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Abstract. We analyze the joint extremal behavior of n random products of the form ]_[’/?‘: 1 X‘]l_i./' , 1 <i < n, for non-negative,
independent regularly varying random variables X1, ..., X;; and general coefficients a,‘j‘ € R. Products of this form appear for
example if one observes a linear time series with gamma type innovations at n points in time. We combine arguments of linear
optimization and a generalized concept of regular variation on cones to show that the asymptotic behavior of joint exceedance
probabilities of these products is determined by the solution of a linear program related to the matrix A = (g;;).

Résumé. Nous étudions le comportement extrémal multivarié de n produits aléatoires de la forme ]_[;'7:1 X ?ij , 1 <i <n,pour
des variables aléatoires positives, indépendantes et identiquement distribuées X1, ..., X, et des coefficients @;; € R quelconques.
De tels produits apparaissent notamment lorsqu’on observe un échantillon de taille # issu d’une série temporelle linéaire dont les
innovations sont de type gamma. En combinant des arguments d’optimisation linéaire et le concept de variations régulieres étendu
a des cdnes, nous montrons que le comportement asymptotique des probabilités de dépassement de seuil multiples pour de tels
produits est déterminé par la solution d’un probleme de programmation linéaire associ€ a la matrice A = (;;).
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1. Introduction

The tail behavior of products of powers of heavy-tailed positive random variables is of crucial importance in many
applications, particularly in finance, but e.g. in network modeling too. In stochastic volatility time series, the log-
volatilities are usually modelled as linear time series

o
Ino, = Zaim,i, t e’Z.
i=0

If the innovations n;, i € Z, have an exponential or gamma type tail, then the volatility o; at time ¢ is a product of
powers of the regularly varying random variables X; := e", i € Z, with exponents depending on ¢. To assess the risk
of a volatile market at different time points 1, ..., t,, one thus has to analyze probabilities of the type P(]_[;i 1 X ‘;"j >
x,1 <i <n) for suitable exponents a;;. Using a new Breiman type result, it was shown in [6] that these probabilities
also determine the risk of jointly large losses over different periods.

Similarly, in a credit risk model for n risks with k independent factors Zy, ..., Zg, the ith risk is often modeled as
a multiple of exp(zl;:l a;jZ; +Y;) with Y;, 1 <i <n, denoting the idiosyncratic part (cf. [4]). If the Z;, 1 < j <k,
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and Y;, 1 <i < n, have an exponential or gamma type tail, the analysis of the joint tail risk again leads to probabilities
of the above type.

In network modeling, both transmission durations L and rates R arising from one source may be modeled by
regularly varying random variables with different indices «;, and ag (see, e.g., [9]). The total volume of traffic from
one source can then be expressed as X zL X ;’é’" for random variables X, X g which are regularly varying with index —1.
If one wants to determine the probability that different sources contribute large volumes in the same period, then again
probabilities of the above type arise. Moreover, one may introduce dependencies between X and X g for the same or
for different sources by modeling them as products of (partially) identical factors with different exponents.

As the example of log-volatilities demonstrates, the analysis of the joint tail behavior of power products is equiv-
alent to the corresponding analysis for linear combinations of random variables with exponential type tails such that
exponentials of these random variables are regularly varying. Hence the results given below allow a tail analysis in
such settings too.

Motivated by these examples, we analyze the asymptotic behavior of the probability of joint exceedances of power
products, i.e. of

m
P(HX?ij>cix,1§i§n), ¢ >0,1<i<n, (1.1)
j=1

where X; are independent, non-negative regularly varying random variables and q;; are coefficients which may be
negative. We restrict the analysis to the case of a finite number m of factors, but extensions to an infinite number of
factors, using a Breiman-type argument, are possible. In [6], such probabilities were investigated under the restrictive
assumption that no coefficient is negative. It was shown there, that the probabilities behaved asymptotically like a
multiple of [T/L, P(X; > x*7), where k = (k1, ..., kn) is the solution to a linear program determined by the matrix
A = (a;;). While the restriction to positive coefficients a;; seems acceptable e.g. for multi-factor models, it is quite
severe for log-volatility time series. Moreover, essentially only the case n = 2 was considered in [6] and the techniques
employed do not easily generalize to higher dimensions, which limits the applicability of the established results
further.

Using a recently introduced abstract concept of regular variation on cones based on the notion of M-convergence
(see [5,8]), we can avoid all these drawbacks. To this end, we first introduce a non-standard form of regular variation on
the cone (0, 00)"” for the random vector (X1, ..., X,,), from which one may conclude the asymptotics of probabilities
of the type P((X1/x", ..., X,,/x*m) € B) for suitable coefficients k1, .. ., k;;, and sets B C (0, 00)™ that are bounded
away from the boundary of the cone. Unfortunately, in general the sets M = {x € R™ : ]_[;fl=1 x;.li'/ >c¢i,1 <i <n}
pertaining to the probabilities (1.1) are not of this type. Hence, quite involved arguments are needed to prove that the
parts of M close to the boundary of the cone are asymptotically negligible. To this end, auxiliary results are proved in
Section 5.3 which are of interest on their own. In particular, Proposition 5.4 can be seen as a multivariate version of
the direct half of Karamata’s Theorem, cf. Remark 5.5.

The outline of this paper is as follows: In Section 2 an abstract notion of regular variation on cones is briefly
recalled, with a view towards the later application of this concept. Our main results are stated in Section 3, with
Theorem 3.3 being the central conclusion. Proofs of the results are given in Section 5.2 while some auxiliary results
needed in the proofs are gathered in Section 5.3.

Notations and conventions

We write bold letters for vectors, i.e. x is short for (xi, ..., x;) € R" if it is clear that x is of dimension n. The ith
component of x is denoted by x;. We write 0 and 1 for a (column) vector of suitable dimension which consists of only
zeros or only ones. Inequalities for vectors are meant to hold componentwise. We denote the complement of a set A by
A€ and its boundary by dA. For x € R” and A C R"” we set d(x, A) = infyc4 || X —a]||, where || - | denotes the Euclidean
norm. Similarly, we set d(A, B) =infaea pep [a—Db||. For A CR" andr > Oset A" := {x e R" : d(x, A) < r}. Denote
the Borel sigma algebra on R” by B” and for a set A € B" write B’ N A ={B € B" : B C A}. We write A(-) for the
Lebesgue measure on B”.
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2. General regular variation on cones

In the following, we will make frequent use of an extension of the concept of multivariate regular variation which was
introduced in [5] and [8]. For some m € N, let ® : (0, 00) x [0, 00)™ — [0, c0)™, (A, X) > A @ X be a “multiplicatish”
mapping with the following two properties:

(A1) the mapping ® is continuous,
(A2) 1®x=xand for A1, Ay >0 wehave .1 ® (A, ® X) = (A1 - A2) ® x for all x € [0, co)™.

Consider a closed subcone C of [0, 0c0)" w.r.t. this mapping, thatis, L@ C:={A ®x:xe€ C} C C for all » > 0.
The complement O := [0, c0)™ \ C is an open cone, which is assumed not to be empty. We assume that the following
condition holds:

(A3) dx,C) <d(A®x,C)if A >1andx e Q.

The notion of regular variation on Q w.r.t. ®, which is introduced below, rests on the definition of convergence in
the space Mg of Borel measures on (O, B™ N Q) whose restrictions to [0, c0)™ \ C" are finite for each r > 0. Denote
by C*(Q) the class of non-negative, bounded and continuous functions f on O vanishing on C" for some r > 0. We
endow M with the topology that is generated by open sets of the form

{UGM@:‘/ﬁd\)—/ﬁd/L

with u € Mg, f; € CT(0), i =1,...,k, and € > 0. A Portmanteau Theorem (cf. [8], Theorem 2.1) shows that
convergence of measures v, to a measure v in this topology is equivalent to the convergence v,(A) — v(A) for all
Borel sets A in O which are bounded away from C and for which v(dA) = 0.

<e,1§i§k}

Definition 2.1 (see [8], Definitions 3.1 and 3.2). A measure v € M is called regularly varying on Q with respect to
the mapping ® if there exists an increasing, regularly varying function c : [0, co) — (0, c0) and a nonzero measure
u € Mg such that

cx)v(x® ) — u(-) in Mg as x — oo.
Lemma and Definition 2.2 (see [8], Theorem 3.1). Definition 2.1 implies that there exists an o > 0 such that
nA® A) =1~ u(A) (2.1)

for all A > 0 and Borel sets A C Q. We call —« the index of regular variation of the measure v in Definition 2.1. The
value of a in (2.1) is equal to the index of regular variation of the normalizing function c in Definition 2.1.

