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1. Introduction

The pure aggregation framework focuses on the best way to combine estima-
tors (seen as deterministic functions) in order to attain nearly the best risk of
these estimators and in order to quantify the residual term. Given N estimators
f&,1 <k < N and a sample X = (X1,...,X,,) from the model f, the problem
is to find an aggregated estimate f which performs nearly as well as the best
r, A €U, where:

N
=" M,
k=1
and U is a certain subset of RY (we assume that linear combinations of the
estimators are valid candidates). The performance of the estimator is measured
by a loss function L. Common loss functions include L? distance (with p = 2 in
most cases), Kullback-Leibler or other divergences, Hellinger distance, etc. The
aggregation problem can be formulated as follows: find an aggregate estimator f
such that for some C' > 1 constant, f satisfies an oracle inequality in expectation,
ie.

E[L(s, /)] < Cmin L7, ) + Ry, ()
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or in deviation, i.e. for € > 0 we have with probability greater than 1 — e:

L(f.f) < Cin L(f. ) + Rove. 2)

with remainder terms R, y and R, n,. which do not depend on f or fj,1 <
k < N.If C =1, then the oracle inequality is sharp.

Historically, three types of problems were identified depending on the choice
of U. In the model selection problem, the estimator mimics the best estimator
amongst fi,..., fn, that is U = {eg,1 < k < N}, with e, = (A;,1 < j <
N) € RY the unit vector in direction k given by \; = 11—k} In the convex
aggregation problem, fy are the convex combinations of f;,1 < k < N, ie. U
is the simplex AT C RN with:

A ={A=Mn1<k<N)eRY, A >0and D M=1} (3)
1<k<N

Finally in the linear aggregation problem, & = R¥ is the entire linear span of the
initial estimators. Recently, these problems were generalized to {,-aggregation
in [29], who define it as aggregation with U = {4(t,), i.e. a ball of radius ¢, > 0
in £;-norm, 0 < ¢ < 1.

Early papers usually consider the L? loss in expectation as in (1). For the
regression model with random design, optimal bounds for the L? loss in ex-
pectation for model selection aggregation was considered in [31] and [30], for
convex aggregation in [20] with improved results for large N in [33], and for
linear aggregation in [28], where knowledge of the density of the design is re-
quired. These results were extended to the case of regression with fixed design
for the model selection aggregation in [15] and [16], and for affine estimators in
the convex aggregation problem in [14]. A unified aggregation procedure which
achieves near optimal loss for all three problems simultaneously was proposed
in [8].

For density estimation, first results include [10] and [32] who independently
considered the model selection aggregation under the Kullback-Leibler loss in
expectation. For positive, integrable functions p, g, let D (p|lq) denote the gen-
eralized Kullback-Leibler divergence given by:

D(pla) = [ posto/a) - [ o+ [ (4)

This is a Bregman divergence, introduced in [7], therefore D (p||q) is non-negative
and D (p|l¢) = 0 if and only if a.e. p = ¢. The Kullback-Leibler loss of an estima-
tor f is given by D (f]|f). In [10] and [32], the authors introduced the progressive
mixture rule to give a series of estimators which verify oracle inequalities with
optimal remainder terms. They introduced the sequential risk for estimating f
with weights §:

n

RocalF,0) = ——= " [DU(fl1fa)]
=0
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where the estimators f(;,i depend only on the first ¢ observations. They proved
that there exists a progressive mixture procedure associated to the weights 47,
such that

Ruea(F1:05) < inf (g Tom ot + Rl ).

This method was later generalized as the mirror averaging algorithm in [21]
and applied to various problems. Corresponding lower bounds which ensure the
optimality of this procedure were shown in [22]. The convex and linear aggre-
gation problems for densities under the L? loss in expectation were considered
in [26].

While a lot of papers considered the expected value of the loss, relatively few
papers address the question of optimality in deviation, that is with high proba-
bility as in (2). For the regression problem with random design, [1] shows that
the progressive mixture method is deviation sub-optimal for the model selection
aggregation problem, and proposes a new algorithm which is optimal for the L2
loss in deviation and expectation as well. Another deviation optimal method
based on sample splitting and empirical risk minimization on a restricted do-
main was proposed in [23]. For the fixed design regression setting, [25] considers
all three aggregation problems in the context of generalized linear models and
gives constrained likelihood maximization methods which are optimal in both
expectation and deviation with respect to the Kullback-Leibler loss. More re-
cently, [13] extends the results of [25] for model selection by introducing the
Q-aggregation method and giving a greedy algorithm which produces a sparse
aggregate achieving the optimal rate in deviation for the L? loss. More general
properties of this method applied to other aggregation problems as well are
discussed in [12].

For the density estimation, optimal bounds in deviation with respect to the
L? loss for model selection aggregation are given in [3]. The author gives a
non-asymptotic sharp oracle inequality under the assumption that f and the
estimators fi,1 < k < N are bounded, and shows the optimality of the remain-
der term by providing the corresponding lower bounds as well. The penalized
empirical risk minimization procedure introduced in [3] inspired our current
work. Here, we consider a more general framework which incorporates, as a spe-
cial case, the density estimation problem. Moreover, we give results in deviation
for the Kullback-Leibler loss instead of the L? loss considered in [3].

The spectral density model is equivalent to estimating the covariance func-
tion cov(X., X.4p) for all integers h from a stationary Gaussian sequence. It
can be seen as the estimation of a Toeplitz covariance operator and has many
applications.

Linear aggregation of lag window spectral density estimators with L2 loss
was studied in [11]. The method we propose is more general as it can be
applied to any set of estimators fr, 1 < k < N, not only kernel estima-
tors. Moreover, we establish oracle inequalities for the model selection type
of risk, which has a less aggressive target than the linear aggregation risk (it
aims the minimal risk over a finite choice instead the minimal risk over all
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linear combinations), but leads to better performance than thelinear aggrega-
tion due to smaller aggregation price. Also, this paper concerns optimal bounds
in deviation for the Kullback-Leibler loss instead of the L? loss in expecta-
tion.

We now present our main contributions. We propose aggregation schemes
for the estimation of probability densities on R? and the estimation of spectral
densities of stationary Gaussian sequences. We prove sharp oracle inequalities
in deviation for the Kullback-Leibler loss. Indeed, for initial estimators fi,1 <
k < N, we propose an aggregate estimator f that verifies the following: for
every f belonging to a large class of functions F, with probability greater than
1 —exp(—z) for all z > 0,

D (fIf) < min D (ffe) +Runc

1<k<N

We propose two methods of aggregation for non-negative estimators, see Propo-
sitions 2.4 and 2.6. Contrary to the usual approach of giving an aggregate es-
timator which is a linear or convex combination of the initial estimators, we
consider an aggregation based on a convex combination of the logarithms of
these estimators. The aggregate estimators f = fXD for the probability density
model and f = f;\s for the spectral density model with A = 5\(X1, LX) €
AT maximize a penalized maximum likelihood criterion. The exact form of
the convex aggregates f;’\j and fAS will be precised in later sections for each
setup.

The first method concerns estimators with a given total mass and produces
an aggregate f;\D which has also the same total mass. This method is particularly
adapted for density estimation as it provides an aggregate which is also a proper
density function. We use this method to propose an adaptive nonparametric
density estimator for maximum entropy distributions of order statistics in [9].
The second method, giving the aggregate f f , does not have the mass conserving
feature, but can be applied to a wider range of statistical estimation problems,
in particular to spectral density estimation. We show that both procedures give
an aggregate which verifies a sharp oracle inequality with a bias and a variance
term. Indeed, the bias term is new in oracle inequalities. It appears from the
estimation of linear functionals of f and not from estimation of f itself. In most
cases, this bias is of order 1/n or smaller under mild smoothness assumptions on
f and on the estimators (fx,1 < k < N). The smoothness parameter does not
interfere at all with the rates, it only appears in the constants of the remaining
term.

When applied to density estimation, our results provide sharp oracle inequal-
ities with the optimal remainder term of order log(N)/n. Theorem 3.1 proposes
an aggregate estimator ff such that we have, for any = > 0, with probability
higher than 1 — exp(—z):

f log N
D(71F) < min D(lfi)+ 2ENEL)
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where [ is an explicit constant depending only on the infinity norm of the
logarithms of f and fi,1 < k < N. In this case, the empirical measure provides
an unbiased estimator of linear functionals of f and there is no bias term.

