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RANDOM WALKS ON INFINITE PERCOLATION CLUSTERS IN
MODELS WITH LONG-RANGE CORRELATIONS

BY ARTEM SAPOZHNIKOV
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For a general class of percolation models with long-range correlations
onZ4, d> 2, introduced in [J. Math. Phys. 55 (2014) 083307], we establish
regularity conditions of Barlow [Ann. Probab. 32 (2004) 3024-3084] that
mesoscopic subballs of all large enough balls in the unique infinite perco-
lation cluster have regular volume growth and satisfy a weak Poincaré in-
equality. As immediate corollaries, we deduce quenched heat kernel bounds,
parabolic Harnack inequality, and finiteness of the dimension of harmonic
functions with at most polynomial growth. Heat kernel bounds and the
quenched invariance principle of [Probab. Theory Related Fields 166 (2016)
619-657] allow to extend various other known results about Bernoulli perco-
lation by mimicking their proofs, for instance, the local central limit theorem
of [Electron. J. Probab. 14 (209) 1-27] or the result of [Ann. Probab. 43
(2015) 2332-2373] that the dimension of at most linear harmonic functions
on the infinite cluster is d + 1.

In terms of specific models, all these results are new for random interlace-
ments at every level in any dimension d > 3, as well as for the vacant set
of random interlacements [Ann. of Math. (2) 171 (2010) 2039-2087; Comm.
Pure Appl. Math. 62 (2009) 831-858] and the level sets of the Gaussian free
field [Comm. Math. Phys. 320 (2013) 571-601] in the regime of the so-called
local uniqueness (which is believed to coincide with the whole supercritical
regime for these models).
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1. Introduction. Delmotte [14] proved that the transition density of the sim-
ple random walk on a graph satisfies Gaussian bounds and the parabolic Harnack
inequality holds if all the balls have regular volume growth and satisfy a Poincaré
inequality. Barlow [4] relaxed these conditions by imposing them only on all large
enough balls, and showed that they imply large time Gaussian bounds and the el-
liptic Harnack inequality for large enough balls. Later, Barlow and Hambly [7]
proved that the parabolic Harnack inequality also follows from Barlow’s condi-
tions. Barlow [4] verified these conditions for the supercritical cluster of Bernoulli
percolation on Z?, which lead to the almost sure Gaussian heat kernel bounds and
parabolic Harnack inequality. By using stationarity and heat kernel bounds, the
quenched invariance principle was proved in [9, 25, 38], which lead to many fur-
ther results about supercritical Bernoulli percolation, including the local central
limit theorem [7] and the fact that the dimension of harmonic functions of at most
linear growth is d + 1 [8].

The independence property of Bernoulli percolation was essential in verifying
Barlow’s conditions, and up to now it has been the only example of percolation
model for which the conditions were verified. On the other hand, once the condi-
tions are verified, the derivation of all the further results uses rather robust methods
and allows for extension to other stationary percolation models.

The aim of this paper is to develop an approach to verifying Barlow’s conditions
for infinite clusters of percolation models, which on the one hand, applies to su-
percritical Bernoulli percolation, but on the other, does not rely on independence
and extends beyond models which are in any stochastic relation with Bernoulli
percolation. Motivating examples for us are random interlacements, vacant set of
random interlacements, and the level sets of the Gaussian free field [35, 39, 40]. In
all these models, the spatial correlations decay only polynomially with distance,
and classical Peierls-type arguments do not apply. A unified framework to study
percolation models with strong correlations was proposed in [19], within which
the shape theorem for balls [19] and the quenched invariance principle [32] were
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proved. In this paper, we prove that Barlow’s conditions are satisfied by infinite
percolation clusters in the general setting of [19]. In particular, all the above men-
tioned properties of supercritical Bernoulli percolation extend to all the models
satisfying assumptions from [19], which include supercritical Bernoulli percola-
tion, random interlacements at every level in any dimension d > 3, the vacant set
of random interlacements and the level sets of the Gaussian free field in the regime
of local uniqueness.

1.1. General graphs. Let G be an infinite connected graph with the vertex set
V(G) and the edge set E(G). For x, y € V(G), define the weights

L, {x,y} € E(G),
Vyy = =) Vg,
* {0, otherwise, M Xy: Y

and extend v to the measure on E(G) and pu to the measure on V(G).

For functions f: V(G) — Rand g : E(G) — R,let [ fdu =3 cy ) f () x
and [gdv =73 ,cpc) &(e)ve, and define [V f]: E(G) — R by |V f[({x, y}) =
| f(x) — f(»I for {x, y} € E(G).

Let dg be the graph distance on G, and define Bg(x,r) = {y € V(G) :
dg(x,y) <r}. We assume that u(Bg(x,7)) < Cor? for all x € V(G) and r > 1.
In particular, this implies that the maximal degree in G is bounded by Cy.

We say that a graph G satisfies the volume regularity and the Poincaré inequality
ifforallx e V(G) and r > 0, u(Bg(x,2r)) <C;i - u(Bg(x,r)) and, respectively,
min,, fBG(x’r)(f —a)du<Cy-r*. fE(BG(xJ)) |V f|?dv, with some constants C
and C,. Graphs satisfying these conditions are very well understood. Delmotte
proved in [14] the equivalence of such conditions to Gaussian bounds on the tran-
sition density of the simple random walk and to the parabolic Harnack inequality
for solution to the corresponding heat equation, extending results of Grigoryan
[20] and Saloff-Coste [36] for manifolds. Under the same assumptions, he also ob-
tained in [15] explicit bounds on the dimension of harmonic functions on G of at
most polynomial growth. Results of this flavor are classical in geometric analysis,
with seminal ideas going back to the work of De Giorgi [17], Nash [30] and Moser
[28, 29] on the regularity of solutions of uniformly elliptic second-order equations
in divergence form.

The main focus of this paper is on random graphs, and more specifically on
random subgraphs of Z?, d > 2. Because of local defects in such graphs caused
by randomness, it is too restrictive to expect that various properties (e.g., Poincaré
inequality, Gaussian bounds, or Harnack inequality) should hold globally. An illus-
trative example is the infinite cluster C, of supercritical Bernoulli percolation [21]
defined as follows. For p € [0, 1], remove vertices of Z¢ independently with prob-
ability (1 — p). The graph induced by the retained vertices almost surely contains
an infinite connected component (which is unique) if p > p.(d) € (0, 1), and con-
tains only finite components if p < p.(d). It is easy to see that for any p > p.(d)
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with probability 1, Cs, contains copies of any finite connected subgraph of Z¢ at-
tached to Coo by one edge, and thus, none of the above global properties can hold.

Barlow [4] proposed the following relaxed assumption which takes into account
possible exceptional behavior on microscopic scales.

DEFINITION 1.1 ([4], Definition 1.7). Let Cy, Cp, and Cw > 1 be fixed con-
stants. For r > 1 integer and x € V(G), we say that Bg(x,r) is (Cy,Cp, Cw)-
good if u(Bg(x,r)) >Cy r¢ and the weak Poincaré inequality

min/ (f—a)zdust-rz-/ IV fI?dv
¢ JBg(x.r) EBg(x,Cwr))

holds for all f:Bg(x, Cwr) — R.
We say the ball Bg (x, R) is (Cy, Cp, Cw)-very good if there exists Np; (x,R) <

Rﬁ such that Bg(y, r) is (Cy, Cp, Cw)-good whenever B (v, r) C Bg(x, R),
and NBG(va) <r<R.

REMARK 1.2. For any finite H C V(G) and f : H — R, the minimum
min, [ (f —a)?du is attained by the value a = f 5 = ﬁfH fdu.

For a very good ball, the conditions of volume growth and Poincaré inequality
are allowed to fail on microscopic scales. Thus, if all large enough balls are very
good, the graph can still have rather irregular local behavior. Despite that, on large
enough scales it looks as if it was regular on all scales, as the following results
from [4, 7, 8] illustrate.

Let X = (X,)n>0 and ¥ = (¥;);>0 be the discrete and continuous time simple

random walks on G. X is a Markov chain with transition probabilities Z‘—y, and Y is

the Markov process with generator L¢ f(x) = t Zy Vxy (f (y) — f(x)). In words,
the walker X (resp., Y') waits a unit time (resp., an exponential time with mean 1)
at each vertex x, and then jumps to a uniformly chosen neighbor of x in G. For
x € V(G), we denote by P, = Pg , (resp., Qx = Qg.x) the law of X (resp., Y)
started from x. The transition density of X (resp., ¥') with respect to u is denoted

PG x[Xn= Y=y
by pu(x, ) = pe.a(x, y) = "E0= (resp g, (x, y) = 6.4 (x, y) = %y’”)-
The first implications of Definition 1.1 are large time Gaussian bounds for g,

and p,,.

THEOREM 1.3 ([4], Theorem 5.7(a) and [7], Theorem 2.2). Let x € V(G). If
there exists Ry = Ro(x, G) such that Bg(x, R) is (Cy, Cp, Cw)-very good with

Né(Gd(i?I)e) < R for each R > Ry, then there exist constants C; = C;(d, Cyp, Cy,

Cp, Cw) such that for all t > RS/Z and y € V(G),

o dgay)? )
T ifr > dg(x, y),

(S8

ey Fi(x,y)<Cy-1t™

dg.»?

) Fi(x,y) > Cs 172 50— ifr>dg(x, )2,
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where F; stands for either q; or p|;) + p|1]+1-
The next result gives an elliptic Harnack inequality.

THEOREM 1.4 ([4], Theorem 5.11). There exists a constant Cenj = Ceni(d,
Co,Cy, Cp,Cw) such that for any x € V(G) and R > 1, if Bg(x, RlogR)

is (Cy,Cp,Cw)-very good with Ngéd(;zl)elogm < R, then for any y € Bg(x,

%Rlog R), and h : Bg(y, R + 1) — R nonnegative and harmonic in Bg(y, R),

3) sup h <Cei- iIinf h.
BG(y, 4 R) BG(y.3R)

In fact, more general parabolic Harnack inequality also takes place. (For the
definition of parabolic Harnack inequality, see, e.g., [7], Section 3.)

THEOREM 1.5 ([7], Theorem 3.1).  There exists a constant Cppi = Cphi(d, Co,
Cvy, Cp, Cw) such that for any x € V(G), R > 1, and Ry = RlogR > 16, if

. . 2(d+2
Bg(x, Ry) is (Cy,Cp,Cw)-very good with NB(G(J;’I)QI) < Zkfﬁ,

y € Bg(x, %R 1), the parabolic Harnack inequality (in both discrete and contin-

then for any

uous time settings) holds with constant Cpp; for (0, R?] x Bg(y, R). In particular,
the elliptic Harnack inequality (3) also holds.

The next result is about the dimension of the space of harmonic functions on G
with at most polynomial growth.

THEOREM 1.6 ([8], Theorem 4). Let x € V(G). If there exists Ry = Ro(x, G)
such that Bg(x, R) is (Cy, Cp, Cw)-very good for each R > Ry, then for any
positive k, the space of harmonic functions h with imsupg_. ;. y)_, oo % < 00
is finite dimensional, and the bound on the dimension only depends on k, d, Cy,

Cy,CpandCy.

The notion of very good balls is most useful in studying random subgraphs of
Z4. Up to now, it was only applied to the unique infinite connected component
of supercritical Bernoulli percolation; see [4, 7]. Barlow [4], Section 2, showed
that on an event of probability 1, for every vertex of the infinite cluster, all large
enough balls centered at it are very good. Thus, all the above results are imme-
diately transferred into the almost sure statements for all vertices of the infinite
cluster.

Despite the conditions of Definition 1.1 are rather general, their validity up to
now has only been shown for the independent percolation. The reason is that most
of the analysis developed for percolation is tied very sensitively with the indepen-
dence property of Bernoulli percolation. One usually first reduces combinatorial
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complexity of patterns by a coarse graining, and then balances the complexity out
by exponential bounds coming from the independence; see, for example, [4], Sec-
tion 2.

The main purpose of this paper is to develop an approach to verifying proper-
ties of Definition 1.1 for random graphs which does not rely on independence or
any comparison with Bernoulli percolation, and, as a result, extending the known
results about Bernoulli percolation to models with strong correlations. Our primal
motivation comes from percolation models with strong correlations, such as ran-
dom interlacements, vacant set of random interlacements, or the level sets of the
Gaussian free field; see, for example, [35, 39, 40].

REMARK 1.7. (1) The lower bound of Theorem 1.3 can be slightly general-
ized by following the proof of [4], Theorem 5.7(a). Let € € (0, %] and K > é If
there exists Ry = Rp(x, G) such that Bg(x, R) is (Cy, Cp, Cwy)-very good with
Né(c(?:?) < R for each R > Ry, then for all ¢ > Ré+€,

dg (ry)?
4 F,(x,y)zC3-t_%-e_C4' Gr , if 1 >dg(x, y)'Te.
The constants C3 and Cy4 are the same as in (2), in particular, they do not depend
on K and €. For € = % and K = 3, we recover (2). (There is a small typo in the
statements of [4], Theorem 5.7(a) and [7], Theorem 2.2: RS/ 3 should be replaced
3/2

by Ry'".)

Indeed, the proof of [4], Theorem 5.7(a), is reduced to verifying assumptions of
[4], Theorem 5.3, for some choice of R. The original choice of Barlow is R = t%,
and it implies (2). By restricting the choice of N, r) as above, one notices that

all the conditions of [4], Theorem 5.3, are satisfied by R = 1T , implying (4).

(2) In order to prove the lower bound of (2) for the same range of #’s as in the
upper bound (1), one needs to impose a stronger assumption on the regularity of
the balls B (x, R) (see, for instance, [4], Definition 5.4, of the exceedingly good
ball and [4], Theorem 5.7(b)). In fact, the recent result of [5], Theorem 1.10, states
that the volume doubling property and the Poincaré inequality satisfied by large
enough balls are equivalent to certain partial Gaussian bounds (and also to the
parabolic Harnack inequality in large balls).

(3) Under the assumptions of Theorem 1.5, various estimates of the heat kernels
for the processes X and Y killed on exiting from a box are given in [7], Theo-
rem 2.1.

(4) Theorem 1.6 holds under much weaker assumptions, although reminiscent
of the ones of Definition 1.1 (see [8], Theorem 4). Roughly speaking, one assumes
that the conditions from Definition 1.1 hold with N, r) only sublinear in R,
that is, a volume growth condition and the weak Poincaré inequality should hold
only for macroscopic subballs of Bg (x, R).
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1.2. The model. We consider the measurable space Q2 = {0, I}Zd, d=>2,
equipped with the sigma-algebra F generated by the coordinate maps {w —

@ (x)} cza. Forany w € {0, I}Zd, we denote the induced subset of Z¢ by
S=S)={xeZ:wx) =1} 7

We view S as a subgraph of Z¢ in which the edges are drawn between any two
vertices of S within ¢!-distance 1 from each other, where the ¢! and £ norms of
x=(x(1),...,,x(d)) € R? are defined in the usual way by |x|1 = Zflzl |x(i)| and
|X]|oo = max{|x(1)[,...|x(d)|}, respectively. For x € Z4 and r € R, we denote by
B(x,r)={y €Z: |x — y|oo < |r]} the closed £>°-ball in Z¢ with radius || and
center at x.

DEFINITION 1.8. For r € [0, oo], we denote by S, the set of vertices of S
which are in connected components of S of £!-diameter > r. In particular, Sxo is
the subset of vertices of S which are in infinite connected components of S.

1.2.1. Assumptions. On (2, F) we consider a family of probability measures
(P")uec(a,py With 0 < a < b < oo, satistying the following assumptions P1-P3 and
S1-S2 from [19]. Parameters d, a and b are considered fixed throughout the paper,
and dependence of various constants on them is omitted.

An event G € F is called increasing (resp., decreasing), if for all w € G and
' € {0, I}Zd with (y) < w(y') (resp., w(y) > w(y')) for all y € Z%, one has
o' €G.

P1 (Ergodicity). For each u € (a, b), every lattice shift is measure preserving and
ergodic on (2, F, P4).

P2 (Monotonicity). For any u,u’ € (a,b) with u < u’, and any increasing event
G € F,P“[G] <P¥[G].

P3 (Decoupling). Let L > 1 be an integer and x1, xy € 74, For i € {1,2}, let
A; € o({w = w(y)}yeB(x;,10L)) be decreasing events, and B; € o({w
(¥)}yeB(x;,10L)) increasing events. There exist Rp, Lp < oo and ep, xp > 0
such that for any integer R > Rp and a < U < u < b satisfying

u>(1+R7*).a,
if |[x] —x2|lc0 = R - L, then
P“[A1 N Ax] < PP[A]-PP[Ag] + e P,
and
P7[By N By] < P[By] - P“[By] + ¢~ o),

where fp is a real valued function satisfying fp(L) > 102 for all
L > Lp.
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S1 (Local uniqueness). There exists a function fs : (a, b) X Z4+ — R such that for
each u € (a, b),

there exist Ag= Ag(u#) > 0and Rs = Rs(u) < o0
® such that  fs(u, R) > (log R)' ™2 for all R > Rs,
and for all u € (a, b) and R > 1, the following inequalities are satisfied:
P“[Sk NB(0, R) # @] > 1 — ¢~ Ss@:B)
and
P*[for all x, y € Sg/10 N B(0, R), x is connected to y in S N B(0, 2R)]

Z 1— e_.fS(uvR)'

S2 (Continuity). Let n(u) =P*[0 € Sx]. The function 7(-) is positive and contin-
uous on (a, b).

REMARK 1.9. (1) The use of assumptions P2, P3, and S2 will not be explicit
in this paper. They are only used to prove likeliness of certain patterns in S
produced by a multi-scale renormalization; see (37). (Of course, they are also used
in already known results of Theorems 1.10 and 1.11.) Roughly speaking, we use
P3 repeatedly on multiple scales for a convergent sequence of parameters u; and
use P2 and S2 to establish convergence of iterations.

