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Abstract

We use techniques of Malliavin calculus to study the convergence in law of a family
of generalized Hermite processes Z, with kernels defined by parameters ~ taking
values in a tetrahedral region A of R?. We prove that, as 7 converges to a face of A,
the process Z, converges to a compound Gaussian distribution with random variance
given by the square of a Hermite process of one lower rank. The convergence in law
is shown to be stable. This work generalizes a previous result of Bai and Tagqu, who
proved the result in the case ¢ = 2 and without stability.
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1 Introduction

Let W = {W,,z € R} be a two-sided Brownian motion on the real line. The general-
ized Hermite process is defined by

Z,(t) = ; Ty, o 2g)dWe, - dW,,, >0, (1.1)

where ¢ > 2, v = (y1,...,7) and

t
fri(z) = AW/O (s—a) P (s—a2) P (s —xg) ) ds

for ¢ = (z1,...,24) € R? The constant A, is a normalizing constant, chosen so that
E[Z,(t)%] = t*772%4, where ¥ =y, + - - + 7. For f, + to be in L?(R?) it is necessary that
the exponent v live in the region

1 . +1
A:{’YI*1<’Yz‘<*§,1§Z§(I;’Yl+"'+7q>*qT .
*Department of Mathematics, University of North Florida, Jacksonville, FL. 32224, USA.
E-mail: dbell@unf.edu
TDepartment of Mathematics, University of Kansas, Lawrence, KS 66045, USA.
E-mail: nualart@ku.edu
*D. Nualart was supported by the NSF grant DMS 1512891.



http://dx.doi.org/10.1214/17-ECP99
http://www.imstat.org/ecp/
mailto:dbell@unf.edu
mailto:nualart@ku.edu

Noncentral limit theorem for the generalized Hermite process

For ¢ = 1, this process reduces to the fractional Brownian motion By with Hurst
parameter H = v + % € (%, 1). When ¢ = 2, the process has been considered by Maejima
and Tudor in [6], and it generalizes the classical Rossenblatt process (¢ = 2, 1 = v2)
introduced by Taqqu in [14]. The case 7 := 71 = --- = 74 corresponds to the Hermite
process studied, among others, by Dobrushin and Major [4], Taqqu [15] and Maejima
and Tudor [5, 6]. This process is defined for —5 > 79 > —5 — 5.

In a recent work by Bai and Tagqu [2], the authors study the convergence in law of
this process when ¢ = 2 and the parameter v = (71,72) converges to the boundary of
the region A. In particular, when v; — —% and - is fixed, the limit in distribution is
nB.,, +3 (t), where 7 is a standard normal Gaussian variable independent of the fractional
Brownian motion B, 43 Two different proofs are given of this result, one based on the
method of moments and a second constructive proof based on a discretization argument.

The goal of this paper is to derive this result as an application of a general theorem of
convergence in law of multiple stochastic integrals to a mixture of Gaussian distributions
(see Theorem 3.2), which is of independent interest. This theorem is proved using a
noncentral limit theorem for Skorohod integrals derived by Nourdin and Nualart in [7].
This allows us to extend Bai and Taqqu’s result in two directions: We can deal with a
general Hermite in the gth Wiener chaos, and we can show that the convergence is
stable.

On the other hand, using a version of the Fourth Moment Theorem of Nualart and
Peccati [12], we show (see Theorem 4.5) that when v +--- 4+, — —% and v; > —1+¢,
1 <1 < g, for a fixed € > 0, then the limit is a standard Brownian motion B(t). For ¢ = 2

this was also proved in [2].

2 Preliminaries

2.1 Multiple stochastic integrals

We denote by W = {W(z),z € R} a two-sided Brownian motion on the real line
defined on some probability space (€2, F, P). Then we can define the Wiener integral
W (h) = [ h(x)dW, for any function A in the Hilbert space H := L*(R), and {W (h),h €
H} is an isonormal Gaussian process. We recall that this means that this is a centered
Gaussian family with covariance given by the scalar product in #:

EW(h)W(g)] = (h, g)n-
For every integer ¢ > 1, consider the tensor product #®? = L?(R%) and the symmetric
tensor product, denoted by H®?, formed by the symmetric functions in L?(R?). For

any symmetric function f € H®? we denote by I,(f) the multiple Wiener-Itd stochastic
integral of f with respect to W, that can be defined as an iterated It6 integral:

Iq(f): f(-rlv---vxq)dwwl"'dwwq-
R4
Then the following isometry formula holds:

BlL,(£)2) = a1 f11% o).