In the case of spectral density estimation, we need to assume a small amount
of smoothness for the logarithm of the true spectral density and of the estima-
tors. We require that there exists some r > 1/2 such that the logarithms of the
functions belong to the periodic Sobolev space W,.. We show that this also im-
plies that the spectral density itself belongs to W,. and see that our assumption
is slightly more restrictive than the usual assumption in the literature: that f
belongs to Wy 5. Theorem 3.5 proposes an aggregate estimator ff such that,
for any x > 0, with probability higher than 1 — exp(—=x):

£S . / IOg(N) +x «
D (F1F5) < min D(fllfi) +5 =525+ 2
where 3’ and « are constants which depend only on the regularity and the
Sobolev norm of the logarithms of f and f;,1 <k < N.

To show the optimality in deviation of the aggregation procedures, we give the
corresponding tight lower bounds as well, with the same remainder terms, see
Propositions 4.2 and 4.3. This complements the results of [22] and [3] obtained
for the density estimation problem. In [22] the lower bound for the expected
value of the Kullback-Leibler loss was shown with the same order for the re-
mainder term, while in [3] similar results were obtained in deviation for the L?
loss. The proof of Proposition 4.2 is quite close to the proof of lower bounds
in expectation in [22]. However, this construction based on the Haar basis does
not check the additional smoothness assumptions in Proposition 4.3. A new
construction of test functions fi, ..., fy and a new proof for the spectral density
model can be found in Section 5.

In conclusion, we introduce two aggregated procedures based on penalized
maximum likelihood criterion for exponential family of functions and show
their sharp asymptotic optimality in deviation with respect to their Kullback-
Leibler risk. The progressive mixture rule is a strong competitor of our pro-
cedure for the probability density model: it satisfies an oracle inequality in
expectation but with far less restrictive assumptions and it behaves better nu-
merically in our brief examples, for large enough sample sizes (larger than 200).
No such competitor exists for the spectral density model that we also treat
here.

The rest of the paper is organised as follows. In Section 2 we introduce the
notation and give the basic definitions used in the rest of the paper. We present
the two types of convex aggregation method for the logarithms in Sections 2.1
and 2.2. We give a general sharp oracle inequality in deviation for the Kullback-
Leibler loss for each method and setup. In Section 3 we apply the methods for
the probability density together with numerical implementation and the spectral
density estimation problems. The results on the corresponding lower bounds can
be found in Section 4 for both problems. Proofs were gathered in Section 5. We
summarize the properties of Toeplitz matrices and periodic Sobolev spaces in
the Appendix.
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2. Aggregation procedures for the Kullback-Leibler divergence

In this section, we propose two convex aggregation methods, suited for models
submitted to different type of constraints: non-negative functions with fixed
given total mass and non-negative functions without mass restriction. First, we
introduce the setups and the aggregation procedures suited for each type of
constraint. Then, we state non-asymptotic oracle inequalities for the Kullback-
Leibler divergence in a general form.

Let h: RY — R, be a reference probability density with support H := {z €
R?: h(z) > 0}. Note that H can be compact or not. We consider the set G

G ={f:R?* = R,, measurable : ||log(f/h)|,, < +oo},

lloo

with the convention that log(0/0) = 0. Notice that any function in the set G is
integrable. Moreover, we have that ||log(f/h)||., < oo implies that necessarily f
and h have the same support. Thus, the Kullback-Leibler divergence D (f'||f),
defined in (4), is finite for any functions f’, f belonging to G.

We consider a probabilistic model P = {P;; f € G}, with Py a proba-
bility distribution depending on f. We assume that we have a sample X =
(X1,...,Xn), n € N* with distribution P. In the sequel, the examples we con-
sider are models P that correspond either to a probability density model or to
a spectral density model.

More precisely, the probability density model corresponds to a sample of
i.i.d. random variables with common probability density functions (pdf) f. The
random variables X = (X7, ..., X;,) has joint pdf f®"(z) = f(z1) - ... - f(zn),
with x = (21, ..., 2,) in (R9)™.

The spectral density model corresponds to a sample issued from a station-
ary Gaussian sequence with spectral density function (sdf) f. Let 1/(2m)1_r
be the reference density and (Xy)rez be a stationary, centered Gaussian se-
quence with covariance function v; = Cov (Xg, Xg4,), for j € Z. Under the
standard assumption that Z;io |71 < +oo, the spectral density f associated
to the process is the even function defined on [—7, 7] whose Fourier coefficients
are vy;:

27 T or

_ 1 &
f(z) = 3 gige - 04 2 ij cos(jx), x € [—m, 7.
JEL T j=1

Note that, vo = ["_ f(z)dx.

Now, suppose we have (fx,1 < k < N), N distinct estimators belonging
to G. We propose two aggregation methods based on these estimators and the
available sample, that behave, with high probability, as well as the best initial
estimator fi» in terms of the Kullback-Leibler divergence, where k* is defined
as:

k* = argmin D (]| fi). (5)
1<k<N

The first aggregation method concerns setups where f as well as (fx,1 <
k < N) have a given total mass supposed equal to 1 without loss of generality:
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Jf=[fi=..=[fn =1 This is the case in both the probability density
model and in the spectral density model with given variance 7.
We set the classical notation for nonparametric exponential family of func-

tions:
F(@) = @Y p(z), fi(z) = @Y. B(z) zeRY, (6)

where ¢ = [hlog(h/f) and t = ¢ + log(f/h), giving that [¢h = 0 and that
¢ =log([ €' h) is a normalization constant (when needed). Similarly for ¢; and
(S

We proceed in this case by aggregating (tx,1 < k < N) into a convex combi-
nation

N
th = Z Aite, with X in the simplex AT,
k=1

and by constructing

f}\D(CL') — et (@)=Y -h(x), with ¥y = log (/ PN h) 7

where 9, is the normalization constant.

The second aggregation method concerns setups where f and (fx,1 < k <
N) are non-negative with arbitrary total mass, e.g. the more realistic spectral
density model with unknown variance. In this case, we proceed by aggregating
log(fi/h) =: gi into a convex combination

N
g = Z Mgk, with X in the simplex AT,
k=1

and leave the resulting function unnormalized:
(@) = e h(z).

It is easy to see that the normalized f;\g /f fj\g is actually the same as f/(j .
However, the criteria we estimate and penalize in order to define the optimal
coefficients AP and 5\5 are different and the two aggregation methods lead to
two different estimators.

With previous notation, we check that, for all f in G:

Jf <eltostMlee g < Jllog(f/h) [l and [It] < 2|log(f/h) - (7)

Remark 2.1. At this point we notice that the assumption that f belongs to
the class G is quite restrictive. Indeed, assuming e.g. that h is the indicator
function on [0,1] implies that there exist two constants 0 < ¢ < C such that
¢ < f(z) < Cfor all z in [0,1]. However, if f tends to 0 in the probability density
model, [32] suggested data augmentation to raise the function above 0. That
means mixing the data with an auxiliary sample drawn from the distribution ¢
and use (fr + ¢)/2 instead of fr. We may choose ¢ uniformly distributed over
a compact set that covers all data.
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Moreover, the functions f and fx, 1 < k < N may be unbounded, or tend to
0, through the reference probability density h. Consider e.g. h(z) = (1 — a)/x®
for z in [0,1] and some a between 0 and 1, or an exponential distribution on
non-negative real numbers, or a Gaussian distribution on the real line. These
cases are not covered by the L? aggregation procedure.

We fix some additional notation. We denote by I,, an integrable estimator
of the function f measurable with respect to the sample X = (Xi,...,X,).
The estimator I,, may be a biased estimator of f as is the periodogram in the
spectral density model for example. We note f,, the expected value of I,,:

Jn = Ef[ln]-

For a measurable function p on R? and a measure @Q on R? (resp. a measurable

function ¢ on R?), we write (p, Q) = [ p(x)Q(dz) (resp. (p,q) = [ pq) when the
integral is well defined. We shall consider the L?(h) norm given by | p||,- ) =

(/).

We describe now the implementation using data of our two aggregation meth-
ods of the estimators (f,1 < k < N) and first results. For each of the two previ-
ously defined aggregation methods, we see how the Kullback-Leibler discrepance
between the estimated f and the convex combination fy (which is either fP or
f{) can be reduced to a linear functional of f. Such linear functionals can be
estimated with fast rates in a biased or, sometimes, an unbiased way. We pe-
nalize this estimator to get the criterion H,()\), a concave function of A to be
maximized over the simplex AT. The resulting argument of this optimization,
5\*, provides our aggregated procedure f* = f5, that is optimal in deviation.

