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Abstract

We consider d-dimensional diffusion processes in multi-parameter random environ-
ments which are given by values at different d points of one-dimensional a-stable
or (r, a)-semi-stable Lévy processes. From the model, we derive some conditions of
random environments that imply the dichotomy of recurrence and transience for the
d-dimensional diffusion processes. The limiting behavior is quite different from that
of a d-dimensional standard Brownian motion. We also consider the direct product
of a one-dimensional diffusion process in a reflected non-positive Brownian environ-
ment and a one-dimensional standard Brownian motion. For the two-dimensional
diffusion process, we show the transience property for almost all reflected Brownian
environments.
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1 Introduction and results

It is well-known that a multi-dimensional standard Brownian motion, consisting of d
independent one-dimensional standard Brownian motions, is recurrent if d = 1 or 2, and
transient otherwise. We consider such limiting behavior of multi-dimensional diffusion
processes in stable and semi-stable Lévy environments.

Let W be the space of the R-valued functions W that satisfy the following:

@M W(0) = 0.

(II) W is right continuous and has left limits on [0, co).
(IIT) W is left continuous and has right limits on (—oo, 0].
(IV) W is a non-zero process.

Following [19], we set a probability measure @ on W such that {W(z),z > 0,Q} and
{W(—z),z > 0,Q} are independent, identical in law and strictly semi-stable Lévy pro-
cesses with index « € (0, 2], which have the following semi-selfsimilarity:
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Multi-dimensional diffusion processes in semi-selfsimilar random environments

{(W(z),z € R} £ {a/*W(az),x € R} for some a > 0, (1.1)
where < denotes the equality in all joint distributions. We call ¢ and «'/® in (1.1) an
epoch and a span, respectively, and set

r =inf{a > 1: a satisfies (1.1)}. (1.2)

In this paper, we call (W, Q) an (r, «)-semi-stable Lévy environment. We remark that the
trivial process, that is W (z) = cx almost surely for « > 0 with ¢ # 0, is also a non-zero,
strictly semi-stable Lévy process (Remark 13.17 in [12]). If r = 1, (W, Q) is not only
semi-selfsimilar, but selfsimilar. In this case, we call (W, Q) an a-stable Lévy environment.
If « =2, then r = 1 and (W, Q) is a Brownian environment (Theorem 14.1 in [12]). Refer
[12] for more properties of semi-stable Lévy processes.

For a fixed W, we consider a d-dimensional diffusion process starting at 0, Xy =
{Xk (t),t >0,k =1,...,d} whose generator is

d

Z%exp{W(xk)}a%k {exp{—W(xk)}aik}. (1.3)

k=1

We regard values of W at different d points as constituting a multi-parameter environ-
ment. Xy is constructed by d independent standard Brownian motions with a scale
transformation and a time change induced by W (c.f. [9]). Each component of Xy is
symbolically described by

]_ ’
Xt (t) = dB*(t) — ol (XE(t)dt, X (0)=0, fork=1,...,d,

where B*(t) is a one-dimensional standard Brownian motion independent of the environ-
ment (W, Q).

In the case where d = 1 and (W, @) is a Brownian environment, Brox showed that the
distribution of (logt)~2Xy(t) converges weakly as ¢t — oo in [1]. This shows that Xy
moves very slowly by the effect of the environment. This diffusion process is a continuous
model of random walks in random environments studied by Solomon [14] and Sinai [13],
and Xy is often called a Brox-type diffusion. Following Brox’s result, Tanaka studied
the cases of a-stable Lévy environments and showed the convergence theorem with the
scaling (logt)~*Xyw () under the assumption that Q{WW (1) > 0} > 0 in [19]. Tanaka’s
results were extended to the cases of (r, «)-semi-stable Lévy environments in [16].