Proof. Equation (2.1) is stated in [8], Theorem 3.1. By this and (A2), we have, for all » > 0 and A in O which are
bounded away from C and for which v(dA) =0, that

c(Ax) . v(x ® A) . v(x ® A) Ww(A) o
im —~ = lim ———— = lim = =
x=00 c(x) = V(AX)®A) oV @MA®A) u®A)

Therefore, ¢ is (univariate) regularly varying with index «. ([

Definition 2.1 unifies several different concepts of regular variation of a random vector X = (X1, ..., X;;) with
values in [0, c0)™ and distribution v.

Example 2.3 (Multivariate regular variation). If ® denotes the usual scalar multiplication A ® x = Ax and C := {0},
then O = [0, 00)™ \ {0} and Definition 2.1 reads as

(%))
cx)P{{—,...,— ) €A ) — u(h)
X X
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as x — oo for all u-continuity sets A C B N[0, 0c0)” bounded away from 0. This is the classical regular variation of
X (see e.g. [10], Section 6.1.4).

Example 2.4 (Ledford—Tawn-model). If C := [0, co)™ \ (0, 00)™, then regular variation on O = (0, co)™ w.r.t. the
usual scalar multiplication has been considered by [7] in the bivariate case m = 2 (after suitable marginal standard-
ization). It is equivalent to the convergence

(2 )
cx)Pl{—,...,— ) €A ) — u(Ah)
X X

as x — oo for all p-continuity sets A C B N [0, 00)™ bounded away from both axes in the case m = 2 resp. from
{x:x; =0 for some 1 <i <m} in the general case.

Note that a random vector X may be regularly varying in the classical sense of Example 2.3 and in the present
sense with different normalizing functions c resp. ¢. If c¢(x) = o(¢(x)) as x — 0o, then X is said to exhibit hidden
regular variation (cf. [10], Section 9.4.1).

Here, we consider a different mapping ® and different cones as well. Let, for « € [0, 00)™,
® : (0, 00) x [0, 00)™ — [0, 00)"™,
()», (x1, .. .,xm)) ARk (X1, ..., X)) 1= (AK‘xl, ...,)L"”’xm).

We want to analyze the asymptotic behavior of m-dimensional non-negative random vectors that have extreme values
in n € {1,...,m} of their components. For ease of notation, assume that the first » components of k are positive
and the last m — n components are equal to zero, so that x“/ — oo as x — oo only for 1 <i < n. Define the cones
C, = ([0, 00)" \ (0, 00)") x [0, 00)" ™" and O,, = [0, 00)" \ C,, = (0, 00)" x [0, 00)" ™" w.r.t. the mapping ®, . Since

d(x,Cp) =min{xy, ..., x,} <min{A“xi,...,A"x,} =d (A ®¢ x, Cy)

for all A > 1 and x € O, the assumptions (A1)-(A3) are satisfied. Note that in the case n = m and k¥ = 1, the regular
variation on O, w.r.t. ®, is equivalent to the concept of regular variation considered in Example 2.4.

Lemma 2.5. Let k € [0,00)" withk; > 0,1 <i <n,and k; =0, n <i <m, for some n < m. Furthermore, let

X1, ..., Xm be independent, non-negative random variables such that X1, ..., X, are regularly varying with index
—1. Then, PXii=<i=m is regularly varying on Q, w.rt. ®, with index —o = — S ki
Proof. From the independence of X1, ..., X,, and the regular variation of X1, ..., X,, it follows that

PED=72m (x @ (X 1< (@i,00)) X (X, jpy[b, 00))))

A, T, P(X; > x%i)
iy Uiz P > aix™D [y PXG 2 b))
x—00 [T, P(X; > x¥i)
n m
=[]« T1 P(ijbj)=:u(< X (al-,oo)) x( X [bj,oo)>> 2.2)
i=1 j=n+1 1<i<n n<j<m

forall q; >0,1<i<n,and b; >0, n < j <m. Since these limits are finite, we have shown that the family of
measures c(x)P(X-/)lﬁme (x ®y -), x > 0, is relatively compact in Mg, (cf. Theorems 2.4 and 2.5 in [8]), where
cx)=T/2, P(X; > x*i ))~!. Furthermore, all accumulation points of this family agree on a generating 7 -system.
Thus, P& D1<j=m is regularly varying on Q, w.r.t. ®,. The index of regular variation follows from Lemma and
Definition 2.2, since c is regularly varying with index Y /_, k; = > - ki. (]
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3. Joint extremal behavior of random power products

In the following, let X1, ..., X,;, m € N, be independent, non-negative random variables, not necessarily with the
same distribution. We will give asymptotics for the joint exceedance probabilities (1.1) of n < m “power products”

m
]_[Xj’ 1<i<n, (3.1)
j=1

over the same threshold x as x — oo for rather general values of a;; € R, 1 <i <n, 1 < j <m. A product may take
the value 400 if X; =0 and a;; < O for some i, j, but throughout we use the convention that +00 -0 =0 and 0° = 1.

In order to derlve our results we make some assumptions about the tail behavior of the X ;, 1 < j <m. We assume
that all or at least the “relevant” (in a sense specified below) X ;, 1 < j < m, are regularly varying with index —1.
We will see that the joint extremal behavior of the products in (3.1) is closely related to the solution of the linear
optimization problem

m
find x > 0 such that Ax > 1, in — min! 3.2)

with A = (a;j)1<i<n,1<j<m € R™™ Before we give proofs for the asymptotic behavior of the joint exceedances, we
want to motivate the connection of our question to the linear optimization problem in (3.2). To this end, assume for
simplicity that a;; > O forall 1 <i <n,1 < j <m.Lety > 0 be a feasible solution to (3.2), i.e. Ay > 1. Note that for

all x > 1

m
). . a;;j m .
Xj>x, 1=jz=m = J[X{zxZm9 =y 1=<izn,
j=1

by (3.2) and thus

(HX”>xl<t<n>>l_[ (X; > x%7). (3.3)

If all X;, 1 < j <m, are independent and regularly varying with index —1, the right hand side is a regularly varying
function in x, with index & = — >~ y;. Now, the smaller the value of |«|, the slower is the decay of the function
on the right hand side as x — oo. So, heuristically, if the value of |¢| and thus the value of Z —1 Yj is minimized,
this is the most likely combination of extremal events for the single X ; which leads to joint extremal behavior of the
power products (3.1). We will see in Theorem 3.3 that the right hand side of (3.3) is not only a lower bound for the
joint exceedance probabilities but also, under some additional assumptions about real valued A, tail equivalent to it.
For a general (not necessarily non-negative) matrix A, the next theorem gives upper and lower bounds for the order of
decay of the joint exceedance probabilities.

Theorem 3.1. Let X1, ..., X, be independent non-negative random variables. Let k = (k1, ..., km)T be an optimal
solution to (3.2).

(a) Assume thatall X, 1 < j <m, are regularly varying with index —1. Then for all € > 0,

m
x—zyml’(f—fzg(P(HX?U >x,1§i§n>), X — 00. 3.4

j=1

(b) Assume that E(Xl._‘s) <00, 1 <j<m,forall § € (0,1), and additionally that there exists ¢ > 0 such that
P(Xj>c)=1forall1 <j<mwithk;=0.Then forall e >0,

m
P<l_[ X?ij >x,1<i< n) =o(x_Z7'='K’+€), X — 00. 3.5

J=1
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Remark 3.2. In contrast to the other results of this and the following section, the assumptions of Theorem 3.1(b) do
not include regular variation of at least some of the X;, 1 < j < m. Note, however, that regular variation with index
—1of X1,..., X,, implies that E(le.—“) <o00,1<j<m,forall§ € (0, 1).

The proof is given in Section 5.1. Under some additional assumptions about the structure of A, the following
Theorem 3.3 gives precise asymptotics for the joint exceedance probabilities of the random power products.

Theorem 3.3. Let A = (a;;) € R"*™, n <m, be such that the optimal solution k to the linear optimization problem
(3.2) is unique with n positive components and denote by A, € R"*" the matrix which is derived from A by deleting
all columns 1 < j <m for which kj = 0. Then this matrix is invertible.

Let X1, ..., X, be independent non-negative random variables and assume that there exists € > 0 such that for

1<j<m withkj>0: Xjisregularly varying with index — 1,

ATAIA)j+e
I<j<m with;=0; E(XjT | ) <co and (3.6)
E(XE.I A; A)j—e) .
Then
. P} X7 > cix, 1<i <n) .
=00 1< jemu;»0) P(Xj > x") :
—aTA-ly,
:'“'%a—(A; [T 200" = X eno0) 69
i=l1 ot juj=0 1<i<n
m

for all ¢; > 0, 1 <i < n. In particular, the distribution of (szl X;fij)15i5n is regularly varying on (0, 00)"
w.rt. scalar multiplication (in the sense of Example 2.4). The normalizing function can be chosen as c(x) =
(H{lgjgm:xj ~op P(Xj > X))~ and the corresponding limit measure is yu as above. The index of regular variation

is equal to — 3 kj = —17A7"1.

