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Nonlinear filtering with degenerate noise
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Abstract

This paper studies a new type of filtering problem, where the diffusion coefficient of
the observation noise is strictly positive only in the interior of the bounded interval
where observation takes its values. We derive a Zakai and a Kushner-Stratonovich
equation, and prove uniqueness of the measure-valued solution of the Zakai equation.
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1 Introduction

We consider the following coupled pair of SDEs

t t
Xo=Xo+ [ flsXoVodst [ 90XV dB. (1.1)
0 0

and . .
Ytzyo—k/ h(s,XS,Ys)ds—l—/ k(s,Ys)dWs, (1.2)
0 0

where the random process (X,Y) takes its values in R? x R

The aim of this work is to study the filtering problem consisting in describing the law
of X, conditionally upon the observation of {Y;, 0 < s < t}. There is a large literature
on the filtering problem (see in particular [1, 3, 4]).

An essential assumption in all the filtering literature is that k?(¢,Y;) > 0 for all ¢ > 0.
We consider in this paper the case where y — k(t,y) vanishes at the boundary of an
interval [a, b], while the process Y; cannot leave the interval [a, b]. On the other hand, we
assume that

h(tv T, y) = hl(ta y) + h2(t: €, y)7

where the drift 2; does not push Y; outside the interval [a,b], while k=2(t,y)ha(t, x,y) is
bounded, which forces hs(t, z,y) to vanish at y = @ and y = b.

In this new set up, we derive the Zakai and Kushner-Stratonovich filtering equations,
and we shall establish uniqueness of the measure-valued solution of the Zakai equation.
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Nonlinear filtering with degenerate noise

In this paper, we shall restrict ourselves to a one-dimensional observation process
Y:. The reason for this restriction is twofold. First this allows us to formulate weak
assumptions on the diffusion coefficient k(t, y), exploiting the Yamada-Watanabe strong
uniqueness result. The second reason is that this one-dimensional set up is the only
one where, with independent signal and observation driving Brownian motions, we
can with a mild regularity assumption derive a “robust” version of the Zakai equation,
which is a crucial step for our uniqueness argument. We hope to treat the case of a
multidimensional observation process in another publication.

The paper is organized as follows. In Section 2, we describe a motivating example for
our new type of filtering problem. In Section 3, we formulate our precise assumptions,
and derive the Zakai and the Kushner-Stratonovich filtering equations. Finally in
Section 4, we prove that the unnormalized conditional distribution is the unique solution
of our Zakai equation.

2 A motivating example

Consider the following Wright-Fisher diffusion from population genetics.

dYy = BYi(1 = Yy)dt + [v0(1 = Y3) — mYildt + /Yi(1 = Yy)dWs,

where 8 € R is the selection coefficient, 7o > 0 and 7; > 0 are mutation rates. Y;
represents the proportion of one allele (say A) in a two-alleles population (call a the
other allele). 5 > 0 means that the allele A has a selective advantage, while 5 < 0 means
that a has a selective advantage. 7, is the rate of mutation of a a allele to a A allele,
while ~; is the rate of mutation of a A allele to a a allele. Y, is the limit in law of a
sequence of Wright-Fisher discrete time processes. See e.g. [2].

Now assume that the selective advantage 8 changes randomly with time, due to e.g.
to environmental fluctuations. Call it ¢(X};). The model becomes

dYy = p(Xe) V(1 = Ya)di + [yo(1 = Vy) = mYildt + /Yi(1 = Y3)dW,.

We observe the proportion of A individuals, and want to “filter” the environmental
parameter X; which modifies the selective advantage, and solves an SDE like (1.1).
Note that this model is perfectly adapted to our framework. Here

hi(y) = v(1 —y) — 1y, ha(z,y) = @(x)y(1 —y).

Indeed, ¢(z) = k~2(y)ha(z,y) is bounded if ¢ is, hence the Assumption 3.5 below is
satisfied. We could in fact weaken that assumption. The crucial fact is that k=2 (y)ha(x,y)
behaves well at y = 0 and at y = 1. Note that we could not let the parameter v, or 1,
depend upon X;.

