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A STOCHASTIC STEFAN-TYPE PROBLEM UNDER FIRST-ORDER
BOUNDARY CONDITIONS
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ETH Ziirich

Moving boundary problems allow to model systems with phase transi-
tion at an inner boundary. Motivated by problems in economics and finance,
we set up a price-time continuous model for the limit order book and con-
sider a stochastic and nonlinear extension of the classical Stefan-problem in
one space dimension. Here, the paths of the moving interface might have
unbounded variation, which introduces additional challenges in the analysis.
Working on the distribution space, the [to—Wentzell formula for SPDEs al-
lows to transform these moving boundary problems into partial differential
equations on fixed domains. Rewriting the equations into the framework of
stochastic evolution equations and stochastic maximal L?-regularity, we get
existence, uniqueness and regularity of local solutions. Moreover, we observe
that explosion might take place due to the boundary interaction even when the
coefficients of the original problem have linear growths.

Multi-phase systems of partial differential equations have a long history in ap-
plications to various fields in natural science and quantitative finance. Recent de-
velopments in modeling of demand, supply and price formation in financial mar-
kets with high trading frequencies ask for a mathematically rigorous framework
for moving boundary problems with stochastic forcing terms. Motivated by this
application, we consider a class of semilinear two-phase systems in one space
dimension with first-order boundary conditions at the inner interface. While the
deterministic problems have been extensively studied in the second half of the past
century (see, e.g., [30] and references therein), the stochastic equations are much
less understood. In the past decade, several authors have started to study stochastic
extensions of the classical Stefan problem. In 1888, Josef Stefan introduced this
problem as a model for heat diffusion in the polar sea [36]. However, to the best of
the author’s knowledge so far the stochastic perturbations have been limited to the
systems behaviour inside the respective phases or, in the context of Cahn—Hilliard
equations [2], on the boundary. As a step towards more realistic models, we also

Received August 2016; revised July 2017.
1Supported by the Swiss National Science Foundation through Grant SNF 205121_163425.
2Most of this work was carried out within the scope of the author’s dissertation [34] at TU Dresden
with funding from the German Research Foundation (DFG) under Grant ZUK 64.
MSC2010 subject classifications. Primary 60H15; secondary 91B70, 91G80.
Key words and phrases. Stochastic partial differential equations, Stefan problem, moving bound-
ary problem, limit order book.

2335


http://www.imstat.org/aap/
https://doi.org/10.1214/17-AAP1359
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

2336 M. S. MULLER

extend the Stefan-type dynamics of the free interface by Brownian noise which
introduces additional challenges in the analysis.

Barbu and da Prato [4] used the so-called enthalpy function in the setting of
the classical Stefan problem with additive noise to transform the free boundary
problem into a stochastic evolution equation of porous media type. In a series of
papers, Kim, C. Mueller, Sowers and Zheng [21, 22, 40] studied a class of linear
stochastic moving boundary problems in one space dimension. After a coordinate
transformation, the resulting SPDEs have been solved directly using heat kernel
estimates. Extending these results, Keller-Ressel and M. S. Miiller [20] used clas-
sical estimates from interpolation theory to established a notion of strong solutions
for stochastic moving boundary problems. The framework for existence, regular-
ity and further analysis of the solution is based on the theory of mild and strong
solutions of stochastic evolution equations in the sense of [13]. The change of coor-
dinates was made rigorous by imposing a stochastic chain rule. Unfortunately, this
way is no longer accessible when the path of the moving interface has unbounded
variation or when the solution itself has a discontinuity at the inner boundary. In-
stead, we will switch into the space of generalized functions and use [t6—Wentzell
formula for SPDEs to perform the transformation. It turns out that the terms de-
scribing the evolution of the density close to the boundary are distribution-valued,
which gives the need for an extension of the concepts of solutions. The setting
for analysis of the centered problems will still be based on semigroup theory for
stochastic evolution equations, but can be located at the borderline case for exis-
tence.

Recently, various systems based on both stochastic and deterministic parabolic
partial differential equations have been applied in finance as dynamical models for
demand, supply and price formation; see, for example, [5, 14, 26, 32, 33] which is
just a short list and far away from being complete. For modern financial markets
with high trading frequencies, we introduce a class of continuous models for the
limit order book density with infinitesimal tick size, where the evolution of buy
and sell side is described by a semilinear second-order SPDE and the mid price
process defines a free boundary separating buy and sell side. Based on empirical
observations [10, 28], we assume that average price changes can are determined
by the bid-ask imbalance. Extending the models presented in [20, 40], we allow
the price process to have unbounded variation.

The paper is structured in the following way. In the first section, we intro-
duce the moving boundary problem and the centered SPDE, define the notions
of solutions and present the results on existence and regularity of local solutions
and characterize its explosion times. Equations of this type arise, for instance, in
macroscopical descriptions of demand and supply evolution in nowadays financial
markets. In Section 2, we set up a dynamic model for the density of the so-called
limit order book. We then switch back to the analysis and solve the centered equa-
tion using existence theory for stochastic evolution equations in the framework of
stochastic maximal L”-regularity in Section 3. This theory was studied in detail on
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a general class of Banach spaces by Weis, Veraar and van Neerven [38, 39]. The
required results, adapted to the Hilbert space setting, are sketched in the Appendix.
In Section 4, we switch to Krylov’s framework of solutions of SPDEs in the sense
of distributions (see [24, 25]), and translate the existence and regularity results for
the equations on the moving frames. In Section 5, we present heuristically a toy
example which illustrates our notion of solutions for stochastic moving boundary
problems.

Without further mentioning, we work on (2, F, (F;),P), a filtered probabil-
ity space with the usual conditions. For a stopping time t, we denote the closed
stochastic interval by [[0, t]] := {(¢, w) € [0, 00) x |t < 7(w)}. Respectively,
we define [0, [, ]10, [l and ]]O, t]]. For stochastic processes X and Y, we say
X (t) =Y () on [0, [, if equality holds for almost all w € €2 and all ¢ > 0 such that
(t, w) € [0, t[[. Given Hilbert spaces E and H, we write £ < H when E is con-
tinuously and densely embedded into H. As usual, we denote by L7 the Lebesgue
space, g > 1, and with H®, s > 0, the Sobolev spaces of order s > 0. Moreover,
¢?(E) is the space of E-valued square summable sequences and HS(U; E), for
separable Hilbert spaces U and E, is the space of Hilbert—Schmidt operators from
U into E. The scalar product on E will be denoted by (-, -) g. When working on
the distribution space &, we denote the dualization by (-, -). We will work only
with real separable Hilbert spaces and implicitly use their complexification when
necessary to apply results from the literature. We typically denote positive con-
stants by K which might change from line to line and might have sub-indices to
indicate dependencies.

1. A stochastic moving boundary problem. We consider the stochastic
moving boundary problem in one space dimension

— 82 a —_
dv(t, x) = n+@v(r,x>+u+(x—p*<r>,p*<r),v,£v) ar
+os(r = pa(0), P, V) dECD), x> palt),
(L) S 5 \1
du(t, x) = n_@v(r,xwu_(x—p*(r>,p*<r>,v,£v) dr

+o_(x — pu(t), p(2), V) d& (x),  x < p«(1),
dp.(t) = o(v(t, p«()+), v(t, p«(1)—)) dr 4 0, dB,

with Robin boundary conditions

a
V(s pe(DF) = resv(t, pe()F),
(1.2) P

d
%U([’ p*([)—) = —K,v(t, P*(f)—)»
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fort > 0, /LiZR4—>R,(f:|:ZR3—>R, Nt >0, 0, >0 and k4, k— € [0, 00). On
(2, F, (F1),P), B is areal Brownian motion and £ the spatially colored noise,

(1.3) &) =T, Wi (x), T;W(X)ZZ/R{(X,y)W(y)dy, xeR,1=0,

where W is a cylindrical Wiener process W on U := L*(R) with covariance op-
erator Id, independent of B and ¢ : R> — R an integral kernel. It was shown
in [20], that for o, = 0, and k_ = k4 = 00, one can shift the equation onto the
fixed domain R := R \ {0}, and there exists a strong solution of the integral equa-
tion corresponding to (1.1). Following this procedure at least informally, we get
foru(t,x) :=v(t,x + p«(t)),x #0,¢t >0,

1 ,\ 82 )
du(t,x) = |:<n+ + > *>ﬁu(t,x) —I—,u.,.(x,p*(t),u, au)

+o(u(t, 04), ult, 0—))%u(r,x)} dr

9
+ oy (x, pi(0), u) d& (x + ps (1)) + (’*5”(“ x)dB;,

forx > 0,

(1.4) du(t )—[( +12>8—2 (t,x) + ( ) i)
. u(t,x)=1\(n= 50 axzu ,X u—x, p« ,u,axu

+o(ut, 04), ult, 0—))%u(r,x)} dr

9
+o_(x, p(t), u) d& (x + ps(1)) + 0*5”(“ x)dB;,

forx <0,
dp«(t) = o(u(r,0+), u(r,0-)) dr + 0. dB,
with boundary conditions
0 0
(1.5) —u(t,0+) = kqu(t, 0+), —u(t,0—) =—«_u(t,0-).
ax dx

Problem (1.4) admits several features worth mentioning:

e Evenwhen us = pu_ =0, and o4, o_ are linear in u, the centered problem has a
nonlinearity, which is nonlocal in space and involving the first-order derivative.
e Due to the additional second-order term the transformation seems to increase
regularity and the equation is parabolic even for 4 =n_ = 0 as long as o, > 0.
e When o, > 0, the first derivative appears in the noise term. Recall that the Brow-
nian noise scales differently from time and the equation is the borderline case
where we could hope to get existence. In particular, even linear equations with
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gradient in the noise term can run out of parabolicity; see Remark A.10 and [8].
Moreover, it seems that existence for (1.4) cannot be shown in the present frame-
work, when presuming Dirichlet boundary conditions at x = 0, and replacing u
by %u in the dynamics of p,.