In view of the subdiffusive property of the Brox-type diffusion, we expect to see an
exotic limiting behavior for multi-dimensional Brox-type diffusions. We now give a brief
review of investigations related to multi-dimensional Brox-type diffusions. Fukushima et
al. showed the recurrence of the diffusion process whose generator is

d
1wz~ 9 { —w(m) 9 }
—e — e — 0,
2 gal‘k 81‘k

where |z| = \/2? + 22 + 22 + --- + 22 and W is a one-dimensional standard Brownian
motion in [6]. In the case where the environment is Lévy’s Brownian motion W (x)
with a multi-dimensional time, Tanaka showed the recurrence of the diffusion process
for almost all environments in any dimension in [20]. These results were shown by
Ichihara’s recurrent test introduced in [8]. Mathieu studied asymptotic behavior of
multi-dimensional diffusion processes in random environments by using the Dirichlet
form and showed the convergence theorem for the case where the environment is a non-
negative reflected Lévy’s Brownian motion in [11]. Following this study, Kim obtained
several limit theorems of the multi-dimensional diffusion processes in [10]. He also
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showed the convergence theorem in the case where the random environment consists
of d independent one-dimensional reflected non-negative Brownian motions, which is a
model studied in [17].

Recently, Gantert et al. showed the recurrence of d independent random walks in
random environments satisfying a uniform ellipticity condition for the environments.
They used estimates of quenched return probabilities to the origin of the one-dimensional
random walks in random environments in [7]. In [18], the multi-dimensional diffusion
process consisting of d independent Brox-type diffusions was studied and the recurrence
of this process for almost all environments in any dimension was shown. The multi-
dimensional diffusion process is a continuous time analogue of the random walks in [7].
We remark that the recurrence property of the multi-dimensional diffusion process is
derived without the uniform ellipticity condition for the environments.

Following the previous studies, we consider limiting behavior of diffusion processes in
(r, )-semi-stable Lévy environments to be given by (1.1) and (1.2), which are extensions
of the models studied in [7] and [18]. We call an increasing (r, a)-semi-stable or a-stable
Lévy process a subordinator. We obtain some conditions of the random environments
which imply the dichotomy of recurrence and transience of d-dimensional diffusion
processes corresponding to the generator (1.3) as follows.

Theorem 1.1. (i) If {—W (x),z > 0,Q} is not a subordinator, then Xy is recurrent for
almost all environments in any dimension.

(ii) If {-W(x),z > 0,Q} is a subordinator, then Xy, is transient for almost all
environments in any dimension.

Next, we consider d-dimensional diffusion processes consisting of d independent
Brox-type diffusions. Let Qi be the probability measure on W such that

(1) {Wi(—zk),zr > 0,Q} is an ay-stable Lévy process,

(if) {Wg(zk),zr > 0,Qyr} is a Bk-stable Lévy process,

(iii) the Lévy processes on positive and negative sides are independent.
We define an environment (W, Q) by {(Wy, Qx),k = 1,...,d} with each (W, Q) being
independent. We remark that Suzuki studied the case where d = 1 with independent an
a-stable and a [-stable Lévy environments, and obtained some convergence theorems in
[15].

For a fixed W, we consider a d-dimensional diffusion process starting at 0, Xw =

{X‘(,[’ﬁz (t),t >0,k =1,...,d} whose generator is

d

3 % exp{Wk(xk)}a%k {exp{—Wk(g;k)}a‘;} . (1.4)

k=1
On the d-dimensional diffusion processes, we obtain the following dichotomy theorem.

Theorem 1.2. (i) If neither {—Wy(—xy),zr > 0,Qr} nor {—Wy(zx),zr > 0,Qy} is a sub-
ordinator for any k, then Xy is recurrent for almost all environments in any dimension.

(ii) If either {—Wy(—xg),xr > 0,Qr} or {—Wg(zk),zr > 0,Q} is a subordinator for
some k, then Xy is transient for almost all environments in any dimension.

