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We study various probabilistic and analytical properties of a class of
degenerate diffusion operators arising in population genetics, the so-called
generalized Kimura diffusion operators Epstein and Mazzeo [SIAM J. Math.
Anal. 42 (2010) 568-608; Degenerate Diffusion Operators Arising in Popu-
lation Biology (2013) Princeton University Press; Applied Mathematics Re-
search Express (2016)]. Our main results are a stochastic representation of
weak solutions to a degenerate parabolic equation with singular lower-order
coefficients and the proof of the scale-invariant Harnack inequality for non-
negative solutions to the Kimura parabolic equation. The stochastic represen-
tation of solutions that we establish is a considerable generalization of the
classical results on Feynman—Kac formulas concerning the assumptions on
the degeneracy of the diffusion matrix, the boundedness of the drift coeffi-
cients and the a priori regularity of the weak solutions.

1. Introduction. Generalized Kimura diffusion operators are a class of de-
generate elliptic operators arising in Population Genetics as the infinitesimal gen-
erators of continuous limits of Markov chains Kimura (1957, 1964); Shimakura
(1981); Ethier and Kurtz (1986); Karlin and Taylor (1981). A thorough study of
the parabolic equations defined by generalized Kimura operators was initiated by
C. Epstein and R. Mazzeo in Epstein and Mazzeo (2010, 2013), where the authors
construct anisotropic Holder spaces to prove existence, uniqueness and optimal
regularity of solutions to the parabolic Kimura equation. In general, Kimura op-
erators act on functions defined on manifolds with corners [Epstein and Mazzeo
(2013), Section 2.1]. In adapted local coordinates, z = (x, y) € S, ., the general-
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ized Kimura operator takes the form

n

n
Lu= Z(xiaii(x, Wity + bi(x, Yuy,) + Z XiXjdij (X, Y)Uxx;
— e
(1.1) ’ b

n m m m
+szial(xvy)uxiyl + Z dkl(-x7 y)uyky] +Za(x7 y)uyl7

i=1l=1 k=1 =1
in a neighborhood of (0, 0), for u € CZ(Sn,m). We let S, =R} x R", Ry :=
(0, 00), with n and m nonnegative integers such that n + m > 1. The hypersurface

boundary components of S, ,, are defined by {x; =0}, fori =1,...,n.
With X; = (x1, ..., Xi—1, Xi+1, - . ., Xn), We denote the restriction
Bi(xi, y) = bi (x, ¥)|(x;=0}-
In normalized coordinates a;; = 1, for all i. In these coordinates, the functions,

{Bi}, are i/pvariantly defined on 95, ,,, and are called the weights of the Kimura
operator L. In applications to Genetics, a weight B8;(X;, y) is the aggregate mu-
tation rate into the type i when x; = 0 and the remaining types have frequencies
(X;, y). If these weights are all constant, then the analysis is considerably simpler.
Such operators have been examined in many important cases in Shimakura (1981).
This is not a natural hypothesis, as it implies that the rates of mutation into a given
type depend only on the target and not on the source. R

In Epstein and Mazzeo (2016), an operator L closely related to L is introduced,
which is defined by a Dirichlet form. If the weights are all strictly positive, then
the measure appearing in the Dirichlet form is a doubling measure, and one can
establish that the Dirichlet form satisfies a scale-invariant L?-Poincaré inequality.
Using techniques of Moser as elaborated by Saloff-Coste, Grigor’yan and Sturm,
one can then establish that nonnegative local solutions to u; — Lu = 0 satisfy a
Harnack inequality, as well as pointwise estimates for the heat kernel. The differ-
ence L — L is a vector field tangent to the boundary, which is, in a precise sense,
a lower order perturbation; see Section 5.2. If the weight 8; (X;, y) is nonconstant
along the boundary component {x; = 0}, then the coefficients of this vector field
blow-up like Inx;. This explains the origin of the class of operators, defined in
(1.10), whose study we continue in this paper. To illustrate the structure of the
operator L, we begin with an example of the Wright-Fisher model for gene fre-
quencies, which leads to a particular example of a Kimura diffusion.

EXAMPLE 1.1 (A Wright—Fisher model [Karlin and Taylor (1981), Chapter 15,
Problem 33]). We consider a Wright—Fisher model for the frequencies of 3 types
with mutation and no selection. The stochastic differential equation that describes
the dynamics of the frequencies of 2 of the types, {X (), Y (¢)}s>0, is given by

dX (1) = (@ — (@ + )X @®)dt +/X(O)(1 = X)) dW; (1),
dY()=(B— B+ Y)Y (@) dt +/Y()(1 =Y (1)) dWa(1),
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where «, 8, y are nonnegative constants determined by the mutation rates, and
{W;(t)}i>0, for i =1, 2, are one-dimensional Brownian motions with correlation
coefficient,

dwi(@t) - dWa(t) = \/X(t)Y(t)/\/(l —X®)(1—=Y())dt.
Because the drift coefficients of the processes {X (#)};>0 and {Y (#)};>0 are zero or
point inside of the interval [0, 1] at the endpoints O and 1, where the variance of the
processes vanishes, standard properties of one-dimensional diffusions imply that,
almost surely,

0<X®,Y(®) =<1, vt > 0.

Moreover, an application of It6’s rule gives us that the process Z(¢) := X (t) + Y (¢)
satisfies

dZt)=(a+B—(@+Y)X®) = B+y)Y(®)dt +/Z(t)(1 = Z(t)) dW5(1),
where {W3(#)};>0 is a one-dimensional Brownian motion defined by {W;, W»}.
The same argument as above gives us that 0 < Z(¢) < 1, a.s. for all # > 0. It is now
clear that we can model the frequency of the third type by the process 1 — X (¢) —
Y (t), and to understand this model, it is sufficient to characterize the dynamics of
the process {X (), Y (¢)};>0, whose state space is the two-dimensional simplex,

L= {(x.y) €R*:0<x, yix+y <1},

which is an example of a compact manifold with corners.
To understand the dynamics of the type frequency process, we study the in-
finitesimal generator of the process, which is given by

1 1
Lu=—-x(1-— — —y(l —
(1.2) u 2x( X)Uyy XYUyxy + 2)’( y)uyy

+lo—(@+y)xux +[B—B+yIvluy,  V(x,y) €

The study of the operator L is nonstandard only in a neighborhood of the boundary
of the domain. To facilitate this analysis, depending on the point that we fix on the
boundary of %, we choose suitable adapted local coordinates to write the operator
L in the general form described in (1.1). For example, the form L given in equation
(1.2) is used in a neighborhood of the point (0, 0). In a neighborhood of the corner
point (0, 1), the operator L given by (1.2) does not obviously have the form (1.1),
but a change of local coordinates, (x',y)=(1—(x+y),y), allows us to rewrite
L as

- 1
L'v= EX/(l — x)oyre — X'y vy

1 / / /
(1.3) + 5y (I=Y)vyy +[B—B+¥)y vy

+[B+y+@+y)x' +@+p -2y ], YY) e X,
which is clearly of the more general form (1.1).
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The weights of L, defined in (1.2), along {x = 0} and {y = 0} are the constants
a and B, respectively. Along x” = 0, the weight 8+ y + (@ + B8 —2y)y’ is noncon-
stant. It is the nonconstancy of weights that leads to the log-terms appearing below
in the definition of generalized Kimura operators. If o, 8, 8 + y, ¢ + 28 — y are
positive, then results in Epstein and Mazzeo (2013, 2016) imply that the process
has a unique stationary measure, v, which can be written

(1.4) v=w(x, )Xy — x — )Py gy gy,

for a bounded, nonnegative function w(x, y).

In neighborhoods of the corner points (0, 0) and (0, 1), the operators L given
by (1.2), and L given by (1.3) can be extended to the space S, ,,, with n =2 and
m = 0. When choosing a boundary point of the form (0, 1/2), it is not difficult
to see that the operator L in (1.2) can be written in the form (1.1), and then ex-
tended to S, ;, but now with n =m = 1. Since the focus of this article is on local
properties of solutions, it is natural to study Kimura operators (1.1) defined on the
extended space Sy .

The main feature of the operator L is that it is not strictly elliptic as we approach
the boundary of the domain S, ,,, and not self-adjoint with respect to any obvious
choice of measure. Hence, standard methods do not apply to understand the reg-
ularity properties of solutions to equations defined by L. The coefficient matrix
corresponding to the second-order derivatives of the operator L degenerates be-
cause the smallest eigenvalue of the second-order coefficient matrix tends to O at a
rate proportional to the distance to the boundary of the domain. For this reason, the
signs of the coefficient functions b;i(z) along 9., ,, play a crucial role in the regu-
larity of solutions. In this article, we always assume that, fori =1, ..., n, the drift
coefficient E (z) is a strictly positive function along {x; =0} C 3., . The precise
technical conditions imposed on the coefficients of the operator L are described in
Assumption 5.1.

The initial motivation of our article was to prove that nonnegative solutions to
the parabolic equation defined by generalized Kimura operators,

(1.5) uy—Lu=0  on(0,00) X Spm,

satisfy a scale-invariant Harnack inequality.

THEOREM 1.2 (A scale-invariant Harnack inequality). Suppose that Assump-
tion 5.1 holds and let ¢ € (\/2/3, 1). Then there are positive constants, a, B, y and
H = H(l;, 8, K, Ko, A, T), such that a > 8 and the following hold. Let 2 C S,
be an open set and (t1,t2) C Ry. Let Q := (t1, 2) x Q. Assume that u is a non-
negative, continuous probabilistic solution to the equation u; — Lu=0on Q,in
the sense of Definition 5.5. Then for all (s, z) € Q and all R > 0 such that

(1.6) (s —4R% 54+ R?) x B4r(2) C O,
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we have that

(L.7) sup u<H inf u Vo € (0,cR),
0; (5.2) 0 (5.2)

where we let
(1.8) Q,(s.2):= (s —ap®. s — Bp°) x B,(2),
(1.9) 0F(s.2):=(s.s + yp?) x B,(2).

A different proof of Theorem 1.2, based on Moser’s iteration method Moser
(1961, 1964), is given in Epstein and Mazzeo (2016). The main difference be-
tween our method of proof and that of Epstein and Mazzeo (2016) is that we use
a probabilistic approach due to K.-T. Sturm (1994), in which we view the operator
L as a lower-order perturbation of the self-adjoint generalized Kimura operator, L,
defined by

n n
Lu= Z(xiaiiuxixi + bia;iuy,;) + Z XiXjdijUy;x;
i=1 ij=1

n o m m
+ Zzzxicil”xiyz + Z diktty, yy

i=1l=1 k,I=1

n n
+ > xi (ax,-aii + Y (@ij + 8ijaii + x;0y,aij + aij(bj — 1))
i=1 j=1

m
(1.10) +Zay,c,-l>uxi

=1

n m
+ Zx, |:Z (axibj + Zxkd,-kaxkbj + Zcilay,bj) lnx]':|uxl.

=1 Lj=1 k=1 I=1

m
+> |:Z(Xi Ox;Cit + bicir)

I=1Li=1

+ Z Oy dix + Z(leclla b+ Zdlkaykb ) lnxj:|uy,,

j=1\i=l

where u € C2 (Sn,m) and 6;; denotes the Kronecker delta symbol. The precise re-
lationnship between the operators L and L is described in §5.2. The difference
L — L is a vector field tangent to the boundary, with possibly singular coefficients.
The operator L is defined by a symmetric Dirichlet form [see (2.1)]; if the weights
are nonconstant, then log-terms arise from integration by parts.
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While the results in Epstein and Mazzeo (2016) apply both to the operators L
and L, in our work we appeal only to those results concerning the self-adjoint
operator L, and not L. We believe that this observation is important because this
suggests that it may be possible to generalize our approach to more general oper-
ators A, which can be written as a sum of a self-adjoint operator A and a lower-
order, possibly singular, perturbation E, and exploit the fact that properties of self-
adjoint operators are, generally speaking, easier to derive than those for nonself-
adjoint operators.

We next comment on the main difficulty in adapting Sturm’s approach to our
framework in order to motivate two further results in our article, which are de-
scribed in Theorems 1.3 and 1.6. The probabilistic proof of the Harnack inequality
in Theorem 1.2 requires that we know that the solutions to the parabolic problems
defined by the operators L and L have a stochastic representation. This is partic-
ularly problematic for the generalized Kimura operator L, because as proven in
Section 2.2, the weak solutions to the problem (2.10) only belong to a suitable
weighted H! space. In particular, we do not know the regularity properties of the
second-order derivatives of the solutions up to the boundary of the domain S, ,,.
Their properties are not easy to derive as we can see that the operator L contains
singular logarithmic terms. Thus, it is not possible to directly apply It6’s rule to
establish the stochastic representation of solutions. Instead, we take a different ap-
proach, which circumvents the application of 1t6’s rule and uses a combination of
probabilistic and analytic arguments described in Section 4.

To give the statement of the stochastic representation of solutions, we first need
to define the generalized Kimura stochastic differential equation associated to the
operator L:

n
dX;(t) = (gi(Z(t)) +Xi() ) fii(Z0)InX; (z)) dt
j=1
n+m
+VXi (1) Y 0ij(Z(1)) dW; (1),
j=1
(1.11) ’ )
dy;(t) = (el(Z(t)) + Z fl_|_n7j(Z(l)) In X_,'(l)) dt
j=1
n+m
+ Z GH_,L]'(Z(I)) dW;(1),
j=1
foralli=1,...,nand [ =1,...,m, where {W(¢)};>0 is a (n + m)-dimensional
Brownian motion, and we denote Z = (X, Y). The relation between the general-
ized Kimura operator L, defined in (1.10), and the generalized Kimura stochastic
differential equation (1.11) is described in Section 4.1. The existence and unique-

ness of weak Markov solutions to the generalized Kimura equation (1.11) is estab-
lished in Pop (2017a), Theorems 3.1 and 3.7.
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Let Q € S, ;» and denote Q2 := QU (02 N 39S, n). We also need to introduce
the weighted Sobolev space L%(2; du), which consists of measurable functions,
u:Q — R, that are L’-integrable with respect to the measure d.(z), defined by

(1.12) du(z) = (]"[ xf’i(z”) dz,  Yz=(x,) € Sum.

i=1

If the weights of L (or L) are positive, then the unique stationary measure for the
associated process is locally of the form w(z) du(z), with w a bounded function;
see (1.4). If L is a standard Kimura diffusion, with weights {E[ (x, y)} that are
nonconstant along some boundary components, then the natural representation of
the dual operator L' acting on measures of the form f(z)du(z) includes a first-
order tangent vector field with logarithmically divergent coefficients. This provides
a second reason why it is natural to consider operators with singular coefficients,
such as those appearing in definition (1.10).
We establish the stochastic representation of weak solutions.

