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THE LENGTH OF THE LONGEST COMMON SUBSEQUENCE OF
TWO INDEPENDENT MALLOWS PERMUTATIONS'

By KE JIN
University of Delaware

The Mallows measure is a probability measure on S, where the probabil-
ity of a permutation 7 is proportional to ql(” ) with g > 0 being a parameter
and /() the number of inversions in 7. We prove a weak law of large num-
bers for the length of the longest common subsequences of two independent
permutations drawn from the Mallows measure, when ¢ is a function of n and
n(l —¢g) has limitin R as n — oo.

1. Introduction.

1.1. Background. The longest common subsequence (LCS) problem is a clas-
sical problem which has application in fields such as molecular biology [see, e.g.,
Pevzner (2000)], data comparison and software version control. Most previous
works on the LCS problem are focused on the case when the strings are gener-
ated uniformly at random from a given alphabet. Notably, Chvétal and Sankoff
(1975) proved that the expected length of the LCS of two random k-ary sequences
of length n when normalized by n converges to a constant y,. Since then, various
endeavors [Dancik (1994), Dancik and Paterson (1995), Deken (1979), Lueker
(2009)] have been made to determine the value of y,. The exact values of y; are
still unknown. The known lower and upper bounds Lueker (2009) for y» are

0.788071 < y» < 0.826280.

In contrast to the LCS of two random strings, the LCS of two permutations is
well connected to the longest increasing subsequence (LIS) problem [cf. Propo-
sition 3.1 in Houdré and Islak (2014)]. This can be seen from the following two
facts:

e For any m € S, the length of the LCS of 7 and the identity in S, is equal to the
length of the LIS of x.

e For any 7, T € §,, the length of the LCS of 7 and t is equal to the length of the
LCS of ! o 7 and the identity in S,,.
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From the above two properties, it is easily seen that, if 77, T are independent and
either 7 or t is uniformly distributed on S, the length of the LCS of 7 and t has
the same distribution as the length of the LIS of a uniformly random permutation.
The length of the LIS of a uniformly random permutation has been well stud-
ied with major contributions from Hammersley (1972), Logan and Shepp (1977),
Kerov and Vershik (1977) and culminating with the groundbreaking work of Baik,
Deift and Johansson (1999) who prove that, under proper scaling, the length of the
LIS converges to the Tracy—Widom distribution. Therefore, the length of the LCS
of two permutations is only of interest when both permutations are nonuniformly
distributed. In this paper, we study the length of the LCS of two independent per-
mutations drawn from the Mallows measure.

DEFINITION 1.1. Given 7 € S, the inversion set of 7 is defined by
Inv(m) :={G, j):1<i<j<nandn(i) > 7(j)},

and the inversion number of 7, denoted by /(ir), is defined to be the cardinality of
Inv().

The Mallows measure on S, is introduced by Mallows in Mallows (1957). For
q > 0, the (n, g)—Mallows measure on S, is given by
ql ()
Znyg

Mn,q ()= >
where Z,, , is the normalizing constant. In other words, under the Mallows mea-
sure with parameter ¢ > 0, the probability of a permutation 7 is proportional to
¢'" . The Mallows measure has been used in modeling ranked and partially ranked
data [see, e.g., Critchlow (1985), Fligner and Verducci (1993), Marden (1995)].

DEFINITION 1.2. For any 7, T € §,, define the length of the longest common
subsequence of 7 and t as follows:

LCS(m,7):=max(m:3ij <---<impand j; <--- < jn

such that 7 (ix) = t(ji) for all k € [m]).

Given the close connection of the LCS of two permutations and the LIS prob-
lem, to prove our results, we are able to make use of the techniques developed in
Bhatnagar and Peled (2015), Mueller and Starr (2013) in which weak laws of large
numbers of the length of the LIS of permutation under the Mallows measure have
been proven for different regimes of ¢g.
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1.2. Results. Before stating the main theorem, we introduce the following
lemma proved in Jin (2017), which shows the convergence of the empirical mea-
sure of a collection of random points defined by two independent Mallows permu-
tations.

LEMMA 1.3.  Suppose that {q,}° | and {q;};° | are two sequences such that
lim,— oo n(1 — gn) = B and lim,_, oo n(1 — q,) =y, with B, y € R. Let P, denote
the probability measure on Sy x Sy such that P, (7w, T)) = pn.q, () - thn.q/ (T), that
is, P, is the product measure of 4, and Mn.q),- Forany R = (x1, x2] X (y1, y2]1 C
[0, 1] x [0, 1], we have

M) nlggopn( L (B2 22) - [ o ydxay >e)=o,
for any ¢ > 0, with
1
@) p(x,y):=/0 w1, ) - ult,y. y)d,
where
B ) (B/2) sinh(8/2)

(eP/4cosh(B[x — y1/2) — e=B/4 cosh(B[x + y — 11/2))?’
for B#£0,and u(x,y,0):=1.

The density u(x, y, #) in (3), obtained by Starr (2009), is the limiting distribu-
tion of the empirical measure induced by Mallows permutation when the parame-
ters g, satisfy that lim,_, oo n(1 — g,) = B. The limiting distribution of the points
of a random permutation is known as a permuton [cf. Hoppen et al. (2013)] and
has recently been studied in the context of finding the limiting distribution of per-
mutation statistics such as cycle lengths [Mukherjee et al. (2016)] and certain limit
shapes of permutations with fixed pattern densities [Kenyon et al. (2015)].

The main result of this paper is a weak law of large numbers of the LCS of two
permutations drawn independently from the Mallows measure. The first observa-
tion, which is proved in Corollary 2.4, is that the length of LCS of two permutations
7 and t is equal to the length of the longest increasing points in the collection of

points:
zr el = {(%l(l) #)Lem]'

At a high level, our proof follows the approach of Deuschel and Zeitouni (1995)
who showed weak laws for the LIS of i.i.d. points drawn according to some density
in a box. They partition the box into a grid of smaller boxes whose size is chosen
to be such that the distribution of points within them is close to uniform. The weak
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law for the LIS of uniformly random permutations [Kerov and Vershik (1977)] can
be applied to points in these boxes to estimate the number of increasing points in
the neighborhood of any increasing path. In our case, this approach fails because
the points in the box are no longer i.i.d.

Indeed, in a prior work, Mueller and Starr (2013) applied Deuschel and
Zeitouni’s approach to show a weak law for the LIS of a Mallows permutation,
where due to properties of the Mallows measure, the permutation induced by the
points in a smaller box is also Mallows distributed. They coupled the distribution of
points to two i.i.d. point processes to overcome this problem. In our case, this does
not seem to be applicable directly, since the induced permutation by the points in
a box is no longer Mallows or the product of independent Mallows permutations.
We follow a different approach. We prove a combinatorial fact using the properties
of the weak Bruhat order to say that the distribution of the LIS of points in a small
box can be stochastically bounded between the LIS and the LDS of a Mallows per-
mutation restricted to a certain fixed set of indices. In their work, Mueller and Starr
derived estimates on the LIS of a Mallows permutation in a small box; however,
we cannot use these estimates directly because of the restriction to an arbitrary set
of indices. To overcome this, we generalize their estimates to the LIS of a Mallows
permutation restricted to an arbitrary set of indices. Our argument recovers their
result for small enough B8 (which is the relevant case) and gives a slightly more
streamlined proof.

Specifically, we establish two results to apply the approach above. The first
result, deduced from Lemma 1.3, is that the number of points z@~ Lt con-
tained in any fixed rectangle, when divided by the size of the permutation, con-
verges in probability to a constant. The second result, proved in Lemma 4.4, is
that the length of the longest increasing points in z( —!, T™!) within a small box
R is close to the size of the LIS in the uniform case, that is, it is approximately

2\/|Z(7T_1, 7—1) N R|. The main theorem is the following.

THEOREM 1.4. Let B 1/ denote the set of nondecreasing, Cé functions ¢ :

[0,1] — [0, 1], with ¢(0) =0 and ¢ (1) = 1, where Cg denotes the set of func-
tions which have bounded and continuous first-order derivative. Define function
J: Bl/, — R,

1 . -
J(9) ::./0 VO p(x,p(x))dx and J:= sup J (),

1
qbeB/,

where p(x, y) is the density defined in (2) and ¢ denotes the derivative of ¢. Under
the same conditions as in Lemma 1.3, for any € > 0, we have

LCS(m, 1)
N

n— 00

4) lim Pn<

—2j‘<8)=1.
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Finally, we derive the limiting constant in the special case when g = y.

COROLLARY 1.5.  Suppose that {q,}°.| and {q,}°2, are two sequences such

that limy,_, oo n(1 — q,) = limu— 0o n(1 — q,) = B with B # 0. Then the constant J
in Theorem 1.4 is given by

. B !
J= m/{) \/Cosh(ﬂ/Z)—i-ZCOSh(,B[ZX—1]/2)dx-

2. Reducing the LCS problem to the LIS problem.

DEFINITION 2.1.  Given a set of points in R2: 7z = {z1,22,...,2n}, Where z; =
(xi, yi) € R2, we say that (z;,, z;,, ..., Zi,,) 1S an increasing subsequence if
Xi; < Xijyps Yij < Vi1 j=1...,m—1.

In the above, we do not require i; < i;41. Let LIS(z) denote the length of the
longest increasing subsequence of z.

DEFINITION 2.2. Given a = (ay,...,a,) € R*, b = (by,...,b,) € R", we
say that ((a;,, bi,), (ai,, biy), ..., (ai,. bi,)) is an increasing subsequence between
a and b if

a,-j<a,-j+], bij<bij+1, j=1,...,m—1.

In the above, we do not require i; < i;11. Let LIS(a, b) denote the length of
the longest increasing subsequence between a and b. Let LIS(a) := LIS(id, a),
LDS(a) := LIS(id", a), where id = (1,2, ...,n) denotes the identity in S, and
id" = (n, ..., 1) denotes the reversal of identity in S,. Hence LIS(a) is the length
of the longest increasing subsequence of @ and LDS(a) is the length of the longest
decreasing subsequence of a.

Note that Definition 2.2 allows us to define LIS (i, 7), the length of the longest
increasing subsequence of two permutations, by regarding 7 and t as vectors in
Z". We show that LCS(r, t) = LIS(x ~!, 7~ 1), which allows us to reduce the LCS
problem to an LIS problem.

LEMMA 2.3. Givenm,t € S,, we have
LCS(w,7) =LCS(c om,0 071), LIS(w,t) =LIS(r o0, T 0 0),
forany o € Sy,.
PROOF. Suppose (ay, az, ..., a;) is a common subsequence of 7 and 7, then
(o(a1),0(az),...,o(an)) is a common subsequence of ¢ o w and o o t. Hence

LCS(7,7) <LCS(0 o, 0 07) <LCS(0 ' oo o, 07 00 0 7) =LCS(r, 7).
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Similarly, suppose ((w(i1), t(i1)), (w(i2), T(i2)),..., (@(in), T(im))) is an in-
creasing subsequence between 7 and 7, then ((m o o (i}), T o o (i})), (7w o
o(i5),t o0 (iy)),...,(woo(i,), 7 oo(i,))) is an increasing subsequence be-
tween 7w o o and T o o, where i,i = o~ !(ix) for k € [m]. Hence

LIS(7,7) <LIS(T 00,7 00) <LIS(r oo 0oc!, 700007 ") =LIS(x, 7). O
COROLLARY 2.4. Foranym,t € S,, LCS(rr, 1) =LIS(x !, 7 1).