2 Proofs of Theorems
2.1 Proof of Theorem 1.1

We can show that the generator (1.3) is equal to
1exp ZW(I’) Z 0 exp ZW ;) ¢ (2.1)
2 - J oxy, j 8$k
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through a simple calculation. Since semi-stable or stable Lévy processes are bounded on
finite time intervals almost surely (cf. Chapter VIII in [3]), the Dirichlet form

S

1

€)= 5 [ (VI-a)ewp =S Wiay) pda fig € CF(RY
j=1

is closable on L? (]Rd, exp {— Z(f:l W(xj)} dx) and its closure (denoted by £ again) is a
local regular Dirichlet form (see Section 3 in [5]). Furthermore, £ is either transient or
recurrent, and the property is the same as that of the diffusion process corresponding to
the generator (2.1). Hence, we study limiting behavior of the process Yy corresponding
to the generator

d 5 d 9
— — Wix;) p — - 2.2
D Far 1P T2 W) o g (2.2)
k=1 j=1
The following proposition about a property of (r, «)-semi-stable Lévy environments is
crucial for showing the recurrence of Yy .

Proposition 2.1. If Q{W(1) > 0} > 0, then for any positive ag and any d

d
@< min inf W(boj) p > ag p >0, (2.3)

1<0<r | ocSd-1 4
Jj=1

where S?~! is the surface of the d-dimensional unit ball centered at the origin.

Proof. If {W(x)} is a trivial strictly semi-stable or stable Lévy process, then the assump-
tion that Q{WW (1) > 0} > 0 implies that there exists a positive constant ¢ such that
W (z) = cx almost surely (cf. Remark 13.17 in [12]). Hence, we obtain (2.3) for any d.
We next consider non-trivial cases.
In the case where d = 1, since {W(—=x),z > 0,Q} is the independent copy of
{W(z),z > 0,Q}, it is sufficient to show that for any a¢ > 0

Q{Kn;fqW(x) > ao} > 0. (2.4)
If W(x) is the a-stable Lévy environment, then » = 1. This and the property of the
support of the a-stable Lévy process (cf. Theorem 24.10 in [12]) imply the assertion. If
W (z) is the (r, a)-semi-stable environment, then we also have that Q{W (1) > ap+1} > 0.
Using the local boundedness of Lévy processes, for any v > 0 and any M > 0 we find
that

Q{ sup |W(z)| < M} > 0, (2.5)
0<z<u
which and the Markov property of {W(z)} at z = 1 imply that

Q { inf {W(x) - W(1)} > —1‘ W(1) > ao + 1} > 0. (2.6)

Hence, we obtain (2.4).
In the case where d > 2, we set ¢(z) = (ag + 2d)z? — 2. As Z?Zl 07 =1, we find that

Z?Zl ¢(0o;) > ag for any 6 € [1,7]. Hence, it is sufficient to show that

1<6<r | ceSd-1 %

d
Q¢ min ¢ inf > {W(fo;) - ¢(00;)} p >0 > 0. (2.7)
J=1
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In the same manner as the case where d = 1, we consider the positive side and shall
show that

Q {O<ira1:f<T{W(x) — o)} > 0} > 0. (2.8)
For W (z), we define the first exit time from the interval [—1, ¢(r) + 1] by 7.

Let 0 < a < 2. Then, the distribution of W (1) (denoted by pu) is strictly (r, a)-
semi-stable or a-stable. Let v(dz) be the Lévy measure of u. We can write that W =
W1 + Wy + W3, where they are independent Lévy processes whose Lévy measures are
restrictions of v such that v := [V]{z>¢(r)4+2), V2 i= [V]{e<—1} and v3 1= [V]{_1cacg(r)42}
respectively. For k£ = 1 and 2, we set the first jump time of W by 7 and set the total
mass of v;, by Jr. We remark that the assumption implies that J; > 0. Then, we obtain
that

Q {71 < 1} =1—exp{—-J1/Vao+2d} >0 (2.9)

\/a04—2d
and
1
Q{TQ > \/m} —exp{7<]2/\/ ao+2d} > 0. (210)

Using the local boundedness of Lévy processes, we find that the probability that W3(z)
does not exit from [—1, ¢(r) + 1] with jumps induced by v5 until the time 1/v/ag + 2d is
positive. This positivity of the probability, (2.9) and (2.10) imply that