TA—1 .
Remark 3.4. Given the expression in (3.8), it is obviously necessary to assume that E (X (TACA),; ) < oo for all
1 < j <m with «; =0 in order to ensure that the limit in (3.7) is finite. The actual assumption about the moments of

those X ; with «; = 0 which is stated in Theorem 3.3 is similar to the assumption in Breiman’s lemma (cf. [2]) in that
ara;
J

theorem. Furthermore, note that for (ITA,;IA) ;j > 0 only the first moment assumption is necessary, the second follows
for € > 0 chosen small enough. On the other hand, if (lTA,;lA) j < 0, then only the second assumption is necessary.

Only in the case (ITA;]A) j =0 both assumptions are necessary.

. . A, . .
we need a little more than the finiteness of the moments E (X )j ) in order to apply a dominated convergence

Remark 3.5.

(a) Under the given assumptions the vector ITA;1 which appears in the statement of Theorem 3.3 is the transposed
of the unique optimal solution to the so-called dual problem to (3.2), which is given by

n
find x > 0 such that ATx < 1, in — max!, (3.9)
i=1

see the proof of Theorem 3.3 and (5.18) for details. This implies that AT A'A)T = ATATA;HT <1 and by
the assumed uniqueness and non-degeneracy of the solution even (lTA,;lA) j <1 for those j with k; =0, cf.
the remark after (5.27) in the proof of Theorem 3.3. Therefore, the assumptions in (3.6) are always satisfied if all
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X, 1< j <m, are regularly varying with index —1 and bounded away from O (or their distributions concentrate
sufficiently little mass around 0).
(b) For a general linear program of the form

m
find x > 0 such that Ax > 1, szxj — min! (3.10)
j=1

with optimal solution k, the value of z; — (ITA;1A) ;j is sometimes called the reduced cost of variable 1 < j <m.
If k; = 0 in the optimal solution, then this solution is not affected by a change of z; in the objective function
in (3.10) as long as z; > (ITA;IA)]-, cf. Section 2.5.1 in [11]. In the context of Theorem 3.3, the values of
(ITA,;IA) j for j with k; = 0 can be interpreted in a similar way, since the left or right tail behavior of these X ;
does not influence the extremal behavior of the random products (except for a possible change in the multiplicative
constant of the limit) as long as there exists € > 0 such that

P(X; > x) =0~ "AN=) if (1TATA) >0,

P(Xx7'>x)=0(x1"4Ni=) i (17A,'A)

J =0.

J

The proof of Theorem 3.3 is given in detail in Section 5.2, but we want to lay out briefly the main idea here. To
this end, assume w.l.0.g. that the first n components of k are positive and the last m — n components are equal to zero.
The main idea is to use the regular variation of the measure v := @/, PXi (where P¥i stands for the law of X;) on
0, w.r.t. ®,, cf. Lemma 2.5. Furthermore, we show that under our assumptions the equality Ax = 1 holds. Then,

m
P<HX7’7 >c,-x,1§i§n)

j=1

nosx o\ i
=P([[| ) >c.l<izn|=v@x® M) (3.11)
xi

j=1

for

m
M=M(A, c):= ixe [0, o)™ : nx?ij >c,1<i Sn}.
j=l1
The next step is to apply the Portmanteau Theorem (cf. Theorem 2.1 in [8]) to show convergence of the right hand side
in (3.11) under suitable normalization as x — co. Note, however, that the set M is not bounded away from C,, (cf.
Section 2), so we cannot directly apply this argument. As an intermediate step, we therefore have to show that we can
replace M by M N (8, 00)" x [0,00)™ ™", 5 > 0, in (3.11) and that under the necessary normalization the difference is
negligible as § \ 0.
The following example illustrates the statements of Theorem 3.3 and in particular the role of negative coeffi-
cients a;;. It also demonstrates applications of Theorem 3.3 for the extreme value analysis of time series.

Example 3.6. Let (¥;);cz be a log-linear time series of the form
In(Y;) =In(X;) — 0.5In(X,41), te€Z,

where X, t € Z, are i.i.d. and regularly varying with index —1. Using Theorem 3.3, we can derive the asymptotics
for the probability that three consecutive extreme observations of similar magnitude occur, i.e. for P(Y] > c1x, Y2 >
cx, Y3 > c3x),¢i >0,i =1,2,3. Rewrite this probability as

4
P(XIXEO'5 > C1X, Xngo'S > (X, )(3X470'5 > C3x) = P(l_[ inj >cix, 1 <i < 3)
j=1
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with

0 O 1 -0.5

The optimal solution to (3.2) is then given by « = (7/4,3/2,1,0) and this solution is unique with three positive
components. Furthermore,

-1

1 =05 O
1"A'A), =110 1  —05] A| =((1.3/2,7/HA),=-7/8.
0 1
4
Let us first additionally assume that E (X4_7/ 8_E) < oo for some € > 0. Then all assumptions of Theorem 3.3 are
satisfied and the random vector (Y1, Y2, ¥3) is regularly varying on (0, 00)® with respect to scalar multiplication. The
index of regular variation is equal to — Z?:l kj = —17/4 and the limit measure y is given by

3
8 | —3/2 —7/4 ~7/8
M(X(ci,m)>=ﬁc1‘c2 e E(X]T).

i=1

Note that the negative exponents do influence the solution of the optimization problem and hence the index of regular
variation. If, for instance, in the matrix A —0.5 is replaced with —0.25 everywhere, the optimal solution is given by
(21/16,5/4, 1, 0) and the index of regular variation equals —57/16.

If the assumption E (Xf/ 876) < 00 is not satisfied, Theorem 3.3 may still be helpful. For instance, let us assume

that X;l is regularly varying with index —1/2, so that the above moment assumption does not hold. But since this
assumption implies that X 4_1/ 2is regularly varying with index — 1, we can write the above joint exceedance probability
as P(TT4 XV > cix 1 <i<3)for X;=X;, 1< j<3, X4 = x; '/ and

) 1 —05 0 0
A= (@ijh<i<3i<j<a=|0 1 =05 0
0 0 1 1

If we replace A in (3.2) by A, then the optimal solution is given by £ = (3/2, 1, 0, 1) and this solution is unique with
three positive components. Furthermore,

-1

1 0
o] A| =(11.3/2,DA),=1/4.
1

—0.
A"A'A), =170 1
0 0

5

3

Since E (X;/ 4—H) < oo for € € (0,3/4) by our above assumptions, we can apply Theorem 3.3 also in this case to

obtain again that (Y1, Y2, ¥3) is regularly varying on (0, c0)> with respect to scalar multiplication. But now the index
of regular variation is equal to — Zj:l kj = —7/2 and the limit measure /i is given by

3
N 2 32— 1/4
u(X(ci,OO)>=§c1 Ley e E (x5,

i=1

4. Extremal behavior of subvectors

According to Theorem 3.3, the regular variation of random vectors (]_[;’7=1 Xj."j )1<i<n on the cone (0, c0)" depends

on the solutions to the linear optimization problem (3.2). In this section we discuss implications for the extreme value
. a;i .

properties of subvectors (]_[’}’:l X; Nier with I C{1,...,n}.
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We start with a simple result about the indices of regular variation under the assumption that both the full vector
and the subvector are regularly varying on (0, 00)” and (0, co)!|, respectively. Indeed, even if the subvector is not
regularly varying on (0, co)!l, we can give a lower asymptotic bound for the joint exceedance probabilities of its
components.

Corollary 4.1.
(a) Let (Yy,...,Yy,) be an arbitrary random vector which is regularly varying on (0, 00)" with index —«. Further-
more, assume that, for iy < --- <ig, k <n, the random vector (Y;,, ..., Y;,) is regularly varying on (0, 00)k with

index —a'. Then o > o
(b) If the assumptions of Theorem 3.3 are met with optimal solution k and X j, 1 < j <m, are regularly varying with
index —1, then, forall i} < --- <ip, k <n,

m

s ajj . .

X Z’='K’=0<P<HXJ~U>x,l=ll,...,lk>>, as x — 0o.
j=1

Proof. (a) The proof of Lemma 2.2 shows that by our assumptions x — P(Y; > x,i=1,...,n) and x — P(Y¥; >

X,i =1I1,...,1i) are univariate regularly varying functions with indices —« and —a’, respectively. Therefore, by [1],

Proposition 1.3.6(i),

InPY;>x,i=1,...,n) . InPY;>x,i=i1,...,0k)
< lim

/
= —.