Proofs are structured in two main steps, for each aggregation method. First,
faswell as f, 1 <k < N belong to G and Lemmas 2.3 and 2.5 show that the
penalized criterion H,(\) has a unique maximizer provided that {tx, 1 < k <
N}, respectively {gi, 1 < k < N}, are linearly independent. Moreover H, () is
proved strongly concave around its maximum.

Next, we assume additionally that || log(fi/h)|lcc are uniformly bounded by
some constant K > 0 for all 1 < k < N, see Remark 2.1 on such constraint. We
state in the following Propositions 2.4 and 2.6 oracle inequalities in deviation
under quite general form. Indeed, the remainder term in these inequalities is
decomposed for each method into a bias term for estimating the linear functional
(-, ) of f and the maximum of N stochastic terms which are centered at second
order. No additional smoothness assumptions are required here.

2.1. Non-negative functions with given total mass

In this Section, we shall consider non-negative functions with mass 1, but what
follows can readily be adapted to functions with any given total mass, such as
spectral density function with given variance.

We want to estimate f based on the estimators fi € G for 1 < k < N which
we assume to be non-negative with mass 1. Recall the representation (6) of f
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and fi. For A € At defined by (3), recall that the aggregated estimator f is
given by the convex combination of (t,1 < k < N):

N
f)]? =exp (tx — ) h with ¢\ = Z)\ktk and 1) = log (/ et h) )

k=1

Notice that f2 is such that || ¢y || < maxi<p<n ||tk ]|, < +00, that is fP € G.
The Kullback-Leibler divergence for the estimator f£ of f is given by:

D (fIfP) = / log (f/1P) f = {t — tr, f) +tor — . (8)

Minimizing the Kullback-Leibler distance is thus equivalent to maximizing A —
(tx, f) —1x. Notice that (ty, f) is linear in A and the function A — vy is convex
since V21, is the covariance matrix of the random vector (tx(Yy),1 < k < N)
with Y having probability density function f)\D . Let I,, be a non-negative esti-
mator of f based on the sample X = (X1,...,X,,), which may be the empirical
measure or a biased estimator with f,, = E[I,]. We estimate the scalar product
(tx, f) by (tx, I,). To select the aggregation weights A, we consider on A* the
penalized empirical criterion HP()\) given by:

HPO) = (i3, In) ~r — 5 pen” (),

with penalty term:

N N
pen”(\) = N D (fP11fx) = D Metoi — .

k=1 k=1

Remark 2.2. The penalty term in the definition of H? can be multiplied by any
constant 6 € (0,1) instead of 1/2. The choice of 1/2 is optimal in the sense that
it ensures that the constant exp(—6K)/4 in (14) of Proposition 2.4 is maximal,
giving the sharpest result.

The penalty term is always non-negative and finite. Notice that H?2 simplifies

to:
Z)\k ( tes In 1/%) - %1#,\, 9)

which is obviously concave function of A, as 1 is convex in .
Lemma 2.3 below asserts that the function HP, defined by (9), admits a
unique maximizer on A1 and that it is strictly concave around this maximizer.

Lemma 2.3. Let f and (fx,1 < k < N) be non-negative functions with mass
1, elements of G such that (t,1 < k < N) are linearly independent. Then there
exists a unique \P € At such that:

AP = argmax HP()). (10)

AEAT
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Furthermore, for all A € A*, we have:
HP(OP) — HPO) > 5 D (75 17). ()
Using AP defined in (10), we set:
FP =B Pty and 9P =i (12)

We show that the convex aggregate estimator ff verifies almost surely the
following non-asymptotic inequality with a bias and a variance term.

Proposition 2.4. Let K > 0. Let f and (fx,1 < k < N) be non-negative
functions with mass 1, elements of G such that (tp,1 < k < N) are linearly
independent and maxi<p<n |[tr]l, < K. Let X = (X1,...,X,) be a sample
from the model P¢. Then the following inequality holds:

D (£I52) = D (Flfie) < B (2~ i) + max V. (ex),
with the functional By, given by, for £ € L= (R):
Bu(0) =t fn—[). (13)
and the function V,P : AT — R given by:
_ex N

1 Z/\kHtk_tk*

k=1

VnD()‘) = <In - .]En;t)\ _tk*> _e

Tan) - (14)

The bias term B,, is new in the aggregation results. We stress the fact that
it is a bias for estimating the linear functional (¢, f) appearing in the definition
of the risk and not a bias for estimating the function f. The bias for linear
functionals can be made O(1/n), and thus negligible in front of the variance,
under very mild assumptions on the function f.

Obviously, when f is a pdf, we plug the empirical measure in (¢, f) and the
resulting estimator n=! Y"1 | £(X;) is unbiased.

2.2. Non-negative functions

In this Section, we shall consider non-negative functions. We want to estimate
a function f € G based on the estimators fi € G for 1 < k < N. Since most of
the proofs in this Section are similar to those in Section 2.1, we only give them
when there is a substantial new element. Recall the representation (6) of f and
fr. For A € A" defined by (3), we consider the aggregate estimator ff given by
the convex aggregation of log(fx/h) =: gi, for 1 <k < N:

N

fL=e™h with gy = Z)\kgk. (15)
k=1
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Notice that [[log(f5/h) |, < maxi<p<n || grll < +oo, that is f{ € G. The
Kullback-Leibler distance for the estimator f;? of f is given by:

(A1) = [roe s/ = [ 1+ [ 55 =t-ann)- [ 1+ [ 55 a0

By our assumptions f and f{ belong to G, thus D (f||f{) < oo for all A € AT,

Minimization of the Kullback-Leibler distance given in (16) is therefore equiv-
alent to maximizing A — (gx, f) — [ fi. Notice that (gy, f) is linear in A and
the function A — [ f{ is convex, since the Hessian matrix V2 [ £ is given by:
(V2 [ ff]i,j = [ gig;f{, which is positive-semidefinite. As I,, is a non-negative
estimator of f based on the sample X = (Xi,...,X,,), we estimate the scalar
product (gx, f) by {(gx, I). Here we select the aggregation weights A based on
the penalized empirical criterion H2 ()\) given by:

HS(\) = (g, /fA——pen>

with the penalty term:

S _ - S _ = _ S
pen®(X) = N D (fAIf) =D M [ fo— [ 13-
k=1 k=1

The choice of the factor 1/2 for the penalty is justified by arguments similar to
those given in Remark 2.2. The penalty term is always non-negative and finite.
Notice that H2 simplifies to:

Z)\k ( (gr: L / ) /f)\ (17)

Thus, the new criterion H7 is also the sum of a linear term in A and of a concave
term —(1/2) [ f¥. The proofs are very similar to those in the previous section,
for this reason.

Lemma 2.5 below asserts that the function H? admits a unique maximizer
on AT and that it is strictly concave around this maximizer.

Lemma 2.5. Let f and (fi,1 < k < N) be elements of G such that (gi,1 <
k < N) are linearly independent. Let HS be defined by (17). Then there exists
a unique \2 € AT such that:

A = argmax HS(\). (18)
€

Furthermore, for all A € A", we have:

HI(AS) ~ HSO) > 2D (15158). (19)

l\.’)
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Using A5 defined in (18), we set:
fP=fp and g7 =g (20)

We show that the convex aggregate estimator ff verifies almost surely the
following non-asymptotic inequality with a bias and a variance term.

Proposition 2.6. Let K > 0. Let f and (fx,1 < k < N) be elements of G such
that (gr,1 < k < N) are linearly independent and maxi<p<n || g ||, < K. Let
X = (X1,...,X,) be a sample from the model Py. Then the following inequality
holds:

D(fI75) = D(flfi) < Ba (55 — ) + max VS (e,

1<k<N

with the functional B,, given by (13), and the function V,° : AT — R given by:

3k N

1 > Xellge — gk
k=1

e

Vns()‘) = <gA - gk*aln - fn> -

2
L2(h) -

3. Applications and numerical implementation

In this section we apply the methods established in Section 2.1 and 2.2 to the
problems of density estimation and spectral density estimation, respectively. By
construction, the aggregate f£ of Section 2.1 is more adapted for the density
estimation problem as it produces a proper density function. In this model, we
choose to use the unbiased empirical estimator of the linear functional of f.
Next, Theorem 3.1 makes the remainder term explicit uniformly over pdf’s f
such that ||log(f/h)]|cc < L, for some L > 0. A short numerical study might
inspire the reader for future developments.