THEOREM 1.3 (Stochastic representation of weak solutions). Suppose that
the coefficients of the operator L satisfy Assumption 2.1. Let Q2 C S,, ,,, be an open
set. Given any function, f € L?(Q: duw), there is a set, N C , of zero p-measure,
such that

(1.13) u(t,z) =Ep:[ f(Z(1)) 11 <10} ], vVt >0,Vz € Q\N,
where 1, is defined by
(1.14) to:=inf{r >0:Z(t) ¢ Q}.

P2 is the probability distribution of the unique weak Markov solution, {Z(t)};>0,
to the Kimura equation (1.11), with initial condition Z(0) = z, and u is the unique
weak solution to the initial-value problem,

u; —Lu=0 on (0,00) x 2,

(1.15)
u=f on {0} x Q.

REMARK 1.4. In Section 2.2, we prove that the solutions to the initial-value
problem (1.15) define a strongly continuous, contraction semigroup, {T;Q}tzo, on
the weighted Sobolev space L?(2; dp). In other words, for all f e L3(Q:d “w,
the solution u to (1.15) can be represented in the form u(¢) = TtQ f. Thus, the
stochastic representation formula (1.13) is equivalent to

(1.16) T2 f(2) =Ep:[f(Z())jy<rg)], VI =>0,Yz€Q\N.
REMARK 1.5. With more effort it can be shown that the set, N, of zero -

measure appearing in the statement of Theorem 1.3 can be chosen to be the empty
set; see Epstein and Pop (2014), Theorem 1.3, and Remark 4.5.
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Our next result is a probabilistic reformulation of the Harnack inequality Epstein
and Mazzeo (2016), Theorem 4.1, for nonnegative solutions to the parabolic equa-
tion defined by the operator L. The main difference between Epstein and Mazzeo
(2016), Theorem 4.1, and our Theorem 1.6 is that, in the former result, the Harnack
inequality (1.19) applies to functions belonging to suitable weighted H! Sobolev
spaces (as defined in Section 2), while in the latter result, (1.19) applies to func-
tions satisfying the stochastic representation (1.18). Thus, the a priori regularity
properties of the functions u(z, z) defined by (1.18) are not obvious. Along with
Theorem 1.3, Theorem 1.6 is a key ingredient in our probabilistic proof of the
Harnack inequality in Theorem 1.2. To state Theorem 1.6, we need the following
notation. Let Q := (t1, 1) x 2, and let

(L.17) 00 = ([l‘],l‘z] Xalg)U({l‘l}XQ),

where 912 :=9Q N S, ;». We can now state the following.

THEOREM 1.6 (Harnack inequality for solutions defined by a stochastic repre-
sentation). Suppose that the coefficients of the operator L satisfy Assumption 2.1.
There is a positive constant, K, such that the following hold. Let g € C(dQ) be a
nonnegative function, and let u be the function defined by the stochastic represen-
tation

(1.18) u(t,2):=Ep:[g(t — t —t1) A1), Z((t —t1)) ATQ))]  Y(t,2) €0,

where {Z(t)};=0 is the unique weak Markov solution to the generalized Kimura
stochastic differential equation (1.11), with initial condition Z(0) = z, and tq is
as in (1.14). Then the function u satisfies the scale-invariant Harnack inequality,
that is, for all (19, 2% € Q and r > 0, such that Q»,(t°, z°) C Q, we have that

(1.19) esssup u < Ko essinf u,
Qr(tO_er’ZO) Qr(l‘O,ZO)

where the parabolic cylinder Q, 1, 2% is defined in (4.16).

Our results, Theorems 1.3 and 1.6, are a considerable generalization of similar
results concerning stochastic representation of solutions. In our article, the stochas-
tic representation (1.13) holds for weak solutions u, with the property that # and
uy; belong to a suitable weighted Sobolev space, and u; is understood in a distri-
butional sense (as described in Section 2.2). In particular, we do not have informa-
tion about the regularity of the second-order derivatives iy, and so the standard
method of applying It6’s rule to a sequence of regularized solutions to prove a
stochastic representation formula is not applicable in our framework. The results
known to us in the literature apply to functions having C!-? regularity [Karatzas
and Shreve (1991), Theorem 5.7.6; Friedman (1975/1976), Theorem 6.5.1; Feehan
and Pop (2015), Theorems 1.14, 1.15 and 1.17], or W;*z regularity [Sturm (1994),
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Theorem 4; Bensoussan and Lions (1982), Theorems 2.7.3 and 2.7.4; Portenko
(1976), Section I1.3], that is u, u;, uy; and uy, ; are continuous functions, or they
belong to a L?” space. Moreover, the operators considered in the aforementioned
articles are strictly elliptic and the lower-order terms are bounded, measurable
functions, while our operator L is degenerate and the lower-order terms have log-
arithmic singularities. The main advance in Theorem 1.3, over known results, is in
the relaxation of the regularity assumptions of the solutions for which we establish
the stochastic representation (1.13).

Stochastic representation of solutions defined by semigroups can also be de-
rived in terms of Hunt processes [Fukushima, Oshima and Takeda (2011), Theo-
rems 7.2.1 and 7.2.2], as opposed to solutions to stochastic differential equations.
In the application of Theorem 1.3 to the proof of the Harnack inequality, we need
to have the stochastic representation (1.13) in terms of the solutions to the stochas-
tic differential equation. It is a nontrivial problem to prove that the Hunt process
arising in the stochastic representation implied by Fukushima, Oshima and Takeda
(2011), Theorem 7.2.1, is also a solution to a stochastic differential equation. In
our proof of Theorem 1.3, given in Section 4.2 and Section 4.3, we establish that
the Hunt process associated to the semigroup of solutions u(t) = T2 f, where
u(0) = f, given by Fukushima, Oshima and Takeda (2011), Theorem 7.2.1, has
the same law as the unique weak Markov solution to the generalized Kimura equa-
tion (1.11), stopped upon leaving the region £2. We are not aware of a reference to
analogous results in the literature.

1.1. Outline of the article. The rest of our article is organized as follows. Our
main results concerning the stochastic representation of solutions, Theorems 1.3
and 1.6, are proved in Section 4, while the Harnack inequality stated in Theo-
rem 1.2 is proved in Section 5. Sections 2 and 3 contain results that lead to the
proofs of our main results.

In Section 2, we introduce the parabolic problem defined by the generalized
Kimura operator L on sub-domains €2 of S, ,, and the notion of weak solution in
Definition 2.2. We prove the existence and uniqueness of weak solutions in suit-
able weighted Sobolev spaces and we show that the weak solutions to the homo-
geneous initial-value problem (1.15) generate a strongly continuous, contraction
semigroup, {T,Q} +>0. We also discuss the Dirichlet form associated to the general-
ized Kimura operator L and the semigroup {7;%*};>¢. Concepts from the theory of
Dirichlet forms are used in Section 4.3 to give the proof of Theorem 1.3.

In Section 3, we study the properties of the fundamental solution for the semi-
group {7};};>0, which play a key role in Section 4 to give the proofs of Theorems 1.3
and 1.6. Section 4 is organized into several parts. In Section 4.1, we describe the re-
lation between the generalized Kimura operator L, defined in (1.10), and the gen-
eralized Kimura stochastic differential equation (1.11). In Section 4.2, we prove
Theorem 1.3 in the particular case when Q = S, ;. Because Theorem 1.3 cannot
be obtained by a direct application of Itd’s rule, due to the lack of regularity of
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the solutions u(t) = Tts2 f, we adopt a different approach. We first establish the
stochastic representation (1.13) by replacing {Z(¢)};>0 by a suitable Hunt process,
{z° (t)}:>0, and then using the formalism of the martingale problem of Stroock
and Varadhan, we show that the Hunt process {Zo(t)},zo induces the same prob-
ability law on the canonical space as the unique weak Markov solution {Z(¢)};>0
to the Kimura stochastic equation (1.11). Theorem 4.1 is then obtained as a conse-
quence of Proposition 4.2. We obtain the more general statement of Theorem 1.3 in
Section 4.3, by combining Theorem 4.1 with a localization procedure from S§,, ;, to
sub-domains, €2 C S, ;. The localization procedure consists in studying the part of
the Dirichlet form (Q, Hol(S',,,m; duw)) on Q C S, n; see Fukushima, Oshima and
Takeda (2011), Section 4.4. We conclude Section 4 with the proof of Theorem 1.6
in Section 4.4.

In Section 5, we adapt the method of the proof of Sturm (1994) to our framework
to obtain the Harnack inequality for the Kimura operator L, defined in (1.1). In
Section 1.2, we summarize the notation and conventions that are used throughout
the article.

1.2. Notation and conventions. Let Q4 denote the set of positive rationals
and N :={0, 1,2, ...}. For all n, m and k positive integers, and U C R" an open
set, we denote by Ck(U; R™) the set of functions u : U — R™ that are k times
continuously differentiable on U. We let C*(U;R™) be the set of functions in
CK(U; R™) with the property that all derivatives up to order k can be extended by
continuity on U and the norm

lull kg mmy = > ”Dau”C(U;R’”) < 00,
aeN"
|| <k
where |o| = a1 + -+ ay, forall @ = (aq, ..., a,) € N Let a, b € R. We denote
a Ab:=min{a, b} and a Vv b := max{a, b}.

2. Initial-value problems, semigroups and Dirichlet forms. In this section,
we state in Assumption 2.1 the conditions satisfied by the coefficients of the sin-
gular Kimura operator L given by (1.10). We then introduce in Definition 2.2 the
notion of weak solution to the parabolic problem defined by the singular Kimura
operator on a domain 2 C S, , and we recall the existence and uniqueness re-
sults for weak solutions to the initial-value problems defined by L. This allows us
to introduce the semigroup, {T,Q}tzo, determined by the weak solutions and the
associated Dirichlet form, Qq(u, v).

2.1. Assumptions on the coefficients of the singular Kimura operator L. The
particular choice of the operator L in Epstein and Mazzeo (2016) and in our work
is motivated by the fact that it can be written in divergence form [L is a self-adjoint
operator on LZ(S’n’m; dw)]. Thatis, for all u, v € CCZ(S‘”,m), we have that

—(Lu,v)p23, iap = Q. v),
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where we recall that the weighted Sobolev space LZ(Sn,m; du) consists of mea-
surable functions, u : S, ,, — R, that are L>-integrable with respect to the measure
du(z), defined by (1.12), and the symmetric bilinear form, Q(u, v), is given by

@.1) Ou.v) = /S a0, v)(2) ().

where we let

n n
q(u,v)(z) = inaii(Z)ux,- Uy; + Z XiXjaij (2)uy; Vx;
— et
2.2) ’ o

n m m
+ D0 xicin @)y vy +uyve) + Y dig(@Duy, vy,
i=11=1 1k=1
To state the technical assumptions satisfied by the bilinear form Q(u, v), we intro-
duce the following notation. For a set of indices, I C {1, ..., n}, we let

M=z =(x.y) € Sum:xi € (0, 1) foralli €1,
2.3)
and x;j € [1, 00) forall j € I},

where we denote /€ :={1,...,n}\I/. We make the following assumptions about
the coefficients of the bilinear form Q(u, v) given by (2.1).

ASSUMPTION 2.1 (Coefficients of the operator L). There are positive con-
stants, b, § and K, such that:

1. The coefficients diag(a;;(z)), (a(z)) and (c(z)) are chosen such that, for all

zZ€E M{l ,,,,, n)» & € R" and n € R™, we have that
n n
S+ 1) <Y ai(EF+ Y @ij(2)&E;
=1 i, j=1
2.4) ’ b

+2) Y cu@&Em+ Y du@mmk.

i=11=1 1 k=1

Compare condition (2.4) with Pop (2017a), Condition (2.18) and Epstein and
Mazzeo (2016), Condition (35).

2. Let I g {1,....n},1<i,j<n,1<l,k<m,hel,and h' € I°. For all
z € M;, we assume that

ajj(z) =0, cii(z) =0, dii (z) = ik, bi(z)=1,

8 <ann(z), Xpapp (z) = 1.

(2.5)

3. The coefficients b; (z) satisty, foralli =1,...,n,
(2.6) bi(z) = b >0, Yz € 8Su.m N {x; =0}.
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4. The coefficients a;; (z), aij(z), bi (z), ¢ik(2), dri(z) together with their deriva-
tives of any order are smooth and bounded functions on S, ,,, forall 1 <i, j <n
and for all 1 <k, <m, and we have that

2.7 llaji ||C(§,Lm) + ||C~lij ||c(5‘n.m) + ||Cik||c(§n,m) + ”dlk”C(Sn,m) +11bi ||c(5'n.m) <K.

The conditions imposed on the coefficients of the operator L in Assumption 2.1
ensure that they also satisfy the conditions assumed in Pop (2017a) and Epstein
and Mazzeo (2016).