Q{O<7’< and W(T)>¢(r)+1} > 0. (2.11)

ag + 2d

As for o = 2, W(x) is a Brownian motion and (2.11) is obvious. We thus omit the proof.
Notice that ¢(1/v/ag + 2d) = —1, which and (2.11) imply that

Q { inf T{W(x) —¢(z)} > 0and W(r) > ¢(r) + 1} > 0. (2.12)

0<ax<

The strong Markov property of {W(x)}, (2.12) and (2.5) imply that

Q{ inf {W(z)—W(r)}> -1

T<x<r
O<inf< {W(z) —¢(x)} >0and W(r) > ¢(r) + 1 } > 0. (2.13)
Hence, (2.12) and (2.13) imply (2.8). O

Proof of (i) of Theorem 1.1. In the case where d = 1, the scale function of the generator
(2.2) is given by [’ exp{W(s)}ds. The assumption that Q{W (1) > 0} > 0 implies that
limsup|_.o W(s) = oo almost surely. Hence, we obtain assertion (i) from a general
theory of one-dimensional diffusion processes.

In the case where d > 2, we use Ichihara’s recurrent test ([8] and [5]). It is sufficient
to show that for almost all environments

-1

oo d
/ si—d / exp{ — Z W(soj) p do ds = oo, (2.14)
1 gd—1 ‘
j=1

where do is the normalized uniform measure on S 1.

ECP 22 (2017), paper 4. http://www.imstat.org/ecp/
Page 5/11


http://dx.doi.org/10.1214/16-ECP36
http://www.imstat.org/ecp/

Multi-dimensional diffusion processes in semi-selfsimilar random environments

First, we consider the case of the (r, «)-semi-stable Lévy environment. For each s > 1,
we can find n € Z and 0 € [1,r) such that s = "¢, which implies that the left-hand side
of (2.14) is equal to

-1

00 r d
Z pr(2=d) / gr—d / exp | — Z W(r"fo;) ¢ do do. (2.15)
n=0 1 Sda-t j=1

We set a measure preserving transformation for (W, Q) such that forn =0,1,2,...
T,W(s) :=r~™W(r"s), s>1.

Then, the family of transformations {7}, } is ergodic (for detail, see [4]). Setting

d
M(n) := min inf T, W (bo;) ¢, (2.16)
1<0<r | oesi—1 &
=
we obtain that
0o r d -1
(2.15) = Zr”@*d)/ g1 / exp § —r™/® ZTnW(er) do do
n=0 1 se-t j=1
> C;l Z pr(2=d) / 91_dexp{r"/O‘M(n)}d9
n=0 1
(oo}
> Ca,r Z exp{n(2 — d)logr +r"/*M(n)}, (2.17)
n=0

where C; and Cy, denote the surface area of the unit sphere and a positive constant
determined by d and r, respectively. We choose my which satisfies that for any n

n(2 — d)logr + ™ *mg > 0.

Then,
1N
(the right-hand side of (2.17)) > Cy,r lim N ZO Lo o0) (M (). (2.18)
Since Q(W(1) > 0) > 0, we can use Proposition 2.1. This and the ergodicity of {T,}
imply that

= E[ljm,,00)(M(0))]
d
=Q 12119127‘ Uég§—1 2 W(bo;) p >mo p >0  Q-almost surely, (2.19)
J:
which and (2.18) show (2.14) for almost all environments.
Second, we consider the case of the a-stable Lévy environment, which is semi-
selfsimilar for any @ > 0in (1.1). Fixing 7 > 1 as an epoch of the stable Lévy environment,
we obtain that for any positive my and any d

d
Q< min inf W(boj) p >mgy p >0

1<0<7 | oe8d-1 4
Jj=1

in the same manner as that for showing Proposition 2.1. Instead of r in (2.15), we use 7
and obtain (2.14) for almost all environments. O
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Proof of (ii) of Theorem 1.1. According to Ichihara’s transient test introduced in [8], it
is sufficient to show that

oo d
E/ st exp ZW(saj) ds| < oo (2.20)
1 =

on a subset of S¢~! with positive surface measure.