(2) If the family P“, u € (a, b), satisfies S1, then a union bound argument gives
that for any u € (a, b), P*-a.s., the set Sy, is nonempty and connected, and there
exist constants C; = C; (u) such that for all R > 1,

©6) P“[Scoc NB(0, R) # 2] >1—-C ,efcz-(logR)HAsl

1.2.2. Examples. Here, we briefly list some motivating examples (already an-
nounced earlier in the paper) of families of probability measures satisfying as-
sumptions P1-P3 and S1-S2. All these examples were considered in details in
[19], and we refer the interested reader to [19], Section 2, for the proofs and fur-
ther details.

(1) Bernoulli percolation with parameter u € [0, 1] corresponds to the product
measure P* with P“[w(x) =1] =1 — P*[w(x) = 0] = u. The family P*, u €
(a, b), satisfies assumptions P1-P3 and S1-S2 for any d > 2 and p.(d) <a <
b <1;see[21].

(2) Random interlacements at level # > 0 is the random subgraph of 74, d >3,
corresponding to the measure P* defined by the equations

PYSNK = @] = e 42K for all finite K C Z¢,

where cap(-) is the discrete capacity. It follows from [33, 40, 41] that the fam-
ily P“, u € (a, b), satisfies assumptions P1-P3 and S1-S2 for any 0 < a <
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b < oo. Curiously, for any u > 0, S is P“-almost surely connected [40], that
18, Soo = S.

(3) Vacant set of random interlacements at level u > 0 is the complement of the
random interlacements at level u in Z?. It corresponds to the measure P* de-
fined by the equations

P“[K C 8] = e #eapK) for all finite K C Z¢.

Unlike random interlacements, the vacant set undergoes a percolation phase
transition in u [39, 40]. If u < u.(d) € (0, co) then P*-almost surely Sy is
nonempty and connected, and if u > u,(d), Sxo is P*-almost surely empty. It

is known that the family IP’%, u € (a, b), satisfies assumptions P1-P3 for any
0 <a<b<oo[40,41], S2 for any #(d) < a < b < o00[42], and S1 for some

#(d)<a<b<oo[18].

(4) The Gaussian free field on 74, d > 3, is a centered Gaussian field with co-
variances given by the Green function of the simple random walk on Z¢. The
excursion set above level i € R is the random subset of Z¢ where the fields ex-
ceeds h. Let P! be the measure on €2 for which S has the law of the excursion
set above level /. The model exhibits a non-trivial percolation phase transition
[12, 35]. If h < hy(d) € [0, 0c0), then P"-almost surely S is nonempty and
connected, and if & > h4(d), Sso is P"-almost surely empty. It was proved in
[19, 35] that the family Phed)=h p ¢ (a, b), satisfies assumptions P1-P3 and
S2 forany 0 <a < b < 00, and S1 for some 0 <a < b < 00.

The last three examples are particularly interesting, since they have polyno-
mial decay of spatial correlations and cannot be studied by comparison with
Bernoulli percolation on any scale. In particular, many of the methods developed
for Bernoulli percolation do not apply. As we see from the examples, assumptions
P1-P3 and S2 are satisfied by all the 4 models through their whole supercriti-
cal phases. However, assumption S1 is currently verified for the whole range of
interesting parameters only in the cases of Bernoulli percolation and random in-
terlacements, and only for a nonempty subset of interesting parameters in the last
two examples. We call all the parameters u# for which P* satisfies S1 the regime
of local uniqueness (since under S1, there is a unique giant cluster in each large
box). It is a challenging open problem to verify if the regime of local uniqueness
coincides with the supercritical phase for the vacant set of random interlacements
and the level sets of the Gaussian free field. A positive answer to this question will
imply that all the results of this paper hold unconditionally also for the last two
considered examples through their whole supercritical phases.

1.2.3. Known results. Below we recall some results from [19, 32] about the
large scale behavior of graph distances in Sy, and the quenched invariance prin-
ciple for the simple random walk on S4,. Both results are formulated in the form
suitable for our applications.
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THEOREM 1.10 ([19], Theorem 1.3). Letd > 2 and 6¢ng € (0, 1). Assume that
the family of measures P, u € (a, b), satisfies assumptions P1-P3 and S1-S2. Let
u € (a,b). There exist Qg € F with P*[Qcnd] = 1, constants Cepg, ¢1.10 and Cy 10
all dependent on u and O.nq, and random variables Rchg(x), x € 74, such that for
all w € Lchd N {0 € Soo} and x € Sy (w):

(@) Repa(x, w) < o0,
(b) forall R > Rena(x,w) and y, z € Bya(x, R) N Seo (@),

S (@) (¥, 2) < Ceng - max{dza(y, 2), Rechd}’
(¢c) forall z € 74 and r >1,

P“ [Rchd(z) = r] <Ciio- e_CLIO'(lOgr)HAs’

where Ag is defined in (5).

For T > 0, let C[0, T] be the space of continuous functions from [0, T'] to R4,
and Wr the Borel sigma-algebra on it. Let

~ 1
(7) B, (1) = ﬁ(XLth + (tn — [tn]) - (X (in)+1 — X(in)))-

THEOREM 1.11 ([32], Theorem 1.1, Lemma A.l, and Section 5). Letd > 2.
Assume that the family of measures P, u € (a, b), satisfies assumptions P1-P3
and S1-S2. Let u € (a, b) and T > 0. There exist Qq;p € F with P*[Qq;p] = 1 and
a nondegenerate matrix ¥ = X (u), such that for all w € Qgip N {0 € Sxo}:

(a) there exists X : Soo(®) — RY such that x — x + x (x) is harmonic on Sso(w),
and 1imy, - o0 5 MaXxes,,MBO,n) | X (¥ =0,

(b) the law of (B, (t))o<i<T on (C[0, T1, Wr) converges weakly (as n — o0) to
the law of Brownian motion with zero drift and covariance matrix 3.

In addition, if reflections and rotations of 7 by 7 preserve P*, then the limiting
Brownian motion isotropic, that is, ¥ = 2. Iz with o2 >0.

REMARK 1.12. [32], Theorem 1.1, is stated for the (“blind”’) random walk
which jumps to a neighbor with probability ﬁ and stays put with probability 1 —
i - (number of neighbors). Since the blind walk and the simple random walk are
time changes of each other, the invariance principle for one process implies the
one for the other (see, for instance, [9], Lemma 6.4).

1.3. Main results. The main contribution of this paper is Theorem 1.13, where
we prove that under the assumptions P1-P3 and S1-S2, all large enough balls in
Soo are very good in the sense of Definition 1.1. This result has many immedi-
ate applications, including Gaussian heat kernel bounds, Harnack inequalities, and
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finiteness of the dimension of harmonic functions on S, with prescribed polyno-
mial growth; see Theorems 1.3, 1.5, 1.4, 1.6. In fact, all the results from [7, 8] can
be easily translated from Bernoulli percolation to our setting, since (as also pointed
out by the authors) their proofs only rely on (some combinations of) stationarity,
Gaussian heat kernel bounds, and the invariance principle. Among such results
are estimates on the gradient of the heat kernel (Theorem 1.16) and on the Green
function (Theorem 1.17), which will be deduced from the heat kernel bounds by
replicating the proofs of [8],Theorem 6, and [7], Theorem 1.2(a), the fact that the
dimension of at most linear harmonic functions on Sy is d + 1 (Theorem 1.18),
the local central limit theorem (Theorem 1.19), and the asymptotic for the Green
function (Theorem 1.20), which we derive from the heat kernel bounds and the
quenched invariance principle by mimicking the proofs of [8], Theorem 5, [7],
Theorem 1.1, and [7], Theorem 1.2(b,c).
We begin by stating the main result of this paper.

THEOREM 1.13. Let d > 2 and 6Oyg € (0, d+t2)' Assume that the family of
measures P*, u € (a, b), satisfies assumptions P1-P3 and S1-S2. Let u € (a, b).
There exist Qg € F with P*[Qygp] = 1, constants Cy, Cp, Cw, c1.13 and C1.13

all dependent on u and Oygp, and random variables Rygp(x), x € 74, such that for
all w € Qygh N {0 € S} and x € S (w):

(@) Rygp(x,w) < o0,

(b) for all R > Rygh(x,®), Bs w)(x,R) is (Cy,Cp,Cw)-very good with
NBs_ (o) (x,R) = R,

(c) forallzeZ and r > 1,

(&) P“[Ryen(z) > 7] < C113 L e—c113:(logn)!*As.

where Ag is defined in (5).

Theorem 1.13 will immediately follow from a certain isoperimetric inequality;
see Definition 4.1, Claim 4.2 and Proposition 4.3. This isoperimetric inequality is
more than enough to imply the weak Poincaré inequality that we need. In fact, as
we learned from a discussion with Jean-Dominique Deuschel, it implies stronger
Sobolev inequalities, and may be useful in situations beyond the goals of this paper
(see, e.g., [31], Section 3).

COROLLARY 1.14. Theorem 1.13 immediately implies that all the results of
Theorems 1.3, 1.5, 1.4 and 1.6 hold almost surely for G = Soo. Since the con-
stants Cy, Cp and Cyy in the statement of Theorem 1.13 are deterministic, all the
constants in Theorems 1.3, 1.5, 1.4 and 1.6 are also deterministic.

Combining Corollary 1.14 with Theorem 1.10 and Remark 1.7(1), we notice
that the quenched heat kernel bounds of Theorem 1.3 hold almost surely for G =
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Sxo With dg replaced by dy« in (1), (2) and (4). Since we will use the quenched
heat kernel bounds often in the paper, we give a precise statement here.

THEOREM 1.15. Letd > 2. Assume that the family of measures P*, u € (a, b),
satisfies assumptions P1-P3 and S1-S2. Let u € (a,b) and € > 0. There exist
Qnk € F with P*[Qnk] = 1, constants C; = Ci(u), C1.15=C1.15(u, €),and c| 15 =
c1.15(u, €), and random variables Thk(x, €), x € 74, such that for all w € Qpx N
{0 € Soo} and x € Sy (w):

(@) Thk(x, €, w) <00,
(b) forallt = Thk(x, €, w) and y € So(w),

C,.DEy?

e YT ift >D(x,y),

SN

® Fi(x,y)=Cy-1”

c 'D(x,’y)Z

ce 4 , iftzD(x,y)He,

[N

(10) Fix,y)=C3 -t~

where F; stands for either q; or p|;| + p|:]+1, and D for either ds  (») or dza,
(c) forallzeZ and r > 1,

(11 P“[Tik(z,€) = r] < Cr15 Lemerislogn)TAS

where Ag is defined in (5).

In the applications of Theorem 1.15 in this paper, we always take € = % (the
original choice of Barlow) and omit the dependence on € from the notation. For
instance, we will always write Tk (x) meaning Tpi (x, %). Any other choice of €
would also do.

It is well known that the parabolic Harnack inequality of Theorem 1.5 implies
Holder continuity of caloric functions (e.g., g; and py,); see [7], Proposition 3.2, in
particular, by Corollary 1.14 this is true almost surely for G = S, The next result
is a sharp bound on the discrete gradient of the heat kernel, proved in [8], Theo-
rem 6, for supercritical Bernoulli percolation using an elegant entropy argument.

THEOREM 1.16. Letd > 2. Assume that the family of measures P*, u € (a, b),
satisfies assumptions P1-P3 and S1-S2. Let u € (a, b). There exist constants C; =
C;(u), such that for all x,x’, y € Z% and n > max{dya(x,y), dza(x", y)},

]Eu[(pn (x,y)— Pn—l(x/» y))2 : ﬂ{yeSoo} : ]l{x and x’ are neighbors in Soo}]

2

C dZd(x,y)

< 1 ‘e_Cz.#
— pd+l1

The heat kernel bounds of Theorem 1.15 imply also the following quenched
estimates on the Green function gg(x,y) = fooo qG,:(x, y)dt = 3,50 pG.n(x,y)
for almost all G = S. It is proved in [7], Theorem 1.2 for supercritical Bernoulli
percolation, but extension to our setting is rather straightforward.
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THEOREM 1.17. Letd > 3. Assume that the family of measures P*, u € (a, b),
satisfies assumptions P1-P3 and S1-S2. Let u € (a,b). There exist constants
C; = C;(u) such that for all v € Qpx and distinct x,y € Soo(®), if dga(x, y)2 >
min{Thk(x), Thk(¥)} - (1 + C3 - logdya(x, y)), then

Ci - dga(x, )7 < gspe(@) (X, y) < Ca - dga (x, y)* 7%

The remaining results are derived from the Gaussian heat kernel bounds and the
quenched invariance principle. In the setting of supercritical Bernoulli percolation,
all of them were obtained in [7, 8], but all the proofs extend directly to our setting.

We begin with results about harmonic functions on Sy It is well known that
Theorems 1.13 and 1.4 imply the almost sure Liouville property for positive har-
monic functions on S4,. The absence of nonconstant sublinear harmonic functions
on Sy is even known assuming just stationary of S (see [8], Theorem 3 and dis-
cussion below). In particular, it implies the uniqueness of the function x in Theo-
rem 1.11(a). The following result about the dimension of at most linear harmonic
functions is classical on Z?. It was extended to supercritical Bernoulli percolation
on Z< in [8], Theorem 5.

THEOREM 1.18. Letd > 2. Assume that the family of measures P*, u € (a, b),
satisfies assumptions P1-P3 and S1-S2. Let u € (a, b). There exist Qur € F with
P*[Qnt] = 1 such that for all w € Qus N {0 € Sxo}, the dimension of the vector
space of harmonic functions on Seo(w) with at most linear growth equals d + 1.

Since the parabolic Harnack inequality for solutions to the heat equation on S
implies Holder continuity of p, and ¢, it is possible to replace the weak conver-
gence of Theorem 1.11 by pointwise convergence. [7], Theorems 4.5 and 4.6, give
general sufficient conditions for the local central limit theorem on general graphs.
They were verified in [7], Theorem 1.1, for supercritical Bernoulli percolation.
Theorems 1.11 and 1.15 allow to check these conditions in our setting leading to
the following (same as for Bernoulli percolation) result. For x € R?, ¢ > 0, the
Gaussian heat kernel with covariance matrix X is defined as

1 e (_x’E_lx)
Jernidetz) P TEA

where x’ is the transpose of x.

ks,i(x) =

THEOREM 1.19. Letd > 2. Assume that the family of measures P*, u € (a, b),
satisfies assumptions P1-P3 and S1-S2. Let u € (a, b), m =E"[uo - Loes,. ], and
T > 0. There exist Q1 € F with P*[Qic1] = 1, and a nondegenerate covariance
matrix ¥ = X (u) such that for all w € Qi1 N {0 € Seo},

C(F
- Fu (0, g0 () — % “kz, (x)| =0,

. 4
(12) nlgrolo sup sup|nz

xeRdt>T
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where Fy stands for g5 or p|s| + p(s)+1, C(F) is 1 if F = g and 2 otherwise, and
gn(x) is the closest point in Sy to \/nx.

Theorems 1.15 and 1.19 imply the following asymptotic for the Green function,
extending results of [7], Theorem 1.2(b,c), to our setting. For a covariance matrix
Y, let Gy (x) = fooo kx ;(x)dt be the Green function of a Brownian motion with

covariance matrix ¥. In particular, if ¥ = o2 Iy, then Gy (x) = 2027 %)_1 F(% —
1)|x|?>~4 for all x # 0, where | - | stands for the Euclidean norm on R,

THEOREM 1.20. Letd > 3. Assume that the family of measures P*, u € (a, b),
satisfies assumptions P1-P3 and S1-S2. Let u € (a,b), m and ¥ as in Theo-
rem 1.19, and & > 0. There exist Qgf € F with P"[Qf] = 1 and a proper random
variable M = M (¢), such that for all w € Qg N {0 € Sxo}:

(a) forall x € So(w) with |x|> M,

(1_8)G2(x)Sgsoo(w)(O,x)s(l—i_S)Gz(x),
m m

(b) forall y € RY, limy_ 00 k=4 - E*[g5,0) (O, [ky )0 € Soc] = E=W,

REMARK 1.21. (1) Let us emphasize that our method does not allow to re-
place (log r)1+2s in (8) by fs(u, R) from S1. In particular, even if fs(u#, R) growth
polynomially with R, we are not able to improve the bound in (8) to stretched ex-
ponential. In the case of independent Bernoulli percolation, it is known from [4],
Section 2, that the result of Theorem 1.13 holds with a stretched exponential bound
in (8).

(2) The fact that the right-hand side of (11) decays faster than any polynomial
will be crucially used in the proofs of Theorems 1.16, 1.18 and 1.20. Quenched
bounds on the diagonal p,(x, x) under the assumptions P1-P3 and S1-S2 were
obtained in [32] [see Remark 1.3(4) and (5) there] for all n > ng(w), although
without any control on the tail of ng(w).

(3) In the case of supercritical Bernoulli percolation, Barlow showed in [4],
Theorem 1, that the bound (10) holds for all + > max{Tyx(x), D(x, y)}. The step
“from € > 0 to € = 0” is highly nontrivial and follows from the fact that very good
boxes on microscopic scales are dense; see [4], Definition 5.4 and Theorem 5.7(b).
We do not know if such property can be deduced from the assumptions P1-P3 and
S1-S2 or proved for any of the specific models considered in Section 1.2.2 (except
for Bernoulli percolation). Our renormalization does not exclude the possibility of
dense mesoscopic traps in So, but we do not have a counterexample either. For
comparison, let us mention that the heat kernel bounds (9) and (10) were obtained
in [1, 6] for the random conductance model with i.i.d. weights, where it is also
stated in [6], Remark 3.4, and [1], Remark 4.12, that the lower bound for times
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comparable with D(x, y) can likely be obtained by adapting Barlow’s proof, but
omitted there because of a considerable amount of extra work and few applications.