PROOF. By the previous lemma, we have
LCS(, 7) =LCS(id, 7' o 1) = LIS(id, 7 ' o 7) = LIS(z !, 7 71).
In the second equality, we use the following trivial fact:
LCS(id, m) = LIS(r) = LIS(id, ). O

3. Weak Bruhat order. Before introducing the weak Bruhat order, we make
the following definition.

DEFINITION 3.1. Givenw € S, and @ = (a1, ay, ..., ar), where a; € [n] and
ar<ay <---<ag,letm(a) = r(ar), n(a), ..., n(a;)). Let T, € Sk denote the
permutation induced by m(a), that is, 7, (i) = j if w(a;) is the jth smallest term
in 77 (a).

Lemma 4.4 says that the LIS of the points {(#, %)}ie[n] that fall in a small
box is close to the uniform case. Let @ = (ay, ..., ar) be an increasing sequence
of indices with a; € [n]. To prove Lemma 4.4, we will show that there exists a
coupling of permutations (X, Y, X', X”), where X, X’ and X" are distributed ac-
cording to w,,4 and Y is independent of X with an arbitrary distribution on S,,.
Under this coupling, LIS(X,, Y,) will be bounded by LIS(X/,) and LDS(X). The
main tool that we use to construct the coupling is the weak Bruhat order on §,,.

Recall that for a permutation 7 € S, [(;r) denotes the number of inversions of
m and Inv(7r) denotes the set of inversions of 7 as defined in Definition 1.1. Let
(i, j) denote the transposition in S, and s; := (i, + 1) the adjacent transposition
in S,.

DEFINITION 3.2. The left weak Bruhat order (S,, <) is defined as the tran-
sitive closure of the relations

T<.T ift=s;omandI(t)=1(7)+ 1.

We are multiplying permutations right-to-left. For instance, s, o 2413 = 3412.
The right weak Bruhat order (S,,, <g) is defined in the same way except that the
covering relationship is givenby t =7 os; and I[(7) =[(w) + 1.

One characterization of the left weak order is the following proposition [cf.
Abello (1991)]. We provide its proof here for the completeness of the paper.
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PROPOSITION 3.3.

m<pt ifandonlyif Inv(r) CInv(t).

PROOF. Suppose t covers =, thatis, s; omr =171 and /() + 1 =1I(7). It is
easy to see that Inv(t) = Inv(w) U {(x=1G), w71 + 1))}. For arbitrary 7 and 7,
m <r t implies that there exists a sequence of permutations {0y, ..., o} such that
oi+1 covers 0; and m = 0g <p --- <p or = 1. Hence = <p t implies Inv(w) C
Inv(t). On the other hand, given Inv(;r) C Inv(t), to show m <y 7 it suffices to
show that there exists an adjacent transposition s; such that Inv(sr) C Inv(s; o 7) C
Inv(t). Let k be the smallest i such that 71 (i) #+ 771(). Let j= 7~ Y(k) and
h=1t(j). Since h > k > 1, define j' = =Y h = 1). By the choice of k, we have
7(j") > k. It follows that j < j’, since otherwise (j’, j) € Inv(w) and (j', j) ¢
Inv(t). Therefore, we have Inv(w) C Inv(sp—; o 7) CInv(r). U

LEMMA 3.4. Given m,7 € Sy with w <p 1, foranyn >k, 0<q <1 and
increasing indices a = (a1, az, ..., ar) with a; € [n], there exists a coupling (X, Y)
such that X ~ g, Y ~ g and

LIS(X4, ) > LIS(Yq, 7).

PrOOF. First, we claim that it suffices to show the case when © covers 7 in
(Sk, <p), thatis, [(t) =I(wr)+ 1 and T = s; o w for some i € [k — 1]. The claim
can be shown by induction on the Kendall’s tau distance of 7 and , that is, the
minimum number of adjacent transpositions multiplied to = from the left to get 7.
Suppose we have m <y 0 <y t in S; with () < [l(0) < [(7). By the induction
hypothesis, there exist two couplings (X, Y) and (Y’, Z), which are not necessarily
defined in the same probability space, such that X, Y, Y’, Z have the same marginal
distribution u, 4 and

(5) LIS(Xq,7m) > LIS(Y,,0),  LIS(Y),0) > LIS(Z,, 7).
We can construct a new coupling (X', Z’) as follows:

(1) Sample a permutation & € S, according to the distribution 1, 4.

(2) Sample X’ according to the induced distribution on S,, by the first coupling
(X,Y) conditioned on Y =&.

(3) Sample Z’ according to the induced distribution on S,, by the second cou-
pling (Y’, Z) conditioned on Y' = &.

By the law of total probability, it is easily seen that X" ~ 1, , and Z" ~ ,, 4. Also,
regardless of which permutation & being sampled in the first step, by (5), we have

LIS(X,,, ) > LIS(&,, o) > LIS(Z,, 7).
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In the remainder of the proof, we assume v =s; o w and I(r) = [(7) + 1. Note
that, for any o € §,,,

(6) oo(i,j)= (o), 0(j))oo, oa o (i, ) = (00 (ai,aj)),.

Let r = a,-1;y and t = ag-141). Since I(t) = () + 1, we have 7~1(i) <
7 Wi+ 1);thusr <t.LetA:={{o,00(r,1)}:0 €S, and o (r) < o (1)}. Clearly,
A is a partition of S,,. Then we construct the coupling (X, Y) as follows:

(I) Choose a set in A according to measure (4, that is, the set {0, 0 o (r, 1)}
is chosen with probability w4, ({0, 0 o (r,1)}).
(2) Suppose the set {0, o o (r, 1)}, with o (r) < o (), is chosen in the first step.

Flip a coin with probability of heads being
B ql(a) _ ql(ao(r,t))
= glo) 4 gllootr)”

P

Note that the probability of heads p is nonnegative because we have 0 < g <1 and
the following fact:

i<j and o(@)<o(j) = Ilo)<l(oo(,}))) Yo € S,.

(3) If the outcome is heads, thenweset X =Y =o.
(4) If the outcome is tails, then with equal probability, we set either X = o,
Y=0co(@t)or X=00(rt),Y =0.

It can be verified that (X, Y) thus defined has the correct marginal distribution
n,qg. In the following, we show that

(7) LIS(Xg o™ 1) > LIS(Y, 0 t7Y).

Then the lemma follows by Lemma 2.3 because
LIS(X4 oY) = LIS(X4 o 7', id) = LIS(X4, ),
LIS(Y, 077 Y) = LIS(Y, 0 7!, id) = LIS(Y,, 7).

Suppose the set {o, 0 o (r, )}, with o (r) < o (¢), is chosen in the first step. If the
outcome in the second step is tails, we verify that X, o 7~ = ¥, o 7~!. When
X=0,Y=0o0(rt),by(6), we have

Xa o ! =04 on_l,

Yaor_1=(ao(r,t))aon_los,~

=(oo(r1),0 (n_l(i), a6+ D)o !
=(oo(r,t)o(r,1)), o}

=0q4 o L.
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When X =0 o (r,t), Y =0, again by (6), we have

Xa o 1= (0 o (r,t))a or ™!

=00 (@), n i+ 1))or!
=O'a07T_lOSi,

y -1 _ -1 _ .

@OT  =04q07  OSj.

If the outcome in the second step is heads, we have

1

Xaon_1=oaon_ and Yaot_1=oaorr_los,-.

Since o (r) < o(¢), that is, 0 (az-1(;)) <0 (az-1(11)), Wwe have og o 7 i) <040
771 +1). Hence Y, o 7! covers X4 0o 7~ in (Sk, <g). (7) follows. O

REMARK. A special case of Lemma 3.4 is when k = n, in which the only
choice for a is the vector (1,2, ...,n) whence X, =X, Y, =Y.

In Lemma 3.6, we prove a similar result for the case when g > 1, using the
following property of Mallows permutations [cf. Lemma 2.2 in Bhatnagar and
Peled (2015)].

PROPOSITION 3.5. Foranyn >1and q >0, if 1 ~ g then 1" ~ 1y 1/4
and ! ~ Mg -

LEMMA 3.6. Given m,t € S withw <p t, for anyn >k, q > 1 and increas-
ing indices a = (a1, aa, ..., ax) with a; € [n], there exists a coupling (X,Y) such
that X ~ pp.q, Y ~ pn,q and

LIS(X,4, ) <LIS(Y,, 1).
PROOF. Given & € §,, recall that 7" denote the reversal of . For any 7 € S,,,
we have Inv(n”) ={(,j): 1 <i<j<nand(n+1—jn+1—1i)¢Inv(m)}.

Hence m <; t implies t" <; 7”. By Lemma 3.4, there exists a coupling (U, V)
such that U ~ uy, 174, V ~ tn,1/4 and

LIS(Uy, ") < LIS(Vyr, T),

where a’ = (ay, ..., a;) witha =n + 1 — agy1—;. Define (X,Y) := (U", V"). By
Proposition 3.5, X ~ . 4, Y ~ wy, 4. Moreover, we have

LIS(Xq, ) = LIS((Xq)", #") = LIS((X") , 7") = LIS (Uy', ©")
<LIS(Vy, 7") = LIS((Y") » T") = LIS((Ya)", T")
= LIS(Yy, 7). O
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LEMMA 3.7. Given increasing indices a = (a1, as, ..., ax) with a; € [n], for
any 0 < g <1 and any distribution v on S, there exists a coupling (X, Y, Z) such
that the following holds:

(@) X and Y are independent.
) X ~ung, Y ~vand Z ~ i, 4.
(c) LIS(X4, Y) <LIS(Z,).

PROOF. Let id; denote the identity in Si. By the definition of weak Bruhat
order, for any & € S, we have id; <; &. Hence, given & € S;, by Lemma 3.4,
there exists a coupling (U, V) such that U ~ py,4, V ~ g and LIS(Ug, &) <
LIS(Vy, idy) = LIS(V,). Then we construct the coupling (X, Y, Z) as follows:

e Sample Y according to the distribution v.
e Conditioned on Y = &, (X, Z) has the same distribution as (U, V) defined
above.

First, we point out that X and Y are independent. Since whatever value Y takes,
the conditional distribution of X is w, 4. Moreover, it can be seen that X, Y and
Z thus defined have the correct marginal distributions. Finally, (c) holds by the
construction of the coupling. [

We can prove a similar result for the case when g > 1.

LEMMA 3.8. Given a = (ay,ay,...,ar), where a; < --- < ay and a; € [n],
for any q > 1 and any distribution v on Sk, there exists a coupling (X, Y, Z) such
that the following holds:

(@) X and Y are independent.
b) X ~upg, Y ~vand Z ~ py 4.
(¢) LIS(X,4,Y) > LIS(Z,).

PROOF. The lemma follows by the same argument as in the proof of
Lemma 3.7 except that here we use Lemma 3.6 instead of Lemma 3.4. [

LEMMA 3.9. Given a = (ay,ay,...,ar), where a; < --- < ax and a; € [n].
Definea:=mn+1—ag,n+1—ay_1,...,n+1—ay). Forany 0 <q <1 and
any distribution v on S, there exists a coupling (X, Y, Z) such that the following
holds:

(@) X and Y are independent.
b) X ~pung, Y ~vand Z ~ /4.
(¢) LIS(X,,Y) > LIS(Z3).

PROOF. Recall that 7" denotes the reversal of 7. If # ~ v, we use v" to denote
the distribution of 7”. Clearly, v = (v")". By Lemma 3.8, there exists a coupling
(U, V, Z) such that:
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e U and V are independent.
o U~pni/q, V~ v and Z ~ Mn,1/q-
e LIS(Uz, V) = LIS(Z3).

