma 7.2 with m = p, + 1 together with
Lemma 4.5 and Corollary 2.4, we conclude that the following hold with high prob-
ability as t — oo: for all x € B,,,(Z;) \ {Z;:}, 65 < 0+(x) <28, and &;(x) < c1lnzt
for some constant ¢ € (0, 00); for all x € By (Z) \ By, (Z1), &:(x) < g <c1lnzt;
oi(Z;) > %qa,,; and ):%LL’I)(Z,) >ayp, — 8 > cp1Iny t for some constant ¢; € (0, 00)
and § as in Corollary 2.2. Noting that any path giving a nonzero contribution to

Ty must exit By, (Z;) and then return to Z;, we may restrict the sum in (103) to
k > 2pg + 2, obtaining

¢ c
Ti < —gi(ealmyt —erlng 1) 272 < g (Ing 1) 262
ot 9ot
(Iny 1)p=1-20 2
= (58t
Int

for some constants c3, ¢4, c5 € (0, 00), where the last equality holds by the defini-
tion of g, ;. Finally, note that the definition of pg implies that u —1—2p: —2 <0,
and indeed this is the smallest integer for which this is true. We deduce that the
above is smaller than d,, ¢; eventually for some &; — 0. For T3, it is clear by
similar arguments that, with high probability, it is bounded in absolute value by
0G5, (Z0) = Aty (Z2).

For T3, we additionally use the fact that & (x) <ap, —c, forall x € BRL, (Z)\
{Z;}, as defined in (52). Then we can upper bound 73 by

c Iny t)*—1-205 =1
—6((C21n2t —c1ln3 t)—Zp(,—l) < —7(ln2t)_2'0“_1 = 8( 21)
qU,l‘ 6]5,; lnt

for constants cg, c7, cg € (0, 00). The definition of p, implies that u — 1 — 20, —
1 <0, and indeed this is the smallest integer for which this is true. We deduce that
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the above is smaller than d,,¢; eventually for some ¢; — 0, completing the proof
of (100).

To complete the proof, note that, by (100) and Corollary 2.4, with high proba-
bility as t — oo and for all z # Z;,

W2 > W(Z) — dyer > Wi(2) = W57 (2),

where the last inequality follows by monotonicity of the principal eigenvalue. [

APPENDIX A: DENSITY COMPUTATION

Let Poo be a Poisson point process in R x R? with intensity measure e * di ®
dz. Let WO (Po)(H), Z(’)(Poo)(e), 6 > 0, be defined as in [3], Section 7.2, and
set II’(Z) WO (P)(D), 7(’) =ZD(Ps)(1). Our goal is to prove the following.

PROPOSITION A.1. Forany k € N, the random vector
(?(l) Z(k) \IJ(U (k)) (Rd) « Rk
is distributed according to (47).

PROOF. erte Poo =D ien00,;,2;) and let P= ZzeN 8(x;—|zi1.z;)- Noting that
P=PooT ' where T : R x RY — R x R? is defined via T (%, z) := (» — |z, 2),
we deduce from [21], Proposition 3.7, that P is a Poisson point process on R x R?
with intensity measure (e=*dxr) ® (e~ ¥l'dz). On the other hand, let P; be a Pois-
son point process on R with intensity measure 29e=*d), and let X = (X;);en be
a sequence of i.i.d. random vectors in R¢, independent of Py, each having density
2~4e~12l dz with respect to the Lebesgue measure in RY. Writing P; := D ieN s
it is straightforward to check that 3 ; .y 8, x,) has the same distribution as P and,
therefore we may assume that 73 > ieNO@;,x;)- This immediately yields that

(Z )1<l<k is independent of (II! )1<l<k and distributed as (X;)1<;j<k, proving
the part of (47) concerning z, ..., Zx. Moreover, \IJ( ) — max{n eR: Pi({n}) >