(4) The first proofs of the quenched invariance principle for random walk on
the infinite cluster of Bernoulli percolation [9, 25, 38] relied significantly on the
quenched upper bound on the heat kernel. It was then observed in [11] that it
is sufficient to control only the diagonal of the heat kernel (proved for Bernoulli
percolation in [26]). This observation was essential in proving the quenched invari-
ance principle for percolation models satisfying P1-P3 and S1-S2 in [32], where
the desired upper bound on the diagonal of the heat kernel was obtained by means
of an isoperimetric inequality (see [32], Theorem 1.2). Theorem 1.15 allows now
to prove the quenched invariance principle of [32] by following the original path,
for instance, by a direct adaptation of the proof of [9], Theorem 1.1.

(5) Our proof of Theorem 1.19 follows the approach of [7] in the setting of
supercritical Bernoulli percolation, namely, it is deduced from the quenched in-
variance principle, parabolic Harnack inequality, and the upper bound on the heat
kernel. If we replace in (12) sup, by sup|,|_g for any fixed K > 0, then it is not
necessary to assume the upper bound on the heat kernel; see [13], Theorem 1.

(6) A new approach to limit theorems and Harnack inequalities for the ellip-
tic random conductance model under assumptions on moments of the weights and
their reciprocals has been recently developed in [2, 3]. It relies on Moser’s iteration
and new weighted Sobolev and Poincaré inequalities, and is applicable on general
graphs satisfying globally conditions of regular volume growth and an isoperi-
metric inequality (see [3], Assumption 1.1). The method of [2] was recently used
in [31] to prove the quenched invariance principle for the random conductance
model on the infinite cluster of supercritical Bernoulli percolation under the same
assumptions on moments of the weights as in [2]. It would be interesting to extend
this result to the random conductance model on percolation clusters satisfying con-
ditions P1-P3 and S1-S2; see Section 6.

1.4. Some words about the proof of Theorem 1.13. Theorem 1.10 is enough to
control the volume growth, thus we only discuss here the weak Poincaré inequality.
A finite subset H of V (G) satisfies the (strong) Poincaré inequality P (C, r), if for
any function f : H — R, min, fH(f—a)Zd/,L < C-rZ-fE(H) |V f|?>dv. The well-
known sufficient condition for P(C, r) is the following isoperimetric inequality for
subsets of H (see, e.g., [24], Proposition 3.3.10, or [37], Lemma 3.3.7):

there exists ¢ > 0 such that for all A C H with |A] < %|H [,

(13) the number of edges between A and H \ A is at least §|A|.

It is too difficult (if not impossible) to show that subsets of a large ball B (v, ) sat-
isfy such condition, since the boundary of Bg(y, r) may be quite rough. However,
if there exists a subset C(y, r) of V(G) such that B (y,r) CC(y,r) CBg(y,C'r)
and (13) holds for subsets of C(y, r), then it is easy to see that the weak Poincaré
inequality with constants C and C’ holds for B (y, r) (see Claim 4.2).
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In the case G = S C Z4, a possible choice of C(y,r) is the cluster of y
in Soo N B(y, r), which turns out to be also the largest cluster Cpax(y,7) in
S N B(y,r) (here and below, we implicitly assume that r is large enough). In
the setting of Bernoulli percolation, it is known that subsets of Cyax (v, r) sat-
isfy (13) (see [4], Proposition 2.11). In our setting, Theorem 1.10 implies that
Bg(y,r) € Cmax(y,r) € Bg(y, C'r), thus we only need to prove that subsets of
Cmax (v, r) satisfy (13). The first isoperimetric inequality for subsets of Cpax (¥, 1)
was proved in [32], Theorem 1.2. It states that for any A C Cpax(y,r) with
|A| > %, the number of edges between A and Soo \ A is at least c|A|% (thus,
also at least %,IAI). Note the key difference, the edges are taken between A and
Soo \ A, not just between A and Cryax (v, r) \ A. The above isoperimetric inequality
implies certain Nash-type inequalities sufficient to prove a diffusive upper bound
on the heat kernel (see [27], Theorem 2, [11], Proposition 6.1, [10], Lemma 3.2,
[32], (A.4)), but it is too weak to imply the Poincaré inequality (see, e.g., [24],
Sections 3.2 and 3.3, for an overview of the two isoperimetric inequalities and
their relation to various functional inequalities). Let us also mention that in the
setting of Bernoulli percolation, the “weak” isoperimetric inequality admits a sim-
ple proof ([10], Theorem A.1), but the proof of the “strong” one is significantly
more involved ([4], Proposition 2.11).

We have not succeeded in proving (13) for subsets of Cpax(y, r) under our gen-
eral conditions and do not know if it can be done. Instead, we bypass the issue of
rough boundary of Ciax (v, ) by considering a certain enlargement, Conax (y,r) of
Cmax (v, r) with a sufficiently regular boundary. We obtain CNmax(y, r) by adding
to Crmax (v, ) all vertices from S, which are locally connected to Cyax (v, ). In
particular, the inclusion Bg(y, r) C 5max (v,r) CBg(y, C'r) is preserved. A large

part of the work is then to prove that subsets of @,max (v, r) satisfy (13) (see Propo-
sition 4.3, Theorem 3.8 and Corollaries 3.9 and 3.17). The general outline of this
proof is similar to the one of the proof of the weak isoperimetric inequality for
Cmax (v, r) in [32], but we have to modify renormalization and coarse graining
of subsets of 5max(y, r) and rework some arguments to get good control of the
boundary and the volume of subsets of 5max (v, r) in terms of the boundary and the
volume of the corresponding coarse grainings. For instance, it is crucial for us (but
not for [32]) that the coarse graining of a big set (say, of size %l(?max (y, r)|) should
not be too big (see, e.g., the proof of Claim 3.13).

We partition the lattice Z¢ into large boxes of equal size. For each configuration
w € , we subdivide all the boxes into good and bad. Restriction of S to a good
box contains a unique largest in volume cluster, and the largest clusters in two
adjacent good boxes are connected in S in the union of the two boxes. Tradition-
ally, in the study of Bernoulli percolation, the good boxes are defined to contain
a unique cluster of large diameter. In our case, the existence of several clusters of
large diameter in good boxes is not excluded. The reason to work with volumes
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is that the existence of a unique giant cluster in a box can be expressed as an in-
tersection of two events, an increasing (existence of cluster with big volume) and
decreasing (smallness of the total volume of large clusters). Assumption P3 gives
us control of correlations between monotone events, which is sufficient to set up
two multi-scale renormalization schemes with scales L, (one for increasing and
one for decreasing events) and conclude that bad boxes tend to organize in blobs
on multiple scales, so that the majority of boxes of size L, contain at most 2 blobs
of diameter bigger than L, _; each, but even their diameters are much smaller than
the actual scale L,. By removing two boxes of size r,,_1 L,,—1 < L, containing the
biggest blobs of an L,-box, then by removing from each of the remaining L, _;-
boxes two boxes of size r,_2L,—» < L,_1 containing its biggest blobs, and so
on, we end up with a subset of good boxes, which is a dense in Z¢, locally well
connected, and well structured coarse graining of Ss; see Figure 2 for an illus-
tration. Similar renormalization has been used in [19, 32, 34]. By reworking some
arguments from [32], we prove that large subsets of the restriction of the coarse
graining to any large box satisfy a d-dimensional isoperimetric inequality, if the
scales L, grow sufficiently fast (Theorem 2.5).
We deduce from it the desired isoperimetric inequality for large subsets A of
max(y r) (Theorem 3.8) as follows. If A is spread out in Cmax(y r), then it has
large boundary, otherwise, we associate with it a set of those good boxes from the
coarse graining, the unique largest cluster of which is entirely contained in A. It
turns out that the boundary and the volume of the resulting set are comparable with
those of A. Moreover, if |A| < %l(?max (v, r)|, then the volume of its coarse graining
is also only a fraction of the total volume of the coarse graining of CNmax (y, 7).
The isoperimetric inequality then follows from the one for subsets of the coarse
graining.

1.5. Structure of the paper. In Section 2, we define perforated sublattices of
74 and state an isoperimetric inequality for subsets of perforations. The main def-
inition there is (19), and the main result is Theorem 2.5. The proof of Theorem 2.5
is given in Section 5. In Section 3, we define a coarse graining of Sy, and study
certain extensions of largest clusters of Sy, in boxes (Definition 3.5). Particularly,
we prove that they satisfy the desired isoperimetric inequality (Theorem 3.8) and
the volume growth (Corollary 3.16). In Section 4, we introduce the notions of reg-
ular and very regular balls, so that a (very) regular ball is always (very) good, and
use it to prove the main result of the paper. In fact, in Proposition 4.3 we prove that
large balls are very likely to be very regular, which is stronger than Theorem 1.13.
Some open problems are discussed in Section 6. In Section 6, we sketch the proofs
of Theorems 1.16—1.20. At the end of the paper, we provide an index of commonly
used notation.

Finally, let us make a convention about constants. As already said, we omit
from the notation dependence of constants on a, b, and d. We usually also omit
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the dependence on ep, xp and Ag. Dependence on other parameters is reflected
in the notation, for example, as c(u, Oygp). Sometimes we use C, C’, ¢, etc., to
denote “intermediate” constants, their values may change from line to line, and
even within a line.

2. Perforated lattices. In this section, we define lattices perforated on mul-
tiple scales and study their isoperimetric properties. Informally, for a sequence of
scales L, =1,_1 - L,—1, we define a perforation of the box [0, L,,)d by removing
small rectangular regions of L, _1-boxes from it, then removing small rectangular
regions of L, _»-boxes from each of the remaining L, _;-boxes, and so on down
to scale Lg. The precise definition is given in (19). Such perforated lattices will be
used in Section 3 as coarse approximations of largest connected components of S
in boxes. The main result of this section is an isoperimetric inequality for subsets
of perforations; see Theorem 2.5.

The rules for perforation (the shape and location of removed regions) are de-
termined by certain cascading events, which we define first; see (14) and Defini-
tion 2.1. The recursive construction of the perforated lattice is given in Section 2.2,
where the main definition is (19).

Let 1,,ry, Ln, n > 0 be sequences of positive integers such that /,, > r,, and
L,=1,_1-L,_1,forn>1.Toeach L, we associate the rescaled lattice

Gu=1Ly -2 ={L, -x:x €2,

with edges between any pair of (£!-)nearest neighbor vertices of G,,.

2.1. Cascading events. LetE = (EX,LO : Lo >1,x € Gp) be a family of events
from some signla—alg(i:)ra. For_ each_Lo > 1,n >0, x € G5, define recursively the
events Gy . 1,(E) by Gy 0,.,(E) =E, 1, and

(14)  Gunr,(B)= U Guyn-1,L0(E) N Gryn—1,1,(E).
x1,%2€G,1N(x+[0,L,)?)
[x1—=x2l00=rn—1-Ln—1
The events in (14) also depend on the scales /,, and r,,, but we omit this dependence
from the notation, since these sequences will be properly chosen and fixed later.

DEFINITION_Z. 1. g}iven sequences I, r,, L,, n >0, as a‘@v_e, and two fam-
ili_es_of events D and I, we say tha_t for n > 0,_x € G, is (D,1,n)-bad [resp.,
(D, I, n)-good], if the event Gy ,, 1, (D) UGy . 1,(I) occurs (resp., does not occur).

Good vertices give rise to certain geometrical structures on Z¢ (perforated lat-
tices), which we define in the next subsection.

The choice of the families D and I throughout the paper is either irrelevant for
the result (as in Sections 2 and 5) or fixed (as in Section 3.1). Thus, from now
on we write n-bad (resp., n-good) instead of (D, I, n)-bad [resp., (D, 1, n)-good),
hopefully without causing any confusions.
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REMARK 2.2. Definition 2.1 can be naturally generalized to k families of
events E, ..., Eg, for any fixed k, and all the results of Sections 2 and 5 still hold
(with suitable changes of constants). For our applications, it suffices to consider
only two families of events (see Section 3.1). Thus, for simplicity of notation, we
restrict to this special case.

2.2. Recursive construction. Throughout this subsection, we fix sequences
ly,tn, Ly, n >0, such that [, > 8r, and [, is divisible by r, for all n. We also
fix two local families of events D and I, and integers s > 0 and K > 1. Recall
Definition 2.1 of n-good vertices in G,,. For x € Z¢, define

(15) Qx.s(x)=x+ZN[0, KLy,
and write Qg ¢ for Ok 4(0). We also fix x; € G4 and assume that
(16) all the vertices in Gy N Qg s(xs) are s-good.

Our aim is to construct a subset of 0-good vertices in the lattice box GoN Ok 5 (xs)
by recursively perforating it on scales Ly, Ly_1, ..., L1. We use Definition 2.1 to
determine the rules of perforation on each scale.

We first recursively define certain subsets of i-good vertices in G; N Qg s(x)
fori <s;see (17) and (18). Let

(17) gK,s,s(xs) = Gs N QK,s(xs)~

By (16), all z; € Gk 5 5 (x;) are s-good.
Assume that Gk  ; (xs) C G; is defined for some i < s so that all z; € Gk 5.; (x)
are i-good. By Definition 2.1, for each z; € Gk s.; (xs), there exist

az,, by, € (rio1Li—1) - 29 0 (z; + 10, L)Y)

such that the boxes (a; + [0, 2rl~_1L,-_1)d) and (b, + [0, 2r,-_1L,~_1)d) are con-
tained in (z; + [0, L;)?), and all the vertices in

(Gi—1 N (zi +10, L))\ ((az; 410, 27— Li—1)*) U (by, + [0, 2ri -1 Li—1)?))

are (i — 1)-good. If the choice is not unique, we choose the pair arbitrarily. All the
results below hold for any allowed choice of a;; and b, . To save notation, we will
not mention it in the statements.

Define R, € G;_; to be:

(a) the empty set, if all the vertices in G;_1 N (z; + [0, Li)d) are (i — 1)-good, or

(0) Gi—1 N ((az; +10,2ri—1 Li—1)*) U (by, + [0, 2ri-1 Li—1)*) if |az, — by;loo >
2ri_1L;_q1, or

(¢) a box G;_1 N (cz; + [4riciLi—)9) in Gi—y N (z; + [0, L)Y), with ¢, €
(ri—1Li—1) - Z%, which contains G;_1 N ((az; + [0, 2ri—1L;—1)%) U (b;, +
[0,2ri 1 Li—)P)).

Possible outcomes (b) and (c) of R, are illustrated on Figure 1.
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Zi Zi

FIG. 1. Two possible outcomes of Rz;. On the left, the points ay; and by; are far from each other,
on the right, they are close.

REMARK 2.3. By construction, the set R, is the disjoint union of 0, 2, or 24
boxes G;_1 N (x + [0, 2r;_ L;—1)?) with x € (r;_1L;_1) - Z9.

To complete the construction, let
(18) Gksic10)=Gitn - | (@ +10, L))\ Ry,).
Zi €GK s,i (X5)

Note that all z; 1 € Gk 5.;—1(xs) are (i — 1)-good.
Now that the sets (Gg s, j (x5)) j<s, are constructed by (17) and (18), we define
the multiscale perforations of Go N Ok s(xs) by

(19) Qx5 j(x)=Gon |J (z+00.L))%). j<s.
7j€GK s, j(xs)
See Figure 2 for an illustration. By construction:

(a) forall j, Qg 5 j—1(x5) € Qg 5, (xs),
(b) all the vertices of Qk ¢ 0(xs) are 0-good.

L

=

%

__

FIG. 2. Perforations Q3 s 5, Q2.5.5—1,and Qo 5 52 of Q2 5.
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We will view the sets QO  j(x,) as subgraphs of Go with edges drawn between
any two vertices of the set which are at ¢! distance Lq from each other. The next
lemma summarizes some basic properties of Qg s o(xs)’s, which are immediate
from the construction.

LEMMA 2.4. Letd >2,K > 1,and s > 0. For any choice of scales l,,, r,, Ly,
n >0, such that I, > 8r;,, and l,, is divisible by r,, for all n, and for any admissible
choice of a;, b, or c;; in the construction of Qg s 0(xs):

(a) Qk s5.0(xs) is connected in Gy,

(b) 1Qk.s5,0(x5) = [T720(1 — (%)d) 1Ok sl-

2.3. Isoperimetric inequality. For a graph G and a subset A of G, the bound-
ary of A in G is the subset of edges of G, E(G), defined as

dcA={{x,y}€E(G):x€ A, ye G\ A}
The next theorem states that under assumption (16) and some assumptions on
Iy and r,, (basically that 3~ % is sufficiently small), there exist y > 0 such that
for all large enough A C Qg s.0(xs) with |A] < % 19k .50 100k 0(xp) Al =
d—1
y-lAlT.

THEOREM 2.5. Letd > 2. Letl, and r,,n > 0, be integer sequences such that
foralln, l, > 8ry, 1, is divisible by ry,, and

1

0 N\ 2 _
l_[(l _ (ﬁ) ) > max{g’elé(dll)’ ! 2d+2 } and
. 1 - 16 1— 57

20) - I
(
3456.§: o L
£ 7= 106
j=0

Then for any integers s >0, Lo > 1,and K > 1, x; € Gy, and two families of events
D and 1, if all the vertices in Gy N Qk . s(xs) are s-good, then any A C Qg s 0(xs)

with
L\
(—S) <|A| <

. NG
Lo |Ok.s ol

N =

satisfies

/=

1 2 1 d—1
5 Al > .(1—<—>)-1— 1) A1
kot A = 57350 57a 106 3 (1—e ) 1Al
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REMARK 2.6. In the setting of Theorem 2.5, if A C Qg .0(x;) satisfies

L\
(L—0> <Al <C|Qks00x5)],

for some % < C < 1, then
1

1-C 2\ R d-1
100k 4.00:)Al = 57 324 777 106 (1 — <§) ) (1 —e @) . |A T .