If f € L*(RY), we put I,(f) = I,(f), where f denotes the symmetrization of f, that is,

1
flxe, ... 2y) = aZf(xol,...,xaq),
o
where o runs over all the permutations of {1,...,q}.
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Let m,q > 1 two integers. Given a subset I C {1,...,q} of cardinality r =0,...,g Am,
a one-to-one mapping ¢ : I — {1,...,m}, and two functions f € L*(RY) and g € L*(R™),
we denote by f ®;,4 g the element in L?(R?t™~2") given by

(f ®171/) g)((xjayh)jef" hey( I) / f Tiye.y @ ) g\yis .-, Ym H6 dxl dﬂ?,

i€l

That is, f ®7,y g is the function in L?(R??~2") obtained by contracting each variable z;,
i € I, from f with the corresponding variable y, ;) from g. If f and g are symmetric
functions, then the contraction f ®; . g only depends on r and is denoted by f ®, g, that
is,

(f Oy g)(IT-‘rlv e Ly Yr41y - - 7y77l) = f(xlv tee 7xq)g(y17 e 7y7”)d‘r1 e dIT
R"

When ¢ = mand I = {1,...,¢}, we simply write f ®, ¢g. Then the following product
formula for multiple stochastic integrals holds. For any f € L?(R?) and g € L*(R™),

g\m

9= Tprmo(f 1 9), (2.1)

r=0 I3

where the sum runs over all sets I C {1,..., ¢} of cardinality r and one-to-one mappings
¥ : I — {1,...,m}. Notice that when f and g are symmetric, this reduces to the
well-known formula

qgAm
1,(NIulg) = 3 (ﬁ) <T>T!Iq+m—2r(f @ ) (2.2)

r=0

In the general case, formula (2.1) follows from (2.2) applied to fN and g, taking into
account that for any r = 0,...,¢ A m, the symmetrization of (?) (")r!f ®, g coincides with

oIy fa;g, where the sum runs over all sets I C {1,...,q} of cardinality r and all
one-to-one mappings ¢ : I — {1,...,m}.
On the other hand, for any function f € H®9, which is not necessarily symmetric, we

have
=Y feyf,
P

where ¢ runs over all bijections of {1,...,¢}.

Let {F,} be a sequence of random variables, all defined on the probability space
(Q,F, P) and let F be a random variable defined on some extended probability space
(Y, F', P"). We say that F,, converges stably to F, if

lim E [Ze™] = B [ZeF]

n—oo
for every A € R and every bounded F-measurable random variable Z, where E’ denotes
the mathematical expectation in the probability space (Q', 7', P’).

2.2 Elements of Malliavin calculus

We introduce some basic elements of the Malliavin calculus with respect to the
two-sided Brownian motion W. We refer the reader to Bell [3] or Nualart [11] for a more
detailed presentation of these notions. Let S be the set of all smooth and cylindrical
random variables of the form

F=g(W(hi),....W(hy)), (2.3)
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where n > 1, g : R® — R is a infinitely differentiable function with compact support,
and h; € H. The Malliavin derivative of F' with respect to X is the element of L?(Q;H)
defined as
DF =

= O
By iteration, one can define the gth derivative D?F for every ¢ > 2, which is an element
of L2(2; H®).

For ¢ > 1 and p > 1, D%? denotes the closure of S with respect to the norm || - [|pa.»,
defined by the relation

(W(h1),...,W(hy)) hs.

q
1Fpar = E(FPI+ Y E(IDFlfe.) -
i=1
If V is a real separable Hilbert space, we denote by D%? (V) the corresponding Sobolev
space of V-valued random variables.