For the spectral density estimation problem, the aggregate ff will provide the
optimal results. It is more convenient in this case to plug-in the periodogram I,
in order to get a biased estimator (¢, I,) of (¢, f). In order to control the bias and
make it negligible with respect to the stochastic term, we assume that log(f/h)
belongs to a Sobolev ellipsoid of smoothness r, for some r > 1/2 arbitrarily close
to 1/2. Note that r is not needed anywhere in the procedure, it only appears in
the constants of the remainder term and does not affect the rate log N/n. We
show that our smoothness assumption implies that 3, j*"Cov (X, X 4;) <L
which is slightly more restrictive than the usual assumption in spectral density
models that Zj21j200v (X.,X.4;) < L, when (X;, j € Z) is a stationary
Gaussian sequence with spectral density function f.

3.1. Probability density model

Recall that the model {P;, f € FP(L)} corresponds to ii.d. random sam-
pling from a probability density f € FP (L), that is the random variable X =
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(X1,....X,) has density f©"(z) =[], f(z;), with = (z1,...,2,) € (RH)",
We consider the following subset of probability density functions, for
L>0:

FP(L)={f €0 |lt;]|. <L and /f:l}.

Recall that for any fixed f in G, the function ¢y := ¢)+log(f/h) has the sup-norm
bounded as follows ||tf]|cc < 2| log(f/h)| s Which is finite by assumption. We
refer to Remark 2.1 for a discussion on this assumption. We want to establish
here an oracle inequality uniformly over f which is the reason why we assume
that ||t f]|co is uniformly bounded. This bound does not appear anywhere in the
algorithm, but only in the remainder term that is a price for aggregation of
estimators.

The aggregation procedure involves estimation of linear functionals < ¢, f >,
for functions ¢ in L'(h). We estimate the probability measure f(x)dz by the
empirical measure I,,, giving

n

(1) =3 x) (21)

i=1

which is an unbiased estimator of (¢, f).

In the following Theorem, we give a sharp non-asymptotic oracle inequality
in probability for the aggregation procedure fP with a remainder term of order
log(N)/n. We prove in Section 4.1 the lower bound giving that this remainder
term is optimal.

Theorem 3.1. Let L,K > 0. Let f € FP(L) and (fr,1 < k < N) be el-
ements of FP(K) such that (t,,1 < k < N) are linearly independent. Let
X = (X1,...,X,) be an i.i.d. sample from f and I, be defined in (21). Let
f*D be given by (12). Then for any x > 0 we have with probability greater than
1 —exp(—z):

D (f172) - D (i) < 2T,
with B = 2exp(6K + 2L) + 4K /3.

Remark 3.2. We can also use the aggregation method of Section 2.2 and consider
the normalized estimator f° = f5/ J 5 = fﬁ\%7 which is a proper density
function. Notice that the optimal weights AP (which defines f2) and AS (which
defines f5) maximize different criteria. Indeed, according to (18) the vector S
maximizes:

1 1
HS()‘)_<gAaIn>§/f§§;>\k/fka

and according to (10) the vector AP maximizes:
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HY(A) = (t In>_lw)\_li)\k¢k
n ’ 2 2 2
N

= (L) - pat g O Mtk

1

k=
= <g>\7In>*%10g </f§>7

where we used the identity gy = t) — Zszl Ay for the second equality and the
equality log( [ f¥) = log (f oA =X o Arvr h) =y — Zgzl Ay for the third.

That shows that the resulting aggregated estimators are different.

3.2. Spectral density model

In this section we apply the convex aggregation scheme of Section 2.2 to spec-
tral density estimation of stationary centered Gaussian sequences. Let h =
1/(2m)1— » be the reference density and (Xy)rez be a stationary, centered
Gaussian sequence with covariance function ~ defined as, for j € Z:

Vi = Cov (Xkan—i-j)-

Notice that v_; = ;. Then the joint distribution of X = (X1,...,X,,) is a
multivariate, centered Gaussian distribution with covariance matrix ¥,, € R™*™
given by [X,];; = vi—; for 1 < ¢,j < n. Notice the sequence (7;);jez is semi-
definite positive.

We make the following standard assumption on the covariance function ~:

oo

Z || < +o0. (22)

=0

The spectral density function f associated to the process is the even function
defined on [—m, 7] whose Fourier coefficients are ~;:

o0

_ Vi e _ Y0 1 4 )

fla) =3 gr e = oo+~ 3 cos(jz).
JEZL j=1

Condition (22) ensures that the spectral density is well-defined, continuous and

bounded. It is also even and non-negative as (7;);ecz is semi-definite positive.

The function f completely characterizes the model as:

v = ! f(z)e"" do = ! f(z)cos(jzx)dx for j € Z. (23)

—T

For ¢ € L*(h), we define the corresponding Toeplitz matrix T}, (¢) of size n xn
by:
1 T
[Tn(é)]ﬂk = 5

U(x) IR g,
27

—1T
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Notice that T, (27 f) = X,. Some properties of the Toeplitz matrix T}, (¢) are
collected in Section A.1.
We choose the following estimator of f, for x € [—m, 7]:

N N n—1

Y jT Y0 1 ~ .

I,(z) = l; ﬁ I — 5 + - ;Vj cos(jx), (24)
jl<n =

with (%;,0 < j <n —1) the empirical estimates of the covariances (v;,0 < j <
n—1):

.18
i=1

The function I,, is a biased estimator, where the bias is due to two different
sources: truncation of the infinite sum up to n, and renormalization in (25) by
n instead of n — j (but it is asymptotically unbiased when n goes to infinity as
condition (22) is satisfied). The expected value f,, of I,, is given by:

. n—1 .
= I % e 0 1 (n—j) .
= & (1) g -2 A5 iy

l7l<n

In order to be able to apply Proposition 2.6, we assume that f and the
estimators f1,..., fx of f belongs to G (they are in particular positive and
bounded) and are even functions. In particular the estimators fi,..., fy and
the convex aggregate estimator ff defined in (20) are proper spectral densities
of stationary Gaussian sequences.

Remark 3.3. By choosing h = 1/(27)1|_y ], we restrict our attention to spec-
tral densities that are bounded away from +oo and 0, see [24] and [6] for the
characterization of such spectral densities. Note that we can apply the aggrega-
tion procedure to non even functions fz, 1 < k < N, but the resulting estimator
would not be a proper spectral density in that case.

To prove a sharp oracle inequality for the spectral density estimation, since
I,, is a biased estimator of f, we shall assume some regularity on the functions
f and fq,..., fy in order to be able to control the bias term. More precisely
those conditions will be Sobolev conditions on their logarithm, that is on the
functions log(f/h) and log(fi/h),...,log(fn/h).

For ¢ € L?(h), the corresponding Fourier coefficients are defined for k € Z

1

by ar = 5- ffﬂ e~ ¢(x) dz. From the Fourier series theory, we deduce that

5 4
Spez lan? = €172y and ae. £(z) = 3 4z ax e’® If furthermore Y-, ., |ax|
is finite, then ¢ is continuous, £(z) = >, ., ax €’*® for x € [—m, 7] and [|£]|, <

EkEZ |a|-

For r > 0, we define the Sobolev norm |[| ||, . of £ as:

1005, = 10T H{O3, with {033, =" [k[*"|ax|*.
keZ
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The corresponding Sobolev space is defined by:
W, = {t € L*(h); || €], <+oc}.

For r > 1/2, we can bound the supremum norm of ¢ by its Sobolev norm:

el <D lar] < Co{l}zr < Cr |l €]y, (26)
kEZ

where we used Cauchy-Schwarz inequality for the second inequality with

C2= 37 < +oc. (27)

kez*

The proof of the following Lemma seems to be part of the folklore, but since
we didn’t find a proper reference, we give it in Section A.2.

Lemma 3.4. Let r > 1/2, K > 0. There exists a finite constant C(r, K) such
that for any g € W, with | g||,, < K, then we have ||exp(g) ||, ,. < C(r, K).