0} and, recursively for i € N, glth = max{n € (—oo, v ) P1({n}) > 0}, from
which the part of (47) for ¥y, ..., Y may be proved straightforwardly by induc-
tionon k. [J

APPENDIX B: LAPLACE’S METHOD

The standard version of Laplace’s method states that, if a real-valued C2-
function % has a unique maximum at xo and satisfies some additional conditions,
then the integral [ e'"™ dx is asymptotically concentrated, as f — 0o, on the re-
gion (xg — 8¢, xo + &) for any 8; >t~ 172 We provide next a generalisation of this
result with the function /4 substituted by a collection 4, x, indexed by # > 0 and R
in an abstract index set &;, that, as t — oo and uniformly over K, “looks like” &
in a sense made precise next. This will then be used to prove Proposition 7.1.
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PROPOSITION B.1. For an interval T C R with nonempty interior, let h, f :
T — R be measurable functions satisfying:

(1) There exists a unique xqo € L such that h(xg) = maXyez h(x).
(ii) For all £ > 0, there exists n € (0, 00) such that SUP,c7. |x—yyj>¢ B(X) <

h(xo) — .
(iii) There exist ¢, c, ¢ € (0, 00) such that, for all x € [xo — ¢, x0+ ¢]1NZ,

_ 2 _ 2
T ) — ) < —E%.

-2
(iv) f is nonnegative and there exists { > 0 such that

sup fx) <oo
xel: |x—xo|<¢

and
inf f(x)” Lu? asu | 0.

er(u) = lnl
f( ) ‘ xeZ: |x—xp|€lu,]

V) [7e"® f(x)dx < 0.
Suppose that, for each t > 0, there exists an index set S, and, for each R € &;,
a measurable function h; x : T — R U {—o0} satisfying, for some ¢ € (0, 00):

(Vi) € :=sup, 7. lx—xo|<¢ SUPxes, |hy x(x) —h(x)| > 0ast — oo;

(vii) Forall 5,n >0 € (0, 1), there exists c € (1 — 8,1+ §) such that
(hex(x) = ch(x)) <.

limsup sup sup
=00 ReG; x€Z: |x—xg9|>¢

Then, for any scales v, — 00, §; > 0 satisfying 5? > €V (8f(v,_1/2) + l)vfl,

evtht,N(x)f(x) dx ~ / e”’h”x(x)f(x) dx
A

x0—08;,X0+3 Z
( 0 ) (x0—3¢,x0+6)
l/tf’llfolmly over NEG[

as t — 00, where by convention e~ := 0.

REMARK B.2. If & satisfies items (i)—(ii1) and can be extended to Z U (xg —
8, x0 + 8) for some § > 0 in a such a way that it is twice differentiable in (xg —
8,x0+8) and h”(xg) < 0, then it also satisfies item (iii).

Fix v, é; as in the statement and ¢ as in as-

PROOF OF PROPOSITION B.1.
sumptions (iii)—(vii). By assumptions (iii) and (vi), for all X € &; and all x € Z

with |x — xo| < ¢,
hen(0) Z h(x) = & = h(xo) — & — e(x = x0)%.
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Letting €, :=¢7(v, 1/ 2) /vs, we see that, for all large enough ¢ and some constant
Ko € (0, 00),
evl(h(xo)—ﬁ—gt) 8t /vic 2

X

/ evxhz,x(x)f(x) dx>— e~ 7 dx
(105) (x0—38¢,x0+38:)NT A/ Vi€ NG
evt (h(xo)—€r)
>Kop———,
NG

1/

where we used assumption (iv), &; > v, % and that 7 contains either (xo +

vfl/Z, xo + 8;) or (xg — 8, x0 — vfl/z). On the other hand, by assumptions (iii)

and (vi) again,

1
hen(x) < h(xo) + € — EE(X — x0)2

forall x e ZN[xo — ¢, x0 + ¢] and all X € G;, and thus by assumption (iv)

