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Abstract

We consider random walk with bounded jumps on a hypercubic lattice of arbitrary
dimension in a dynamic random environment. The environment is temporally in-
dependent and spatially translation invariant. We study the rate functions of the
level-3 averaged and quenched large deviation principles from the point of view of
the particle. In the averaged case the rate function is a specific relative entropy,
while in the quenched case it is a Donsker-Varadhan type relative entropy for Markov
processes. We relate these entropies to each other and seek to identify the minimizers
of the level-3 to level-1 contractions in both settings. Motivation for this work comes
from variational descriptions of the quenched free energy of directed polymer models
where the same Markov process entropy appears.
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1 Introduction

After surveying the background of the present work, this introductory section de-
scribes the random walk in a dynamic random environment (RWDRE) model and then
some general notions such as large deviation principles and the point of view of the
particle. The section concludes with an overview of the rest of the paper.
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Large deviations and entropy for RWDRE

1.1 Background

This paper studies an entropy function for Markov processes that appears in random
medium models. We give here some background motivation. A much-studied model
is the random path in a random potential model, also called the polymer model. The
random environment w comes from a probability space (2, S, P) with an ergodic group
action {7} },cz«. The random path is a classical random walk (Xj)x>0 on Z? whose law
is independent of the environment. The potential V(w, z) is a function of w and a step z
of the random walk. A key quantity is the limiting quenched free energy

g(V) = lim n~!log Eé%w [622;01 V(TXk“”X’*‘“_X"‘)] (1.1)
n—oQ
where El'W is the expectation of the random walk and w is fixed. The limit exists for
P-almost every w under hypotheses on the moments of V' and the degree of mixing of IP.
The limit g(V') can be calculated only in a handful of exactly solvable models that
exist only in 1 4+ 1 dimension. More generally, properties of g(V) have remained an
insurmountable problem. This question includes the positive temperature version of the
question of understanding limit shapes of stochastic growth models such as first- and
last-passage percolation. The latter question has also remained insurmountable since
the origins of the subject over 50 years ago, except for a few exactly solvable models in
1 + 1 dimension. For surveys of models of type (1.1), see [10, 16].
Our article [43] introduced two variational formulas for g(V). Let p(z) be the jump
kernel of the underlying random walk. The first formula

g(V) = ir;f P- esssup logZp(z)eV(‘”’zHF(“”z) (1.2)

expresses ¢(V) as an infimum over the L'(IP) closure of gradients F(w, z) = f(T,w)— f(w),
which we called the space of cocycles. Since this formula is not the topic of the present
paper, we refer to [24, 43, 44] for precise definitions.

The second formula gives g(V') as the dual of an entropy adapted to the point of view
of the particle:

g(V) =sup {E*[V] — H(p) : po <P, E*[V~] < co}. (1.3)

The supremum is over probability measures p on  x {steps} with a natural invariance
property and with a P-absolutely continuous (2-marginal pg. The entropy is given by

H(ﬂ):/gz (dw, z) log nlzlw) (1.4)

p(2)

Formula (1.3) was proved in [43], and this formulation is Theorem 7.5 in [24].

Article [24] extended these formulas from positive to zero temperature, that is, to
last-passage percolation models. The goal is to shed light on ¢(V) and limit shapes
through the variational formulas. The relationship between formulas (1.2) and (1.3) is
well understood presently only for directed polymers in weak disorder (Examples 3.7
and 7.7 in [24]) and in periodic environments (Section 8 in [24]).

Here is a brief overview of the current state of the study of these formulas. The
cocycle variational formula (1.2) has been studied in several subsequent papers while
the entropy formula (1.3) has received no serious attention before the present paper.
[44] shows that (1.2) always has a minimizer and uses the minimizer(s) to characterize
weak and strong disorder of directed polymers. [27] proves the existence of Busemann
functions for the exactly solvable 1+1 dimensional log-gamma polymer and shows
that these provide minimizing cocycles for (1.2) and also a limiting polymer measure
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for infinite paths. [25, 26] construct the minimizing cocycles for the 2-dimensional
corner growth model with general i.i.d. weights and use these to investigate Busemann
functions, geodesics and the competition interface. These notions have become central
in the field of random medium models over the last twenty years, beginning with the
work of Newman in the early 1990s on the geodesics of first-passage percolation [34].

In the current paper we begin the study of the entropy (1.4). This entropy is the
level-2 projection of an entropy that appears in the rate function of a level-3 quenched
large deviation principle (LDP) for RWDRE. (See (2.2) and Theorem 2.2 in Section 2.)
In fact, it was shown in [43] that the rate function of the induced LDP at level-2 (via
contraction) is the convex dual of the map h — g(h + V) — g(V), with V as in (1.8). We
study the entropy in this large deviations context. In particular, we consider its relation
to the entropy that serves as the rate function for a level-3 averaged LDP.

The point-to-point version of the quenched free energy (1.1) is

n—1

g(V, &) = nh_{rolo n-1 log Eé%W [ezkzo V(TXkW,XkJrl—Xk)’ X, = [nfu (1.5)

defined for ¢ in the convex hull of the support of the kernel p(z), and where [n€] is a
lattice point that approximates n¢ under certain constraints (see [41]) and is reachable
from the origin in n steps. The entropy variational formula now takes the form

g(V,&) =sup {E*[V] — H(p) : po <P, E*[V™] < oo, E'[Z1] = ¢} (1.6)

where Z; is the step variable under distribution p. Formula (1.6) was proved in [41] for
a directed walk in an i.i.d. environment and a local potential V' € L*¢(PP) for & > 0. This
formulation is Theorem 7.6 in [24].

Minimizing entropy under a mean step condition E#[Z;] = ¢ as in (1.6) is also done
in the level-3 to level-1 contraction in large deviation theory. For this reason the main
focus of the present paper is to study these contractions, both averaged and quenched.
The averaged contraction can be understood completely. Then we seek to characterize
when the averaged and quenched contractions lead to the same level-1 rate function and
have the same minimizers.

The quenched rate function is hard to study. It begins with an entropy of a familiar
type. But this entropy is corrected in a singular manner to account for the environment
distribution IP, and then regularized again to be lower semicontinuous. The opaqueness
of the l.s.c. regularization makes it difficult to analyze examples. By simplifying the
situation so that the environment varies only temporally we can describe fully also
the quenched contraction. We discover that the connection between the averaged and
quenched rate functions can break down rather spectacularly. This part of the paper
illuminates earlier large deviation work by Comets [8] and one of the authors [2, 47]
that appears in the equilibrium statistical mechanics of disordered Gibbs measures.

The present paper studies only random walk in a dynamic random environment while
connections to polymer models are left for future work. Our results in Section 3 begin
with the level-3 averaged LDP from the point of view of the particle and the existence of
the relevant limiting specific relative entropy. After understanding the contraction from
the level-3 to level-1 averaged LDP we turn to study the quenched rate functions.

1.2 The model

Consider the d-dimensional hypercubic lattice Z¢ with an arbitrary d € N = {1,2,...}.
Fix a finite R C Z with at least two elements and let

P={g:R—1[0,1]: Y q(z)=1} (1.7)

zZER
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denote the set of probability measures on R. Elements of 2 = PZXZ" are called space-
time environments and they are of the form w = (w; +) (i 2)czxz¢- Each w € ) defines a
time-inhomogeneous discrete-time Markov chain (X;);>¢ on Z4 for which X, = 0 and the
transition probability from state z to y at time i is

(.9 |w) wiz(y—x) ify—xeR,
Tii+1\T, Y | W) =
Y 0 otherwise.
If w is randomly sampled from a probability distribution P on (€2, &) rather than being
deterministic, then (X;);>o is a random walk (RW) in a dynamic (or space-time) random
environment, which we abbreviate as RWDRE. Here, G is the Borel o-algebra with
respect to (w.r.t.) the product topology on 2.

RWDRE induces a probability measure Py(dw, dz) = P(dw)P§ (dz) on the space Oy =
Q x RN of environments and walks (starting at the origin). Here, z = (%;);>1 € RN is a
sequence of steps, and Fy’ is the quenched path measure defined by

n—1
P(‘)U(Zh PN ,Zn) = H 7Ti’i+1($7;,$7;+1 \w)7 n > 1, Tro = 0 and Tit1 = T4 + Zit1-
=0

The marginal of Py on RN is called the averaged path measure and also denoted by P,
whenever no confusion occurs. E, Ey and Ef stand for expectation under P, P, and Py,
respectively. In general, we will write E#[f] or (f, u) for the integral of a function f
against a probability measure u.

Denote the entire spatial environment at a giventime i € Zby @, = (w; 4 : x € Zd). Let
(T} )yeze be the group of spatial translations, defined by (7jw;), = wi sy for z,y € 7.
Throughout the article, we will make the following underlying assumptions.

» Temporal independence: (@;);cz are independent and identically distributed (i.i.d.)
under PP with a common distribution P, on PZ’, i.e., P = (P,)®%. (The subscript of
P, stands for “spatial”.)

* Spatial translation invariance: P is invariant under (7)) czq-

These two conditions are of course satisfied when (w; .)(;.s)czxz¢ are i.i.d. However,
restricting to that special case would not change the statements or the proofs of our
results in this paper (except those in Section 3.7 on spatially constant environments).
Moreover, it should be relatively straightforward to adapt our results to various discrete-
time continuous-space models (such as RWDRE on R considered in [4, 29]) where spatial
independence is not applicable. Note in particular that we do not assume ergodicity
under spatial translations.

For the averaged results, the only condition we impose on the one-step range R
of the walk is 2 < |R| < oo. (|R] is the number of elements in the set R. The case
|R| =1 is trivial.) We will assume without loss of generality that P(wp(z) > 0) > 0 for
z € R. (Otherwise, we can replace R by {z € R : P(wg0(z) > 0) > 0}.) Our quenched
results will require various ellipticity conditions which we will indicate as needed in their
statements. These ellipticity conditions will be compared in Remark 3.13.

As the name suggests, RWDRE is a variant of the much-studied random walk in a
random environment (RWRE) model (see [53] for a survey). In fact, (i, X;);>0 can be
viewed as a directed RWRE on Z%*+! because its component in the direction of (1,0,...,0)
is strictly increasing. This directedness simplifies certain aspects of the analysis of the
model. Most notably, RWDRE under the averaged measure P, is a classical RW on Z¢
with transition probabilities §(z) = Efwg ¢(z)] > 0. In particular, the strong law of large
numbers (LLN) and Donsker’s invariance principle (IP) hold for the averaged walk. Since
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any Pp-almost sure statement holds F§’-almost surely for P-a.e. w, there is no need for a
separate strong LLN for the quenched walk. On the other hand, an averaged IP does not
a priori imply a quenched one. Nevertheless, for the i.i.d. case, there is an IP under Fy’
for P-a.e. w [38]. In stark contrast to these limit theorems, for (undirected) RWRE the
validity of even the LLN is an open problem in the i.i.d. case when d > 3. See [3, 6] for
two of the best sufficient conditions in the literature.

Finally, RWDRE is a special case of the random path in a random potential model (on
7% that we described in Section 1.1 with

= (3

foreveryw € Q,i € Z, x € Z% and » € R. The limiting quenched free energy g(V) for this
choice of potential is trivially zero. However, it is not g(V') but the map h — g(h+V)—g(V)
and certain variants of it that play a central role in describing the large deviation behavior
of these models (see [43, Theorem 3.1] for details).

1.3 Large deviation principles, the point of view of the particle, and empirical
measures

Recall that a sequence (Q),,),,~, of Borel probability measures on a topological space
X is said to satisfy a large deviation principle (LDP) with (exponential scale n and) rate
function I : X — [0, co] if I is lower semicontinuous, and for any measurable set G,

1 1
— inf I(z) < lirginf ﬁlog Q. (G) < limsup - log @, (G) < — inf I(x).

z€Ge n—o0 zeG

G° is the topological interior of G and G its topological closure. See [14, 15, 42] for
general background regarding large deviations.

In the context of RWDRE, the LDP for (Py(X,,/n € -)),>1 is nothing but Cramér’s
theorem for classical multidimensional RW (see, e.g., [42, Chapter 4]), with rate function
I 4 : RY — [0, 00| given by

I1.a(§) = sup {{p, &) —log ¢a(p)} = (log ¢a)" (), (1.9)

pER?

the convex conjugate of the logarithm of the moment generating function

Balp) =Y (z)e!"?, (1.10)

zZER

where (-, -) denotes inner product. This is an averaged LDP, hence the subscript a. (The
other subscript of I; , stands for level-1 which is explained two paragraphs below.)
Establishing the analogous quenched LDP for (P¢ (X, /n € -)),>1 and identifying the
rate function is more arduous. It involves considering certain empirical measures from
the point of view (POV) of the particle which we introduce next.

Define space-time translations (7} ,)(;,y)ezxz¢ on Q by (T} yw)iz = Witjzty- Then,
(T}, x,w)i>0 is a discrete-time Markov chain taking values in 2, and its transition proba-
bility from state w to state w’ is given by

AWlw)= Y ma(0,z|w).

zER: Ty w=w’
Every limit theorem about this so-called environment Markov chain implies a correspond-

ing limit theorem for the walk. This general and robust approach was first introduced in
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the context of diffusion processes with random coefficients [35] and was later success-
fully adapted to RWRE (see for example [31, 30, 13, 36, 39, 501]).

In light of the previous paragraph, the large deviation behavior of RWDRE can be
analyzed via various statistics of either the walk itself or the environment Markov chain.
Among these statistics, the empirical velocity X,,/n is the coarsest one, and hence its
large deviation analysis is referred to as level-1. Finer statistics are provided by the
occupation measure

n—1
1
Ly=-— ZO 07,

which records the environments seen from the POV of the particle. The pair-empirical
measure

—1
1 n
2 _ E
Ln - E 6Ti7XiW7Z7L+1
=0

goes one step further by essentially keeping track of the pairs of consecutive environ-
ments that the particle sees. (In the Markov chain literature, the pair-empirical measure
typically refers to % Z?:_Ol 0T, x,w,T; FLXgq @ which is measurable w.r.t. our choice of L2.)
Pairs can be replaced with /-tuples for any ¢ > 2 to define more detailed empirical mea-
sures. Large deviations of each of these empirical measures are called level-2. Finally,
level-3 involves the so-called empirical process

n—1

1
L = gZ(ST«xiwﬂiZ- (1.11)
i=0

Here and throughout, Z = (Z;),>1 denotes the sequence of steps Z; = X; — X,_; of the
random path (X;);>0, and 6 is the forward shift on sequences, i.e., (§Z); = Z;;, for every
7 € IN. Under the topology of weak convergence of measures, the empirical process
contains precisely the same information as all of the empirical measures for /-tuples
combined. Level-1,2,3 large deviations for Markov processes were established (under
certain conditions) in a series of papers by Donsker and Varadhan [18, 19, 20]. The level
terminology was introduced later in [22].