3 The filtering equations

Let (Q, F, ]5> denote a complete probability space with a right continuous left limit

(rcll) filtration (]:t)te[o,T[ such that F; contains all the P-negligible sets of F.

We assume that h(t, z,y) = hi(t,y) +ha(t, z,y). The point of this decomposition is that
ha(t, z,y) will be assumed to vanish - together with k(¢, y) - for y outside an open interval
(a,b) C R, while hq(t, y) will be assumed to keep the observation Y; in the interval (a, b).
The idea is that we want the observation process Y; to stay in the interval [a, b] forever.
In particular we assume that a < yo < b.

Since we want to exploit the one-dimensionality of the SDE for Y;, while the two
equations (1.1) and (1.2) are coupled, we will first solve the reduced one-dimensional
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equation

¢ ¢ s
Y =0 +/ hi(s,Ys)ds +/ k(s,Ys)dWy, (3.1)
0 0

where (B, Wt) is a standard k£ + 1-dimensional JF;-Brownian motion under ]5 then solve
equation (1.1), and finally we shall make use of Girsanov’s theorem in order to recover
the original system. This motivates the following assumptions.

Claim 3.1. We assume that f and g are measurable maps from R, x R**! into R¢ and
R? @ R* resp., that for eachT > 0, z — (f(t,x,y), g(t,z,y)) is locally Lipschitz, uniformly
wrt. (t,y) € [0,T] x [a,b], and moreover that there exists a constant Cr such that for all
(t,z,y) € [0,T] x RY x [a,b],

[f (&2, 9)] + 1g(t 2, 9)] < Cr(1 + [2]).

In the next assumption, « is a Borel function from (0, +o0) into itself, which is such
that [, dr/k(r) = +oo.
Claim 3.2. Forany T > 0, y — hi(t,y) is Lipschitz, uniformly w.r.t. t € [0, T], while for
some constant Cr, |k(t,y) — k(t,y")|* < Crk(ly — y'|) for all y,y’ € [a,b] and 0 <t < T.

Remark 3.3. Our assumption that Y; is one dimensional allows us to consider a diffusion
coefficient k such that y — k(¢,y) is 1/2-Ho6lder continuous. In case of a vector-valued
observation process Y;, we would be forced to make the stronger assumption of Lipschitz
regularity.

Claim 3.4. We assume moreover that k(t,y) > 0 for (t,y) € Ry x (a,b), k(t,y) = 0 if
y & (a,b). We also assume that hy(t,y) > 0 fory < a, and hy(t,y) <0 fory > b.

Let (t,z,y) — ha(t,z,y) be a measurable map from R, x R? x R into R, such that
for each t > 0, (z,y) — ha(t,z,y) is continuous. We define furthermore for (¢,z,y) €
R, x R? x (a,b),

h2(t7 x, y)
t = — "
YU = Taty)
Claim 3.5. We assume that for all T > 0,
sup {|1v (¢, z,y)[|; (t,z,y) € [0,T] x R? x (a,b)} < oco.

In the case where the process Y; spends non zero time on the boundary {a, b} with
positive probability, we shall need the additional assumption

Claim 3.6. For all t > 0, there exists a continuous function (z,y) € R% x [a,b] —
Y(t,x,y) € R, which coincides with k=2(t,y)ha(t, z,y) for (t,z,y) € Ry x R x (a,b).
Lemma 3.7. Under Assumptions 3.2-3.4, the reduced observation equation (3.1) has a
unique strong solution, which takes its values in the set [a, b].

Proof. Existence and uniqueness of a strong solution follows from the Yamada-Watanabe
theorem, see e.g. Theorem IX.3.5 ii) in [6], or [7]. Let ¢ € CZ?(IR, R;) be such that
ply) =0iffa <y <b, ¢(y) <0ify < aand ¢'(y) > 0if y > b. It follows from the
Assumption 3.4 that ¢’ (y)k(t,y) = 0 and ¢” (y)k*(t,y) = 0, while ¢'(y)h1(t,y) < 0. It then
follows from It6’s formula that

(Y1) < o(yo) = 0.