We denote by § the adjoint of the operator D, also called the divergence operator.
The operator 0 is an extension of the It6 integral. It is also called the Skorohod integral
because in the case of the Brownian motion it coincides with the anticipating stochastic
integral introduced by Skorohod in [13]. A random element u € L?(£2; ) belongs to the
domain of §, denoted DomJ, if and only if it satisfies

|E((DF,u)3)| < cu VE(F?)
for any F € D2, where ¢, is a constant depending only on u. If « € Domé, then the
random variable d(u) is defined by the duality relationship
E(F§(u)) = E((DF,u)y), (2.4)

which holds for every F' € D2, The operators D and § satisfy the following commutation
relation:
D(6(u)) = u+ §(Du), (2.5)

for any u € D*%(H).

3 Noncentral limit theorems for multiple stochastic integrals

The following result has been proved by Nourdin and Nualart in [7].
Theorem 3.1. Consider a sequence of Skorohod integrals of the form F,, = §(u,,), where
u, € D*2(H). Suppose that the sequence {F,,n > 1} is bounded in L'(Q) and the
following conditions hold:

(i) (un,h)y converges to zero in L'(Q) for all elements h € Hy, where H,, is a dense
subset of H.
(i) (u,, DF,) converges in L'(Q) to a nonnegative random variable S?.

Then F,, converges stably to a random variable with conditional Gaussian law N (0, S?)
given W.

On the other hand, from Proposition 3.1 of the paper by Nourdin, Nualart and Peccati
[8], it follows that for any test function ¢ € C3, we have

|Elp(Fn)] = Elp(Sn)]| < %Ilw"l\mE[l<un,DFn>H — S+ %H@’”IIOCE[KumDS2>H|]7 3.1

assuming S? € D2, and where 7 is a N (0, 1)-random variable independent of the process
W. This provides a rate of convergence in the previous theorem. Moreover, the in order
to show the convergence in law F,, = Sn as n — oo, it suffices to check the following
two conditions:
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(i) (un, DF,)3 — S%in L*(Q) as n tends to infinity, and
(i) {un, DS?)3; — 0in L'(2) as n tends to infinity.

Applying Theorem 3.1, we derive the following noncentral limit theorem for a se-
quence of multiple stochastic integrals of order q.
Theorem 3.2. Fix q > 2. Let F,, be given by
F, = Jn(@1, w2, 2g) AW dWy, - - - dW,
Ra

where f, € H®1. Assume that:

(i) For all elements h € Hy, where H, is a dense subset of H, we have

converges to zero in H®4—1 as n — .
(ii) For any subsetI C {1,...,q} of cardinalityr =1, ...,q and any one-to-one mapping
v:I—{1,...,q} such that1 € I and ¢(1) # 1,

fn ®I,w fn

converges to zero in H®(21=2") as n — co.

(iii) There exists an element g € L?*(R?"') with variables g(x1,...,z,), such that for
any subset I C {2,...,q} of cardinalityr = 0,...,q — 1 and any one-to-one mapping
v:I—={2,...,q}

lim [fn(f7> ®I71[) fn({a)]dg:g@l,w 9,

n—oo R

where the convergence holds in H®(24-27-2)

Then F,, converges stably to a random variable with conditional Gaussian law N (0, S?)
given W, where

2 = (I-1(9))*.

Proof. We can write F,, = §(u,) where u,(§) = I,_1(f.(§,-)). Then, we claim that F,
and u,, satisfy the conditions of Theorem 3.1. Notice that u,, € D*?(#) because u,, is a
multiple stochastic integral. To show condition (i) of Theorem 3.1, fix h € H. Then,

e ([ m@sute i) ]

[ronen

E[(un, h>§-t] E

IN

(g —1)!

which converges to zero by condition (i).

It remains to check condition (ii) of Theorem 3.1. Let us first compute the inner
product (u,, DF,)%. Recall that F,, = 6(u,), where u,(§) = I,—1(fn(&,-)). Using the
commutation relation (2.5), we can write

DeFy = ua(€) +8(Deuy)

q
un(§) + Z/}R fa(zr, @2, wimn, & @i, 1) AWy - dWy,
i=2 /R

= un(§) + Z Gn,i(g)-
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We claim that (u,, Gy, ;)3 converges to zero in L?(Q2) as n — oo, for any i = 2,...,q.
Indeed, we have

<unaGn,i>H = / </ fn(£7$17"'7xq71)dW11 "'szql)
R \JRa—!
X </ (@, mo, 21, g, g 1) AWy, "'szq_1> dg.
Ra—1

Then, using the product formula for multiple stochastic integrals (see (2.1)), we can

write
q

<una Gn,i)?—t = Z ZIQq—2r—2(fn ®I,w fn)a

r=1 1%

where the sum is over all sets I C {1,..., ¢} of cardinality r and one-to-one mappings
¥ :I—{1,...,¢q} such thati € I and ¢/(1) = i. Because i # 1, by condition (ii) we deduce
that (u,,, G,;)» converges to zero in L?(Q2) asn — oo fori =2,...,q.