We emphasize that the strong transformation procedure used in [20] does not work
in this case, even if o, = 0. However, the behaviour of the solutions should be
quite similar when we restrict to a region away from the free interface p.. The
only problem appearing is due to the discontinuity of v at p,. We work around
this problem by switching to the space of generalized functions where we can
apply Krylov’s version of Ito—Wentzell formula [25]. On this way, we obtain a
description of the evolution of v around p,, which will be part of Definition 1.11.
We now focus on the centered problem (1.4). Recall that (u, p., t) is called a
local strong solution of (1.4), if (u, ps) is an L*(R) x R-predictable stochastic
process and 7 a predictable stopping time such that (1.4) holds true on [0, z[[, in
the sense of an L?(R) @ R-integral equation, and (1.5) holds true df ® dP-almost
everywhere. In particular, all the (stochastic) integrals are assumed to exist on
L?(R) and R, respectively. A solution is called maximal, if there exists no solution
on a strictly larger stochastic interval. See also Definition A.1 and Section 3 for a
more detailed formulation.

ASSUMPTION 1.1. ¢ :R? — R is locally Lipschitz continuous.
ASSUMPTION 1.2. g4, p— : R* — R fulfill (i), (ii) and (iii).
(i) There exist a € L?(R), b € L (R?; R) such that for all x, y,z € R

loc
It e, pyy, D]+ = Cx, poy, 2| b, p)(alx) + |y + Izl).

(ii) For all R > 0 exist Lg > 0 and ag € L*(R), such that for all x, y, ¥, z, Z,
p €R, with |y, 7], |p| < R, it holds that

|M:E(X,P,y,z) _Mi(x’ p; 5772){
< Lg(ar(@) + Izl +1ZI)ly — §I + Lrlz — ZI.

(iii) For all R > 0 exist ag € L>(R) and bg > 0, such that for all x, y, z, p,
p € R, with |y|, | pl, |p| < R, it holds that

e (x, p,y,2) — pe(x, p, v, 2)| < (ar (@) + br(lyl + |21))|1p — PI.

ASSUMPTION 1.3. Let o, > 0 and for all p e R, o4+(-, p,-), o—(-, p,-) €
C!(R?; R). Moreover:

(i) There exista € L2(Ry) and b, b € L% (R%; R.) such that

loc

0
o (e, poy)| + Wf(x,p,y)\ <b(y. p)(at) +y))
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and
9 -
a—o(x, p.Y)| <b(y, p).
y

(ii) For all R € N exists Lg > 0, such that for all x, y, y, p € R, with |y|, |y|,
Pl =R,

lox(x, p,y) —ox(x, p,y)| < Lrly — I,

0 0 - -
‘—Gi(x, p,y) — —o+(x,p, y)‘ < Lgly—yl,
0x dx

9 9 . 3
‘—ai(x, p,y) — —ox(x, p, y)‘ < LRly —Jyl.
ay ay

(ii1) For all R € N exists an ag € L%(R), such that for all x, v, ¥y, p €R, with
[y], |¥], |[pl < R, itholds fori € {0, 1},
‘3(1') 9@

8xi G:E(x’ P, )7) - axi

wxnﬁyﬂsmeRuy+wmp—ﬁ|
and

0 d N ~ -
|—%umyr~wgmnﬂsmm—m
ay dy

i

ASSUMPTION 1.4. ¢(-,y) € C>(R) for all y € R and %{(x, ) € L2(R) for
all x e R, i €{0, 1, 2}. Moreover,
(1.6) sup .

xeR ox!

$(x, ) < 00, i €{0,1,2}.

L2(R)

THEOREM 1.5. Let Assumptions 1.1, 1.2, 1.3 and 1.4 hold true. Then, for all
Fo-measurable initial data (ug, pg) € H 1(]R) x R, there exists a unique maximal
strong solution (u, p«, ) of (1.4) with paths almost surely in L2([0, 7); HZ(R)) N
C([0, 7); H'(R)).

REMARK 1.6. When imposing stronger assumptions on the initial data, we
would expect also more spatial regularity of the solution. More detailed, when u
takes almost surely values in the Besov space Bg ;2/ 1(R) for some ¢ > 2, then we

would expect u to have almost surely paths in

_2
L%([0, 7); H*(R)) N C([0, 7); B;qq ®)).

This indeed follows from results on stochastic maximal L9-regularity (see [38],
Theorem 3.5), but only in the case when 7 and n_ are chosen sufficiently large or
oy is sufficiently small. In this case, the results of this section also hold true when
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the locally bounded function b in Assumption 1.2(i) is in L% (R3) and depends

loc
on p, y and z. To this end, one has to choose g > 4 so that the Besov space above

is embedded in BUC l(R). In this case, we need to assume that uq € 822;12/ a (R)
and u satisfies (1.2). Unfortunately, exact bounds on 14 and n_ or o, have to be
computed in terms of the constants M, M;V in the Appendix. See Lemma 3.11
and Remark A.8 for the issue concerning the impact of these constants.

Let us now consider some examples which might be of interest in applications.

EXAMPLE 1.7. Let¢(x,y):=¢(x+y) for ¢ € H*(R) N C?(R). Assume that
Ky =k—>0,0(x,y)=p-(y—x)forsome p >0and o (x, p,y) :=0cyforo #0.
In this case, we can replace v (¢, p«(¢)=£) in (1.1) by the first derivatives and get an
extension of the stochastic Stefan(-type) problems considered in [20] and [22], but
with Robin instead of Dirichlet boundary conditions.

EXAMPLE 1.8. In the setting of the previous example, let u(x, p,y,z) :=
v - z. Then the solution v behaves like a stochastic viscous Burger’s equation inside
of the phases.

EXAMPLE 1.9. With the modifications and limitations mentioned in Re-
mark 1.6, one could also cover nonlinearities of the form w(x, p,y,z) = Z2, or
any other polynomial in y and z.

To handle the randomly moving frames on which the solutions of (1.1) are ex-
pected to live, we define the function spaces, for x € R,

(1.7) M) :={v:R—R|v[r\y € H' (R\ {x})}
and
(1.8) T?(x):={v:R— R|vlg\p € H*(R\ {x}), v(x + -) satisfies (1.5)}.

In the following, we denote the first two spatial weak derivatives on R \ {x} by V
and A, respectively.

By Sobolev embeddings, any v € I'*(x) can be identified with an element of
BUCk_l(R\ {x}) and, since {x} has mass 0, also of L%(R). For all v € T’ (x), it
also holds that Vv and, if v € I''(x), then Av are elements in L?(R), again. To

shorten the notation, we introduce the functions i : RS >R, 7:R3> R,
Va /
v+ x,p,v,v), x>0,
(1.9) ﬁ(x,p, v, v/’ v//) .= T]+ . /"L+( p /)
n-v" +p_(x, p,v,0), x <0,

and

0
(110) E(x’ p’ v):: G+(-x’ p’ U)a X > 5
o—f(x’ p’ U), X <0
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Denote by 8, the Dirac distribution with mass at x € R and by &, its derivative.
We define the following functions, which take values in the space of distributions,

Li: '@ x ) =2, @x)r —(0a+) —v@x—)s,,
xeR

Ly: |J (M) x {x}) = 2.
xeR

(v, x) > (v(x+) —v(x—))8; — (Vux+) — Vo(x—))d,.

REMARK 1.10. Given x € R, v € I'2(x), it holds that

Li(v, x)|r\(x} = L2(v, X)|r\(x} = 0.
Here, for f € 2 and a Borel set I C R we write f|; =0 when

(f.9)=0  VpeC=).

Transforming (1.4) back into the moving boundary problem, we observe that
the description in (1.1) does not explicitly tell us how ¢ — v(z, x) should behave
when p, (t) = x. Note that, if o, > 0, then for each T € (0, co) the event p,(t) = x
occurs either for infinitely many ¢ € [0, T'] or for none. Motivated by the discus-
sion in Section 5, the following definition of notion of a solution for (1.1) is the
“natural” definition, in the sense that L1 and L, describe the behaviour of v at p,.
On the other side, Remark 1.10 shows how to recover (1.1).