Consequently ¢(Y;) =0 forall ¢t > 0 a.s., hence P(Y; € [a,b] forallt > 0) = 1. O

It is now plain that under our Assumption 3.1, assuming in addition that the R%-
valued r.v. Xj is Fp-measurable, the SDE (1.1) has a unique non exploding Ré—valued
solution { X, ¢t > 0}. We now define the probability measure P under which the process
(X4, Y:) solves the system of SDEs (1.1)—(1.2).
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Lemma 3.8. Under the Assumptions 3.5-3.6, there is a probability measure P such
that its restriction to each F; is absolutely continuous with respect to P and on F; the
Radon-Nikodym derivative % = Z;, where

t 1 gt
Zy = exp (/ Y (8, Xs, Ys) k(s, Y)W, — 5/ k% (s, Yo )b? (s, X4, Ys) ds> ,Vt>0. (3.2)
0 0
Under P, the process (B;,W;) is a R**+1_valued standard F,-Brownian motion, where

t t t _
/ k(s,Ys)dwsz—/ ha (s7XS,YS)ds+/ k(s,Yy)dW,. (3.3)
0 0 0

Proof. Itis plain that our Assumptions 3.4, 3.5 and 3.6 imply that e.g. Novikov’s condition
is satisfied, so the Lemma follows from Girsanov’s theorem, see e.g. Theorem 2.51 in
[5]. 0

It clearly follows from (3.3) that under P, (X,Y;) solves the system of SDEs (1.1)-
(1.2).
Remark 3.9. Our assumption 3.5 is more than enough to insure that E[Z;] = 1 for all
t > 0. We could weaken it, so Ehat one of the conditions in Proposition 2.50 from [5] is
satisfied, or just assume that E[Z;] = 1 for all ¢ > 0.

It follows from e.g. Proposition 2.2.1 in [4] that we have the following Kallianpur-
Striebel formula. For every real random variable & € L (Q, F;, P):
EEZ,|Y
Bley) = L2 (3.4)
AN
where for each ¢t > 0, ); denotes the o-algebra generated by {Y;; s € [0,7]} and the
P-negligible sets. Using Proposition 2.3.1 and Corollary 2.3.2 in [4], we deduce that the
process ( given by B
G = E[Zi| Y] (3.5)

isa (15, )Jt)—martingale with a continuous version. For any ¢ > 0, the conditional law m;
of X; given {Y;, 0 < s < t} is such that for every measurable function ¢ : R — R,

™ () = Elp (X¢) (W] (3.6)

It is convenient to introduce the so-called “unnormalized conditional distribution” of X
defined by B

St (@) = Elo(Xt) Ze| V] - (3.7)
From the Kallianpur-Striebel formula (3.4), we deduce that if 1 denotes the constant
function equal to one,

st () =m (p) e (1). (3.8)
On the other hand, for every positive and F;—-measurable random variable &, t > s,
E[62,|¥,] = E[€Z,|%)] = E[€Z,]Y], (3.9)

where Y := o{Y}, t > 0}. Indeed, it is plain that the filtration (yt)tzo is a subfiltration

of the filtration (VNVt) and since W is a ﬁ, JF; Brownian motion, hence F, and VNVS,t
t>0

are independent, where VNVSVt = U{VNVT — WS, 0 < r < s} up to null sets. Note that
VA\7t =0 (WS U Wsﬂt). In the same manner we can then replace in the identities (3.6) and
(3.7) the conditoning by ); by conditoning by ).