For r > 1/2, we consider the following subset of functions:

FIL)={fe€g: |gy [, <L/C; and gy even}, with gy =log(f/h).
(28)
For f € F?(L), we deduce from (26) that g; is continuous (and bounded by L).
This implies that f is a positive, continuous, even function and thus a proper
spectral density. Notice that 27| f ||, < exp(L). We deduce from (23) that
v, = " _e 7 f(x)dx and thus:

2
2,r

hE

’73 1 2ry . 2
| f m*‘m (L4 &)

>
Il

1

Thus Lemma 3.4 and (26) imply also that the covariance function associated to
f € F2(L) satisfies (22). We also get that Z;‘;l j’yjz- < +o00, which is a standard
assumption for spectral density estimation.

The following Theorem is the main result of this section.

Theorem 3.5. Let r > 1/2, K,L > 0. Let f € F?(L) and (fx,1 < k < N)
be elements of F2 (K) such that (gx,1 < k < N) are linearly independent. Let
X = (Xy,...,X,) be a sample of a stationary centered Gaussian sequence with
spectral density f and I, be defined in (24). Let f*s be given by (15). Then for
any x > 0, we have with probability higher than 1 — exp(—x):

D (7175) D (e < ZHERIEEL @

n

with 8 = 4(K eF + 22435 and o = 4KC(r, L) /C,..
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Remark 3.6. When the value of 7 is given, we shall use the aggregation method
of Section 2.1 after normalizing the estimators fi, 1 < k < N by dividing fx by
[ fi- The final estimator of f would take the form fS\DD =% SJ\DD and verifies a
similar sharp oracle inequality as ff (that is without the term a/n of Theorem
3.5). When the value of 7¢ is unknown, it could be estimated empirically by
Yo =137, X2 Then we could use 4o f;f)D to estimate f. However the empir-

ical estimation of ~yy introduces an error term of order 1/4/n, which leads to a
suboptimal remainder term for this aggregation method.

3.3. Numerical implementation

In this section we apply the aggregation method f)’\j established in Section 2.1
to the problem of density estimation. We compare the performance of our aggre-
gation scheme to the progressive mixture method introduced by [10] and [32],
which proves to be a strong competitor.

To the best of our knowledge, there is no progressive mixture rule for spectral
density estimation.

We consider two examples of probability densities to estimate: a shifted and
truncated version of the Claw distribution and of the Smooth Comb distribution
used in [26]. A random variable is distributed according to the Claw distribution
if its density foiqw 1s given by:

4
folaw(®) = a <%gp(2:17 -1+ 20.1 P <M)> 1p0,1)(2),

0.1
k=0

where ¢ is the density function of a standard normal random variable, and «
a normalizing constant. The Smooth Comb distribution has density function
fsmcomp defined as, for x € R:

5
6z — 3 — (65496 -27%)/21

fsmcomb(x) = a E © < 3; 2 %/63 )/ > 1j0,1y(2),

k=0

with normalizing constant a.

Given a sample of the underlying distribution, we use the first part of it to
create kernel density estimators with different bandwidths, then use the second
part to perform the aggregation. We consider 5 different estimators with the
normal kernel and bandwidths h = 0.005,0.0075,0.01,0.02,0.05. We create 100
samples of size 1000, and then use n = 50, 100, 200, 500, 1000 of the available
size to estimate the true density, allocating 80% of the sample to creating the
kernel estimators and 20% for the aggregation part.

The results of the estimations can be found in Figure 1. We can observe that
for small sample sizes the convex aggregation method performs better in terms
of risk and dispersion, but as the sample size increases, the progressive mixture
method yields better results.
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F1G 1. Bozplots of the Kullback-Leibler (KL) and L? distance of the estimators for the Claw
and the Smooth Comb density with different sample sizes.

Further numerical studies may include a hybrid procedure that would benefit
from our aggregated procedure for small samples and from the progressive mix-
ture procedure for large enough samples. The latter might also be introduced
for the spectral density model, which characterizes the covariance of stationary
series and is of great interest for many applications.
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4. Lower bounds

In this section we show that the aggregation procedure given in Section 2 is
optimal by giving a lower bound corresponding to the upper bound of Theo-
rem 3.1 and 3.5 for the estimation of the probability density function as well as
for the spectral density.

4.1. Probability density estimation

In this section we suppose that the reference density is the uniform distribution
on [0,1]% h =1 yja.

Remark 4.1. If the reference density is not the uniform distribution on [0, 1]¢,
then we can apply the Rosenblatt transformation, see [27], to reduce the problem
to this latter case. More precisely, according to [27], if the random variable Z has
probability density 4, then there exists two maps T and T~ ! such that U = T'(Z)
is uniform on [0,1]¢ and a.s. Z = T~*(U). Then if the random variable X has
density f = exp(g) h, we deduce that T'(X) has density f7 = exp(gonl)l[O,l]d.
Furthermore, if f; and f2 are two densities (with respect to the reference density
h), then we have D (f1f2) = D (fIf7).

We give the main result of this Section. Let Py denote the probability measure
when Xi,..., X, are ii.d. random variable with density f.

Proposition 4.2. Let N > 2, L > 0. Then there exist N probability densities
(fr,1 <k < N), with fr € FP(L) such that for alln > 1, x € R satisfying:

% <3(1—e")?, (29)
we have:
iﬁffgs;lgm Py (D (fllfn) - in D (f|lfi) = w> > %e‘”ﬁ
with the infimum taken over all estimators fn based on the sample X1,...,X,,

and B! =2717/2/3,

4.2. Spectral density estimation

In this section we give a lower bound for aggregation of spectral density es-
timators. Let Py denote the probability measure when (X,,),cz is a centered
Gaussian sequence with spectral density f. Recall the set of positive even func-
tion F2(L) C G defined by (28) for r € R.

Proposition 4.3. Let N > 2, r > 1/2, L > 0. There exist a constant C(r, L)

free of N and N spectral densities (fr,1 < k < N) belonging to F2 (L) such
that for alln > 1, x € R satisfying:

log(N) + x - C(r,L)

n log(N)?r

(30)
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we have:

wt sw By (D(717) - min, DI >

fu fEFS(L) 1<k<N n

Plos b)), Lo
- 24
(31)
with the infimum taken over all estimators fn based on the sample sequence
X = (X1,...,X,), and ' =875/2/3.

5. Proofs
5.1. Proofs of results in Section 2

Proof of Lemma 2.3. Consider the form (9) of HP()). Obviously, the function

N

A > Nt In) —%1/11@)

k=1

is linear in A and that A — 1, is convex. Notice that Vi, = (<tk, f>’\3>, 1<k<
N). This implies that for all \,\" € A™:

(A=N) -V + D (FRIFP)
N
= Z()\k - )\?c) <tkvf)€)> +<t)\’ - t)\vf)9> ‘H/JA - QZ})\/

1

Pr — P (32)

Since 1 is convex and differentiable, we deduce from (9) that HY is concave
and differentiable. We also have by the linearity of LY and (32) that for all
AN e AT
1
HY () = Hy (V) = (A= X) - VH (V) = 5 D (fUIIF7) - (33)
The concave function Hflj on a compact set attains its maximum at some points
A* C A*. For A\, € A*, we have for all A € AT:

A=\, -VHP(),) <o, (34)
see for example Equation 4.21 of [5]. Using (33) with X = X, and (34), we
get (11). Let AL and A2 be elements of A*. Then by (11), we have:

< “ 1
0=HP(\) - HP(02) = 3D (£R1£5).

which implies that a.e. ﬁ = ;\’é. By the linear independence of (t,1 < k < N),

this gives 5\1 = 5\3, giving the uniqueness of the maximizer. O
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Proof of Proposition 2.4. Using (8), we get:

D (FIFP) = D (fl i) = (b = P, ) +0P = oy

By the definition of k*, together with pen”(ey) = 0 for all 1 < k < N and the
strict concavity (11) of HP at AP with A\ = eg«, we get:

D(FIF2) =D (Fllfer) < (e =32, ) 4P = e
+ HP(P) ~ HP(ere) — 5 D (FP i
= (2~ the L — f) — 3 D (FPN i) — 5 penP (3P)
=B, (t? —tk*)+A£’,

with:

N
= (Pt T )~ 3 D (FPU ) — 5 SN D (FPUR) . 39)
k=1

We recall, see Lemma 1 of [2], that for any non-negative integrable functions
p and g on R? satisfying ||log(p/q) ., < +0o0, we have:

1
D(plla) = ;e og(p/ )l /p(log(p/q))z- (36)
We have:

D(FPU5) > e et/ [ 52 (10g(i)50))

1 D) f :

> L KWl /h (log(ff/fk))
1 A 2 )

25" (||t*D = th oy (07 = ¢k)2>
1 _ 2

> - 5 ¢ 6K1tP — ¢y, 22y

where we used (36) for the first inequality, the fact that ¢ <||tf|lcc, as well as
J tyh = 0. By using this lower bound on D (f*D ||fk) to both terms on the right
hand side of (35), we get:

. 2
AP < <t*D —te, I — fn —tie I p2n)
2
PrllE? —ty I z2n)
= (0 — ty, fn) AP It — b i%h)

k=1
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where the first equality is due to the following bias-variance decomposition
equality which holds for all £ € L?(h) and A € A*:

N N

2 2 2
> Mellte — Ul z2my = I1tx = L2 + Ak llta — 2y - (37)
k=1 k=1

The function V,P is affine in A, therefore it takes its maximum on AT at some
er, 1 <k < N, giving:

D (£I52) = D (i) < Bu (2~ 1) + max VP (er).