2.2. The initial-value problem defined by the singular Kimura operator. To
formulate the notion of weak solution to the inhomogeneous initial-value problem,

uy—Lu=g onl x €,
u=f on {f1} x 2,
where Q C S, ,, is an open set and [ := (#1, ) C R4, we need to introduce
suitable function spaces. We denote dpS2 the relative interior of 2 N 39S, m,

01R2: =090 N Sy m, and 2 := Q U 9p€2, and we introduce a bilinear form on the
open set €2:

Qsz(u,v):=/Qq(u,v)(z)du(z), Vi, v e H(Q: dw).

When @ = S, ,,, we simply denote Qg by Q. We follow Sturm (1995), Sec-
tion 1.3 A, letting H := L(Q; duw), and F := H(} (2; di) be the closure of C!
functions with compact support in £2, CC1 (2), with respect to the norm,

172

(2.8)

lull g1 ey = (@2, ) + [lull3,)

Let C(I,#) be the space of continuous functions, u : I — #, endowed with the
norm

leell o720 1= supllu(®) |5, < o0.
tel

The space of functions C (I, F) is defined similarly to C(I, ) by replacing the
space H with F in the preceding definition. We let L?(I, F) denote the space of
measurable functions, u, on I x 2 endowed with the norm,

) 12
Nl 2y 1= ( / ||u(t)||}-dt) - %0,

Let F* denote the dual space of F with respect to the extension of the L?(Q; d)-
pairing to F x F*. H'(I, F*) is the space of distributions, u, such that u €
L2(1, F*) and the distributional time derivative, fi—’;, also belongs to L2(1, F*).

We endow the space H L1, 7*) with the norm

([t [0 ) <
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Finally, we let F(I x 2) := L3I, F)NHY(I, F*). Following Sturm (1995), Sec-
tion 1.4 A, Evans (1998), Section 7.1.1 b., Brezis (2011), Theorem 10.9, we define
the notion of a weak solution as follows.

DEFINITION 2.2 (Weak solution). Let f € H and g € LZ(I, F*). A function
u € F(I x Q) is a solution to the inhomogeneous initial-value problem (2.8) if:

1. Forall ve F(I x 2), we have that

d
(2.9) /IQg(u(t),v(t))dt—i-/l(%,v(t)) dt:fl(g(t),v(t))dt,

where (-, -) denotes the dual pairing of F* and F.
2. The initial condition is satisfied in the H-sense, that is, || u () — f|l% — 0 as

tl 1.

It is clear that the bilinear form Qgq(u, v) is coercive and continuous when
u,v € F. Thus, we can apply Sturm (1995), Proposition 1.2, to obtain that for
all f € H there is a unique weak solution, u € F(I x ), to the homogeneous
initial-value problem:

u; —Lu=0 onl x Q,

(2.10)
u=f on {t1} x Q.

Moreover, there is a strongly continuous, symmetric, contraction semigroup on H,
{TIQ},ZO, such that the unique weak solution u can be represented in the form
u(t+n)= T,Qf, forall ¢ € (0, £, —t1). For brevity, when Q2 = S, ,, we denote TtQ
by T;. Using (2.1) directly, and the definitions in Fukushima, Oshima and Takeda
(2011), Properties (£.1)-(£.7), it is easy to verify that the bilinear form Qg (u, v)
defines a Dirichlet form on the Hilbert space HOl (2;du) C L2(Q:d i), which is
regular and strongly local.

From Sturm (1995), Proposition 1.2, and Duhamel’s principle, we obtain the
existence and uniqueness of a weak solution to the inhomogeneous initial-value
problem (2.8). We state the result in the form that we need for later use.

LEMMA 2.3 (Existence and uniqueness of solutions to the inhomogeneous
problem [Lions and Magenes (1972), Theorem 3.4.1 and Remark 3.4.3, Brezis
(2011), Theorem 10.9]). Let f € H and g € L2(1,H). Then there is a unique
weak solution, u € F(I x 2), to the inhomogeneous initial-value problem (2.8),
and we have that

t
(2.11) u(t+t1)=T,Qf+/0 T g(s+1,)ds,  Vie[0,n—1]
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3. Properties of the fundamental solution. In this section, we prove the ex-
istence of the fundamental solution associated to the semigroup {7;};>0, and some
of its regularity properties that are extensively used in the sequel. In Lemmas 3.1,
3.2 and 3.4, we establish the main properties of the fundamental solution, which al-
low us to associate in Section 4.2 a suitable Hunt process to the semigroup {7}};>0.
In Propositions 3.6 and 3.7, we prove a Holder estimate and a L?-distribution es-
timate satisfied by the fundamental solution, which enable us to establish that the
Hunt process associated to the semigroup {7;};>¢ is a solution to the generalized
Kimura stochastic differential equation (1.11).

LEMMA 3.1 (Measurability of the fundamental solution).  There is a measur-
able function, p : (0,00) X Sy, m X Spm — [0, 00), such that

(3.1) p(t.2,) € L*XSum:dp),  V(t,2) € (0,00) X Sy,

and we have that

T.f(2) = /S Ptz w) f(w) dp(w),

(3.2) _ _
V(t,2) € (0,00) X Sy, V.f € L*(Sum; d ).

LEMMA 3.2 (Regularity of the fundamental solution). The fundamental so-
lution, p, admits a modification, p, that belongs to C((0, 0c0) X S'n,m X S',,,m),
and satisfies properties (3.1) and (3.2), with p replaced by p, and the Chapman—
Kolmogorov equations,

ﬁ(t+s,z,z0)=/ ﬁ(t,z,w)ﬁ(s,w,zo)du(w),

(3.3) _
Vi, s >0,VYz,70 € Sn.m-

REMARK 3.3. The following results in our article refer to the continuous
modification of the fundamental solution, denoted by p in Lemma 3.2. In order
to simplify notation, we denote the continuous modification p by p from now on.

LEMMA 3.4 (Transition probability densities). For all (¢, z) € (0, 00) x S’n,m,
we have that p(t,z,-) € L! (Sn.m; d). Moreover, p is a nonnegative function, and
satisfies

(3.4) /Sp(t,z,w)d,u(w)zl, Y(t,z) € (0,00) X Sp.m.

The functions p(¢, z, w) du(w) can therefore be viewed as transition probabil-
ity densities.
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REMARK 3.5. We note that partial statements of Lemmas 3.1 and 3.2 are
established in Sturm (1995), Proposition 2.3(1) and (iii), where identities (3.2)
and (3.3) are established for all # > 0 and for u-a.e. z, e Sn.m- In our proof
of Lemmas 3.1 and 3.2, we prove the results for all z, e Sn.m» which is impor-
tant in the proof of Theorem 4.1, which is turn implies the main Theorem 1.3.
The fact that identities hold for all # > 0 and for all z, z° € Sn.m allows us to view
p(t,z, ) du as transition probability densities and apply the Daniell-Kolmogorov
theorem Baudoin (2014), Theorem 3.14, in the proof of Theorem 4.1.

To state the Holder distribution estimates, we first need to introduce the in-
trinsic distance, p, induced by the bilinear form Q(u, v) on S‘,,,m; see also Pop
(2017a), inequality (2.15), and Epstein and Mazzeo (2016), Identity (42). Given
Assumption 2.1, there is a positive constant, ¢, such that for all sets of indices

I,JC{l,...,n}and all ¥ € M; and z € M, we have
_ 0_
c(ilgllegcj}\/s «/—' ) r(r}%)c x —xi| + {r}lafm}lyl yl|)
<p(° 2)
3.5
(max |+ max |xP — x|
ielnJ ke(INJ)e
0_
+le{f3??fm}|yz WD'
For 7% e Sn,m and r > 0, we let
(3.6) Br(zo) ={z€Sum: p(zo, z) <r},

denote the ball with center z° and radius r, with respect to the distance function p.
When z° = (0, 0), we write for brevity B, instead of B,(0,0). We can now state
the following.

PROPOSITION 3.6 (Holder distribution estimates). There is a positive con-
stant, ag = ao(K,m,n), so that for all o € (ag, 00), there is a positive con-
stant, y =y («, K, m, n), such that for all T > 0, we can find a positive constant,
C =C(a,b, ”b”Cl(Sn,m;R”)’ m, n, T), with the property that

/ 0% (2%, 2)p(t, 2°, 2) du(z) < Ct" Y

(3.7) i
Vi € (0,T],VZ° € Spm.

We also have
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PROPOSITION 3.7 (L?-distribution estimates). There is a positive constant,
qo = qo(K, m,n) € (1, 2), such that the following hold. For all q € [1, qo), there is
a positive constant, B = B(q) < 1, and for all T > 0, there is a positive constant,
Co = Co(b, 1Bl c1(5, ey 11, G, T), such that

B8 p(t:2% ) e, ap <Cot P V2" €8, Vi€ (0, T],
and

T 0 0 _ =
(3.9) /0 Ip(z, 27, ')||Lq(5n,m;du) dt < Cy, vz" € Sum-

REMARK 3.8. For comparison, we recall the analogous estimate for standard
Brownian motion. For n-dimensional Brownian motion, direct calculations give us
that, for all «, ¢ > 0, there is a positive constant, C = C(«, n), such that

/];gnk —22%p(t,2°, 2)dz = C1*/?,

(27-[)’1(1_Q)/2 _
(3.10) Aw'p(t’ 9. 2)|7dz = T,a on/2,

vz0 e R", Vr > 0.

Thus, the conclusion of Propositions 3.6 and 3.7 hold in the case of Brownian
motion, when o > 2n and g € [1, (n + 2)/n).

The remainder of the section contains the technical proofs of Lemmas 3.1, 3.2
and 3.4, and of Propositions 3.6 and 3.7, which can be omitted on a first reading.
We begin with the following.

PROOF OF LEMMA 3.1. By Lemma 2.3, for every function f € Lz(S’n’m; du),
the homogeneous initial-value problem (2.8) has a unique solution, u € F((0,
o0) X Su.m), which can be represented by u(¢) = T; f, for all ¢ > 0. By Epstein
and Mazzeo (2016), Corollary 4.1, the solution u is Holder continuous on (0, c0) x
S‘n,m, and so, the function 7; f (z) is well defined at all points (z, z) € (0, 00) x S’n,m.
By Sturm (1995), Theorem 2.1, for all 0 < #; < » and all compact sets, K C S‘n,m,
there is a positive constant, C = C(#, t, K), such that for all # € [#1, ,] and all
z € K, we have that

b 12
2
Tl =C([ 1T 1, )
G.11)

1\ 12
= C(tz - 5) 1A 2(S, 5

where in the second inequality we used the contraction property of {7;};>¢. It
follows that the map L2(Sn,m; dn) > f — T; f(z) is continuous, and so, there
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is a Borel measurable function, p(t, z, ) € Lz(S‘n,m; du), such that identity (3.2)
holds. Moreover, using the fact that

”p(t’ Z ) ”Lz(sn,m;dﬂ) = sup |7}

LN 225, iy =1

inequality (3.11) gives us that
(3.12) ||P(T 2, )”LZ(S

n, H’l )

Let (9, %) € (0, 00) x Sn,m and r > 0 be such that 1 — 472 > 0. We denote
0,1, 2% = (1% —r2,1% x B, (z%). Let (', Z’) and (t"7") be points in Q,(¢°, z9).
By Epstein and Mazzeo (2016), Corollary 4.1, there are positive constants, o €
(0,1) and C = C(°, %, r), such that

[T f (&) = T £ (&)] = CITi fll vy 0,000 (P(2 ") 8" = 7))
From inequality (3.11), it follows that

G13) (T f@) =T () = CUFll 2, (P& 27) + | = 1)
Using the fact that
(2 ) = p" N as g = WP T f() = T f ()

AN 225 iy =!

<C, Y(t,z) elt, ] x K.

k]

inequality (3.13) gives us that, for all (¢, 2’), (t",z") € O, (1", z%), we have
Ip(t". 2 ) = p(t" 2" M 125, a0 < Clo @ 2") + |t = 1"])%

Because the point (t°, 2% € (0, 00) x Sn m was arbitrarily chosen, the preceding
inequality implies that the function p : (0, 00) X S,,,; X Sp.m — [0, 00) is measur-
able, and satisfies property (3.1) and identity (3.2). [

PROOF OF LEMMA 3.2. Forall ¢ € C° (S‘n,m), using the semigroup property
and Epstein and Mazzeo (2016), Corollary 4.1, we have that 7; Ts¢(z) = Ty 45¢(2),
forall ¢,s > 0 and all z € S, ;. From (3.2), we can write the equality 7; T¢(z) =
T;1+5¢(z) in the form,

pezw) [ plo. v, () dnl) dutn
(3.14)

- /m pt+s.2.2%0(°) du(),

and s0, identity (3.3) holds forall ¢, s > 0, and all z € S,, m» and for p-almost every
7 € S, n. The symmetry property of the semigroup yields that

t,72,72% = p(t, 7%, 7),
(3.15) P( ZZ) P( & Z)

Vt € (0, 00), for (1 x p)-almost all (z°, z) € Sym X Sum-

To obtain the conclusion of Lemma 3.2, we first prove the following.
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CLAIM 3.9. There is a set N C Sp.m of zero pu-measure such that for all t €
Q4 and e Sn.m\N, we have

(3.16) p(t,w,2°%) = p(t,2°, w), for ji-a.e. w € Sy,

and there is a countable and dense set, A C S'mm, such that AN N = & and such
that forall t,s € Q4+, z € A and e Sn.m\N, we have

(3.17) p(t+s,2,7% =/S p(t,z, w)p(s, w, 2% dp(w).

PROOF. Fort e Q4,let Ny C S‘n,m X 3,1,,,1 be a measurable set with zero (u x
w)-measure, such that identity (3.15) holds, for all (z, z°) ¢ N;. Denote by N¥ :=
Ureq, Ni- Then N 0 also has zero (1 x w)-measure, and identity (3.15) holds, for
all (z,z) ¢ N and all t € Q. Forall k € N, we let Ky := [0, k]" x [—k, k]", and
we see that

(< W (KP\N®) = (1 x ) (K) < 00.
We denote S0 := {z € Ky : (z,7%) € K,f\NO}, and applying Folland (1999),
Proposition 2.36, it follows that 1(S,0) = w(Ky), for pu-a.e. 7% € K. Thus, there
isaset N kl C S,,, m Wwith zero p-measure such that

p(t,w,2°%) = p(t, 2%, w), Vi € Qy, for p-ae. w € Ki, ¥z° € K \N}.