Define X :=U" and Y := V". We have
LIS(Uz, V) =LIS({(Ua (), V(z))}ie[k])
=LIS({((Wa)" (D), V")) };cpy)
=LIS({((U")g ), V" D)} iepp)
= LIS({(Xa (D), Y(l))}ie[k])
=LIS(Xq, Y). O
4. Proof of Theorem 1.4. We start this section by introducing the follow-
ing lemma which is analogous to Corollary 4.3 in Mueller and Starr (2013). That
result shows that the LIS of a Mallows distributed permutation scaled by n~1/2
can be bounded within the interval (2¢~1#1/2 2¢!81/2) We postpone the proof of
Lemma 4.2 to the end of this paper.
DEFINITION 4.1.  For any positive integer n and m € [n], define
Q(n,m) :={(b1,b,...,by) :b; € [n] and b; < b;, for all i}.
LEMMA 4.2. Suppose that {q,}.>, is a sequence such that g, > 0 and

lim, 0on(1 — q,) = B with |B| < In2. For any sequence {k,};°, such that
k, € [n] and lim,,_, 50 k;;, = 00, we have

< LIS(mp) 1Bl 18]
TeS,:

lim max
00 be @k L

forany ¢ > 0.
4.1. The scale of LIS(r, t) within a rectangle. We introduce the following

way to sample a permutation according to i, , which will be used in the proofs.
Given ¢ = (c1,¢2, ..., Cpm), Where ¢; € ZT and Y7 ¢i =n, define

k
do:=0, di:=) ¢  Vke[m],

A(e) :={(A1, Az, ..., Ap) : {Ai}iepm is a partition of [n], |A;| = ¢;}.

Given (A1, ..., Ap) € A(c), define the inversion number of (A, ..., A,,) as fol-
lows:

=|{(x, y) : x <y and there exists i > j such that x € A;, y € Aj}|.
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Let a; be the vector which consists of the numbers in A; in increasing order. There
exists a bijection f. between S, and A(c) x S¢; X S¢, X --- xS, such that, for

Cm

any T € S, fe(m) =((A1,Ag, ..., Ap), T1, T2, ..., Tyy) if and only if
(G :jeAiy={di-1+ 1, dic1 +2,....4d;}, TTa;, = T Yi € [m].

In other words, set A; consists of those indices j such that 7 (j) € [di—1 + 1, d;]
and t; denotes the relative ordering of {d;_1 + 1,...,d;} in w. For exam-
ple, given (A, A>, A3) = ({1,5,6},{2,4,9},{3,7,8}) and 71 = (1,3,2), 1o =
(2,3,1), 13 = (3,2, 1), the corresponding permutation 7 under the bijection f,
is (1,5,9,6, 3,2,8,7,4). From the definition above, it is not hard to see that the
following relation holds:

(8) I(m) =1((A1, Az, ..., Aw)) + D _L(T).
i=1

Define the random variable X, which takes value in A(c) such that
P(Xe = (A1, Az, ..., Ap)) o< g (A1 A2 Am)),

Independent of X, let Y1, Y», ..., Y, be independent random variables such that,
forany i € [m], Y; ~ ;4. Define Z := fcfl(Xc, Y1,Yo,...,Yy). By (8), we have
Z ~ iy, g, SINCE

P(Z =7) xq'™.

As our last step in preparation for the proof of Lemma 4.4, we introduce the
following elementary result in analysis.

LEMMA 4.3.  Suppose {B;}2, is a partition of N, that is, ;2 B; =N and
Bi N Bj = &,Vi # j. Moreover, each B; is a finite nonempty set. Given a sequence
{x:}72,, if lim, 00 Xp, = a, for any sequence {b;}7°, with b; € B;, then we have

PROOF. We prove the lemma by contradiction. Suppose lim,—, s, X, = a does
not hold. Then there exists ¢ > 0 and a subsequence {x,; it} such that x,; ¢
(a—e&,a+e¢)forall j. We can construct a sequence {b; }7°, with b; € B;, such that
xp; ¢ (a — €, a+ ¢) infinitely often. Specifically, we define the sequence {b;}{° as
follows. For each i, if there exists an n; € B;, let b; = n; otherwise, let b; be the
smallest number in B;. Thus, we get the contradiction. [l

For any &, 7 € §,, define z(r, 7) := {(@, %)}ie[n]. Given a rectangle R C
[0, 1] x [0, 1], let [g (;r, T) denote the length of the longest increasing subsequence
of z(m, ) within R. The following lemma addresses the size of the LIS in in a
small rectangle and this result will be the most crucial building block in the proof

of Theorem 1.4.
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LEMMA 4.4. Let R = (x1,x2] x (31, 2] C [0, 1] x [0, 1]. Under the same
conditions as in Lemma 1.3, if Ax|B| <In2, we have

: IROLT) (5, ~axlBl/2 Ax|B1/2 _
(9) nll)ngo]P)n (W € (2€ —&,2e +8)> =1,

for any € > 0, where p(R) := [[p p(x,y)dx dy and Ax :=x; — x.

PROOF. To simplify the proof, we divide the lemma into the following three
cases:

Case 1: 8> 0or 8 =0and g, <1 when n is sufficiently large.
Case 2: B <0or 8 =0and g, > 1 when n is sufficiently large.
Case 3: g=0.

First, Case 3 follows from Case 1 and Case 2 because if lim,_, o n(1 — g,) =0,
we can divide the sequence {g,};> , into two disjoint subsequences such that one
of them falls into Case 1 and the other falls into Case 2.

Next, we argue that Case 2 follows from Case 1. If & ~ w, 4, by Propo-
sition 3.5, we have " ~ , 1/4. Since lim, ,on(l — g,) = B € R, we have

lim,,_, ~ g, = 1. Hence
Jim (1 —1/gy) = lim n(gn — 1)/qn = —B.

Therefore, Case 2 follows from Case 1 by considering the reversal of = and 7 in
(9). Specifically, if 7 ~ wy 4, and T ~ Mn,q! > after reversing, we have 7" ~ 1, 1/,
and " ~ ,1/4 and the n points induced by 7 and 7 do not change, that is,
z(w, 7y =z(@", 1").

To prove Case 1, in the following, we assume x1, y; > 0 and x3, y» < 1. The
proofs for the cases when xy =0 or yy =0 or x =1 or y, =1 are similar. Let
x3 = y3 = 1. Given n € N, we will sample (r, 7) according to P,, by the method
introduced before Lemma 4.3. Define

dn,i = Lnxij, Cn,i = dn,,' —dp,i—1 fOI‘i = 1,2, 3,
dy ;= |nyil, cpii=dy;—dy,_;  fori=1,2,3,

where we assume that d;, o = dr/; o = 0. Then it is trivial that

’

di = H] € n]: % e (o,x,-]}

, cn,zz’{jE[n]:i‘E(m,xz]}

dy ;= HJ elnl:L e, yi]}
n

; C;,ZZ’{je[n]:ie(yl,yz]”.

=x,Vx e R, it follows that lim,_, o % = x;. Hence

Lnx]
n

Since lim,,_, o

(10) lim %2

=xp — x1 = AX.
n—>x n
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Next, for any nonnegative integer i, define B; := {n € N : ¢, » = i}. Clearly,
{B;}:2, thus defined is a partition of N and we show that each B; is a nonempty
finite set. Since, by (10), lim,_, , ¢;,2 = 00, we conclude that each B; is a finite
set. From the definition of dj, ;, it is easily seen that the sequence {d} 1} is nonde-
creasing and the increment of consecutive terms is either O or 1. The same is true
for the sequence {d, »}. Hence we have

lcnt1,2 — cn2l = |dug12 — dn2 — (dngr1, —dn,1)| < 1.
Since ¢ 2 € By and lim,_, », ¢,4,2 = 00, the inequality above guarantees that each
B; is nonempty. Next, define ¢, := (¢p,1,Cn,2,¢n,3) and ¢}, := (c;’l,c;,z,c;m).
Define X, which takes values in A(c,) such that
P(Xe, = (A1, A2, A3)) o g, A1 424) V(A Ay, A3) € Alep).

Independently, define three independent random variables Y, 1, Y, 2, ¥, 3 such that
Yui ~ I, ;.q,- Independent of all the variables defined above, define Xe and
Y,;’l, Y, 5, Y, 5 in the same fashion. That is, X takes value in A(c),) with

]P’(X/ = (A}, Ab. A)) o (g) U424 (AL A, AL € A(c))

and Yn 1 n 2, Yr’l 5 are three independent random variables with Y,;J. ~ L

Define
T = fcf,l(ch, Y1, Yn2,Yn3), T:= chnl (Xe Vo1 Y00 Yy 3)

From the discussion before Lemma 4.3, it follows that (;r, ) thus defined has
distribution IP,,. Moreover, given X,, = (A1, A2, A3) and X = (A}, A}, A3), we
have

: (i) / . (i)
Azz{le[n]:Te(xl,xz]}, A2={l€[n]:7€(y1,y2]}-

/ ! .
cn,i’qn

Hence we have
(11 A20A5={ie[n]:<?,$)eR}.

Define M = |z(r, T) N R|, that is, M denotes the number of points {(”(’) t(’))}?:1
within R. Then, by (11), we have M =|A; N A’ |. Hence M only depends on the
values of X, and X/ and is independent of U,em{ nyis ¥y Y, ;}. Next, note that,
conditioning on X, = (A1, A2, A3) and X = (A}, A5, AY), [R(m, 7) is deter-
mined by Y, > and Y, ,. To see this, we first define a new function 7 as follows,
given any finite set A C Z and any a € A, define I (A, a) := k if a is the kth small-
est number in A. Suppose A N A2 ={aj}jemy with a; <ap < --- < apy. Define
be Q(cp2, M)and b € Q(C;I,z’ M) by

= (I(A2,a1), 1(A2,a2), ..., (A2, an)),

(12) , / / /
b :=(1(A5, a1), 1(AS, a2), ..., (A5, an)).
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Note that b and b’ are determined by A, and A’Z. Then we have

(13) Ir(w, T) =LIS((Yn,2)p. Yy 5)y)-

Indeed, conditioning on X, = (A1, A2, A3), we know that {w(i) :i € Ay} =
{dn1+1,dy1+2,...,dy2}. And the value of Y, » determines the relative or-
dering of 7 (i) for those i € A,. Similarly, the value of Y,;’z determines the relative
ordering of 7 (i) for those i € A).