This easily follows from Theorem 2.5 by passing, if necessary, to the complement
of Ain Qg 4 0(xy); see, for instance, Remark 5.2.

We postpone the proof of Theorem 2.5 to Section 5. In fact, in two dimensions,
we are able to prove the analogue of Theorem 2.5 for all subsets A € Qg s 0(xs)
with 1 < |A] < % - |Qk.s N Gol; see Lemma 5.6. We believe that also in any
dimension d > 3, the isoperimetric inequality of Theorem 2.5 holds for all sub-
sets A C Qg s.0(xs) with 1 < [A] < % - |Qk.s N Gol, but cannot prove it. Theo-
rem 2.5 follows immediately from a more general isoperimetric inequality in The-
orem 5.10.

3. Properties of the largest clusters. In this section, we study properties of
the largest subset of SN Qg s [Where Qg ¢ is defined in (15)]. Our ultimate goal
is to prove that under general conditions, all large enough balls Bs(y, ) contained
in the largest cluster have regular volume growth and allow for local extensions
C(y, r) satisfying the inclusion Bs(y, r) € C(y, r) € Bs(y, r) and the isoperimet-
ric inequality (13). As discussed in Section 1.4, this is enough to conclude that a
large ball contained in the largest cluster is very good in the sense of Definition 1.1.

We first define two families of events such that the corresponding perforated
lattices defined in (19) serve as a “skeleton” of the largest subset of S N Qg .
Then we provide sufficient conditions for the uniqueness of the largest subset of
SN Qk.s (Lemma 3.3). To avoid problems, which may be caused by roughness of
the boundary of the largest subset of SN QO s, we enlarge it by adding to it all the
points of S which are locally connected to it (Definition 3.5). For the enlarged set,
we prove under some general conditions (Definition 3.7) that its subsets satisfy an
isoperimetric inequality (Theorem 3.8 and Corollary 3.9). Such enlargements of
largest clusters will be precisely the enlarged sets C(y, r) discussed in Section 1.4.

Indeed, under the same condition we prove that the distances in the largest clus-
ter are comparable to those on Z¢ (Lemma 3.15), all large enough balls in the
largest cluster have regular volume growth (Corollary 3.16) and have local exten-
sions (obtained as local extensions of the largest cluster in some box) satisfying an
isoperimetric inequality (Corollary 3.17).



1864 A. SAPOZHNIKOV

3.1. Special sequences of events. Recall Definition 1.8 of S,. Consider an or-
dered pair of real numbers
(21 n=m,n), with n; € (0, 1) and 01 <2 < 2n.

Two families of events D" = (D" , ,Lo>1,x € Gp) and I" = (Ix Lo Lo=1,x¢€

Go) are defined as follows:

x,Lo>

e The complement of EZ’ L, 18 the event that for each y € Go with |y — x| <
Ly, the set Sp, N (y + [0, Lo)d) contains a connected component C, with at
least ng vertices such that for all y € Go with |y — x|y < Lo, Cy and C are
connected in S N ((x + [0, Lo)?) U (y + [0, Lo)?)).

e The event Ix L, oceurs if ISty N (x + [0, Lo)®)| > nng.

Note that Dx’ L, are decreasing and Tz’ L, increasing events. From now on, we fix
these two local families, and say that x € G, is n-bad/n-good, if it is n-bad/n-
good for the two local families D” and I” in the sense of Definition 2.1. In partic-
ular, x € Gy is 0-good if both D! L, and I L, do not occur; see Figure 3.

The following lemma is 1mmed1ate frorn the definition of 0-good vertex and the
conditions (21) on 7. (See, e.g., [19], Lemma 6.2, for a similar result.)

LEMMA 3.1. Let Lo > 1 and n as in (21).

(a) Forany0-good vertex x € Gy, connected component Cy in Sp,N (x+[0, Lo)®)
with at least mL vertices is defined uniquely.

o
CHE
@

FI1G. 3. A 0-good vertex x. A unique connected component Cy of size > ng in (x + [0, Lo)d) is

connected to a connected component of size > 1 Lg in each of the adjacent boxes.
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(b) For any 0-good x,y € Go with |x — y|1 = Lo, (uniquely chosen) Cy and C,
are connected in the graph S N ((x + [0, Lo)H U (y + [0, Lo)®)).

3.2. Uniqueness of the largest cluster.

DEFINITION 3.2. Let (L,),>0 be an increasing sequence of scales. For x €
7% and r > 1, let Cg ., (x) be the largest connected component in S, N Q ¢ (x)
(with ties broken arbitrarily), and write Cx 5, = Ck 5., (0).

Fix n as in (21) and two families of events D" and T” as in Section 3.1.

LEMMA 3.3. Let I, and r, be integer sequences such that for all n, I, is
divisible by ry, I, > 8ry,, and

= 4ri\? 1
(22) H(l — (i> > L —tn
im0 l; 14 2n

Let Lo > 1, K > 1,and s > 0 integers, x; € Gy. If all the vertices in Gy N Qg s (x5)
are s-good, then Ck . 1,(xs) is uniquely defined and

(23) ‘CK,S,L()(-XS)| = %772 : |QK,S|-

PROOF. Without loss of generality, we assume that x; = 0. Since all vertices in
Gs N Qk s are s-good, we can define the perforation QO ¢ o by (19). By definition,
all the vertices of Qg s are 0-good, and by Lemma 2.4, Qg 0 is connected
in Gg.

By Lemma 3.1, for any x € Qk .0, there is a uniquely defined connected subset
Cy of Sp, N (x + [0, Lo)¥) with at least ng vertices. Since Qg ¢ is connected
in Go, by Lemma 3.1, the set [, c o, , , Cx is contained in a connected component
of Sg, N Qk s and

U ¢

X€QK 5,0

(24)

ad 47‘1‘ d
= n1Qesol = TT(1= (1)) 12kl
i=0 t

where the second inequality follows from Lemma 2.4.
On the other hand, since for any 0-good vertex x, the set x + [0, Lo)d contains
at most nng vertices from Sz,

ISL, N Q5| <MLl - 1Qk 5.0l + L - (10k.s NGol — |Qk s.01)

(25) < <n2+ - 1:‘1(1 - (“li)d)) 10kl

<2 - ﬁ(l — <4l—jl>d> |0k sl

i=0
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where the second inequality follows from the inequality |Qx 5.0 < |Qk.s.5] =

‘QK | and Lemma 2. 4, and the third inequality follows from the assumption (22).

We have shown that the connected component of Sz, N Qs which contains

UerK o Cx has volume > 5 - [Sz, N Q s|. In particular, it is the unique largest
in Volume connected component of 8¢, N Qk 5. Moreover, by (24), its volume is
s 4ri\4 (22) 1+m
= T1(1- (7)) 10wl Enr- 10kl 2 S 10k,
i=0 li I+2

which proves (23). U

COROLLARY 3.4. From the proof of Lemma 3.3, if the conditions of Lem-
ma 3.3 are satisfied, then

(26) U Cx c CK,S,L()'

XEQK,S,O

In particular, for any 1 < K' < K" < K and x',x" € Gy N Qk s such that
QK/,s(x/) - QK”,S(XN) - QK,S’ CK’,S,LO(X/) - CK”,S,L()(XN) - CK,S,L()'

3.3. Isoperimetric inequality. Under the conditions of Definition 3.7, the
largest cluster Cg 5,1,(x) is well connected locally in the bulk, but may still be
quite “hairy” near its boundary, which may have negative effect on its isoperimet-
ric properties. To bypass this issue, we consider a local extension CK s,Lo(x) of
Ck s,1,(x) obtained by adding to Ck 5 1,(x) all the vertices which are connected
to it locally. Unlike Ck s 1,(x), its local extension Ck s 1,(x) is everywhere lo-
cally well connected. In this section, we prove a desired isoperimetric inequality
for subsets of Cg s,1,(x) (see Theorem 3.8 and Corollary 3.9).

DEFINITION 3.5. Let Ek 5 »(x) be the set of vertices y’ € S such that for some
y € Ck 5.r(x), y' is connected to y in S N B(y, 2L;), and define
éVK,s,r(x) = CK,s,r(x) U gK,s,r(x)-

REMARK 3.6. Mind that CNK’s’r(x) is contained in x + [—2L;, (K + 2)Ls)d,
but it is different from the largest cluster of S, N (x + [-2L;, (K +2)L 9.

We study isoperimetric properties of C, K.s,Lo(x) for configurations from the fol-
lowing event.

DEFINITION 3.7. Letnbeasin (21), K > 1 and s > 0 integers, x; € G;. The
event ’HWK’S(XS) € F occurs if:

(a) all the vertices in Gz N (x; + [—2L;, (K + 2)Ls)d) are s-good,
(b) any x,y € Sp, N Ok s(xs) wWith |[x —y|o < L are connected in SNB(x, 2L;).

We write ”H?(’S for HUK’S (0).
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Here is the main result of this section.

THEOREM 3.8. Letn be as in (21). Assume that the sequences [, and r,, satisfy
the conditions of Theorem 2.5 and

= 4ri \¢ 1
27) H(l _ (i) ) > ;ni
o l; | 4 22

Let Lo > 1, K > 1, and s > 0 integers, x5 € Gy. If ”H?(’S(xs) occurs, then
Ck s,1,(xs) is uniquely defined and there exists y38 = y38(n, Lo) € (0, 1) such

that for any A C Cx 5.1, (xs) with LT <A] < 1. (Ck 4.1, (x5)],
d—1
1080 1 (i) Al Z Va5 - 1AL

In the applications, we will not use directly the result of Theorem 3.8, but only
the following corollary, which estimates from _below the size of the boundary of
any subset of CK s.Lo(Xs) with volume < 5 |CK 5L (Xs)] pre01se1y as in (13). In
the future (see the proof of Corollary 3. 17) we will use C, K.s,Lo(xs) as a local
extension of a large ball in Cg s,1,(xs). As discussed in Section 1.4, this will be
sufficient to conclude that this ball satisfies the weak Poincaré inequality.

COROLLARY 3.9. Let n be as in (21) and € € (0, é]. Assume that the se-
quences l,, and r,, satisfy the conditions of Theorem 3.8. Assume that

4!
K=>L;

If H (x;) occurs, then for any A C Ck 5,1, (xs) with |A| < 3+ 1C 5.1, (x5)],

-1 —ed
VA= yas - JAIT € (K +4)Ly) ¢

. . A
In particular, if e = 5, then |85K,S.L0 Al =38 (I(Lﬁ‘

|85K,.Y,LO (x5

PrROOF. If |A|> L;j(d+l), then we apply Theorem 3.8,

d-1 d-1 —ed
106, 1Al = V38 JAIT = y3g - [AIT T (K +4)L) ™,
If|A] < Ld(dH) then we use the trivial bound |8€K.X,LO(XS)A| > 1. By the assump-

tion on K,

((K +4)L )ed > (Ld(d-H))d%-i-e

which implies, using the assumption on | A|, that |A| Tt < ((K +4)Ly)¢?. Thus,
in this case,

d—1 —
10,000 Al Z 12 738+ JAITFE (K + L)

The proof of corollary is complete. [
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The proo~f of Theorem 3.8 is subdivided into several claims. In Claim 3.10, we
prove that Ck s, 1, is locally connected and in Claims 3.12 and 3.13 we reduce the
isoperimetric problem for subsets of Ck s, 1, to the one for subsets of a perforated
lattice.

_CrAmm 3.10. Any x,y € 5K,s,Lo with |[x — y|eoc < Ly are connected in
Ck,s,Lo NB(x,15Ly).

PROOF. Fixx,ye 5K,s,L0 with [x — y|oo < Ly, and take x', y' € Cx 4.1, such
that x and x’ are connected in CNK’S,LO N B(x’,2Ly), y and y’ are connected in
CNK,S,LO NB(y', 2Ly). By the triangle inequality, |x" — y'|co < 5L;.

Since all the vertices in Gy N Qk 5 are s-good, there exist x”, y” € UzeQK,S,o C,
such that |x" — x”|s < Ly and |y’ — y”|ec < Ly. By the definitions of HUKJ and
C:K’S,LO, x"" is connected to x’ in 5K,5,L0 NB(x’,2L,) and y” is connected to y’ in
CK,S,L() N B(y/v 2LS)

By the triangle inequality, |x” — y”|so < 7Ly. Let (z + [0, 8Ly)?) be a box in
Qk.s which contains both x” and y”, where z € G;. Since all the vertices in G4 N
(z + [0,8L,)?) are s-good, the perforation 9g.5.0) = Qk.5.0N (z+10, 8L)%)
of (z 4 [0, 8L,)?) is connected in Go by Lemma 2.4. Thus, by Lemma 3.1, the set
UweQS,s,O(Z) C, is contained in a connected component of S N (z + [0, 8L,)%). In
particular, x” and y” are connected in S N (z + [0, 8L)). By (26) and the fact
that (27) implies (22), the set Uwng_s,o(z) Cy is contained in Ck s 1,. Therefore,
x” is connected to y” in Ck 5 1, N (z + [0, 8~Ls)d) CCk.,s,o NB(x”, 8Ly).

We conclude that x is connected to y in Cx 5.1, N B(x, 15L;). O

Let
x; =(—2Ls,...,-2L)eG, and K =K +4.

Since all the vertices in Gy N Qg (x!) are s-good, we can define its perforation
OQk.5.0(x}) as in (19). By definition, Qg 5 0(x}) is a subset of 0-good vertices in
GoN Qkr.s(x;), and by Lemma 2.4, Qg s 0(x}) is connected in Gy. B

By the fact that (27) implies (22), Lemma 3.1, (26), and the definition of Cx 5.1,

(28) U ¢ SCkusi

x€Qg/ ¢ 0(xg)

_ The next two claims allow to reduce the isoperimetric problem for subsets of
Ck.s.L, to the isoperimetric problem for subsets of Qg o(x;). The crucial step
for the proof is the following definition of A and A’.

DEFINITION 3.11. For A C CNK,S,LO, let A be the set of all x € Qg s 0(x;)
such that C, € A, and A’ the set of x € A such that there exists y € Cx 5., \ A
with [x — y|eo < Lj.
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CLAIM 3.12.
1 |A']

(29) 196i1y A1 2 maX) 57 10,0000 Al L5

and

(30) Al <230 Lf - |A] + 4]

PROOF. We begin with the proof of (29). For any x € Aand y € Qg ;.0(x)) \
Asuch that |x — y|; = Lo, Cy S Aand C, € A. By Lemma 3.1 and (28), C and Cy,
are connected in CK s,Lo N ((x + [0, Lo)d) U (y + [0, Lo)?)). Each path in CK s,Lo
connecting C, and Cy \ A contains an edge from ¢y . LOA This implies that

1
(31 196, , 1, Al = 2 1904/, oAl

Next, by the definition of A’, for any x € A’, there exists yE C K.s,Lo \ A such that
|x — y|oo < Ls. By Claim 3.10, x and y are connected in Ck 5,7, N B(x, 15L;). In
particular, the ball B(x, 15Ly) contains an edge from 9z, LOA. Since every edge

from agK . LOA is within £°° distance 15L; from at most (31Ls)d vertices of A’,

|A’]

(32) 19¢.010A1Z G715

Inequalities (31) and (32) imply (29).
We proceed with the proof of (30). We need to show that

(33) A\ A'|<2-37. L8| AL

Let z € A\ A’. By the definition of 5K,s,L0, there exists z; € Gy N Qg (x)) such
that

zs + [0, Ls)d CB(z, Ly).

By the definition of A" and (28), for any x € Qg o(x}) N (z5 + [0, L)%, C, C A.
Thus, Q- 5.0(x}) N (z5 + [0, Ly)?) € A. By Lemma 2.4 and (27),

1 L\
10k 0(x) N (25 + 10, L)Y = |Q1s.0(25)| = % - (—)

m+2n
22 1 Lo
1 (Ls>d
>_ (=) .
—2 \Lg

1 [(Ls\?
NB(z,Ly)| > = | —
|-/4 (z, s)|_2 (L()) ,

Thus,
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and we conclude that
1 /Ls\¢ , ,
§<L_) |ANA|<|{ze A\ A", x e A:x €B(z, Ly)}| < |B(O, Ly)| - | Al
0
which implies (33). [

Let y» 5 be the isoperimetric constant from Theorem 2.5:

e () 0
V25 = 54 32d 274 . 106 3) ) V¢ '

CLAIM 3.13. Let ¢, = 24="2. Then

1A' ot A
6 max|ido,, up Al o | = ey max{14T L L
)

S
PrROOE. If IAI% < %—d/‘, then (34) trivially holds. Thus, we assume that

|A| T > |‘L4—d/|. We will deduce (34) from Theorem 2.5. By (32),

Al <237 LA + L AT <3¢ L8 A

Since |A| > L?<d+1), we obtain that |A| > (f—g)dz.

Since A C Qg 5.0(x)), for all x € A, |C| > niLd. Thus, [A] > g L3 - Al
Since also all the vertices in Gy N Qg (x}) are s-good, we obtain as in (25) that

1

~ 1 oo 4r; \4
Al < 5 1Cks. o] < 5-<nz+1—l_[<1— (1_) )) |0k s(xg)]|
i=0 !