Before giving the first main theorem of this section, let us state a useful lemma which
is similar to Lemma 2.2.4 in [4].
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Lemma 3.10. Let (£,7) denote a R¥*!-valued progressively measurable process such
that for somet > 0,

E Uot (Ilisll2 + (k(sﬂ’s)ns)g) ds} < o0. (3.10)
E [/(:<58,st>

t t
/E[nsk(s,Ys)y]dWS:EU nsk (s,Ys) dW,
0 0

Then

y} =0, (3.11)

and

y} (3.12)
t t
— [ Emplav.~ [ Epih Y ds
0 0
Proof. Following Proposition 5.3 in [3], if
t __ 1 t
K(t) = {exp (/ p(8)k(s,Yy)dW, — 5/ k% (s,Ys) p? (s)ds) ;
0 0
k(-,Y)p() € L*(]0,t[; R) a.s., where p () is a deterministic function}, (3.13)

then for any ¢ > 0, the linear combinations of the r.v.’s from K (t) are dense in L? (Q, Vi, ﬁ) .
Therefore, the result is true if and only if for any ¢ > 0 and any ¢; € K (¢),

t
E |:Qt/ fsst:| =0 (314)
0

and

B [gt/otnskc,w.»dv”vs} ~£{a [/:Emsywn—/otﬁ[nsw] (v}

(3.15)
Now

Elo [ t can] =[(1+ [ o )k v i) [ t ¢
=0.

The last identity follows from the fact that W and B are independent Brownian motions
under P. Similarly,

Blo [ t k(. Y:) 0T = ;<1+ / t o)k s vt | t ek 5. Y2) |

-E[f " 0uap (5) K2 (5.Y,) |

£{o [/;E[my}dm/:msy]m vgas|f. o
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For ¢ € C?(RY), we define (with Dy denoting the gradient of ¢, D%y the matrix of
second order derivatives of ¢, g* the transposed of the matrix g)

Ao (@) = (f (4,2, Y1), Dp(a)) + 5 (99" (62, Y0 D¥o()). (3.16)

Now we state the first main theorem of this paper.

Theorem 3.11. Under Assumptions 3.1- 3.6 the following Duncan-Mortensen-Zakai
equation holds for allt > 0 and ¢ € C? (R?),

t

& () = %0 () + / G (Aup) ds + / G (90 (5, V) [AYs — by (5,Y2)ds].  (3.17)

0 0

Remark 3.12. We note that the Zakai equation here is very similar to the one for the
traditional filtering problem, see e.g. equation (Z) in Theorem 2.3.3 from [4], with the
small difference that dY; is replaced by dY; — hq (¢, Y;)dt, which is quite natural, since the
Girsanov theorem here only suppresses the piece hs of the drift A in equation (1.2).

Proof. Let ¢ € CZ (R?). (Zi)<,. is a continuous martingale and from It8’s formula

t t
Zio (X1) = Zow (Xo) + / Z, Ay (X,) ds + / 7D (X1) g (5, X, Yy) , dBy)
0 0

+f o (Xa) (5, X0, Vo) b, Yo) TV,
0

Taking the conditional expectation under P given ) in the above identity, we deduce that

B1Zip (X)) = BlZup (Xo) D)+ [ B(ZeAup (X) Y] s

1B [ / ZS<D¢<Xs>g<s,XS,Y;>,st>|y}

b [ B[ 2o (X0 0 (5, X0, Vo) (s, YWY
0

We now deduce from Lemma 3.10,

E[Zvo (X)) |YV] = E [Zow (Xo) |V] + /Ot E[Z,Asp (X,) |V ds
+/OtE[ZS (XS)w(s7Xs,Ys)k(s,1G)dWsW}
= E[Zop (X0) V] + /Ot E[Z, A (X,) |V ds
. / B 120 (X2) 6 (5 X, Vo) [V (s, Ys) ds
+/Otmzs¢<xs>¢<s,xs,n>des.
Having in mind the definition of ¢; the result follows. U