Now we are in the position to prove (9) for Case 1. From the discussion above
and Lemma 4.3, it suffices to show that, for any sequence {s,};° with s, € B,
that is, when ¢y, » = n, we have

. Ig(m,T) _A
14 lim Py [ ————= € (2e72P/2 — ¢, 2e2%P/2 4 ¢ ) =1,
(14) lim_ ( oy < )
for any &€ > 0. Note that by the definition of Py, in Lemma 1.3,  and t above are
of size s, with T ~ g, 4, T~ Us, 4

We separate the proof of (14) 1nto two parts. Specifically, we need to show that,
for any ¢ > 0,

(15) nlinéoPSn<% < 2e8%B12 4 s) =1,

and

(16) lim P <M > 2e MBI _ s) =1.
n—oo " m

Since {s,},>1 is a subsequence of {i};>0, lim,—« s, = 00. Hence, by (10) and
the fact that ¢5, » =n, we get

. n . Cs, .2
lim — = lim —&=

= Ax.
n—oo g, n—o00 g,

Thus,

. . n
(17) nlgréon(l _an)znllH;o ;sn(l —qs,) = Axp <In2.
To prove (15), for any ¢ > 0, we can choose ¢; > 0 sufficiently small such that
(18) (1 —e1)(2e2P/2 4 &) > 2e27P/2,
For this fixed &1, we can choose § > 0 such that

R
(19) ( ) >1—¢.
o(R)+48

Given n € N, define k, = [s,(p(R) + 8)]. Clearly, we have lim,_, 0 k;, = 00.
Hence, by Lemma 4.2, (17) and (18), there exists N1 > 0 such that, for any n > Ny,
we have

. LIS(np)
(20) pe N, Hng, (n €S, : T < (1 —gp)(2e2? 4 s)) >1—¢.
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Given b € Q(n, k), for any b’ which is a subsequence of b, we have LIS(np) >
LIS(ny). Thus we can make (20) stronger as follows:

. LIS(np) AxB/2
2D min l‘,;( €S, : <(1—g))(2e™P/ +8)>1—8,
beQ(n.kn) o\ " Vkn ( )

where Q(n, k,) = Uiek,) Q(n, i). Since lim,—, o s, = 00, we have
(22) Tim s,(1—g,)=p and  lim s,(1—q)=7.

Hence, by Lemma 1.3, there exists N> > 0 such that, for any n > N,, we have
|z(7, T) N R

Sn

(23) ]P’Sn< <p(R) —1—8) >1—e.

In the following, let E,, (A, A/Q) denote the event that the second entries of X,
and X,/ _are Az and A}, respectively. Let P denote the probability space on which

(Xey, s Y15 Y5, 2, ¥y, 3) and (Xc ,Y/ Y/ 2 Y 3) are defined. Then, for any
n > max(Ni, N2), we have

lR(T[,T) A 2
Pn<7<28 B/ +e)
" \V5u0(R)

Ir(m.7) ) / |

- |Azﬂ§’:<k <% <2607 46| Ey (42, A2)> x P(E, (A2, Ay))
21=Kn

- ¥ (LIS((Ys 2)bs (Y5 2p)

|A2F\A’ |<kn \/m

PN g> x P(E, (A2, A}))

LIS(1s) A2 ) /
Z|A A<k "q"’( Snp (R) <27 46 ) x P(En(A2, A))
20148,
LIS(np) o(R) Axp)2 >
g . 2 +
|A20A2|<kn,u qn(\/ (p(R) +9) = «/p(R)-i-(S( ¢ £)

x P(En (A2, A}))

=Y (T < 1)@ ) ) X B(E (42, 43)

Aondpl<k, Vhn
>(l—e)x Y P(Eq(A2, A)))
| AgNAL| <k,

=(1—¢) x Py, (|z(m, 1) N R| < ky)
=(1—¢) x Py, (|z(r,t) N R| <s,(p(R) +6))
> (1—¢)°.
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The first equality follows by (13) and the independence of (X, , X ) and
(Y5, 2, Y] 2) Note that b and b’ are determined by A, and A/ as in (12). The
second mequahty follows by Lemma 3.7, since Y, > and Y] _ are indepen-
dent with Y, 2 ~ Kn.qs, . The third inequality follows by (19) and the fact that
kn = |sn(p(R) +6)] < s,,(,o(R) + &). The fourth inequality follows by (21) and
the fact that the dimension of b equals to |[A> N A}|. The last inequality follows by
(23). Hence (15) follows.

The proof of (16) follows in a similar way as the proof of (15). First, by (17)
and the fact that lim,,_, o, g, = 1, we have

n(gs, — 1)

Sn

24) nlgrgon(l —1/qs,) =nlglgo =—Ax8 > —1In2.

For any € > 0, we can choose &1 > 0 sufficiently small such that
(25) (14 61)(2e™2P/2 —g) < 2¢=24P/2,

For this fixed &1, we can choose § > 0 such that

| P(R)

Given n € N, define k,, = [s,(p(R) — 8)]. Clearly, we have lim,_, « k], = 00.
Moreover, under conditions of Case 1, 1/g, > 1 for sufficiently large n. Hence, by
Lemma 4.2, (24) and (25), there exist N3 > 0 such that, for any n > N3, we have

. LIS(np) —AxB/2
(27) berer(lrlI}k;)un,l/an(neSn: N > (1 +&1)(2e 2/ —e)>>1—e.

Given b € Q(n,k},), for any b’ such that b is a subsequence of b’, we have
LIS(np) < LIS(n). Thus we can make (27) stronger as follows:

LIS(n75)
7

where Q(n, k) = Uk;é,-fn Q(n,i). By (22) and Lemma 1.3, there exists N4 > 0
such that, for any n > N4, we have

IEDsn(lz(ﬂ, T)NR]

Sn

(28) min - fp 1/g, (n €S, :

] >(1+81)(28_Ax’3/2—8)) >1—e¢,
bed(n.k))

29) 2,0(R)—5> >1—e¢.
Then, assuming the notation defined in the proof of (15), for any n > max (N3, Na),
we have

lR(T[, T) —A 2
P, <7 > D¢~ AB/2 _ s)
Vsnp(R)

lR(n’ ) —AxB/2 /
> IP’(— 20 2BI2 _¢|E,(Ay, A ) P(E,(As, A
|A2ﬂ%|>kn snp (R) o FIEn (A A ] B2 )
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LIS((Y, ,(Y! /
= > IP( (Fon2p, (s, 2)) >2e—Axﬂ/2—e) x P(En (A2, A))

AN A |2k, Vnp(R)
LIS(}]E) —AxB)2 /
= 2 Hnle, (— > 2e7 T — 8) x P(Ep (A2, A3))
IAzﬂA/2|2k;l \/m
LIS(n; ITen)
= Z Mn,1/qs, ( (771,) 3 > p(R) - (2e—Axﬂ/2 _ 8))
AN A} |k, Vsn(p(R®) =8~ /p(R) —
x P(En(A2, A3))
LIS(p7) N
= 2 “"»1/%”( \/k»,b > (1+61)(2e” 2/ —s))

|A2N AL =K},

x P(Eq(A2, 43))

>(1—e)x Y P(E, (A2, AY)
|A2NAL >k,

=(1—¢) x Py, (Jz(w, 1) N R| > k)
=(1—¢) x Py, (]z(mr, ) N R| > s, (p(R) — §))
> (1—¢).

The first equality follows by (13) and the independence of (X, , Xc»/Yn) and
(Y5, .2, Ys/mz). The second inequality follows by Lemma 3.9, since Yy, » and Ys/m2
are independent with Y5, 2 ~ wp 4, - The third inequality follows by (26) and the
fact that k;, = [s,(p(R) — 8)] > s,(p(R) — §8). The fourth inequality follows by
(28) and the fact that b has the same dimension as of  which equals to |[A> N A/zl.
The last inequality follows by (29). Hence, (16) follows and this completes the
proof of Lemma 4.4. [J

4.2. Deuschel and Zeitouni’s approach. The following lemma establishes a
certain degree of smoothness of the densities u and p defined in Lemma 1.3.

LEMMA 4.5. The density functions u(x, y, B) defined in (3) and p(x, y) de-
fined in (2) satisfy the following:

(@) e Bl <u(x,y, p) <elfl, e BI=IVl < p(x, y) < elPlFlV],

(b) u(x, y, ) € Gy, p(x,y) € Gy,

(c) max (15, 15%]) <[B!,

(d) max (1§21, 12D < (18] + Iy eI,

X

where (x,y) €0, 1] x [0, 1].
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PROOF. First, we show that e 1Al < u(x,y, ) <elfl forany 0 < x,y < 1.
Here, we assume 8 > 0. The proof for the case when B < 0 is similar. By (3), we
have

(B/2) sinh(B/2)
eP/4cosh(B[x — y1/2) — e~ P/4cosh(B[x + y — 1]/2))?

B Bef —1)
 (2eP/2cosh(B[x — y1/2) — 2cosh(B[x + y — 11/2))?
Since —1<x—y<land —-1<x+y—1<1, wehave

(31) 2eP12 < 2¢P/? cosh(Blx — y1/2) <ef +1,

u(x,y,B) = (
(30)

(32) 2 <2cosh(Blx +y —11/2) <eP/? +7P/2,

Since eP/? + e P/2 < 2¢P/2 from (31) and (32), we have

(33) eP/? — P2 <2¢P/? cosh(Blx — y1/2) —2cosh(Blx +y — 11/2) <ef —1.
By (30) and (33), it follows that

B Bef —1)
B <u(x,y,pB) =< (@Bl — B2y

(34)

It is easily verified that

P -

eﬁ—lze

Bl =1 _ 4
(eBI2 — e=B/2)2 =

By the inequality e* > 1 + x, the right-hand side of (35) and (36) hold. It follows
from (34) and the left-hand side of (35) and (36) that

(35) = eP>1-p,

(36) = (P-1)P-1-p)=0.

e_ﬁfu(x,y,ﬁ)feﬁ VO<x,y<l.
By the definition of p(x, y), it follows trivially that
e~ 1Bl=lyl fp(x,y)felﬁl""yl VO<x,y<l.

In Starr (2009), he shows that Z 4G — 58y, (x, y, ). Thus

> 1 /0Inu(x,y, 3d1nu(0, y,
(37) fou(t,y,,B)dt=ﬁ< “”(axyy A _ nu(ayy ﬂ))_

By direct calculation, we have u(1, y, 8) = %, u@©,y,p) =

Be Py

) 1—e 8"

we get %ly,y,,& = and %(;,y,m = —pB. By (37), it follows that
du(x, y, p)

(38) T=2ﬁu<x,y,ﬂ>(/oxu(r,y,ﬂ>dr— %)

Therefore,
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and

X 1
(39) | ey prar< [ uty.prae=1.

0 0
From (38) and (39), we get

du 18]

(40) y <|Blu(x,y,B) <|Ble"".
Since u(x, y, B) is uniformly continuous on [0, 1] x [0, 1], f(;c u(t,y, B)dt is also
continuous on [0, 1] x [0, 1]. Hence, by (38), g—; is bounded and continuous on

du Thus we have shown that

[0, 1] x [0, 1]. A similar argument can be made for 7+

u(x,y,B) € C} and
max( )5 |,8|e|'3|.

Next, since |W cu(t,y,y) <|Ble/!*1¥ forany 0 < x, v, < 1, by the dom-
inated convergence theorem, we have

1 1
0 0

u

ox

u

dy

’

ox 0x ox

Hence |g—§| < |Ble!PHIYl. Moreover, w -u(t,y,y) as a function of x, y, ¢ is
uniformly continuous on [0, 1] x [0, 1] x [0, 1]. Thus, by (41), g—;’ is continuous
on [0, 1] x [0, 1]. By a similar argument, it can be shown that g—g is continuous on
[0, 1] x [0, 1], and |§—’y)| < |yle!PIF17]. Therefore, p(x, y) € C} and

(52
ax | |—
0x

The next lemma shows that for any nondecreasing curve in the unit square,
in a strip of small width around it, with probability going to 1, there exists an
increasing subsequence whose length can be bounded from below. The proof of

Lemma 4.7 uses similar arguments as in the proof of Lemma 8 in Deuschel and
Zeitouni (1995). Before stating the lemma, we need the following notation.