DEFINITION 1.11. A local solution of the stochastic moving boundary prob-
lem (1.1) with initial data vy and pg is an L*R) xR predictable process (v, px),
and a positive and predictable stopping time t, with

(v, p) : 10, T[— | J (I (x) x {x}) S L*(R) x R,
xeR

such that v(¢, -) is Fz(p*(t))—valued, and for all ¢ € C5°(R) on [0, z[[,
<U(t) — V0, ¢)

- / (- = pa(s). Pa(s). v(s). Vu(s), Av(s)), ¢)ds

0
t

+ fo @ (- = pils). puls). v(s)) ds. ¢)
t

+ /0 (L1 (0(s), pe(s)), #)dps(s)

1 rt
+ 5/0 (L2(v(s), p«(s)), @) d[p:1(s),



A STOCHASTIC STEFAN-TYPE PROBLEM 2343
p«(t) — po
—f (s, px(s)+), v(t, px(s)—))ds + 0w B;.

The solution is called global, if T = oo a.s. and the interval [[0, t[[ is called maxi-
mal if there is no solution of (1.1) on a larger stochastic interval.

REMARK 1.12. The stochastic integral term is defined as
! k
A1) [ pals). ) di g Z/ - pa(s), V() Teex. @) dB.
which is implicitly assumed to exist in L?(£2).
REMARK 1.13. The quadratic variation of py is [p«](t) = o2t, t > 0.

REMARK 1.14. This notion of solution is not exactly what one would typi-
cally expect under a weak or distributional solution. In contrast to [22], Defini-
tion 3.2, we require Vv and Av to exist as L?(R) elements, which assures analyt-
ically strong existence for the centered equations.

THEOREM 1.15. Let Assumptions 1.1, 1.2, 1.3 and 1.4 hold true. Let pp € R
and vy € H'(R \ {po}) be Fo-measurable and (u, p,t) be the unique maxi-
mal strong solution of (1.4) with initial data (vo(- + po), po) and set v(t,x) =
u(t,x — p4()),t >0,x € R. Then (v, px, t) is a local solution of (1.1) in the sense
of Definition 1.11 and satisfies v, Vv € C([0, 7); L?*(R)), p« € C([0, 7); R) and
Av e L*([0, 7); L*(R)) almost surely. Moreover, (v, p«, T) is unique and maximal
under all such solutions.

REMARK 1.16. In general, we cannot expect x — v(¢, x) to be continuous
at x = p.(t), even if this holds true for + = 0. For instance, consider the special
situation where k. =k_ =0and u4, u— =0, p=0, 01, 0_ =0, 0, > 0 and let
vp € C(R)N H'(R).

Assume that v(z,-) € C(R), df ® P almost everywhere. Then by Neumann
boundary conditions at p, we have also v(z, -) € C'(R) N H*(R) and

Li(v(t), p«(®)) = La(v(t, ), p«()) =0

Thus, Definition 1.11 implies that v is the weak solution of the (deterministic)
heat equation on R. Since p«(t) = 0+« B; and v is independent of p.(r), we get
from (1.2) that 37 O y(t,x) =0 for almost all # > 0 and x € R. Because v(z, ) €
L?(R) this also yields v(z, x) =



2344 M. S. MULLER

REMARK 1.17. In the deterministic situation, that is, o, c— =0 and 0, =0,
one can get local classical solutions of the centered problem (1.4), for example, by
standard theory for semi-linear evolution equations [29]. Using time differentia-
bility of 4 and p, the change of coordinates x — x + p. can then be performed
by chain rule, locally on [0, t,), where

ty :=inf{t > 0: p.(t) =x} AT, xeR.
1.1. Global solutions. Assume that the assumptions of Theorem 1.5 are satis-

fied and let (u, p«, T) be the unique maximal solution of (1.4). Define the stopping
time:

70 := limsupinf{t > 0|7 < 7, [u(z,0+)| + |u(t,0-)| > N}.

N—oo
Here, we here use the convention that inf & := co. The following assumption en-
sures that the coefficients involving @ and o have linear growth, and hence, one
would expect that explosion in (1.4) can be due to the moving inner boundary only.

ASSUMPTION 1.18. Assume that b and b in Assumptions 1.2 and 1.3 are
globally bounded.

THEOREM 1.19. Let the assumptions of Theorem 1.5 be satisfied, and As-
sumption 1.18 hold true. Then, P[tg = t] = 1, and almost surely on {t < 00},

timfo(r, pu()4) |+ [o(0. pe(0)-)] = o0

THEOREM 1.20. Assume that the assumptions of Theorem 1.5 are satisfied,
that Assumption 1.18 holds true and that o is globally bounded. Then T = oo
almost surely. If, moreover, vo, Vvy € L*(2 x R, dP ® dx) and po € L*(2; R),
then for all T > O there exists a constant K such that

E sup (!p*(t)\2+f\v(t,x)|2+\w(r,x)\2dx)
0 R

<t<T
T 2
(1.12) +Ef f\Av(t,x)| dx dr
0 R
< K(1+E[llvoli3> + IVvoll 72 + | pol*]).

2. Application: Limit order book models. In electronic trading, buy and sell
orders of market participants are matched and cleared, or if there is no counterpart,
accumulated in the order book. Agents can either send market orders, which are
executed “immediately” against the best orders currently available, or trade by
limit orders. Limit buy orders are executed only at a specified price level p at
most and similarly, limit sell orders are executed only for a price p or less. This
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price level p is called limit, and the minimal distance between two limits which
is allowed in the market is called fick size. One can think of the order book as a
collection of buckets, indexed by the limits p and each containing the number of
limit orders active at time ¢. Actually, the orders in the book might get executed
against incoming market or limit orders but also cancelled, which might happen in
a substantial amount, especially in markets with high frequency trading [9].

Price formation is now an extraction from the current order book state. The
highest limit for which the order book contains buy orders is called bid price and
the smallest limit with sell orders is called ask price. In highly liquid markets, the
difference of both, called spread, is typically rather small and we assume it to be 0
for our model. We stress the fact that the bid and ask prices are actually separating
the buy and sell side of the order book.

To abstract from this point, we understand the order book as a two-phase system
and aim to model the macroscopic behaviour of a highly liquid market under pres-
ence of high frequency trading. For a more detailed introduction and an overview
on various types of models, we refer to the survey [15], but see also [14] for an
approach more related to the present framework.

We denote by v(z, x) the density of the limit buy and sell orders placed at price
x, which is on logarithmic scale. We keep the notion “price” when actually mean-
ing logarithmic price. As a convention, buy orders will have a negative and sell
orders a positive sign. We let the tick size and the time discretization go to 0 and
consider a price-time continuous approximation. Then we expect the evolution of
the order book density to be described by an SPDE, whereas the price process
P« 1s the inner boundary separating the buy and sell side of the order book. For
the density dynamics, Zheng [40] proposed the linear heat equation with additive
space-time white noise & and Dirichlet boundary conditions,

82
du(t,x) = n+wv(t,x) dt + o4 (|x — ps(®)|) d& (x), x > py(t),

82
do(t, ) = -5t ) di +o(lx = ps (D)) d& (x),  x < pi(0),

U(t, P*(t)) = 07

and the interaction of price and order book evolution is given by the Stefan condi-
tion

0 9
dp«(t)=p- (ﬁv(t’ px()—) — av(r, p*(t)—l—)) dr.

In order to ensure existence of the right-hand side under the presence of space-
time white noise, it is assumed by Zheng that the volatilities o and o_ vanish
at p, faster than linear. To be more precise, o4, o_ are Lipschitz continuous and
or~x%asx — 0, for o > % which in fact yields that o and its derivative van-
ish at the origin. However, empirical observations show that the order flow has
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a maximum at the bid and ask; see, for example, [11, 18]. The assumption on o
would force us to average out all events at the best bid and ask, in particular effects
coming from market orders.

When introducing spatial correlation in the driving Gaussian field &, the as-
sumptions on the decrease of the volatility can be relaxed; see Assumption 1.3 for
instance.

REMARK 2.1. Using empirical data from Paris Bourse (now Euronext),
Bouchaud et al. [7] identified an average order book shape, which turns out to
be symmetric at the price and has its maximum few ticks away from the bid (resp.,
ask) price. Note that it is not surprising that the maximum is not achieved directly;
the bid and ask levels since orders at the bid and ask level have a much higher
probability being executed. As the distance § from the bid (resp., ask) gets large,
the average shape decreases like § 7 for 8 ~ 1.6 [7].