In the case where d = 1, we show (2.20) for the subset {1} € S°. As {-W (z),z > 0,Q}
is a subordinator, exp{—W(s)} > 1 for any s > 1. By Theorem 24.11 in [12], we obtain
that

(the left-hand side of (2.20))

/ E lexp{—(~W(s))}] ds

:/1 exp{ (/0 (e~ — 1)i(de) —70>}ds, (2.21)

where 7(dz) is the Lévy measure of the distribution of —W (1) and -y is the constant term
of the drift of {-W(z)}.

If {—W(z)} is a trivial strictly semi-stable or stable Lévy process, then 7, > 0 and
v = 0. We thus obtain (2.20).

We next consider non-trivial cases. Since {—W(z)} is a strictly semi-stable Lévy
process, Theorem 14.7 in [12] implies that vy = 0. For the environment, we obtain that

(the right-hand side of (2.21))

< /100 exp {—s/loo(l - e_“’)f/(dx)} ds
</ " exp{—s(1 — e (1, 00)) s

< Q.

For the a-stable Lévy environment, we use semi-selfsimilarity of the environment and
can show the assertion in the same way.

In the case where d > 2, for a fixed W the components of Xy are independent since
Xw is constructed by d independent standard Brownian motion. Hence we obtain the
transience in any dimension. O

2.2 Proof of Theorem 1.2

In the same reason as mentioned in the proof of Theorem 1.1, we study limiting
behavior of the process Yw(t) corresponding to the generator

d
0 0
I Rl R ILECH
ford > 2.

Proof of (i) of Theorem 1.2. We set
€:=(€)j=1,..a € {—1,+1}%,
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For each €, we have that for any a > 0
: d
{Wiaxy), x5 € R} = {aWj(x;), x5 € R;}.

We also set Re := Ry x --- x Rg\ {(0,...,0)} and S¢~! := S~ N Re. On Re, a point
and a pair s > 0 and o € SZ~! have one-to-one correspondence to each other such that
x; = s 0;. We thus denote a function of « by s = s(x) which satisfies that

> (2) -

j=1

We set

d Zd v —1 2
. g;/8 J
Ee(s) ::/ exp{ — E W;(s%o;) ]_1( i/ ) do, s > 1,
j J 2
gd—1 . d 2
€ j=1 (§ i1 'yjaj)

Je ::/1 st=nt+va) pol(s)ds.

By arguments of Ichihara’s recurrent test in [8] and [5], if Je¢ = oo for any € and almost

all environments, then we obtain the assertion. Setting 4 := min{«;, 5,7 =1,...,d}, we
have that
oo 2(4—1
1 fsg—l exp{—zg.lzl Wj(s’Yjaj)}da
o9 d
> Cdﬂ/ §27 = (dmtta) oy, inf W;(sYo;) ¢ ds, (2.22)
1 oESd ! =1

where Cg4 4 denotes a positive constant determined by d and 4. We set a measure
preserving transformation for (W}, Q);) such that forall t € R

Tt(j)Wj(Uj) — efth(ethaj), o e Sg—l.

A direct product of strong m1x1ng transformations is strong mixing (cf. Theorem 2 in [2,
p. 229]), which implies that {T } is ergodic. We also set

d
Me(t) == inf TOW; (o).
065%71 =1

For each component of W, the positive side and the negative side are independent. In
addition, W;’s are also independent. These and (2.8) imply that for any d > 2

Hence, we obtain that for any €, any ap > 0 and any t € R
Q {Me(t) > ap} > 0. (2.23)
We choose mg > 0 which satisfies that for any ¢t > 0

29 — (m+- - +7a)} +e'mo > 0.