’

p 1Bl+1y|
2|) =1+ ypertin -

DEFINITION 4.6. Let B » be the set of nondecreasing, right continuous func-
tions ¢ : [0, 1] — [0, 1]. For ¢ € B », we have ¢(x) = f(fqﬂ(t) dt + ¢ (x), where
¢s is singular and has a zero derivative almost everywhere. Let p(x,y) be the
density defined in (2). Define function J : B » — R,

1 . -
J(¢):=/(; VO p(x,¢(x))dx and J:= sup J(¢).

PEB »
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REMARK. By Theorems 3 and 4 in Deuschel and Zeitouni (1995), it follows
from Lemma 4.5(a) and (b), that

sup J(¢) = sup J(¢),
¢EB » ¢>eBl/,

where Bl/, is defined in Theorem 1.4. Hence we use the same notation J to denote
the supremum over B .

Given a function ¢ (x) and any § > 0, we say that a point (x, y) is in the §
neighborhood of ¢ if p(x) — 6 <y < p(x) + 6.

LEMMA 4.7. Under the same conditions as in Theorem 1.4, for any ¢ € Bl/
and any §, € > 0, define the event

: : (i) t(@)
E,:=1(t,1)€ S, xS, :3an increasing subsequence of { | —, —
n n ie[n]

which is wholly contained in the § neighborhood of ¢ (+)

and the length of which is greater than 2J (¢)(1 — 8)ﬁ}.

Then
Jim Py (Ey) = 1.
PROOF. Given §, ¢ > 0, fix an integer K. Let Ax := 1/K. Let x; :=iAx
and y; := ¢ (x;) for i € [K]. Let xg := 0, yp := 0. Define the rectangles R; :=

[xi—1,xi] x [yi—1, yi] for i € [K]. Since ¢ is in C,}, for any 0 < &’ < 1, we can
choose K large enough such that

(42)  max(y; — yi_1) <8, e AXIBIZ S g Ax|B| <1n2
4

(p(x,y) p(Xi,yi)) 1
43) max max max , <
i x,yeR; p(xi,yi)  plx,y) 1-¢
and
K
(44) S VPG y) 0 — yim)Ax > (1 - 8)J (@),

i=l

(43) follows from the uniform continuity of p(x, y) on [0, 1] x [0, 1] and the fact
that p(x, y) is bounded away from 0, which is proved in Lemma 4.5(a). (44) fol-
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lows since

K
Klgnoo;mx,-, ¥ = yio1)Ax
=

i — Yi—1

K
) y
J— 1 i . A
_Klm i:EI o (x; y,)x X

i i—1

=J(®),

where the last equality follows from the definition of Riemann integral, the mean
value theorem and the fact that ¢ € C g. Next, for any i € [K], define p(R;) :=
ffRi p(x,y)dxdy. By (43), we have

p(R;)
g = PO D0~ Yi-DAX.
Hence, for any i € [K], we have
Y
(45) IR (, 7) - I, (m, T)V/1 =36 '

2np (i, yi) i — yi—DAx T 2/np(R;)
By fixing the ¢ in Lemma 4.4 to be 2§’, we have

. lR'(T[’T) —A
46 lim P, [ 2222 > 2 xlﬁ'/2—25/)=1.
(#0) e n< n,O(Ri)> ¢
Moreover,
IR, (m,
,,( £ (7. 7) > (1268 1—5/)
2/np(xi, yi)(vi — yi—1)Ax
lR-(7T,'L') /
@7) > Pn(—’ . 25)
2/np(R;)
lR'(jT’ T) —A
>P (’7>2e xlﬂ'/2—25’).
"\Vnp(R)

The first inequality follows by (45), and the second inequality follows by (42),
since

2e” A2 28" > 2(1 — 8') — 28" =2(1 — 28').
Hence, by (46) and (47), we get
. IR, (1) /
(48) hm}P’( : > (1—-26 \/1—5/)=1,
=00 "\ 2/np(xi. yi) (i — yi—1)Ax ( )
for any i € [K]. Note that by concatenating the increasing subsequences of

{(@, #)}ie[n] in each R; we get a increasing subsequence in [0, 1] x [0, 1]
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which is wholly contained in a § neighborhood of ¢. Combining (44) and (48), it
follows that, with probability converging to 1 as n — oo, there exists an increasing

subsequence of {(%, %)}[e[n] in a 6 neighborhood of ¢ whose length is at least

K
> 20m(1 = 28T =8/ (xi y) 01 = i Ax > 2/n(1—=28) (1= 8) 27 ().
i=1

The lemma follows since we can choose 8" small enough in the first place such that
(1-28Y1=58): >1—¢. [

DEFINITION 4.8. Given K, L € N, define
Bir:={(bo,b1,...,bg) € ZXT :0=by<b; <--- <bx =KL —1}.
DEFINITION 4.9. Given K,L € N and b = (bo, by, ...,bg) € Bk, for
any i € [K], define the rectangle R; := ((i — 1)Ax,iAx] x (bj_1Ay, (b; +

1)Ay], where Ax := % and Ay := ﬁ Let M; := SUP(x,y)eR; p(x,y) and m; :=
inf(y yyer; p(x, y). Define

K
= /Mi(bi — by + DAxAY.
i=1

LEMMA 4.10.
K—oobeBg
L—o0

where J is defined in Definition 4.6.

PROOF. Let M be an upper bound of p(x, y). In the context of Definition 4.9,
let ¢p(x) be the piecewise linear function on [0, 1] such that ¢p(i Ax) = b; Ay,
i=0,1,..., K. From the two definitions above, we have

I~
T @) = [ Vs x)p(r. do) dx

K inx i
=Z/(. ha VB0 (x, ¢y () dx
i=1 U= Aax
bi —bi_1)A
_Z/l l)Ax\/%'p(x’¢b(x))dx

@

>i/mx \/(b,- —binAy
DI Ja-nax Ax !

(49)
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K
=3 \Jmithi —bi)AxAy
i=1

K K
>3 Mib; — b)) AxAy = 3 \J(M; — m) (b — bi—1) Ax Ay,
i=1 i=1

where the last inequality follows since «/a ++/b > v/a + b for any a, b > 0. More-
over,

K
> Mibi — bi-)AxAy
i=1

K
= JEE My = biot + DAxAy — [ Mi(bi — b)) AxAy)
i=1

_ KL ) M;AxAy
S b = UMb — bimy + DAXAY + /M; (b — bi_) AxAy
K .
(50) Z‘IbK’L_Z MleAy
= VMi(bi —bi—1 + ) AxAy

M;AxAy
=gyt Z
| VMiAxAy

> JbK’L - «/MZ\/AxAy
i=1

=t - %

Next, define
Dy (b) :={i € [K]: (bj — bi—1 + 1)Ay < V/Ax},
Dy(b) :={i € [K]: (b — bi—1 + 1) Ay > VAx}.

For i € D1(b), the height of R; is no greater than ~/Ax, and for i € Dy(b), the
height of R; is greater than v/ Ax. To bound the cardinality of D, (b), we have

|D2(B)|VAx < Y (bi —bimi + DAy

ieDy(b)

< Y. (bi—bi_1)Ay+|Dy(b)|Ay
ieDy(b)
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K
(51) <Y (bi —bi_1)Ay+ KAy
i=1

A

1+

N~ =

<2.

Given ¢ > 0, by the uniform continuity of p(x, y) on [0, 1] x [0, 1], there exists
Ko > 0 such that, for any K > K and any i € D (b), we have M; — m; < e, We
can also choose Ky sufficiently large such that, for any K > K,

(52) 2 M(Ax)6 <&

Thus, for any K > K, we have

K
> (M; —mi)(bi — bi_p) Ax Ay
i=1

< ¥ JeWi—binAxdy+ Y /MG —bio)AxAy

ieD;(b) ieD;(b)

K
(53) <Y Ji—bipAxAy+ Y. VMAx
i=1

ieD;(b)

K K
< eJ 3 Axl S (b —bim1) Ay + 2V M(Ax)s

i=1 i=1
<e+e,

where the second to last inequality follows by the Cauchy—Schwarz inequality and
(51). Let Ly := fSMﬂ- By combining (49), (50) and (53), we get, for any K > Ko,
L > Lo and any b,

VAR M ]
b = J(dp)+ ISJ(¢1;)+38§J+38,

where the last inequality follows from the fact that ¢, € B » and Definition 4.6.
g

DEFINITION 4.11. In the context of Definition 4.9, we call a sequence of
points (z1, ..., Zn,) With z; = (x;, y;) a b-increasing sequence if the following two
conditions are satisfied:

(a) (z1,...,2m) 18 an increasing sequence, that is, x; < x;41 and y; < y;4+ for
alli e [m —1].
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(b) Every point in the sequence is contained in some rectangle R; with j € [K].
In other words, (j — 1)Ax < x; < jAx implies b; 1Ay <y; < (bj + 1)Ay.

Given a collection of points z = {z;}ie[n], let LISp(z) denote the length of the
longest b-increasing subsequence of z. That is,

LISp(z) :=max{m : 3(i1,i2, ..., im)
such that (z;,, z;,, ..., Zi,,) 1S a b-increasing sequence}.
Note that we do not require i; < i;41 above.
LEMMA 4.12. Under the same conditions as in Lemma 1.3, for any 6 >

0, there exist Ko, Lo such that, for any K > Ky, L > Ly and any b =
(bo, b1, ...,bg) € Bky:

(54) lim Py, (LIS(z (7, 1)) > 2/n(J +8)) =0,

(@) @)

where z(, T) := {(%5,7, ) }iem]-

PROOF. Given é > 0, by Lemma 4.10, there exist K1, L1 > 0 such that, for
any K > Ky, L > L and any b = (bg, by, ...,bg) € Bxr, we have
)
JEL 42
b <J+ 2
Then we get
P, (LISp(z(7r, 7)) > 2¢/n(J 4 8)) < B, (LISp(z(7, 7)) > 2/n(J5F +8/2)).

Hence, to show (54), it suffices to show that there exists K7, L> such that, for any
K > K5, L > L, and any b,

(55) Tim P, (LIS (z(7, 7)) > 2v/n(J, "~ +58/2)) =0.