Order book dynamics. We split market participants in two major groups. On
one side, we consider market makers trading at high frequencies and, on the other
hand, low frequency traders such as institutional investors. The reason for this
choice is that their trading behaviour and also their objectives are substantially
different. For instance, market makers and high frequency traders typically do not
accumulate large inventories [23]. In fact, what is typically observed at the end
of each trading day is a rapid increase of the trading volume [6], Figure 2, since
many positions have to be cleared overnight. On the other hand, the objectives
of low frequency traders are based more on long-term strategies. For instance, an
institutional investor has to sell a certain amount of stocks due to exogenous events.

We consider the following dynamics for the evolution of the order book density
v and the price process py:

82
dv(t,x) = [ma?v(t, x) + fr(lx = pa()
+ g+ (|x = p«O]) dr + o4 (|x — pa(0)|) (2, x) d& (x),

for x > p.(1),

, v)a%v(t, x) —av(t, x)] dt

2.1 )

0
dv(t, x) = 155000 = £-(1x = pa(0)

— g (|x = p«@]) dr + o_(]x — p«(0)|)v(t, x) d&; (x),
for x < p.(1),

, v)aixv(t, x) —oa_v(t, x)] dt

where the noise & (x) is white in time but colored in space. Let us motivate the
terms of (2.1) separately. Note that for the effects which are due to market mak-
ers we mainly follow [14] but also include stochastic forcing terms which have
contribution to the total volume:
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e A large amount of transactions due to market makers and high frequency traders
is covered by cancellations or readjustments of orders in the book. On one hand,
the individual adjustments average out and yield diffusive behaviour in the order
book, described by the diffusion coefficients . and n_; see also [14].

e On the other hand, following [14], collective readjustments of market par-
ticipants are due to public available information. Here, this happens at rate
f1/=(x — p«(@®)|, v(z, x)). Assuming that orders are tendentially shifted into
the direction of the mid price, we expect fi, f— > 0.

e o and o_ are the cancellation rates for buy and sell side, respectively. We as-
sume that cancellation in the order book is proportional to the number of orders
at the respective level.

e The average limit order arrivals of institutional or private investors are mod-
elled by g+ and g_. We assume their contribution is due to external forces and
independent of the order book state; see also [18], Figure 1.

e o4 and o_ are the volatilities of proportional trading activity which is not av-
eraged out in the model. In particular, o is allowed to depend on the distance
to the mid price, and thus, could incorporate higher order submission and can-
cellation rates close to the mid price. On the other hand, the impact of the noise
will vanish far away from the mid price. Moreover, the empirical data in [18]
indicate that volatility in the queues increases with lengths of the queues.

For a detailed explanation of the diffusive drift behaviour, see [14], Appendix 1.

EXAMPLE 2.2 (Burger’s equation). We impose the assumption that market
makers, or high frequency traders, in general, are the more tempted to move their
order, the worse their actual position in the current queue is. Simplifying this,
the rate at which orders are rearranged collectively should be proportional to the
amount of orders in the respective bucket. Mathematically, this corresponds to the
choice fy/ (x,v) :=cy /v, forx,v €R,cy >0,c_ <0,and we get an extension
of the classical viscous Burger’s equation; see also Example 1.8.

EXAMPLE 2.3. Extending the model, we replace the assumption that collec-
tive readjustments tend into the direction to the mid price by the following. Agents
with a position at the end of the queue aim to get into a better position, and thus
readjust their order to a price level with a shorter queue. To capture this, we make
the sign in front of the rate f, dependent on %v, namely

fi(x,v,0) = sign(v/)f+(x, v), fo(x,v,0) = sign(v/)f,(x, V),

for readjustment rates f+/_. Equivalently, we replace %v(r,x) by |%v(t,x)|
in (2.1). In particular, under sufficient assumptions on f; and f_, the extended
model still fits into our analytic framework.
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Price dynamics. A commonly used predictor for the next price move is the im-
balance of the order volume in the top level bid and ask queue, which we denote by
VI. Despite empirical evidence (see [28] but also [10] and the references therein),
this mechanism is quite intuitive from a microscopic view point: For instance, if
VI > 0 which means that the volume at the best ask level is small compared to the
best bid queue, then it should be much more likely that these orders are executed
before the limit orders in the bid queue are. In this case, the price moves up. With
the same arguments, we would expect the price to decrease if VI « 0. Translated
to macroscopic scale, this means

(22) dp.(1) ~ (VI()) dr,

at least on average, cf. [28], Figure 1. Here, 0 : R — R is a locally Lipschitz func-
tion with 0(0) = 0, describing the intensity of this relation. Recalling the conven-
tion that buy orders have negative signs the volume imbalance reads as

VI(r) = —v(t, p«(t)—) — v(t, p«(t)+).

Incorporating also exogenous events affecting price movements, we perturb the
price dynamics by Brownian noise,

(2.3) dp.(1) = o(—v(t, p«(1)—) — v(t, p«(t)+)) dt + 0 dBy, t>0.

For o, > 0, this can be seen as a (time-inhomogeneous) extension of the classical
Bachelier model. If o, = 0, this is a modification for first-order boundary condi-
tions of the Stefan-type dynamics proposed in [40] and [20]. Note that the addi-
tional noise term here is a significant step in direction of more realistic models.
In fact, the paths of the price processes resulting for o, = 0, also in the literature,
are almost surely C'. Unfortunately, the analysis of the solutions—starting with
existence and uniqueness—gets much more involved.

REMARK 2.4. Prices here are on logarithmic scale. For small tick sizes, this
is a reasonable approximation of the linear tick scale in real markets; cf. [35]. On
the other hand, it is also consistent with asymmetries between larger up and down
moves of the price. In particular, the model assumptions can be chosen symmetric
with respect to the mid price, here.

REMARK 2.5. Recall that the Stefan condition occurred in a model for heat
diffusion in a system of water and ice [36]. Since a certain amount of energy is
required for solidification of water or melting of ice, conservation of mass only
holds for the energy, and the temperature is diffusing only partially between ice
and water. This is quite related to our situation, where only part of the agents
having orders in the best bid bucket are willing to cross the spread and trade with
market instead of limit orders. In particular, ice melts or water solidifies only when
the enthalpy crosses a certain energy level, whereas the price moves only when the
best bid, respectively, ask bucket gets empty.
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3. The centered equations. By reflection, we can rewrite (1.4) into the
stochastic evolution equation on £2:= L?(R,) @ L>(Ry) ® R,
3.D dX () =[AX (@) + B(X(1))]dt + C(X ()) AWV}, X(0) =

with coefficients

<n+ + ;0 >A+ 0 0
(3.2) A= 0 (n— n %03>A_ o] —cld
0 0 0
M+<x,p,u1(X) u1(x))
(33)  Bwx) = M_(_x,p’uz(x) _xuz( )> + cld + o(Z(w))Vu,
0

3 4()3(u)[w, bl(x) = Ci(w)[w, b](x) + C2(u)[w, b](x)

oy (x, pur () Tyw(p + x) o
o_(—=x, p,us(x))Trw(p — x) | + 04bVu,
0

for u = (uy,uz, p) € DA),beR,welU:= L2(R), x > 0. We denote the trace
operator by Z(u) := (u1(0), u2(0)) and write
ad
—u
ax |
3.5 Vu := 0
ax
1
The constant ¢ > 0 has to be chosen sufficiently large, as we will see below.
Moreover, W := (W, B) is a cylindrical Wiener process on the Hilbert space
U:=U®R, and Ay, A_ are the realization of the Laplacian with respective

domains

3
D(AL) = {u e L’ (Ry) au(O) = Kiu(O)}.

The domain of A is then given by
D(A) =D(A4) x D(A_) x R C £2,
which is itself a Hilbert space when equipped with the inner product
(U, v) 4 = (u, v) g2 + (Au, Av) g2, u,v e DA).

We also introduce the Sobolev spaces ok .= H* Ry)BH k RL) @R, k € N. With
the next theorem, we show that under the hypothesis of the previous section, we
get at least locally a unique strong solution in the sense of Definition A.1.
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THEOREM 3.1. Assume that Assumptions 1.1, 1.2, 1.3 and 1.4 hold true and
let ¢ > max{nyci, n—k2}. Then, for every Fo-measurable initial data X € $)',
there exists a unique maximal strong solution (X, t) with trajectories almost surely
in

L?(0,7; D(A)) N C([0, 7); H').

REMARK 3.2. To translate the theorem into the SPDE framework of Sec-
tion 1, we identify £> with L?(R) @ R using the isometric isomorphism

1182 = L*(R) R, (ur,uz, p) = (uilg, +uzr(—)1r_, p).

In fact, (stochastic) integration can be interchanged with linear continuous opera-
tions and we deduce the integral equations for (1.4) by applying ¢ to (3.1).

REMARK 3.3. Without much effort, one could replace Z by any other function
which is Lipschitz on bounded sets from $! into R, and take o : R” — R locally
Lipschitz. In particular, the drift term of p, in (1.1) might depend also on p,.

3.1. Proof of Theorem 3.1. Theorem 3.1 will follow from Theorem A.7 for
p=2and E := £?, so we just have to verify that Assumption A.2, A.5 and A.6
are fulfilled. By diagonal structure, the operator A inherits the regularity properties
of the Laplacian.