We end this section with the second main result which shows that the process =
solves the Kushner-Stratonovich equation.
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Theorem 3.13. Under the assumptions of Theorem 3.11, V¢t € [0,T"], for all o € C? (R%)
the following Kushner-Stratonovich equation holds a.s. for allt > 0:

t
7t (@) = o (s&)+/ s (Asp) ds (3.18)
0

+AWAW%wKﬂﬂM@mWGMKmWK—mW@MKDM

Remark 3.14. Note that our Kushner-Stratonovich equation is rather similar to the
Kushner-Stratonovich equation in the traditional filtering problem, see e.g. equation
(KS) in Theorem 2.3.7 from [4]. The division by k? which appears in that Theorem is
here implicit, since hs is replaced by ¥ = k~2hsy. Note however that there is a difference
between the two equations, since here h is replaced by hs in the integrand (i.e. the first
factor) of the second integral.

Proof. In this proof, we write hi(s) for hy(s,Ys). It follows from Theorem 3.11 that

quxuw+écd&@m+ﬁcawwmn»wn—m@wy

In particular
t
(1) =1+ [ 6 (05, Y) Y~ a(s)ds)
0
It follows from the It6 formula that

o . tgsw)(svaS))
—1 /07

ey (1) 4, = in(s)is + w1

GG ) SN

Since from (3.8) 75(¢) = Zs Ef; we have, applying the It6 formula for the product of the

two continuous scalar semi-martingales ¢;(¢) and ﬁ

mwwmuw+43a&ww
+A%&W¢®WKD—%Wﬁdwwwnmwﬂ—M@Mﬂ
—Amuww@uﬂﬁ—WJ@mﬂﬂawnﬂmWﬂ&vKD%,
where we have noted that (¢, z,y)k?(t,y) = ha(t,z,y). The result follows. O

4 Uniqueness for the Zakai equation

The measure valued process {s:(¢), t > 0} defined by (3.7) solves the Zakai equation
(3.17). In this section, we want to show that this is the unique solution of the Zakai
equation. We will assume

Claim 4.1. There exists p > 2 such that E[|| X||?] < 0.

We deduce from that assumption

Lemma 4.2. Forany T >0, 1 < q < p/2, with ny(x) := ||z|]?,
E‘( sup gf(m)) < 00. (4.1)
0<t<T
ECP 22 (2017), paper 44. http://www.imstat.org/ecp/
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Proof. We first note that, as a consequence of Assumption 4.1, we can show, using
standard arguments, that for any 7" > 0, there exists ¢y such that

sup E[|X/|P|¥] < er as..
0<t<T

Now

ct(n2) (E [1x2203])"

E[|IX:)*Z71Y)
alp [~ _ (r—20)/
< (E ||Xth|y) P (E [qu/(p 2q)|y}) pm2a)/p
2 p—2q ~ _
< DX, + EEE [ 2000y,
p p

where we have used Jensen’s and Holder’s inequalities for the conditional expectation,
and Young’s inequality. Hence

~ 2 — 9 ~ B
E( sup <§(n)> <Xt qE( sup ZPY/® 2q>)
0<t<T p p 0<t<T

2 ~ _
< er 4 CF (zpe/ =)
< 00,

where we have used Doob’s inequality for martingales, and the fact that the boundedness
of ¢ implies that all moments of Z; are finite. O

We now assume that the following additional regularity assumption is satisfied.

Claim 4.3. There exists U € C;**(R, x R? x [a,b]) such that ¢(t,z,y) = 9,U(t,z,y) for
all (t,z,y) € Ry x R% x [a, b].

It follows from It0’s formula that

t
U(t, X, V) =\If<o,Xo,yo)+/ 0,0 (s, X,.Y,)ds

t

A U(s, Xo, Yo)ds + / D15, X, Yo)K2(s, Yo)ds
0
t
" / Ul X Y)Y, + [ (D5, X Vo). 905, X, Y)AB),
0 0
Consequently,
Zt exp{_\Ij(thta}/t)} = eXp{_\P(OuX()vyO)}
t t
xexp{—/ 8S\I'(S,X(g,}ﬁ)ds—/ AU (s, X, Ys)ds
0 0
1 t
—5/ Ay (s, X5, Ys)k?(s,Ys)ds
0

t
_ / (D W(s, X,, Ya), g(s, Xo, Yo)dBy)
0

t t
- [ vt X Yods = 5 [ k(s X v Ps)