1.4 Further notation for steps, environments and s-algebras

Throughout, for any bi-infinite sequence z = (..., z_5,2_1, 20, 21, 22, . . .) € R% of steps
and any pair of indices —oo < i < j < 00, we write

Zij = (Zi7zi+17"'7zj)7 Zi,o0 = (Zi7zi+1yzi+27"‘) and Z—00,j = ("'7Zj727zj717zj)'

We also use z = 21 o, and Z = z_ o . Similarly, for any environment w = (@;);cz and any
pair of indices —oco < k < £ < o0,

Wge = (@k7@k+1» L. ,wg)7 Wh,0o = (a)k,(ﬁk+1,fz}k+2, .. ) and Wooo, = ( o, We—o, W1, (Dg).
We use this notation to introduce the o-algebras
6 - _ ~
Ay = o{®ke-1, Ziv1,;} and Sy = o{wy -1}

on appropriate spaces, for —oo < i < j < oo and —oco < k < £ < co. The reason for the
indexing convention is that the distribution of step Z,,; is part of environment @,,. Note
also that A(l’gm and A:g:i are the Borel o-algebras (w.r.t. the product topology) on

Qn = QxRN and Qy = Q x R%, respectively. For any c-algebra F, the space of bounded
and F-measurable functions is denoted by b.F.
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1.5 Content and organization of the article

Section 2 reviews previous results on large deviations for RWDRE. The new results
are in Section 3. The paper is organized so that the results of Section 3.n are proved in
Section 3 + n. Section 3 concludes with remarks and open problems. The following list
summarizes the results (with proofs in the indicated sections):

(i) level-3 averaged LDP for the joint environment-path Markov chain (Section 4);
(ii) analysis of the averaged contraction from level-3 to level-1 (Section 5);
(iii) alternative formula for the level-3 quenched rate function (Section 6);
(iv) relationship of level-3 averaged and quenched rate functions (Section 7);

(v) characterizations of the equality of level-1 rate functions (Section 8);
(vi) minimizers of quenched contractions from level-3 to level-1 (Section 9);

(vii) spatially constant environments (Section 10).

2 Summary of previous results on large deviations

Recall from the Introduction that the level-1 averaged LDP, i.e., the LDP for the
sequence (P (3= -)),,>,- is simply the multidimensional Cramér theorem with the
rate function I , given in (1.9), whereas the statement and the proof of its quenched
counterpart is relatively technical. In fact, it is more convenient to first present the
level-3 quenched LDP for the environment Markov chain, and we will proceed in this
order.

Let S denote the temporal shift operator from the POV of the particle. It acts on
On = Q x RN via S(w,z) = (T1,.,w,0z), and on Qz = Q x RZ via S(w,z) = (T1.,w, 0Z).
On Qz S is invertible. We can write S*(w,z) = (T} ., w,0%2) for all k € Z, with this
convention: bi-infinite paths z, through the origin and sequences z € R? are bijectively
associated to each other by

0 l
To=0, zp=— Z 2 and xgzz,zi for k<0</. (2.1)
1=k+1 =1

Remark 2.1. The empirical process L;° defined in (1.11) satisfies
n—1

/den :Eiz:;foS

0,00

for every f € bA” . In particular,

2 flle

n

<

‘/(fOS)dL;O—/de;O

Thus, LS is an asymptotically S-invariant element of M; () for P-a.e. w and every
realization of Z € RN,

For any S-invariant pu € M;(Qy), let
(i) o be the unique S-invariant extension of u to Qz,
(ii) ji_ the restriction of zi to A:ﬁ;ﬂo, and

(iii) wg)l(o, Z2|w, 2_00,0) = f(Z1 = #| A:gjgo)(w, Z_co,0) for every z € R.
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Define fi_ x 7 and fi— x 7 on AZZ'L by
(- x m)(dw, dz_0o,1) = fi—(dw, dz_000)m0,1(0, 21 |w)er(21) and
(fie x ) (dw, dz—oo.1) = i (dw, dz,oo,o)w&l(o,zl |w, 2_0o.0)cr(21),
respectively. Here, cr = ) 1 0. is the counting measure on R. Note that fi_ x mh is

simply the restriction of ji to A~}

—00,00"

Let H,(u) denote the entropy of fi_ x 7 relative

- — 1 .
tog- xmon AZZ ', ie.,

Hq(p) = HA:z:;(ﬂ* x| fin x )

_ 7 (0, 2| w, 2
= /ﬂ_(dw, dz_co,0) Z 70 1(0, 2| w, 2_o0,0) log < 01(0,] OO’O)> . (2.2)

ot 70,1(0, z | w)

Projecting this entropy to A(}C{Om and replacing 7 1(0, z | w) with a constant jump kernel
p(z) gives the entropy (1.4) discussed in the Introduction.

The rate function of the level-3 quenched LDP is obtained via the following modifica-
tion of H,. For any p € M;(Qn), denote its -marginal by o, and set

(2.3)

g H,(p) if pis S-invariant and po < P,
Hq,]P(:u) = .
00 otherwise.

H qS]P is convex but not lower semicontinuous, and the double convex conjugate (H, qS]P)**

of H ilp gives its lower semicontinuous regularization (see [42, Theorem 4.17]).
Theorem 2.2 (Level-3 quenched LDP). Assume
Jp > d+ 1 such that E[| logwp o(2)|?] < oo for every z € R. (2.4)

Then, for P-a.e. w, the sequence (Fy(Ly° € -)),,, satisfies an LDP with rate function
I3 4 : M1(Qn) — [0, 00] given by

Is.q(p) = (Hyp)™ (1).

This result is a special case of the level-3 quenched LDP we established in [43] for
a class of models including both directed and undirected RWRE with a rather general
but technical condition on the environment measure. We show in Proposition A.2 in
Appendix A that this technical condition holds in our current setting under the ellipticity
assumption (2.4).
Since the empirical velocity
X, o
o plz) = /zngO(dw,dz)
n

is a bounded and continuous function of the empirical process, the level-1 quenched
LDP follows immediately from Theorem 2.2 via the contraction principle (see, e.g., [42,
Chapter 3]).

Corollary 2.3 (Level-1 quenched LDP). Assume (2.4). Then, for IP-a.e. w, the sequence
(Pg (%2 €-)), ., satisfies an LDP with rate function I ; : R? — [0, oc] given by

I 4(§) = inf{l3,4(p) : p € M1(2n), E*[Z1] = &} (2.5)

After the appearance of [43], the level-1 quenched LDP was established in [7] using
an alternative method involving the subadditive ergodic theorem, under the stronger
assumption of

uniform ellipticity: 3¢ > 0 such that P(w,0(z) > ¢) =1 for every z € R. (2.6)

EJP 22 (2017), paper 57. http://www.imstat.org/ejp/
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Originally developed in [48] for undirected RWRE, this second method is less technical
and it avoids empirical measures, but does not give a formula for the rate function I ,.

Let D := conv(R) denote the convex hull of R, and £* := Y _ ¢(2)z stand for the
LLN velocity of the walk. The following proposition lists some elementary facts regarding
the level-1 averaged and quenched rate functions. We provide its proof in Appendix B
for the sake of completeness.

Proposition 2.4. Assume (2.4). Then, the following hold.

(a) I, , and I, 4 are convex and continuous on D.
() I (&) < 1 ,4(§) < max{E[|logwoo(2)|] : 2z € R} < oo for every & € D.
(c) I o(§) = 0 iff I 4(§) = 0 iff € = &*.

(d) I o(2) < I 4(2) for every z € R that is an extreme point of D (unless wy (%) is
deterministic).

Under additional assumptions, the following further results have been obtained
regarding the comparison of the level-1 averaged and quenched rate functions in relation
with the spatial dimension.

Theorem 2.5. Assume that

(Wix)(i,2)ezxze are iid.,
the environment is uniformly elliptic (see (2.6)), and 2.7)
the walk is nearest-neighbor;, i.e., R = U := {*ey,...,teq}.

Then, the following hold at the indicated spatial dimensions.

(@) (d=1)114(&) < L1 4(¢) forall{ € D\ {¢*}, see [52, Theorem 1.5].

() (d=2) 14§ < I14(§) for all ¢ € D in a punctured neighborhood of {*, see [52,
Theorem 1.6].

(c) (d>3) 11 ,(&) =1 4() for all ¢ € D in a neighborhood of £*, see [49, Theorem 2].

Examining the proofs given in the references reveals that the last two conditions in
(2.7) can be replaced with somewhat weaker versions. However, the spatial indepen-
dence of the environment is crucial to the proofs and cannot be relaxed much.

There are other previous results on large deviations for RWDRE such as the ones in
[49] regarding the analysis of the averaged and quenched contractions from level-3 to
level-1, but we prefer to mention them in later parts of this paper because they will be
either covered by our new results or used in the proofs.

Our temporal independence assumption excludes various concrete models such as
RW on particle systems. Level-1,2,3 quenched LDPs for such models (which satisfy
uniform ellipticity (2.6)) are covered in [43], but averaged LDPs are open in general. See
[1] for level-1 averaged and quenched LDPs for RW on one-dimensional shift-invariant
attractive spin-flip systems. Article [28] proves a level-1 LDP for a variant of the RWDRE
model where there is mutual influence between the particle and the environment. Finally,
for previous results on large deviations for RWRE and closely related models, see [51,
Section 2], [37] and [43, Section 1.3], and the references therein.

3 Results

3.1 Level-3 averaged LDP
For any S-invariant 1 € M;(Q), the specific relative entropy

1 1
—Ho (| Py) = sup ZHM(;L | Po) (3.1)

h(p| Py) = lim
(1] o) l—o0 { 0<l<oco
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exists, where

Hyo(pu| Po) := H gre(u| Po) = sup {E"[f] —log EoleT} (3.2)
ko febAﬁ:ﬁ

is the entropy of i relative to Fy on A% The existence of the limit and the identity in
(3.1) follow from superadditivity and the independence built into P, and will be justified
in Section 4.

Our first result in this paper is the averaged counterpart of Theorem 2.2. Note that it
requires only the temporal independence and spatial translation invariance conditions
which we assume throughout the paper (see Section 1.2).

Theorem 3.1 (Level-3 averaged LDP). The sequence (Py(L° € -)),>1 satisfies an LDP
with rate function
I3$a : Ml(Q]N) — [0, OO]

given by

IS,a(;“) =

{h(u | Py) if p is S-invariant, (3.3)

00 otherwise.

Remark 3.2. The appearance of S-invariance in (2.3) and (3.3) is natural, as observed
in Remark 2.1. Every S-invariant p € M;(Qy) arises in the following way. Consider Q2
as the product space (PZ" x R)% with generic variable (w,z) = (@, 2;11)icz and temporal
shift mapping (7(w,z)); = (Wi+1, zi+2). Let v be a 7-invariant probability measure on Q.
Recalling (2.1), let i € M;(£2z) be the distribution of the sequence (T, @;,zit1)icz
under v, and finally let i be the marginal of i on Qy obtained by dropping the nonpositive
steps z_ 0.

Py is not S-invariant (on A% _), but there is a unique S-invariant probability mea-

— 00,00

sure F§° on 27 that agrees with F, on Agjz (see Lemmas 4.2 and 4.3). The LDP of

Theorem 3.1 is valid also for the distributions (P5°(L;° € -))»>1 and will in fact be proved
first for these.

Similar to Corollary 2.3, the contraction principle gives the following (infinite-
dimensional) variational formula for the level-1 averaged rate function:

L1,a(€) = {30 (i) : 1 € Mi(Qy), E*[2Z1] = £). (3.4)

Since (1.9) is a much simpler formula than (3.4), the significance of the latter lies not
in providing a numerical value for I, ,(§), but in the questions it raises regarding the
minimizer(s) of this variational formula, which we pursue next.

3.2 Minimizer of the averaged contraction

Recall from (1.9) that the level-1 averaged rate function I , is the convex conjugate
of the logarithm of the moment generating function ¢, defined in (1.10). We have not
assumed that D has nonempty interior. Consequently /; , is not necessarily differentiable,
and instead of its gradient we have to work with the set-valued subdifferential 01 ,(£).
Facts from convex analysis and proofs of some of the claims below are collected in
Appendix C.

Let ¢ € ri(D), the relative interior of D. By basic convex analysis, every p € 01 ,(§)
maximizes in (1.9), that is,

Il,a(g) = <pv §> - log(ba(p)’

I, , is differentiable at ¢ if and only if 01 ,(§) is a singleton if and only if dim(D) = d. In
general 011 ,(£) is a nonempty affine subset of R? parallel to the orthogonal complement
of the affine hull of R. From this last point it follows that any p € 911 ,(§) can be used

EJP 22 (2017), paper 57. http://www.imstat.org/ejp/
Page 10/47


http://dx.doi.org/10.1214/17-EJP74
http://www.imstat.org/ejp/

Large deviations and entropy for RWDRE

below to define a measure ;ﬁ € M1(Qn): for —oo < k <0 < ¢ < oo and a test function
febA,

/f(w’ z)/f(do.), dz) = EO [6<P,Xsz>*(f—k:) log ‘ba(p)f o S’*k((}‘)7 Z)} . (35)

Proposition 5.1 in Section 5 provides basic properties of ¢, beginning with its well-
definedness.

The second result in this paper identifies ;¢ as the unique minimizer of the averaged
contraction from level-3 to level-1.

Theorem 3.3. For every ¢ € 1i(D), u is the unique minimizer of the variational formula
(3.4) of the averaged contraction from level-3 to level-1.

Measure ¢ was introduced in [49, Definition 1] with different notation and under
the stronger assumptions in (2.7). Theorem 3.3 follows from an adaptation of [49,
Theorem 1] which roughly says that, conditioned on {X,,/n = £}, the empirical process
L2 converges to u¢ under Py. See Proposition 5.3 for the precise statement.

Next we start analyzing the structure of the averaged contraction minimizer ;¢ €
M;(Qy). First of all, ,u§ is S-invariant (see Proposition 5.1(a)). Using the notation
introduced in Section 2, let /i¢ be the unique S-invariant extension of u¢ to Qy, and

e ) -
7510, 2 |w, 2-0,0) = 15 (Z1 = 2| A_iggo)(w, Z—00,0)

forz e R.
Proposition 3.4. For every ¢ €ri(D), j >0, and z € R,

18(Zjg1 = 2| AT ) (W, 2-00,5) = 15(Z1 = 2| B0,00) (T 0, ). (3.6)
Hence, the quenched walk under ;ﬁ is Markovian, and its transition kernel
-
7§5.1(0, 2 |w) == pf(Z1 = 2| G 00)(w) = 71 (0, 2 |w, 2_c00) (3.7)

is &g, -measurable.

We denote the 2-marginal of ué by ug. The proof of Proposition 3.4 in Section 5
shows that, by martingale convergence, the transition kernel in (3.7) is given by

EvlelrXn) 7. —=
77371(0,z|w): lim gle 21 = 2]

£
n— oo E‘OJJ[€<p7X">} b /-‘LQ a-s., (3.8)

for any p € 91 ,(€¢). The following result provides a characterization of the absolute
continuity of ug in terms of a structural representation of 7r§71 involving a Doob h-
transform.

Theorem 3.5. For every ¢ € ri(D), consider the following statements.
(i) There exists a function u € L'(Q, &g , P) such that P(u > 0) = 1 and

e$P?) u(T) Lw)
ﬁgyl((),z\w) = ﬂ071(0,z|w)mﬁ (3.9)
for every p € 011 4(§).
(ii) ,ug < P on Gy .

Then, (i) = (i1). Conversely, if
32" € R such that P(wpo(z') > 0) =1, (3.10)
then (ii) = (i). Furthermore, whenever (i) holds, u is equal (up to a multiplicative

d“?z

constant) to 1P
IS

0,00
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The proof that (i) implies (ii) in Theorem 3.5 is adapted from that of [44, Lemma
4.1] which is concerned with disorder regimes of directed random walks in random
potentials. The other implication follows from (3.8) under the mild ellipticity condition
(3.10) which ensures that ug and PP are in fact mutually absolutely continuous on &g .
For closely related results on directed polymers and ballistic (undirected) RWRE, see
[12, Proposition 3.1] and [51, Theorem 3.3], respectively.