LEMMA 3.4. (—A, D(A)) is positive self-adjoint on £2.

Hence, its fractional powers (—.A4)% can be used to define the inter- and extrap-
olation spaces (see the Appendix), for « € R,

(3.6) Ey :=D((—A)%), llle :== [ (—A)u g, uek,.

Note that E, are again Hilbert spaces. We recall the following identities, with
equivalence of norms, for « € [0, 1], o # %:

20 3
5, o< =
(3.7) Eq= ol 9 3 ;3 4
{u € 9| Ly (0) = 11 (0). —-03(0) =K—M2(0)}, > ca
0x 0x 4

REMARK 3.5. This well-known result was proven by Grisvard in [16]. How-
ever, the proof is only given for bounded domains, but works the same (even
slightly easier) for half-spaces. A very general versions of this result for half-
spaces involving also Sobolev and Besov spaces in infinite dimensions is Theo-
rem 4.9.1 in [1].

LEMMA 3.6. B:9H! —> £2is Lipschitz continuous on bounded sets.
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PROOF. It is well known [27] that the trace operator u +— u(0) is linear and
continuous from H!(R.) into R. This translates to Z, as a mapping from $! into
R?, so that ¢ o Z is Lipschitz on bounded sets from $! into R. Moreover, Vu is
clearly Lipschitz from $! into £, and thus, their product is Lipschitz continuous
on bounded sets.

Letu:=puqorp:=pu_(—(),-, -, —()). It remains to prove that the Nemytskii
operator

0
Ny p) = u( o), a—xu(->>

is Lipschitz on bounded sets from H 1(R+) @ R into LZ(R+). Letue H 1(R+),
p € R, then due to Assumption 1.2(i),

e’} 9 2
] (x poux), u(x))
0 0x

2 [ 2 2 0 2
s3§gﬂgb(u<x),p)/0 |a ()" + |u )] +'£u<x>

(3.8)

which is finite since u is bounded by Sobolev embeddings. Now, for R > 0 and u,
ve H'(R,), p, g € R such that

lwll g, vl gy Ipls lgl < R
Assumption 1.2(ii) yields

9 2

0
_M__

[NiwGus p) = Ny (v p) |72 < 3L3 (lar 7+ 2R lu = I3 + L | 5ou— o

2
On the other hand, by Assumption 1.2(iii),

| Nu(, p) = Nu(v, @) 72

2 2
L2)> lp —ql

Combining the latter two equations with (3.8), we get that N, is Lipschitz on
bounded sets for 4 = w4+ and u = u—(—(), -, -, -), respectively. Here, we again
used the Sobolev embedding H'! < BUC. [

0
< +|b —
_(llaRIILz | R|<||M||L2+H L

2
< (lagll ;2 +21brIR)*|p — q|*.

LEMMA 3.7. Let A be the Laplacian on LZ(R+) with domain

D(A) := {u e Hz‘%u(O) — Ku(O)}, K > 0.
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Then, for all n > 0, ¢ > 0 and u € H' (R, it holds that

0

1 1
P < —|(~ 77A)2u||L2(R+)'

L2®y) AN
Moreover, if ¢ > n/cz, then it holds for all u € D(A),

(3.9) ‘

0
(c — nA)%—u

(3.10) ™

1
<—|l(c~ 77A)”||L2(R+)'

LRy~ T

REMARK 3.8. In the second statement, it is crucial that % maps D(A) into

D((c—nA) %). This does not hold true anymore for Dirichlet boundary conditions.

PROOF. Step I: First, note that D((c — A)%) = Hl(R+) due to first-order

boundary conditions. Since A is self adjoint, the same holds true for (¢ — A)%,
so that for all u € D(A),

1
(3.11) (e = na)2u|72 = ((c = nAu, u)y2 = clul?s — n{Au, u) 2.

With integration by parts, we obtain

1 a |?
(3.12) ||(c—nA)zu||iz:c||u||i2+nH8—u + i u(0)[.
X L2

For the last equality, we just used integration by parts and the fact that u € D(A).
Recall that D(A) is dense in D((¢ — A)%), and

D((c —nA)?) = H'(Ry) <> BUC(RS),

so that (3.12) holds true for all u € H'(R,.).
Step 1I: Now, assume that ¢ > nk?. Let u € D(A) and apply (3.12) to %u. If
k > 0, this reads as

2

d
(c— nA)% —u
ox

L2

2 2

=C|—Uu

0 u0)
dx 0x “

|, FnllAul; +
(3.13) 5

0
=—({(c—nA)u, Au);» + <r]/c - E)‘EM(O)

2

1 P c c\| 0
= ;” (c—nul2 — ;((C —nA)u,u), > + (n/c - ;)‘au(O)

The second equality follows again by integration by parts. We get (3.10), since
—A is nonnegative self-adjoint and u € D(A).
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For « =0, (3.12) still holds true and the computation in (3.13) reduces to

2

9
(3.14) (c —NA)? —u
0x L2

1
=l =y, dujpa < e =l

A direct consequence of fundamental theorem of calculus is (see also [22] or
[31], Appendix A, Proof of Lemma 5.1)

x+1 x+1
u<x>=f u(y)dy—/ (1 — »)Vu(y)dy,

for all u € H'(R4), x > 0, which yields
(3.15) suplu(x)| < v2ul 1.
x>0

Thus, the equality in (3.12) implies the following two-sided estimate.

COROLLARY 3.9.  With the notation of Lemma 3.7, for all u € H'(R,),
1
Vennllullg < (e —nd)2ul| 2 < (Ve v+ 2 lull g

REMARK 3.10. When replacing nA by a general uniformly elliptic operator
of second-order A, we still know that there exist constants K, K such that

1
Kollull g < [(=A)2u ;2 < Killull g

forall u € D((—A)%). In fact, this question is known as Kato’s square root prob-
lem and was solved by Auscher et al.; see [3], Theorem 6.1. This theory is strongly
based on the bounded H*°-calculus of —A. However, as can be seen in the Ap-
pendix, just to know plain existence of such constants without exact bounds might
not be sufficient for the discussion of existence for stochastic evolution equations.

LEMMA 3.11. (1) Cy o HSU; .61) is Lipschitz continuous on bounded
sets.
(ii) Cy is Lipschitz continuous from D(A) into HS(U; E 1 ). More precisely, there

exists Ly < V2 such that for all u, v € D(A),
(3.16) [C2(u) = CoW) s i,y = L= Al = v)| o
2

PROOF. For the first part, we use the results in [20], Appendix A, to get that
u+ Ng(u; p) :=0(, p,u(-)) is Lipschitz on bounded sets on H! (R4), for each
p € R. Here, we let 0 := 04 or 0 :=o_(—-, -, -). Moreover, the weak derivative
of Ny (u; p) is

d d d d
g No (s p)(x) = aa(x, p.u()+ 50(36, p M(X))au(xx
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and by Assumption 1.3,

Haa—ycr(-, pou@))u() — %0(-, p M('))M(-)HL2

< |lull;2brIp — Bl

0 0
< |lu|l;2 sup|—o(x, p, u(x)) — —o(x, p, u(x)
12 Sup| 5> ( ) 5 ( )

where R > 0 is such that max{||u| ., p, p} < R. Moreover,
”Na(u§ p) — No(u; p~)”L2 <bgr ”aR + |”|”L2|p - pls

and the same estimates are valid when replacing o by %0. Hence, we get that

p +— Ny (u; p) is Lipschitz on bounded sets from R into H 1 (R4), sothat (u, p) —
Ny (u; p) is Lipschitz on bounded sets from H'(Ry) ® R into H'(R,).
From the proof of Lemma B.4 in [20], we extract the estimate

G.17) | No u; PT; |52 11y

0
< KU ) s0p(J 2 ) oy + | 560
zeR X

L%R))'

Writing ¢y (x, ) :=¢(x +y,) — ¢(x,-), we get forall w € L3(R), x, v,z €R,
Trwx+y) — Trwkx+2)=T;,_wkx) YweL*R),xeR.

Using Assumption 1.4 and fundamental theorem of calculus, one shows that

0
Sup C (Z’ ) 2 S |x| Sup _g(zv ) 5
ZeRH 2 (@) | 2y SUP| 3% .
9 92
sup| =—¢x (2, -) < |x[sup| ~—¢(z, ) :
2Rl 0x L2(R) zeRl 0x L2(R)

See also [20], Lemma B.2, for details. Combining the latter three equations with
the first part on N, we get that C; is, indeed, Lipschitz on bounded sets.