QD +2n = ( (4ri)d) ,
< —_— . 1 J— _— . ’
= 4 ilzol I; |QK ,8 (xs)}

_ Mmt2m

- 4
where the last inequality follows from Lemma 2.4. Thus, [A] < (1 — ¢) -
|Qk’.5.0(x;)|. By Theorem 2.5 and Remark 2.6,

L§ | Qkr5.0(x))

’

d—1
100, g Al = cp - y2s - AT,

completing the proof of (34). [

We are now ready to prove Theorem 3.8. It easily follows from Claims 3.12
and 3.13.
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PROOF OF THEOREM 3.8. By (29), (30) and (34),

na - A
|85K,,;.L0A| 31d' V25 max{|A| ’_d|}
>
-1 =
|[A] T (2'3d'Lg'|A|+|A’|)d
— d—1 /
377 Cn - v2s - max{lA| 7, f?'}

v

T2l L AT AT
On the one hand, if L{ - |.A| > |A’|, then
d—1
|35K,S,L0A| > 3] d' r}'V25'|-A| d > ﬁ'cn'ns

On the other hand, if L& - |A] < |A’|, then by (30), |A'| = 5 - 1Al = 577 -
L?(dﬂ) > sz, and

. I
19¢; , 1, Al 3@ Cny2se |A/|d 1

|A|dd;1 3d. Lg,i - 93d

*Cp V25

The proof of Theorem 3.8 is complete with y3 8 = W “cy-v2s. U

=0

REMARK 3.14. With a more careful analysis and assuming that Theorem 2.5
holds for all subsets of size at least (L—S)Zd (see Remark 5.11), condition on A in

Theorem 3.8 can be relaxed to |A| > L_%d . Assuming that Theorem 2.5 holds for
all subsets (see Remark 5.11), condition on A in Theorem 3.8 can be relaxed to
|A] > Lf. Since for our purposes the current statement of Theorem 3.8 suffices,
we do not prove the stronger statement here.

3.4. Graph distance. In this section, we study the graph distances ds in S
between vertices of Ck s 1,(xs) for configurations in 7—[2 s(Xs). As a consequence,
we prove that large enough balls centered at vertices of Ck s 1,(xs) have regular
volume growth (Corollary 3.16) and allow for local extensions which satisfy an
isoperimetric inequality (Corollary 3.17). These results will be used in Section 4
to prove our main result.

LEMMA 3.15. Letd > 2 and n as in (21). Let I, and r,, n > 0, be integer
sequences such that for all n, I, > 16r, and [],>o(1 + %) <2.Let Ly > 1,
K > 1, and s = 0 integers, x; € Gy. There exists C3.15 = C3.15(Lo) such that if
%%’S(xs) occurs, then for all y, y" € Ck 5,1, (Xs),

ds(y.y") < Caus - max{|y —y'| . LY}
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PROOF. Let y, y. € Qk.s(xs) N Gy be such that (ys + [0, Ly)?) € B(y, Ly)
and (y; + [0, L)% c B(y’, Ly). By [19], Lemma 6.3 (applied to sequences [, and
4ry), there exist yo € Ok 5,0(xs) N (s + [0, Ly)?) and y) € Qk s,0(x5) N (v} +
[0, Ly)?) which are connected by a nearest neighbor path of 0-good vertices z; =

32 lys—ysh+L
y07 ZZavzk lazk_y() ln QK S‘O(XS) Wherek<nn>0(1 + 1:”) M

Let Z; be an arbitrary vertex in C;,. (Recall the definition of C; from Lemma 3.1.)
By Lemma 3.1, forall 1 <i <k, Z, z, is connected to Z; 41 in S N ((z; + [0, Lo)?) U
(zi41 + [0, Lo)?). Therefore, any vertices y € Cy, and y' € Cy(/) are connected by

a nearest neighbor path in SN Ule (zi + [0, Lo)?). Any such path consists of at

/
— L .
most LY - [T,=0(1 + 32r”) % vertices.

By Corollary 3.4, ¥ € Ck 5.1,(xs) NB(y, L) and ¥’ € Ck 5,1,(xs) N B(Y', L).
Thus, by the definition of 7—[7“ (x5), y is connected to y in SNB(y, 2L;) and y' is
connected to ' in SNB(y’, 2Ly).

By putting all the arguments together, we obtain that y is connected to y’ by
a nearest neighbor path in S of at most 2 - |[B(0,2L;)| + Lg Jlpso(l + 3%"’"

7‘y5_yé(|)‘+L5 vertices. Since |y; — yil1 <d - |y — ¥'|oo + 2d Ly, the result follows.

O

COROLLARY 3.16. In the setup of Lemmas 3.3 and 3.15, there exists c3.16 =
c3.16(n, Lo) > 0 such that for any C3_15L§’ <r<KLgandyeCky 1,(xs),

w(Bs(y,r)) = c316- 19

PROOF. LetK’' = max{k kLs < o } There exists y; € Qk s(x5) NGy such

that Qg s(ys) CB(y, & ) N Qk, S(xs) Since ’H ;(x5) occurs, we can define
the perforation Qg . o(xs) of Qg s(x5) as in (19). C0n51der also the perforation

QK/,S,O(yS) = QK,S,O(XS) N QK/,s(ys) of QK/,S(yS) By (26),

U Cx CCK,S,L()(XS)~
XEQK/’_Y’()(,Vs)

Since also Urco, , () Cx CB(y, 757), Lemma 3.15 implies that
U ¢ cBs.r.
XGQ](/J,()(YS)

By applying Lemma 2.4 to Qg s.0(ys) and using the fact that |Cy| > mLé, we
conclude from the above inclusion that

Bs(y.r)| = m - (K'Ly)* - l_[(l B (%)d)

i>0
@7 i 1+m @bl ro\¢
D ey L (Y
125 2 2C3.15
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Since u(Bs(y,r)) > [Bs(y, r)|, the result follows with ¢3.16 = 31> - m

COROLLARY 3.17. Let € € (0, %]. In the setup of Theorem 3.8 and Lem-
ma 3.15, if’HgK’S(x;) occurs with x, = x; + (—2K Ly, ..., —2K Ly), then for

d+144251
all Lg e <r <KLy and y € Ck 5,1,(xs), there exists Cpg(y,r) such that

Bs(y,r) € CBg(y.r) € Bs(y,8C3.15r) and for all A C Cgg(y,r) with |A] < % .
ICBs(y,m >

=l —
|ach<y WAl=y38- A4 +e . (8r) e,

In particular, if € = d’ then |9cp gy Al Z V38 l ‘

PROOF. Let K’ = min{k : kL; > 2r + 1} + 1. (Note that K'L; < 4r.) For
Y € Ck 5,1Lo(xs), let ys € Gy N Qsk s(x;) be such that B(y,r) € Qg s(ys) S
QSK s(x ).

We will prove that Cgg(y,r) = C K’.5.Lo(Vs) satisfies all the requirements. Since

Hy ((ys) occurs, by Corollary 3.4, Bs(y,r) € Cks.1,(ys) € Ck’ 5.1,(¥s)- By

Lemma 3.15, for r > Ld
Cx'.s.00(s) S Bs (v, Ca.15(K' +4)Ls) € Bs(y, 8C3.157).

4431 - )
By Corollary 3.9, since K’ > L e , for any A C Ck/5.1,(ys) with |[A] <

) |CK/,s,L0(ys)|’

d—1 — d—1 —
100, 0 Al = V33 1AIT T (K +4)L) ™ = yag - [A]T H€ 8r)7.
Since Cpg(y,r) = C~K/,S’L0 (ys) satisfies all the necessary conditions, the proof of
Corollary 3.17 is complete. [

4. Proof of Theorem 1.13. In this section, we collect together the determinis-
tic results that large enough balls have regular volume growth (Corollary 3.16) and
allow for local extensions satisfying an isoperimetric inequality (Corollary 3.17)
to deduce Theorem 1.13. In fact, the result that we prove here is stronger. In Defi-
nition 4.1, we introduce the notions of regular and very regular balls, so that (very)
regular ball is always (very) good (see Claim 4.2), and then prove in Proposi-
tion 4.3 that large balls are likely to be very regular. The main result is an immedi-
ate consequence of Proposition 4.3.

The following definition will only be used for the special choice of € = %;
see Claim 4.2. Nevertheless, we choose to work with the more general defini-
tion involving arbitrary € € (0, é], since smaller €’s give better isoperimetric in-
equalities, and could be used to prove stronger functional inequalities than the
Poincaré inequality, as we learned from Jean-Dominique Deuschel (see, e.g., [31],
Section 3.2).



1874 A. SAPOZHNIKOV

DEFINITION 4.1. LetCy, Cp,and Cw > 1 be fixed constants. Let € € (0, é].
For » > 1 integer and x € V(G), we say that Bg(x, r) is (Cy, Cp, Cw, €)-regular
if

1(Bg(x,r)) = Cyr?

and there exists a set Cp(x,r) such that Bg(x,r) € Cp;(x,r) € Bg(x, Cwr) and
forany A C Cpy(x,ry With |A] < 1 - CBa e,

1
A=Te
We say BG (x, R) is (Cy, Cp, Cw, €)-very regular if there exists N (x,r) < RdLH
such that Bg(y, r) is (Cy, Cp, Cw)-regular whenever B (y,r) C Bg(x, R), and
NBs(x,R) =7 = R.

In the special case € = %, we omit € from the notation and call (Cy, Cp, Cw,
5)—(Very) regular ball simply (Cy, Cp, Cw)-(very) regular.

d—1
AT T e

|8CBc(x,r)

CLAIM 4.2. If Bg(x,r) is (Cy, Cp, Cw)-regular, then it is (Cy, Cp, Cy)-
good.

PROOF. By [24], Proposition 3.3.10, and Remark 1.2,

n%lin\/(; (f — Cl)2 d,U/ = / (f - ?CBG(x,r))ZdM

Bg (x.r) CBG (x.r)

SCP-rZ-/ IV f12dv.

E(CBgx,r))

Thus, again by Remark 1.2,

min [ (f-aPdps [ (f =T, du
Bg(x,r) Bg(x,r) Gt

a

< f =7 )2dp
/CBG(x,r) CBG(XYF)

scpr | 1V fPdv
E(CBg(x,r)

5cp.r2-/ v 12 dv. -
EBg(x,Cwr))

Theorem 1.13 is immediate from Claim 4.2 and the following proposition, in

which one needs to take € = é.

PROPOSITION 4.3, Let d > 2, u € (a,b), and byg, € (0, 735). Let € € (0, 31.

Assume that the family of measures P*, u € (a, b), satisfies assumptions P1-P3
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and S1-S2. There exist constants Cy, Cp, and Cy, c43 and C43 depending on u,
Oyveb, and €, such that for all R > 1,

P*[Bs(0, R) is (Cv, Cp, Cyw, €)-very regular with Ngg(0,g) < R0 € Sx]

> 1 — Cyz-eaallos R)+As.
PROOF. We first make a specific choice of various parameters. Fix u € (a, b).
We take

(35) n= Zn(u) and m = Zn(u),
where 7(u) is defined in S2. It is easy to see that 1| and 7, satisfy assumptions
(21). We fix this choice of n = (1, 12) throughout the proof.

Next, we choose the scales for renormalization. For positive integers lo, rg, and
Lo, we take

O = 1/ep],  Lu=lo- 4",  ry=rg-2",
(36)
Ly,=1l,-1-Ly_1, n>1,

where ep is defined in P3. By [19], Lemmas 5.2 and 5.4, under the assumptions
P1-P3 and S1-S2, there exist C1 = C1(u) < oo and Ca = Ca(u, lp) < oo such that
for all [y, ro>Cy, Lo > Cp,and n > 0,

(37) P“[0 is n-bad] <2-272".

We choose [y, rg > C7 so that the scales /,, and r,, defined in (36) satisfy the con-
ditions of Lemma 3.3, Theorem 3.8 and Lemma 3.15, and choose Lo > C5. Thus,
(37) is also satisfied.

Next, we choose s and K. Fix R > 1. Without loss of generality, we can assume
that

2
d+1+9471
R%eb > max(C35L4, Ly “).

Let

d2-1
j/+1+7} < Rgvgb}.
With this choice of s, let K = min{k : kLy; > 2R + 1} + 1, x; € G, such that
B(0, R) € Qk s(xs), and x; =x; + (2K Ly, ..., —2KLy).
We begin with the proof. If the event ’Hg K.s (x}) N {0 € Sxo} occurs, then
Bs(0, R) € Ck s,1,(xs). Therefore, for all y € Bs(0, R) and RO < <R, by

Corollaries 3.16 and 3.17, the ball Bs(y, r) is (¢3.16, @, 8C3.15, €)-regular. Thus,
8

vi

s = max{s’: maX{C3A15L§l/, L

if the event HgK’s(x;) N {0 € Soo} occurs, then the ball Bs(0, R)

is (c3.16, o 8C3.15, €)-very regular with Ngg(o,r) < R™¢.
3.8
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Let
64<4

2 9
V38

By (38), it suffices to prove that there exist constants ¢ = c(u, Oygp, €, €p) > 0 and
C = C(u, Oygp, €, ep) < oo such that forall R > 1,
(39) P[HIc (k)]0 € Sxo] = 1 — Cemcloz RS,
By Definition 3.7, (37) and S1, there exists C = C(u) < oo such that

PU[HIe ()] < GK +4)7-2.27% 4 (5K Ly)? - C - o7 502k,
Thus, it remains to show that for our choice of all the parameters, the right-hand
side of the above display is at most Ce—c(og R4S,

Cy =c3.16, Cp= Cw =8C3.15.

LetD=d+1+4+ %< _1 . By (36) and the choice of s, for all R > C3.15 - LD/Qng
R evgb
D Osc
(—> <Lyy=I-Ly<lp-4- (L)',
Ci.1s
which implies that
| R _ Oveb
Osc
(40) Ly> —(—) PR
4ip \ C3.15

By (36) and (40), there exists a constant ¢ = c¢(6ygp, Osc, lo, Lo, €) > 0 such that for
all R > Cs45- L™,

1

(41) s>c- (log R) ™ — 1.
Using (5), (40) and (41), we deduce that there exist ¢’ = ¢/(u, ygp, Osc, €) > 0 and
C' = C'(u, bygp, b5, lo, Lo, €) < 0o such that for all R > C’,

2% > (logR)'*®s and fs(u,2Ly) > c'(log R)'2s.
By the choice of K, KLy < 4R. Therefore, there exist ¢”" = ¢” (u, Oygp, Osc, €) > 0
and C” = C"(u, Oygb, sc. lo, Lo, €) < oo such that for all R > C”,
(42) ]P)u [H;IK’S (X;)C] < C//e—c//(log R)1+AS A
Since P*[0 € Soo] = n(u) > 0, (42) implies (39). The proof is complete. [

REMARK 4.4. The events D L, and I L, slightly differ from the correspond-

ing events A’ and B, in [19], but only minor modifications are needed to adapt
[19], Lemmas 4.2 and 4.4, to our setting.

There is room for flexibility in the choice of 5. For instance, if € = €(u) > 0
is chosen so that n(u(l — €)) > 2 - n(u(l + €)), Then n; = 3n(u(l — €)) and
N = %n(u(l + €)) satisfy (21), and (37) remains true for this choice of n by mono-
tonicity.
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5. Proof of Theorem 2.5. The rough outline of the proof is the following. We
first prove the isoperimetric inequality for all subsets of perforated lattices in two
dimensions; see Lemma 5.6. In dimensions d > 3, we proceed in two steps. We
first consider only macroscopic subsets A of the perforated lattice, that is, those
with the volume comparable with the volume of the perforated lattice. By apply-
ing a selection lemma (see Lemma 5.3), we identify a large number of disjoint
two-dimensional slices in the ambient box which on the one hand have a small
nonempty intersection with A, and on the other, all together contain a positive
fraction of the volume of 4. We estimate the boundary of A in each of the slices
using the two-dimensional result, and conclude by estimating the boundary of A
in the perforation by the sum of the boundaries of A in each of the slices. Finally,
we treat the general case by constructing a suitable coarse graining of A from
mesoscopic boxes in which A has positive density. The restriction of the bound-
ary of A to such boxes is estimated by using the result from the first case. Both
isoperimetric inequalities in d > 3 are stated in Theorem 5.10.

We begin with a number of auxiliary ingredients for the proof: (a) some gen-
eral facts about isoperimetric inequalities (Section 5.1.1) and (b) a combinatorial
selection lemma (Section 5.1.2).

5.1. Auxiliary results.

5.1.1. General facts about isoperimetric inequalities. Here, we collect some
isoperimetric inequalities that we will frequently use.

LEMMA 5.1. Letd > 2, ny,...,ng > 1 integers with max; n; < N - min; n;,
and C a positive real such that N - ci<1. Then, for any subset A of G =74 N
[0,n1) X --- x [0, ng) with |[A] < C - |G],

10 A = max{(1+2d - (1— NC1)™") ™" |a Al (1 — NC1) - |A]T ).

PROOF. The proof is similar to that of [16], Proposition 2.2. Let 7r; be the pro-
jection of Z4 onto the (d — 1) dimensional sublattice of vertices with ith coordinate
equal to 0. Let P; = r;(A), i’ be a coordinate corresponding to P; with the maxi-
mal size, and P’ = Py. Let P” = P’ Nmy/(G \ A), that is, the projection of those
i’-columns that contain vertices from both A and G \ A. Note that |dgA| > | P”|

and |34 A| < [0GA| +2d - | P'|. Also note that | P'\ P"| <Al < . c7 . |A|T".
By the Loomis—Whitney inequality, |A|dd;1 <|P’|. Thus, |0gA| > |P"|>(1—N -
Ca)-|P'|>(1—N-C7)-|A|“T and |94 A| < [dGA|- (1 +2d-(1— N -C7)~h).