Letting now N'! := U{Nk1 : k € N}, we have that N! has zero u-measure, and

p(t,w,2%) = p(t, 2%, w),
(3.18) _ _
vVt € Q4, for p-a.e. w € Sy ;s v e Sn,m\Nl.

We now turn to the proof of the Chapman—Kolmogorov equations (3.17). Us-
ing the fact that identity (3.3) holds for all #,s > 0, and all z € S, ,,;, and for u-
almost every e Sn.m» we choose a countable and dense set, A C Sn,m, such
that AN N! = &, and for all ¢,s € Q4 and z € A, we choose a set Nt%svz
with zero p-measure such that A N NES’Z = ¢ and identity (3.3) holds at all
points z¥ € S’n,m\N,%S’Z. We can now set N2 := U{Nt2,s,z 1,5 €Qy,z€ A}, and
N := N' U N2, and we obtain that both identities (3.16) and (3.17) hold. We no-

tice also that A N N = &. This completes the proof of the claim. [

Let t,5s € Q, z € A, = S‘n,m\N, where the sets A and N are as in
Claim 3.9. Because p(s, e LZ(S‘,Z,m; du), there is a unique weak solution,
ue FA0,T)x S’n,m), where T > 0, to the homogeneous equation (2.8) with initial
condition f = p(s, 20, -). Using Epstein and Mazzeo (2016), Corollary 4.1, it fol-
lows that the solution u is continuous on (0, 7)) x S‘n,m. Since u(t) = T; p(s, 20,9,
the semigroup property (3.2) gives us that

u(t,z)=/ p(t, z, w)p(s, 2°, w) dp(w),
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and properties (3.16) and (3.17) imply that u(¢, z) = p(t +s, z, z0). Estimate (3.13)
applied with f := p(s, z°, -), and the property that

1G5 2% M 123, ay < 1

for all (s,zo) € (0,00) x Sn’m, show that for all #1,# > 0, and all compact
sets, K C S’n m, there are positive constants, ¢ = «(t1, 2, K) e (0,1) and C =
C(t1 1, K), such that, for all ¢, " € [t1, 2] N Q4, and for all z/,z” € K N A and
all 20 € Sn.m\N, we have that

(3‘19) |p(t/, Z/, ZO) _ p(t", ZN, ZO)| < C(;O(Z,, Z//) + |t/ _ t//’)a‘

The preceding inequality together with the symmetry property (3.17) and the fact
that Q4 x A x (S‘,, m \IN) is dense in (0, 00) X Sn m X Sn mand ANN = & give us
that p admits a continuous modification on (0, c0) x Sp nm X Sn m» Which is simply
the unique continuous extension of p from Q4 x A x (Sn m\N) to (0, 00) X Sy 1m X
S,.m. We denote the continuous modlﬁcatlon of p by p Inequality (3.19) yields
that for all ¢/, ¢” € [t1, ], and for all 7/, z” € K and all Z° € S,, ,,,,

(3‘20) |ﬁ(t/, Z/, ZO) _ ﬁ(t//, Z//, z )’ E C(p(zl, Z//) + |t/ _ t//‘)a’

where C = C(t1,1, K) > 0 and @ = a(t1, 12, K) € (0, 1). Using (3.18), we also
have that

(3.21) pt,z, w) = p(t,w,z), Yt >0,VYz, w € Sy m.

It remains to show that the continuous extension p satisfies properties (3.1), (3.2)
and (3.3), with p replaced by p. The previous argument together with the conti-
nuity estimate (3.20) and Epstein and Mazzeo (2016), Corollary 4.1, imply that p
satisfies (3.2). Using the fact that {7}};>¢ is a family of continuous operators on
L%(S,.u; d) and property (3.2), we obtain that (3.1) also holds for p. Finally,
property (3.17) gives us that p verifies (3.3). This completes the proof. [

We now give the Proof of Lemma 3.4

PROOF OF LEMMA 3.4. The fact that p(¢, z, ) is a nonnegative function fol-
lows from Sturm (1995), Lemma 1.4. Using the contraction property in Sturm
(1995), Proposition 1.6, of the semigroup {7;};>0 on LOO(S'n’m; du), it follows
that p(t,z,-) € L (S‘n,m; du). Property (3.4) is equivalent to

(3.22) T,1(z)=1, V(. z) € (0,00) X Sy m.

Let {¢r}i>1 C C SO(S’n’m) be a sequence of smooth functions such that 0 < ¢ <1,
and @i (z) = 1 for z € B, and ¢, (z) =0 for z € S;, ,\ B3, , where we denote Bf :=

{z € S'n m 1z <r}, forall r > 0. From (2.11), we have that the following identity
holds in the L? (Sn.m; du)-sense:

t
Tipx = or — /0 Ts Loy ds.
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Using the contraction property [Sturm (1995), Proposition 1.6] of the semigroup
{T;}s>0 on LP (S, m; dp), for all p € [1, oo], and the preceding identity, we obtain
that

ITiok = @l Lo (5, pidp) = t”LQOk”Lp(S’n’m;dM)’ Vk > 1.

From Assumption 2.1, it follows that there is a positive constant, C = C(K, m,
n, p), such that
n+m —1

||L(Pk||Lp(Snm dp) = Ck r 7, Vk > 1.

Choosing p large enough, we obtain that ||L(pk||Lp(§nm;dm — 0, as k — oo, and

so, there is a subsequence {T;¢x — @i }x>1 Which converges to 0, p-a.e. on S'n,m.
Using the upper bound estimates of the fundamental solution [see (3.23) below],
it follows that for all compact sets, K C S, and all £ > 0, we have
SUP1Tz<pk(z) T1(z)| =0,  ask— oo.
zeK
By Epstein and Mazzeo (2016), Corollary 4.1, the functions T;¢; belong to
C (S,1 m), for all k > 1, and so the function 7;1 is continuous on S ;. Since the
sequence (Trgr — ¢x) — 0, p-a.e. on Sn_,m, as k — 00, ¢ — 1 pointwise on S, ,;,
as k — oo, and 7;1 is continuous on S, ,,, it follows that identity (3.22) holds.
This concludes the proof of identity (3.4). [J

Our next aim is to give the proofs of Propositions 3.6 and 3.7, with the aid of
the supremum estimate established in Epstein and Mazzeo (2016), Corollary 4.3:
there is a positive constant, C, such that

1
5P (@02

B (B 4(2)

p(t,2%z)<C =:p(t,2°, 2),

(3.23) _
Vi >0,V7%, z € Sn.m-

To prove Propositions 3.6 and 3.7, we need a last elementary result concerning the
w-measure of balls with respect to the distance function p.

LEMMA 3.10 (Measure of the balls). Assume that the coefficient b € C 1 (Sn,m;

R™) satisfies condition (2.6). Then there are positive constants, C and ro depending
on b, ||bllcis, , .rnys M, 0, such that for all r € (0,r0/2) and e Sn.m», we have

that
T N 2 )
iel(z%)
< m+n 1_[‘\/7 ‘Zb(Z)l

iel(z%)

(3.24)



3356 C. L. EPSTEIN AND C. A. POP

where we let

(3.25) 12 :={iefl,...,n}:x? [0, ro]}.

PROOF. Because we assume that the coefficient b belongs to C 1(S',,,m; R™)
and that condition (2.6) holds, there are positive constant, ¢ and r; such that, for
alli =1,...,n, we have that b; (z) > b/2, for all z = (x, y) € S‘n,m such that x; €
(0, r1), and |b;(z) — bi(z°)| < cr, for all z € B,(z") and r > 0. Thus, there is a
positive constant, rg = ro(b, 151l -1 (S R7Y 1 n), small enough so that

b
g <Pi—cr=bi@=piter
(3.26)
Vz € B, (z°),¥r € (0,70/2), Vi € 1(2°),
where we denote f; := b; ("), forall i =1, ..., n. We prove the first inequality in

(3.24). From the preceding inequality, it follows that

n
" l_[ ﬁ,—l—cr 1 1_[ .Xb i(2)— ldx, 1—[ dyl’
Ve

’ icl(z0) ielc(z0)
(3.27) A B
Vr € (0,70/2),

where we let 7€(z%) := {1, ..., n}\1 (z°). Using property (3.5) of the distance func-
tion p, it follows from the preceding inequality that there is a positive constant,
Ci = Ci(ro, Ibll¢(3, ) m» 1), such that

0 m+|1¢(z%)] Biter—1 ;.
w(Br(z7)) = Cyr X dx;,
( V( )) iell_[(zo) {|\/Ef\/x70|<r} i 1

from where the left-hand side of inequality (3.24) immediately follows. The right-
hand side of inequality (3.24) is proved by a similar argument, and so, we omit the
detailed proof. [

We now give the proof of Proposition 3.6.

PROOF OF PROPOSITION 3.6. Using (3.23), we see that it is sufficient to prove
estimate (3.7) for p(t, 20, z) instead of p(t, 7%, 7). Notice that the positive constant
T can be chosen as small as we like. Let ro be the positive constant appearing in
the conclusion of Lemma 3.10. Without loss of generality, we may assume that 7
satisfies inequality (3.37). It follows from the left-hand side of inequality (3.24),
using (3.37), that there is a positive constant, C = C (b, ||b||C1(§n,m;Rn), m, n), such
that

(B j7(2)) = Ctmtm2enK Vz € Sym, Vi € (0, T],
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where we recall that ||b; e, ) =K from condition (2.7). The supremum bound
of the fundamental solutlon (3 23) together with the preceding inequality, gives us
that

: 0% (2%, 2)p(t, 2°, 2) du(z)

< Ct_(m+n)/2_nK/ p% (20, 2)e” 57 D dpu (),

n,m

(3.28)

We see that there is a positive constant, C = C(«, m, n), such that

f 0 (ZO Z)e szﬂ 22, Z)dM(Z)<CZf x xj)e gtp 2(z0, Z)d,u(z)

+CZ/ (s ve)e “50 D du(z).
We estimate each term on the right-hand side of the preceding inequality. We show
that there is a positive constant, C = C(«, b, ||b ||C1(Sn iRy 1T n), such that for all
j=1,...,n, we have ’

(3.29) / pa(x?, xj)e—épz(zo,z) du(z) < Ct(m—ﬁ—a)/z,
and, for all indices k =1, ..., m, we have that
430 / P (0. e 8P D dp(z) < CrmrOr?,

We outline the proof of estimate (3.29), but inequality (3.30) can be deduced by a
similar argument, and so, we do not include the detailed proof.

Inequality (3.42) and definition (1.12) of the measure du(z) yield that there is
a positive constant, ¢ = c¢(m, n), such that

1
[ o) 7
Sn,m

oo c 2.0 .
(3.31) 5/0 p* (9, xj)e 5P N D g (x ) dx;
n LI) ) |2
X 1_['/0 e Stp (x ,Xi) ¢(Xl)dxl 1_[/ k ‘ ks
i=1
i#j

where we recall the definition of the function ¢ in (3.43). From inequality (3.10)
applied with « = 0, we have that

ey -y 2
(3.32) /e S dye<CiV? Yk=1,....m
R
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while using again identity (3.10) and property (3.5) of the distance function p,
there is a positive constant, C = C(b, K, m, n, T), such that for all ¢t € (0, T'], we
have that

S C
(3.33) / e‘§/’2(x?’xi)(p(xl~)dxi <C, Yi=1,...,n,i#j.
0
Thus, using the preceding two inequalities, estimate (3.31) becomes

_ € 52,0
s p*(x9,xj)e” 5P D dp(z)

(3.34)
mi2 [ af0 — £ p2(x% x))
<Ct A 0 (xj,xj)e sl g(xj) dx ;.

It remains to estimate the integral on the right-hand side of the preceding inequal-

ity. Using definition (3.43) of the function ¢(x;), we write the integral on the

right-hand side of inequality (3.34) as a sum of three integrals, 1| 4+ I3 + I3, where

the integral I is taken over the interval (0, ro/2), the integral I, is over (ro9/2, 1),

and the last integral is over (1, c0). We estimate integral /1, which satisfies the
inequality

2 0 . o p(xQ,x i) -
s [P (EI R
0 Vit /
o —S2

where C = C(a, m, n) is a positive constant. Because the function s > 5™ is
bounded on R and the function s — s?/4~! is integrable on (0, 1), we see that
there is a positive constant, C = C (b, ro, m,n), such that I; < Ct*/%. A similar
argument can be applied to estimate integrals /> and /3 to prove that they satisfy
the same estimate as /1. Thus, using inequalities (3.34), (3.33) and (3.32), it fol-
lows that there is a positive constant, C = C(a, b, ||b||C1(§,Lm;R")’ m, n), such that
estimate (3.29) holds. A similar argument can be applied to prove that estimate
(3.30) holds. Using (3.29) and (3.30) in inequality (3.28) gives us that

(3.35) / 0%(2°,2) p(t, 2% 2) du(z) < Cr@CHEN/2,
Sn,m

Choosing «g :=2(n +m) +n(2 + K), the preceding inequality shows that, for all
o € (ap, 00), there are positive constants, C = C(«, b, ||b||c1(§nm;R,,), m,n) and
y =y (a, K, m, n), such that estimate (3.7) holds. This completes the proof. []

We also have the following.