Given K, L > 0, whose values are to be determined, and any b € B, we inherit
all the notation introduced in Definition 4.9. Let [g, (7, T) denote the length of the
longest increasing subsequence of z(im, T) wholly contained in the rectangle R;.
For any i € [K], define

Ei(b):={(n,7) g, (7, 7) > Zﬁ(\/Mi(bi —bi_1+1)AxAy +35Ax/2)}.
Since LISy (z (7w, 7)) < YK | Iz (77, 7), we get

{LISp(z(m, 1)) > 2v/n (S +8/2)) ¢ | Ei®).
ie[K]
Hence, to show (55), it suffices to show

(56) lim P, (E;(®) =0  Vie[K].
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Let M := SUPg<y,y<I p(x,y). Since eAXIBI/Z _ 1 = ®@(Ax), there exists K > 0
such that, for any K > K;, we have

SAxipl2 _ gy VA

57 1—|—— and Ax|B| <In2.
(57) Wi 18]

Moreover, for any i € [K],

P, (Ei (b))
. <P, (zRi (7, 7) = 2/ny Mi(b; — bi1 + 1)AxAy<1 + 25%))
(IR (, f)>2\/in< 8\/;»

The first inequality follows since (b; —b;—1 + 1)Ay <1 and M; < M. The second
inequality follows since

Mi(bi — bio + DAxAy = [ pxy)dedy=p(Ry).
Hence, combining (57), (58) and Lemma 4.4, we get, for any K > K>, L > 0 and
any b,

nli)rroloIPn(E,-(b)) =0 Vi € [K].
Thus, (56) as well as the lemma follow. [
PROOF OF THEOREM 1.4. By Proposition 3.5, if 7 ~ i, 4, 7! has the same
distribution i, 4. Hence, if (77, ) ~ pn,g X tn g’ (r~1, =) has the same distri-

bution w4 X Wy 4. Note that LIS(w, T) = LIS(z (7, 7)). Thus, by Corollary 2.4,
to prove Theorem 1.4, it suffices to show

LIS , -
(59) lim PH<M—2J'<8>=1,
n— 00 ﬁ
for any & > 0. By Lemma 4.7 and the definition of J, we have
LIS , -
(60) ngrgoPH<M >2J - e> =1

Jn
To show the upper bound in (59), note that, for any K, L > 0 and any increasing
sequence of points {(x;, y;)}jen With0 < x;, y; < 1, there exists a choice of b =
(by, b, ..., by ) suchthat {(xj, yj)} e is a b’ - increasing sequence. Specifically,

we can define b’ as follows. Let Ax := % Ay := L

L
e Define b(,:=0, by := KL — 1.
e Fori € [K — 1], define b} := [max{y; : (i — )Ax <x; <iAx}-KL]|.
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It can be easily verified that with " thus defined, every point (x;, y;) is in some
rectangle R;, where R; is defined in Definition 4.9. Hence we get

p (LIS(Z(T[, 7))
N\

61) =Py max (LIS (z(r. ) > V(2] +¢)

beBk

>2j+8>

< > Pu(LISp(z(m, 1)) > /n(2J +¢)).

bGBKL

By Lemma 4.12, we can choose K, L sufficiently large such that, forany b € Bk,
nlggo P, (LISp(z(rr, 7)) > /n(2J +¢)) =

Hence, by (61) and the fact that the number of different choices of b is bounded
above by (K L)X, we have

(62) lim P,

n—oo

(LIS(Z(JT, 7))
NG
and (59) follows from (60) and (62). [

>2J_+8)=O,

4.3. Solving J when 8 =y. The following lemma lets us solve for the supre-
mum J when the underlying density p(x, y) satisfies ,o(x+y x+y ) > p(x, y).

LEMMA 4.13. Given a density p(x,y) on [0,1] x [0, 1] such that p(x,y)
is Cb and ¢ < p(x,y) < C for some C,c >0, if p(x,y) < ,o(x+y x+y)f0r any
0<ux,y <1, then we have

1
f:/ Vo, x)dx,
0

that is, the supremum of J(¢) on B » is attained for ¢ (x) = x.

PROOF. By the remark following Definition 4.6, it suffices to show that, for
any ¢ € B!,, we have

1
63) (@) < /O JpGrx)dx.

Define gg(x) := x + ¢ (x). Since é(x) > 0, we have 8¢ (x) > 1. Next, we reparam-
eterize ¢ (x) as follows:

_ &) _x+9()

) 2 2
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Thus, we have x = g; ' (2¢) and ¢ (x) =2t — x =2t — g (21) where ¢ € [0, 1].
Moreover, since gy (x) is strictly increasing, x is strictly increasing as a function
of ¢. Hence we have

(65) p(x,¢(x) = p(gy ' (20),2t — g5 (20)) < p(2,1),

where the last inequality follows since p (x, y) < p(5* X +y ). Next, by taking the
derivative with respect to ¢ on both sides of (64), we have

(66) 1=3(F+o0 %)
—2\ar TP )
By multiplying 2dx on both sides of (66), we get

L

Hence, by (65) and (67), we have
L
1) = /0 JoCp(x. () dx
1 - d
< [ Véwpa.n-ar

=/01 \/pa,z)(b(x)(i—f)zdr

Sfly/p(t,t)dt.
0

Therefore, J is attained for ¢ (x) =x. O

PROOF OF COROLLARY 1.5. Note that in the special case where 8 = y, the
density p(x, y) in (2) is given by

1
(68) p(x.y) :=f0 u(,t, ) - ult, y. B)dt.

In this case, we will show that p(x, y) < ,o(x+y x+y) forany 0 < x, y < 1. Hence,
by Lemma 4.5 and Lemma 4.13, J defined in Theorem 1.4 is attained when ¢ (x) =
x. In fact, by direct calculation, it can be shown that

y,t,ﬂ) -u(t, #ﬁ)

(69) urot,B)-u(t, v, B) Su<x+
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for any 0 < x, y,t < 1. By the definition of u(x, y, 8), we have

M(X,t, ﬂ) 'M(t,y,ﬁ)

_ (B/2) sinh(B/2)
~ (ePlAcosh(Bx —1]/2) — e=P/4cosh(Blx +1 — 1]/2))2
y (B/2) sinh(B/2)
(70) (ePl*cosh(B[r — y1/2) — e=P/4cosh(B[t + y — 11/2))?
_ Blef — 1)
= (2P cosh(Blx — 11/2) — 2cosh(Blx +1 — 11/2))2
Blef =1

y .
(2¢P/2 cosh(B[r — y1/2) — 2 cosh(Blt + y — 11/2))?

Considering the term inside the square of the denominator, by using the hyperbolic
trigonometric identities,

cosh(x) cosh(y) = (cosh(x + y) + cosh(x — y))/2,
cosh(x + y) = cosh(x) cosh(y) + sinh(x) sinh(y),
cosh(x — y) = cosh(x) cosh(y) — sinh(x) sinh(y),
we get
(2¢P/? cosh(Blx — 11/2) — 2cosh(Blx + 1 — 11/2))
x (2¢P/? cosh(B[t — y1/2) — 2cosh(Blr +y — 11/2))
= 2¢” (cosh(Blx — y1/2) + cosh(B[x + y — 2¢1/2))
(71) —2¢P/2(cosh(B[x + y — 11/2) + cosh(B[x — y — 2 + 11/2))
—2eP/%(cosh(Blx — y + 2t — 11/2) + cosh(BLx +y — 11/2))
+ 2(cosh(Blx + y + 2t — 2]/2) + cosh(B[x — y1/2))
=5+,

where S, denotes the sum of those terms in the above equation containing the
term x — y and S;" denotes the sum of those which contain the term x + y. After
further simplification using the identities above, we have

(72) S =2cosh(B[x — y1/2)(e? — 2¢P/? cosh(B[2r — 11/2) + 1).

It is easily seen that the minimum of eP —2eP/2 cosh(B[2t—1]/2)+1for0 <t <1
is attained when ¢t = 0, 1, and the minimum is 0. Hence, for any ¢ € [0, 1], S;
is minimized when x = y. Thus to prove (69), it suffices to show that S;" > 0,
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since S;” + S/ is the term inside the square of the denominator of (70). After
simplification, we have

S =2¢P (cosh(Blx 4 y — 11/2) cosh(B[21 — 11/2)
— sinh(B[x 4+ y — 11/2) sinh(B[2¢ — 1]/2))
(73) — 4¢P cosh(B[x +y — 11/2)
+2(cosh(B[x 4+ y — 11/2) cosh(B[21 — 1]/2)
+ sinh(B[x + y — 1]/2) sinh(B[27 — 1]/2)).

Next, we make change of variables. Define r := PUty=D/2 . — oBQ1=1)/2 Thep,
from (73), we have

=2+ o)D)
DD -2

1 1
(74) :eﬁ<£+£>—Zeﬁ/z(r—i——)—i—(rs—{——)
s r r rs
B p B/2
:<_e r+rs—26ﬁ/2r)—|—<—e > l_Ze )
s r rs r
ZO’

where the last inequality follows since x + y > 2,/xy for any x, y > 0. We com-
plete the proof of Corollary 1.5 by showing

B(cosh(B/2) + 2cosh(B[2x — 1]/2))
6sinh (8/2)

’

1
05) [ et p)-utt,x =
0
forO0<x<1.
By the same change of variables as above, since y = x, let r := ¢f(2¥=1D/2,

s := eP@=D/2 Then we have

(76) —=——=—

By (72), we have

1

(77) S,=2<e5—eﬂ/2(s+—)+1).
s

Then, by (74) and (77), it can be easily verified that

(78) rs(SF+87) = (eP2(r +5) — (rs + 1))*.
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Hence we have
1
/ u(x,t,B) -u(t,x,B)dt
0
7 B2ef —1)2 1
f —ds
52 (S +S7)2 B

7 Bef —1)%r2s
/ ————ds
812 (rs(S; + 8;))2

e pef -2
/ 52 (Bl2(r +5) — (rs+ 1)

(79)

B/2
= B(ef — l)zr2 /e ’ ds
B2 ((ePI2 —r)s +eP/2r — 1)*
B/2
_ 8(oF _ )28 [€ s
=Bl 1) /gfﬁ/Z (P21 — PG5 1 ofr — )i 9

The first equality above follows from (70), (71), (76) and change of variables. The
third equality follows from (78). Then we make another change of variable by
defining

ePl2(1 — ePE—Dys 4 ePx — 1
w = ,

ef —1
from which we have
ds B P —1 d 1 when s = eP/?
dw  eP2(1 — ePG=1)) e P when s = ¢ #/2
Hence, by (79), we have
1
[ ute. ) utex prar
0
Be2P=1 L P —Dw—ePr+1
= d
(ef —1)(1 — ePlx—1))2 /eﬁ(xfl) w* v

Be2BG—1) T—ef  oPr 1yl
~ (- —eﬂ<x—1>)2( w2 T 33 )
B(1+ e +2eP¥ +2¢=P=D)
- 6(ef — 1)
B(cosh(B/2) + 2 cosh(B[2x — 11/2))
- 6sinh (8/2) : O

eBl—1)
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5. Proof of Lemma 4.2. To prove Lemma 4.2, we use the same techniques
developed in the proof of Corollary 4.3 in Mueller and Starr (2013), in which
the authors constructed a coupling of two point processes. A point process is a
random, locally finite, nonnegative integer valued measure. Let &} denote the set
of all Borel measures £ on R¥ such that £(A) € {0, 1,2, ...} for any bounded Borel
set A in R¥. Then a point process on R¥ is a random variable which takes value
in X.

Suppose u, v are two measures on R*. We say u < v if u(A) <v(A) for any
A € B(RF).

LEMMA 5.1. Suppose & and a are two probability measures on [0, 1] with

density f(x), g(x), respectively. If, for any x € [0, 1], f(x) > p - g(x) for some
0 < p < 1, then there exist random variables X, Y and B such that the following
hold:

e X is a-distributed, Y is o-distributed and B, is Bernoulli distributed with
P(B,=1)=p.

e B, andY are independent.

e Define two point processes 1, € on [0, 1] as follows:

E(A):=14(X) and n(A):=B,-14(Y)  VAeB([0,1]).

Then we have n < &.

PROOF. Let Y, Y’ and B, be independent random variables defined on the
same probability space such that Y is a-distributed, B, is Bernoulli distributed
with P(B), = 1) = p and the density of the distribution of Y'is f(x)l_fl;g(x). Define
X :=B,Y + (1 — B,)Y'. To see that X thus defined is @-distributed, we have

]P’(XeA):p/ g(x)dx + (1 —p)/ de=f F)dx,

A A 1—p A

for any A € B([0, 1]). Finally, the two point processes & and 1 thus defined satisfy
n < &, since forany A € B([0, 1]), when B, = 1, we have £(A) = n(A), and, when
B, =0, we have n(A)=0. [

LEMMA 5.2. Suppose & and o are two probability measures on [0, 1] with
density f(x), g(x), respectively. If (1 —01)g(x) < f(x) < (14 6)g(x) for some
01,0, > 0 with 01 + 0, < 1, then there exist random variables X, Y, Z and By such
that the following hold:

o X is a-distributed, Y and Z are a-distributed and By is Bernoulli distributed
withP(Byg = 1) =0, where 0 = 61 + 6,.
e By, Y and Z are independent.
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e Define two point processes &, ¢ on [0, 1] as follows:
E(A):=14(X) and ¢(A):=15()+ By-14(2) VA € B([0, 1]).
Then we have £ < ¢.