0

REMARK 5.2. Let G be a finite graph, and assume that for all A € G with
d—
c1-1GI < |Al <L .1Gl, 19G Al > ¢2-|A|“T . Then for any A’ C G with 1 - |G| <
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d—1 d—1
Al <1 —c1) 1G], 106 A =196 (G\ AN = c2- IG\N AT = (c1c2) - |A'] T
Thus, any such A’ also satisfies an isoperimetric inequality, but possibly with a
smaller constant.

5.1.2. Selection lemma. The aim of this section is to prove the following com-
binatorial lemma. Its Corollaries 5.4 and 5.5 together with the two-dimensional
isoperimetric inequality of Lemma 5.6 will be crucially used in the proof of the
isoperimetric inequality for macroscopic subsets of perforated lattices in any di-
mension d > 3 in Theorem 5.10.

LEMMA 5.3. Let $ <C, <1, and ford > 2, let

C Cg_l I} |
d:— d= —7 -
Mizta+3 9d-2

Let Ry, ..., Ry be positive integers. Then, for any subset A of Q = [0, R1) X --- X
[0, Ry) N Z4 satisfying

1<|A|<Cq4-10],
there exist Sy, ..., Sk, disjoint two-dimensional subrectangles of Q such that

‘AQUSZ'

> 84 - Al

and forall 1 <i <k,
I<|ANS|<Cy-|S].

Zj>l

COROLLARY 5.4. Note that ]_[‘;;%(1 + %) <e o = ef. Thus, if we take

N 1 L
Cr=¢ 8@-D > g, then Cg > e 2 > %, and Lemma 5.3 implies that for any A C

Q with |A| < l - | Q|, there exist disjoint two- dimensional rectangles S, ..., Sk
suchthatlAﬂU,S|> JAland 1 <|ANS;|<e” S@- |S;i].
COROLLARY 5.5. IfRi=---=Rg=R,and |A| >cq - Rdfor some cq > 0,

then at least &’%Rd_z of the S;’s contain at least &’%RZ vertices from A. Indeed,
if such a choice did not exist, then we would have

2

SacaRY <8y - |A|<‘AOUS - —

1

< Sdcde.
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R R

R, Ry

F1G. 4. An illustration of a slice [0, Ry) x [0, Ry) X z, z € [0, R3) (left), and a rectangle
x X [0, Rp) x [0, R3), x € [0, Ry) from M (right) in 3 dimensions.

PROOF OF LEMMA 5.3. The proof is by induction on d. For d =2, the state-
ment is obvious. We assume that d > 3.

Consider all two-dimensional slices of the form [0, Ry) x [0, Ry) x x, x €
[0, R3) x --- x [0, Rg), see Figure 4(left). If among them there exist slices
St,..., Sk suchthat [ANY; Si| >384 - |Al and foralli, 1 <|ANS;| <Ca-RiRy,
then we are done.

Thus, assume the contrary. Let S; be the subset of those slices that contain
> C3 - R R, vertices from A, and &> the rest. By definition, |S1| < G Rl B’ and
by assumption, |[A N Uges, S| <34 - |Al.

Consider (d — 1) dimensional rectangles

M =[x x [0, Ry) x - x [0, Rg), x € [0, R})}

[see Figure 4(right)], and consider separately their intersections with 1 and S;.
First, consider intersections with S;. Each of the rectangles from M intersects

Uses, S in at most R; - C2|£1|R2 = ClAIL vertices. Since |[A N Uges, S| = (1 —384) -
1AL

|A|, the number of rectangles M € M with [M N A| > 3%~ R; is at least %Rl. Indeed,

if not, then at least %Rl of rectangles from M contain < % vertices from A, and

Lo 1Al 2 A 12 8
AN S| <zRi- + 3R =(—+ ) Al =5 - 14l
ses 3 3.R, R 3 Cy - Ry 9 3., 9

= —=éa) 1Al

which is a contradiction.
Next, consider intersections with S>. Since [A N g 82 S| <d4- |A| the number

of rectangles M € M with [ANM NUges, S| <384 - - is at least 2 3R;. Indeed,
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IAI

if not, then for at least 1 3Ry of them, [ANM N Uges, S| >384 - %', and
1 A
‘Aﬁ U S'> —Ry-384- u—(sd-|A|,
3 R
SeS)
which is a contradiction.
Therefore, we can choose My, ..., M%Rl € M sothatforeach 1 <i < %Rl,
A A
|AmM,~|zU, ‘ADMOUS‘ 4]
3R ses, CoR;’
A
‘ADM n U S‘<38d Al
SesS, 1
In particular, for each 1 <i < %Rl,
|AﬂM,-|=’AﬂM,-ﬂ U S‘+‘AOM,ﬂ U S’
NEE Ses
|Al 1Al ( 3 )
< 384 R; C R;
_Cz-R1+ _CZE[ 9d2 dll_[J
and
Al 1A

If d = 3, then M; are disjoint two-dimensional rectangles satisfying all the require-
ments of the lemma. If d > 3, consider the sets A; = ANM;, 1 <i < %Rl. They
satisfy assumption of the lemma with d replaced by d — 1. Therefore, there exist
disjoint two-dimensional rectangles (S;;)1< j<k; in M; such that forall 1 < j <k;,

[A; N S;j| < Co- 181,

1
:E ANM;|>=R;- =—.
i : | l|_3 1 3'R1 9

and

> 8d—1|Ail.

‘Ai ﬂUS,'j

J

It is easy to conclude that the two-dimensional rectangles (S;;), - j<kid<i<lR sat-
isfy all the requirements of the lemma. Indeed, they are disjoint,
1 1 | Al
AnlJsii|=>|AiUSii| = §R1 “8a—1-1Ail = 3R1 8d—1- ﬁ=5d'|A|,
ij i j

and for each i and j,
AN Sij|=1A; N Sij| < Ca18ijl.
The proof is complete. [J
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5.2. Isoperimetric inequality in two dimensions. The main goal of this sec-
tion is to prove the following lemma. It immediately implies Theorem 2.5 in
the case d = 2, but actually gives an isoperimetric inequality which holds for all
Ae QK,S,O(XS) with 1 < |-A| = % : |QK,S N Go.

LEMMA 5.6. Letd =2. Letl, and r,, n > 0, be integer sequences such that
foralln, l, > 8ry, 1, is divisible by r, and

ad 4ri\%\ 15 ST |
43 1— —f))>— d 3456-) L <.
@9 U( (1,- ~16 zzj—mé

j=0 j=0
Then fo_r any _integers s>0,Ly>1, and K > 1, x; € Gy, and two families of
events D and 1, if all the vertices in Gy N Qk s(x5) are s-good, then for any A C
Qk 5.0(xs) such that 1 < |A| < 5 - |Qk s (x5) N Gol,

1 1
|8QK,S,O(xx)A| > 106 |A|Z.

REMARK 5.7. (1) Assumptions (43) and the constant llﬁ in the result of
Lemma 5.6 are not optimal for our proof, but rather chosen to simplify calcula-
tions.

(2) We believe that an analogue of Lemma 5.6 holds for all d > 2, but cannot
prove it. There is only one place in the proof where the assumption d = 2 is used;
see Remark 5.9.

PROOF. Fix s > 0 and K > 1 integers, x; € G,. Recall the definition of
Ok s.i(xg) from (19), and write Q; for Ok  ;(x,) throughout the proof. Note that
Qs = Qg s(xs) NGo and for all i, Q; 1 € Q;.

Let A be a subset of Qg such that 1 < |A| < % - |Qs|. We need to prove that

[0y Al > ﬁ . |A|%. First of all, without loss of generality we can assume that
both A and Qy \ A are connected in Gy. (For the proof of this claim, see page 112
in [26], Section 3.1.)

Let B, By, ..., By, be all the connected components (in Gg) of Q; \ A, of which
B is the unique component intersecting Qg, and B;’s are the “holes” in Qg com-
pletely surrounded by A. (See Figure 5.) The boundary of .A in Qg does not contain
any edges adjacent to B;’s. It is convenient to absorb all the holes B;’s into A to
get the set A’ with the same boundary in Qp, but with an important feature that its
exterior vertex boundary in Q; is x-connected. More precisely, let

m m
A/=AUUB,' and Q;=Q,‘UUB,'.
i=1 i=1
Then (a) 8%./4/ =09, A, (b) |A'| = | A, (c) A’ is connected in G, (d) Q5 \ A’ =
Qo \ A (in particular, connected in Gg), and (e) for any x,x’ € £ ={y € Qy :
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B B

FIG. 5. The set A is obtained from A by adding to it all the holes B; completely surrounded by A.
This operation does not change the boundary of A in Qy.

{x, y} € g, A’ for some x € A’} (the exterior vertex boundary of A" in Q) there
exist zo = x,21,...,2m = x’ € € such that |zx — Zx11leo = Lo for all k (i.e., £
is x-connected). Properties (a)—(d) are immediate from the definition of A’, and
property (e) follows from [16], Lemma 2.1(ii), and the facts that A" and Q; \ A’
are connected in Gg.
By properties (a)—(b) of A’, it suffices to prove that
1
/

|0g, A'| = 106
By Lemma 2.4 and the first part of (43), |A’| < |A| + 19 \ Qo| < 1% - 1Qq|. Thus,
by Lemma 5.1,

-|A’|%.

1 1
(44) oo, A = 5 - |4
Therefore, it suffices to prove that
2
45 0o Al > -|0g, A'l.

The proof of (45) is done by partitioning dg, A" \ B%A/ into the sets §; of edges
with one end vertex in A" and the other in Q; \ Q;_1 and comparing the cardinality
of §;’s with that of dg, A". If 9o, A’ is very large (macroscopic), then all §; are
negligibly small in comparison to dg,.A’. It is more delicate to estimate the size of
8;’s if dg, A’ is small, as the contribution of some §;’s to the boundary do A’ may
be quite significant. In this case, we will introduce a suitable scale on which dg, A’
is large, and view A’ as a disjoint union of subsets of boxes on the new scale. Let

5,‘ = 8Q;A/ \ 89;71./4/.
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Then, §;’s are disjoint and for any 1 <i <,

(46) gy A'| = [agr A’ = D 1851

j=1
Let

. ho 1L
t_max{sz <s:|dg,A'| > B Lo}'
The scale L, is the correct scale to study dg A" As we will see below in (47),
the intersection of dg, A’ with Q; \ Q;_1, i <t (holes of size significantly smaller
than L,), is negligible in comparison to dg,.A". In particular, it will be enough to
conclude (45) in the case r = s, see (50). If 1 < s, then dg, A’ is small and may have
a significant intersection with Q;11 \ Q;. An additional argument will be used to
deal with this case; see below (51).
We begin with an estimation of the part of o .A" adjacent to “small holes”.

CLAM 5.8. Foralll <i <,

ri—1

(@7) 18i] = 3456 - 7— - 9o, A'].

i—1

PROOF. By the definition of Q;’s (see also Figure 2), the set Q; \ Q;_1 can
be expressed as the disjoint union of boxes S; = Go N (y; + [0, 2ri_1L;i_1)?), for
some yi,..., ¥k € (ri—1Li—1) - 72, such that every box S; is within £°° distance
L; from at most 36 §;/’s. (By Remark 2.3, each L;-box contains at most 4 §;’s,
and it is adjacent to at most 8 other L;-boxes, hence 4 - 9 = 36.)

To estimate the size of §;, we consider two cases: (a) do,.A’ is adjacent to few
S;’s, in which case §; is very small, (b) g, A’ is adjacent to many S;’s, in which
case many of the S;’s will be well-separated and .A” will be spread out. To han-
dle this case, we will use the fact that the exterior vertex boundary of A’ is *-
connected, thus the majority of edges in do A" will be “in between” S;’s. (See
Figure 6.)

Let N; be the total number of those §;’s which are adjacent (in Go) to A’. Since
for each j, |dg, S;| < 8# it follows that |6;] < N; - 8% We consider
separately the cases N; <36 and N; > 36.

If N; <36, then

i—1Li— i-1 Li i—
@8) 18] <N; -8l 36,8, oL 2 36,810 L g0 A
Lo i-1 Lo li—1 ‘

’

where the last inequality follows from the definition of # and the fact that i <¢.

If N; > 36, then A’ is adjacent to at least (%] (= 2) of §;’s which are pairwise
at £°° distance at least L; from each other. Recall from property (e) of A’ that £ is
the exterior vertex boundary of A", which is x-connected. Since £ intersects each
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FIG. 6. Since every S; is within L; distance from at most 35 other S;’s, if the set A’ is adjacent
to many S;’s then it must be adjacent to some sufficiently separated S; (drawn in light grey), and
its boundary is thus stretched between these S;’s. In two (and only two) dimensions, this is sufficient
to conclude that the boundary of A’ is much larger than its part adjacent to all the S 7S, which we
call §;.

of the [%1 well separated S;’s, the intersections of & with 1 3 Li-neighborhoods of

the §;’s are disjoint sets of vertices of cardinality > é f’ each. Therefore, |£| >

1L; N;

3, 36> and we obtain that

ri—1

@9) 18| < N; - 872 1=l _ 3638171 g1 <36.3.8. 4.
Lo ll—] i1
where the last inequality follows from the fact that each vertex of £ is adjacent to
at most 4 edges from 9o, A’.
Combining (48) and (49), we get (47). U

[0, A,

If the boundary dg,.A’ is macroscopic, namely, if # = s, then the intersection of
do, A" with any hole is negligible, and Claim 5.8 immediately implies (45). Indeed,
by (46) and (47),

(50) |aQ/A’|_|aQ/A’|—Z|3 | > (1—3456 Z >-|aQSA’,

j=1 ]0

and (45) follows from (50) and the second part of (43).
In the rest of the proof, we consider the case of small g, A’, namely ¢ < s. In
this case,

1 1 Ly 1 Ly
51 dg, A’ <
Gb 12 Lo —| <

12 Lo — 12 Lo
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As already mentioned, this case is more delicate, since dg,.A’ may have large inter-
section with big holes, for instance, 8,41 is generally not negligible in comparison
to dg; A

We first consider the case when dg, A’ is still relatively big in comparison to the
boundary of holes in Q; 1 \ Q;. Assume that |[dg, Al > 14-36-8 - % In this
case, we will show that

1 1
(52) |5,+1|5ﬁ-yags,4’y and |aQ;HA’yZ5-yaQSA’y.

Together with Claim 5.8, (52) is sufficient for (45). Indeed, by (46),
t+1 1 00 7

(53) logy A'| = [8g;, Al = D181 = (ﬁ —3456- ) l—’) -Jag, A’
j=1 j=0"

and (45) follows from (53) and the second part of (43).

9

PROOF OF (52). To estimate the size of §;11, we proceed as in the proof of
(47). The set Q41 \ Q; can be expressed as a disjoint union of boxes S; = Gy N

(yj +10, 2r;L;)?), for some Vi, ooy Yk € (1 Ly) - Z?, such that every box is within
£°° distance L, from at most 36 of the boxes. Since |dg, A'| < % . Lﬂ)l and the

exterior vertex boundary of A’ is x-connected, the set A’ can be adjacent (in Gg)
to at most 36 such boxes (in fact, to at most 4 - 4 = 16), which implies that

r;L, 1 ,
54 ) <36-8——<— -0
(54) |8¢+11 Lo =14 |9g,A

’

where the last inequality follows from the assumption on [dg, . A’|.
To estimate |BQ;+]A/ | from below, we view A" as a disjoint union of subsets

./4’j of L;;1-boxes, and estimate from below the relative boundary of each A/j in

the corresponding box. By definition, Q4 is the disjoint union of boxes G N
(zj + [0, Li+1)?), zj € Gk s,1+1(xg). Let A/j be the restriction of A’ to the box

(zj +10, Ly+1)%). By (44) and (51), for every J,
1
] <A <16+ o, A < 5 -[Bon [0, Lis?]
By applying Lemma 5.1 in each of Go N (z; + [0, LiiD)?),

1 1
(55)  lagr,, Al Z 3 106ene; 40,1, A = 7 > loe,Ajl = 7 - 19g, A
i j
The combination of (54) and (55) gives (52). U

It remains to consider the case [dg, A’| <14-36-8 - ”L—%’ In this case, dg, A’ is
comparable to the boundary of holes in Q;11 \ Q;. We will show that

(56) 9oy Al =

1
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Together with Claim 5.8, (56) is sufficient for (45). Indeed, by (46),

t 1 oo rj
57 lrg A=Al L= (530 —3456-5;) o, A,

and (45) follows from (57) and the second part of (43).

PROOF OF (56). Since dg,. A" is comparable to the boundary of holes in
Qry1\ 9, this time we will look at A’ on the scale r,L;. By Lemma 2.4 and
the assumption that /; is divisible by r;, Q; can be expressed as a disjoint union of
boxes (z; + [0, rL)?), zj € (riLy) - Z?. Let .A’j be the restriction of A’ to the box

(z; +10, r;L;)?). We will compare the boundary dg, A’ to the relative boundary of
A’j ’s in the respective boxes.

If for all j, I.A/J-I < }1 |Gy N[0, r L;)?|, see Figure 7(left), then by Lemma 5.1
applied in each of Go N (z; + [0, r;L;)?),

1
‘8G00(2j+[0,rtL[)2)A}| = § ) ’aGOA/Jl

. , L ,
Since the sets dgn(;; 110,r,1,)2)-A; are disjoint subsets of g, A,

9

1 1
|90 Al = Y 10ggnc +onLomAGl Z 5 - D160 A = 5 - 190, A

j j
which implies (56).