Remark 3.6. When we choose ¢ to be the LLN velocity £* =} ¢(2)z, we can take
p = 0 because V log ¢,(0) = £* which is equivalent to 0 € 01 ,(£*) (see (C.2) in Appendix
C). Then (3.8) shows that ngl((), z|w) = mp,1(0, z |w), the original kernel, and in (3.9) we
can take v = 1. Thus uf; =P on &, which is also evident directly from the definition
of £ in (3.5).

When d > 3 and the conditions in (2.7) hold, it was shown by one of the authors [49,
Theorem 4] that statements (i) and (ii) in Theorem 3.5 are true not only at £ = £* but
also for ¢ sufficiently close to £*, and in this case u € L*(Q, S¢,, P).

3.3 Modified variational formulas for the quenched rate functions

Recall from (2.3) that the formula given in Theorem 2.2 for the level-3 quenched
rate function I3 , involves absolute continuity w.r.t. P (on &). This formula is valid for
a general class of RWRE models. However, in the case of RWDRE, as we have seen in
Proposition 3.4 and Theorem 3.5, the relevant o-algebra is &g .. Therefore, we next
provide appropriately modified formulas for I3 , and I; , which will be central to some of
our subsequent results. Define

Htf,i;(/‘) = {foq(“) Lft/}jei:v\i'sizvariant and po < P on G o, (3.11)
Theorem 3.7. Assume (2.4). Then, for every p € M1(Qn),
Lsq(1) = (Hyp )™ (). (3.12)
Corollary 3.8. Assume (2.4). Then, for every ¢ € ri(D),
Ng(§) = nf{(Hy) ™ (1) : 1 € Ma(Qw), B*[Z1] = &} (3.13)

= inf{H,(p) : p € My(Qn), E*[Z1] = €, pis S-inv,, po < P on Sp o0} (3.14)

Example 3.9. The need for Theorem 3.7 is justified by the fact that H(ilp(u) = H(ig(u)
does not hold in general. The following counterexample is adapted from [5]. Assume
(2.7) and the following extra condition on the law of the environment:

P (wo,0(2) > wo,o(z') for every 2’ € U\ {z}) = 2id

for every z € U. Consider a new transition kernel 7’ defined by

, 1 ifwg(2) > woo(2’) for every 2’ € U\ {z},
m0,1(0,2|w) = .
0 otherwise.
For IP-a.e. w, the quenched walk under this new kernel is deterministic, the law of the
environment Markov chain (7} x,w);>o converges weakly to a 7’-invariant probability
measure Q on Q2 (see [5, Proposition 1.4]), Q = P on Gy, but Q L P on & (see [5,
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Proposition 1.5]). Define an S-invariant p € M;(Qy) by setting Wg’1(0,2|w,z_0070) =
76.1(0, 2 |w) and po = Q. Then, H}'p(1) = oo, but (2.4) ensures that

m0,1(0, 2| w)
Zﬂ6’1(0,2|w) log (7r01(02|w) < 0.

zeU

HYE () = Hy(n) =

3.4 Decomposing the level-3 averaged rate function

The level-3 averaged and quenched LDPs hold with rate functions I3 , and I3, given
in (3.3) and (3.12), respectively. Note that I3 () < I ,(1) for every p € M;(Qu). This
follows from Jensen’s inequality applied to the convex conjugates of the rate functions,
and is shown in Corollary 3.11 for the sake of completeness. How are these two rate
functions related beyond this basic inequality? The following theorem provides a partial
answer. Additional remarks follow in Section 3.8.

Theorem 3.10. For every S-invariant u € M;(Qn),

h(p| Po) = he, .. (ko [ P) + Hy(p), (3.15)

where )
hey o (po [P) = lim ~He, , (uo|P).

—oon

Theorem 3.10 is an application of the chain rule for relative entropy (see [17, Lemma
4.4.7]). It does not require any ellipticity condition. Hg, , (uq|P) is the entropy of s
relative to P on &y ,,, and he, . (o | P) is the specific relative entropy whose existence
is shown in the proof of Theorem 3.10.

Corollary 3.11. Assume (2.4). Then, for every S-invariant p € M; (),

Hy(p) < I3.0(p) = M| Po) = he, o, (1o | P) + Hy (1)
< Iy g(p) = (HYE)™ (1) < Hyp (1)

The outermost inequality H,(u) < H;’];f () in Corollary 3.11 holds by definition (3.11),

yet it is still important. Indeed, if H,(p) = HqSI;’(u) then all of the inner inequalities are
equalities, too. We will use this simple observation below in the proof of Corollary 3.14.

3.5 Equality of the averaged and quenched rate functions

Proposition 2.4 and Theorem 2.5 summarized what is known about the equality of
I ,4(¢) and I 4(¢). The following result complements this picture by providing three
characterizations of I ,(§) = I1,4(€), each of which involve u¢ € M; () (defined in
(3.5) for ¢ € ri(D)) or its 2-marginal ug.

Theorem 3.12. Assume (2.4). For every ¢ € ri(D), consider the following statements.

(1) 11,a(§) = I1,4(§)
(i) T1,4(&) = Hy(p®).
(iif) (Hyp )™ (1) = Hy(uS).

(i) he, .. (1, | P) = 0.
Then, (i) < (i) < (iti) = (iv). Moreover, if

36 > 0 such that E[w () ~°] < oo for every z € R, (3.16)

then (iv) = (i) and hence all four statements are equivalent.
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Remark 3.13. The ellipticity conditions that appear in the statements of our results are
related as follows:
(3.16) = (2.4) = (3.10).

They are all strictly weaker than uniform ellipticity (2.6).

Regarding the equality of the level-3 averaged and quenched rate functions, the
following result provides a sufficient condition. It is also noteworthy that under the
stronger condition of uniform ellipticity, the entropy Hg, , (1o |P) can grow at most
sublinearly for the absolutely continuous marginals of S-invariant measures.

Corollary 3.14. Assume (2.4). Then, for every S-invariant u € M;(Q) such that
po < P on &g,
I3a(p) = I3 q(p) = Hy(p).

Furthermore, if we strengthen (2.4) to uniform ellipticity (2.6), then every S-invariant
p € M1 () such that uo < P on &g o satisfies hes, . (o |P) = 0.

3.6 Minimizers of the quenched contractions

Recall from Theorem 3.3 that, for every ¢ € 1i(D), uf is the unique minimizer of
the averaged contraction (3.4) from level-3 to level-1. Finding the minimizers of the
quenched contractions (3.13) and (3.14) is more difficult in general. The following result
treats the case where the level-1 rate functions are equal.

Theorem 3.15. Assume (2.4). For every ¢ € ri(D):
(a) if I 4(€) = I 4(¢), then
La(€) = Tg(€) = (Hyg )™ (u°) = Hy(u), (3.17)

and uf is the unique minimizer of the quenched contraction (3.13);
(b) if ug < P on Gy o, then (3.17) holds, and uf is the unique minimizer of the
quenched contractions (3.13) and (3.14).

Remark 3.16. Theorem 3.15(b) is not vacuous or trivial (see Remark 3.6). A similar
result (regarding level-2 to level-1 contractions for £ close to £*) was previously obtained
for certain ballistic (undirected) RWREs on Z¢ with d > 4 (see [51, Theorem 3.9]).

The lower semicontinuity of (H;’];r)** and the compactness of the set { € M; () :
E*[Z4] = £} ensure that the quenched contraction (3.13) always has a minimizer. On the
other hand, there is currently no general existence result for minimizers of the quenched
contraction (3.14). See Section 3.8 for further remarks.

3.7 Spatially constant environments

We illustrate our results in a simplified setting where the spatial variation of the
environment is removed. The quenched process Z is now a process of independent but
not identically distributed variables. LDPs for such processes were originally established
in [2, 8, 47], motivated in part by their application to the equilibrium statistical mechanics
of disordered lattice systems such as the Ising or Curie-Weiss models with random fields
or coupling constants. (Some of these large deviation results have been reproduced in
Chapter 15 of the textbook [42].) The novelty we provide here is the identification of the
averaged and quenched contraction minimizers. We find that many properties such as
equality of averaged and quenched rate functions and minimizers fail.

Take a Borel probability measure A on P (defined in (1.7)). Let (¢;):cz be sampled
from PZ according to A®Z. Define w € Q = PZ*Z" by setting

wiqg = @; foreveryi € Z and z € VAR (3.18)
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This induces a probability measure P on (2, S). Environments under P are temporally
i.i.d. and spatially constant. Hence, P is invariant but not ergodic under the spatial
translations (7)), cza-

For p € R? and w € (), define

W(p.w) = By [e 7).

Observe that E[W (p,w)] = ¢4(p). For the sake of eliminating trivial cases where the
environment is effectively deterministic, we assume that

P(W(p,w) = da(p)) < 1 unless ¢,(p) = P, (3.19)

The condition ¢,(p) = e{?¢") is the same as p € 0I ,(£*) (Proposition C.3 in Appendix C).
We start our study by giving a simple formula for the level-1 quenched rate function
and showing that it is not equal to the averaged one at any atypical velocity.

Proposition 3.17. Assume (2.4) and (3.18). Then, for every £ € D,

I 4(&) = sgﬂgd{ma — Eflog W (p,w)]} > s;ﬂgd{m@ —log E[W(p,w)]} = 11,a(§). (3.20)

If¢ eri(D) \ {£*} and (3.19) holds, then the inequality in (3.20) is strict.

Remark 3.18. In Proposition 3.17, we assume (2.4) in order to apply Corollary 2.3. In
fact, when the environment is spatially constant, a weaker ellipticity condition is suffi-
cient for the level-1 quenched LDP, but we do not pursue such technical improvements
here.

Next we present the structure of the unique minimizer uf (defined in (3.5)) of the
averaged contraction (3.4) (see Theorem 3.3). For p € R? and w € Q let

_ W(pw)
w(pw) = ba(p)

Proposition 3.19. Assume (3.18). Then, for every { € ri(D), the pairs (w;, Z;11):>0 are
ii.d. under ;f. The Q-marginal ,ug and the Markov transition kernel 7r§71 of i€ are given

by
elp:2)

iy S
W(p,w)’

n—1
1P (w) = H ui(p, Tiow)  and 71'81(0, z|w) =m,1(0, 2 |w)

Soon i=0
for any p € 0I1 ,(§). If € # & and (3.19) holds, then ué # P on &y, and wg)l is not
obtained from my ; via a Doob h-transform as in (3.9).

The simultaneous lack of absolute continuity and Doob h-transform are consistent
with Theorem 3.5. Now that we have simple formulas for ué and wg’ 1, We can compute

he,... (G | P) and Hy(ub).
Proposition 3.20. Assume (3.18). Then, for every { € ri(D) and p € 01 4(€),

he,... (11, | P) = Elu1 (p,w) logui (p,w)] and
Hy(1*) = (p, ) —1og ¢a(p) — Elus (p,w) log uy (p,w)].

If¢ # ¢* and (3.19) holds, then he, (115, | P) > 0.
Proposition 3.20 implies that

he.. (15, | P) + Hy (1) = (p, &) —log da(p) = I1,a(€) = h(1* | Po)

for every £ € ri(D) and p € 917 (), which is consistent with Theorem 3.10.

EJP 22 (2017), paper 57. http://www.imstat.org/ejp/
Page 15/47


http://dx.doi.org/10.1214/17-EJP74
http://www.imstat.org/ejp/

Large deviations and entropy for RWDRE

Since the environments are spatially constant, under the quenched conditioning on
w the ()-marginal of the empirical process L{° of (1.11) is a deterministic measure that
converges to IP. Consequently the quenched rate must blow up at measures with the
“wrong” ()-marginal. This was observed in [8, Theorem II1.1] and [47, Theorem 3.4].

Proposition 3.21. Assume (2.4) and (3.18). For every p € M;(Q), if uo # P, then
I3 (1) = co. Consequently, if (3.19) holds, then

(HJE) ™ (1f) = H)F (uf) = o0

for every £ € 1i(D) \ {£*}.

If (2.4), (3.18) and (3.19) hold, then it follows from Propositions 3.17, 3.20 and 3.21
that all four statements in Theorem 3.12 are false for every ¢ € ri(D) \ {£*}, which is
consistent with their equivalence.

Proposition 3.21 shows in a striking way how the alteration of the entropy H, can
completely remove the averaged minimizers u¢ from the effective domain of the quenched
rate function. In particular, ug cannot be a minimizer of the quenched contractions (3.13)
or (3.14). Our final result identifies the minimizer(s) of these quenched contractions.

For ¢ € ri(D) define v¢ € M;(Qy) by setting

n—1

Vg (dw, dZLn) = ]P(dw) H {770,1(0, Zi+1 | Tww)
=0

(pzit1)
c } (3.21)

W (p, T;,ow)

for every n € IN, where p € 911 4(§).
Proposition 3.22. Assume (2.4) and (3.18). Then, for every £ € 1ri(D):

(a) V¢ is well-defined and S-invariant;
(b) EV[Z1] = &
(©) (Hyy )™ (v4) = Hy(v*) = I,4(€); and
(d) V¢ is the unique minimizer of the variational formulas (3.13) and (3.14) of the
quenched contractions from level-3 to level-1.
The Q-marginal of v is Vé = P, which is consistent with Proposition 3.21. The transi-

elr )
W(p,w)’

tion kernels of u¢ (see Proposition 3.19) and »* are both of the form g 1 (0, z | w)
but defined using p € 0I1 ,(§) and p € 011 4(§), respectively.

3.8 Additional remarks and open problems

3.8.1 Minimizers of the contractions

For every ¢ € 1i(D), Theorem 3.3 identifies u¢ as the unique minimizer of the averaged
contraction (3.4) from level-3 to level-1. When I (§) = I1,4(§), Theorem 3.15 says that
¢ is also the unique minimizer of the quenched contraction (3.13). Moreover, if Mé <P
on Gy  (see Remark 3.6 for examples), then 1€ is the unique minimizer of the quenched
contraction (3.14), too. In the latter case, Theorem 3.5 gives a representation for the
Markov transition kernel ﬂ-(&),l of the quenched walk under y¢ via a Doob h-transform.

When [ ,(§) < I1,4(§), identifying the minimizers (if any) of the quenched contractions
(3.13) and (3.14) or saying anything about their structure is an open problem in general.
Note that (3.13) always has a minimizer (see Remark 3.16). In contrast, we expect that
(3.14) has no minimizers when the environment (ww)(m)emzd is i.i.d., but this is yet to
be shown. On the other hand, in the case of spatially constant environments, Proposition
3.22 provides the unique minimizer of both of these quenched contractions.

In a recent article [44], we obtained results on the existence and identification of
minimizers of variational formula (1.2) for the quenched free energy of random paths

EJP 22 (2017), paper 57. http://www.imstat.org/ejp/
Page 16/47


http://dx.doi.org/10.1214/17-EJP74
http://www.imstat.org/ejp/

Large deviations and entropy for RWDRE

in random potentials and the counterpart of this variational formula for the so-called
annealed free energy

log [E(?W [ev(" Zl)”

in the directed i.i.d. case. These results cover the averaged and quenched logarithmic
moment generating functions

log ¢a(p) = log Eo[e!”?)]  and Ay 4(p) = nh_)rrgo % log EY [efXn)] (3.22)
for RWDRE. (In general, the term averaged refers to first dividing a quenched expectation
by the quenched partition function and then taking the P-expectation of the quotient,
whereas annealed refers to first taking the PP-expectation of a quenched expectation
and then dividing by the P-expectation of the quenched partition function. However,
there is no difference between them in the RWDRE setting since EFW [eV(«:Z1)] = 1
for every w € Q) by (1.8).) The functions in (3.22) are the convex conjugates of I ,
and I, 4, respectively, by Varadhan’s lemma. In future work, we hope to combine these
previous results with the current ones and thereby deepen our understanding of the
large deviation behavior of RWDRE.