PROOF OF PROPOSITION 3.7. Notice that inequality (3.9) is a consequence
of inequality (3.8), and so it is sufficient to prove that (3.8) holds. Using the supre-
mum bound (3.23), it is sufficient to prove estimate (3.8) for p(z, z0, z). Thus, we
will prove that there is a positive constant, go = qo(K, m, n) € (1, 2), such that for
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all g € [1, qo), there are positive constants, C = C (b, ”b”C‘(S,, Ry M1, G T)
and 8 = B(gq) < 1, such that we have

336 [5(t,2% M pacs, pap < Cot P, V€8, ,,V1 €0, T,

Moreover, notice that the positive constant 7 can be chosen as small as we like. Let
ro be the positive constant appearing in the conclusion of Lemma 3.10. Without
loss of generality, we may assume that

(3.37) JT < %0

It follows from the left—hayd side of inequality (3.24), using (3.37), that there is a
positive constant, C = C(b, bl ¢1 s, ,.rn), M. 1), such that

W(B (@) = Ct 2 TT (i vy @712,
(3 38) iel(z)
’ Vz € Spm, Vit € (0, T,

where we recall the definition of the set of indices 7(z) in (3.25). To estimate
I 5(t, 2% I La(S, n:dp)» We consider the set

Az(ZO) = EZZ (X,y) = Sn,m : ‘ﬁ_@

lxi — x| <t%fori € I°(z°), and |y, — yP| < 1* forl e {1...,m}},

<t*foriel(z%),

where we choose o € (0, 1/2), and we denote Af(zo) = Sn,m\A;(zo). We split
the proof into two steps in which we estimate ||13(I’ZO")||Lq(Af(ZO);du) and

15, 2% )l 1q (A, (29):dy)» TESpectively.

STEP 1 (Estimate of || p(z, z°, M racac0y.ap))- In this step, we prove that

there are positive constants, C = C(b, ”b”Cl(S,, Ry 1L n) and ¢ = c(m, n), such
that ’

(3.39) 15(,2°, ) “Lq(Af(zO);du) = Cratmm 2=k =it

From inequalities (3.38) and (3.23), we have that
~ 0 q
Hp(t,Z ")”Lq(Af(ZO);d/l.)
(3.40) < Ct—4m+n)/2 1—[ (xQ v t)*q(bi(zo)*l/Z)/Q
: —= i

iel(z%)

—g(b; _1/2)/2 _qu(Z,ZO)
Xfc o T G v 1Cr @725 dp ),
1@ jer
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which, with the aid of inequality (2.7), gives us

(3.41) <Ci q(m+n)/2t—qn1(/ L <M ) du2).

Hp(t 2° ) ')“Lq(AC(ZO) dp) = AS(Z9)

Using the first inequality in (3.26), together with (2.5), (2.6) and (2.7), we obtain
foralli =1,...,n that

bi(2)—1 b/4—1 _K—
2O <)M oo 17T ey
(3.42)

+ Ly e(1,00)) Vz € Spum,
and we denote the function on the right-hand side of the preceding inequality by
b/a—1 —K—
() =57 e + 57 ez
(3.43)
+lieltoo), Y2 € Sum.

Using property (3.5) of the distance function p(z,z"), together with definition
(1.12) of the measure du(z), we obtain from (3.41) that there is a positive con-
stant, ¢ = ¢(m, n), such that

||P(t z ")HLLI(AC(ZO) dp)

< Ct—q(m-i—n)/Z—qu

) R
X e 8t X; Xi
(/= /01>12) R

iel(z9)
nooroo gt _qep 01 )
X l_[/o e 5 (p(x])dx]l_[/ dy;
j#i
(3.44)
_ qsz(x,- ,xlo)
+ ) o €I e(xi)dx
fe1e(0) {lxi —x; |>1%}
n o0 qcp (X x qcpz(v[ Y
X 1_[/0 e —w (p(xj)dx,l_[/ dy;
j=
J#i
mo 00 gep (X, )
NI o (xi) dx;
I=1i=1

2
_qep” O v _qep (\k )k)
< e wﬂ/ ).
{lyi=y/ |>1}
k;él
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For brevity, we denoted by ,o(xio, x;) the distance between the points z° and z
that have the ith coordinates equal to x? and x;, respectively, and all the other
coordinates are equal, for all i = 1,...,n, and le ,X; € R+. We define similarly
p(ylo, y1), for all ylo, yyeRandalll =1,...,m. The parenthesis on the right-hand
side of inequality (3.44) can be written as the sum of three terms, 1| + I» + Is.
We show that there are positive constants, C = C(b, ||b]| - 1SR T n) and ¢ =
c(m,n), such that

__q
(3.45) L+hL+151<Ce %,

which implies estimate (3.39) by inequality (3.44). We will only give the detailed
proof of the fact that

__¢q9
(3.46) I} <Ce 172,

because the estimates for the integrals I and /3 can be obtained by a similar ar-
gument. Let i € 1(z%). Using property (3.5) of the distance function p, there are
positive constants, C = C (b, [|Dllc15, , .gry> m, 1) and ¢ = c(m, n), such that

j Lixer2ydxi <e 8= ! i

e
/{W—\/ﬁw} :

200 _

qep® (x; xP) qc ro/2

_ﬁxbﬂ_l / xb/4_1 dx
0

__49qc
S Ce 12 i

Similarly, we obtain that

20 .0
qcp (xi,xl.) qc 1
el Nl B QS| — —K-1
/ o e I T ey dxi e s / X; dx;
{l/xi—/x;|>1%} ro/2
__gqc_
S Ce 112 ,
and we also have that
7!1802()(,-,)6?) _qclx fxlo\z

0
8 1{x,-e[1,oo>}dxz'§/ e s dx;
1

e
/{wx—,-—ﬁw}

qc

<Ce 7,
for some positive constant, ¢ = c(m, n). In the last inequality, we used the fact
that |x; — x?l > |1 — rg| > 0, since x; € [1,00) and xé € (0, rg), where we re-
call that i € I(z") and the set of indices I(z°) is defined in (3.25). Using def-
inition (3.43) of the function ¢(x;), we see that there are positive constants,
C =C(b, 161l c1(5, ,,Rny» 1) and ¢ = c(m, n), such that

_qmz(xlwxlo) __qc
e 8 @(x;)dx; <Ce 172,

/wx—i— x|>1)
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We notice that, for all j € {1,...,n} and [ € {1,...,m}, we also have the very
rough estimates

x(.))

0o g’y g2 (.50
/ e & oxj)dx; +/ e % dy=<C,
0 R

where C = C (b, ”b”CI(SnAm;R”)’ m, n) is a positive constant. Thus, combining the
preceding three inequalities it follows that estimate (3.46) holds. A similar argu-
ment implies estimate (3.45), and inequality (3.44) yields estimate (3.39). This
completes the proof of Step 1.

STEP 2 (Estimate of || p(t, z°, )|l 1.4 (A;(%:dyy)- Inthis step, we prove that there
is a positive constant, C = C (b, IIbllcl(gn iRy 110 n), such that

” [5(1‘, ZO’ ) H?ﬂ (A (2%);dp)

(3.47)
< Ct(m—l—n)(ot—q/Z) (tnK(—q/2—aq+2a) + t2nK(1—q))’

for all ¢+ € (0, T], where the positive constant 7" is chosen to satisfy conditions
(3.49) and (3.52) below. From inequality (3.37), we may assume without loss of
generality that the positive constant r¢ is small enough such that there is a positive
constant, C; = Cl(l;, ”b”Cl(Svn,m;Rn), m, n), with the property that x; > C1, for all

z=(x,y) € A;(z0), i € I°(z°) and ¢ € [0, T]. Using the fact that the coefficient

function b(z) belongs to Cl(S',,,m; R™), and letting ¢| = ||b||C1(gnm;Rn), we have
that '
(3.48) bi(z) — b (%) <11, VzeA().¥Vi=1,...,n.

From the first inequality in (3.26), we have that b; " >b /4, forall i e 9.
Choosing the positive constant 7 such that

I; 1/a
(3.49) T < (—) )
8co

we have that

b
bi (%) — cat® > g>0  Vi=(ye A(2°),Vi e 1(2%), vt €0, T],

where T satisfies the bounds (3.37) and (3.49). From (3.48), it follows that
b; (ZO) + c2t* > bi(z) > b; (ZO) — ot > 0,
(3.50)
Vz=(x,y) € A (%), Vi e I(z°).

Choosing now i € 1 (9, we have that x? > rg, and so, it follows that

(3.51)  «x; zx?—t“Zro—to‘z%O, sz(x,y)eA,(zo),Vte[O, T,
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where we choose T such that it satisfies the upper bound
ro 1/a
(3.52) T < (5) .

Inequality (3.40) holds with A,C(zo) replaced by A,(z°), and so, using property
(3.5) of the distance function p(z, z9), definition (1.12) of the measure d u(z), and
inequalities (3.50) and (3.51), we obtain that there are positive constants, C =
C (b, ||b||c‘(§,,,m;R”)’ m,n) and ¢ = c¢(m, n), such that

~ 0
|p(r, 2", ')qu(A,(zO);du)

< Ct—4m+m)/2 l_[ (xl() v t)_Q(bi(ZO)_l/z)/z

iel(z0)

0 Y
% l_[ (x; VZ)—q(b[(Z )+t —1/2)/2

0,2
_aelyii—/ P bi (2% —cot?—1
X e 81 X; dx;

Ay —x012
_‘1‘“/ i m _qflyz—ylo\z

X l_[ e 8 dle_[/ e 8 dy.
jelc(z0) {|xj—x?|§l”’} 1=1 {Iyz—ylolit"‘}

The preceding inequality holds for all ¢ € (0, T'], where T satisfies both inequali-
ties (3.49) and (3.52). The integrals in the last two product terms of the preceding
inequality can all be bounded by 7%, and so, it follows that

A, 2°, ‘) ”Zq(A,(zO);du)

< €1 2@ +m gl N2 TT (50 1) 92

iel(z0)

(50 o (-0 o __
X l_[ (xi \Vi t)—fI(bz(z )+cot )/lebl(z )—cat ldxi.
iel(z0) IVCIES

Direct calculations give us that there is a positive constant,
C = C(b, ”b”CI(S‘mm;Rn)v n, n)a
such that for all i € I(z°), we have that

(0 pn 1 (z20)—crtY—
(Xi V. t)—q(b,(z )+t )/fot(z )—cat ldxi

/{l“/)c_i_\/EISt“}
=< C(\/XTO + toz)*qbi %) +2b; (Zo)'
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The preceding two inequalities yield

||ﬁ(t, 2°, ) ”%q(A,(zO);dl‘-)

(3.53) < CmHI D @—q/2)
—qbi(2")/2( | —qb;i (2%)+2b; (%)
X 1_[ (xlo\/l) q (Z)/( xl()_i_to[) .
iel(z9)

Using condition (2.7) for the coefficients b;(z), we see that if 0 < x? < ./t, we
have that

—gb; (2%)+2b; (°
(xlovt)*qb,-(zo)ﬂ( /xlo—i-t“) qbi(z7)+2bi (z") < CrK(-a/2-0q+20)
while if /7 < x? < rg, we obtain

—abi (0 —gb; (2%)+2b; (°
(0 1) qbi(z )/2( /x? +ta) qbi(2") ) < 1K (-q),
The preceding two inequalities together with estimate (3.53) imply that

~ 0
G54y |p(t.2%,) ”if/(A,(zO);du)
: < Cm+m(@—q/2) (tnK(—(I/Z_O‘4+2a) + t2anK(1—q))’

which immediately implies inequality (3.47) since we assume that o € (0, 1/2)
and g € [1, o). This completes the proof of Step 2.

Combining inequalities (3.39) and (3.47), there are positive constants, gg =
qo(K,m,n) € (1,2) and « € (0, 1/2), such that for all g € [1, go), there are posi-
tive constants, C = C (b, ”b”cl(gn,m;Rn), m,n,q) and 8 = B(q) < 1, such that es-
timate (3.8) holds. This completes the proof. [J

4. Stochastic representation of solutions. This section contains the proofs
of Theorems 1.3 and 1.6. We describe in Section 4.1 the relationship between
the generalized Kimura operator L, defined in (1.10), and the generalized Kimura
stochastic differential equation (1.11). We recall that the stochastic representation
in Theorem 1.3 cannot be obtained by a direct application of Itd’s rule, and so
our strategy of the proof is to first establish in Section 4.2 that the statement of
Theorem 1.3 holds when 2 = S, ,,,, and then to extend this result in Section 4.3
to arbitrary sub-domains 2 of S, ,,, by using the part of a Dirichlet form; see
Fukushima, Oshima and Takeda (2011), Section 4.4. Theorem 1.6 is proved in
Section 4.4.
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4.1. The generalized Kimura stochastic differential equation. We discuss the
stochastic differential equation (1.11) and the relationship with the Kimura oper-
ator L defined in (1.10). The coefficients of the stochastic differential equation
(1.11) are related to the coefficients of the differential operator L defined in (1.10),
as follows. Foralli=1,...,n,j=1,...,n+m,andl =1, ..., m, we let

n
8i(z) :=bia;; + x; <axl~aii + Z(Elij + dijai;
j=1

m
+x4,-8xj51,-‘,- +6~lij(bj - 1)) + Zaylcil)a
=1

n m
4.1) e (z) = X:(xz~ Ox; cil + bicir) + Z Oy, ik,
i—1 k=1

fij(@) = Z(axl-bj + Zxk&ikaxkb,- + Zcilay[bj>v

j=I k=1 I=1

n m
Jn1,j(@) = incilaxibj + Zdlkaykbj-
i=1 k=1

To construct the dispersion coefficient matrix, (o (z)), appearing in (1.11), we
introduce the diffusion matrix, (D(z)), by letting, for all i, j = 1,...,n and all
Lk=1,...,m,
D;i(2) :=2(a;i (2) + xidii (2)),

42) Dy =2maga@), i # ).

D; n11(z) = Dpy1,i(2) :=4y/xicii(2), Dyy1nk(2) = 2di(2).
We now argue that there is a matrix (o (z)) such that
4.3) (00*)(2)=D(),  Vz€Sum.