—a = lim <
X—>00 Inx X—>00 Inx

(b) For all linear minimization problems based on a matrix A, the optimal value Z'/": 1 kj can only decrease
if we delete rows from A which corresponds to deleting constraints in the optimization problem. Furthermore, we
assumed that the solution k of the full linear program defined by A is unique with n positive components (thereby
non-degenerate) and therefore all constraints are binding. Then the solution to the dual program (3.9) is unique as
well (see [11], Theorem 2.11). By the strong complementary slackness theorem ([11], Theorem 2.6), the dual prices
of all constraints are positive, and thus by Theorem 2.7 in [11] the shadow prices of the constraints are positive as
well. Hence any change in the constraints influences the value of the optimal solution ([11], Section 2.5.2), and so the
solution to the linear program with fewer constraints is strictly smaller than the optimal solution of the original linear
program. An application of Theorem 3.1(a) then leads to the result. (]

Unfortunately, in general, a subvector of a vector which is regularly varying on (0, 00)" does not need to be
regularly varying. The following example shows that not even the marginal distributions must be regularly varying in
this case.

Example 4.2. Let X, X7, X3 be independent and let X| and X, be Pareto(1) distributed, i.e. P(X; > x) = x~ L
x >1,i =1,2. Furthermore, let P(X3 > x) = x’l(l + sin(Inx)/2), x > 1, which is a proper survival function, but
not regularly varying. Let now

1 05 2

Then the unique solution to (3.2) is given by k = (2/3,2/3, 0), and for € < 1 we have

A;IA)re)

E(xTAN) _px) <00, E(XW = E(X;) < 0.

Hence, by Theorem 3.3, (X1v/X2X2, VX1 X2, X N 2) is regularly varying on (0, 00)?, yet lengthy calculations show
that
1

P(Xl\/X72X§ > x) = ﬁ(g + % sin(ln(x)/Z) — gcos(ln(x)/Z)) + O(x_l),

which is not a regularly varying function.
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In the above example, the irregular behavior of the marginals is due to one irregular factor in the random products.
The following example shows that even if all X; are exactly Pareto distributed, the regular variation on (0, co)" of the

full vector does not imply regular variation of subvectors.

Example 4.3. Let X;,i =1,...,4, be independent and Pareto(1) distributed, and

2 3 4 6
A= (ajj)<i<zi<j<a =4 2 3 3
3 4 2 —-10

Then the unique solution to (3.2) is given by k¥ = (1/9, 1/9, 1/9, 0), and thus, by Theorem 3.3, the random vector
(]_[‘]‘-=1 Xj."j )1<i<3 is regularly varying on (0, 00)3. However, if we only consider the first two components, which
amounts to deleting the last row of A, the resulting solution to (3.2) is given by «’ = (0, 0, 0, 1/5). Since this solution
has only one positive component, the assumptions of Theorem 3.3 are no longer met. Instead, for c1, c; > 0, we have

i P(X2X3X3X$ > cix, X1 X3X3X3 > cox)
x—00 P(X3 > x)

_ iy PlminGe oG e XXX > 0
¥=09 P(X3 > x)

= PE(XGXPX),

by Breiman’s lemma, cf. [2], and a monotone convergence argument. However, the Borel measure p on (0, oo]2

determined by ©((c1, 00] X (c2,x]) = CZ_I/SE(XT/SX?SX;/S) for all ¢y, ¢y > 0 is concentrated on {oo} x (0, co].

Therefore, (]T;zl inj)lfifz is not regularly varying on (0, oo)z.

As these examples show, in general one cannot conclude the regular variation of subvectors from the regular
variation of a larger vector. Indeed, there are no general rules how to determine the optimal solutions to a reduced
linear program from the optimal solution of a full linear program after omitting some constraints.

5. Proofs and auxiliary results
5.1. Proof of Theorem 3.1

Proof. We start with the proof of (a). The optimal solution « to (3.2) lies in the closure of
NA):={zeR":Az>1}.

Since the ray {z € R™ :z = (1 + §)k, § > 0} is a subset of the open set N (A), for all € > O there exists €’ > 0 such that

m
€ €
Ki 1+7>—6/,K-<1+7)+6/>CN(A).
Qo1+ 55 ) -+ 5
Thus, for x > 1,

m
P(HX?” >x,1§i§n>

j=1

m
zP(]‘[Xj"f'>x,15i5n, ande>O,1§j§m>
j=1
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P((IH(X'/)> c N(A))
@) /i<jzm

Kj (1+ )—€ K (14 s=——)+¢€’
21_[ s iy <Xj<xj 2271k ).
By the regular variation of X1, ..., X,,, the expression on the right-hand side is of larger order than
m —Kj (1+ )‘I’E/*L m € € m
l_[ : o B M L e e P Y L AP

which proves (a).
For the proof of (b) let us for simplicity assume that ¢ > 1 so that P(X; > 1) =1 for those 1 < j <m with x; =0.

The modifications for general ¢ > 0 (substitute X ; /c for X ;) are simple. Let A be as in Lemma 5.2(a) (see Section 5.3
below), so that we have

m
= Hmax(Xj, D% >x, 1<i<n,
j=1

where we have used that g;; > 0 forall 1 < j <m with k; >0 and X; > 1 for 1 < j <m with «; = 0. The last
inequalities imply that for x > 1

”, _ In(max(X;, 1))
Za,-~—>
— In(x)

" In(max (X ;, "
= Z ln(x)j 22::

j=1

because otherwise k could not be an optimal solution to (5.36), in contrast to Lemma 5.2(a) and our assumptions.
Thus, for x > 1,

m m
P(l—[ X >x1<is n) < P(l_[ max(Xj, 1) zxz'f"=1"-f>. (5.1)

j=1 j=1

By our assumptions, for all § € (0, 1),

m 1-8 m
E((Hmax(xj,1)> ) :HE(max(Xj,l)l_‘s) < 00
Jj=1 j=1

and by the Markov inequality and (5.1) we conclude
m
P (]_[ X >x1<i< n) — O (x~ Xm0
j=1

forall § € (0, 1). Choosing 8 <€/, k; yields (3.5). O
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5.2. Proof of Theorem 3.3

In order to prove Theorem 3.3, we first deal with a setting that covers a slightly more general case for the solution of
the linear program (3.2) than the one assumed in the statement of Theorem 3.3. The proof of this result is by induction
on the number of positive components in the unique optimal solution to (3.2). Several auxiliary results needed for the
proof can be found in Section 5.3.

Proposition 5.1. Let A = (a;;) € R"*™ with n,m € N be such that the solution k to the linear optimization problem
(3.2) is unique with Ak = 1. Define J ={j €{1,...,m} :«; > 0}.
Let X1, ..., X, be independent non-negative random variables. Assume that

for jeJ: Xjisregularly varying with index —1,
forjell,....m}\J: P(X;=1)=1 and E(X]°)<oo forallse(0,1).
Then,

P17, xj”f >x,1<i<n)
lim

x—00 [ljes P(X; > x*9)

- / [Tx7°2(dG)jes) ® PEDi# (d(x)) jgs) € 10, 00)
MA) ey

with M(A) == {(x1, ..., xn) € [0, 00" : [T, xj"f' >1,1<i<n).

Proof. The proof is by induction on the number / of positive components in the unique optimal solution «. Note that
k > 0 and that at least one component of k has to be positive in order to satisfy Ax > 1. In the following, we assume
w.l.o.g. that the first / € N components of k are positive and the last m — [ components are equal to zero (if this is not
the case, interchange the X;’s and the corresponding columns of A accordingly).

We start now with the case / =1, i.e. k1 > 0 and k; =0 for 2 < j < m. Our assumptions imply that a;;x; = 1 for
all1 <i<n,ie aj=--=ay andk; =a;,', 1 <i <n. Thus,

m
ajj . ajjKy
P<1_[1Xj >x,1§l§n> <X11121i1n<1_[X >>x ) 5.2)
j=

If the linear program

ai - dim m—1
find x € [0, 00)" ! such that S Z Xx; — min! (5.3)

an2 -+ dpm

has no feasible solution, then

m
min Zaijxj,l <1 Vxel0,00)" !,

I<i<n 4

and thus

m
. ajiK
min HX.” "l <€ as., (5.4)
1<i<n\} 5 J
j=
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because In(X>), ..., In(X,,) > 0 almost surely by our assumptions. On the other hand, if there exists a feasible solution
to (5.3), then there exists € > 0 such that all feas1ble solutions X to (5.3) satisfy )\ x, > K1 + €, since otherwise

there would exist a solution X’ = (0, xl, N 1)T # (x1,0,. LT to (3.2) with Z] | x < k1, in contradiction to
our assumptions. Hence, an optimal solutlon to (5.3) exists w1th I x, > k1 + €. By Theorem 3.1(b) we have

P| min Xa”KI > = o(x 1€/ — 00.
<1<1<n<1_[ * 0( ) *

So, whether there exists a solution to (5.3) or not, we have

1+€/(4x1)
ajiKy
min X / <00

and we may thus apply Breiman’s lemma, cf. [2], to derive the asymptotic behavior of (5.2) as x — oo. This gives us

i P(]_[;-"=1 inj >x,1<i<n)
im

xX—00 P(X1 > xk1)

e ({1)

/;xe 0,00)™: x1>max1<,<,l(]_[/ —X;

XA (dx) ® PE2=i=m (d(x )2 j<m)

—ajjKy

f @ xl_zl(dxl) ® PX)2=jzm (d(x)2<j<m),
{XE () OO)”’ I—[m lle] >],1§i§n}

which concludes the proof in the case [ = 1.