Finally, taking into account that

q
=2

it suffices to consider the convergence of ||u,||3,. For this term, we have

lunl3, = /R Ly (faul€,))%de

qg—1

)3 S ( JCRETAG ->>d£) ,
r=0 I, R
where the sum is over all sets I C {2,..., ¢} of cardinality r and one-to-one mappings

v : I —{2,...,q}. By our hypothesis (iii), this sum converges in L?(Q2) to

q—1

SN byaralg @1 9) = (I-1(9)%,

r=0 I
where the sum runs over all sets I C {2,...,q} of cardinality »r = 0,...,¢ — 1 and any
one-to-one mappings ¢ : I — {2,...,q}. This completes the proof. O

It will have been noted that the proof of Theorem 3.2 depends crucially upon ex-
pressing F), as the Skorohod integral of a multiple Wiener integral of rank ¢ — 1, i.e.
choosing a kernel f, such that u,(§) = I,—1(f.(€)). Obviously, the choice of f,, is not
unique, e.g. one could equally well choose f,(§) = fo(21, 22, ..., Ti—1,§ Tit1, .-+, Tg—1),
for any 2 < i < q. However, any such choice will lead to the term

H / fn(l‘l,IQ, ey ,x,-_l,{,a:,-+1, e ,.Z‘q_l)dle e dqu71
Ra—1

in the computation of (u,, DF}, ). This term evidently does not converge in L?({2) since
it can be shown that its L? norm converges to a non-zero limit, while the integrand
fo(z1,22, ..., ®i21,&, i1, - - ., Ty—1) CODVerges pointwise to zero outside of the diagonal
in R9~!. Thus the choice i = 1 is the only one that will work in the argument. On the
other hand, if the role of the first coordinated in conditions (i), (ii) and (iii) is played by
another coordinate, then the conclusion of Theorem 3.2 still holds if, in the proof, we
choose u,, accordingly.
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The case where the limit is Gaussian is not included in Theorem 3.2. We state this
convergence in the next theorem, whose proof would be similar to that of Theorem 3.2.
Notice that Theorem 3.3 below is just the Fourth Moment Theorem proved by Nualart
and Peccati in [12] (see the reference [9] for extensions and applications of this result).
In the version below of the Fourth Moment Theorem we do not require the kernels to be
symmetric.

Theorem 3.3. Fix q > 2. Let F), be given by
F, = In(w1, 20, 2g)dWy dW,, - - - dW,,,
R4
where f,, € H®4. Suppose that:

(i) For any subset I C {1,...,q} of cardinality r = 1,...,q — 1 and any one-to-one
mapping ¢ : I — {1,...,q}, we have

fn Q1,4 fa—0

in H®24=27) a5 n — co.
(i) lim,o0 E[F2] = o2.

Then, as n — oo, F,, converges stably to a random variable with Gaussian law N (0, 02),
independent of W.

Notice that under the assumptions of Theorem 3.3, condition (i) of Theorem 3.2 is
satisfied because for any h € H, we can write

= [ U ®rp DEDMEMAEDn < 1f @10 Flrin-or

2
H®(g—1)

H [ sl e

4 Generalized Hermite process

We are interested in the asymptotic behavior of the generalized Hermite process
Z,(t) defined in (1.1), when the parameter v converges to the boundary of the region A.
Consider first the case when one of the parameters (for simplicity we choose the first
one) converges to —3.

We will make use of the following technical lemmas. The first lemma was proved by
Bai and Taqgqu in [1, Lemma 3.2].

Lemma 4.1. Suppose —1 < 71,72 < —1/2 and s1,s2 > 0. Then

/ (51— x)ll(sz - m)lzdf = (s2— 81)f71+723(1 +71, =1 =71 —2)

—0o0
+(s1 — 82)i+71+723(1 +72, =1 =71 — 72).
The second lemma concerns the asymptotic behavior of the Beta function (see [2,
Lemma 3.8]).