Notice that conditions (2.4) and (2.5) imply that the matrix (D(z)) is strictly el-
liptic. From Assumption 2.1, it follows that the coefficients a;;, ajj, ¢y and d
are smooth functions of the variable z = (x, y) on Sy ;;, and in particular they are
smooth functions of the variable (y/x, y) on S'n,m, where we denote

(4.4) VE = (VX1 X0 s ), vx e R

We obtain that the matrix D defined in (4.2) is smooth in the variables (4/x, y)
on S‘n,m. We let ﬁ(ﬁ, y) = D(x,y), for all (x,y) € S,,,m. Because the ma-
trix D is strictly elliptic and smooth, we can build an extension from Sp.m to
R"*™  which we denote the same as the matrix D, such that the extended ma-
trix remains strictly elliptic and smooth on R"*”_ We can now apply Friedman
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(1975/1976), Lemma 6.1.1, to the matrix l~), to obtain that there is a matrix & €
Co°(RmHm; Rtm o R1FHM) quch that 55* = D. Letting now o (x2, y) := & (x, y),
we obtain identity (4.3) and that o is a smooth function in the variables (4/x, y)
on S‘n,m. The choice of the ‘square root’, (o (z)), of the positive-definite matrix
(D(z)) is irrelevant for the question of existence and uniqueness of weak solu-
tions to the stochastic differential equations (1.11), as Karatzas and Shreve (1991),
Problem 5.4.7, shows.

The preceding analysis, together with Assumption 2.1, implies that the hypothe-
ses of Pop (2017a), Theorems 3.1 and 3.7, are verified. Thus, we obtain that, for
all z € S, the generalized Kimura equation (1.11) has a unique weak solution,
{Z(t)};>0, with initial condition Z(0) = z, that satisfies the strong Markov prop-
erty. We denote by P* the probability law of the process {Z(¢)};>0, with initial
condition Z(0) = z.

4.2. Stochastic representation of solutions on S, . We prove Theorem 1.3
in the particular case when Q = S, ,,. We obtain a slightly stronger statement
because we obtain that the set N of zero w-measure set, appearing in the statement
of Theorem 1.3, is empty when Q2 = S, ;.

THEOREM 4.1 (Stochastic representation of weak solutions on S; ;). Sup-
pose that the coefficients of the operator L satisfy Assumption 2.1. Given any func-
tion, f € Lz(Sn,m; du), we have that

(4.5) T f(2) =Ep:[f(ZD))], Vi >0,z € Spm.

Before we can give the proof of Theorem 4.1, we need to establish several inter-
mediate results. We first prove that the stochastic representation (4.5) holds when
the weak solution to the Kimura equation (1.11), {Z(#)};>0, is replaced by a suit-
able Hunt process, {Zo(t)}tzo.

PROPOSITION 4.2 (Stochastic representation using a Hunt process). Suppose
that the coefficients of the operator L satisfy Assumption 2.1. Then there is a fil-
tered probability space, (Z, F, {Fi}i>0, {]P’O*Z}Zegn ,,)» and a progressively measur-

able process, 7910, 00) x Z — S',,,m, such that the following hold:

(1) Forallz € S'n,m, almost surely with respect to the probability measure P%%,
we have that Z°(0) = z and {Zo(t)}tzo has continuous paths.
(i) The process VA (t)}i>0 has the strong Markov property.
(iii) For all functions, f € LZ(S'n,m; du), we have

(4.6) Tf() =Epo:[f(Z2°®)],  Vi=0,¥z€S,m.
PROOF. Lemmas 3.2 and 3.4 give us that the set {p(7, z, w) du(w)} forms a

family of consistent transition probability densities on S, ,,, and so the Daniell-
Kolmogorov theorem implies that property (i) holds. Proposition 3.6 allows us
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to apply the Centsov—Kolmogorov theorem in Karatzas and Shreve (1991), The-
orem 2.2.8, to conclude that we can assume without loss of generality that the
process {Zo(t)}tzo has continuous paths. Moreover, the process {ZO(I)},EO sat-
isfies the Markov property and property (iii) holds when f : S,,, - R is a
bounded, Borel measurable function. The continuity of the fundamental solu-
tion {p(¢, z, w)}, established in Lemma 3.2, together with the supremum estimate
(3.23), and the continuity of the paths of the process {Zo(t)},zo, allows us to ap-
ply Blumenthal and Getoor (1968), Theorem 1.8.11, to conclude that the process
also has the strong Markov property. It remains to prove that property (iii) holds,
not only when f : S, ,, — R is a bounded, Borel measurable function, but also
for all f e Lz(Sn’m; dw). This follows by an approximation procedure by choos-
ing a sequence of bounded, Borel measurable functions { f; }xen that converges in
Lz(Sn,m; du) to f. We omit the remaining details of the proof. [

We see that Theorem 4.1 follows from Proposition 4.2, if we prove that the
law P* of the unique weak solution, {Z(#)};>0, to the Kimura equation (1.11),
coincides with the law P%< of the Hunt process, {Z0 (t)}s>0, constructed in Propo-
sition 4.2. We achieve this by using the formalism of the martingale problem as-
sociated to the operator L. Let X := C([0, 00); S’n,m) be the space of continuous
functions, w : [0, 00) — Sn, m- Forallt > 0, let B; be the o -algebra on X" generated
by the cylinder sets,

C:={weX:w(t)eB;B C S,.m Borel measurable, Vi =1, ..., k},

where k e N, and 0 <) <--- <1 <t. We let B := ;>0 B;. We can now intro-
duce the following.

DEFINITION 4.3 (A martingale problem associated to the operator L). Letz €
Sn,m. A probability measure, %, on the filtered probability space (X, {B;};>0, B)
is a solution to the martingale problem associated to the operator L, if for all func-
tions ¢ € C° (S'n, m), the process defined by

t

@.7) M?(t,0) :=p(w(@)) — ¢(w(0)) —/ Lo(w(r))dr, Vt>0,Yo e X,
0

is a (Q*-martingale with respect to the filtration {;};>0, and Q*(w(0) =z) = 1.

PROPOSITION 4.4 (Solutions to the martingale problem). Let z € S, ,,. Then
there is a solution, Q%, to the martingale problem in Definition 4.3. Moreover,
we can choose Q% so that it coincides with the probability law of the process
{Zo(t)}tzo, constructed in Proposition 4.2.

PROOF. Let Q® be the probability measure induced on the space X by the
probability measure P*-% constructed in Proposition 4.2. It is sufficient to show
that the processes defined in (4.7) are Q%-martingales. We split the proof into two
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steps. For ¢ € Cf.’o(gn,m), we see that L¢ is unbounded on S, ;, in general, and so
we first prove that

(4.8) Eg [/(:|L<p(w(r))| dr} <oo,  Vt>0,

using the L9-distribution estimates established in Proposition 3.7. In the second
step, we prove that the process {M¥¢(t)};>o defined by (4.7) is indeed a Q-
martingale with respect to the filtration {13;};>0.

From the expression (1.10) of the differential operator L and the fact that ¢ €
C2°(Sn.m), we see that Lo € LP(S,,,; du), for all finite p > 1. Let g € (1,2) be
the constant appearing in the conclusion of Proposition 3.7 and choose g € (1, go).
Let p € (1, 0o) be the conjugate exponent of g. Using properties (4.6) and (3.2),
we have that

Eq: [/()Z|L(p(a)(r))\ dr} = /Ot /anm|L<p(w)|p(r, z,w)du(w)dr,

and by Holder’s inequality, we obtain

t t
EQZ[/O }L(p(w(r))‘dr} 5/0 ||L(p||LP(S'n,m’dM)Hp(r,Z9 )HLq(Snmvdll)dr
Inequality (3.9) shows that there is a positive constant, Cy, such that

t
Boe| [[16(00)|dr] < ColLOlLr5,

which concludes the proof of inequality (4.8).
To prove that the process {M¥(t)};>¢ defined by (4.7) is indeed a Q*-martingale
it is sufficient to prove that, for all 0 < s < ¢, we have

t
4.9 Eg:[e(0®)|Bs] = ¢(w(s)) + Eg: |:/ Lo(w(r))dr

Bs], Q%-aus.,
which can be rewritten in the form
t—s
(4.10) Ti—s@(w(s)) — p(w(s)) =/0 T, Lo(w(s))dr.
Applying Ethier and Kurtz (1986), Proposition 1.1.5, we know that the equality
t—s
4.11) T,_S(p—(p:/ T,Lodr
0
holds in the Lz(Sn,m; du)-sense. Lemma 3.1 and our construction of the prob-
ability measure Q° show that the marginal distributions of Q¢ are given by

p(t, z,-)du, and so they are absolutely continuous with respect to the weight d .
Thus, identity (4.11) implies (4.10). This concludes the proof. [J

We can now prove Theorem 4.1.
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PROOF OF THEOREM 4.1. Applying the method of the proof of Karatzas and
Shreve (1991), Proposition 5.4.6, adapted to our framework, we obtain that the
solution, Q?, to the martingale problem constructed in Proposition 4.4 induces a
solution, {Z(t)};>0, to the Kimura equation (1.11), which has the same law as Q*.
From part (ii) of Proposition 4.2, it follows that the process {Z(#)};>0 has the
strong Markov property, and so by Pop (2017a), Theorem 3.7, it is the unique
weak solution to the Kimura equation (1.11) that has the strong Markov property
and satisfies the initial condition Z(0) = z. Moreover, identity (4.6) implies (4.5).
This completes the proof. [

4.3. Stochastic representation of solutions on sub-domains of S, ;. In this
section, we use Theorem 4.1 together with the formalism of Dirichlet forms to
give the proof of Theorem 1.3.

PROOF OF THEOREM 1.3.  We prove the stochastic representation formula
(1.13) with the aid of the part of the Dirichlet form (Q, HO1 (Sn.m; dw)) on £2; see
Fukushima, Oshima and Takeda (2011), Section 4.4. Let

Fo={ue H()I(S‘n,m; du):u=0gqe.onS,,\Q},

where u =0 g.e. on S, ,,\2 means that the equality holds quasi-everywhere, that
is, except for sets of capacity zero; see Fukushima, Oshima and Takeda (2011),
Section 2.1, for the definition of the capacity of a set. By the observation following
the proof of Fukushima, Oshima and Takeda (2011), Theorem 4.4.2, because the
set Sn,m\Q is relatively open with respect to Sn,m, it follows that the hypotheses
of Fukushima, Oshima and Takeda (2011), Theorem 4.4.2, are satisfied, and so
(Qq, Fq) defines a Dirichlet form on L2(; du). Because sets of capacity zero
have zero p-measure, it follows that

Fo C{ue H} (Sym;dw) :u=0 u-ae. on S, ,\2},

and using the fact that the right-hand side from the preceding inclusion is equal
to H} (R; dp), it follows that Fo € H}(R; dp). Since (Qq, H} (R2; dp)) is the
smallest closed extension of Qg on L3(; dp) with core C2°(£2), it follows
that Fo = H] (Q; dp). Thus, (Qq, Hy (Q; du)) is the part of the Dirichlet form
(0, H()I(Sn,m; du)) on the subset 2. From Theorem 4.1 and Fukushima, Oshima
and Takeda (2011), Theorem A.2.10, it follows that, for all f € L(; du) and all
t > 0, we have

(4.12) TLf(2) =Ep:[f(Z())ly<rg)]  for p-ae. z € Q.

We now fix f € L?(2; dp). It remains to prove that there is a measurable set
N C  with zero u-measure, such that identity (1.13) holds, where we recall that
u(t,z) = (Tth)(z). For all r € Q, using (4.12), there is a set N; C  with zero



3370 C. L. EPSTEIN AND C. A. POP

u-measure, such that (1.13) holds, for all z € \N;. Letting N = U{N; : t € Q4},
we have that NV has zero u-measure, and that

(4.13) TR f(2) =Ep:[f(ZO)<ry], V2 €Qy,VzEQ\N.

We first show that the preceding identity holds at all # > 0 and z € Q\N, when
f e L2(2; dp) is a continuous function. Let (¢, z) € (0, 00) x (2\N), and let
{tx }xen C Q4 be a decreasing sequence converging to ¢. By Epstein and Mazzeo
(2016), Corollary 4.1, we have that (Tl;? f)(z) converges to (T,Q )(2), as t tends
to t, for all z € 2, and so we only need to show that

4.14) Ep: [f(Z(tk))l{tk<m}] — Ep: [f(Z(l))l{t<TQ}] as k — oo.

Because {fx}ren C Q4 is a decreasing sequence converging to f, we have that
1{4, <zg}) = 1{1<1q), and because f is continuous and the paths of the process
{Z(t)};>0 are continuous, we have that f(Z(#)) — f(Z(t)). Thus, we have the
P*-a.s. convergence,

(4.15) F(Z@)) Y <1q) = F(Z(0))j1<1g)s P*-a.s.

We next show that the random variables { f (Z(#))1{; <10} }ken are uniformly in-
tegrable. We see that, by choosing ¢ € (1, 2),

Epe[| £ (Z(00) 1 <2 |7] < /S Ptz w)| £ )| dp(w),

where we extend f to S‘n,m by letting f =0 on Sn,m\g, and Holder’s inequality
gives us that

Ep: [ £ (Z(@)) Vs <eed|*] < 1F I 220@uap | P 2, ‘)”LZ/(zfq)(gnym;dﬂ).

The supremum estimate (3.23) gives us that there is a positive constant, C =
C(q,t, z), such that

| p(tk. z, ‘)||L2/(2—q><§n,m:du) =C, Vk eN,

which yields
B[ f(Zt)) iy <ro) ] < CULfli2@iany:  YREN,

and so the family of random variables {f(Z(#))1{; <to)}ken is uniformly in-
tegrable, by the observation following Billingsley (1995), Theorem 16.13. Us-
ing (4.15) and the previous property, it follows from Billingsley (1995), Theo-
rem 16.13, that (4.14) holds when f € L3(; d ) is continuous.