/ N0 £ () dx
TN{lv—xoleld:.c)
euhtorte) poo
1 = sup fx) 7_2/ e /2 dx
(109 (er: e—xol<¢ ) Ve e

eUrlh(xo)+e—257 /2]
<K;

V8

for a constant K| € (0, o0). Take now n > 0 as in assumption (ii) and fix § €
(0,1/2) such that é|h(x0)| < n/8. By assumption (vii), there exists a ¢ € (1 —
8, 1 4+ 8) such that

1
sup sup (A n(x) —ch(x)) <n/4 < =cn

ReG; x€I: |x—xo|>¢ 2
for all large enough ¢, and thus, by assumptions (ii) and (v),

/ V() £y dy < 5" (v Do) / '@ £(x) dx
(107) IN{|lx—xg|>¢} T

< Kol (hxo)=n/8)
for some constant K» € (0, 0o). Collecting (105)—(107), we obtain

Jroiir—xpme €M f (1) dx
Sup vl (x)
e, JT{x—xol<o, €N f(xX) dx

Kie™ Y (82 —4e—4&r)
<

L KoV s -sa)
Ko /vié; Ko
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which by our assumptions converges to 0 as t — oco. [J

Now we can finally complete the proof of Proposition 7.1, relying on Proposi-
tion B.1 and on the analysis already developed for Proposition 4.6.

PROOF OF PROPOSITION 7.1. Define xy = kg := %{(M — 1) A 1} and, recur-
sively forn > 1,

B —on)t —an—1)t
(108) ko= sl N7 K wm2nm DT
2 2 2 2

We then pick « € (0, 1/2) satisfying

(109) k <min{k, : k, > 0} A min{x, : &, > 0}.

Fix m > p, and scales f;, g; as in the statement. Since S;" is decreasing in m and
increasing in g;, we may assume that m > p, + 1 and g; < In3 7.
Define a field

pel = REENO 0, 00) x (8, 00) PR MO

with projections ¢z and ¢, onto the first [Bgs| — 1 and last |Bg:| compo-
nents, respectively, the middle set corresponding to ¢4 (0). We write ¢, :=
(¢e (x), 95 (x))xzy. Define also a truncated version @¢ of ¢¢ by the equation

P (V) +qe.0(3) = (9 (V) +qe.: (V) A (ar, — cx), y € Brs \ {0},

where ¢, =46, L asin (51), that is, Q¢ is a shifted version of a field truncated as in
(52). Note that ¢ depends on ¢, but we suppress this from the notation.

Recall the scale A; from Proposition 4.6 and the function Q;(A) defined in its
proof. We define a function Q (A, @o) similar to Q;(A) but with the shifted field:

~ 1 1
QZ‘(Av (/.)0) = A 7 ~ )
,g per;(o,m 0<,H<k 2d 1+ @5 (pi)(A — e (pi) — qe,1(Pi))
pi#0 V0<i<k
Set(p)CBR;k

where ¢ is the field as above and A > a; — § (with § as in Corollary 2.2). As
mentioned in the proof of Proposition 4.6, Q; (A, ¢) < 1/2 uniformly on ¢y and
A>a; — 6.

In the following, we abbreviate & := &0, 0 1=
tion 4.6.

We introduce transformed versions of the potential and trapping landscape:

O as in the proof of Proposi-

a(y)

ED=£()—qe.(y), y€Brs\{0} and 06;(y) =1 Go
o(y) otherwise.

if y=0,
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Proceeding as in the proof of Proposition 4.6, we may write, for any measurable
B C¢,

P((ét, 0;) € B, Al‘(s))
(110) i .
- [ exp{—G(A, 4 sdy 4 1= QA “d“g"(’))}P((é,,&» e dy),
B 9o,tPo (O)

where G(r) = —InP(£(0) > r) =e'/.