For the induction step, assume that Proposition 5.1 holds for all matrices A* € R Xm* p* m* € N, for which the
corresponding linear program (3.2) (with A replaced by A*) has a unique solution «* and for which A*x* =1 and
at most [ — 1 > 1 components of k* are positive. In the following, assume that « has ! positive components, again
w.l.o.g. the first / ones.

Define the map ®, as in Section 2. From Lemma 2.5 we get that P(Xi)i1<j=m is regularly varying on O, with respect
0 Q.

Now, with Ax =1 we have

i ajj . = Xj 4 .
P HXj >x,1<i<n]|=P l_[ e >1,1<i<n

j=1 j=1
=PXex®, M),

where X = (X1, ..., X;;) and

M=M(@A):= {xe[O,oo)m : ﬁxjff >1,1 §i§n}.
j=1
For § > 0 write
PXex®cM)  PXex® (MN((3,00) x[0,00)")))
l—lﬁzl P(X; > x¥i) Hﬁ:l P(X; > xk)
N P(X €x ®, (MN((8,00) x[0,00)"H)))
[Ticy P(Xi > x¥) ‘

(5.5)
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We will first show that the second summand in (5.5) tends to zero as first x — oo and then § N\ 0. Note that

P(X €x ®, (MN((8,00) x[0,00)" 1))

lim lim sup

N0 x—o0 [Tio; P(X; > x%0)
1
P(X M, X < 5x¥*
< Z lim lim sup ( elx Be k=9% ). (5.6)
=1 INO x>0 Hi:l P(Xi > xKi)

We will show that all summands in (5.6) equal zero. To this end, note first that we may apply Lemma 5.2(b) to the
matrix A, i.e. there exists a matrix A such that « as above is the unique solution to the linear program (5.36) with
ajj>0forl<i<nand1<j<[and Ak =1. We have

m
P(Xex®cM, X <8x*) = P(]_[X‘j’."f >x,1<i<n, X <5ka)
j=1

m ~
< P(l_[ Xj‘f Ssx,1<i<n, X; < Ska) (5.7)
j=1

by Lemma 5.2(b). For ease of notaEion, we restrict ourselves to the analysis for the summand k£ = 1 in (5.6). For C > 0,
use (5.7),a;1 > 0,1 <i <n,and Ax =1 to write

PXex® M, X <dx)
[T P(X; > x<)

P}y X7 > x, 1 <i <n, X; <8x<1)
<

- [T, P(Xi > x%i)

4jj/aj

Sipoy PCSE > 271 3y < sy pim=rsn TG g
[Tioy P(X; > x%i)

i m o Xj\ajj /)
f(a—l X¥1/C] P(% >z /P(X) > x<rypTEE =2 CFp)™ (dz
- ,
Hf:zP(Xi > xki)
I mXj\ajj/lag
St ey PORE > 271, Xy < sy pritsisn TU=Ca P g
n ,
]_[f-:l P(X; > x¥i)
=:1(x,6,C)+1(x,6,C). (5.8)

We deal first with / = I(x,8,C). Use g;j/a;1 >0,1<i<n,2<j<l,andx;=0and P(X; > 1) =1,l < j<m,
to obtain

m ~ m ~
, aij  ( Xj . aij X
min —In{ —= ) < min — | In{ — a.s. 5.9
I<i<n % a;y X I<i<n“—~ a;y X))
j=2 j=2

Choose € € (0, 1) according to Lemma 5.3 such that the expression on the right hand side of (5.9) is a.s. bounded by

|~ X;
e Z<l(—))
Jj=2 +
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For this € > 0, there exists C > 0 such that

P& >z |
T o te Vi<z<xM/cC, c
P(Xq > x¥1) =(+ez Se=x/Cx>

by Potter’s bounds applied to x — P (X > x) (cf. [1], Theorem 1.5.6). So, for § < 1, the numerator of I (x, §, C) is
bounded by

ajj/aj

l+e pMini<i<n [m_z(*xxj- )
(I+e)z ™ P =7 = (d2)
8~1,00)

m ¥
i 1 ajj /di )< j<m
=/~ (146 min [T/ pGrpasizn gq)
M(A.5)

l<i<n J
j=2

1—['" X
5/~ _ (1+¢€) max(l,zj)1*€P(ij )ZSJSm(dZ)
M(A,8) i

m X
. J .
< 2 / o] P an
(B2 jemel0,1—eym—1 7 MAD) j=2

with

m ~ ~
M@, ) = {(zz, o zm) €10, 00)" L 1m_in zj”/a” >8!
<i1<n
sisnip

Note that 22":2 aixkr > 0, 1 <i < n, by our assumptions about A and k and let

D(8) := min § %1/ Li=adikkk 5 () (5.10)
1<i<n
and
A= (0)\cyapaeiom = (;mai{ ) : (5.11)
st=mes)= > k—n AikKk l<i<n2<j<m
Hence,
mo
M(A, ) C {(Zz, o zm) €10, 00" 1 1m}in zj” > D(8)}.
=i=n j:
Note that a feasible solution to the linear program
m
findx = (x2, ..., xm)" > 0 such that A’x > 1, Zx,- — min! (5.12)
i=2
is given by = (ka,..., Km)T with A/k’ =1. Furthermore, this is also the unique optimal solution to (5.12), because
if there would be another feasible solution (x3, ..., x,)7 to it with Yax < Yk, then X 1= (kp, x2, .., X)) T

would be a solution to (5.36) as well because of

Ax' = ((51'1'(1-1-251'1')6]‘) ) > ((5i1K1+ZﬁikKk) ) =1,
j=2 l<i<n k=2 1<i<n
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as Ak = 1. This would lead to a contradiction to our assumption about the uniqueness of ¥ and Lemma 5.2(b). Thus,

2 (1+6)1—[1 QZﬁ]P )2<j<m(d )
Z {z:mini<i <, [17, zj” >D(8)}

Hﬁ:z P(X; > x*i)

1<

(B)2<j<m€l0, 1€}~

[Ty 7 P @09 (az)

f ”
a. .
Z {z:minj <; <, n;n:z ij_/ >1}

I .
(B2<j<mel0, 1! [Miza P(Xi > (DE)x))

i P > (DO)X))
]_[522 P(X; > x*i)

[
(+e [ D@)FH.

j=2

Now, by Proposition 5.4 combined with the induction hypothesis and the properties of A, the first factor of each
summand in the above expression converges to the finite expression

/ Hxﬂ/ Hx d(xj)2<1<l) ® PXii<izm (d(xj)l</<M)
M(A’ i
as x — 0o, whereas the remainder of the expression converges to
!
(A+e) [[ D@1~k
j=2

with k(1 — ;) > 0 for 2 < j <[ by our assumptions. The first limit does not depend on the value of § > 0, while the
second converges to 0 as § N\ 0 and thus D(8) — oo by (5.10). We have thus shown that

lim limsup I (x, 5, C) =

INO x>0

for C large enough. Let us now deal with I = II(x, §, C) from (5.8). We have

P (min <j <y 1-[';1:2(%)&[_//@] > x¥1/C)

11 <
[Timy P(Xi > x)
P(H’;l:zmaX(L Xj)ai-’ >x/CU,1<i<n) . ]_[521 P(max(1, X;) > x*i)
- [Ti—; P(max(l, X;) > x*i) [T, P(X; > x<)
- P(]_[;-”szax(l,xj)ﬁt‘./ >xD'(C),1 <i<n) . [T'_, P(max(1, X;) >x"")’ s

[Tiz) P(max(1, X;) > x*i) [Tio) P(X; > x%9)
where we set

D'(C) := min C~ % >0

1<i<n
for abbreviation. Set

A ~ x(m—1
A" = (@ij)1<i<n2<j<m e R™(m=D
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and consider the linear program
m
find x = (x2, ..., %u)" > 0such that A”x > 1, in — min!. (5.14)
i=2

If this linear program has no feasible solution then

m

min max(1, Xj)é"/' <e as.