We now let f be an arbitrary function in L?(£2; du), and prove that there is
a set N C @ with zero pu-measure, such that identity (1.13) holds, for all # > 0
and z € Q\N. Let { fi}ken C L2(Q;d 1) be a sequence of continuous functions
that converge in L2(Q;d w) to f.Let N C 2 be a set of zero pu-measure such
that (1.13) holds with f replaced by f, for all # > 0 and z € Q\ Ni. Setting N :=
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U{Ny : k € N}, we obtain a set of zero p-measure. By Sturm (1995), Theorem 2.1,
for all 0 < #; < 12 and all compact sets, K C S, ,, there is a positive constant,
C =C(t,t, K), such that for all t € [t1, 1] and all z € K, we have that

. - ) 12
IT*(fi — H)|=C t/2||Ts (fk_f)“Lz(Q;du)ds

2

where in the second inequality we used the contraction property of the semigroup
{Ttﬂ},zo. Thus, we clearly have that TtQ fk(2) = T,Q f(z), for all t > 0 and all
z € Q\N. We also have

|Ep:[ fi(Z(O) it <za)] — Bz [ (ZO)r<zey]| < Ep:[| i (Z(®)) — f(Z(D))]]
=Tl fi — f1(2) (by (4.5))

< e = Fll22,midm

1\ 12
< C(tz _ —) 1 fe = Fllizcdn.

where in the last inequality we used the contraction property of {7;};>0, and we
extend fr and f by zero outside 2. Thus, we also have that

Ep: [fk(Z(t))l{,<m}] — Ep: [f(Z(l))l{t<m}] as k — oo.
This concludes the proof that (1.13) holds, forall # > 0 and z € Q\N. O

REMARK 4.5 (The set of measure zero appearing in Theorem 1.3). In our
original proof of Theorem 1.3 in Epstein and Pop (2014), Theorem 1.3, we obtain
the stochastic representation (1.13) with N = &. The appearance of the set N with
zero p-measure in Theorem 1.3 is due to our use of results from the theory of
Dirichlet forms, while in Epstein and Pop (2014), Theorem 1.3, we apply more
elementary methods, which allow us to obtain a stronger result. The stochastic
representation (1.13), holding modulo a set of zero w-measure, suffices for our
purposes and in most of the probabilistic applications, but from an analytic point
of view, it is often useful to know that the stochastic representation (1.13) holds at
all points in the domain.

4.4. Stochastic representation of weak solutions and the Harnack inequality.
We now give the proof of Theorem 1.6, which establishes that functions defined
by the stochastic representation (1.18) satisfy a scale-invariant Harnack inequal-
ity (1.19). We let Q := (t1, t2) x 2, and recall that the parabolic portion of the
boundary 0Q is defined in (1.17). For a point 2,79 e R x Sn,m, and a positive
constant, r, we let

(4.16) 0,(t°,2%) == (t° = r2,1% x B, ().
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PROOF OF THEOREM 1.6. We choose a sequence of nonnegative functions,
{8k} k=0 C C*°(Q), such that

(4.17) lgx — &llc@g) = 0, as k — oo,

and analogously to the representation (1.18), we define
up(t,z) :==Epz[gr(t — (t —11) AT, Z((r — 1) A 1@))],

(4.18) _
Y(t,z) € Q,Vk > 0.

Using property (4.17), it immediately follows from the preceding equality that
g — u ”LOO(Q) — 0, as k — 00, and so to establish (1.18), it is sufficient to prove
that the Harnack inequality, (1.19), holds for each nonnegative function uy. We
now prove that uy is a local weak solution to the equation u; — Lu =0 on Q.
While the previous statement is usually trivial in standard proofs of this result,
because the solutions are assumed to be regular enough, in our case we prove
this fact with the aid of the stochastic representation (1.16) as follows. Applying
Epstein and Mazzeo (2016), Theorem 4.1, we obtain that the Harnack inequality
holds for uy. Letting

(4.19) hi(t,2) := 0,8k (¢, 2) — Lgk(t, 2), V(t,2) € Q,Vk €N,
we apply It6’s rule to the process {gx(t — r, Z(r))}o<r</—r, and we obtain that

gr(t,2) =Ep:[gr(t — (t —11) A1, Z((t — 1) A 1@))]

(t—t)ATQ
+ Ep: [f hi(t —r, Z(r))dr]
0

Using definition (4.18) of the function ug (¢, z) and property (1.16), we have that

t—11
w2 =gt = [T+ @
Yt € (t1, 1p), for p-a.e. z € Q.

From (4.19), we know that g € C>®(Q) solves the equation u; — Lu = hy on Q.
Using the fact that hy € L2((t1, t2), L?(2; d 1)), it follows by Lemma 2.3 that the
integral term on the right-hand side of the preceding identity is a weak solution to
the inhomogeneous problem u; — Lu = —hy on Q. Thus, the function uy, is a weak
solution to the homogeneous problem u; — Lu = 0 on Q, and applying Epstein and
Mazzeo (2016), Theorem 4.1, we obtain that uy, satisfies the Harnack inequality.
Letting k tend to oo in (4.18) and using the fact that ||u; — u||LoQ(Q) — 0, as
k — 00, it follows that the function u defined by (1.18) also satisfies the Harnack
inequality (1.19). This completes the proof. []

We have the following corollary of Theorem 1.6. This is a technical result
needed in the proof of Lemma 5.8.
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COROLLARY 4.6. There is a positive constant, Kq, such that the following
hold. Let T > t| and let g € C(0Q) be a nonnegative function, and let

u(t,z) = =Ep:[g(t — (t —t1) A1, Z((t — 1) A 1Q)) V(-1 Atq<T—11} )
(4.20) i
Y(t,z) € Q.

Then the function u satisfies the scale-invariant Harnack inequality, that is, for all
(1%, 2% € Q and r > 0, such that Q2,(t°, z°) C Q, we have that the scale-invariant
Harnack inequality (1.19) holds.

PROOF. Similar to the proof of Theorem 1.6, we let {gk}«>0 C C*®(Q) be a
sequence of nonnegative, smooth functions, such that

”g_gk”C N{t<T —0 as k — oo,
421) (oN{t<Th

”gk”C(Qﬂ{t>T}) —0 as k — oo.

Theorem 1.6 yields that the sequence of functions {uy}r>0 defined by (4.18)
satisfies the Harnack inequality (1.19), and it is sufficient to prove that |ux —
ull ;oo @) 0, as k — o0, in order to conclude that u defined by (4.20) also sat-
isfies the Harnack inequality (1.19). From definition (4.20) of the function u(, z)
and property (4.21), there is a positive constant, C, such that for all (z, z) € 0, we
have that

u(t,z) —u(t,2)| < g = gkllegnp<ry + 18 cconp=T
4.22) ONf{r<Th (ON{r>T})
+ C]P)Z((t —tH)NAte=T — tl).

We can assume without loss of generality that ¢t > T, and so P*((r — t;) A tq =
T—t)=P(rq=T —11). Let ve F((0,t — T 4+ 1) x ) be the unique weak
solution to the homogeneous initial-value problem (2.10) with initial condition
v(0,-) = 1 given by Sturm (1995), Proposition 1.2. Then Theorem 1.3 gives us
that v(s, z) = P*(rq > s), for all (s, z) € (0, — T + 1) x Q. Using the fact that

Pi(rq =5) =limP(1qg > s — &) — P*(tq > s) =limv(s — ¢, 2) — v(s, 2),
el0 el0

and that the function v is continuous by Epstein and Mazzeo (2016), Corollary 4.1,
it follows that P*(tq = s) = 0. Thus, the preceding inequality together with (4.21)
and (4.22) yield that |juy — u ”LOO(Q) — 0, as k — 00. We can now conclude that
the function u defined in (4.20) satisfies the Harnack inequality (1.19), since each
element of the sequence {uy}ren also satisfies (1.19). This completes the proof.

O
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5. Harnack’s inequality for standard Kimura operators. In this section,
we give a probabilistic proof to Theorem 1.2 by adapting the argument used to
establish Sturm (1994), Theorem 1. We organize this section into three parts. In
Section 5.1, we introduce the assumptions imposed on the coefficients of the op-
erator L and we review some properties of the solutions to the parabolic equation
(1.5). In Section 5.2, we establish the connection between the differential operators
L and L, and we introduce the notion of a probabilistic solution in Definition 5.5,
which we then use in Section 5.3 to give the proof of Harnack’s inequality in The-
orem 5.6, and of the scale-invariant Harnack inequality in Theorem 1.2.

5.1. Properties of solutions to the parabolic equation u; — Lu=0. We first
introduce Assumption 5.1, which describes the conditions that we impose on the
coefficients of the standard Kimura differential operator L. We then review the
existence, uniqueness and regularity of solutions in anisotropic Holder spaces to
the inhomogeneous initial-value problem defined by the operator L,

u;—ZI,t:g on (Oa OO) X Sn,m,
u(, ) = f on Sn,ma
obtained in Epstein and Mazzeo (2014) and Pop (2017b). In Lemma 5.2, we es-

tablish the stochastic representation of the solutions in anisotropic Holder spaces
to problem (5.1).

S.D

ASSUyPTION 5.1 (Coejﬁcients of the operator Z). The coefficients (a(z)),
(a(z)), (b(z)), (c(z)) and (d(z)) satisfy Assumption 2.1 imposed on (a(z)), (@(z)),
(b(2)), (c(z)) and (d(z)), respectively.

The stochastic differential equations associated to the standard Kimura diffusion
operator L can be written in the form

n—+m
dX;(t) =b;(Z))dt +X;(1) Y 6;;(Z(1))dW;(1), Vit >0,

j=1

5.2)
dYi(t)=e(ZW))dt + Y Gr4n ;(Z1)dW;(),  Vt>0,
j=1
foralli=1,...,nand [/ =1,...,m, where {W(t)}tzo is a (n + m)-dimensional

Brownian motion. We denote Z (1) = ()A( (1), Y (t)). Similarly to the conﬁtruction of
the matrix (o (z)) in Section 4.1, there is (5'(z)) such that (66*)(z) = D(z), where
forallze Sy m,i,j=1,....,n,and ,k=1,...,m, we let

Dii(2) :=2(@1i (z) + x:@i: (2)),
(5.3) Dij(z) :=2y%ixai(z),  i#],
Dus1.i(2) = Diny1(2) :=4YxiC1(z),  Dnsinsk(2) i=2di(2).
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It follows that the coefficients of the stochastic differential equation (5.2) satisfy
Pop (2017a), Assumptions 2.1 and 2.6. We may then apply Pop (2017a), Proposi-
tions 2.2 and 2.4, to conclude that the standard Kimura stochastic differential equa-
tion (5.2) has a unique weak solution, (Z(t)) +>0, On a probability space, (&, P%),
for any initial condition Z (0) =z, where z € Sn m-

In order to prove the stochastic representation of solutions to the initial-value
problem (5.1), we first recall the existence, uniqueness and regularity of solutions
in anisotropic Holder spaces to equation (5.1) obtained in Pop (2017b). We remark
that such results are also established in Epstein and Mazzeo (2016), Theorem 1.1,
Epstein and Mazzeo (2014), Proposition 2.1, and Epstein and Mazzeo (2013), The-
orem 10.0.2, but the framework in Pop (2017b) is closer to this article.

To define the anisotropic Holder spaces, let « € (0,1), k e N, T > 0, and
UC Sym- Welet Ca.(10,T] x U ) be the Holder space consisting of continuous
functions, u : [0, T] x U — R, such that the norm

lullca o.71x0) = lulleqo, 1)

5.4

N up (@, 2% —u(t, 2)|
(19,29),(1,2)€[0, T1xT P ((to, ZO)’ (t,2))
(19,20)%(t,2)

For I C{1,...,n},let U € M; be an open set. We let C%JFF‘"([O, T] x U) denote
the Holder space of functions, u € C 2([0, T] x U), such that

U, Uy, u, € C2 ([0, T] x U), Vi=1,...,n,
VXXl A/ Killyyy sy € Cor([0, TIx U), Vi, jel,Vlk=1,....m
ity i € Con([0.T1x U),  Viel Vj kel

We now let U is an arbitrary open set in S, ,,. We let CVZV;L“([O, T] x U) denote the
Holder space consisting of functions u € C2([0, T] x U), satisfying the property
that

u oz, € Cor®([0. T1x (U N M), YIC{l,...,n}.

The elliptic Holder spaces C%(U) and C2*(U) are defined analogously to their
parabolic counterparts, and so we omit their definitions for brevity.

From Assumption 5.1, it follows that the coefficients of the differential op-
erator (1.1) satisfy the hypotheses of Pop (2017b), Theorem 1.4. Thus, given
f e C%ﬁ“(.g’n,m) and g € Cy.([0, 00) x S‘n,m), the inhomogeneous initial-value
problem (5.1) has a unique solution, u, that belongs to CVZV;L“([O, 00) X S’n,m). We
can now prove the following.

LEMMA 5.2 (Stochastic representation of solutions to equation (5.1) with re-
spect to P2). Let a € (0,1), f € C2%(S,.m), g € C%([0,00) X Sy.m), and
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u € CVZWT“([O, 00) X S',,,m) be the unique solution to the inhomogeneous initial-
value problem (5.1). Let Q2 C S, be an open set, I = (t1, t) C Ry be a bounded
interval, and Q := I x Q. Then we have that

u(t,z) = Ea.[u(t — (t — 1)) AT, Z((t — 1) ATQ))]

(t—11)ATq .
—HE@Z[/ g(t—s,Z(s))ds}
0

forall (t,z) € Q, where the stopping time Tq is defined by
(5.5) Tq:=inf{r > 0:Z(r) ¢ 2},

and the process {2 (®)}i=0 is the unique weak solution to the standard Kimura
stochastic differential equation (5.2), with initial condition Z(0) = z.