Before we proceed, we will first need to restrict our integrals to an a priori subset
R C € where we can better control the exponent in (110). To that end, recall from
the proof of Proposition 4.6 that, fixing £, — oo such that E,_l >d; Vlar — Ag,
we have, for any M > 0,

lim ¢ sup P(A(s),0(0) <¢)=0.
=00 s>—M

Reasoning as in (61), we can bound
(111 0<a;— A <(1+o(l))d(Iny )" ast — 0o,

so we may take ¢; :=1In¢/(Ing H)**1. Moreover, since £00) > i*, (111) implies,
for any € > 0,

tlirgo 17 sup P(A,(s),E(y) > (1 +¢&)oulnz 1 for some y € By, \ {0}) =0.
- s>—M

By Lemma 4.8, the events 4, (s) and {£(y) < —g,} are negatively correlated, thus
lim 14 sup P(A;(s),£(y) < —g; forsome y € B,, \ {0}) =0
t—00 s>—M

as well. Hence, we may restrict to the subset

R:: 1_[ (_gh 2QM1n3t _QS,l(y)) X RBR;‘\Bm

y€B, \{0}
(112) Bor\(0)
X (th(;} ) OO) X (80'7 OO) Rt* )

where the first | B, | — 1 coordinates correspond to (¢z(y))yeB,,\{0) and the interval
(th;,l, oo) corresponds to ¢, (0). Note that, on R, ¢z (y) = ¢ (y) for all y €
By \ {0}, .

An important consequence is as follows: since o (0) > ¢; when (&,6;) € R,
we may reason as in the proof of Proposition 4.6 to see that, for any measurable
BCTR,

(113) P((&.,6,) € B, Ai(s)) =e*UTWIP((§, 5,) € B, A,(0)) ast — 0o

uniformly over s in bounded sets, and thus it is enough to consider s = 0. Another
important fact to note is that, since we assume m > 1, Q;(A;, ¢o) = O((Iny HhH
uniformly over ¢ € R.
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We show next that the integral (110) with s =0 and B = R is asymptotically
concentrated in the set E¢ x E,; this will be done by applications of the Laplace
method as stated in Proposition B.1 (see also Remark B.2).

We begin by analysing the coordinate ¢, (0). We first observe that, uniformly
over p € R,

G(A,—i— 1- QI<A,,¢0))

4o.t9o (0)
A jad .
—eAr/o 4 efr/e (1 — Qt((lé;,‘PO) n 0(%))
090, %
(114) ! o ‘ 3
1— 0/(A,, ¢ Inp £)#+
=eAi/e -I-M(lnzt)“_l(—Qt( t $0) + 0(7( n21) ))
¢ (0) Int

1 1
_ oAi/o u—1
=e + u(ny 1) (I—I—O(—)),
2 00 Iny 1

where we used e* =1+ x + O(xz) as x — 0, the definitions of a;, g5, ¢; and
(IT1). Write R = &; x (¢1q,, ,1 o0) where G; corresponds to the projection of R
onto the coordinates ¢g. Note that o;(0) has a density with respect to Lebesgue
measure given by

7
(115) a0 (x) = ;eXP{—ln(qa,rx)“ + (n — D Inp(go,x)}.
Setting y; := ed/e 4+ (In go,)" — (. — 1)1In2 g5 4, define h; 4, (x) by the equation

1— 0/(Ar, ¢0)

116) —G( A
(16) <’+ dor(1+5)

> +ln(£fa,<0) (x)) +x = g )* " hy gy (x)

for x > th;,l, and h; g, (x) := —oo otherwise. Set also h(x) := —(1/x + Inx).
Using (114), (115) and the definition of g, ;, we may verify that, for any ¢ € (0, 1),

1
sup  sup |hy g (x) —h(x)|= 0(—)

xilx—1<¢ g6, Iny ¢
Moreover, for all ¢ € (0, 1),

limsup sup sup(h,g,(x) — (1 —&)h(x)) <0,

>0 ¢pe6; x>0

as can be verified separately for x > 1 and x € ({;q,, ,1, 1): in the first case, use
(1 4+ u)* > 14 pu (recall u > 1) and In(1 + u) < u for all u > 0; in the second

case, use
IHQO,I [1 _ <1H(QU,IX))H:| < l 1
u Ings

X
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We thus verify the conditions of Proposition B.1 with Z = (0, 00), xo =1, f(x) =
w/x, v = u(ny 1)*~1 and R = @, obtaining, with the help of (110),