3.8.2 Connecting the rate functions

How the averaged and quenched rate functions are related to each other is an important
question in the study of processes in random environments. For example, at level-
1, obtaining an expression for I , in terms of I; ;, would provide us with valuable
information regarding how the path and the environment conspire towards the realization
of atypical velocities. This question is answered with variational formulas in [9] for one-
dimensional nearest-neighbor classical RWRE under the i.i.d. environment assumption
and in [23] for the exactly solvable corner growth model with random parameters. It
is an open problem for example for RWRE in higher dimensions or under more general
conditions.

In the context of RWDRE, Theorem 3.10 provides a partial answer to the aforemen-
tioned question at level-3 since it connects I3 (1) = h(p | Po) with I3 (1) = (Hfﬂ)**(u)
only indirectly via H,(p). This reduces the original question to understanding the varia-
tional expression (Hqsﬂj)**(u) — H,(p), which is one of our goals for future work. So far,
we know that this difference is nonnegative (see Corollary 3.11), and equal to zero at u¢
if and only if I; ,(§) = 11 4(§) (see Theorem 3.12).

3.8.3 Equality of the rate functions

When I ,(§) = 11 4(§) at an atypical velocity £ € ri(D)\{£*}, the walk is solely responsible
(in the exponential scale) for the occurrence of the rare event {X,,/n ~ £} under the
joint measure P,. Theorem 3.12 makes this precise by the statement hg,, (/J?2 |P) =0.

Theorem 2.5 lists the previous results regarding the equality of the level-1 rate
functions. The decisive statement for d = 1 is believed to be true also for d = 2. In
contrast, recalling Proposition 2.4 (a,d), bothC ={( €D : I ,(§) = 4§} and D\ C
have nonempty interiors when d > 3. Hence, there is a phase transition at the boundary
of C, and we would like to analyze the structure of ;¢ when ¢ € 9C. The characterizations
in Theorem 3.12 can potentially shed light on this problem.

Theorem 3.15(b) provides a sufficient condition for Iy ,(¢) = I 4(£), namely ug <P
on &y . Whether this condition is also necessary for I ,(§) = I 4(§) is an important
open problem which is related to the existence of the critical (i.e., strong but not very
strong) disorder regime for directed polymers. See [44, Section 1.3] for details including
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the general definitions of the weak, strong and very strong disorder regimes. When
specialized to the RWDRE setting and notation, the environment is said to manifest

(i) weak disorder if u% < P on Gy (see Remark 3.6 for examples),

(ii) strong disorder if ug & P on &) ~, and

3
(iii) very strong disorder if :E? decays exponentially to zero as n — oo (equivalently
Il,a(g) < Il,q(f))

So,n
Here, ¢ is a multidimensional analog of inverse temperature (since p € 911 ,(£) appears
in the exponent inside the expectation on the RHS of (3.5)), with the LLN velocity ¢*
corresponding to infinite temperature. It is tempting to connect this problem of critical
disorder with the previous one regarding the structure of ;¢ at the boundary of C, but
we refrain from proposing any conjectures.

4 Level-3 averaged LDP from the point of view of the particle

We start this section with an important point regarding the relative entropies
Hy (1| Py) defined in (3.2). We will refer to this point below in the proof of Theorem 3.1.
Remark 4.1. It is not necessarily the case that Hy ¢(u| Py) = Hoe—r (1| FPo) holds for
S-invariant p € M; () and 0 < k < ¢. This is because the distribution of (@;, Z; 1)
under P, changes with i. Here is an example: The simplest S-invariant probability
measure on Qy is of the product type

p(dw,dz) = ® v(dw;) ® ® a(z;).

i€Z JEN
Take v(dw;) = PPs(di;) and « = ¢, for some fixed z € R. Then,

Hiit1(p| Po) = logz Py(X; =x)m i1 (z, x4+ 2| w)].

Proof of Theorem 3.1. We will transform the problem into a level-3 LDP for an i.i.d.
sequence on the space Q7 = ) x R%. First, we define the measure on Q7 that will give
the desired i.i.d. sequence.

Recall the definition (2.1) z; = — Z?:Hl z; of the backward path (z;);<o. For n € IN,
let

—1 —1
P20 (zni10) = [ moni(@o i |w) = ] 70100, 241 | T ).

i=—n i=—n

Note that ¢“, (2_n+1,0) is not a probability distribution on vectors z_,; o because it
does not sum up to one. Set

fnlw) = Z 0 (Z_nt10) Z PT’" (X, = 1). 4.1)

z—n+1,UeR" T€Z

On the o-algebra A~ ">, we define a measure p=n) by setting

TLOO’

m
PEN(d@ o0, A2 ni1m) = P(d@-n.0o) % (2-ns1.0) P (21m) [ cr(21)
1=—n+1
for every m € IN. Here, cr denotes the counting measure on R.
EJP 22 (2017), paper 57. http://www.imstat.org/ejp/
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Lemma 4.2. (P(*”))HE]N are consistent probability measures and hence they induce a
probability measure FPg§° on Q.

Proof. For every m,n € IN and every test function f € bA~ "7,

/P(inil) (da/’fnfl,oo, dzfn,m)f(a)fn,ooa an+1,m)

- / P05 0 100) 3 6 1(n0) B (1) (@ mer 2t 1m)

Z—n,m

- /P(dajfn,oo) Z (p‘in(zfn%»l,O)PSJ(Zl,m.)f(a)fn,ooa an+1,m)

Z—n+1,m

X /IPG (d"‘_}—n—l) Z 71'071(07 Z—n | T—n—l,x_n—z_nw) (42)

Zom

— / Pdonoe) 3 00 (eontr0) B (s1m) F(@moor 2oni1m)

Z—n+1,m

x /]Ps(dw,n,l) > 7010, 2o [ Top10,w) (4.3)

Z—mn

= /p(_n)(dajfn,ooadzfnJrl,m)f(wfmooaan+1,m)~

Here, (4.2) uses the temporal independence of the environment, whereas (4.3) follows
from exchanging the order of the last integral and sum, recalling the spatial translation
invariance assumption, and restoring the order of the last integral and sum. Taking
f =1, we similarly get

/p(in)(dwfn,oovdzfnJrl,m) = /P(il)(da)fl,oo;dzo,m)

= /P(dwom) > P (z1m) % /Ps(d@,l)zm(o,zo|T,1,Ow) =1.

Z1,m Z0
We conclude that (15(‘”>)ne]N are consistent probability measures. O

Recall that (7}),cz« are spatial translations defined by (7;0;), = wj .1, for j € Z
and z,y € Z%. We use these translations to introduce the so-called slab variables

sj = (T;,wj,2j+1), J € Z. (4.4)

This choice of terminology comes from viewing RWDRE in Z? as a directed RWRE in
Z4+1. Note that s; is centered at the point z; on the path. In this sense, the slab variables
are adapted to the POV of the particle. Equivalently, they satisfy s; = s o S7 for j € Z.
For any pair of indices —oco < k < ¢ < oo, we write sy ¢ = (Sk, Sk+1,---,S¢).

Lemma 4.3. P§° is S-invariant and the slab variables (s;),cz are i.i.d. under Pg°.

Proof. This is an immediate consequence of the following induction steps. Let E5° stand
for expectation under F§°. For —n < 0 < m,

E[f(s—nm-1)g(sm)] = D E[@“_’n(z—n+1,0)P6"(Zl,m)f((Tfj@jv Zj1)—n<j<m—1)
Z—n+1,m+1
X 770’1(0, Zm"l‘l | Tm;a:?nw)g(T;thm7 Zm+1)

EJP 22 (2017), paper 57. http://www.imstat.org/ejp/
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= Z E[‘Pﬁn(z—n-i-l,O)P((Jd(Zl,m)f((T;jwja Zj-i-l)—nﬁjém—l)}

Z—n41,m+1
x E [71—0,1(07 Zm+1 | Tm,zmw)g(Timwmu Zerl)}
= Eg°[f (s—nm—1)]Eo[g(@0, Z1)]

by temporal independence and spatial translation invariance, where f and g are test
functions on appropriate spaces. Similarly,

Eg®lg(s—n) f(s—nt1,m)] = Z E[Wo,l(oa Zengt | Tona_,w)g(T3_ &n, Z—nt1)

Z—n41,m+1
X 02 1 (2on42,0) P5 (21,m41) f (17, 005, Zj+1)—n+1§js7n)}

= Z E[Wo,l(O,Z—nH|T—n,m_nw)g(Tgf_n@—man+1)}

Z—n+1,m+1
X B[ i1 (2-ns2.0) P (21m0) (T2 @5 241) - 1<<m)]

=Y E[moa(0, 2 |w)g(@o, 2)]

XD B0 i ot 0) B (i) F (T, @ 21) 1<)

Z—n4+2,m+1

= Eolg(wo, Z1)1EG° [f (5—nt1,m)]- O

Denote the full sequence of slab variables by § = (s;);cz and let 7 be the temporal
shift on these sequences, defined by (75); = s;;1. With this notation, the empirical
process induced by the slab variables is

n—1
1
slab E
Ln - E 57-i§ .
=0

The LDP for L:'*> under P§® is an instance of the well-known Donsker-Varadhan level-3
LDP for sequences of i.i.d. random variables taking values in Polish spaces, see, e.g.,
[42, Chapter 6]. We state this result as Proposition 4.4 below, after some preparation for
providing a formula for the corresponding rate function.

We can glue together the environment components of the slab variables to form an
w' € Q with @3 = Tjj w; for j € Z, and thereby identify the space of slab sequences with
Qy. (For the sake of convenience, we will write w instead of w’.) This identification
already factors in the POV of the particle, and the shift 7 acts on (environment, path)
pairs simply by

(T(@wz-ﬂ))j = (@j41,2j12)-

In other words, the sequence § can be thought of as a bijective map on Q7. It induces
a T-invariant distribution P§° o s7! on this space. Since the c-algebras A% are now
regarded as being generated by the i.i.d. slab variables s;, the problem with shifting
relative entropy (cf. Remark 4.1) disappears. For T-invariant probability measures () on
Qz, the specific relative entropy

H, Poe s—1 H P 1
WQ|PE o5 ) = lim HodlQIF"eS7) L(@IFFe87) g5
£—o0 14 —oco<k<l<oo L—k
exists by a standard superadditivity argument (see [42, Theorem 6.7]).
EJP 22 (2017), paper 57. http://www.imstat.org/ejp/
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Proposition 4.4. The sequence (P§°(Ls!% € -)),>1 satisfies an LDP with rate function
It My (927) — [0, 00| given by

h(Q| P§° os™1) ifQ is r-invariant,

00 otherwise.

Islab(Q) _ {

Next, we transform this LDP into one for the empirical measures

n—1 n—1

1 1
z
Ln = ﬁ Z 6lexiw,9i2 = E Z 6Si(w,2)'
i=0 =0
The inverse of the map (w,z) — §is v : Qz — Qy that acts on slabs via

(v(@.,z.41)); = (T2,,05,2j+1), J € Z.

Note that
Soy=~or

and L% = L3190 y~1, A probability measure @ on Qg is S-invariant iff Q' = Q o v is
T-invariant. Apply the contraction principle to the LDP in Proposition 4.4 with the map
Q' = Q o~y Q on M;(2z). This gives an LDP for (P{°(L% € -)),,>; with rate function

Q) = h(Qo~|Pg® o) ifQ is S-invariant,
RS otherwise.

Since v acts bijectively on any collection of adjacent slabs that includes the zeroth slab
and hence preserves A’,::ﬁ-measurability fork <0</,

Hyo(Qovy|P5°oy) = H(Q|P5°).

Thus, using (4.5), we can define a specific relative entropy for S-invariant ) by restricting
the intervals [k, ¢) to include 0:

WQIFE) = lim Ho@IPE) _ ) HeeQIFF)

=h(Qovy|PS* o). (4.6)
] ochlbetcon  L—F (@[ £ o)

The statement of the LDP we have established is simplified as follows.

Proposition 4.5. The sequence (P§°(L% € -)),>; satisfies an LDP with rate function
IZ . M;1(Q2z) — [0, 00] given by

1%(Q) = h(Q| P§°) ifQ is S-invariant,
RS otherwise.

As the last step, we transform this LDP into the one we want. Denote the natural
Qz — Qu projection by ®(w,z) = (w,z). We can think of the empirical process L
(introduced in (1.11)) as a function from Qy into M;(Q) by replacing L$° with L3 o &.
We drop the projection from the notation since the coordinates of #'z = 2, , are defined
on Q7 as well as on Q. The contraction principle gives an LDP for (P§°(L° € - ))p>1
with rate function I3, : My (Qu) — [0, 00 defined by

{h(ﬁ | Ps°) if p is S-invariant,
I35 (k) = :
00 otherwise.
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Page 21/47


http://dx.doi.org/10.1214/17-EJP74
http://www.imstat.org/ejp/

Large deviations and entropy for RWDRE

Recall that, for any S-invariant p on Q, i denotes the unique S-invariant extension of u
to €2z. By the S-invariance of both i and Fj*, the entropies can be shifted to nonnegative
levels so that

Hyo(jt| P§®) = Ho i (it | F§) = oo (| Py) for k <0< C.

The first equality above follows from the observation that f — fo.S™* and g — go S*
are bijections between bAZ:ﬁ and bAg:g:',z for £ < 0 < £. (However, this is not the case
when 0 < k < ¢, cf. Remark 4.1.) The second equality is valid because i and u (resp. F§°
and Fj) agree at nonnegative times. Comparing (3.1) and (4.6), we conclude that Igf’a is
equal to the level-3 averaged rate function I3 , defined in (3.3).

It remains to transfer the LDP from (P5°(L5° € - ))p>1 to (Po(LS° € -))n>1 Separately
for lower and upper bounds. This works easily because (i) weak topology on M () is
determined by finite-dimensional distributions, (ii) the dependence of L;° on environ-
ments at negative times vanishes as n — oo, and (iii) the measures F, and F;° agree on
environments and steps at nonnegative times. We leave the routine details to the reader.
This completes the proof of Theorem 3.1. O

5 Minimizer of the averaged contraction

We start by listing some properties of the measure p¢ which was introduced in (3.5)
for ¢ € ri(D).
Proposition 5.1. For every £ € ri(D):

(a) uf is well-defined and S-invariant;

(b) the slab variables (s;)¢>o are i.i.d. under uf;
(c) B¥ (2] =&

(d) Ho (| Py) = ¢I 4(€) for every ¢ € N; and
(€) Isa(p®) = h(p®| Po) = Ina(§).

Remark 5.2. At the LLN velocity £*, the RHS of (3.5) gets simplified since 0 € 917 ,(£*),
and we deduce that ;¢ = P, on Ag:g. (They are not equal on A(i’g,oo, cf. Remark 3.2.)

Moreover, the S-invariant extension " € M;(Qz) of u¢” is equal to the measure P§°
which was defined in Lemma 4.2. Therefore, Proposition 5.1(a,b) generalize Lemma 4.3.