PROOF. Let Y, Z and By be independent random variables defined on the
same probability space such that Y, Z is a-distributed, By is Bernoulli distributed
with P(By = 1) = 6. We define a new random variable X as follows. Conditioned
onY=yand Z =2:

o If By =0, define X = y.
e If By =1, flip a coin W with probability of heads being
result is heads, define X = z, else define X = y.

S@)-(1-01)g()
720 . If the

Note that, without loss of generality, here we may assume g(z) > 0, since
P(g(Z) =0) = 0. It is straightforward that the two point processes & and ¢ thus
defined satisfy & < ¢. We complete the proof by verifying that X thus defined has
distribution f(x).

For any A € B([0, 1]), the event {X € A} can be partitioned into three parts:
{By =0,Y € A}, {By =1, Wisheads,Z € A} and {By = 1, Wis tails, Y € A}.
We have

P({By=0.Y € A}) = (1-0) /A g(x)dx = (1 - )ar(A),

P({By = 1, W is heads, Z € A}) = 9/ LGk GtV AP
A

0-g()

_ /A (@) dz — (1 —0Da(A),

P({Bp =1, W is tails, Y € A})

=0/Ag(y)dy/01<1 @ _9(.lgzjl)g(Z))g(z)dz

1
= (A) /O (1 +6)g() — f(2)dz

=w(A)b;.

Here, we evaluate the last two probabilities by conditioning on the value of Z.
Summing up the three probabilities, we get

P({X € A}) = /A f(@dz. O

Next, we define a triangular array of random variables in [0, 1].
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DEFINITION 5.3. Suppose that {g,}°>, is a sequence such that g, > 0. For
any n € N, we define the random vector (Y, ¥\, ..., ¥") as follows. Let
{Yi}? | be 1.i.d. uniform random variables on [0, 1]. Let {Y(,-)};-“:l be the order

statistics of {Y;}?_,. Independently, let = be a 1, g,-distributed random variable
on §,. We define Yi(") =Yy forall i € [n].

In the remainder of this paper, we use (Yl(n), ..., Y\"™) specifically to denote
the random vector defined as above. Next, we define the function ® which maps
vectors in R” or n points in R? to the induced permutation in S,,.

DEFINITION 5.4. Suppose x = (x1, x2,...,X,) is a vector in R” such that
all its entries are distinct. Let ®(x) denote the permutation in S, such that, for
any i € [n], ®(x)(i) = j if x; is the jth smallest entry in x. Similarly, suppose
z ={(x;, yi)}!_, are n points in R? such that they share no x coordinate nor any
y coordinate. Let ®(z) denote the permutation in S, such that, for any i € [n],
®(z)(i) = j if there exists k € [n], such that x; is the ith smallest term in {x;}"_,
and yy is the jth smallest term in {y;}7_,.

REMARK. From the above definitions, it can be easily seen that:

(a) For any x; < --- < x, and y = (y1,...,yn) € R", we have ®(y) =

O ({(xi, yi)}_p)-
(b) Forany y = (y1, ..., yn) € R" and increasing indices b = (b1, ..., by), we

have @ (y)p = ((¥by5---» Yb,))-
© D, ¥, Y ™)) is g, -distributed.

Let D, be the set of vectors in [0, 1]" which contain (at least two) identical
entries. It is not hard to show that the density function of (Yl(”), ., Y™) s the
following:

Ja () = ting, (@) -n!  forallye[0, 11"\ D,.

Since {Yl.(")};’:1 = {Y¥;}!_, are n iid. uniform samples from [0, 1], we have
IP’((YI(”), cee, Yn(")) € D,) = 0. Intuitively, for any 0 < y; < --- < y, <1, there
are n! ways to choose the vector (Y1, ...,Y,) such that {¥;}"_, = {y;}’_,. More-
over, conditioned on {Y;}_, = {y;}/_,, the probability of (Yl("),..., Y™y =
V(1) - -+ Ya(n)) 1S tn,q, (7). Since the measure of D, is zero, when y € D,,
we can define f,(y) to be an arbitrary value.

LEMMA 5.5. Given i € [n] and a vector (y1,...,Yi—1,Yi41l>--+>¥n) €
[0, 1771 \ Dy_1, let & denote the distribution of Yi(n) conditioned on the event
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(Y = y; forall j € ]\ {i}). Then & has density f(y) on [0, 1] such that, for
any y,y €0, 11\ {y1, ..., Yi—1, Yi+1, -+ Yn}, we have
. 1 1
f(y)zm1n<qr7’q_n>’ f(y)—f(y/)fmax(‘l;’q_n)_l'

n n

PROOF. Since (Y\™,...,Y\") has density f,(¥) = fin.q, (®(y)) - n! on
[0, 17"\ D, the density f(y) of & is given by

Ml’l,t]n (qD((YI, ceey )71'—1, y7 )’i+1, ey yn)))
Jo Hngn @Y1 Yimtt Vigto oY)t
for any y € [0, 1]1/{y1,.-., Yi—1, Yi+1,.--, Yn}. It can be seen from the defini-
tion that f(y) is a simple function which takes at most n different values.

Let M and m denote the maximum and minimum of f(y), respectively. Then
we have M > 1 and 0 < m < 1. Moreover, for any y,y € [0, 1], let y :=

V1o ooy Yiel, ¥y Yigts - y) and y' := (v1, ..., i1, ¥, Yi+1, ..., yu). We have
(@) —1(P(Y))| <n-1.

That is, if y and y’ differ at one entry, the number of inversions of the induced
permutations differ at most by n — 1. Hence, assuming g, > 1, for any y, y’ €
[0, 1], we have

fy =

1 ff(y)sq,'j_l.
gt T O

Choose y’ such that f(y’) = M, we have f(y) > M/q"~' > 1/q". For the second
part, we choose y, y’ such that f(y) = M and f(y’) = m. Then we have M /m —
1< q,’}_l —1=<gq) —1.Thus, M —m < g, — 1, since 0 < m < 1. The argument
for the case when 0 < g, < 1 is similar. [J

LEMMA 5.6. Given n € N and g, > 0, for any m < n and any increasing
indices b= (by, ..., by,), there exists a random vector (Vy, ..., V,) € [0, 11" and

2m independent random variables {U;}!"_ | U{B;}/_, suchthat (Vy, ..., V,) has the

same distribution as (Yl(n), e Y,fn)), each U; is uniformly distributed on [0, 1]
and each B; is a Bernoulli random variable with P(B; = 1) = min(q)}, 1/q)}).

Moreover, if we define two point processes as follows:

£ (A) =" 14(G, Vi),

i=1

nm(A):=>_Bi-14((,U))  VAeB(Nx[0,1]),

i=1

we have n, < SIE") almost surely.
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PROOF. Given n, m and b, let (Y(") ,1(”)) be as defined in Definition 5.3
and, independently, define 2m 1ndependent random variables {U;}7L, U {B;}L,
such that each U; is uniformly distributed on [0, 1] and each B; is a Bernoulli
random variable with P(B; = 1) = min(qg,;, 1/q,/). We define the random vector
V1, ..., V) as follows:

(n) (n) (n)) _
Y, =

e Sample the random vector (Y, (n) ), say, we get (Y|

(V15 o0 Yn)-

o For j e [n]\{b;}/L,,let V; :=y;.

e Foreachi € [m], we resample Yb(") one by one, conditioned on the current value
of other Y ;") . Let yb denote the new value of Y, ™) after the resampling and
define V), := ygi. Specifically, for each i € [m], we sample a value yl’,i according

to the distribution of Y,Ei"), conditioned on the event
{Ylf?) =y, forVj <i and Y™ =y for Vk € [n]\ {b;} jeii1)-

e Ineach resamphng step, say, resampling Y, 15 ") let & denote the above conditional
distribution of Y ") . By Lemma 5.5, we know that that & has density f(y) with
f(y) = min(g);, 1 /q}}). Hence we can couple this resampling procedure with
variables U; and B; in the same fashion as in the proof of Lemma 5.1, with « in
that lemma being the uniform measure on [0, 1]. Thus, we have 14((i, Vp;)) >
B; - 14((i,U;)) a. s. forany A € B(N x [0, 1]).

It can be easily seen from the above procedure that (Vi, ..., V,) thus defined has
the same distribution as (Y 1(") e Yn(n)), and

M (A) = Bi - 14(G, Up) < 3 1a(G, Vo)) =7 (4)  as.

i=1 i=1

forany A e B(N x [0,1]). O

LEMMA 5.7. Given n € N and q, > 0 such that max(q,, 1/q,) < 2, for any
m < n and any increasing indices b = (by, ..., by,), there exists a random vec-
tor (Vi,...,V,) €10, 11" and 3m independent random variables {U;, Ul.’, B},
such that (Vy,...,V,) has the same distribution as the vector (Yl("), R Y,En)),
each U;, Ul-/ are uniformly distributed on [0, 1] and each B; is a Bernoulli random
variable with P(B; = 1) = max(q,;, 1/q)}) — 1. Moreover, if we define two point
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processes as follows:

£7(A) =Y "1a(G, Vi) YA €B(Nx[0,1]),

i=l

tm(A) =D 1A((i, Uj)) + Bi - 1a(G, Up))  YAeB(Nx[0,1])
i=1

we have $b(n) < &m almost surely.

PROOF. The proof of this lemma is similar to the proof of Lemma 5.6. Given
n, m and b, define (Yl(”), e Y,fn)) as in Definition 5.3 and, independently, de-
fine 3m independent random variables {U;, Ul./ , B;}?*| such that each U;, Ui/ are
uniformly distributed on [0, 1] and each B; is a Bernoulli random variable with
P(B; = 1) = max(q,, 1/q)}) — 1. Then we define the random vector (Vi, ..., V,)
by the same steps as in the proof of Lemma 5.6, except that, in each resampling
step, we couple the resampling of Yb(?) with the variables U;, U/ and B; in the same
way as in the proof of Lemma 5.2, with « in that lemma being the uniform measure
on [0, 1]. Note that the second inequality in Lemma 5.5 ensures that the conditions
in Lemma 5.2 are met. Specifically, in each resampling step, let f(y) denote the
density of the conditional distribution of Yb(?). Let M, m be the maximum and min-
imum of f(y), respectively. Define §; :=1—m and 6, := M — 1. Hence 1 — 0] <
f(y) <1+ 6, almost surely and 61 + 6, = M —m <max(q,,1/q;) —1<1. O

Recall that X> denotes the set of all Borel measures & on R? such that £(A) €
{0, 1,2, ...} for any bounded Borel set A in R2.

DEFINITION 5.8. For any & € X>, we define the LIS of £ as follows:
LIS(§) := max{k $3(x1, y1), (X2, ¥2), ..y (Xk, Vi) € R? such that
E({(xi,y)}) = 1,Vi € [k] and (x; — x;)(y; — y;) > 0,Vi # j}.