This concludes the proof. O
Proof of Lemma 2.5. Notice that for all A, N € A™:

[ 5= [t =009 [ e+ D(slf). (38)

The proof is then similar to the proof of Lemma 2.3 using (38) instead of (32).
O

Proof of Proposition 2.6. Similarly to the proof of Proposition 2.4 we obtain
that:

D (fIF5) =D (fl i) < Bu (35 = gie) + A3,
with:

N
A5 = (35 — g T = Fa) =5 D (£ ) = 5 008D (F10e) - (39)
k=1

Since [|log(f5/fi)ll = g5 — gkl < 2K for 1 < k < N, we can apply (36)
with f5 and f:

D (F2le) = g los ol [ 73 (1og(51 )

1 =S 2
> L fsznq*noo/h -5
> ;e (92 — )
1

e 3K g8

v

2
5 = 9k llL2ny» (40)

maxi<ip<n || 9kl < K. Applying (40) to both terms on the right hand side
of (39) gives:

where in the second and third inequalities we use that [ g, <

—3K

4

e

195 — gi-

R — 2
An(AD) < (98 — gre I — fo) — L2(h)

_3xg N

e Q R 2
Ty Z )‘f,k [ g*S — 9k ||L2(h)
k=1
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— _3K N ~
:<g>§_gk*7—[n_fn>_e4 Z)‘f,k”gk_gk*
k=1

2
L2(n)
= V7 (A9),

where we used (37) for the second equality. The function V,° is affine in ),
therefore it takes its maximum on A" at some e;, 1 < k < N, giving:

D (£155) = D(Fllfi) < Bu (355 = i) + max V(en).

This concludes the proof. O
Proof of Theorem 3.1. By Proposition 2.4, we have that:

D (f||f£) — D (f|lfr+) < Bp (2 — i) +  max VP (ep). (41)

Since I,(dy) is an unbiased estimator of f(y)dy, we get B, (tP —t;-) = 0.
Notice that

)ge for all 1 < k < N, (42)
implies
which will provide a control of the second term on the right hand side of (41).

Thus, the proof of the theorem will be complete as soon as (42) is proved.
To prove (42), we use the concentration inequality of Proposition 5.3 in [3]

which states that for Y7,...,Y,, independent random variables with finite vari-
ances such that |Y; —EY;| < b for all 1 < ¢ < n, we have for all v > 0 and
a > 0:
]P’(lzn:(Yi—EYi—aVar Y;) > (iﬂ) 3) <e . (43)
n 20 3)n)

Let us choose Y; = t4,(X;) —t+ (X;) for 1 < i < n. Then, since f; and fi+ belong
to FP(K), we have |Y; — EY;| < 4K, and:

VarY; < /(tk — tk*)Qf < el ||tk — g

2
L2(h) - (44)

Applying (43) with a = exp(—6K — 2L)/4, b = 4K and u = log(N) + z, we
obtain:

—6K—2L
Z ]P) <tk - tk*vIn - f_n> _GTVE%I' Yl > W)

> P g et M)

(t = tie I = Fu) === l1tx = tie [ 2y >

Bog(N) + x))

n
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where the second inequality is due to (44). This proves (42) and completes the
proof. O

Proof of Theorem 3.5. Using Proposition 2.6 and the notations defined there,
we have that:

D(FIF5) = D(flfi) < Bu (35 — gue) + max ViS(en). (45

1<k<

First step: Concentration inequality for max;<x<n V,> (er).

We shall prove that

log(N
]P’( max VS(er) > 2U08( Hx)) <e® (46)

1<k<N n

It is enough to prove that for each 1 < k < N:
P (Vf(ek) > 5:) <e ™. (47)
Indeed take v = log(/N) +2 and the union bound over 1 < k < N to deduce (46)

from (47).

The end of this first step is devoted to the proof of (47). Recall definition (63)
of Toeplitz matrices associated to Fourier coefficients. We express the scalar
product (¢, I,,) for £ € L°°([—m, 7]) in a matrix form:

= QL Z ZXin _ﬂ £(z) cos((i — j)x) da = %XTTn(E)X. (48)

We have the following expression of the covariance matrix of X: 3, = 27T, (f).
Since f is positive, we get that 3, is positive-definite. Set £ = E;lﬂX so that
£ is a centered n-dimensional Gaussian vector whose covariance matrix is the
n-dimensional identity matrix. By taking the expected value in (48), we obtain:

E((, L) = {4 f,) = —tr(R (0)),

1 1
where tr (A) denotes the trace of the matrix A, and R,,(£) = X3 T, (¢)%; . There-
fore the difference <€, I, — fn> takes the form:

(600 ) = (€ Ra(0)E — tr (Ra(0)))

We shall take £ = g — gp+. For this reason, we assume that ¢ is even and
€]l <2K.Let n = (1,1 <1i < n) denote the eigenvalues of the symmetric
matrix R, (¢), with 1; having the largest absolute value. Similarly to Lemma
4.2. of [4], we have that for all a > 0:

ot 2P<<£,In—fn> > 2imlu 2”’77! ﬁ)

n
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>P<< ﬂ»_ﬂmw+n|+@), (19)

n an n

where we used for the second inequality that 2v/vw < v/a+aw for all v, w,a > 0.
Let us give upper bounds for |n;| and ||7]°>. We note p(A) for A € R™*™
the spectral radius of the matrix A. Then by the well-known properties of the
spectral radius, we have that:

Im| = p(Rn(£)) < p(En)p(Th (L))

We deduce from (64) that p(X,) = p(27T,(f)) < 27| fll,, < exp(L) and
p(Tn(0)) < [|4]|,, < 2K. Therefore we obtain:

Im| < 2K e*. (50)
As for || n|%, we have:

In)1* = tr (R(0) = tr (ZaTn(0)?) < p(E0)° tr (T3(0) < & |l €] 720

(51)
where we used (65) for the last inequality. Using (50) and (51) in (49) gives:
_ L 2L ||
U > P << AR 4K e™u n I HLz(h) n %)
n a n

03K
2P ({60 - F) =S Nl 2 5.

where for the second inequality we set a = 4exp(2L + 3K). This proves (47),
thus (46).

Second step: Upper bound for the bias term B, (35 — gi-)

We set £, = §° — g~ and we have || £, o, < 2K/C,. Let (ak)rez be the cor-
responding Fourier coefficients, which are real as ¢, is even. We decompose the
the bias term as follows:

Bn(g*) = <fn - fa €*> = <.fn,1 - fv €*> - <.fn,2;€*>7 (52)
with f,,.1, fn2 given by, for x € [—,7]:
fnl Z ’7] me and fn2 Z “7|,—YJ
|J\<n " Ji1<n

For the first term of the right hand side of (52) notice that:

fai(@) = fz) = — 27_; oiie
7=
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We deduce that (fu,1 — f, ) = (faq — f,ls), with £, = 33,5 a;e”". Then,
by the Cauchy-Schwarz inequality, we get: B

|(fax = £ 0| < |l fa1 — 2y 144 2y -
Thanks to Lemma 3.4, we get:

o i Vi
L Aq2 — 4 n2r 4m2
[7]1=n [7]=n

1 9 1 9 C(r, L)?
< mlfter < S I Flly < — 5

- 2
”fn,l - f||L2(h) =

This gives ||fn,1—f||Lz(h) < C(r,L)n~". Similarly, we have ||Z*|\L2(h) <

" {ltor <07 Li]ly, < 2Kn7"/C,. We deduce that:

|(Fat = £,2)] < %“L) —— -

For the second term on the right hand side of (52), we have:
: 1 13175
(Frzile) == > 55
l7l<n
Using the Cauchy-Schwarz inequality and then Lemma 3.4, we get as r > 1/2:

‘<fn727€*> %(T’L)n_l.