PROOF. The proofis a direct consequence of 1t6’s rule applicable to the frame-
work of Kimura stochastic differential equations and established in Pop (2017a),
Proposition 2.10. We omit the detailed proof for brevity. [

5.2. Connection between the differential operators L and L. Lemma 5.2
shows that the homogeneous initial-value problem (5.1) admits solutions that can
be expressed using the probability distribution, %, of the unique weak solution,
{2 (1)}, to the standard Kimura stochastic differential equation equation (5.2). In
this section, using Girsanov’s Theorem, we prove in Lemma 5.4 that the solu-
tions to the homogeneous initial-value problem (5.1) have a stochastic represen-
tation that uses the probability distribution, P*, of the unique Markovian solution
to a suitable Kimura stochastic differential equation with singular drift of the form
(1.11), as opposed to that of weak solutions to the stochastic differential equation
(5.2). This shows that our Definition 5.5 of probabilistic solutions is not vacuous.
In Section 5.3, we use Definition 5.5 to prove in Theorem 5.6 that the Harnack
inequality holds for nonnegative probabilistic solutions to equation (1.5).

We make a specific choice of the differential operator L of the form given by
(1.10). We define the coefficients of the operator L in terms of the coefficients of
the operator L such that for all i,j=1,...,nandalll,k=1,...,m, we have

a;i(z) :=a;; (2), a;j(z) :=a;j(z2),

1. ~
cii(z) == Ecl’z(z), dik (z) == dix(2),
and we choose the coefficients b;(z) in (1.10), such that g;(z) = bi(z), where the
coefficients g;(z) are defined in (4.1). With this choice of the coefficients b;(z)
and a;;(z), we define f;;(z) as in (4.1), and so the stochastic differential equation
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(1.11) becomes, foralli =1,...,nandall/ =1, ..., m,

n
dX;(t) = (b,- (ZO)+Xi) Y fij(Z1))InX; (r)) dt
j=1
n+m
+VXi(0) Y i (Z®) dW; (@),

j=1

(5.6) .
dy(t) = (el(Z(t)) + Z fi4n,j(Z())1In Xj(t)> dt
j=l1
n+m
+ 3 Gryn i (Z(@0) AW (@),
j=1
where {W(#)};>0 is a (n + m)-dimensional Brownian motion. Because the coeffi-
cients of the differential operator (1.1) satisfy Assumption 5.1, it follows that the
preceding choice of the coefficients of the stochastic differential equation (5.2) sat-
isfy Pop (2017a), Assumption 3.2. We may then apply Pop (2017a), Theorems 3.1
and 3.7, to conclude that the Kimura stochastic differential equation with logarith-
mic drift (5.6) has a unique Markov solution, (Z(#));>0, on a probability space,
(&, IP?), for any initial condition Z(0) = z, where z € S;, ;.
Applying Pop (2017a), Lemma 3.3, we obtain that the matrix & (z) is invertible.

We denote by 6(z) := (01(z), ..., O0+m(z)) the unique solution to the system of
linear equations:

n+m n

Y G0 (x) = Vxi Y fij(2) Inx;, Vi=1,...,n
k=1 j=I1

n—+m n

Y Gtk @) =) farj@Inxj+2() —ez),  Vi=1,....m,
k=1 j=1

forall z € S‘n,m. It follows from Pop (2017a), Lemma 3.5, that:

LEMMA 5.3. Suppose that the coefficients of the differential operator (1.1)
satisfy Assumption 5.1. Then for all T > 0, there is a positive constant, A =
Ab,5,K,m,n, T), such that
(5.7) Ep. [0 V2O < A yzel, .
where {Z (t)}>0 is the unique weak solution to the standard Kimura equation (5.2),
with initial condition Z(0) = z.

We obtain from Lemma 5.3 and Karatzas and Shreve (1991), Proposition 3.5.12
and Corollary 3.5.13, that the process

M(t) = el 0Z6)-dW =3 [ 10Z6DPds vy e [0, T,
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is a P? -martingale. From Girsanov’s theorem [Karatzas and Shreve (1991), Theo-
rem 3.5.1], by letting

P t —~
(5.8) W) =W({) — / 6(Z(s))ds, vt €[0,T],
0
and defining a new probability measure P* by
(5.9) Y (1)
‘ dpe ’

we obtain that {W(¢)};>0 is a P*-Brownian motion. We also have that (Z(¢) :=
Z (t), W(r)) is a weak solution to the generalized Kimura eg\uation (5.6), with ini-
tial condition Z(0) =z, forall 0 <r < T.Because Z(t) := Z(t),forall0 <t < T,
we also have that tg = Tq, for all open sets 2 C S, ,,, where the preceding two
stopping times are defined by (1.14) and (5.5), respectively. From Pop (2017a),
Lemma 3.8, it follows that the process

(5.10) M(1) 1= e~ BOZE-AW O =3 IOZ6DPds - vy e (0, T],

is a P*-martingale.

We can now state the stochastic representation of solution to the homogeneous
initial-value problem with respect to the probability distribution P, Identity (5.9)
and Lemma 5.2 imply the following.

LEMMA 5.4 (Stochastic representation of solutions to equation (5.1) with re-
spect to P?).  Suppose that the hypotheses of Lemma 5.2 hold. Then we have that

u(t,z) =Ep[M((t — ) AtQ)u(t — (t —11) AT, Z((t — 1) A T@))],
(t—t)NA1g
(5.11) + Ep: |:M((t—t1)/\rg)/0 g(t—s,Z(s))ds},

Y(t,z) € 0,

where the process {Z(t)};>0 is the unique weak Markov solution to the generalized
Kimura equation (5.6), with initial condition Z(0) = z.

The stochastic representation (5.11) shows that the parabolic problem u; — Lu=
0 admits probabilistic solutions in the sense of Sturm (1994), Definition (2.1).
Thus, the following definition of probabilistic solutions to the Kimura equation
(1.5) is not vacuous.

DEFINITION 5.5 (Probabilistic solution). Let € € S, ,, be an open set and
(t1, ) CR4. Let Q := (21, 12) x 2. We say that a continuous function, u : Q — R,
is a probabilistic solution to the parabolic equation u; — Lu =0 on 0, if for all
open sets Q' := (1], ;) x ' € Q, we have, V(z,z2) € Q’, that

(5.12) u(t,z) =Ep[M((t — 17) Ate)u(t — (t — 11) Ater, Z((t — 11) ATe))]s
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where P? is the probability distribution of the unique weak Markov solution,
{Z(t)};>0, to the Kimura equation (1.11), with initial condition Z(0) = z, and the
martingale {M (¢)};>¢ is defined in (5.10).

5.3. The proof of Harnack’s inequality. We use Definition 5.5 to prove that the
Harnack inequality holds for nonnegative probabilistic solutions to equation (1.5).
We have the following analogue of Sturm (1994), Theorem 1.

THEOREM 5.6 (Harnack inequality). Suppose that Assumption 5.1 holds. Let
c € (J2/3,1) and T > 0. Then there is a positive constant, H = H (b, §, K, Ko,
A, T), such that for all (s,z) € (0,T) x S'n,m and for all R € (0, \/s), if u is a
nonnegative, continuous probabilistic solution to the parabolic equation (1.5) on
ORr(s, z), we have that

(5.13)  u(t,w) < Hu(s, z), V(t,w) € (s — *R%, s — 2R?/3) x Beg(s, 2).
Theorem 1.2 is essentially a direct consequence of Theorem 5.6.

PROOF OF THEOREM 1.2. Let (s,z) € Q and R > 0 be such that inclusion
(1.6) holds. Let ¢ € (/2/3, 1). Inequality (5.13) gives us, for all r € (0, R), that
u(t,w) < Hu(s,z),  Y(t,w) e (s —c*r? s —2r?/3) x By (s, 2),

and by denoting p := cr, we obtain that for all p € (0, cR), we have that

2

G19 ) =HuD, Ve e (s = o) x B0,
c

Let d be a positive constant chosen such that

8
5.15 42 {1,4—_},
( ) < max 3C2

and let (s', 7)) € (s, s + d?) x B, (z), where we assume that p € (0, ¢R). Inclusion
(1.6) and our choice of the point (s’, z’) allows us to apply inequality (5.14) with
(s', Z') replacing (s, z) and 2p replacing p to obtain that

u(t', w') < Hu(s', ),
(5.16)

V(' w') e (s/ —4p2, 5" — %,{ﬂ) X By, (Z)).
Notice that

8
(s — @pz,s - (4—d2)p2) X B, (2)
(5.17) 8
2 2
c ﬂ(S/ —4p7, s — @,0 ) X Bay(7),
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where the preceding intersection is taken over all points (s, z’) in the set (s, s +
dz,oz) X B, (z). We now set
8

T 3eY
and notice that our choice of the positive constant d in (5.15) implies that « > 8.

Then inequality (5.16) and property (5.17) give us that the scale-invariant Harnack
inequality (1.7) holds. This completes the proof of Theorem 1.2. [

o B:=4— d, and y = d?,

We prove Theorem 5.6 with the aid of a series of lemmas. Our proof closely
follows the arguments in Sturm (1994), Section 2, used to prove Sturm (1994),
Theorem 1, and so we only include the details that are different from the ones in
Sturm (1994). Complete proofs of these auxiliary results can be found in Epstein
and Pop (2014), Section 7.3.

Let T be a positive constant, (s, z) € (0,7) x S‘n,m, and let r € (0, 4/s). We let
7, be the stopping time defined by

(5.18) T, :=inf{t >0: Z(t) ¢ B,(2)}.

From identity (5.12), we obtain that the probabilistic solutions to the parabolic
equation (1.5) on QRr(s, z), can be written in the form

w(t,w) =Epu[M((t —s +r*) At )u(t — (t —s +r?) A1y,
(5.19)
Z((t —s+r) A )],
forall » € (0, R) and all (z, w) € O, (s, 2).
We begin with the analogue of Sturm (1994), Lemma 1.

LEMMA 5.7 (An estimate from below). Assume that the hypotheses of Theo-
rem 5.6 hold. We then have that

1 (R
(5.20) u'3(s, 2) ZA_I/GE]}DZ[E/ u3(s —r2/\'cr,Z(r2/\'cr))dr:|.
0

PROOF. To prove estimate (5.20), we can follow the same argument as in the
proof of Sturm (1994), Lemma 1, replacing the use of Sturm (1994), inequality
(2.2), with our Lemma 5.3. [

Let Ko be the positive constant appearing in the statement of Theorem 1.6. For
simplicity, given p € (0,r) and r € (0, R), we denote

(5.21) Q7(s.2) == Qp(s.2) N (0,5 — 2r*/3) X Sy.m.

We have the following analogue of Sturm (1994), Lemma 3.
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LEMMA 5.8 (Iterated Harnack inequality). There are positive constants, C =
C(Ko) and m = m(Ky), such that the following hold. Assume that the hypotheses
of Theorem 5.6 hold. Let r € (v'2R//3, R) and for all (t, w) € Q, (s, z) let

v(t,w) :i=Epu[ub(t — (t —s +r*) Az, Z((t —s +1?) A T,))
(5.22)
X l{tf(tfs+r2)/\r,<s72R2/3}]‘

Then, for all p € (v2R/N/3, 1), we have that

(5.23) v(t,w)gc(Lyv(s,z), V(@ w) e OF (s, 2).
r—p

PROOF. Because the function u is assumed to be continuous by the hypotheses
of Theorem 5.6, it follows from Corollary 4.6 that the function v defined in (5.22)
satisfies the Harnack inequality (1.19). Using now an induction argument similar to
that used to prove Sturm (1994), Inequality (2.8), we obtain the estimate in (5.23).
We omit the detailed proof. [J

We now have the analogue of Sturm (1994), Lemma 2.

LEMMA 5.9 (An intermediate estimate from above). There are positive con-
stants, C = C(Kg) and m = m(Ky), such that the following hold. Assume that
the hypotheses of Theorem 5.6 hold. Then, for all p € (v2R//3, R) and all
n € (p, R), we have that

nm—l—l

1 n
(5.24) x Ep: |:—/ u6(s —r’ A7y, Z(r2 AT))
nJo

ué(t, w) < CA3

X l{s—rZ/\trfs—ZRz/_’)} dr],
forall (1, w) € QX (s, 2).
PROOF. To prove estimate (5.24), we proceed exactly as in the proof of Sturm

(1994), Lemma 2, replacing the use of Sturm (1994), inequality (2.4), with our
Lemma 5.3, and that of Sturm (1994), Lemma 3, with that of Lemma 5.8. [

We conclude with the analogue of Sturm (1994), Lemma 4.

LEMMA 5.10 (An estimate from above). Letc € («/5/«/3, 1). Then there is a
positive constant, C = C(c, Ko, A), such that the following hold. Assume that the
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hypotheses of Theorem 5.6 hold. Then we have, for all (¢, w) € QfR (s, 2),

1 R
u1/3(t,w)§CEpz[E/ uP(s = r* A, Z(r* A 1))
(5.25) 0

X 5 200, <5-2R2/3) d”]

PROOF. The method of the proof is based on that of Sturm (1994), Lemma 4,
which in turn uses ideas of the Fabes and Stroock (1984), Proof of Lemma 3.2. We
first remark that the factor 1/R was apparently omitted from Sturm (1994), Es-
timate (2.10). As written it cannot hold because, as R | 0, the right-hand side
in Sturm (1994), Estimate (2.10), converges to 0, while the left-hand side re-
mains fixed, and possibly positive. The right-hand side of Sturm (1994), Esti-
mate (2.10), should be replaced by an averaging over r € (0, R) as follows: for
all p € (W/2R//3, R), we let

p L 17 g 2 2 1/6
Ir = = Ep: ;/0 u(s —r AT, Z(r  At)) iy 2png <s—2r2m dr | -

A close inspection of the arguments used to prove Sturm (1994), Lemma 4, allows
us to see that they immediately adapt to this definition of /g as above, and we
conclude that estimate (5.25) holds. We omit the details of the proof. [

We can now give the following.

PROOF OF THEOREM 5.6. Inequality (5.13) follows from estimates (5.20) and
(5.25). O
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