1<i<n

sisn
(cf. (5.4) for analogous reasoning), so the first factor in (5.13) equals O for x large enough. On the other hand, if
there exists a feasible solution to (5.14), then there exists € > 0 such that all feasible solutions (x2, ..., x,)7 to (5.14)
satisfy Z;n:z xj > Z'}’zl K j + €, since otherwise there would exist a solution X' = (0, x2, .. ., xm)T # K to (5.36) with
Z;flzl x; < ZT:] K j, in contradiction to our assumptions and Lemma 5.2(b). In the latter case, the numerator of the

first factor in (5.13) is of smaller order than x ™~ Eiaki=e/2 35 x &5 00 by Theorem 3.1(b), while the denominator is

regularly varying in x with index — Z';’: 1 kj and the second factor in (5.13) equals 1 for x > 1. So, in both cases, and
forall C >0 '

}i\I‘I(l)limSllpH(x, 8,C)=limsupll(x,§,C) =0,

X—> 00 X—> 00

and the first summand in (5.6) is equal to zero. All other summands can be treated analogously.
Taken together, we have shown that

o P(X €x ®¢ (M N((8,00) x [0, 00)" "))
lim lim sup =

: 0. (5.15)
N0 x>0 Hi:l P(Xl >.)CKi)

With () as defined in (2.2) we have
P(]_[;-"=1 X% s x,1<i<n)
lim —
X—00 Hi:l P(X,‘ > _xf(,-)
. PXex® M)
= lim 7
X2 [T P(X; > x*i)

P(X €x®c (MN((8,00) x[0,00)"1)))
SN\ 0x—00 l—ll P(X; > x*)

i=1

- g%M(M N (8, 00)! x [0, 00)" 7))
)

= lim [T 22 (dGp)1=j=) ® PEDI<i=n(d(xj)i<j<m)
N0 MN((8,00)! x[0,00"~) )

l
N /M [T A (dGpizia) ® PEP == (d0x))iej<m).
j=1

by monotone convergence where we used that
M N ((0, 00) x [0, 00" ") =M,

because k; > 0 for 1 < j <[ implies that at least one 1 <i < n exists with a;; > 0. But then min;<; <, [];~; Xla” =0
assoonas X; =0,1<j</,s0oM C ((0, oo)l x [0, co0)™ 1.
This concludes the proof of Proposition 5.1. ([
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Proof of Theorem 3.3. Let us again assume w.l.o.g. that the first n > 1 components of k are positive and the last
m — n > 0 components are equal to zero. We start with some implications of our assumptions about the matrix A.
Since the optimal solution k to (3.2) is unique it must be a vertex of the polygon defined by {x > 0: Ax > 1}, cf. [11],
Theorem 1.5. Each vertex of {x > 0 : Ax > 1} corresponds to a so-called basic feasible solution (cf. [11], Theorem 1.2)
of the standard form linear program

m
find x € R™*" such that (A; (=1)-E,)x=1, x>0, in — min!, (5.16)

i=1

where the matrix (A, (—1) - E,) € R"*+" consists of the columns of A in its first m columns and of the columns of
the n-dimensional unit matrix, E,, multiplied with —1 in its last # columns. The basic feasible solutions of (5.16) can
be found by choosing #n linearly independent columns of (A; (—1) - E,) with indices B C {1, ..., m +n}, denoting the
resulting matrix by (A; (—1) - E,)) p and deriving sp = ((sj)jeg)T = ((A; (=1)-E,)g) 1. If s > 0, then we call

T . Xj=195j, iijB,

X =(X1,..., Xm4n)  with {xj 0. ifje(l...min)\B

a basic feasible solution to (5.16). The corresponding solution to (3.2) is given by the first m components of xp,
the remaining last n components of xp are called slack variables. Since we assumed that the first n components
of k are positive and that the optimal solution is unique, it can only correspond to the basic feasible solution with
B ={1,...,n} which implies that A, the matrix which consists of only the first n columns of A, is invertible and
(k1. k)T = (A,C)’] 1 which leads to Ax = 1. Thus, the assumptions about A of Theorem 3.3 are a special case of
the assumptions about A of Proposition 5.1. Furthermore, the optimal value of (3.2) equals

m n
D ki=> k=1 (A1 (5.17)
j=1 j=I

Since we assumed k to be unique with n positive components it corresponds to a non-degenerate solution and the
optimal solution to the dual problem (3.9) is unique and non-degenerate as well, cf. [11], Theorem 2.11. Furthermore,
the optimal solution & to (3.9) is in our case given by

&=, (5.18)
cf. [11], Theorem 2.2. This explains Remark 3.5(a).

Again w.l.o.g. assume in the following that (ITA,;]A)]- =0forn < j <n' withn <n’ <m and that (1TA;1A)]- #*

O0forn’ < j <m.Definenow for1 < j <m

X, for j <n,
. X¢, forn < j <n/,
X: = TA—1 . 519
J X;l Ay A)1+6’ for j > n, (ITAEIA)J, >0, ( )
(ATA;TA) € . —1
Xj I, for]>n’,(1TAK A); <0,
with € > 0 as in the statement of Theorem 3.3 and set furthermore A with
aij, for1§i§n,j§n,
%, forl<i<n,n<j=<n/,
aij = ajj . . ’ 1T A—1AN . (5.20)
ij ATAztA) e forl<i<n,j>n",(1"A;'A); >0,
dij forl<i<n,j>n/, (ITAI;IA)./ <0.

(ATA'A)j—€’
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Obviously, this leads to
m m n
P<l_[ X?" >cix,1<i §n) = P<l_[ Xj” >cix,1<i fn). (5.21)
Jj=1 j=I1

In order to apply Proposition 5.1 we will distinguish between events where X j =1 and those where X j <1 for
n < j <n’. Therefore, for J C {n+1,...,n/}denotetheevent{f(j >1for j e{n+l,...,n’}\],)A(.,~ <1forjeJ}
by B(J), and write

m A
P(l_[ )2'?” >cix, 1 <i Sn)
j=1
m N
= Z P(HX?"’>cix,1§i§n
n'}

Jc{n+l,..., j=1

B(J)) P(B()). (5.22)

For J with P(B(J)) > 0 define now independent random variables X ;J), 1 <j <m, with

pXi for je{l,...,n,n' +1,...,m},
, forjel, (5.23)
PXilXizl o forje{n+1,....n'}\ J.

Furthermore, set AY) with

&(J):{aij, forl <i<nmn,jel{l,...,m}\J, (5.24)

Y —&,’j, forl<i<n,jel.

By independence of the X j’s and of the }A(y)’s, the first factor of each summand in (5.22) is equal to

m
P(]_[(Xﬁ.”)“f(fh > cix, 1 §i§n> (5.25)

j=1

forall J C {n+1,...,n"} with P(B(J)) > 0. The vector k is a basic feasible solution to

m
find x > 0 such that AV)x > 1, in — min!, (5.26)
i=1

because AV = 1, as the first n columns of A are identical to those of A. Furthermore,

ATA'A); =1, if j <n,
e 1aTAA); =0, ifjen+1,...,n"}\ J,
T I
m € (0, 1), if j >n', ATA;'A); > 0,
% € (0,1), if j>n', (1TAZ1A); <0,

which proves that « is the unique optimal solution to (5.26), because 1 — (ITA;]A(J )); is strictly positive for all
non-basic variables n < j < m (cf. the analogue of Theorem 1.6 and the remark after the proof of this theorem in [11]
for a linear minimization problem instead of a maximization problem).
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Letnow J C{n+1,...,n'} and let AY) be the matrix described in Lemma 5.2(c), corresponding to AY) with
A(J) >0foralll <i<n,je{l,...,n,n’+1,...,m}. Then, for ¢ > 0,

mn ()
P(H(X(J)) i >cix,1<i <n>
Jj=1

n NO)
=P<H(X(J)) i >cix,1<i<n, X(J)>c n <J<m>
Jj=1

P
—I—P( (X(J)) i >cx,1<i<n,3n’ <j<m: Xu) c) (5.28)
j=1

\|':|§

and for the second summand we have

- (1ya afy’ ()
HX ’f>c,x1<l<nEIn<]<mX <c

m A(j)

(J) & () & ()

< E | | X i X K, X > 1, K

< < >x1r<nkn<1nck, <c,j€ C]G{n+ }\ )
GAKCin'+1,...,m)

()

= > (I EDY T e

D#KC{n'+1,...,m} je{l,...,n'} je{n’'+1,....mI\K
. R S 14 .
> X min ck<m1nc jeK ”)151511 .
1<k<n 1<i<n

Set

(J)
D) =D(c.cl,....cp) = ( min ck>( min ¢~ Ziek 4 ) ~0

1<k=<n 1<i<n

for abbreviation and note that by our assumptions and Lemma 5.2(c) k is the unique optimal solution to