Therefore combining (53) and (54), we obtain the following upper bound for the
bias:

1 1
< E{£*}2,1/2{f}2,1/2 < - [ lallo N f o, < (54)

Bae) < EEED, - (5)

Third step: Conclusion

Use (46) and (55) in (45) to get the result. O

5.2. Proofs of results in Section 4

In the following proof, we shall use the Hellinger distance which is defined as
follows. For two non-negative integrable functions p and ¢, the Hellinger distance
H(p,q) is defined as:

Hp.q) = / (VB — va)*.

A well known property of this distance is that its square is smaller then the
Kullback-Leibler divergence defined by 4, that is for all non-negative integrable
functions p and ¢, we have:

H%*(p,q) <D (®lq).
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Proof of Proposition 4.2. Since the probability densities (fx,1 < k < N) be-
longs to FP (L), we have:

. A . B’ (log(N) + x)
121ffes;1£L)]P)f (D (f”fn) — 1;1}1%1ND (fllfe) > T)
. 5 B’ (log(N) + x)
- lgflgcangvpfk <D (fk”fn) > T)
~ (1 N
Ziﬁflgﬁévpﬁ,<ﬂﬁﬁﬁnjh)z ﬁ_ﬁeg%fltﬁﬁ>_

For the choice of (fx,1 < k < N), we follow the choice given in the proof of
Theorem 2 of [22]. Let D be the smallest positive integer such that 2°/8 > N
and A ={0,1}P. For 0 <j < D —1, s € R, we set:

T N T .
aj(s) = 5 10.4)(Ds —7) = HLa.(Ds =),
where T verifies 0 < T' < D(1 — e~ ). Notice the support of the function «; is
(4/D, (5 4+ 1)/D]. Then for any § = (61,...,0p) € A, the function f° defined
by:

D—-1
P =1+ &), y= (.- ya) €[0,1]%,
j=0

is a probability density function with e* > 1+T/D > f >1-T/D > e~L. This
implies that f° € FP(L). As shown in the proof of Theorem 2 in [22], there
exists N probability densities (fx,1 < k < N) amongst {f°,§ € A} such that
for any ¢ # j, we have:

g—3/272

H2(fivfj) > Dz

and f; can be chosen to be the density of the uniform distribution on [0, 1]¢.
Recall the notation p®™ of the n-product probability density corresponding to
the probability density p. Then we also have (see the proof of Theorem 2 of [22])
forall1 <i¢< N:

" " nT?
D (fE"If7") < Sz

Let us take T = D+/(log(N) 4 x)/3n, so that with condition (29) we indeed
have T' < D(1 — e~%). With this choice, and the defintion of ', we have for

1<i#j<N

< log(N) +z

H?(fi, fj) >4 < 3

%NH@ and D (£ £2)

Now we apply Corollary 5.1 of [3] with m = N —1 and with the squared Hellinger
distance instead of the L? distance to get that for any estimator f,:
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max Py, <H2(fk,fn) > w) > imin (1’ (N — 1)ef(log(N)+m))

1<k<N n - 12
> i e *
— 24
This concludes the proof. O

Proof of Proposition 4.3. Similarly to the proof of Proposition 4.2, the left hand
side of (31) is greater than:

~ !/ 1 N
igflg}CaéxNPfk (Hz(fkafn) > ﬂ(og(n)ﬂ)> .

We shall choose a set of spectral densities (fx,1 < k < N) similarly as in the
proof of Proposition 4.2 such that f, € F2(L). Let us define ¢ : [0, 7] — R as,
for x € [0, 7]:

() = (@) 10,0/ (x) = C(0) 1 om(2) with ((x) = e~ V(52D
We have that ¢ € C*°(R) and:

A AP (50
0
Let D be the smallest integer such that 2°/® > N and A = {0,1}”. For
1<j<D,ze€l0,n], let @;(z) be defined as:
a;(x) = p(Dz = (j = D),
and for any 6 = (81,...,6p) € A and s > 0, let the function f¢ be defined by:

D
2 f2(y) = 1+ Sz5j@j(|yl), y € [-m, 7. (57)

Since [ ¢ =0, we get:
1 s

o f@de=1 and 1-slel,<2nfl<l+slel..  (58)
™)

We assume that s € [0,1/2], so that 27 f > 1/2. Let us denote g} = gps =
log(2m f?). We first give upper bounds for || (g3)® | L2(ny with p € N.
For p = 0, we have by (58):

1 sllell
5 <1 < jes) < 2s. 59
Hgs ||L2(h) > log 1_3”()0”00 - 1_‘9”()0”00 = ( )

For p > 1, we get by Faa di Bruno’s formula that:

_ 1Y+l P 8)(6)
5(r) _ LA Gt (mfs)
IHg2)™ 2 k;p Rl ol anpo L

ke

, (60)

L2(h)
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with K, = {k = (k1,....,kp) € N?;3°0_ ¢k, = p} and k = Y7_, ko. The (-th
derivative of 27 0 is given by, for y € [0, 7]:

D
@rf2(y)Y =D 80 (Dy — (j — D).

j=1

Therefore we have the following bound for this derivative:
1@ f (W)l < 8D 110" |l

From ¢ € C*(R), we deduce that || || is finite for all ¢ € N*. Since s €
[0,1/2] and 27 f% > 1 —s||¢]|, > 1/2, there exists a constant C), depending on
p (and not depending on N), such that:
_ T
5y(p) b
1(92)™ | L2 (ny < sCpDP < sCp log(2)?
In order to have fo € F?(L), we need to ensure that || g% 5, < L/C,. For
r € N*, we have:

log(N)P. (61)

2 2
pr = VN8 2y + 11 20
Therefore if s € [0, s, 1] with s, 1, € [0,1/2] given by:

log(2)" log(2)"L log(2)"L >
2 /B8, V20,167 C,

5
[l g5

sy, =log(N)""C,, with C,.=min (
then by (59) and (61) we get:

lgi . <42 v 22 L
Isllzr =\l9c2 T o2 T )

Let [r] and |r] denote the unique integers such that [r] —1 <7 < [r] and
|r] <7 < |r]+1. For r ¢ N*, Holder’s inequality yields:

2 2
1921y = /1G22y +{62}2,
r 2([r r
< V198 1Bagny + (92320300 (g0 2071
= 192 gy + 1 @)D S g2y 250,

Using (61) and (61) with p = [r] and p = |r], we obtain:

1) 1 20r=Lr)) , 2<m " o 2p2r- L)) G- 167 .
1 @) V™ @)U IS < 2CRG b o e N

Hence if s € [0, s, ] with s, 1 € [0,1/2] given by:

sy, = log(N)~"C, 1,
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with
_ log(2)" log(2)"L log(2)" L
Cop = min | 108(2)" los(2"L 0g(2)"'L _
27 VBe T vacaercr ol

we also have || g I, < L/Cy, providing o e F3(L).
Mimicking the proof of Theorem 2 in [22] and omitting the details, we first
obtain (see last inequality of p.975 in [22]) that for 4, € A:

/ . 5,0") 2 i
H2< 5 5>>8*3/20(’ z 2/ 2
s fs ) 2 D ) ¢
with ¢(d,d’) the Hamming distance between § and ¢’, and then deduce that
there exist (6%,1 < k < N) in A with 6! = 0 such that for any 1 <i #j < N
and s € [0, s, 1], we have (see first inequality of p.976 in [22]):

i J 2'8_5/2 i
(5% %) > 732/ .
0

)

™

Notice f3' = fO = h is the density of the uniform distribution on [, 7].