Lemma 4.2. As o« — 0, we have
aB(a,p) — 1,

uniformly in 8 € [bg, b1], where 0 < by < by < oc.
In the next lemma, we compute the explicit value of the constant A,.

Lemma 4.3. The constant A, is given by

2l +q+ 121y +q+2)

A% = ,
7 220 H?:l B(fy] +17_’7j _fYoj - 1)
where the sum runs over all permutations o of {1,...,n} and we recall that |y| = >-7_, ;.
ECP 22 (2017), paper 66. http://www.imstat.org/ecp/
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Proof. By a scaling argument, we can take ¢t = 1 and we write f, := f, ;. We have
2 Fo-2
A’y = q!||f’Y||L2(]Rq)?

where f7 denotes the symmetrization of f,. Then

1
f7($1,...,$q)2 - ((]')22/[0 1]2(51 _xol)ll (81 —l‘gq)lq

X(sg— a7 ) o (s2 — xrq)lquldsz

As a consequence,

= 1
D O I AR PR
X "o,

(52 =g )1 -- - (52 — xgq)lquldSdel - dxg

1 a , 5
- a Z/[0 1]2 H /]R(Sl - 56)17(82 - 33)1'7 dx | dsidss.
P& 7 P

By Lemma 4.1, we have

) Yo .o Yi+Yo. +1
/(51 —z)Y(sa—2)"dr = (s2—-s1)y 7 B(y+1,-v — 7, —1)
R
i+Ye,;+1
+(81 - 82)1] e B(’}/Uj + 17_7j — Yo; — 1)

Substituting this formula in the above expression for || f7||2LQ(]Rq), we obtain

- 1 5 q
112 ey = 4 > /[O o [(52 —s) ] BGy + 1,7 =, = 1)

j=1

q
+(s1 — 82)271H [1BGw, + 1, =7 =, — 1) |ds1ds2
j=1

23, I1j= By + 1, = — 70, — 1)
'y +q+ 12y +q+2)

)

which completes the proof of the lemma. O

The following is the main result of this paper. We would like to point out that the role
of 7y, in this theorem can be taken by any of the other parameters.
Theorem 4.4. As v, converges to —%, the random variable Z.(t) converges stably to a
random variable whose distribution given W is Gaussian with zero mean and variance
VA (t).

Y25---37q

Proof. To simplify, by a scaling argument we can assume that ¢ = 1. Recall that f, = f, 1.
The asymptotic behavior of the constant A, when v; — —% is obtained from Lemma 4.3,
taking into account the asymptotic behavior of the Beta function given by Lemma 4.2:

lim A _ 2 v+ )2y +a+1)
mo-3~l=2m 22‘7 H?ZQB('YJ' +1, = ~Yo; — 1)

where in the denominator of the second expression, o runs over all permutations of

{2,...,q}.

The proof will be done in three steps.

= A2, (4.1)
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Step 1. Let us show condition (i) of Theorem 3.2. We can take h = 1a,0)- Then,

[ reae=a, [ ( [ s)lldﬁ) (s = 2] (s = g) ds.

The term f;(s — &)} d¢ is uniformly bounded as vy, — —% and A, converges to zero.

Therefore, the above expression converges to zero in H®@~ 1),

Step 2. Now we show condition (ii) of Theorem 3.2. Fix a subset I C {1,...,q} of
cardinality r = 1,...,¢ and any one-to-one mapping ¢ : I — {1,...,¢q} such that1 € I
and (1) # 1. Set J = ¢(I). Let us compute

® x, — A2 — &) )
(o1 F) ) = 4 [ /[]H( 2D (G

x [TCs2 = &)37 T (s2 — wn) 1 dsadsode,

il keJe

where © = (Z‘j)jejc, Yy = (yk)kEJC: 5 = (fi)iel and dg = Hie[ dgt Using Lemma 4.1, we
obtain

itV +1
(fy®ry fy)(y) = A%/[OI]Q (H(52*31)1 e B(vi +1, =y — vpa) — 1)

iel
itV i) +1
+ (s = s2) YO Bl + 1, =% — Vo) — 1))
iel
X H (s1— ;)7 H (52 — yx) Y dsadsa,
jele keJe
Set
i+ i)+l
i(s1,s2) = [Jls2 =507 T By + 1= — ) — 1)
iel
i+tYy i)+l
+ H(51 — 52)1 T B(vyy + 1, =i — i) — 1)
icl