Proof of Proposition 5.1. Fix an arbitrary & € ri(D).

(a) We prove in Theorem C.2(b) from Appendix C that (p,z) — logpa(p) = (0, 2) —
log ¢, (p') for every p,p’ € 0I1,(¢) and z € R. Therefore, the RHS of (3.5) is
well-defined. In order to conclude that ;ﬁ is well-defined, it remains to show (for
—o<k<0</l{<ooand f € bA%) that the RHS of (3.5) does not change if we
replace (i) k by £k — 1 or (ii) £ by ¢ + 1.

(i) Since fo S~F+1 e b AP
E()[6<P7X2—k+1>—(f—k+l)log¢a(p)f o S_k,+1]

=Y E [wm(O,z | w)elpr) 108 @a(p) BT1=¢ (0. Xems)=(L=R) 108 a(p) £ S—’ﬂ
2€R

= Z G(z)elP2) o8 ba(p) (o Xer) = (E=k)log bu(p) £ 5 G—F)
ZER

= EylelrXe-r)=(=R)log éalp) f o G=F]

by temporal independence and spatial translation invariance.
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(ii) Similarly, since fo S~* ¢ bA(;IZ’_Z,;k,

E, [e<p,Xz7k+1>f(€fk+1) log ¢a(p)f o ka]

= ZE |:E‘O’J[e<vaZ—k>7(€7k) g ¢alp) f 0 §F X, 1 = a]

> Z 70.1(0, 2 | To_p pw)elpr?)7loe @alp)

z2ER
= ZEO[QW,XE—H*(ka) log ¢a(P)f o S*k’ Xop = CC} Z Q(Z)€<p’z>710g ba(p)
m zER
— E0[6<P7X2—k>—(f—k) 10g¢a(p)f o S_k].
i i -i i 3 1,641 0,0+1
Finally, regarding the S-invariance of u*, observe that foS € bA;" 1, | COA T,

and
/f o Sdut = EO[e<P»X(l+1)f(k+1)>_((e+1)_(k+1))10g¢a(P)(f 08)o S—(k+1)]

— E0[6<P»Xe—k>*(e*k) logcba(/))f o S*k] = /fdlﬁ,

(b) For every ¢ € IN,

o0 [f(s0.0—1)g(s)] = Eo[e<p,Xz+1>f(€+1)log¢a(p)f(507£_1)g(52)}
= ZE [ESJ[e<p7Xz>f€log%(ﬂ)f(SM_l), X, = 2]

X Z m0,1(0, 2| Tg@w)e(p”z)*log %(")g(T;(De, z)]
zER

= ZEo[e“”Xf)*“Og¢G(P)f(s07g_1), X, = 1]

x Z 70.1(0, 2 | Ty pw)elP?) 7108 P (P) (T35, z)]
Lz€R

= ZEo[€<”’X‘)_“°g‘pa(p)f(So,zq), X, = 1]

< E 22mﬂ@sz@@*%%@@wm@]
LzeER

= B [f(s0.0-1)] E** [g(s0)],

where f (resp. g) is a test function on ¢ (resp. 1) slab variable(s).

() EM[Z1] = EqlelrZ1)-10892(0) 7,] = Vlog ¢4 (p) = & (see (C.2) in Appendix C for the
last equality.)

(d) For every / € IN,

Hoo(1* | Po) = €Ho (1 | Po) = Eo[e!# 77108920 ((p, Z1) — log ¢a(p))]
= £(<p7 f) - log ¢a(p)) = ZIL(L(&.%

where the first and third equalities use (b) and (c), respectively. (See (C.2) in
Appendix C for the last equality.)

(e) This is immediate from (a) and (d). O
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The main ingredient in the proof of Theorem 3.3 is the following result.
Proposition 5.3. Forevery{ €ri(D),e >0,¢{ € N and f € b A% 00

Xn
—§|<6)<0
n

This result is essentially [49, Theorem 1] which is stated there under the assump-
tions in (2.7) which are more stringent than our current assumptions. For the sake of
completeness and convenience, we provide below a streamlined adaptation of the proof
to our setting.

1
hmsuphmsup—logPo ( |/defL° - /fdu§| >

6—0 n—00

Proof of Proposition 5.3. Let g = f — ffd;ﬁ. Then,

[ravz = [ gat = [gare = o.17)

By a standard change-of-measure argument and the level-1 averaged LDP, we see that
for any s > 0,

Xn
timsup *log Po((g, I3¥) > <] — €] <)

n—oo

Xn
<limsup — 10gP0(<g,L ) > e, \Tfﬂ<5)7hm1nfflogPo(\—f§|<5)

n—oo

Qmwphg%ﬂ %@mm>s+§—a<ﬂ—m@+hao+M6

n—oo

<limsup — logEo[ (p.Xn)=nlogdalp) (g [0V > ¢] 4 [p|o (5.1)

n—oo

<limsup — logEO[ (P Xn)=nlog éa(p)+ns(e, L)) _ ge 4 |p|6, (5.2)

n—oo

where (5.1) and (5.2) follow from (C.2) in Appendix C and the exponential Chebyshev
inequality, respectively. Let G; = go S7 for 0 < j < n — 1 and note that

Eq[elpXn)=nlog ¢a(p)tnsio, L)) — Fo[eleXn)— —nlogga(p)+s X2, G; i)

201
< H E0[€<p’X"> nlog ¢a(p)+20s(Gi+Garyi+Gartit )]1/25 (5.3)

=0

holds by Hoélder’s inequality under e(#-Xn)—nlogéa(p)gp, .
For 0 <i < 2¢ — 1, let ¢ be the largest integer such that 2¢/ +i < n — 1. For n > 4/,

E, [e(/th)—" log ¢a(p)+2£s(Gi+G2f+i+'"+G2(c—1)£+i+G2cl+i)}

= Z E [ (PvX(2c Deti)—((2e—1)€+14) log¢a(P)+2£S(G'i+G22+i+'“+G2(cfl)£+i)’ X(2c71)£+i _ :L‘]

% Eg(2c—1)é+i,mw [6<P7Xn—(2c—1)1{—i>*(n*(2571)87i) log ¢q (p)+2€SGz] (54)

— X (20— i) —((2¢—=1)£+1)1 a(p)+2€s(Gi+Goptit+Gac—1)e+i —
_ E Eo[e(P (2e—1ye+i)—((2c=1)+1) log ¢a(p)+2£5( 204 2(c 1)1+1)’ X(2c—1)€+i —x]

% EO[e<l)7Xn—(2c—1)e—i>—(”—(20—1)5—i) log ¢a(ﬂ)+255G2] (5.5)
= FE, [e(P,X(zknui)—((20—1)5+i) log ¢a(p)+2€s(G’i+G2f+i+“'+G2(c—l)l+i)]
% EO[6<P7Xn—(2c—1)e—i>*(n*(20*1)£*i) log ¢a(ﬂ)+2€5Gi]
=...=F, [e(mX@ﬂ)—(@H) log ¢a(/i)+2€sGi] (Eo[eszz)—?@ log ¢a(ﬂ)+2€sGe])cfl (5.6)

x Ej [6<P;Xn—(2c—1)1,—i>*("*(20*1)4*@ log ¢a(P)+255GZ}.
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Some explanation is in order: Since g € bA%,Z, each term in the sum in (5.4) is
the P-expectation of the product of two random variables that are measurable w.r.t.
S _oo,(2e—1)e+i and S(2._1)r44,00, Tespectively. Hence, (5.5) follows from the temporal
independence and spatial translation invariance of the environment. The repeated
application of this argument gives (5.6).

The boundedness of f (and, hence, of g) allows us to control the first and last
expectations in (5.6). Therefore,

lim l 10g E, [6<P,Xn>*n log ¢a(p)+2Z5(Gi+G2Z+1',+"'+G2(c—1)é+i+G2c£+l)]
n—oo M

1 .

=5 log Eg[e{rX2e)=2¢10g da(p)+205Ge]

Recalling (5.3), we deduce the following inequality:

lim sup l 10g EO [6<P,Xn)—n10g ¢a,(P)+ns(g»LfL°>] < i log Eo[e(p,ng>—2llog qb,,,(p)+2£ng] —. C(S)
n—00 )4

Note that ¢(0) = 0 and

¢'(0) = Eo[e<”’X2’f>_2€IOg‘b“(”)Gg] — /gd/ﬁ — /fd/ﬁ _ /fdﬂg =0.
Therefore, {(s) = o(s) as s — 0, and it follows from (5.2) that

1 Xn
lim sup lim sup — log Py((g, L) > €| \7 —¢l <d) <0.

§—0 n—oo N

Combining this inequality with the analogous one for — f (and, hence, —g), we obtain the
desired result. O

Proof of Theorem 3.3. We checked in Proposition 5.1(e) that ,u5 is a minimizer of (3.4).
It remains to rule out other minimizers. For every v € M; () such that v # u* and
E¥[Z,) =&, there existe >0,/ € Nand f € bA%}Z such that

ve{pe M (Qpy): |/fdu—/fdu5| > ¢, |E*[Z)] - §| < 0}

for every § > 0, which is an open set. Therefore,
. 1 0o ¢ Xn
—Ig,a(y)ghmlnf—logpo(\ fdLyY — | fdu |>£,|——§|<(5>
n—oo N n

1 Xn
§limsupﬁlogpo(\/fdl/fl°—/fdu5|>€‘|7—§|<5>

n—roo

1 X
+1lim sup — log Po(|=* — &] < 0)

n—oo T

1 X,
SlimsupglogPo(\/de;l’o—/fdu§|>5‘|7—§|<5)

n—oo

—inf{f (&) : ¢ — €] <6}

by the level-3 and level-1 averaged LDPs. Taking limit superior as 6 — 0 gives —I3 ,(v) <
—I,4,(€) by Proposition 5.3. Thus v cannot be a minimizer. O

Proof of Proposition 3.4. Fix £ € ri(D) and p € 011 ,(§). Let

o Esj[e<p’xn>7zl = Z]
an(waz) - E‘é)[(?(p’X")]
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Let m,n > 1 and j > 0. The calculation below shows that

(T, 0,2) = B (Zj1 = 2| A5 ) (@, 2o 5)- (5.7)

Take a test function f € bAZ)"% . Then, by S-invariance of i, the definition (3.5) of /¢,

and two uses of the Markov property of the quenched walk,

/f(%Z—mH,j)Oln(Tj,XjW,Z) dpt :/f(Tm,me»ZLerj)an(Tm+j,Xm+jwvz) dpt
= EO I:f(Tm;me7 Z].,erj) an(Terj,X,,,LJer; Z) €<P7Xm+j+n>_(7n+j+n) log ¢a(l))]
= E, |:f(Tm X @ Z1mts) e{PXm+j)—(m+j)log da(p)

Tty .
Xan(Tm+j,X,,L+]Wu Z) Eo +3, X 45 ¥ [e<P,Xn)—n log ¢a(ﬂ)ﬂ
; Tt LW .
= Ep [f(Tm’me, Z1mi) (P Xmi;)—(m+7) log da(p) E, T3 Xmtj [e<p7Xn>—nlog,<i>a(p)7 7, = z]]

= Eo[f(Tn @, Z1mt5) W{Zimt j1 = 2} 0 Xmbasn)=(mtitn) 10 6o (0]

- / F T Zams) W Zomg g = 2} dpl = / 1@ Zmyn ) 1 Zj = 2} diE.

This verifies (5.7). Let m — oo in (5.7). Martingale convergence yields

an(Tj,ija Z) = ﬂg(Zj+1 =z | A:§Z+n)(wa Zfocvj)'

For the case j = 0, by the &g ,-measurability of o, (-, z),
an(w’ z) = ﬂf(Zl =z | Aig:?)("‘}a 2700,0)
= p*(Z1 = 2| 6o.0) (W)

In the last expression above ji¢ can be replaced with ¢ since the statement does not
involve the backward path. Combining the last two displays gives, for j > 0 and n > 1,

B (Zj1 = 2| A0 )W, 2200 5) = 1E(Z1 = 2] 60,0) (T ay).- (5.8)

As n — oo martingale convergence yields (3.6). The remainder of Proposition 3.4 follows
from this. O

For every ¢ € ri(D),

dusg,

T8 () = By el X mm10e ) = (p, ) (5.9)

So,n

is a positive martingale on (2, &g o, P). Throughout the paper, we will sometimes
suppress p and simply write w,, or u,(w) whenever it does not lead to any confusion.

Proof of Theorem 3.5. (i) = (ii): Summing both sides of (3.9) over z € R, we see that
u € LY(Q, 8., P) satisfies

(p,2)
e log
u(w) = 32 70,2 w) Sl w) = 3 B[el A0, 7y = 2Ju(T ).
ZER alp ZER
Iterating this identity n > 1 times, we deduce that
u(w) = Zun(p,w,x)u(Tn,,;w), (5.10)
EJP 22 (2017), paper 57. http://www.imstat.org/ejp/
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where
Un(p,w, ) = EY[elPXn)—nlogdale) X — g) (5.11)

Taking the conditional expectation of both sides of (5.10), we get

Elu|So,)(@) = Y unl(p,w, 2)Elu 0 Ty o] = Eluluy (p,w)

by temporal independence and spatial translation invariance. Since P(u > 0) = 1, we
have E[u] > 0. Therefore, as n — oo,
E
[u] Soa) _, _u
E[u] E[u]

Up =

P-a.s. and in LI(Q,C‘SO,OO,IP) (see [21, Theorem 5.5.6]). We conclude that ué < P on
S0,00, and
dug,
P

0,00

¢
(1) = (i): Letu = CZL—]P? o Note that E[u] = 1 and hence P(u = 0) < 1. We will first
- 0,00

show that (3.10) implies P(u = 0) = 0.
By martingale convergence, u,, — u PP-a.s. It follows immediately from the Markov
property and the definition in (5.11) that

um+n(p7 (U) = Z Un(p, w7 -%')Um(/% Tn,ww)

x

for every m,n € IN. Sending m — oo, we deduce (5.10). In particular,
u(w) > up(p,w, n2)u(Th nw)

for every z € R. If (3.10) holds, then 32’ € R such that u,(p,w,nz’) > 0 for every n € IN.
Therefore,

{w:u(w) =0} C [({w: u(Thnw) = 0}. (5.12)
n=1
By our temporal independence and spatial translation invariance assumptions, the Q-
valued process (1), ,./w),>1 is stationary and ergodic under P. Since P(u = 0) < 1, we
apply the ergodic theorem and deduce that, for IP-a.e. w, there exists an n € IN such that
w(Tp new) > 0, i.e., the RHS of (5.12) is a P-null set. Consequently, P(u = 0) = 0.
Finally, we derive (3.9): For IP-a.e. w and every z € R,

75,1(0, 2| w) = p(Z1 = 2| So0)w) = lim pS(Z1 = 2| S0.0) () (5.13)
Ew[(i(p,Xn)*nlOg(f?a(P) Z, = z]
= lim =Y ’
oo E81[6<p,Xn)—7L10g¢a(P)]

(p,2) BT129 0P, Xn—1)—(n—1)log da(p)
_ € 0 "le ]
= Jm 00,2 |w) s T e Ko ]

elp:2) Un—1(T1,zw)

= lim 7 1(0, z|w) (5.14)
n—+00 ba(p)  un(w)
(p,2) (T .w)
e w(Th w
= m0,1(0, 2 |w) —
' $alp) u(w)

Note that the second equality in (5.13) follows from martingale convergence under ,ug
which is mutually absolutely continuous with IP since P(u > 0) = 1. O
EJP 22 (2017), paper 57. http://www.imstat.org/ejp/
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6 Modified variational formulas for the quenched rate functions

. 0,7 : 0,00
Since UjE]N AZ5 o is an algebra that generates A~ . on 2, we can fix a sequence

(fj);jen of test functions f; € bA%? _ that separate M, () and satisfy || f;||oc = 1. For

—3,00

every u € M; () and ¢ € IN, the set
Gue={v € Mi(Qn): [(fj, 1) = (fv)| <M for1 <j </}

is a weakly open neighborhood of y. Note that Nen G = Neew Gue = {u}. The
following result gives the lower bound in Theorem 3.7.