ECP 22 (2017), paper 4. http://www.imstat.org/ecp/
Page 8/11


http://dx.doi.org/10.1214/16-ECP36
http://www.imstat.org/ecp/

Multi-dimensional diffusion processes in semi-selfsimilar random environments

Then, we obtain that
(the right-hand side of (2.22))

=Casy /OOO exp [H{25 — (y1 4+ +7a)} + " Me(t)] dt

: I
ZCd’R/]\}gnooNN A 1[mO?m)(Me(t))dt. (224)

The ergodicity of {Tt(j )} and (2.23) imply that

1 N
1im N /0 l[mo,oo) (Me(t))dt

=K [1[m0,oo) (ME(O))]
=Q{Me(0) >mg} >0  Q-almost surely.

This positivity and (2.24) imply that Je¢ = oo for any € and almost all environments. O

Proof of (ii) of Theorem 1.2. If {—Wj,(z;,),z;, > 0,Q;,} is a subordinator for some j,
(1 < jo < d), then the proof of (ii) of Theorem 1.1 implies that the jo-th component of Xw
is transient for almost all environments. If {—W,,(—z;,),z;, > 0,Q,,} is a subordinator,
then for the j>-th component of Xw we can also show the transience property for almost
all environments by showing (2.20) for the subset {—1} C S0, Hence, at least one
component of Xy is transient for almost all environments, which implies assertion
(ii). O

Remark 2.2. Even in the case where (W, Q) contains semi-stable Lévy environments
instead of some of the stable Lévy environments, the both assertions of Theorem 1.2
hold. The proofs are almost same as above. To prove (i) we need to take a common span
for all the semi-stable Lévy environments.

3 Transience of a two-dimensional diffusion process

In [7], Gantert et al. considered a two-dimensional random walk {X,,,Y,,,n € N}
such that {X,,} is a random walk in the random environment studied by Sinai [13], {Y},}
is a centered random walk that converges weakly to a strictly a-stable Lévy process
with a € (1,2] under a suitable scaling, and they are independent. They showed the
recurrence of the random walk for almost all environments. In [19], Tanaka studied
a one-dimensional diffusion process in a reflected non-positive Brownian environment
(—|W1, Q) and showed the convergence theorem with the same scaling as that of the
diffusion process studied by Brox [1]. Denoting Tanaka’s diffusion process by { X_ (%)},
we consider a direct product of {X_y((¢)} and a one-dimensional standard Brownian
motion (denoting by {B?(t)}). For the two-dimensional diffusion process, we obtain the
transience property.

Proposition 3.1. We assume that {X_y(t)} and {B?(t)} are independent. Then, the
two-dimensional diffusion process {X_w|(t), B*(t)} is transient for almost all environ-
ments.

Proof. By applying Ichihara’s transient test in [8] to the generator
2
0 0
N W N
> gy e (Wl 5
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it is sufficient to show that for almost all environments there exists I C [0, 1] such that
|I] > 0 and

/ %exp{f\W(su)\}ds<oo, uel. (3.1)
1

We first show that for a fixed € € (0, 1) there exists I C [e, 1] such that |I| > 0 and for
anyu € [

E {/ éexp{—|W(su)|}ds < 0. (3.2)
1

Using the inequality
> —22/2 1 —u?/2
e dz < —e for any v > 0,
w U

we obtain that for any u € [e, 1]
(the left-hand side of (3.2))

1
— [ S Blexp(-vsuw () as
1
:/ 1{\/5(25“/2/ ez2/2dz}ds
1 S ™ Vsu
S\/E/ lesu/Z 1 efsu/ZdS
)1 s \/su

< ,/3/ gy = 22 (3.3)
e Jy Ve

We next show that the exceptional set of probability zero does not depend on u.
Fubini’s theorem and the inequality (3.3) imply that

B Ul (/100 iexp{—|W(su)|}ds> du}

/elE[/looieXp{|W(su)|}ds} du < %(16).

Hence, we obtain that for almost all environments and a fixed e € (0, 1)

/61 (/100 iexp{—IW(su)uds) du < o0,

which implies (3.1). O
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