With a slight abuse of notation, let us denote by P, the joint probability
density of the centered Gaussian sequence X = (X1, ..., X,,) corresponding to
the spectral density f. Assume X is standardized (that is Var (X;) = 1), which
implies f f = 1. Let X, ¢ denote the corresponding covariance matrix. Since
h = (1/27)1|_x x), we have ¥, , = I, the n x n-dimensional identity matrix.
We compute:

D@gPn = [ Proyion(FH) do

1 1 _
= \/n Pf(l') log (det(zf) exp < § l'T (En,lf 7In> x)) dx

1 1
= —5 log (det(Zn,7) — 5 By (X" (351 -1,) X].
The expected value in the previous equality can be written as:
E; [XT (z;}f —In) X} —tr ((z;}f —In) Ef[XTX]) = tr (T — S s) =0,
where for the last equality, we used that the Gaussian random variables are

standardized. This yields D (P¢||Pj,) = —3log(det(3,,5))). We can use this
last equality for f = f2 since [ f2 =1 thanks to (56), and obtain:

1
D (Pf;i HPff]) = 75 log (det(szés)) .

Notice that for s € [0, s,.1], we have 3/2 > 1+s|[p|| > 270 > 1—s|¢|. >
1/2 thanks to (58) and (56). Therefore we have:

2 s
n 2 ns
< D) ||27Tf56 - 1HL2(h) S5 o v’ (62)

D (PysllPyo) < <35
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where we used X, ;s = T,,(27f?) and Lemma A.2 with £ = 27 f? for the first
inequality, and (57) for the second inequality. We set:

3612 T 2
C(r,L) = i LV fo L and s = 2: 5 \/log(N) T
21 3f0 %) n

so that (30) holds for s € [0, s,,1,]. We obtain for all §1,6% € A, § € A:

)

"(log(N log(N
n SIS
We conclude the proof as in the end of the proof of Proposition 4.2. O

Appendix
A.1. Results on Toeplitz matrices

Let £ € L' (h) be a real function with h = 1/(27)1{_, ;. We define the corre-
sponding Toeplitz matrix T}, (¢) of size n x n of its Fourier coefficients by:
1 T

=3 (2) U8 gz for 1 < j k <n. (63)
[

[T (0],

Notice that T),(¢) is Hermitian. It is also real if ¢ is even. Recall that p(A)
denotes the spectral density of the matrix A.

Lemma A.1. Let ¢ € L*(h) be a real function.

1. All the eigenvalues of T,,(£) belong to [min £, max ¢]. In particular, we have
the following upper bound on the spectral radius p(T,,(€)) of T, (¢):

P(Tn(0) < (14| - (64)

2. For the trace of T,,({) and T2(¢), we have:

tr(Tn(ﬁ)):%/j Ue)de and tr (T20) < nll€]Fag . (65)

Proof. For Property (1), see Equation (6) of Section 5.2 in [19]. For Property
(2), the first part is clear and for the second part, see Lemma 3.1 of [17]. O

We use the following elementary result.

Lemma A.2. Let ¢ € L*(h) such that [¢h =1 and {(z) € [1/2,3/2], then we
have:

log (det(T(0))) > —n|£ = 1]72) - (66)
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Proof. Notice that by Property (1), the eigenvalues (v;,1 < i < n) of T,,(¢)
verify v; € [1/2,3/2]. For t € [~1/2,1/2], we have log(1 +t) > t — ¢, giving
that:

log (det(T, Zlog v;) Z vi — 1) — (1; — 1)?

=1
= —tr (T2(0—1)) > —n |t = 1|32,

where we used that T,,(¢ — 1) = T,,(¢) —Z,, for the second equality and Property
(2) for the second inequality. O

A.2. Proof of Lemma 3.4

The next Lemma is inspired by the work of [18] on fractional Sobolev spaces.
For r € (0,1) and ¢ € L?(h), we define:

1 [ +9) — L)
WO =5

where we set £(z) = £(z — 2m) for z € (m,2n] and £(z) = ¢(z + 27) for z €
[—27, —7).

Lemma A.3. Let r € (0,1). Then there exist constants 0 < ¢, < C, < 00
depending on r, such that for all £ in L?(h) we have:

er{l}3, < I (0) < C{8}3,. (67)

Proof. Using the Fourier representation of ¢, we get:
™ |1ieiky‘2 . |k|m |1feiz|2
L(6) = Z |ak|2/ [y dy = Z k¥l 2]i+2r dz.
keZ - kezZ —|k|m
For r € (0,1) and k € Z*, we have
- T ‘l—eiz |2 |k|m |1 1z‘2 ‘l—elz |2 B

0<c:= /_7T 7|z|1+2’“ dz < i |Z|1+2T ‘Z|1+2T dz=:C} <+ 0.
This yields (67). O
First step: r € (1/2,1)
Letr € (1/2,1) and set L = C,. K. Let f = e9 with g € W, such that || g|,, < K
Thanks to (26), we have ||g||, < C,K = L. Using that |e® —e¥ | < eF |z — y|

for z,y € [-L, L], we deduce that:

I(f) = I(e%) <" I.(g) and | f7>0 <€*". (68)
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Using (67) twice, we get:

I £l5, < e <1 + ﬁ{g}g T) < @2CrK (1 + 91(2) .
: o :

Cr

Which proves the Lemma for r € (1/2,1).

Second step: r € N*
Let 7 € N*. For £ € W, the r-th derivative of ¢, say £("), exists in L?(h) and:
T 2 T 2
{3, = 1167 2y aswellas  [[€]l5, = [1€1Z2g + 1€ 2y -

According to (26), we also get that for all p € N with p < r we have ||£() |l <
Crp (Yo, <CL{EM Y}y,

Set L = C.K. Let f = e with [[g[l,, < K. We have 1g® |, < CK
for all integer p < 7. According to Leibniz’s rule, we get that f(") = ¢(")f +
PT(g(l)7 . ,g(r_l))f, where P, is a polynomial function of maximal degree r
such that:

max |Pr(z1,y ..y xr—1)|] < Cr KT (69)
T1,...;8r—1€[—C1 K,C1 K]

for some finite constant C) ;. We deduce that:
[V 2y < €” g 2y +e" Cra K"

Then use that || f HL2(h) < el to get the Lemma for r € N*.

Third step: r > 1, r ¢ N*

Let 7 > 1 such that r ¢ N*. Set p = [r| € N* the integer part of r and
s=r—pec (0,1). For £ € W,, the p-th derivative of ¢, say ¢(P), exists in L?(h)
and:
2 2
{03, =Wy, aswellas €]y, = [£llz2) +H{EP ). (70)

Thanks to (67) (twice) and the triangle inequality, we have for all measurable
function t¢:

cs{lt}3 o < L(0) < 115 Lo(0) + Ts(68) < ||t]1% Ou{ )3 + Ju(Est),  (T1)

with

1 2 [tz +y) — (@)
1) = 5 /[_ﬂ o e ey

Let K >0 and set L =C, K. Let f = e’ with g € W, such that | g|[,, < K.
Following the proof of Lemma A.3, we first give an upper bound of J,(¢, f) in this
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context under the only condition that £ € L?(h). Using that | e® —e¥ | < e |z—y|
for z,y € [-L, L], we deduce that:

J AT Gy e BT C 1

|y|1+2s |y|1+2s

—T

Since a.e. g(z) = Y,z ar €', we deduce that:
2L e—ijy)|
Js(4, f) < %/_ dx b(x ¥Z|ak|aj|/ \y|1+25 dy.

Let € € (0,1/2) such that s +¢ < 1. Since |1 — e | < 2|z|*T¢ for all z € R, we

deduce that:
T (1 — etV (1 — e WY ) .
/ ‘( |y)1( 25 )‘ dy < C2,€|k|6+8b‘3+67

—T

for some constant C'; . depending only on €. Using Cauchy-Schwarz inequality
and the fact that r —s —e > 1/2, we get:

Z |k|s+€‘ak‘ < C7‘—s—e{g}2,r~

keZ

We deduce that:
To(l, £) < P |1 0) 72 CocCly— {9}3 - (72)

According to Leibniz’s rule, we get that f®) = £f 4 ¢() f with £ = Py(g ..
g®~1). We get:

cs{lf 3. < FI2 ClO}s o + Jo(L, f)
< A+ 1012y CacCl s A9}3 (73)

where we used (71) for the first inequality and (72) for the latter. Then use (69)
with r replaced by p to get that || [,y < [|£]|,, < Cp,1KP. Notice also that:

Cs
{f}g,s < eQL C_{g}g,s’

using (67) twice and (68) (with s instead of r). We deduce that {ff}s, is
bounded by a constant depending only on K, r and .
The upper bound of {g(”)f}%5 is similar. Using (71) and (72), we get:

el 130 < 112 L(a™) + To(g™), )
2
< C{g B+ 9P 2y C2cCs A9 }3

We deduce that {g(?) f}, s, and thus (), is bounded by a constant depending
only on K, r and €. Then use (70) and that || f || ,2,) < || fll < el to get the
Lemma for » > 1 and r ¢ N. This concludes the proof.
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