To prove the second part of the lemma, note that for any CONS (ex)gen of
L2(R) the family ((0, 1), (e1, 0), (e2,0),...) is a CONS of U. Hence,

[C2() = C20) s i) = €210, 11 = C2w)10. 113
2

By diagonal structure of .4 and £2, we have

1

I, 2
<c—<n+—|—§a*)A1> 0 0
1
(A2 = 0 (c—(n_—i—lof)Ag)z ol

0 0 o3
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so that the second part of Lemma 3.7 yields
”CZ(M) - CZ(U)“HS(Z/I;EI) <L, ”(_A)(u - U)
2

£2

for Ly :=0.((ny An-)+ %af)_% <2, O

Putting things together, we get that Assumptions A.2, A.5 and A.6 are fulfilled.
Moreover, (3.16) and Remark A.8 show that also (A.6) holds true with Lp = 0,
Lc = Ly and p = 2. Thus, application of Theorem A.7 completes the proof of
Theorem 3.1. [

3.2. Explosion times. We now formulate and prove Theorem 1.19 and 1.20 in
the framework of stochastic evolution equations on £2; see also Remark 3.2.

THEOREM 3.12. Let (X, 1) be the unique maximal solution of (3.1) on £2
and assume that, in addition to the assumptions of Theorem 3.1 also Assump-
tions 1.18 holds true and o is globally bounded. Then Tt = co almost surely. If,
moreover, Xq € LZ(Q; .61), then for all T > O there exists a constant K > 0 such
that

E[ |X@)|}ds+E X2 ] < K(1+E[1Xol?
[ 1@ Eds +E[ sup |x@I51] < K (1 +E[1Xo0l]).

PROOF. First, since g is globally bounded, we get that

(u1,uz, p) = o(Z(w))Vu

has linear growths as a map from $! into £2. From (3.8), we get the linear growths
bound, for all u € H'(R}), p € R,

r

Hence, the Nemytskii-operator N,,, defined in the proof of Lemma 3.6, has linear
growths from H' @ R into L? and B has linear growths from $)! into £2.

With the same arguments, we get linear growths of N, from H' @ R into L2,
foro € {04, 2oy, 0_, Lo_}. Finally, forall p e R, u € H'(Ry), x > 0, it holds
that

9 2
p (5. poo, o)) v < 30bl ey (lals + )

<161l oo 2

%u(x)

0 d
50()6, D, u(x))au(x)

The weak derivative of N, (u) is given by

a a 0
a—o(x, p,u(x))+ —ox, p,u(x))—u(x)
X dy ox
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and, therefore, N, has linear growths from H I®Rinto H!. Using estimate (3.17)
and the structure of C;, we refer to the proof of part (i) of Lemma 3.11 for details,
we observe linear growths for

Cr:9' = HS(U; o).
Summarizing, the assumptions of Theorem A.9 with g = 2 are fulfilled and Theo-

rem 3.12 follows. O

PROOF OF THEOREM 1.19. The proof works similar to the proof of [20], The-
orem 4.5. For N € N, let oy : R> — R be a locally Lipschitz continuous function
such that

on (e, y) = o(x,y), |, »)|=N,
’ 0, (e, )| > N + 1.
In consistency with Section 1, set
(3.18) i =inflt >0t <7, |Z(X(®))| > N}, 1= lim ¢,
N—o00

using the convention inf & = co. By continuity of the trace operator, we have
N = [Z(x(e)] < K2|X ()| on{ro <o0).
In particular, on {ry < 0o},

Jim X () g =0,
which yields, due to $H! -continuity of X, that g > t almost surely.

On the other side, replacing o by oy, the stochastic evolution equation (3.1) ad-
mits a unique global solution X by Theorem 3.12. By definition of gy, (X, ‘Eév )
is a local solution of the original equation, so that the uniqueness claim of Theo-
rem 3.1 yields X = Xy on [0, ‘L'év[[, and rév < t almost surely, for all N € N.

OJ

4. Distributional solutions and transformation. The transformation from
the fixed to the moving boundary problem will be performed by It6—Wentzell for-
mula, in its version proven by Krylov [25]. To this end, we first have to rewrite the
SPDEs considered above into an equation on the distribution space. Recall that the
cylindrical Id—-Wiener process W on U = L?(R) can be written as

o.¢]
WI:Zekﬁfv ZZ()’
k=1

for an orthonormal basis (ex)ren Of U, and independent Brownian motions ,Bk,
k > 1. For consistent notation, we set 8° := B.
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We denote by C3° = C{°(R) the space of smooth real functions with com-
pact support and 2 the space of distributions. Let £> be the space of real square
summable sequences. We denote by Z(£?) the space of £>-valued distributions
on Cg°. That is, linear £2-valued functionals such that P (g, )= ((gk, )k 1s
continuous with respect to the standard convergence of test functions.

For a predictable stopping time t, there exists an announcing sequence (7,),eN-
That is, lim,_,~ 7, = T almost surely and 7, < t on {r > O}; cf. [19], Re-
mark 2.16. We will use this notation in this section without further mentioning.

REMARK 4.1. Note that HS(U; E) is isometric isomorphic to 0*(E). More
precisely, any element 7 € HS(U; E) can be identified with (T ex)xen € 2(E),
for a CONS (eg)ren of U.

LEMMA 4.2. Let U, E and E be separable Hilbert spaces with E < E. Then
HS(U; E) = HS(U; E) and (*(E) < ¢*(E).

PROOF. First, it is clear that for (gk )keN € KZ(E ) it holds that
s 2 > 2
DB P PEY S Pl I
k=1 k=1

Hence, we can consider ¢2 (E )asa subsczt of ¢2(E). One can also show that from
density of E in E it follows density of ¢2(E) in £>(E), but we skip the details here.
By identification, the results also hold true for HS. [J

From strong continuity of the shift group on L?(R), we get the following basic
result.

LEMMA 4.3.  For all x € R, the shift operation u +— u(- + x) is isometric
isomorphic from HX(R) into H*(R \ {x}), for all k = 0. In addition, the operation

(u,x) = I/l(' +-x)a
is continuous from L*>(R) @ R into L*>(R).

Using the Riesz isomorphism, we consider L?(R) as a subset of 2. The follow-
ing lemma is the corresponding result addressing £7.

LEMMA 4.4. By identification,

L*R)C 2 and *(L*(R)) C 2(¢?).
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PROOF. Let h = (h)=0 € £2(L?), then
¢ ((h, ¢>k)kzo = (", ?)12)i=0

defines a continuous linear £2-valued function on C(°, since Cauchy—Schwarz in-
equality yields

o

@.1) SoIRE @) < MRl 9N, Ve CF. -
k=0

4.1. Ito—Wentzell formula.

DEFINITION 4.5. A Z-valued stochastic process f = (f;) is called pre-
dictable, if for all ¢ € C§°, the real valued stochastic process (({f;, ¢)); is pre-

dictable. In the same way, we call a 2 (£%)-valued stochastic process g = (g;)
predictable, if ((g;, ¢)), is £2-predictable for all ¢ € Coe.

We are now interested in equations on &, of the form

o
(4.2) du(t,x) = fi(x)dt + Y gf(x)dpy,

k=0
with initial conditions u(0, x) = ug(x), which are assumed to be Z-valued and
JFo-measurable.

ASSUMPTION 4.6. (i) For a Z-valued predictable process f assume that for
all € C§° and all R, T > 0 it holds that

T
f sup [(fr, ¢ (- —x))|dt < oo, [P-almost surely.
0

Ix|<R

(ii) For a 2(¢?)-valued predictable process g assume that for all ¢ € C;° and
all R, T > 0 it holds that

T
f sup |(gr, (- — x))||§2 dr < o0, [P-almost surely.
0 |x|<R

REMARK 4.7. If a 2(£?)-valued stochastic process g satisfies part (ii) of As-
sumption 4.6, then forall 7 > 0, ¢ € Cgo, almost surely

o0 T ' 2. T )
(4.3) ,;/o (g, ¢) dt—f0 | (g:, @) ]2 de.
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DEFINITION 4.8. Let f and g be predictable processes on Z and 2(£?), re-
spectively, and t be a predictable stopping time such that f and g satisfy Assump-
tion 4.6 on [[0, 7, ]| for all n € N. Then a Z-valued predictable process is called
(local) solution in the sense of distributions of (4.2), if for all ¢ € C{° it holds on

[0, <[,

t o0 t
_ k k
(u(t), ¢) = (uo. ) +/0 Ford) ds+k§0f0 (e, ¢)dBE.

Our aim is to shift the solutions of SPDEs by a one-dimensional Itd-diffusion.
On its coefficients, we impose the following conditions.

ASSUMPTION 4.9. Assume that the real predictable processes b = (b;);>0
and V¢ = (v,k),zo, k € Ny satisfy for all > 0 almost surely

t
L bl 4+ 108 I s < ox.

The next theorem is a version of [25], Theorem 1.1, reformulated for processes
which exist up to predictable stopping times. In fact, when t is a predictable stop-
ping time we can apply Krylov’s result on [[0, 7, ]| for all n € N. We denote the first
two distributional derivatives on R by d, and 0y, respectively.