ECP 22 (2017), paper 44. http://www.imstat.org/ecp/
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Hence from It6’s formula,

Zf, €xp {7\Il(t7 Xt7 }/t)} = €xp {7\11(01 XOv yO)}

t
1
- /0 Zye VX Ye) [88\11 + AW+ S0Pk
1 2 1 * 2
+ b+ kY1 = Sllg" DoV | (s, Xs, Ys)ds

t
_/ Zye VXY (D W(s, X, Ys), g(s, Xs, Ys)dBy).
0

On the other hand, if ¢ € CZ(R%),

PX) = o(X0) + [ AplX)ds+ [ (DelX.). 005X, Y)dB,).
Consequently
Zyexp{—V(t, Xy, Yi)} p(Xy) = exp {=¥(0, Xo,90) } ¢(Xo)

t
" / Zye VXY (A p(X,) — (99" Do ¥, Do) (s, X, V)| ds

0

t

1
_/0 Zse_\ll(s’XS’YS)(P(XS) {35\1/4—«48\1/—1—281,1/%2
1 2 1 * 2

+vh + §|k¢| - 5”9 D,V |*| (s, X, Ys)ds

t
+ [z (o)
0
- QP(XS)DI\I/(Sa X, Ys)u g(s» X, Y;)dBS>

Taking E[-|)] of both sides of this identity, we deduce
Theorem 4.4. The measure-valued process

Se(p) = st (e_w(t"’yf’)@)

satisfies the following “robust version” of the Zakai equation

Si(p) = Sole) + / (g + (s, )p)ds, (4.2)

where

As@ = «43@ - <gsg:Dz\IIS7 DS0>7 and
1 1 1
c(s,z) = [0s¥ + AT + §ay¢k2 +h + 5|l<;¢|2 - §||g*Dx\IJ||2 (s,2,Ys).

Remark 4.5. It is not so easy to compare the present robust Zakai equation with e.g.
equation (ZR) in Theorem 4.2.2 from [4]. There k = 1 and the drift in (1.2) does not
depend upon the observation process Y;. However, it is clear that the definition of
the process 3; in terms of the process ¢; is very similar in spirit to the definition of 7;
in terms of o; on page 116 in [4]. Note that even if we would take hs not depending
upon the process Y, our 1 must depend upon Y. Hence there is no way that the
above transformation, which amounts in integrating by parts the stochastic integral
fot ¥ (s, Xs,Ys) k(s, Ys)dW, which appears in the logarithm of Z;, in order to get rid of the
dYy integral, can be done in general when Y; is a vector-valued process, see Remark
4.12 below.
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We now show that we can write equation (4.2) with a test function ¢ which is a
function of both ¢ and z.

Proposition 4.6. For any ¢ € Cp*(Ry x R%),

ft(@(tv )) = €0(90(0’ )) + /0 Ss (8590(57 ) +Xs§0(8’ ) + Cs@(sv )) ds.

Proof. Foranyt>0,n>1,0=t, <t <---<t, =t, from the “robust form” (4.2) of
Zakai’s equation,

(et -) —Tolp(0,.) = Z [Se, (o(ti, ) = Sty ((ti1, )]
= Z [Se, (o(ts, ) — @(tiz1,.)) + (S, — S,y ) ((tiz1, )]

=3 [ @l ) 5 (A et )] ds

j=1 Yti—1

The second term on the last right hand side converges to

/0 ([ + (s, )ds

as sup; <<, (t; — t;—1) — 0, by a.e. convergence and uniform integrability which follows
from Lemma 4.2, and the fact that for all T > 0, there exists C such that for all
0<s,t<T,

[(As + cs)e(t, ]| < O+ [|2]?).