Theorem 6.1. Assume that
E[|logwo,0(2)|] < oo for every z € R. (6.1)

Then, for every { € IN and every S-invariant ;1 € M;(Q) such that po < P on & o,

lim inf % log P (L € Grug) = —H, (1) 6.2)
Proof. The proof uses a strategy involving a change-of-measure, Jensen’s inequality, and
the ergodic theorem, which is standard for obtaining LDP lower bounds for Markov
chains, and has been successfully carried out in the context of (undirected) RWRE (see
[46, 50, 40] for the level-1,2,3 quenched LDPs). In fact, keeping future applications in
mind, the level-3 quenched LDP lower bound was derived in [40, Section 4] in full detail
and without using the assumption that the walk is undirected. In particular, the lower
bound of the LDP in Theorem 2.2 is covered by [40, Section 4], which readily implies
that (6.2) holds for every S-invariant u € M;(Qn) such that puo < P (on &). Therefore,
to prove Theorem 6.1, we need to replace G with G .. Since the walk is directed in
time, this modification requires only two minor changes in the proofs in [40, Section 4].
Below we go over the whole argument for the sake of completeness, point out the two
differences, and provide references for further details.

Step 1. For every ¢ € IN, denote the marginal of P, on 2, = Q x R’ by Péé). Let
7 = (T, x,W, Zi+1,i+¢), © > 0. Then, under Py (-|Z1¢ = z1¢), (7:i)i>0 is @ Markov chain
with state space €2, and transition kernel

rO(SFn]n) = m0,1(0, 2| Te.aw)-

Here and throughout, = (w, z1¢) € &, and ST : Qy — Q= (w, 210) = (T4 ,2,w, 22,4, 2) for
z € R.

For every S-invariant p € M;(Q), let uq and pg, denote the marginals of p on Q
and €y, respectively, and define

7 O(SFn1n) = w(Zes1 = 2|70 = n)

which can be viewed as the transition kernel of a Markov chain with state space €2,.
Since u is S-invariant, j1q, is an invariant measure for Wy). Moreover, if po < P on &g

and
Wy)(S’jn |n) > 0 for ug,-a.e. n and every z € R, (6.3)

then puo, is an ergodic invariant measure for ﬁff) and mutually absolutely continuous with

Pée) on .Ag:io. This follows from a minor modification of [40, Lemma 4.1] (see Remark
6.2 below).
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Step 2. Let P, (resp. Pj]‘) stand for the law of the Markov chain (771‘)120 with initial
state 7o = n and transition kernel 7(*) (resp. n,(,,f)). Observe that

PY(LY € Guo)= Y Pe(Zio=210P (LY € G| Zio = 210)

ZlﬁgERz
= PY(Zy0 = 21,0)Py(LE € GY)
o (Z1,0 = 21,0)Py(Ly, € G )
ZL@ERZ
> 3" P (Zig=20)Py (L5 € GY) (6.4)
z1,0€ER’
for n > 4¢2, where
1 n—1 1 n—1 B 1 n—1
Lﬁb = E Z 6Ti,XiUJ7Zi+l,i+£ - g Zéy’h S Ml(QZ)7 LfL = n—17 Z (5171 S Ml(ﬂ€)7
i=0 i=0 it

G\ = {v e My(Q) : {fj,pna,) — (fj,v)| <€ for1<j<(} and

G ={v e Mi(Q0) : |{f5m0,) — (f5,v)| < (207" for 1 < j <1}

The inequality in (6.4) is needed in our case because (w,z; () = 1 — P,(L¢ € G‘,(f)@) is
Ag:ﬁo-measurable whereas n — P, (LY € fo)é) is not.

Step 3. If uyo < P on &y and (6.3) holds, then for Pée)—a.e. n, we change the
measure from P, to P/, apply Jensen’s inequality (with the logarithm function), send
n — 00, use the ergodicity of yqn, for w,(f ), and thereby deduce that

| 2o ADY s i L w(il ¢ @0 () ()
hgglcgfﬁ log Py(L,, € G, ;) = nhﬂn;(} - log P'(Ly, € G,.3) — H(pa, x 7, | pa, x 7))
=— A:i}m(ﬂ_ Xl x 7)) > —HA::;(/]_ X | e x w) = —Hy(u).
For further details regarding this step, see [40, Lemma 4.2]. The desired bound (6.2)
now follows from (6.4).

Step 4. If uo < P on &g« but (6.3) fails to hold, we introduce a i € M;(Q) of the
form ji(dw,dz) = P(dw) ® p®N(dz) for some (deterministic) p € P such that p(z) > 0 for
every z € R. Note that

Hq(ﬂ) =E

> p(2) log( p(z) )] < o0 (6.5)

W070(Z)

by (6.1). (In fact, this is the only point in the proof where (6.1) is fully used.) We replace
p with pre = (1 — €)p + € which is an element of the open set G, ; for sufficiently small
e > 0. Since f is S-invariant, its marginal fiq, on €2, is an invariant measure for the
transition kernel

‘ N _
) (SEn|n) = i Zers = 2|70 = m) = p(z) > 0.
The Q,-marginal jiq, of 1. is an invariant measure for a transition kernel m(ﬁ) (suitably

defined as a combination of wff) and Wff)) which satisfies the analog of (6.3). For further
details regarding this step, see [40, Proof of the lower bound in Theorem 3.1, page 224].
Therefore, ug, and PO(Z) are mutually absolutely continuous on Ag:io, and for Po(e)-a.e. ,

1 = ~ (¢ N
Jim —log Py(Ly, € GifY) = —Hy(pe) = —(1 = €/ Hy(pr) — eHy().

The last inequality follows from the convexity of the relative entropy H,. Finally, we send
€ to 0, and recall (6.4) to deduce (6.2) as in Step 3. O
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Remark 6.2. In Step 1 of the proof of Theorem 6.1, we cited [40, Lemma 4.1] which
assumes that o < P (on &), which is equivalent to po, < PO(Z) on A% since

— 00,00

P(wo,0(2) > 0) = 1 for every z € R by (6.1). In that paper the mutual absolute continuity
of nn, and P( ) is established by showing that f = (2) satisfies

Lipwzn>0r < ﬂ{f(T@+1,z,Z+zwysl,£>>0}
for P-a.e. w, every zi ¢, 210 € R’ and z € R, and then using the ergodicity of P under

(T1,2)ser to argue that Po(é)(f > 0) = 1. Using this, the ergodicity of uq, for ﬁff) follows
from a similar argument.

If no < P on &g o, then we replace f = % with g = P in the proof

0,¢
0 ‘AO,oo

of [40, Lemma 4.1]. This modification causes no complications since the negative
environment levels w_., _; do not play any role. For example, the function (w, 21 ¢) —
9(To41 3,+2w, 21,¢) is measurable w.r.t. AZJr1 w C A -, forevery #; € R and z € R.

We are now ready to verify the modified varlatlonal formula for the level-3 quenched
rate function.

Proof of Theorem 3.7. It follows immediately from the definitions in (2.3) and (3.11) that
H(i’];f(u) < Hip(u) for every p € M; (). Therefore,

(HJE)™ (1) < (Hyp)™ (1) = Is o (1) (6.6)

On the other hand, Theorem 6.1 and the upper bound in the level-3 quenched LDP
(Theorem 2.2) give

quS:];r( ) < lim mff log Py (LyY € Gpe) < hmsup log Py (LY € Gupe) < — inf I3 4(v)

n—00 n—00 veG e
for every ¢ € IN. Sending ¢/ — oo, we get
S,+
I,q(p) < Hq,]P (1)
since I3, is lower semicontinuous and NewG, ¢ = {1}, and then deduce that

*ok S, ko
I3.q(1) = (I3,9)"* () < (HJ5)™ (). (6.7)
Finally, we put (6.6) and (6.7) together to obtain the desired equality (3.12). O

Proof of Corollary 3.8. For every ¢ € D, the variational formula
Lig(§) = inf{(HZ];)**(H) D€ Mi(Qn), B[ Z1] = &}
follows immediately from Theorem 3.7 by the contraction principle. Define
I4(€) = inf{Hy (1) : p € Mi(Q), E*[Z1] = €}

which is equal to the RHS of (3. 14) fl q(&) < oo because we can choose p to have mean
in the measure £ in (6.5). Since H 11> is convex (which readily follows from the convexity

of H,), I , is convex on D and hence continuous on ri(D). For every ¢ € ri(D),
Lq(§) = lim inf{ 1, 4(¢') : & € D, [¢' = €] <6}
= lim inf{(H;))** (1) : p € My(Q), |E[Z1] €| < 5}
= lim inf{Hpp (1) : 4 € Ma(Q), |E"(Z1] - €] < 6}
= lim inf{T, () : € €D,|¢' — €] < 5} = F1,4(6)
by the fact that (H, 5, " )** is the lower semicontinuous regularization of Hy 5, o (see [42,

Theorem 4.17]) and {u € M1(Qn) : |E*[Z1] — €] < ¢} is an open set. O
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7 Decomposing the level-3 averaged rate function

Proof of Theorem 3.10. Observe that, for 1 <k < n,
Po(Zy, = z| AO AN @om—1, 21 8-1) = Tho1 ke (@h—1, Tho1 + 2 |w) = 70.1(0, 2| Tho1.2,_,w)-
If p € M;(Q) is S-invariant, then
Hon(p| Po) = H o (1] Po)
= Ag:z-l(# | Po) + /H(M(Zn =] Ag:Zﬂ ) |7T0,1(07 | Tn—l,xn_lw)) ,u(d(ﬂo,n—l, dZ1,n—1)
— Hgo | P + [ H(p(Z1 = | AT [ m0.0(0.: [) (Ao i10, do-nizo)
At (1| Po) + H yompna (o x ' [ i x )

by the chain rule for relative entropy. We can apply the chain rule repeatedly and thereby
successively remove all the z-coordinates from the first relative entropy on the RHS. The
general stepis, for 1 <k <n-—1,

Hon(p| Po) = H o (0| Fo) + Z Azt (A 7| i x )
j=k+1
= Ag*ffl(” | Po) + /H(/‘( |AO " 1 | m0,1(0, - | Tk_l»-'ﬂk—lw)) p(dwo p—1, dz1 k-1)
+ Y Hyopa(ae xaf | i x )
j=k+1
k+1,0 _ g
= Agv:fl(MPo)Jr/H( = [ AT k1) | 70,10, [w) B(d@ k1 n—ks d2-g12,0)

n
, i ox Pl
+ Z HA:;i}::L7j+1 (/1,, X T \,u, X 7T)
j=k+1

= Aok 1(,U/|P0 +ZH.A GF1,1 (M,XWﬁ|ﬁ7XW).

—Jj+1l,n—j+1
Jj=k

When all z-coordinates have been removed, we end up with this identity:

How(u| Po) = He,, (| B) + S H,ia (i xa'[fimxm).  (7.1)

—J+l,n—j+1
j=1
Lemma 7.1. If u € M;(Q) is S-invariant, then

.1 i) -
nlgr;o - ZHA_J_+1,1 (e x 7l | i x ) = H y—oon (i x 7 | i x w) = Hy(p). (7.2)
j=1

—j+ln—j+1 — 00,00

Proof. The relative entropy on the RHS of (7.2) is an upper bound on each term in the
sum on the LHS. On the other hand, if simultaneously j / cc and n — j oo, then

H -t (ﬂ,xwﬂﬂ,xw)—)HA:z:io(/j,Xwﬂ\ﬁ,xﬂ,

—j+l,n—j+1
which implies the desired result. O
Continuing with the proof of Theorem 3.10, we have seen in Section 4 that the specific
relative entropy

1
h(p| Po) = lim —Hon(u| Fo)
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exists. In combination with (7.1) and Lemma 7.1, this implies that the limit

i 1
he, . (pa |P) = lim —He,,, (o | P)

exists, and satisfies
h(p| o) = he, .. (1o | P) + Hy (). O

Proof of Corollary 3.11. For every S-invariant u € M;(Qn),

I3.a(p) = h(p| Po) = he, .. (o | P) + Hy(pn) > Hy(p)

by Theorems 3.1 and 3.10. Moreover, if (2.4) holds, then from Theorem 3.7 and a basic
property of the double convex conjugate (see [42, Proposition 4.10]),

Isg(n) = (Hyp)™ () < Hyy (u).

It remains to show that I3 , (1) < I3 (). Define

1 oo 1 oo
Aso(f) = lim flogEo[er’L" >] and Asq(f) = lim flogEgJ[e"U*Ln)] (7.3)

n—o00 N n—o00 N

for every continuous f € bA>® _ and P-a.e. w. By Varadhan’s lemma (see, e.g., [42,

—00,00

Section 3.2]) these limits exist and are convex conjugates of the rate functions:

Aza(f) = (Is,0)"(f) and Az q(f) = (I3,4)"(f):

Then I3 ,(1) < I3,4(p) follows from

1 oo 1 oo
Aso(f)=E| lim —log E(S"[e”(f’L" >]} = lim E [ log E(f[e"“’L" >]
n n

n— o0 n—00
1 oo
< lim —log Ey [e”<f’L“ >] = Az.a(f). =
n—oo N

8 Equality of the averaged and quenched rate functions
Throughout this section, we assume (2.4) which ensures that the quenched LDPs

hold. Again by Varadhan’s lemma the limit

A1 q(p) = lim llogE(°)J[e<p’X’L>] (8.1)

n—o0o M

exists for every p € R? and P-a.e. w, and satisfies

A1 4(p) = (11,9)"(p) = gggﬂm £) — 148} (8.2)

We have seen in Proposition 2.4(b) (and its proof in Appendix B) that I ,(§) < I1 4(§) and
A1 4(p) < log da(p) for every € € D and p € R%

Lemma 8.1. For every ¢ € ri(D) and p € 011 4(€),

I,4(€) <11 4(&) ifandonlyif Ay 4(p) <log¢a(p).

Proof. For every { € ri(D) and p € 0I1,4(€), if A1 4(p) < log ¢, (p), then

I1.4(8) = (p,§) —log ga(p) < (p,€) — A14(p) < §161]§d{<p’75> — A1 g(p)} = T4(8).
P

Here, the first equality is shown in (C.2) from Appendix C, and the last equality follows
from the convexity of I; , (see Proposition 2.4(a)).
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Conversely, if I; ,(§) < ILq({), then the continuity of I; , on D (see Proposition 2.4(a))
implies that

A1q(p) = sup {(p, &) — 11 4(&)} = (p, ") — 114(¢")

¢eD

< <pa €/I> - Il,a(gu) < <pa £> - Il,a(g) = log (ba(p) (8.3)

for some £’ € D. If ¢’ = &, then the first inequality in (8.3) is strict; if £ # &, then the
second inequality in (8.3) is strict by (C.2). O

Recall u,(p,w,x) from definition (5.11). When p is understood we can drop it from
the notation. The next theorem is adapted from [11, Theorem 3.3] which is concerned
with upper bounds for the free energy of directed polymers in random environments.