P((&,6:) € R, A(0))

_ e i {/ e n 7 g () dx}P((é, (2), 5t(z))z¢0 € dgo)
S, A

& _ ~
~ e Xt {/ eu(lnz Hk 1hz,¢o(x) dx}P((St(Z), 5‘; (Z))zgéO S d({)o)
&, -8

=P((6(2),61(2)) .49 € 61,51 (0) € (=8;,8), A (0))
for any §; — O satisfying 8? > (Inp 1)~ “=DAL At this point, we fix ];t(O) =

(1=l .
gi(Ingt)™ “% and recursively define

fl(n) - {g,\/ft(n v {(In3 t)(Inp 1)~ =21} if © > 2n,

1 otherwise.

Note that, by the definition of «, f; > ft(") whenever p > 2n. We work henceforth
in the subspace R’ obtained by intersecting R with the set where ¢, (0) € (1 —

7(0) 1 7(0)
fo 1+ ). 3
Consider now y € By, \ {0}. Split Q;(A;, ¢o) into paths that do or do not touch
y, that is,
0/(Ar, 0) =Ty (¢y) + Q7
where

—1
= > > I1 o 1+<pa(pz)( — @ (pi) — qe.:(pi))}
k>2ly| pelx(0,0) O<i<k
pi#0 Y0<i<k
yeSet(p)CBR;k
Let us analyse the variables ¢, (y), ¥y € By, \ ({0}. We will show inductively on

|y| that, if y € B, \ ({0} U F,), then we may restrict to @, (y) € (85,85 + £, 7).
Assuming first |y| = 1, we may write, uniformly on R/,

Qly -1 1 ln3t
= 2dpl — 1+ 0|—
oo (0) — 2deImD goa(om(y)( + (my))

7(0)
ooty L OUT),

where the leading term comes from the single path of length 2; to obtain the order
of the error term in the first equality, use (111) and @¢(y) + gz ,(y) = O(Inz1).
Setting

= (2dolny 1)~

gy im e 4 oyt |0

¥s(0)
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denoting 8 := (¢y, ¢z (y)) and defining h; x by the equation

1— 0:(Ar, ¢0)

117 —G|A
( ) ( ot QG,lﬁaa(O)

)+ T:0) = 2y s ().

we can use (110), (114) and pu > 2 to verify the conditions of Proposition B.1 with
hx)= ,u(2de)_1, X0 =00, f = fo and vy = (Inp =2, concluding that we may
restrict 10 g (y) € (8o, 8o + £0); indeed, (2> £ v {(In3 1) (Iny 1)~ #=2)}
(note that f(x) ~ (x — So)* 1 as x } 85). Assume by induction that the latter has
been proved for some n > 1 and all y € By, \ ({0} U F;) with |y| =n, and let
y € By, \ ({0} U Fy) with |y| =n + 1. Reasoning as before, we may write, using

90 (2) € (35, 86 + fi) forall 0 < |z] < |yl,
o] n(y)?

2|yl=2

a 1+ 0(F™)),
¢s(0) 2doIny 1)2I-1gs Vo (y)( (f[ ))

(118)

where the leading term comes from paths with length 2|y|. Defining now h; x as
in (117) but with 2 substituted by 2|y|, we can as before use u > 2|y| to apply
Proposition B.1 and conclude that we may restrict to ¢, () € (84, 85 + f,(”H)),
finishing the induction step. We may thus further restrict to the subset R” C R’
obtained by intersecting R’ with the set where ¢, (y) € (85,85 + f,qy |)) for all
y € (Bp, \{OD\ Fo5.