Note that the conditional expectation in the expression for <; is in fact a (partial)
expectation.

We now treat the first term on the right. First we note that for any ¢ > 0 and X cC R¢
a compact set, there exists ¢ € Cl? 2(R%) such that

|0s(s, ) — @(s,z)| <e, forall (s,z) € [0,t] x K.
Consequently, we can choose ¢ € CS’Q(]Rd) such that
1050(s,2) — d(s,2)| < e(1+ ||z|?), forall (s,z) € [0,t] x R?,

which we assume from now on. Thanks to Lemma 4.2, there exists C' such that

Z/ e, (Dsp(s, ) — 51, (6(s, )| < Cte.

ti—1

Moreover, making use of the fact that ¢ € Cl? ’2(]Rd), taking advantage of (4.2) and again
of Lemma 4.2, we deduce that there exists C' such that

< e S ([Ar + crlo(s, )| drds
3 51 [ s

t171 S

n ti t;
<C Z/ / drds
i=1 ti—1Js
C

[ Bl ~ s (605, ) ds

ti—1

S —t sup (ti — tz‘_1)

2 1<i<n
— 0,
as sup;<,;<,(ti —t;—1) — 0. The result follows from the above arguments. O
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Consider the following adjoint backward parabolic PDE for T > 0 and x € Cy(R?).

ou —
5 (b@) + Apult z) + olt, 2)ult, z) =0, (4.3)

w(T,z) = k(x).

Given an R-valued continuous process {Y;, ¢ > 0}, and {B;, t > 0} an independent
RF-valued standard Brownian motion, we consider for each 0 <t < T and z € R?, the
R4-valued process {U%%, t < s < T} solution of the SDE

s S
Ut =z + / Fr, UL, Y, )dr + / 9(r,UL".Y,)dB,, (44)
t t

where

f(t,I,y) = f(t,.T,y) - (gg*Dﬁq/)(ta‘T?y)

We assume that there exists C' > 0 such that
Claim 4.7.

(i) llgg™ Da¥l(t,2,y) < C(1+||zll), forallt>0, z € R, y € [a,b];
(ii) |c(t,x)| < C, forallt >0, r € R and a.s..

We now consider, for 0 < ¢ < T and z € R,

T
K(UR") exp{/ c(s, Ust’z)ds} ‘y] . (4.5)
¢

It follows from Theorem 3.42 in [5] that the function v(¢, z) given by (4.5) is a viscosity
solution of the backward PDE (4.3). However, we want to prove more, and for that
purpose, we need to add some regularity assumptions.

o(t,z) =E

Claim 4.8. The coefficients f,g,c are of class C%%(R, x R?), the derivatives of order
one and two of f and g, ¢ and its derivatives of order one and two being bounded.

We have the

Proposition 4.9. Under the assumptions 4.7 and 4.8, the function v(t,z) defined by
(4.5) is of class C’bl’2 and it is a classical solution of the backward PDE (4.3).

Proof. It is not hard to deduce from the assumption 4.8 that + — U%® is twice mean-
square differentiable, and the first and second order derivatives V%* and I'‘:* satisfy

s da s
Vstﬂ‘ =1 +/ Dm?(rv Xr, YT)Vrt’xdT + Z/ ng.’i(n XTvYT)VTt’de:;
t =1/t
rte / D.F(r, X, V)T dr + / D2F(r, X, Vo)V @ Vit
t t
d2 S ) d2 S )
+ Z/ D,g.i(r, X, Y,)TL%dB! + Z/ D2g i(r, X,., Y,)VE® @ VE©dBE
i=17t i=17t

We note that under the Assumption 4.8, all moments of sup, ., (|[V/*

|+ [IT57])) are

ECP 22 (2017), paper 44. http://www.imstat.org/ecp/
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finite, and bounded as a function of (¢,z) € [0,T] x R%. Now