With this notation, we can write

|fy @1, f~/||2L2(R2q72r) = Ai/ D1 (s1,52)D1(53, 54) P2 (51, 53)P3(s2, s4)ds1dsadszdsa,

[0,1]
where
Oy(s1,83) = ] Iss— 1P By, +1,-2v; = 1)
Jele
and

P3(s2,84) = H |54 = s2[P By, 4 1, =27 — 1),
keJe

We know that Af‘y(—l —271)~2 converges to a finite limit. On the other hand, ®; converges
to a finite limit because 1 € I but ¢(1) # 1. Also, P, converges to a finite sum because
1 ¢ I° and @3 diverges as (—1 — 2y,) ! as y; — —3. Therefore,

lim (—1 — 2’71)2/[ ]4 q)l(sl, 82)<D1(83, S4)<I)2(81, S3)<D3(82, S4)d$1d82d83d54 =0
0,1

1
M——3

Step 3. It remains to show condition (iii). Define

1
g(w2,...,14) = Aoy /0 (s — 952)12 (s — xqﬂrqu = frarva (T2, 2q)-

ECP 22 (2017), paper 66. http://www.imstat.org/ecp/
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Fixr =0,...,q—1, aset I C {2,...,q} of cardinality » and a one-to-one mapping
Y:=1—{2,...,q}. Set J =(I). We also write I =TuU{1} and ¥ is the extension of 9
to I such that (1) = 1. We claim that

f7 ®I,l¢_; fw

converges in L?(R?772"72) to g @ 4 g. We have

(fv Q7P fv)(xay) = A—Qy /T /{071]2(51 — 51)11 H(S1 — 51)1 H (s1 — J;j)lj

iel jeIe j#1

x(s2 =€) [[ls2 = &)3 TI (52— w) Y dsadsadérdé, (4.2)

iel keJe k£l

where = (2;)jere, Y = (Yr)rese and £ = (&;)ier. By Lemma 4.1, we have

/(81 — &) (82 — &) dEr = |82 — 51T B(yy + 1, -2 — 1).
R

Therefore,
(fy @15 )@ y) = Ai/[ 2 ls2 = 51> M B(y + 1, =23 — 1)
0,1
X (H(Sz —s)F OB+ 1, =% — g — 1)
el
itV (i
+][Gs1 = 523" Bl + 1 =% = i) — 1))
el

x II =¥ I (s2—yn)¥dsadss,
jeIe.j£1 keJe kA1
It suffices to show that the following quantities converge to ||g ®71 .4 g||2L2(R2q,2,.,2) as
Y1 — —%:
||f7 5 f7||i2(]R2q*27'*2)7 (4.3)
and
(fy ®r fv:9 @1y 9)12(R2a-2r-2). (4.4)

We will consider only the convergence of (4.3), and that of (4.4) is proved in the same
way. As before, set

i i+l
Dy (s1,82) = H(Sz —s) IO By 1, =y — ) — 1)
el
j 2 i 1
+]](s1 = 27O By + 1 =% — ) — 1)
el

With this notation, we can write
||f'y ®I_71ZJ f"/”%,?(]RQQ*QT*?) = AiB(Vl +1,-2vy; — 1)2 %O ” |82 - 51|271+1‘s3 — 34|2’Yl+1
X P (51,52)P1(53,54)Po(51, 53)P3(52,54)ds1ds2ds3ds4,

where

®o(s1,s3) =[] lss— s By +1,-29, - 1)
jel* A1

ECP 22 (2017), paper 66. http://www.imstat.org/ecp/
Page 10/13


http://dx.doi.org/10.1214/17-ECP99
http://www.imstat.org/ecp/

Noncentral limit theorem for the generalized Hermite process

and

Og(s9,51) = [[ Isa— s By +1, =29 — 1).
keJe k1

As vy — —%, by the monotone convergence theorem, we obtain

lim = Aia 5 / D1 (51, 52)P1(53,54)Pa(51,53)P3(52, 54)ds1dsadszdsy
’Yl—>—% ol [0,1]4
= ”g ®I,1/) g||%2(R2q—2r—2)~
This completes the proof. 0

When v converges to the boundary of A defined by

1 +1
OA={yel-L—gl"im+-+7= qT}, (4.5)

we obtain the following result, that generalizes Theorem 2.1 in [2]. In the case 7; =
.-+ = 7,4, this theorem provides the asymptotic behavior of the Hermite process when
1

1
the parameter converges to —3 — 5.