7
_

FIG. 7. The case when the boundary of A’ is comparable to the boundary of holes on the scale
of A'. Two subcases: A’ has small intersection with every ry L;-box (left) or large intersection with
some r; L-box (right). In the second subcase, we can identify a box (7 + [0, rtL,)d) in which A’ has
non-trivial density.
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On the other hand, if |.A/j| > 4—1‘ - |Go N [0, rL;)?| for at least one Jj, see Fig-
ure 7(right), then there exists 7 € G, such that:

e GoN@+I0,rL;)*) C Q; and
o 5 1GoN[0,r L) <A NGE+10,rL)D)I <3 1Go N[0, L),
Indeed, if none of z;’s satisfies the two requirements, then there exist j; and j
such that |z, — zj,le0 =77 Ly, I.A’jl| > % |Gy N[0, L;)?| and IA/jzl < % - 1Go N
[0,r;L)%|. ThenZ =1 -z ji + (1 —A) -z, satisfies the two requirements for some
A € (0, 1). (If r; is divisible by 2, then one can take A = %.)

By applying Lemma 5.1 to Go N (Z + [0, ,L;)?),

1004 = [0g,n+10.,202) (A" N E+ 10,7 L))

3 1 3
> (1 - %) AN EZ+ [o,r,Lt)2)|1 > (1 — %)
< 1 r;L, - 1

=16 Lo —16-14-36-8

1 r,Lt

2 Lo

oA’

’

where the last inequality follows from the assumption on |dg,.A’|. This inequality
completes the proof of (56). [

To summarize, the desired relation (45) between oo A’ and 9o, A’ follows from
the three inequalities (50) (the boundary dg,.A’ is macroscopic), (53) (the bound-
ary dg, A’ is small, but much bigger than the boundaries of holes on the given
scale) and (57) (the boundary dg, A’ is small and comparable to the boundaries of
holes on the given scale). The proof of Lemma 5.6 is complete. [

REMARK 5.9. The only step in the proof of Lemma 5.6 that uses (crucially!)
the assumption d = 2 is the derivation of (49). More precisely, the fact that the
boundary of a set is well approximated by simple paths. In higher dimensions, this
is clearly not the case (the dimension of the boundary is generally bigger than the
dimension of a simple path), and the above argument breaks down. See Figure 6.

5.3. Isoperimetric inequality in any dimension for large enough subsets. In
this section, we prove the following theorem, which includes Theorem 2.5 as a
special case.

THEOREM 5.10. Letd >2,c¢ > 0. Let I, and r,,, n > 0, be integer sequences
satisfying assumptions of Lemma 5.6 and such that

s 4ri \? - = 4\ _ 1= zm
58 1—— >e 16@-D  and 11— — > 27
s TI(1-(37) )= ne-(3))=7=%

i T
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Then for any integers s >0, Lo > 1,and K > 1, x; € Gy, and two families of events
D and 1, if all the vertices in Gy N Q (xs) are s-good, then any A C Qk 5 0(xy)
with

. Lo\ 1
mm{c~|QK,mGo|,<L—) }5|A|s§-|QK,mGo|
0

satisfies

U=

c? 2 1 d—1
8 > . 1 — | - . 1 — e T16(d-D). d .

PROOF. Fixs >0and K > 1 integers, x5 € G, and assume that all the vertices
in Gy N Qs (xy) are s-good. Take A € Qk s 0(x;) such that | A < 1|0k ;NGol.

We consider separately the cases |A| > ¢ - |Qk.s N Go| and |A| > (f—g)dz. In
fact, we will use the result for the first case to prove the result for the second.

In the first case, we use Corollaries 5.4 and 5.5 to the selection lemma from
Section 5.1.2 to identify a large number of disjoint two-dimensional slices in the
ambient box Qk ¢ N Go which on the one hand have a small nonempty intersection
with A, and on the other, all together contain a positive fraction of the volume of
A. We estimate the boundary of A in each of the slices using the two-dimensional
isoperimetric inequality of Lemma 5.6. Since the slices are pairwise disjoint, we
can estimate the boundary of .4 by the sum of the boundaries of .4 in each of the
slices.

In the second case, we consider a coarse graining of A by densely occupied
L-boxes. If the number of densely occupied Lg-boxes is small, then A is scattered
in Ok s N Gy and has big boundary. If, on the other hand, the number of densely
occupied Lg-boxes is big, then the set of such boxes has large boundary (the poorly
occupied boxes adjacent to some densely occupied ones). Each pair of adjacent
densely and poorly occupied L;-boxes are contained in a 2L;-box. Vertices from
A occupy a nontrivial fraction of vertices in this 2Lg-box. Thus, we can estimate
the boundary of A restricted to this box using the first part of the theorem. By
summing over all pairs of adjacent densely and poorly occupied Lg-boxes, we
obtain a desired lower bound on the size of the boundary of A.

We first consider the case |A| > ¢ - [Qk.s N Gol|. By Corollaries 5.4 and 5.5,

there exist
c ( KL, )d -2
>_ - (==
—2.9d-2 Lo
two-dimensional subrectangles S; in Qg s N Go (see Figure 8) such that for all 7,

C KL_S 2 1 KL_s 2
|-AﬂSi|Zm‘<L—O> and [ANSi|<e 8(d—l).<L—0).
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A

FIG. 8. Left: a two-dimensional slice S;. Right: perforation Qg s 0(xs) N'S; of S; and the inter-
section of A with S; (drawn in grey).

By Lemma 2.4 [applied to the perforation Qx s 0(xs) N S; of S;] and the first part
1
of (58), |Qk.5.0(xs) N S;| > e @D . (KL—%s)Z, which implies that for all 7,

_ 1
JANS;| <e @D . |Qk 5.0(xs) N Si.

We apply the two-dimensional isoperimetric inequality of Lemma 5.6 and Re-
mark 5.2 to each of the sets AN S; in Ok s.0(xs) N S;, and obtain that for all 7,

1 _ 1 1
100k, 0xns; (AN S| = 105 (L= e ) JAN ;|2

1

- c KL
~ 100

2.3d-2 Ly
Since all dgy , o(xs)Ns; (ANS;) are disjoint subsets of BQKJ’O(XS).A,

190k s 06 Al = D100 s oxns: (AN S|

c KLN\92 1 1 c KL,
59 > . —= — (1= 6@—1) ) . —
(59) —2.9d-2 < Lo ) 100 (1-e ) 2.3d=2 [,

(1 — e @)

2

> .
—4.274-2.106
This completes the proof of Theorem 5.10 for sets with | A| > ¢ - |Qk s N Go.
Next, we consider the case | A| > (L—g)dz. Let

(1 _ e_16(d1—1)) . |A|dd;1_

Ay={xeGs: AN (x +[0, Ly)?) # &}
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be the set of bottom-left corners of L;-boxes which contain a vertex from A. Note
that |[Ag| > |A| - (LO )¢. We also define the subset A of A corresponding to the
densely occupied boxes
~ a3 (L
Ay=1xeGy:|AN(x +[0, Ly) ){z—‘ VAL
0
We consider separately the cases When |A | > 5 - |As] and |A | <514l

We first consider the case |As | > 2 -|Ag], that is, the number of densely occupied
boxes is large.

Since 3 - (E)4 . |A;| <Al <110k s NGy,

- 2 Lo\¢ 2
|As|§_‘|QK,smGO|‘<_O> :_‘|QK,s(xs)mGs|-

3 L, 3

By applying Lemma 5.1 to A,CO k.s(x5) NGy, we get

~ ING\  ~ et
(60) |BQK,S<me,As|z(1—(5) )-|As| 7

Next, we zoom in onto the boundary dg, (XS)QGSA Take any pair x € A, and
y € (Qk.s(x5) NGy) \A from dg | (x,)NG, A Note that

a3 L\
|Am(x+[o,Ls))|zZ-<L—o)

and

3 [L\4
AN (y 410, Ly)?)| < I (L_0> .

Take a box (z + [0,2L)?) in Qg s(xs) N Gy containing both (x + [0, Ly)?) and
(y + [0, L)), where z € (Qk.s(xs) NGy). Note that A occupies a nontrivial frac-
tion of vertices in (z + [0, 2L;)¢). More precisely,

52 | +10.2L)) NGo| < |AN (2 +10.2L,)7)|

1
< (1 - W) (e +10,2L,)%) N Gy).

Moreover, all the vertices in (z + [0, 2L 04N Gy are s-good. We are in a position
to apply the first part of the theorem to A N (z + [0, 2L in (z 4+ [0,2L5)%).
Combining the upper bound on |A N (z + [0, 2L,)%)| with the lower bound on
the volume of the perforation Q, ;0(z) = Qk 5.0(xs) N (z + [0, 2L;)) given by
Lemma 2.4 and the second part of the assumption (58), we obtain that

1
AN @ +10.2L0)] = (1= 275 ) 1@kl 0 +10.2L)).
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Therefore, by the first part of the theorem (with ¢ = zd‘%) applied to the subset
AN (z4[0,2L5)%) of Qy4.0(z) and Remark 5.2,

1004 s 0rn(+10.22)8) (AN (2 +10,2L5)))]
1 9
= 243 44442 2742 106

> 3 0 (1 —m) (Ls)d_l
—_— . —e - . —_— .
4 8d+3.27d-2.1(6 Lo

This inequality gives us an estimate on the part of the boundary dgy , ox,)A
contained in (z + [0,2L,)%) for each z € (Qk.s(xs) N Gy) such that the cube
(z + [0, 2Ls)d) contains an overcrowded and undercrowded adjacent L -boxes
(x 410, Ly)?) and (y + [0, L;)*) with x € A; and y € (Qks(x;) N Gy) \ A;. By
(60), the total number of such z’s is

(1 —e @) . |AN (z +[0,2L5))| T

1 x 1 NI\~ 4
= d2d—1 ’ |aQK.s(xs)meAS| = W . (1 — (g) ) . |A3| d

where the factor % counts for possible overcounting, since every cube (z +
[0,2L)%), z € Gy, contains at most ¢24~! pairs x, y with {x, y} € 8QK.S(XS)QGSAS.

Moreover, every edge from dgg  (x,)A belongs to at most 24 cubes (z +
[0,2L,)?), z € Gy. Thus,

1
100k 5 0(x)Al = 2 Y 100, . oteontt0.200h (AN (2 +10,2L5)Y)).
7€Gy

By putting all the estimates together, we obtain that

1
100k ;00 Al = 2 Y 180k 4 o024 (AN (2 + 10, 2L,)%))]
2€Gy

1
1 1 2\d ~ d-1
25 g (1-(5)7) A1
3 9 1 Ly\4!
X3 g@ o (Ime ™ l))'<L_o)

1
1 2\ d 1 d—1
> 1= = (1 —¢ T6W@-D) .| Al @
= 2d 324 274 . 106 < (3) > (1-e ) 1Al

where the last inequality follows from the case assumption |1§s| > % - |Ag] > % .

A - (224

(61)
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It remains to consider the case |1§s| < % - |Ag|. In this case, A is scattered in
Ok s(x5) N Go, and should have big boundary. Indeed, for each x € A \ Ay,

1<|AN(x+[0, L)Y < 2 <5>d.
- 4 \Lg
By the lower bound on the volume of the perforation Qi s 0(x) = Qk s,0(xs) N
(x+10, L s)d) given in Lemma 2.4 and the second part of (58),

1— _1 L d 3 L d
Qo) N +10. 2% = =27 (1) =5 (22)
-5 \L) =4\,

Thus, (x + [0, L)) contains vertices from both .4 and Ok .s.0(xs) \ A. By
Lemma 2.4, Q; ;0(x) = Qg s.0(xs) N (x + [0, Ly )4) is connected in Go, thus it
contains an edge from dg, o(xv)A Since all (x + [0, Ly)?), x € A, \A are dis-
joint, we conclude that

1 Lo\? _ 1
(62) 180y, o)Al = 1A \A|>‘ Aslz 5 - 1Al (L_> =2 AT

where the last inequality follows from the case assumption.

The proof of Theorem 5.10 in the case |A| > (LS )d is complete by (61)
and (62). [

REMARK 5.11. We believe that Theorem 5.10 holds for all A with |A] <
% -|Qk.s N Go|. With a more involved proof, we can relax the assumption |.A] >

(é—f})d2 of Theorem 5.10 to | A| > (2—3)2‘1 . Since this does not give us the result for

all A, and the current statement of Theorem 5.10 suffices for the applications in
this paper, we do not include this proof here.

6. Open problems.

1. Consider the random conductance model on the edges of the infinite cluster Sy

with ergodic conductances {c,}ccs,, satisfying the moment conditions from [2],

Theorem 1.3: E[c!] < oo and E[c, ?] < oo with p,q € (1,00] and % + é < %.

Prove the quenched invariance principle, Harnack inequalities, and the local
central limit theorem. We remark that the quenched invariance principle for
the random conductance model on the infinite cluster of Bernoulli percolation
under the above moment assumptions has been recently proved in [31].

2. The approach of [2] has been extended in [3] to a class of graphs satisfying [3],
Assumption 1.1, which is reminiscent of Definition 4.1, but stronger. The main
difference is that we do not require that an isoperimetric inequality is satisfied
by subsets of a ball, but by those of a local extension of the ball. It would be
interesting to see if the machinery developed in [2, 3] can be applied to the
random conductance model on graphs with all large balls being very regular in
the sense of Definition 4.1.
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3. A classical example of percolation model with correlations is the random clus-
ter model; see, for example, [22]. It is quite a challenging open problem to show
that the supercritical random cluster model satisfies the assumptions S1-S2.

4. As remarked in Section 1.2.2, the vacant set of random interlacements and the
level sets of the Gaussian free field satisfy the assumptions P1-P3 and S2 for
all supercritical parameters and S1 for a non-empty subset of parameters. It
is a difficult open problem to prove that in both models, the assumption S1 is
satisfied for all supercritical parameters.

5. (This question was asked by Jiirgen Jost.) The multiscale renormalization ideas
developed in this paper seem to rely strongly on the geometry of the lattice Z¢,
for instance, the connectedness of the set Qg s.0(xs) in Lemma 2.4. Can the
techniques of this paper be extended to (a class of) Cayley graphs of Abelian
groups?

APPENDIX: PROOFS OF THEOREMS 1.16-1.20

In this section, we give proof sketches of Theorems 1.16, 1.17, 1.18, 1.19 and
1.20. Their proofs are straightforward adaptations of main results in [7, 8] from
Bernoulli percolation to our setup.

PROOF OF THEOREM 1.16. The proof is essentially the same as that of [8],
Theorem 6. The only minor care that is required comes from the fact that the bound
(11) is not stretched exponential. Since this fact is used several times, we provide
a general outline of the proof. As in the proof of [8], Theorem 6, by stationarity
P1 and the ergodicity of S, with respect to the shift by X; (see, e.g., [9], Theo-
rem 3.1), it suffices to prove that

u 2 C —chd(O'X)Z
E“[(p20(0,x) — pan—1(X1.%))" - Lxes | < —7 - @ o,

S

1+A
where C and ¢ only depend on d and u. If d;.(0, x) > n% (log n)¥, where Ag
is defined in (5), then by the general upper bound on the heat kernel (see, e.g., [4],

(1.5)),

) dyg (0.0)
E“[(p2n (0, %) = p2a—1(X1,%))" - Lyes,, | S C-e 7 7
C’ C/dZd((),x)z
< e n
=

1+A
Thus, we can assume that dq (0, x) < n% (log n)¥.
Let N = N(w) =max{Tik(y) : y € Bz (0,n)}. By (11),

2
E“[(p2n (0, x) — pan—1(X1,%))" - LyeSy - IN(w)>n)
<P“[N(w) > n] < Cn? . e=oem ™

2
— dZd (0,x)
n

C’ ) 1+A C’
. e_C/'(IOgn) S <

= = 4
pd+1 nd+1
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It remains to bound E*[(p2,(0, x) — p2p—1(X1, x))%- L1reSy - IN(@)<n]- Asin [8],
Section 2, define the quenched entropy of the simple random walk on Sy, by H;, =
> ®(PSy.n(0,x)), where ¢(0) =0 and ¢(t) = —tlogt for t > 0, and the mean
entropy by H, = E¥[H,,]. By a general argument in the proof of [8], Theorem 6,
the heat kernel upper bound (9) implies that

E*[(p2n(0, x) — panl(Xl’x))z “LreSe - LN(w)<n]

d,q(0.0)?