Theorem 8.2. For every p € RY,

, 1
A1,4(p) —log a(p) < inf { o log B

Zum(p,~,m)t] :t€(0,1), me ]N} .

Proof. It follows from the definition of w, (w) = u,(p,w) in (5.9) and the Markov property
of the quenched walk that

U (w) = Z Up(w,z)  and  Up,qn,(w) = Z Un,y (W, 1) Uny (T 2, W, T2 — T1).

r€Z T1,T2

For every p € R%, t € (0,1), and m,n > 1,
1 1 .
E [n logunm} = L” log(tnm) }

t
1
= ]E % 10g ( Z um('axl)um(Tm,xl'v-TZ - 1'1) e Um(T(n—l)m,xn_l'a Tn — xnl))
1

1
<E % IOg ( Z um('axl)tum(Tm,w1'7x2 - xl)t te um(T(nfl)m@n,l'axn - xn—l)t)]
Llyeeny Tn

1

< % IOgE Z um('v xl)tum(Tm,xl X2 — xl)t te um(T(n—l)m,acn—l'a Tn — mn—l)t]
L1yeesTm

= og (B |3 (0" QS > ()’

tn . m\ t . m\

by the temporal independence and spatial translation invariance assumptions. Sending
n — oo and using the bounded convergence theorem, we get

1 1 1
m(AL(I(p) - log (ba(p)) = lim — log Unm = im IE |: log unm:| § Z IOgE

n—oo N n—r00 n

x

Corollary 8.3. For every ¢ € ri(D) and p € 011 ,4(§), if there existt € (0,1) and m € IN

such that
ft):=E Zum(p,-,x)t] <1,

then I (&) < I 4(8).
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Proof. This follows immediately from Lemma 8.1 and Theorem 8.2. O

We need two additional lemmas before giving the proof of Theorem 3.12. In fact, the
second one is part of Theorem 3.15, but we state and prove it separately here to avoid
circular reasoning (we will later use Theorem 3.12 in the proof of Theorem 3.15).

Lemma 8.4. Let i1 and )\ be probability measures with finite relative entropy given by

H(p|)) = sgp{E“ [g] — log E*[e]}

with supremum over bounded measurable functions g. Then for any event A,
AMA) > exp{—p(A)" (H(p|A) +1og2)}. (8.4)

Proof. Assume u(A) > 0 for otherwise the inequality is trivially true. Then also A\(A) > 0
because finite entropy implies y < A. Take g = (—logA(A4)) - 14 in the variational
formula. O

Lemma 8.5. Assume (2.4). If I ,(§) = 11 4(§), then
(&) = (Hpd )™ (1),
and /ﬁ is the unique minimizer of the quenched contraction (3.13).
Proof. If I ,(&) = 1 4(£), then for every v € M; () such that v # u* and EV[Z;] = &,
I,4(8) = 1,a(§) < I34(v) < I34(v) = (H,fg)**(V)

by Theorem 3.3 and Corollary 3.11. Hence, v is not a minimizer of the quenched
contraction (3.13). However, the compactness of {y € M;(Qn) : E*[Z;1] = £} and the
lower semicontinuity of (H, f ’]gf )** guarantee that there is a minimizer. This implies the
desired result. O

Proof of Theorem 3.12. —(iv) = (i) : Observe that

un (@ un (@
Hs, , (1o | P) = Elu, logu,] = Z]Eun T logun(,z)]—E[unZ i )log ( >]

U
= n n

< ZE [tn (-, x) logu, (-, )] — Elu,]log ((crll)d) (8.5)
_ ZE (- 2) 108 0 (-, )] + dog(en).

Here, we used the following facts: the entropy — >_ p;logp; of a discrete probability
distribution with a finite support is dominated by that of the uniform distribution (with
the same support); and (cn)d is a crude upper bound for the number of distinct endpoints
of paths of length n started at the origin (with steps in R).

If hgo)w(ug |P) > 0, then Hg, , (1, | P) grows linearly in n. From (8.5) we take the
weak consequence that there exists an m > 1 such that }°_ E[u, (-, z) log up (-, z)] > 0.
The desired result I; ,(§) < I1 4(£) follows from Corollary 8.3 which is applicable since
f(1) =1 and

ZIE U (-, ) log u, (-, )] > 0.
(i) <= (i7) : If (i) is true, then so is (iv) by the previous part. Therefore,

I1,g(€) = 1,0 (&) = I3,a(1°) = he, . (11, | P) + Hy(u) = Hy(u®)
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by Proposition 5.1(e) and Corollary 3.11, and hence (ii) is true. Conversely, if (ii) is true,
then

I1,4(8) = Hy(1*) < I3,a(p®) = T1,a(8) < 11,4(6)
by Corollary 3.11, Proposition 5.1(e) and Proposition 2.4(b), and hence (i) is true.

(i) < (%) : If (i) is true, then so is (iv) by the first part. Therefore,

(Hyi )™ (18) = T,g() = T,a(€) = Ts.a(i®) = Hy(p®) < (Hyy )™ (1)

by Lemma 8.5, Proposition 5.1(e) and Corollary 3.11, and hence (iii) is true. Conversely,
if (iii) is true, then

]3,q(/1§) = IS,a(,Ug) = Il’a(g) < Il,q(&) < IS,q(,ué)
by Corollary 3.11, Proposition 5.1(c,e), Proposition 2.4(b) and (2.5), and hence (i) is true.

—(1) = —(iv) : Assume (3.16). Theorem D.1 in Appendix D gives the concentration
inequality

P( |logu, — Eflogu,]| > ne) < 2exp(—cn)

with a constant ¢ = ¢(e) > 0. If I (&) < I1 4(§), then

.1
lim —Eflogu,] = A1 4(p) — log ¢a(p) <0

n—o00 N,

by Lemma 8.1, with p € 011 ,(§). Therefore, there is a § > 0 such that for large enough n,

P(u, > 5) = P(logu, > —log2) < ]P(logun > fn(s) < 2exp(—cn). (8.6)

INIE

On the other hand,

,ug(unz%)zlf,ug(un<%):1fE[un]l > 1

{un<%}}

Applying Lemma 8.4 with p = yg, A=Pand A = {u, > %} on &y ,, we see that (8.4)
becomes
P(u, > %) > exp{—2(]E[un log u,] + log 2) } (8.7)

Combining (8.6)-(8.7) shows that E[u, logu,] grows linearly in n, which contradicts
he, _(ué |P) =0 0
0,00 \HQ .

Proof of Corollary 3.14. If u € M;(Qn) is S-invariant and po < P on &p o, then
Hi’];r(u) = H,(n) by (3.11). Therefore, I3,(1) = Is4(p) = Hy(p) by Corollary 3.11.
In fact, the second equality follows directly from the lower semicontinuity of H:

s, Sy 5 s,
Hyp () = Ho(n) < (Hyp )™ (1) < Hyy (1)
Under uniform ellipticity (2.6), if i is S-invariant and o < P on & o, then

Hy(p) <> E*[|[logwoo(2)]] < [R||loge| < oo,
ZER

and h(u| Py) = I3,4(pn) = Hy(1e) can be canceled from (3.15) to give he, . (uo |P) =0. O
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9 Minimizers of the quenched contractions

Proof of Theorem 3.15. Fix an arbitrary £ € ri(D). If I 4(§) = I1,4(§), then (3.17) follows
immediately from Theorem 3.12, and we have shown in Lemma 8.5 that ¢ is the unique
minimizer of the quenched contraction (3.13). This concludes the proof of part (a).

If ug < P on &y, then recall from the proof of Theorem 3.5 that u,(w) =

3
Eg[elpXn)=nlog¢a(r)] converges to u(w) = CZ‘T? o (w) for P-a.e. w, and P(u > 0) = 1.

0,00

Therefore,

1 1
A1 4(p) —log gy (p) = lim —logu,(w) = lim —logu(w) = 0.

n—oo M n—0o0 M,

We deduce from Lemma 8.1 that I ,(¢) = 1 ,(£), and part (a) is applicable. Since ¢ is
S-invariant and E*° [Z1] = € (see Proposition 5.1(a,c)), it is a minimizer of the quenched
contraction (3.14).

It remains to show that (3.14) has no minimizers other than ;. To this end, consider
any S-invariant v € M; () such that v # ué, E¥[Z;] = &, and v < P on &g . Observe
that

T1,4(8) < (Hyy )™ (v) = Hy(v)

by part (a) and Corollary 3.14. This concludes the proof of part (b). O

10 Spatially constant environments

Proof of Proposition 3.17. The quenched walk X, is now a sum of independent steps
Z; ~ @;—1, and so, by the strong LLN, for P-a.e. w,

n—1
ol 1
A1g(p) = Jim ~log By [e*] = lim ~ % "logW(p, T; ow) = Eflog W (p, w)].
=0

Therefore, the first equality in (3.20) follows from (8.2) and the convexity of I; , (see
Proposition 2.4(a)), and the rest from Jensen’s inequality and (1.9).

Assume (3.19). Let £ € ri(D) \ {£*} and p € 011 ,(§). Then p ¢ 011 o(&*) by (C.2) from
Appendix C. Consequently by Proposition C.3 the inequality in (3.19) holds and gives

A1,4(p) = Ellog W (p,w)] <log E[W (p,w)] = log da(p) (10.1)
by Jensen’s inequality. This implies 1 (§) < I1,4(§) by Lemma 8.1. O

Proof of Proposition 3.19. Recall from Proposition 5.1(b) that the slab variables (s;);>0
(defined in (4.4)) are i.i.d. under /ﬁ for every £ € ri(D). Since the environments are
spatially constant, the slab variables are simply (@;, Z;11)i>0-

By definition (5.9), for every p € 011 4(§),

d §
Ko (W) = Un(p, w) = EL[elpXn)—n10g¢a(p)]
dP So
" (10.2)
n—1 n—1
W(p7 E Ow)
=l ———=— =] wp,Tiow).
E) $a(p) 11
Therefore, by the limit in (5.14),
(p,2)
. € Un—l(p; Tl,Ow)
76202 ) = lim mo,1(0,2]w) 7 DR
elp:2) 1 0 elp:2) (10.3)
= 0 —_— = D —
w0t 021 o~ T O G
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If £ # ¢* and (3.19) holds, then for P-a.e. w,

n—1

1
lim = logun(p,w) = lim — S 1 T ow) = El : log Efu1 (p,w)] = 0
Jim —loguy (p,w) = lim — Z; ogu1(p, Tow) = Ellog u1 (p, w)] < log Blus (p,w)]

by the strong LLN and Jensen’s inequality. In particular, u,(p,w) — 0 as n — oo, and
(i, £ P on S o.
Under the same assumptions, if Wg’l satisfied (3.9) for some u € Ll(Q7 60,0, P) such
that E[u] = 1 and P(u > 0) = 1, then comparison with (10.3) gives
u(w) = u1(p, w)u(Th ow).

Iterating this identity, we get
n—1

u(w) = H w1 (p, Tj,ow)u(Th,ow) = tn(p, w)u(Th ow).
i=0

Therefore, for P-a.e. w, E[u| & ,](w) = un(p,w) — u(w) > 0 as n — oo, which is a
contradiction. O

Proof of Proposition 3.20. Equality h@o’w(ﬂg |P) = E[ui(p,w)logus(p,w)] comes from

(10.2).
Substitute the second-last formula of (10.3) into (2.2) and use the independence of

(@3, Zit1)i>0 under pb:
| 7§10, Z1 |w) e [1 <e<p,z1>—log¢u(p))]
og| ————— || = og| ———
8\ 70100, 21 w) T wnw)

= E**[(p, 71)] — log da(p) — E* [log w1 (p, w)]
= (p,€) — log du(p) — Elus(p,w) logus (p,w))-

™

Hq(/ﬁ> = EF

The last equality used Proposition 5.1(c).
If £ # ¢* and (3.19) holds, then P(u;(p,w) = 1) < 1 for every p € 9l ,(¢) while
Efu (p,w)] = 1. Strict convexity of u — ulogu gives

hgo,w(ug |P) = Efui (p,w) log ui(p,w)] > 0. O

Proof of Proposition 3.21. Under the quenched measure Fy’, the ()-marginal of L;° is
now a deterministic measure n ! Z?:_Ul 0T, x,w = n~! 2?1—01 07, o that converges weakly
to P, for P-a.e. w. Hence the rate I3 ,(u) must be infinite if uo # P.

By Proposition 3.19, if £ € ri(D) \ {{*} and (3.19) holds, then ug # P on &g .
Therefore, .1/ (1) = oo by definition (see (3.11)), and I 4 (1€) = (H 7 )** (i) = o0 by
(3.12) and the paragraph above. O

Proof of Proposition 3.22. Fix an arbitrary ¢ € ri(D).

(a) We prove in Theorem C.4(b) in Appendix C that (p,z) — logW(p,w) = (o', 2) —
log W (p',w) for every p,p’ € 0I1 4(§), = € R and P-a.e. w. Therefore, the RHS of
(3.21) is well-defined, and so is v* by consistency. Taking the POV of the particle,
¢ induces a Markov chain on Q with transition kernel 77° (Ww) = Tip gwy (W),
for which the {)-marginal z/f2 = P of /% is an invariant measure. Therefore, ¢ is
S-invariant.
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(b) Recall (C.3) and (C.5) from Appendix C and observe that

[geins] =]

S o B S |
zER EBJ[ <p,Zl>}
= E[Vlog W(p,w)] =VAi4(p) =&

i [Z4] =

(c) (Hj’];f)**(zxf) — H,(1¢) by Corollary 3.14 since /¢ is S-invariant and 5, = IP. Similar

to the proof of Proposition 3.20,
(0.2 |w) ‘ [1 ( elp:70) )}
O, —_— fe) -
#7010, 21 w) RN
l/E Vs
=F [<pazl>} -F Q[logW(pvw)] = <10a §> - E[lOgW(p,w)] = ILq(g)v

where p € 8]1’(1(5), and the fourth equality uses part (b). See (C.3) in Appendix C
for the last equality.

(d) We know from part (c) that »¢ is a minimizer of (3.13) and (3.14). Take any
S-invariant y € M;(Qy) such that E#[Z;] = &.

(i) If p is a minimizer of (3.13), then pug = P by Proposition 3.21, and hence
(Hfﬂf)**(u) = H,(p) by Corollary 3.14.

I1,4(§) = He(p) = H_A:zzio(ﬂ* x| i x )

i 7 (0,2 |w, 2_ 0o
= /ﬂ,(dw, dz_0e0) Wg,l(O,zw,zoo,o)log< 01002 ’0)>

“ 70,1(0, z | w)

_ 7l (0,2 |w, z_
= /ﬂ_(dw, dz_co,0) Z 701(0, 2| w, 2_o0,0) log < 01(0,7] OO’O)>

ZeR g, 1(0 z|w)

+ B*[(p, Z1)] — B log W (p,)]
= Hyoen (i x| i 7)o+ {p,€) = Bllog W(p,w)

Hq(VE) =B

_ . o
AZL (- x [ x 7)) + I 4(§).

Therefore, 775‘71(0, Z W, 2_00,0) = ngfl(o, z|w) for fi_-a.e. (w,2_x,0) and z € R. Since

po = v5, = P, we conclude that y = v£.