D,v(t,z) =&

T
putviei s [ et} 3
t

+ I

T T
KU ex {/ C(S’Uﬁ’x)dé’}/ Dc(s, Uﬁ’z)K?’zds‘y]
t ¢

D2 v(t,z) =E

T
DQH(UI}’”C)V%’QC ® Vfix exp {/ (s, Ust’f”)ds} ’y]
¢

+E

T
Dr(UR")T5" exp {/ (s, US”)ds} ‘y]
t

+ 218

T T
DK(U;’m)V%’xexp{/ c(s,Ust””)ds}/ DIc(s,USt””)VSt’xds‘y]
t t

+E

T T
I{(U;«’I)exp{/C(S7U§’$)d8}/DIC(S,U;’QJ)V:JdS
t t

T
® / Dac(s, Ugw)vsf@ds’y
t

+ I

T T
n(U%ﬂexp{ / c(s,Ui’x)ds} / Dic(s,Ui’I)Vf’z®V§""’”d5’y]
t t

+ I

T T
H(U;I)GXP{/ C(S,U;’m)ds}/ D3c(s, Uﬁ’z)Fi’mds’y
t ¢

The continuity of (¢,z) — (D,v(t,x), D?,v(t,2)) is a consequence of the continuity
and the uniform integrability of the coefficients in the right hand side of the above
formulas. Its boundedness is a consequence of the Assumption 4.8 and the fact that
the moments of sup, ., (||V5*|| + ||[T4*||) are bounded functions of (¢, z). Consequently
(t,z) = (v(t,z), Aw(t,z) + c(t, z)v(t, ) is continuous. It remains to show that ¢t — v(t, x)
is of class C!, and to compute that derivative. For t < s < T, let u, denote the law of
Ub*. From the Markov property of the process U%*, forany 0 < h < T — ¢,

T
K(UR") exp (/ c(s,Uﬁ’ﬂds)
t+h

pen(v(t +h,)) =E

Hence

a0+ b)) = po(t, ) = B

+h

T t+h t,x
1— ft c(s,U;")ds
w(UR") exp (/ (s, Ust’:”)ds> ¢ :
t

— —c(t, )v(t, x),

as h — 0. However,

(w4 1) = pulo(t, )] = {“*h‘“} (0(t+ By ) + (”“*h"g—“(fv)) |
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Consequently
v(t+ h,z) — v B t-l-h —v(t,)
e (0 )
— - { et } (00t h,) + 3 Dren (004 0 )) = ot )]
t+h
3B [ A U+ Do) = (ot )

— —Av(t,x) — c(t, x)o(t, z),

as h — 0, where we have used It6’s formula and the regularity of + — v(t+ h, x), together
with the just established convergence of the last term. Since v satisfies clearly the final
condition, we have established that v € C*?(R; x R?) and is a classical solution of the
backward PDE (4.3). O

We can now establish

Theorem 4.10. Under the assumptions 4.1, 4.3, 4.7 and 4.8, the robust Zakai equation
(4.2) has a unique solution.

Proof. We apply Proposition 4.6 with ¢ replaced by v, which is possible in view of
Proposition 4.9. Since v satisfies (4.3) and v(T, z) = &, Proposition 4.6 implies that

Sr (k) =75o(v(0,.)).

This means that for any 7 > 0, x € Cy(R%), S<7(k) is uniquely determined, which
establishes the claimed uniqueness. O

Corollary 4.11. Under the assumptions 4.1, 4.3, 4.7 and 4.8, the Zakai equation (3.17)
has a unique solution.

Proof. It suffices to notice that ¢ (¢) =g, (¥ ). 0

Remark 4.12. Would the observation process Y; be vector valued, then, in order to
establish the “robust form” of the Zakai equation, we would need, instead of Assumption
4.3, to assume that there exists U € C,>* (R x R x R?) such that ¢(t, z,y) = V, (¢, z, y)
for all (t,z,y) € Ry x R? x RY, wh1ch is an extremely restrictive and not at all natural
assumption. This means that in case of vector-valued observation, there is no “robust
form” of the Zakai equation in our filtering problem in general.
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