For ¢5(y), y € Fo, we obtain a similar decomposition as in (117) but with an
exponent equal to zero on Inj £; moreover, the function A; x(¢s(y)) converges to
¢(y)8s /9o (y) uniformly over ¢ € R”, implying that, for all measurable Z C R,

P((¢,61) e R, 0(y) € L, A(0))

(119) NfeE"(y)S"/xfg(x)dx e—Tt(ﬁby)
T &y

x P& (y) € dge (¥), (€(2), 61(2)) s, € dgiy),

where &/ (y) is the projection of R” on the coordinates other than ¢, (y). For
0o (¥), 1] > pos, (118) holds with “<” in place of “=", yielding a decomposition
as in (117) but with (Inp t)“_zh,,g substituted by a function converging to zero
uniformly over ¢ € R”. Hence (119) still holds [note that ¢, (y) = 0 in this case].
This completes the proof of (96); in particular, we may restrict to ¢, (y) € (85 +
ft:81),y € (B \ Bp,) U Fs.

Finally, consider ¢z (y), y € By \ {0}, starting with y € (B, \ {0}) \ F¢. First,
we note that

Ar— gz (y) _ e =8t
I+ (DA — e () —@:(¥) @0 (y) Sc0lnyt

(1 + O(ﬁ(lyl))),
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where we used the concentration of ¢, (y), (111) and ¢t (y) + gz (y) = O(In3 ).
Defining

—~ . 1 4
0l (gy) = Y. [T =1{1+es)(A —@:(pi) — ge.:(p)}
, 2d
p€elryy(0,0)  0<i<2|y|
pi#0 YO<i<2|y| DPi#Y
yeSet(p)CBRt*

and noting that
_ 0! ¢y)
1+ 05 (V) (Ar — g5 (¥) — 95 ()
where the “O(-)” comes from paths with length greater than 2|y|, we obtain
o 07 (4y) _ (e =8,
21(0) 95 (0)9s (M)(Ar — g (y))  (2d85)?P1=1(oIng 1)V

(e =8,
— po(ng )

07 + 0((Ing 1) 2M1=1),

(1 + O(ft(\yl)))

(1 + O(ﬂ('y'))).

Consider the density of & (y)
o —1-2lylg »/
Taon®) = TCXP{%:@) — (Inp )" Vg (y)ers /ey,

Setting R := (¢y, 95 (),
07 (¢y)
0o ()@ (Y)(Ar — gz 1 (y))

T,(N) =T (¢y) —
and solving for A; x in

1— 0:/(Ar, ¢0)

—G(A +
! 40190 (0)

) +1In fg,(y)(‘pé (y)) + T}(N)
(120)

ve(y) e
=i?—+mum+%ﬂw+mmw‘2wmﬂ%@»
we apply once more Proposition B.1 with i(x) = c(y)[(x — 5;1)/Q — e*/ey,

xo =0 and f(x) =e*/¢/g, concluding ¢¢ (y) € (= f;. f;) since f2>> £V v
(ln2 t)—/l,+l+2|y|.

Fory € (By \ Bp,) U F¢, we solve (120) without In fét(y) or the first three terms
after the equality; note that © — 1 —2|y| =0 if y € F¢ and is negative otherwise.
In the first case, h; n(@s(y)) converges to c(y)(ps(y) — 8;1)/Q uniformly over

@ € R”, as follows from the error bounds above, our choice of ft(") and @g(y) =
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O(In3 1); in the second case, (Inp £)*~ 1721y |h,,x((pg (y)) converges uniformly to
zero. Thus, for any measurable 7 C R,

P((&,6,) e R", E(y) €L, A(0))

NfCEE(y)X/QfE(x)dX
z

X f6s o e TP, (v) € dpo (), (612, 51(2)). .2, € dgy),

where Gg (v) is the projection of R” onto the coordinates other than ¢g (). Now
(95) follows, and so we may restrict to @z (y) € (=g, &), ¥ € (B \ Bp,) U Fe.
This concludes the proof. [
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