Theorem 4.5. Suppose that v; + -+ + 74 — f% with v; > —1+4+¢€ 1 < i < g, for
arbitrarily fixed e > 0. Then, for any fixedt > 0, Z,(t) converges stably to B(t), where

B(t) is a Brownian motion independent of W.

Proof. The proof is an application of Theorem 3.3. We must establish condition (i) of
the theorem. To this end, fix a subset I C {1,...,q} of cardinality r =1,...,¢— 1 and a
one-to-one mapping ¢ : I — {1,...,¢}. We have

1fy @16 fyll3eca2n = Aily/ Dy (s1,52)P1 (53, 54)Pa2(51, 53) P3 (52, 54)ds1dsadszdsy,

0,11
where
i it Yy (i) T
Q1(s1,82) = (52— sl)?“(” o) B +1. v —vu - 1)
icl
i i+ )T
(51— sg) T e () 1 BOwe + 1, =% = vw@ — 1,
el
®s(s1,83) = |53 — s1[PZoe 0 [T Bry +1,-29; — 1)

jere

and

y(s2,54) = |sg — s Zres= W TT By +1, =29 — 1).
keJe
All the products of Beta functions are uniformly bounded by our hypothesis v; > —1 + ¢,
1 <i < q. Therefore,

||f'v Q1 f“y”g{@(zqur) < CA%Y/

[so — s1|%|s3 — S4]|“t |83 — 51|*?|54 — $2|“*ds1dsadssdsy,
4

[0,1]
(4.6)
where
a = ) (i)
i€l
az = QZqu—T,
jele
a3 = 2 Z Ve +q—1.
keJe
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We have

q
200 + g + az = 22+2q > —3.
j=1

Therefore, from Lemma 3.3 in [2], the integral in the right-hand side of (4.6) has a finite

limit as y; + - - +7, — — %1}, and because A, converges to zero as v; + -+, — — L,
we conclude that condition (i) of Theorem 3.3 holds, as required. O

Remark 4.6. Functional versions of theorems Theorem 4.4 and Theorem 4.5 in the space
C([0,T]) can be proved by the same arguments as in [2]. In fact, using the self-similarity
and stationary-increment property of the process Z,, together with the hypercontractive
inequality for multiple stochastic integrals, we can show that

E(|Zy(t) = Zy(s)P) < cplt = s|P,

forany p > 2, where H = v, +---+ v, +¢q > % This leads to the tightness property
and the convergence of the finite dimensional distributions is also easy to obtain, using
multidimensional versions of Theorems 3.1, 3.2 and 3.3.

Remark 4.7. We can derive the rate of convergence in Theorem 4.4 using the inequality
(3.1). More precisely, it is not difficult to show that

sup [Elp(Fa)] - Ele(Sm)l < Cy/=1 =271,
PEC3 o loo <Ll oo <1
The same rate was obtained when ¢ = 2 for the Wasserstein distance in [2, Theorem
5.3], using properties of the second order chaos. Concerning Theorem 4.5, using Stein’s
method and the optimal rate of convergence in the Fourth Moment Theorem derived by
Nourdin and Peccati in [10], we can obtain the following rate of convergence for the
total variation distance, as in [2, Theorem 5.1]:

o (T4 (q+1)/2)° <dpy(Zy,m) < ca (7 + (g +1)/2)2

where 7 is a N(0,1) random variable and ¥ = y; + - - - 4+ 74. In this inequaliy ~ satisfies
v; > —1+4+¢, 1 <1i < qand the distance of v to the boundary of A defined in (4.5) is less
than ¢, for some ¢ > 0. To show these inequalities we need to estimate E[Zg] using again
the product formula for multiple stochastic integrals. We omit the details of this proof.
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