Cc 4007
S(Hn_Hn—l)'n_d'ec n

The proof of [8], Theorem 6, is completed by showing in [8], Lemma 20, that
H,— H,_| < % Thus, in order to finish the proof of Theorem 1.16, it suffices

to prove that H, — H,_1 < % in our setting, too. This is a simple consequence
... . 3
of Theorem 1.15. Indeed, by writing H,, as the sums over x with d;«(0,x)2 <n

and dy. (0, x)% > n, applying (9) and (10) to the summands in the first sum, and
showing smallness of the second sum by using, for instance, the general upper
bound on the heat kernel (see, e.g., [4], (1.5)), we prove that for all n > Ty (0),
H, = %logn 4+ O(1). For n < Tik(0), we use the crude bound H,, < dlog(2n)
(see the proof below [8], (25)). By integrating H,, and using (11), we get that
H, = $logn + O(1), which implies that H, — H|,,/»; < C for some C. Since
H,, — H,,_ is decreasing by [8], Corollary 10, we conclude that H,, — H,,_1 < %,
completing the proof of Theorem 1.16. [

PROOF OF THEOREM 1.17. The proof of Theorem 1.17 is literally the same
as the proof of [7], Theorem 1.2(a). For the upper bound, one splits the Green func-
tion into the integrals over [0, min{7xx (x), Thk(¥)}] and [min{7ix (x), Thk (¥)}, 00).
Using general bounds on the heat kernel [see [7], (6.4) and (6.5)], one shows that
the first integral is o(dyq (x, y)z_d ), and by (9), the second integral is bounded by
Cdya(x, y)z_d . For the lower bound, one estimates the Green function from below
by the integral of heat kernel over [dya (x, y)2, 00), applies (10), and arrives at the
desired bound. [

PROOF OF THEOREM 1.18. The proof of Theorem 1.18 is identical to the one
of [8], Theorem 5. The constant functions and the projections of x + x (x) (see
Theorem 1.11(a)) on coordinates of Z¢ are independent harmonic functions with
at most linear growth. Thus, the dimension of such functions is at least (d + 1).
It remains to show that the above functions form a basis. Let & be a harmonic
function & on Sy, with at most linear growth and 2(0) = 0, and assume that it is
extended on R? (see above [8], Proposition 19). By Theorem 1.13 and the upper
bound on the heat kernel (9), the proof of [8], Proposition 19, goes through without
any changes in our setting, implying that the sequence %,,(-) = %h(n -) is uniformly
bounded and equicontinuous on compacts. Thus, there exists a sequence ny such
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that h,, converges uniformly on compact sets to a continuous function h. By using
the quenched invariance principle of Theorem 1.11, one obtains by repeating the
proof of [8], Theorem 5, that 7 is harmonic in R?. Since / has at most linear growth
and h(O) 0, it is linear. Therefore, the function f(x) = h(x) — h(x + x(x)) is
harmonic on Sy and for every ¢ > 0 and all large enough k, | f(x)| < eny for
all x € Bs,(0,n1/¢). By (9), Es_ ol f(Xn%)z] < en? for all large k. The proof
of [8], Theorem 3, is finished by applying [8], Corollary 21, which states that
f must be constant. The proof of [8], Corollary 21, is rather general and only
uses the fact that the mean entropy H,, (see the proof of Theorem 1.16) satisfies
H,—H, ;< % We already proved this bound in the proof of Theorem 1.16. Thus,
[8], Corollary 21, holds in our setting, and we conclude that f must be constant.
The proof is complete. [

PROOF OF THEOREM 1.19. Theorem 1.19 was proved in the case of super-
critical Bernoulli percolation in [7], Theorem 1.1, by first providing general as-
sumptions [7], Assumption 4.4, for the local limit theorem on infinite subgraphs
of Z4 (see [7], Theorems 4.5 and 4.6), and then verifying these assumptions for
the infinite cluster of Bernoulli percolation. [7], Assumption 4.4, is tailored for
random subgraphs of Z? with laws invariant under reflections with respect to co-
ordinate axes and rotations by 5. These assumptions only simplify the expression
for the heat kernel of the limiting Brownian motion, and can be naturally extended
to the case without such symmetries.

We only consider the case of discrete time random walk (the continuous time
case is the same). As in [7], Theorem 4.5, to prove Theorem 1.19 it suffices to
show that there exist an event Q' € F with P*[Q'] = 1, positive constants &, C;,
and Cp, and a covariance matrix ¥, such that for all ® € Q' N {0 € Sxo}:

(a) forany y € R? and r > 0, as n — o0, Ps,.. [B ) ey+I[— r,r19)] converges
to fy+[ rrid ks, +(y")dy’ uniformly over compact subsets of (0 00) (B, (1) is
as in (7)),

(b) there exists 71 = Tj(w) < oo such that for all n > T7 and x € S, p, (0, x) <
g, 0,02

n

_d _
Ci-n"2-e G

(¢) foreach y € Sy, there ex1sts Ry (y) = Ru(y, w) < oo such that the parabolic
Harnack inequality holds with constant Cg in (0, R?] x Bs., (v, R) for all
R > Ryg(y),

(d) for h(r) = max{r’ : 3y € [—r, r]¢ such that Soc N (y + [—1', r'19) = @}, the
ratio @ tends to 0 as r — oo,

(SaoN(/nx+[—/nr,/nr]4)
@) = Eflno -

(e) for any x € 74 and r > 0, lim,_ oo

:H'OGSOQ]’
(f) for each x € Z4 and r > 0, there exists T»(x) = Th(x, w) < oo such that

for all n > T, and x,y' € Soo N (Vnx + [—/nr, /ur]?), ds (x',y) <
C3 - max{dza(x', y"), n%_a},
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(¢) for x € Z% and Ry as in (), limy_s o n~2 Ry (gn(x)) = 0.
It is easy to see that the above assumptions are satisfied in our setting:

(a) follows from Theorem 1.11,

(b) follows from (9),

(c) follows from Theorems 1.5 and 1.13,

(d) follows from stationarity, (6), and the Borel-Cantelli lemma,

(e) follows from a spatial ergodic theorem [23], Theorem 2.8 in Chapter 6, since
the sequence of boxes (y/nx + [—/nr, /nr]?),>1 is regular in the sense of
[23], Definition 2.4 in Chapter 6 (see [3], Lemma 5.1),

(f) follows from Theorem 1.10,

(g) follows from (8), Theorem 1.5, and the Borel-Cantelli lemma.

The proof of Theorem 1.19 is complete. [

PROOF OF THEOREM 1.20. Statement (a) follows from Theorem 1.19 and
(9) by repeating the proof of [7], Theorem 1.2(b), without any changes. For the
statement (c) we use bounds [7], (6.30) and (6.31), and (11), to get

(1 —¢)Gx (x)Pu
m
<B“[g5,, (0, X)]0 € Sxo]
(14+¢)Gx((x) C'PYUM > |x]|0 € Sxol
< +
- m |x|a'—2

[M < |x]|0 € Sx]

1 /
+ C'(E"[g5,, (0, %)710 € Sug ]) 2 - =€ o kDTS

where M is defined in the statement of Theorem 1.20. As in [7], (6.17), by (9),

0
85.(0,%) <g5.(0,0) < To(O) + [ C't72dr < (1+2C")Ty(0).
Tp(0)

Combining this bound with (11), we obtain that E*[gs_ (0, x)2|0 € Sso] < C”. Let
x = ky. Since Gy (ky) = k>~?Gx (), by taking limits k — oo and then & — 0, we
compete the proof of statement (c). [

Acknowledgements. The author thanks Takashi Kumagai and Alain-Sol
Sznitman for encouragements to write this paper and for valuable comments, Jean-
Dominique Deuschel for sending him the master thesis of Tuan Anh Nguyen [31]
and for a discussion about isoperimetric and Sobolev inequalities, and Jifi” Cerny
for a suggestion to use general densities 1 and 7, in Section 3. Special thanks go
to the anonymous referee for helpful suggestions and comments.



(1]

(2]

(3]

(4]
(5]
(6]
(7]
(8]
(9]

(10]

(11]
[12]
(13]
(14]

[15]

(16]
(7]

(18]

[19]

[20]

[21]
(22]

RANDOM WALKS ON INFINITE PERCOLATION CLUSTERS 1897

REFERENCES

ANDRES, S., BARLOW, M. T., DEUSCHEL, J.-D. and HAMBLY, B. M. (2013). Invariance
principle for the random conductance model. Probab. Theory Related Fields 156 535—
580. MR3078279

ANDRES, S., DEUSCHEL, J.-D. and SLOWIK, M. (2015). Invariance principle for the random
conductance model in a degenerate ergodic environment. Ann. Probab. 43 1866-1891.
MR3353817

ANDRES, S., DEUSCHEL, J.-D. and SLOWIK, M. (2016). Harnack inequalities on weighted
graphs and some applications to the random conductance model. Probab. Theory Related
Fields 164 931-977. MR3477784

BARLOW, M. T. (2004). Random walks on supercritical percolation clusters. Ann. Probab. 32
3024-3084. MR2094438

BARLOW, M. T. and CHEN, X. (2016). Gaussian bounds and parabolic Harnack inequality on
locally irregular graphs. Math. Ann. To appear.
BARLOW, M. T. and DEUSCHEL, J.-D. (2010). Invariance principle for the random conduc-
tance model with unbounded conductances. Ann. Probab. 38 234-276. MR2599199
BArRLOW, M. T. and HAMBLY, B. M. (2009). Parabolic Harnack inequality and local limit
theorem for percolation clusters. Electron. J. Probab. 14 1-27. MR2471657

BENJAMINI, 1., DUMINIL-COPIN, H., KOZMA, G. and YADIN, A. (2015). Disorder, entropy
and harmonic functions. Ann. Probab. 43 2332-2373. MR3395463

BERGER, N. and BISKUP, M. (2007). Quenched invariance principle for simple random walk
on percolation clusters. Probab. Theory Related Fields 137 83—120. MR2278453

BERGER, N., BISKUP, M., HOFFMAN, C. E. and KozmA, G. (2008). Anomalous heat-kernel
decay for random walk among bounded random conductances. Ann. Inst. Henri Poincaré
Probab. Stat. 44 374-392. MR2446329

Biskup, M. and PRESCOTT, T. M. (2007). Functional CLT for random walk among bounded
random conductances. Electron. J. Probab. 12 1323-1348. MR2354160

BRICMONT, J., LEBOWITZ, J. L. and MAES, C. (1987). Percolation in strongly correlated
systems: The massless Gaussian field. J. Stat. Phys. 48 1249-1268. MR0914444

CROYDON, D. A. and HAMBLY, B. M. (2008). Local limit theorems for sequences of simple
random walks on graphs. Potential Anal. 29 351-389. MR2453564

DELMOTTE, T. (1999). Parabolic Harnack inequality and estimates of Markov chains on
graphs. Rev. Mat. Iberoam. 15 181-232. MR1681641

DELMOTTE, T. (1998). Harnack inequalities on graphs. In Séminaire de Théorie Spectrale et
Géométrie, Vol. 16, Année 1997-1998. Sémin. Théor. Spectr. Géom. 16 217-228. Univ.
Grenoble I, Saint-Martin-d’Heres, Grenoble. MR1666463

DEUSCHEL, J.-D. and PISZTORA, A. (1996). Surface order large deviations for high-density
percolation. Probab. Theory Related Fields 104 467-482. MR1384041

DE GIORGI, E. (1957). Sulla differenziabilita e I’analiticita delle estremali degli integrali mul-
tipli regolari. Mem. Accad. Sci. Torino. Cl. Sci. Fis. Mat. Nat. (3) 3 25-43. MR0093649

DREWITZ, A., RATH, B. and SAPOZHNIKOV, A. (2014). Local percolative properties of
the vacant set of random interlacements with small intensity. Ann. Inst. Henri Poincaré
Probab. Stat. 50 1165-1197. MR3269990

DREWITZ, A., RATH, B. and SAPOZHNIKOV, A. (2014). On chemical distances and shape
theorems in percolation models with long-range correlations. J. Math. Phys. 55 083307,
30. MR3390739

GRIGORYAN, A. A. (1992). Heat equation on a noncompact Riemannian manifold. Math.
USSR-Sb. 72 47-717.

GRIMMETT, G. (1999). Percolation, 2nd ed. Springer, Berlin. MR1707339

GRIMMETT, G. (2006). The Random-Cluster Model. Springer, Berlin. MR2243761


http://www.ams.org/mathscinet-getitem?mr=3078279
http://www.ams.org/mathscinet-getitem?mr=3353817
http://www.ams.org/mathscinet-getitem?mr=3477784
http://www.ams.org/mathscinet-getitem?mr=2094438
http://www.ams.org/mathscinet-getitem?mr=2599199
http://www.ams.org/mathscinet-getitem?mr=2471657
http://www.ams.org/mathscinet-getitem?mr=3395463
http://www.ams.org/mathscinet-getitem?mr=2278453
http://www.ams.org/mathscinet-getitem?mr=2446329
http://www.ams.org/mathscinet-getitem?mr=2354160
http://www.ams.org/mathscinet-getitem?mr=0914444
http://www.ams.org/mathscinet-getitem?mr=2453564
http://www.ams.org/mathscinet-getitem?mr=1681641
http://www.ams.org/mathscinet-getitem?mr=1666463
http://www.ams.org/mathscinet-getitem?mr=1384041
http://www.ams.org/mathscinet-getitem?mr=0093649
http://www.ams.org/mathscinet-getitem?mr=3269990
http://www.ams.org/mathscinet-getitem?mr=3390739
http://www.ams.org/mathscinet-getitem?mr=1707339
http://www.ams.org/mathscinet-getitem?mr=2243761

1898

(23]
[24]

[25]

[26]
(27]
(28]
[29]
(30]
(31]

(32]

(33]
(34]
(35]
(36]

(37]

(38]

(39]
[40]
(41]

[42]

A. SAPOZHNIKOV

KRENGEL, U. (1985). Ergodic Theorems. Walter de Gruyter, Berlin. MR0797411

KuMAGAL, T. (2014). Random Walks on Disordered Media and Their Scaling Limits. Lecture
Notes in Math. 2101. Springer, Cham. MR3156983

MATHIEU, P. and PIATNITSKI, A. (2007). Quenched invariance principles for random walks
on percolation clusters. Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 463 2287-2307.
MR2345229

MATHIEU, P. and REMY, E. (2004). Isoperimetry and heat kernel decay on percolation clusters.
Ann. Probab. 32 100-128. MR2040777

MORRIS, B. and PERES, Y. (2005). Evolving sets, mixing and heat kernel bounds. Probab.
Theory Related Fields 133 245-266. MR2198701

MOSER, J. (1961). On Harnack’s theorem for elliptic differential equations. Comm. Pure Appl.
Math. 14 577-591. MR0159138

MOSER, J. (1964). A Harnack inequality for parabolic differential equations. Comm. Pure
Appl. Math. 17 101-134. MR0159139

NASH, J. (1958). Continuity of solutions of parabolic and elliptic equations. Amer. J. Math. 80
931-954. MR0100158

NGUYEN, T. A. (2014). Quenched invariance principle for random conductance model Master
thesis Berlin.

PROCACCIA, E., ROSENTHAL, R. and SAPOZHNIKOV, A. (2016). Quenched invariance prin-
ciple for simple random walk on clusters in correlated percolation models. Probab. Theory
Related Fields 166 619-657. MR3568036

RATH, B. and SAPOZHNIKOV, A. (2011). On the transience of random interlacements. Elec-
tron. Commun. Probab. 16 379-391. MR2819660

RATH, B. and SAPOZHNIKOV, A. (2013). The effect of small quenched noise on connectivity
properties of random interlacements. Electron. J. Probab. 18 no. 4, 20. MR3024098

RODRIGUEZ, P.-F. and SZNITMAN, A.-S. (2013). Phase transition and level-set percolation
for the Gaussian free field. Comm. Math. Phys. 320 571-601. MR3053773

SALOFF-COSTE, L. (1992). A note on Poincaré, Sobolev, and Harnack inequalities. Internat.
Math. Res. Notices 2 27-38. MR1150597

SALOFF-COSTE, L. (1997). Lectures on finite Markov chains. In Lectures on Probability The-
ory and Statistics (Saint-Flour, 1996). Lecture Notes in Math. 1665 301-413. Springer,
Berlin. MR1490046

SIDORAVICIUS, V. and SZNITMAN, A.-S. (2004). Quenched invariance principles for walks
on clusters of percolation or among random conductances. Probab. Theory Related Fields
129 219-244. MR2063376

SIDORAVICIUS, V. and SZNITMAN, A.-S. (2009). Percolation for the vacant set of random
interlacements. Comm. Pure Appl. Math. 62 831-858. MR2512613

SZNITMAN, A.-S. (2010). Vacant set of random interlacements and percolation. Ann. of Math.
(2) 171 2039-2087. MR2680403

SZNITMAN, A.-S. (2012). Decoupling inequalities and interlacement percolation on G x Z.
Invent. Math. 187 645-706. MR2891880

TEIXEIRA, A. (2009). On the uniqueness of the infinite cluster of the vacant set of random
interlacements. Ann. Appl. Probab. 19 454—466. MR2498684

DEPARTMENT OF MATHEMATICS

UNIVERSITY OF LEIPZIG

AUGUSTUSPLATZ 10

04109 LEIPZIG

GERMANY

E-MAIL: artem.sapozhnikov@math.uni-leipzig.de


http://www.ams.org/mathscinet-getitem?mr=0797411
http://www.ams.org/mathscinet-getitem?mr=3156983
http://www.ams.org/mathscinet-getitem?mr=2345229
http://www.ams.org/mathscinet-getitem?mr=2040777
http://www.ams.org/mathscinet-getitem?mr=2198701
http://www.ams.org/mathscinet-getitem?mr=0159138
http://www.ams.org/mathscinet-getitem?mr=0159139
http://www.ams.org/mathscinet-getitem?mr=0100158
http://www.ams.org/mathscinet-getitem?mr=3568036
http://www.ams.org/mathscinet-getitem?mr=2819660
http://www.ams.org/mathscinet-getitem?mr=3024098
http://www.ams.org/mathscinet-getitem?mr=3053773
http://www.ams.org/mathscinet-getitem?mr=1150597
http://www.ams.org/mathscinet-getitem?mr=1490046
http://www.ams.org/mathscinet-getitem?mr=2063376
http://www.ams.org/mathscinet-getitem?mr=2512613
http://www.ams.org/mathscinet-getitem?mr=2680403
http://www.ams.org/mathscinet-getitem?mr=2891880
http://www.ams.org/mathscinet-getitem?mr=2498684
mailto:artem.sapozhnikov@math.uni-leipzig.de

	Introduction
	General graphs
	The model
	Assumptions
	Examples
	Known results

	Main results
	Some words about the proof of Theorem 1.13
	Structure of the paper

	Perforated lattices
	Cascading events
	Recursive construction
	Isoperimetric inequality

	Properties of the largest clusters
	Special sequences of events
	Uniqueness of the largest cluster
	Isoperimetric inequality
	Graph distance

	Proof of Theorem 1.13
	Proof of Theorem 2.5
	Auxiliary results
	General facts about isoperimetric inequalities
	Selection lemma

	Isoperimetric inequality in two dimensions
	Isoperimetric inequality in any dimension for large enough subsets

	Open problems
	Appendix: Proofs of Theorems 1.16-1.20
	Acknowledgements
	References
	Author's Addresses