~ m
find x > 0 such that AUx >1, Zx,- — min!,

with AVk = 1, that P57 = PXi 1< j <n, that X, XY > 1 as. with E(X{") <00, n < j <n' and that

E (max(1, X;.J))) < 00, n’ < j < m. Therefore, apply Proposition 5.1 to obtain for @ # K C {n' + 1, ..., m}

OON I 5(J)\ad .
P(l_[je{l,...,n/}(xj )i I—[je{n/+1 .... mpkx max(l, X; Yii > D(c)x, 1 <i<n) Sk
- = — (D(c)) D(J)),
[T, P(X; > x*)

as x — oo for some finite constant D(J) which does not depend on c. As D(c) — oo for ¢ N\ 0 we conclude from
(5.28) that

m o a .
PTo (X7 >cix, 1<i<n)
lim

X—00 l_[.’;:l P(Xj > x¥i)

~(J) ~
P(]_[J l(X(.J))a"-/ >c,-x,1fifn,X(.J)Zc,n’<j§m)
=lim lim / / )

5.29
e\ x—00 [Tj=i P(X; > x*9) (5.29)
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Let now
ci(c)=cic 241 &"(fj) =cic DD &ij, 1<i<n.
Then

NPFNNY)) R
; P(I—[;-"Z](X;J))afi >cix,1<i<n, X;J) >c,n' < j<m)
im

xX—00 1‘[;’,:1 P(Xj = xk_/')

-1
m n
= lim [T PR} = c)(l_[ P(X;> fo))

j=n'+1 j=l

n o ROV
.P(l_[(X(J)) ij 1_[ <+> >ci(o)x,1<i<n

j=1 j=n'+1

min f(;’ ) > c). (5.30)

n'<j<m
The last factor in the above expression can be written as
a NN
P H(Xj ’ ) b >ci(c)x,1<i<n|,
Jj=1
where X ;J’c), 1 < j <m, denote independent random variables with
xo P, forl<j=<n/,
i =, forn' < j<m.

Set

which implies that

néj(c) IJ nc (c)%i —exp(ZaU Z k (ck(c))> =ci(c), 1=<i<n.
j=1

j=1 k=1

Then we have

mo(J0\a) .
P(szl(Xj )i >ci(e)x, 1 <i<n)

5.31
[T PO, =) 631
x(m ¥
P(]_[J 1(C(C)) i >x,1<i<n) 1‘[’; L P(X;>¢j(c)x"T)
— (5.32)
H]:1P(X > Cj(c)x ) ]_[leP(X > x¥i)

As x — 00, in view of (5.18), the second factor of (5.32) converges to

[T¢©)" ]_[l_[ ci(c)) A ZH(Ci(C))_((A;l)TI)i =T](ci@) ™
j=1

j=li=1 i=1 i=1

_1—[ i i X Af,“) DD SN ncw. (5.33)
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xWo X, .
Note that P/ = P%j for 1 < j <n and

)’z(],c) X(J )

=}A(§.J’C)Zl as., E( )<ooforn<j§m.

¢jlo) ¢j(c)

Hence, we can apply Proposition 5.1 to see that the first factor of (5.32) converges to

n
— }?('J’E) n<j<m
/ A ij zl(d(x.i)lsjsn)@P( i i (d(xj)n<./sm)-
MAD) 5|

Write x; = (x1, ..., X,), X2 = (X441, . . . , Xy ) for abbreviation and use the substition y = In(x7) := (In(x1), ...

to see that the above expression equals

n
}A(('J’E) n<j<m
/ / a0 exp(—§ y,->x<dy>P<f <= (dxy)
[0,00)"7" JyeRn:exp(Acy)>(Tr Y Yi<i<n} i

j=n+1%j i=l

-1
= / / 7&(0 }det(A,C)|
[0,00)'"—" {ZERH

CXP(Z)>(H, n+1x )l<t<n}

n n S0 .
o (_ 2> (A )ml) A(dn) PN (dxg)

k=11=1

n

B " UGN
|det(A)| ]/0 mfnl_[/ A0 exp(—zzz(Axl)kl) dzy PXT In<i=m (dxy)
[0,00) ( k=1

1n(l—[j n+1x u ),00

det(A,)| ™! L Ay Aadh
| (Al [ 1—[ x% k=1 klP( ),,<,<m(dX2)
[0 Oo)m n

= —71 j
H?:]((AK )Tl)i o 1=1 j=n+]
1 m A
_ |det(AK)| l—[ E (J c) Y la,(/)((A,?l)Tl)z)
Hz lKl
j=n+1
- n A(Ds .
_ |dle_t[(Alc)| 1—[ X(J) > —14;; K,|X(J) >C) -y a I(JJ) [)’
i 1 Ki P
j=n'+1

»In(x,))

(5.34)

where we used in the final step that Y7_, 4% = ATA; TAD); =0 forn < j <n’, cf. (5.27). Combine (5.33) and

i=19 ij
(5.34) to see that the expression in (5.32) converges to

NOR

1 —I?,' m n
|det(AKIZ}n [T ¢ 1—[ E((X(J))Z _af] K,|X(J)>C)
i=1 Ki

j=n'+1

as x — 00. Now, (5.35) together with (5.29) and (5.30) yields that

m S(J) &[(1) ) .
P(H/:l(Xj ) >cix,1 <i<n)
lim :

X—00 H?:] P(Xj > x¥7)

n —K;
— lim |det(Ao) | [Tz < || E x(”)zf v kg Do)
eNO [Tz & (X;7ze)

j=n"+1

(5.35)
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|det(Ax)|n [T_ic l—[ E((X(]))Zn 1a(/)K)
1_[1_1"1

et T 6 T agk
1_[” lKlt i l_[ E(X] 14ij )’
=

j=n'+1

j=n'+1

where we used Y7, &i‘j’ i = (AT A HT1); = ATA'AD); > 0, 0" < j < m (cf. (5.27)) in the penultimate
equality and (5.19), (5.20), (5.23) and (5.24) in the final equality. This expression no longer depends on J C {n +
1,...n'} and therefore (5.21), (5.22) and (5.25) lead to

P15 inj >cix,1 <i<n)

lim

X—>00 ]_[;le P(Xj > x"i)
. P([T}=y X7 > cix, 1<i <n)
 x—oo [T P(Xj > x*5)

_ |det(An)|~ M, o5 S ak
[T & L] #C )

j=n'+1

My " 17A;'A);
= |detA, |~ =S I1 E(Xj. =y,

Mo TAD: jo 2
and so the limit in (3.7) equals the expression in (3.8). By Theorems 2.4 and 2.5 of [8], this shows that
c(x)P((x~! ]_[’/” 1Xa”)1<,<n €-), x >0, with c(x) = (H/ VP(Xj > x"i))~ I is relatively compact in Mg, 00)"-

Furthermore, all accumulation points of this family agree on a generating m-system. Thus, pUT= 1X Disizn | is reg-
ularly varying on (0, 0c0)" w.r.t. scalar multiplication, cf. Example 2.4. The index of regular variation follows from
Lemma and Definition 2.2 since c is regularly varying with index — 3 k; = =37 k; = —1TA;11, cf. (5.17&
5.3. Auxiliary results
In the following, we collect two lemmas and a proposition which are needed for the proofs in Sections 5.1 and 5.2.
Lemma 5.2. Letk = (k1, ..., km)! bean optimal solution to (3.2).
(a) There exists a matrix A= (aij) € R™™ such that
— the columns j in A for which kj > 0 have all positive entries,
— Kk is an optimal solution to the linear program
m
find x > 0 such that Ax > 1, in — min!, (5.36)
— forall x,x1,x2,...,xXn >0,
m m
l_[x;.l”>x, l1<i<n = l_[x;.l”>x, 1<i<n. (5.37)
j=1 j=1

(b) Moreover, if the assumptions of Proposition 5.1 hold, then the matrix A can be chosen such that additionally
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— K is the unique optimal solution to the linear program (5.36),
- Ak =1.

(¢) If the assumptions of Theorem 3.3 hold, then there exists a matrix A= (aij) € R™™ such that

— the columns j in Afor which (ITA,:IA)j > 0 have all positive entries,
— Kk is the unique optimal solution to the linear program (5.36),

— Ak = 1,

— forall x,x1,x2,...,xm >0 (5.37) holds.