THEOREM 4.10 (Ito—Wentzell formula). Let t be a predictable stopping time
with announcing sequence (t,),eN. Moreover, let [ and g be, respectively, 9- and
D (£?)-predictable processes such that f and g satisfy Assumption 4.6 on [[0, 7,1,
forall n € N and u is a local distributional solution on [[0, T[[ of

duy(x) = fi(x)dr + Y gFx)dpt.

k=0

Moreover, consider real predictable processes b = (b;), (vtk )i>0, k € No such that,
on ([0, t, ], they satisfy Assumption 4.9. Let x; be given on [[0, T[| by

o0
dx; = by dt + ) v dpy.
k=0

Then v (x) := us(x + x;) is a local distributional solution on [0, t[[ of

1 o0 o0
dv, (x) = [5 3 [P 0rvr (0) + by (x) + Y Drgk (x +x,)vtki| dr
k=0 k=0

+ fic+x)de+ > [gF e+ xp) + dev, (V] dBL.
k=0
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4.2. Proof of Theorem 1.15. Let (X, t) be the unique maximal strong solution
of (3.1) on £2 and (1,),ey and announcing sequence for t. Define the isometry
(see Remark 3.2),

@S PR GOR, (. uz, p) e (wilg, +ua(—()1r_. p)
and set (u(t, -), p«(t)) ;=X (¢) on [0, t[[. To recover the notation of (4.2), write

fi(x) == i(x, p«(@), u(t,x), Vu(t, x), Au(t, x))
)
+ T*Au(t,x) +0(Z(u(®)))Vu(t, x),

g ) =6 (x, pu0), ut, X)) Trer(x),  k>1,

and g?(x) =0, Vu(t, x). Recall that Vu and Au denote the first two piece-wise
weak derivatives, which are assumed to exist as elements in L2(R). The functions
[ and o have been defined, respectively, in (1.9) and (1.10). Note that on [[0, T[]

1C(X (1)[ex, 01(x) = (gk(x),0) and (X ()0, 11(x) = (g2(x), 0%).

Obviously, ¢ is also isometric isomorphic from $* into H* (R) @ R for all « > 0.
Recall that C(X (1)) € HS(U; '), and thus (C(X (1)) € HS(U; H'(R) ® R) almost
surely. By Lemma 4.2 in combination with Remark 4.1, we get that (g,k)kzo is
£%(L?(R))-continuous on [[0, ][ Localizing up to t,, for each n € N, we also
obtain (square) integrability on f; and g; by Cauchy—Schwarz inequality and (4.1),
respectively. Moreover, Lemma 4.2 yields

t t
[ sup lfee @ =0)17ds <1912y [ 1CO06) e s
Ix|<R 0 ’

which is finite on [[0, 7, ]|, forall n € N and R > 0. Indeed, since 17,, < 7 on {t > 0},
X (- A 1) has paths in C([0, 7,,]; $') almost surely. By Lemma 3.11, C is contin-
uous from $H! into £2 which yields the integrability property of (g;). Choosing
X; := —p«(t), we get the remaining integrability claims in a similar way and ob-
tain that all assumptions of Theorem 4.10 are fulfilled.

Since testing against test functions is a continuous linear operation on L*(R), u
is also a solution in the sense of Definition 4.8. For v(¢, x) := u(t, x — p«(¢)), we
get by Theorem 4.10:

dv(t, x) = fi(x + x;)dt

2
(4.4) + [%amv(t, %) — 0(Z(u(t, )0y v(t, x) — 033, (x + m} dr

0
+ Y g+ x)dBf + [g)(x + x;) — 0w dev(t, x)] dBY.
k=1
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Note that
fi(x +x) = /IL(x — p«(1), p«(t), v(t, x), Vu(t, x), Av(t,x)) + %Av(r,x)
+0(v(t, p«()+), v(t, p«(1)—))Vo(t, x),
g (x +x) =6 (x — pul0), pu(), v(t, X)) Teer (x), k=1,

and hence,
dv(t,x) = |:[L(x — p«(t), pi(1),v(t, x), Vo(t, x), Av(t, x))

+o(v(t, p«(O)+), v(t, p(H)—))(Vv(t, x) — 3y v(7, x))
of
2
+ 6 (x — pa(t), ps(0), v(t, X)) d& (x) + 0w (Vo (2, x) — d,v(z, x)) dBL.

Moreover, for h € H' (R \ {p}D), p € R, it holds that

dxh — Vh = (h(p+) — h(p—))8p,

+ = (Av(t, x) + 0 v(t, x) — 20, Vu(t, x)):| dt

where §, is the Dirac distribution with mass at p. This indeed holds true for all 1 €
H\(R \{ph N BUC!(R \ {p}) and then extends by density to all of H'(R \ {phH.
Inserting into (4.4) yields

dv(t, x) = ft(x — p«(t), p«(t)v(t, x), Vo(z, x), Av(t, x)) dt
+ 6 (x — pa(0), p(1), v(t, X)) d& (x)

1
+ Li(v(t, ), p«(0)) dp«(t) + ELz(v(t, ), p«(0)) dps] (1),
where L and L, have been defined in Section 1 as

Li(v, p) =—(v(p+) —v(p-))sp,
Ly (v, p) = (v(p+) = v(p=))8, — (Vu(p+) — Vo(p—))s,.

Here, 6;, is the distributional derivative of §,. Finally, we use that the shift opera-
tion (h, x) — h(- — x) is continuous on L2(R) @ R, and hence, the paths of v, Vv,
Av and p, inherit the space-time-regularity which is claimed in Theorem 1.15.

To show uniqueness, let (w, g, ¢) be another local solution such that, as func-
tions of time, g, w and Vw are continuous and Aw is square integrable on Lz(R).
Let (¢™) be an announcing sequence for ¢ and set u(¢, -) := w(z, - + g«(t)). From
Lemma 4.3, we get almost surely,

u e C([0,¢); H (R)) N L2([0, ¢); H*(R)).
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By definition of I'2(x), x € R, we get in addition that u (¢, -) fulfills the boundary
conditions (1.5) for almost all # > 0. Now, it suffices to show that (u, ¢) is a local
strong solution of (1.4). To this end, set

Fi(x) == (x — g«(1), g (1), w(t, x), Vw(t, x), Aw(t, x))
+o(w(t, g«()+), w(t, g« (1)—=)) L1 (w(t, -), g«(1))

1
+ 5cr*Lz(w(t, ), Q*(t))’

X)) =6 (x — qu(0), g (1), w(t, X)) Trex (x), k> 1,

and g?(x) :=0.

Since we know already that u has the path regularity which was asked for, we
can again apply the procedure from the existence part of this proof to get the mea-
surability and integrability properties of g{‘, k > 1, and the the part of f; involv-
ing [L.

Moreover, for ¢ € C(C)>O and R > 0, we get on [0, ¢, ]I,

/0 sup [{L1(w(s, ), 4«()), ¢ (- — x| ds

|x|<R

t
< ||<z>||§ojO (s, 04) — u(s, 0—)*ds

and, similarly,

t
/0 sup |[(La(w(s, ), g«(s)), ¢ (- — x))|ds

|x]<R
t t
<|¢lle (/0 lu(s, 0+) — u(s,0—)|ds +./0 |Vu(s,0+) — Vu(s, 0-)| ds).

By continuity of the trace operator on H I(R), and since almost surely u €
L?([0,¢); H 2(]R)), we get that all these integrals are finite on [0, ¢, ]I, for all
n € N, and the assumptions of Theorem 4.10 are fulfilled for w and g,. Hence, 1t6—
Wentzell formula yields that u is a solution, in the sense of distributions, of (1.4).

To get to the notion of strong solutions, we switch back to the framework of
Section 3. Set Y (¢) := ' (u(?), g«(t)) on [[0, ¢[[. Since ¢ is isometric isomorphic,
we can write Y on [[0, ¢[[ as

(Y (), ¢)g2 = (Y (0), ¢} 2
t t
= /0 (AY (5), §)g2 +(B(Y(5)), §) g2 ds +/O (C(Y () dWs, d)g2,

for all ¢ = (¢1, ¢2, ¢3) € Ci°(R1) x Cg°(Ry) x R. By assumptions on w and g,
we get that Y has paths in L2(0, ¢; D(A)) and in C([0, ¢[; $H1) almost surely. We
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recall from Section 3, that B: ' — £2 and C; : H! — HS(U:; H') are Lipschitz
continuous on bounded sets, which yields that Bo Y is £2_continuous and Cj o Y is
HS(U; SZ)—continuous. In particular, both are locally bounded, so that on [[0, ¢,

t
LAYl + 18I )2+ 101 6) gz, 8 < 00,

Due to global Lipschitz continuity of C,, there exists K > 0 such that on [[0, ¢[[,

t t
/O 1C(Y ) g2, ds < K /0 1+ Y ()] ds < oc.

Consequently, the terms involved are respectively Bochner and stochastically in-
tegrable on £2 and we can interchange the inner product of £> with integration
in (4.5). By density of CJ°(Ry4) in L*(R..), the equation holds for all ¢ € £2, and
thus the strong integral equation holds true, that is,

Y(t):Y(O)+fOZ.AY(s)—|—B(Y(s))ds+/0tC(Y(s))dWS on [[0, c[.