It is easily seen that the function LIS(-) is nondecreasing on &> in the sense
that, if £, ¢ € A, with & < ¢, we have LIS(§) < LIS(¢). Moreover, for any n points
{(xi, yi))i_, in RR? such that x; # x jand y; # y; for all i # j, define the integer-
valued measure & as follows:

E(A):=) 14((xi.y))  VAeB(RY).

i=1

Then we have LIS(§) = LIS({(x;, y;)}7_,), where the latter one is defined in Defi-
nition 2.1.
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LEMMA 5.9. Let (Vy,...,V,) be a random vector which has the same dis-
tribution as (Yl("), ...,Y,E")). For any m < n and any increasing indices b =

(b1, ...,by), define the point process S,En) as in the previous two lemmas, that
is,

EM(A):=3"14(G, Vi) YA €B(N x [0, 1]).
i=1

Then LIS (élgn)) and LIS (rtp) have the same distribution, where 7w ~ iy g4, .

PROOF. By the remarks after Definition 5.4, we have
CD({(la Vb,)}znzl) = q)((Vbl, Vb27 R} me)) = q)((V], V25 R Vn))b’

where ®((Vy, V2, ..., V) in the last term has the distribution 1, 4, . The lemma
follows by the fact that
LIS(&") = LIS({(G, Vo) }i)) = LIS(®({ G Vi) L)) O

Now we are in the position to prove Lemma 4.2. In the following, we use A, to
denote the uniform measure on S,,.

PROOF OF LEMMA 4.2. The lemma can be divided into two parts. For the first
part, we show that, for any ¢ > 0,

. LIS(7p) —18l )
80 1 esS,: <2e2 —¢g|=0.
( ) nl>ngo begl(erll),(k,,) Hon.gn <T[ " «/kn =€ ¢

Givenn > 0, forany b € Q(n, k,), by Lemma 5.9, LIS (515”)) and LIS(;r3) have the
same distribution, where Slfn) is the point process defined in that lemma. Moreover,

by Lemma 5.6, there exists a point process 1y, such that n, < 5,5") almost surely
and 7y, is defined by

k,

(81) e, (A) = Bai-1a(G,U)) YA eB(Nx[0,1]),
i=1

where {U; }f”zl U{By.i }f”zl are 2k, independent random variables with each U; be-
ing uniformly distributed on [0, 1] and each B,, ; being a Bernoulli random variable
with P(B,; = 1) =min(qg,,, 1/g,,). Hence, by the monotonicity of LIS(-) on X3,
(n)
LIS - LIS
LISen) _ ) pi ) - ")

we have
Mn,q, (77 €S, — 8)
Vkn Vkn

LI -
< P(M < 26% — g),
Vkn

|
o

<2e
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We complete the proof of (80) by showing that

LIS _
(82) lim P(ﬂ S 20 F - g> —1,
n— 00 /kn

for any & > 0. First, we show that

(83) lim_min(g;), 1/g;) =™,
Assuming 0 < g, < 1, since lim,_, o n(l — g,) = B and lim,_, ql:Z"l =1, we

have

lim ¢" = lim "% = Jim " =D = ¢~1Al,
n—od n—oo n—>oo

The case g, > 1 can be shown similarly. Hence, by (83), for any ¢ > 0, there

exists N1 > O such that, for any n > Ny, we have min(q)/, 1/q)}) > e~ 1Bl=¢1 Thus,

by the law of large numbers and the fact that lim,,_, » k;, = 00, we have

kn
(84) nlingop<2; B> kne_lﬂl_gl) =1.
1=

Given U = (Uy,...,Uy,) and B = (B 1, ..., Byx,), let A(U, B) denote the set
of points in R? defined by
AU, B):={i,U;):i€[ky] and B, ; = 1}.

By the definition of 7, and Definition 5.8, we have

LIS(n,) =LIS(A(U, B)).
Moreover, conditioned on Zf"zl B, ; = m, by the independence of U and B, it is
easily seen that LIS(A (U, B)) has the same distribution as LIS(;r) with & ~ A,,.
For any 0 < &3, e3 < 1, by the result of Kerov and Vershik (1977), there exists
M > 0 such that, for any m > M,

LIS(7)
Jm

Since lim,,_, » k, = 00 and (84), there exists N > Nj such that, for any n > N, we
have

(85) Xm< >2—82>>1—83.

ky
kpe P78 = M and ]P’(Z B> kne_ﬂ_gl) > 1 —ég3.
i=1
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Let E,, denote the event {Zf”zl B,; =m} and s := |k,e”FI=¢1] 4 1. For any
n > N, we have

P(LIS(nk,) > (2 — £2)y/kne—1B1=#1)

=~

n

> 3 P(LIS(,) > (2 — e2)y/ kneB1=21| E,y) - P(Ep)

3
I
1)

B

n

> > P(LIS(k,) > 2 — e2)V/m|Em) - P(Em)

3
I

>~

n

Am (LIS(70) > (2 — 2)+/m) - P(Ep)

3
]

k

> (1—€3) Y P(En)

kn
=(1-— 83)P<Z By > kne_|ﬂ|_81>
i=1

> (1 —g3)%.

The second inequality above follows since m > s > k,e~!#1=#1_ The third inequal-
ity follows from (85) and the fact that m > kpe~Pl=¢1 = M. Therefore, we have
shown that lim,_, oo P(LIS(1t,) > (2 — &2)Vkye1Pl=21) =1, and (82) follows
from the fact that, by choosing &; and & small enough, (2 — &)V e~ AI=¢1 can

. . =8l
be arbitrarily close to 2e 2 .
For the second part, we need to show that, for any & > 0,

. LIS (7tp) 181 )
86 Iim max TesS,: >2e? +¢
(86) Mn,q, ( n «/E =

n—=00be Q(n,ky)
Similar to the proof of (83), we can show that

=0.

(87) nli)ngomax(qz, 1/q") = el < 2.

The last inequality follows since |8| < In2. Thus, for any 0 < ¢; < 1n2 —|8], there
exists N1 > 0 such that, for all » > N{, we have

max(g”, 1/q") < P+ <2,

Given n > Ny, for any b € Q(n, k,), by Lemma 5.9, LIS(¢,") and LIS (p) have
the same distribution, where & lg") is the point process defined in that lemma. More-

over, by Lemma 5.7, there exists a point process {k, such that 5,5") < ¢k, almost
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surely and ¢y, is defined by

k)l
(88) &, (A):= Z]lA((i, U))) + Bn.i - 14(G, Uy)) VA € B(N x [0, 1]),

i=1
where {Ui}f”:] U {Ul./ }fil U {Bn,i}f”:l are 3k, independent random variables with
each U;, Ui/ being uniformly distributed on [0, 1] and each B, ; being a Bernoulli
random variable with P(B,, ; = 1) = max(g,,, 1/g,/) — 1. Hence, by the monotonic-
ity of LIS(-) on &>, we have

LIS LIS
Mn,qn<7T€Sn: \/%b)ZZeg +€)§P(%Z2€g +8)

We complete the proof of (86) as well as Lemma 4.2 by showing that, for any
>0,

LI
(89) lim IP’( S@k) _ 5, 4! +s) = 1.
n—00 /kn

Since, for all n > Ny, we have P(B,; = 1) = max(q", 1/q") — 1 < elfl+1 — 1 by
the law of large numbers, we get

kn
(90) nll)Igo]P’(X; By, <kn (e|ﬁ|+£1 - 1)) =1

Given U’ = (U{,...,U,QH), U= @U,...,U) and B = (By.1,...,Bnk,), let
A(U', U, B) denote the set of points in R? defined by
AU, U,B):={(i,U;):i€lkyland B, ; =1} U{(i, U) :i € [k,]}.

By the definition of ¢, and Definition 5.8 we have
91) LIS(¢,) =LIS(A(U', U, B)).
Based on U’, U and B, define another set of points in R? as follows:

AT (U, U,B):={(i+1/2,U;) i €lky] and B, ; =1} U{(i,U]) :i € [kn]}.
Then we have
(92) LIS(A(U',U, B)) <LIS(AT(U’, U, B)).

Since, by Definition 2.1, no two points with the same x coordinate can be both
within an increasing subsequence, by increasing the x coordinates of those points
in A(U’, U, B) which reside on the same vertical line as other points by 1/2, the
relative ordering of the shifted point with other points does not change, except the
one which has the same x coordinate when unshifted. Combining (91) and (92),
we have

(93) LIS(&,) <LIS(AT(U’, U, B)).
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Moreover, conditioned on Zf”zl B,.; = m, by independence of U’, U and B, it
is easily seen that LIS(AT(U’, U, B)) has the same distribution as LIS(7r) with
7T ~ Ai,+m- For any 0 < &7, €3 < 1, by the result of Kerov and Vershik (1977)
again, there exists M > 0 such that, for any k > M,

LIS(m)
)\.k( \/E

Since lim,,_, o0 k;, = 00 and (90), there exists N > N such that, for any n > N, we
have

<2+82)>1—83.

kn

k,>M and IP’(Z Byi < kn(e|ﬂ|+81 — 1)) > 1 —é3.

i=1

Let s := [k, (e/fT¥1 —1)] — 1. Recall that E,, denotes the event {Zf”zl B, i =m}.
For any n > N, we have

P(LIS(Lk,) < (2 + &)/ knelPlFer)

> Y P(LIS(L,) < 2+ &)/ knelPIHe1|Ey) - P(E)
> > " P(LIS(,) < 2+ e2)Vkn +m|Ep) - P(Ep)
m=0

Z (LIS(AT(U', U, B)) < 2+ e2)vVkn +m|Ep) - P(Ep)

Z ktm (LIS(T) < 2+ £2)Vkn + m) - P(Ep)

> (1 —&3) Z P(Ep)

m=0
kn
=(1- 83)]P’(Z By.i <k (e|ﬁ|+£1 — 1))
i=1
> (1 —e3)°.

The second inequality follows because

kn 4+m <ky+s < ky +kn(ePTe1 — 1) = kelPITer,
and the third inequality follows from (93). Therefore, we have shown that
lim,, 00 P(LIS(Zk,) < (24 €2)VkyelPITe1) = 1 and (89) follows from the fact that,
by choosing & and &, small enough, (2 + &)/ elfl+€1 can be arbitrarily close to

2e|§|. O
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6. Discussion and open questions.

1. Consider the partially ordered set (S,, <r); we conjecture the following
stochastic dominance of Mallows measure: for any 0 < ¢ < ¢’, we have p, 4 <
Mn,q'> that is, py 4 is stochastically dominated by w, .. By Strassen’s theorem
[cf. Lindvall et al. (1999)], the conjecture is equivalent to the following statement:
there exists a coupling (X, Y) with X ~ w, , and ¥ ~ u, 4 such that X <, Y.

2. In the proof of Corollary 1.5, we show that J defined in Theorem 1.4 is
attained when ¢ (x) = x given that lim,_, oo n(1 — g,) = lim, o n(l —gq,) = B.
In fact, for any g € R, if y =0, 8, o0, taking ¢ (x) to be the diagonal of the unit
square gives the supremum of the following variational problem:

‘l .
sup A Vo) p(x, ¢(x))dx.

1
¢eB/

Note that, when y = £00, we extend the definition of p(x, y, 8, y) as follows (we
explicitly add B, y as the argument of the density p.):

1
pox,y,B,£00):= lim p(x,y,B,y)= lim / u(x,t,B)-u(t,y,y)dr.
y—>=%00 y—=%o00 Jo
In fact, it is not hard to show that the above limits exist with

px,y,B,00)=u(x,y,B) and p(x,y,B, —00)=u(x,y, —p).

It is unknown to us whether ¢ (x) = x solves the above variational problem for
arbitrary g, y € R.
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