(ii) If 42 is a minimizer of (3.14), then o < P on &g, therefore (H.)** (1) =
H,(u) by Corollary 3.14, which implies that 4 is a minimizer of (3.13), and the
previous part is applicable. O

Appendices
A Sufficient condition for the level-3 quenched LDP

The following definition is adapted from [43, Section 2] to our specific space-time
setting and notation. Let ¢ = max{|z|; : - |1 denotes the
{1-norm.

Definition A.1. A function g : Q — R is said to be in class L if g € L'(Q,&,P) and

1
lim sup lim sup max ¢ — Z g0 Tigjatjzl : 0< i<zl <cip=0 P-a.s. (A.1)
n

e—0 n— oo 0<j<en

for every z € R.
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The level-3 quenched LDP we have established in [43, Sections 3& 4] covers RWDRE
subject to the following conditions: (i) IP is stationary and ergodic under the family of
shifts (71 ,).er; and (ii) the function

w = logm 1(0, 2 |w) = logwo,o(2)

is in class L for every z € R. The first condition is satisfied thanks to the temporal
independence of the environment. (In fact, P is stationary and ergodic under T} , for
each z € R.) Therefore, to prove Theorem 2.2 (under the ellipticity assumption (2.4)), it
suffices to show the following result.

Proposition A.2. If a Borel measurable function g : PZ' 5 R satisfies

/Igo(wo)l”les(@o) < o0 (A.2)

for some p > d+1, then g : Q — R defined by w — g(w) := go(&o) is in class L.

Proof. Since constant functions are in class £, we can assume without loss of generality
that E[g] = 0. It suffices to show a modified version of (A.1), namely,

> lgoTiyjurjzl =0 P-as. (A.3)
0<j<2en

) 1
limsup max —
n—oo (4,x)EAS N

for every ¢ > 0, where A is a thinned out subset of {(i,z) € ZxZ%: 0 <i < n,|z|; < ci}
of size |A%| < Cin?e~! with some constant C; = C(c, d).

For each (i,z) € Aj, the summands in "<y, |90 Titjo+j-| are i.i.d. Therefore, for
every § > 0,

P Z |g 0 Titjatjz| = no | < Co(nd) Pen

0<j<2en

by (A.2) and the Fuk-Nagaev inequality (see [33, Corollary 1.8]), where Cy = Cs(p) is
some constant and n is sufficiently large (depending on p, d, ). Hence,

P| max > [goTipjatjzl >nd | < Cine ' Cy(nd) Pen = C1Cy6 Pntt' P
(i,x)€AS, - i
0<j<2en
by a union bound.
Consider the subsequence n,, = m” with some v > (p —d — 1)~!. Then,

D G107 ()P < 00
m=1

and

1
limsup max Z lgoTitjayjz| <9 P-a.s.

m—oo (4,z)€A5 My 0<j<2enm

by the Borel-Cantelli lemma. This bound generalizes to the full sequence, too, since
Im+l — 1, Finally, sending 6 — 0 implies (A.3). O

hmm—>oc Tom

B Elementary facts regarding the level-1 rate functions

Proof of Proposition 2.4. (a) Iy, = (log ¢,)* and I3, = (HJp)** are convex conjugates
and hence convex. I; , is defined in (2.5) via contraction, and therefore it is convex, too.
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Since the rate functions I, , and I; , are lower semicontinuous on their domain D, they
are in fact continuous on D, see [45, Theorem 10.2].
(b) Recall from (8.1) that

1 "
Alvq(p) = ’I’Lh—>ngo ﬁ log EU [e<paxn>]
for every p € R?. Varadhan’s lemma gives A14(p) = (I1.4)*(p). Observe that

n—o00 N, n—o00 N

1 1
A1 g(p) =E | lim —log ES[e”X)]| < lim —log Eo[e!” )] = log ¢a(p)

by the bounded convergence theorem and Jensen’s inequality. Thus, for every £ € D,

Il,a(g) = (log ¢a)*(£) = sup {<p7 §> — log ¢a(p)}

pER?

< sup {(p,€) — A14(p)} = (A1,9)"(§) = L14(§)

pERY
by (1.9) and the convexity of I 4.
For every z € R, the level-1 quenched LDP upper bound gives

n—1

1
—I,4(2) > limsup — log Py’ (X,, = nz) > limsup — log H i1 (iz, (1 + 1)z | w)
n

n—o00 n—oo N -
=0
n—1

= nhjgc " ; log 70,1(0, 2 | Ti5.w) = E[logwo,0(2)]-

The desired bound follows from (2.4) and the convexity of I; ,.

(©) I1 (") = I 4(€*) = 0 by the LLN. log ¢, is analytic on R and hence I; , = (log ¢, )*
is strictly convex on ri(D). Therefore, 0 < I1 ,(§) < I 4(§) for every £ # £* by part (b),
which proves the desired implications.

(d) For every z € R, the level-1 averaged LDP upper bound gives

1 1
—1I1 4(2) > limsup — log Po(X,, = nz) > lim —log(4(z))" = log (z) = log E[w o(2)].
n

n—00 n—o0o N

If z is an extremal point of D, then for every € > 0,
1 X,
—I4(2) < lirginf - log Py’ ('n —z| < 5) < (1= ce)E[logwoo(2)] + O(e).

Here, the first inequality is an instance of the level-1 quenched LDP lower bound. The
second inequality follows from three observations: (i) the event {|XT —z| < s} consists
of €"©(®) paths, (ii) each path contains at least (1 — c£)n many z-steps for some constant
¢ = ¢(R), and (iii) the probabilities of these z-steps are i.i.d. by assumption. Sending
¢ — 0, we deduce that

—ILQ(Z) < E[IOgWQQ(Z)] < 10g E[w07o(z)] < _Il,a(z)

by Jensen'’s inequality (unless wy ¢(2) is deterministic). O

C Subdifferentials of the level-1 rate functions
The convex hull and the affine hull of the finite set R C Z¢ are defined as

D = conv(R) = {Z Mz)z: A(z) €[0,1] for every z € R, Z A(z) = 1} and

zER zZER

M =aff(R) = {Z Az2)z: A(z) € Rforevery z € R, Z Az) = 1},

zER zZER

respectively. The relative interior ri(D) is the interior of D in the relative topology of M.
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Recall from Appendix B that the functions I; , and log ¢, (resp. I 4 and A; ) are
convex conjugates of each other. The subdifferential 017 ,(&) of I , at { € D is defined as

811,(1(5) = {p € Rd : Il,a(gl) > Il,a(€> + <p7§/ - §> for every 5/ € D} (Cl)

0I1 4(§), OA1 4(p) and Olog ¢,(p) are defined similarly. Note that log¢, is a smooth
function, therefore

dlog da(p) = {Vlog¢a(p)}
at every p € R? (see [45, Theorem 25.1]).

Theorem C.1. If{ € ri(D), then 011 ,(§) and 01, 4(€) are nonempty and convex. For
every p € RY,

4 € aIl,a(g) — Il,a(g) + IOg ¢a(p) = <p7 £> — 5 = VIOg ¢a(p) (CZ)

and
peOh &) <= Dg&)+Aiqlp)=(p&) <= E€higlp). (C3)

Proof. These statements are special instances of [45, Theorems 23.4 and 23.5]. (Note
that convexity is clear from the definition of subdifferentials.) O

There is a unique linear subspace L of R?, givenby L :== M — M = {{—¢': €,¢' € M},
that is parallel to M, i.e., M = £ + L for every £ € M (see [45, Theorem 1.2]). Set
dim(D) = dim(L), where dim denotes dimension. Let L+ be the orthogonal complement
of L in R4,

Theorem C.2. For every ¢ € ri(D):

(a) 06 ,(€) is an affine set that is parallel to L+, i.e., 0l ,(¢) = p + L+ for every
p € 0l 4(§).

(b) (p,z) —log da(p) = (p',z) —log du(p’) for every p,p’ € 0I1,4(§) and z € R.

(c) dim(D) + dim(dI, 4(€)) = d.

(d) I, , is differentiable at £ if and only if dim(D) = d.

Proof.
(a) That p+ L+ C 061 ,(€) for any p € 01 ,(€) follows immediately from definition (C.1)
because (p/,¢ —¢) =0forall £, € Dand p' € L*.

Conversely, suppose p’ ¢ L+. Then (o', z) is not constant over z € R, and
(0, J(Vog ¢a)(p)p') = Eole#71) 7108 200 (g1, 7] — Elel# #0108 020 () 7)) > 0

by Jensen’s inequality. Here, J denotes the Jacobian and J(Vlog¢,)(p) is the
Hessian matrix of log ¢, at p. Therefore, Vlog ¢, (p + €p’) # & for sufficiently small
€ > 0, and hence p + ¢p’ & 011 (&) by (C.2). Since 011 ,(£) is convex, we deduce
that p+ p’ & 911,4(§)-

() If p,p’ € 011 4(€), then p — p' € L+ by part (a), and so (p — p, 2’} is constant over
2 € R. Consequently, for any particular z € R,

(p.z) —logda(p) = (p—p +p/,2) —log > (z/)elr=r+¢"7)
z2’€R

" (C.4)
= (p/,2) —log > 4(z)e*) = (o, z) —log da(p').
z’€R
(c) dim(D) + dim(d1 ,(€)) = dim(L) + dim(L+) = d by part (a).
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(d) This follows from part (c) and [45, Theorem 25.1]. O

The next proposition states some properties of 91 ,({*) where £* = >~ (2)z is
the LLN velocity. It is used in conjunction with assumption (3.19) for results on spatially
constant environments.

Proposition C.3. For every p € RY, the following are equivalent:

@) da(p) = e
(11) pE a-[l,a(g*);
(iii) {p,z) = (p,&*) for every z € R.

Proof. For every p € R,

log a(p) =log > 4(2)e!™™ > " d(2)(p, 2) = (p, ")

ZER z2ER

by Jensen’s inequality, and equality holds if and only if {p, z) is constant over z € R. This
proves the equivalence of (i) and (iii).

Observe that Vlog ¢,(0) = . % 4(2)z = £*. Therefore, 0 € 011 ,(£*) by (C.2), and
06 ,4(&") = L+ by Theorem C.2. The equivalence of (ii) and (iii) now follows since
{z—¢": z€ R} spans L. O

When the environment is spatially constant, recall from (10.1) that

A1 4(p) = Ellog W (p,w)].

In particular, it is a smooth function and

OA14(p) = {VAL4(0)} (C.5)

at every p € R. In this case, the following quenched version of Theorem C.2 holds, with
the same proof.

Theorem C.4. Assume (2.4) and (3.18). Then, for every ¢ € 1i(D):

(a) 0I1,4(¢) is an affine set that is parallel to Lt ie., 06 4(&) = p+ L+ for every
p € 0l 4().

(b) (p,z) —logW(p,w) = (p',z) —log W(p',w) for all p, p’ € 011 4(§), z € R and P-a.e. w.

(c) dim(D) + dim(dI; ,(£)) = d.

(d) 1,4 is differentiable at £ if and only if dim(D) = d.

D A concentration inequality

Consider a random walk on Z? starting at the origin whose steps are independent and
uniformly distributed on R. Denote the corresponding path measure (resp. expectation)
by P, (resp. Ey). For any p € R?, define a function 77: @ x R — R by

n(w, z) = (p, z) + log(|R|m0,1(0, z |w)).
With this notation,

un(w) _ E((;j [€<p,Xn>*”105 ¢a(P)] — EO [ez:":_ol(n(Tl,x,iw,ZHl)flog ¢>a(p))].

This representation enables one to study RWDRE via techniques developed in the context
of directed polymers (see [10] for a survey). For instance, the following result is an
adaptation of a concentration inequality by Liu and Watbled for the quenched free energy
of directed polymers (see [32, Section 6]).
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Theorem D.1. Assume (3.16). Then, for every p € R% and e > 0, 3¢ = ¢(p,¢) > 0 such
that
P( |log u, — Eflog u,]| > ne) < 2exp(—cn).

Proof. We can write log u,, — E[log u,] as a sum of (&g ;+1)o<i<n—1 martingale differences:

n—1
log u, — Ellog u,,] = Z Vo,  with V. ; = E;1qlogu,] — E;llogu,],
=0

where E,[- - -] is shorthand for E[--- | S ].
Lemma D.2. Forevery0 <i:<n—1andt €R,

(sup.er Ble™1100]) (sup, c Be?@O2NH) if ft] < 1

) N < —
Ez[exp(tVn,z)] > K(t) : {(SupzeRE[e—ﬁn(O,O,z)]) (SupzenE[e\tM(O,O,z)]) l'f‘t| > 1.

Proof. Set

€n,i = €xp Z ((Tjx,w, Zj+1) —log da(p)) |, un.i = Eolen.i).

0<j<n—1, j#i

Since E;41[log u, ;] = E;[loguy, ;], we have

Vi =Eip {bg “"} —E [log Un } ) (D.1)

Un,i Un,i

For every z € Z% and z € R, define

Eolenil{x,=2.z,,=
7(i, x, z) = exp(N(T; 2w, 2) — log ¢q(p)), ai,x, z) = ole, {jj lm’Z”l Z}].

)

Then,

Z Z a(i,z,z) =1  and ::1 = Z Z a(i, z, 2)7(i, z, 2).

r€Z zER r€Z zER

By (D.1), Jensen’s inequality and the fact that G ; C &g 41, we get

E;[exp(tVn,i)] = exp (—tIEi {log n D Ig; [GXP (th‘H [log - D}

i n,t
—t
Unp
Un,i

< E;

E;

t
( Un ) ] . (D.2)
Un,i

Ift < 0 ort > 1, then the function u — u! is convex; therefore Jensen’s inequality gives

(::l)t = 22 D el 2z, 2) | < > Y ali,z,2) @2, 2)

r€Zd zER r€Zd zER

For every € Z% and z € R, the random variables 7(i, x, z) and a(i, z, z) are measurable
w.rt. of{w;} and o{w; : 0 < j <n—1,j # i}, respectively. Since these two o-algebras are
independent and the latter one contains & ;, we get

]E[e“’(O?O’Z)]
E; [a(iv T, Z)(ﬁ(’? T, Z))t} =L [O‘(i’ €T, Z)]E[(ﬁ(’t, T, Z))t] =I; [O‘(iv €, z)]it
(¢a(p))
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Hence, fort <Qort>1,

E;

Un, t - E[etn(0,0,z)]
(u) SR @)

If t € (0,1), then the function u — u' is concave; therefore Jensen’s inequality gives
t t t
E[en(0,0,2)
()] () oo
Un,i Un,i zZER (¢a (P))

The desired result follows from plugging these bounds in (D.2). O

E;

Continuing with the proof of Theorem D.1, recall the ellipticity assumption (3.16).
Lemma D.2 implies

E;[exp(0|Vi,i])] < E;lexp(6Vii)] + E;lexp(—0V;,:)] < 2K (9).

Since E[e~91(%)] = (|R\e<p’z>)_5 Elwo0(2)~°], we deduce that K(§) < oco. A suitable
generalization of the Azuma-Hoeffding inequality (see [32, Theorem 2.1]) gives

2nK(5)t2)

E {eét(logqu[log“n])} < exp
= 1—t

for every ¢ € (0,1). Therefore,

2nK (6)t?
P(|logu, — Ellogu,]| > ne) < exp (—ns(St + n())

1-1¢

by the exponential Chebyshev inequality. The desired result is obtained by optimizing
overt € (0,1). O
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