The uniqueness and maximality part of Theorem 3.1 yields that ¢ <t and v = w,
P« =qxon [0, c[[. O

5. A short comment on Definition 1.11. The main purpose of this discus-
sion is to give, at least heuristically, a justification for the distribution valued terms
which occur in the dynamics in Definition 1.11. This is linked to the following
question: Given the moving boundary problem in its description on each phases
separately, does there exists a “natural” choice of distributional valued terms which
vanish away from the interface? To be as simple as possible, we consider the fol-
lowing degenerate problem for ¢ > 0:

dv(t,x) =0, X # ps(1),
0 0
a—v(t, p«(t)—=) = —v(r, p«()+) =0,
X dx
G.D dp.(t) = 0, dBy,
vo(x) = 1(0,00) (X)), x #0,
po=0.

The only meaningful solution of (5.1) can be
(5.2) v(t, x) =1(p,(1),00) (%), >0, x # py(t).
In fact, let x # p.(¢), and consider the first hitting time

7, :=inf{t > 0| ps(¢) = x}.

Then ¢ — v(¢, x) has to be constant on [0, t,[ and due to Neumann boundary con-
ditions it is clear how to reiterate this procedure, starting at 7, and considering ¢
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v(t, y) for y # x. On the other hand, let ¢ € C3°(R) and set ®(x) := ]foo ¢ (y)dy.
Then, by the classical It6-formula,
<v(ta ')a ¢> - (U(), ¢>
=®(0) — P(p«(1))

t d L'y d
_— fo B(pu(5))dp(s) = 3 /O & (p(9)) dIps1(s)

t
- fo (0(5. p(5)+) — v(s, Pu()—))b(ps(5)) dps(s)

t

1
=5 J, W pe()F) = v(s. ps(5)=)) @' () dIp<(s)

t 1 rt
- fo (L1(065, ), po(9)). ) dpa(s) + 5 /O (Lau(s, ), px())dLpal(s).

Recall that %qﬁ = —¢'(p). Except from the integrability conditions v is indeed the
solution of (5.1) in the sense of Definition 1.11.

APPENDIX: ABSTRACT SETTING

We now briefly discuss existence and uniqueness results for stochastic evolu-
tion equations based on stochastic maximal L”-regularity, which are due to van
Neerven, Veraar and Weis [38].

On a separable Hilbert space E, we consider the stochastic evolution equation

(A.1) dX (1) =[AX (1) + B(X(t))]dt + C(X (r)) dW,, t>0,

with initial condition X (0) = X, where W is a cylindrical Wiener process with
covariance identity on another separable Hilbert space U.

DEFINITION A.l1. An E-predictable stochastic process X is called a local
strong solution of (A.1), up to a predictable stopping time t, if X (¢) is D(A)-
valued for a.a. r > 0, and on [[O, [

X(t)=Xo+ /Ot[AX(s) + B(X(s))]ds + /Ot C(X(s5)) dW;.

In particular, all the integrals involved are assumed to exist on E, respectively, as
Bochner or stochastic integrals.

ASSUMPTION A.2. (—A,D(A)) is densely defined and positive self-adjoint
on E.

REMARK A.3. It is sufficient to assume that —A has bounded H°-calculus
of angle < 7. On Hilbert spaces, this is equivalent to the property that, after a
possible change to an equivalent Hilbert space norm, A generates an analytic Co-

semigroup of contractions [17], Section 7.3.3.
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For @ € R, we set
(A.2) Eqy :=D((—A)%), ulle := H(—A)"‘u”E, uek,.

Analogously, we denote the real interpolation spaces, for 1 < p < oo, a € (0, 1),
by
Ea,p = (E’ ,D(A))a’p,

and its respective norms by |-||4, ». Note that, since A is negative self-adjoint, for
all « € (0, 1) (cf. [37], Theorem 1.8.10),

(A.3) Eq = Eqo=[E,D(A)],,

with equivalence of norms, where the latter term denotes the complex interpolation
space. Moreover (see [37], Theorem 1.3.3), forO<a <& < 1, p, g € [1, 00),

(A4) Ey > Ez = Eqgq,
and,if ] < p<g <oo,x € (0,]1), then
(A.S) Eyp— Eayq.
The density of the embeddings follows from [37], Theorem 1.6.2. If ¢ = oo, the
embeddings are still continuous, but not dense; see [37], Rmk 1.18.3.

EXAMPLE A.4. Set E := L*(R"), A:= A —Id is the Laplacian with domain
D(A) := H*(R"). Then

E,=H* (R") and E, ,= Bzzf)‘p (R™),

where BS‘, p(R) denote the Besov spaces for « € (0, 1), 1 < p, g < oo; cf. Exam-
ple 1.8 and 1.10 in [31].

ASSUMPTION A.5. B =: By + B;, where By : E1_1/, , — Eq is Lipschitz
continuous on bounded sets, and there exist L g and L p such that forall u, v € Eq,
| B2(u) — B2(w)]|y < Lpllu — vl + Lalu — vlo.

ASSUMPTION A.6. C =:C; + Cy, where Cy : E1_1/p , — HS(U; Ey2) is

Lipschitz continuous on bounded sets and there exist L¢ and L¢ such that for all
u,v ek,

[C2) = C2)|y = Lellu = vl + Lellu = vl

For the formulation of the existence theorem, denote by M, and M ;V the oper-
ator norms of

g»/’hg(s)ds, GH/'S.st@)dWS
0 0
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as operators respectively from Lf)]:; )(R+ x Q; Ep) into L‘(th )(R+ x Q; Ep) and
from L€ft)(R+ x Q; HS(U, E%)) into L{’Ft)(RJ’_ x ; Ey). Here, Lfﬂ)(R+ X
Q; E) denotes the L?-space of all F;-adapted processes with values in E.

THEOREM A.7. Let p > 2 and assume that Assumptions A.2, A.5 and A.6
hold true with

(A.6) M,Lp+M,) Le <1.

Then, for all Fo measurable initial data X € E\—1/p,p there exists an unique
maximal strong solution (X, T) with values a.s. in

LP0, T ENNC(0,7); Ey_1 ).
5

Moreover, almost everywhere on {t < 00},

tli/r,l_l[”X(t)Hlfi,p = 00.

REMARK A.8. It is known that that My <1, MZW < %, but in general M,

and M I‘jv are not explicitly known for p > 2. However, in some cases, like when
Lp =0 and C; is the generator of a unitary group then the theorem still holds true
provided that L¢ < V2 see [8] for a detailed discussion of condition (A.6).

Because the results in [38] are formulated on Banach spaces, where some addi-
tional difficulties occur, we shortly summarize the the arguments and results from
the reference: Since E is a separable Hilbert space, we get from Theorem 2.5, Re-
mark 4.1(v) and the discussions in Sections 5.2 and 5.3 in [38], that in the situation
of Theorem A.7 all of the assumptions of the existence result [38], Theorem 5.6,
are fulfilled. This gives the unique maximal mild solution X, which is also an
analytically strong solution; see Proposition 4.4 and its proof in [38].

By definition of maximal local solutions in [38], Definition 5.5, we get

tlgI}”X(t)HEl_ =00  on{r <oo}.

Sl
Sl

The corresponding result for global existence and additional regularity is ex-
tracted from part (ii) and (iii) of Theorem 5.6 in [38].

THEOREM A.9. Assume that for p > 2 the conditions of Theorem A.T and

linear growths assumptions on By and Ci are satisfied. Namely, there exists a
M > 0 such that

[Biofo =M1+ Nully 1 ).

”Cl(”)”HS(U;E%) <=M(l1+ ||”||1—[—1,,p) Yu e El—%,p'
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Let (X, t) be the unique maximal solution of (A.1). Then it holds that T = o0
almost surely. If, moreover, Xo € LY (2; E1_1/p,p), then, for all T > 0 there exists
a constant K > 0 such that

T
(A7) Efo HX(s)Hfds+E[0;1:£T\}X(s)uf_%’p] <K(1 +E[||X0||f_% )

5

REMARK A.10. The assumptions on the statements are indeed optimal in the
following sense. Under the constraints of Assumption A.5, the results cover even
classes of fully-nonlinear equations. For the noise term, da Prato et al. [12] have
shown that for an negative self-adjoint operator A, an element b € E and a real
Brownian motion §, there exists a strong solution of

dX(t) =AX(t)dr + bdB(2),

if and only if b € Ey3; see [12], Theorem 6. For linear equations with multiplica-
tive noise, Brzezniak and Veraar [8] have discussed ill-posedness when (A.6) is
violated.

Acknowledgements. The author also would like to thank Martin Keller-
Ressel and Wilhelm Stannat for comments and discussions and is grateful to Mark
Veraar for pointing out the issue of Remark A.8.
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