Proof. Firstnote thatif a;; > 0 forall 1 <i <n andall j such that x; > 0 (cases (a) and (b)) or (1TA;1A)‘,~ > 0 (case
(c)), then we may simply set A=A. So, assume the contrary in the following. Set J :={j € {1,...,m}:«; > 0}.
Since we have assumed an optimal solution k to (3.2), there also exists an optimal (not necessarily unique) solution
k= (k1,...,k,)7T to the dual problem (3.9) and this solution satisfies Y ki = Z?’:l k;j, cf. Theorem 2.2 in [11].
Furthermore, by the Complementary Slackness Theorem (cf. [11], Theorem 2.4) we have (AT k) j=1forall jelJ.
For assertions (a) and (b) let amin := —(minj<;<y, jes a;j) + € for some € > 0. By our assumptions, amiy is positive.
Define

A_ (5 o~ aij + amin Y _p_1 akjKk
A:(aij)l<i<n,1<j<m Wlthail‘z = .
1 4 amin Zk:l Kk

As seen above, we have Y y_; axjkx = 1 and thus @;; > 0 for j € J andall 1 <i <n.
Note that

-1
m
Ak = (1 + Amin ZM) ((aij +amin)lgign,jej)((Kj)jeJ)T

i=1
m -1 m

> (1 +amin2x,») <1+amm2m1> =1 (5.38)
i=1 i=1

s0 k is a feasible solution to (5.36). Furthermore, if there would exist a k¥’ > 0 with Ak’ > 1 and Yok < Y ki,
then

m n m
z(a,,- +ammzakj&k)4 b6 1Sz 539)
j=1

k=1 k=1
and thus
m m n m
!/ o !/
Zaijlcj > 1+ amin ZKk — Gmin Z Zakjkkkj
j=1 k=1 k=1 j=1

m m
k=1 j=1

>1, 1<i<n

— Tt

> (5.40)
where we used in the penultimate inequality that ) ; _; ax;kx < 1 and K} >0, 1 < j <m. Butthis implies that ¥” with
Yo ki < > °it ki would also be a feasible solution to (3.2), in contrast to the assumption about the optimality of «.
Thus, « is also an optimal solution to (5.36).
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We are thus left to show (5.37) for the proof of (a). For x, x1, x2, ..., x;,;, > 0 such that ]_['}’=1 x?” >x,1<i<n,
we have

m

ajj AminKi LR .
l_[xjt/ minki zxammxl’ 151 <n,
j=1

with strict inequality if &; > 0, which must be the case for at least one 1 <i < n. So by multiplication of left hand
sides and right hand sides we obtain

m n m N n
. s N nooa
| | x;l’-/ | | | | x;lk/ammkk >x | | x @minKk =x1+dmin Zk:l Kk’ 1 Sl <n

Jj=1 k=1 j=1 k=1

m

n X

aiiam: L agik, . noog .

N | |x/1_/+ mank_l kj Kk >x1+amm2k=lkk’ 1 <i1<n
j=1

m

T+amin Y01 &g .

@l—[xj min k=1 >x, 1<i<n
j=1

Thus, (5.37) holds.

For the proof of (b), we use that the additional assumption implies that « is the unigue optimal solution to (3.2) and
that Ax = 1. Similar to (5.38) one shows that Ak = 1. Furthermore, if there would exist a k' # K with Ax’ >1 and
20 K < >_j—1 ; then one shows analogously to (5.40) that this would imply that the optimal solution « to (3.2)
is not unique. This shows that « is the unique optimal solution to (5.36) and proves (b).

For the proof of (c), we use that the additional assumption implies that k is the unigue optimal solution to (3.2) and
that £ = (A;l)Tl is the unique solution to (3.9), cf. the beginning of the proof of Theorem 3.3. Let for some € > 0

. . aij
ar(;i)n = min —l_jl +€
1<i<n,j:(1TA7'A) ;>0 (AT AL A);
. aij
= — min +e€

~n __  ~
15i§n,j:(1TA;1A)_,~>o Zk:l AkjKk

which is positive by our assumptions. Define

(c) n ~
A© = (5 aij + Ay D_g—1 kj Kk
1 ag Y

ij )1§i§n,l§j§m with aij =

We have thus Zli(? > 0 for those j with (lTA,;lA) j>0andall 1 <i <n. The rest of the proof for assertion (c)
follows analogously to the proof of (a) and (b) which did not depend on the value of ap;i, > O. (I

Lemma 5.3. Let the assumptions of Proposition 5.1 hold and assume in addition that a;; > 0 for all 1 <i < n and
those 1 < j <m for which kj > 0. Then for all j with k; > 0 there exists € > 0 such that
. dik
min —xr<(1—e€ 5.41
min Y P U > R (5.41)
1<k<m k#j I<k<m.k#j

for all (xi)1<k<m k) € [0, 00)" 1.
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Proof. For ease of notation and w.l.o.g., let us assume that k1 > 0 and treat only the case j = 1. For (xg)2<k<m =0
the inequality holds for all € > 0. The rest of the proof is by contradiction. Let (€;);cn be a sequence such that

€ >0 foralll € N and ¢ \ 0 for | - oco. Assume that for each [ there exists (x,gl))szsm € [0, co)"~! \ {0} such
that

1<i<n %

min (l) >(1—¢ )Zx(l)
2

(1)
> —e)ajy, 1=<i=n, (5.42)

& Za,jz

)
k2 X
where we used that a;; > 0, 1 <i < n, by our assumption. Define now
1) 0] T xél) (l) !
K =(K1 ,...,Km) =<0,K2+ﬁ  km + (1) ) >0
2 k=2 Xy D ke X

for all / € N. We have

=1 — €]dj1K1 (5.43)

for all I € N, where we used Ax > 1 and (5.42) in the last step. For I — oo, the bounded sequence ¥ must have an
accumulation point £ # k (because k] =0 < x1) and £ > 0. But

m

m m
Z/{j = ZKJ' and Zaij/cj >1
j=1 j=1

j=1

by (5.43), so our optimal solution ¥ would not be unique, in contradiction to our assumptions. Thus, for some € > 0,
the inequality (5.41) holds for all (x;)2<;j<m € [0, ooyl O

Proposition 5.4. Assume that

lim P((Xj)l<j<m €y®/( M(A))
y—00 I—[] K,>OP(X > y¥i)

:/ A [T *72R(d0) g 01) ® PPV (d(x ) o =0y) € [0, 00) (5.44)
M) .
Jikj>0
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holds for all X1, ..., X, and all matrices A which satisfy the assumptions of Proposition 5.1, with k being the unique
solution to (3.2) and M (A) as in Proposition 5.1. Then also

I Jua nTzlxij(X’/ij)“fff"” (dx)
im :
=0 ndK'>0 P(X;>y")

-, <A)ﬂx’3’ [T 7220 -0) ® P57 (@) 01) €10, 00) (5.45)
M

Jic;j>0
forall Xy,..., Xy, A and k as above and all Bj €[0,1),1 < j <m.

Remark 5.5. As the preceding proposition is used in the induction step of the proof of Proposition 5.1, the conver-
gence (5.44) had to be assumed. However, since Proposition 5.1 shows that (5.44) holds for all Xy, ..., X,, and all
matrices A which satisfy the assumptions, the convergence in (5.45) follows. The result may thus be regarded as a
multivariate version of the direct half of Karamata’s Theorem.

Proof of Proposition 5.4. Define independent random variables X 1 < j < m, such that X ! has P¥i-density
x = 1y, oo)(x)xﬂJ(E(X N~!, 1 <j <m. This is possible because all B; €[0,1) and thus E(X ) < o0 by our

assumptions. For those 1 < j < m with «; > 0 the random variable X is regularly varying with 1ndex —(1—=8)),
because

i XG0 L [TyP Py
—_— mm
x—00 xBj P(X;> x) T x>0 E(xﬂ./)xﬂjp(xj > X)

= (E(xP)a-pp) "

forall I < j <m by Karamata’s Theorem (cf. [3], Lemma 1.1). Thus, for 1 < j <m with «; > 0 the random variable
X =X })l_ﬁf is regularly varying with index —1 and

i PEG =2 s gy
Jim xPiP(X; > x) =(EXP)a =) (>46)

For 1 < j <m with kj =0 we have )~(j > 1 a.s. because we assumed X; > 1 a.s. Furthermore, we have for all
8 €(0,1] and all j with x; = 0 that

R Xy EXTOTPR
E(Xj ) B Bj - B < 00.
E(X}") Ex™)

Thus, the random variables X j» 1 < j < m, satisfy the assumptions of Proposition 5.1. Set now
A = @)= (1 - B~ ayy) e R

Then & := ((1 — B;)k;)1<j<m is the unique solution to the linear program

m
find x > 0 such that Ax >1, in — min!

and A% = 1. Set

m ~
M(A) = (xl,...,xm):l_[xj” >1,1<i<n}.
j=1
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Then,
(X)1<j<m €y ®z M(A)

m (X’)1 BiN (1-8))"aj; .
= <y(1 ﬂ,)xj) >1, 1<i<n
i=1

J
& (X)), €y & MA),

1<j<m

and so
P((R})1<j<m € y @ M(A)) = / PPz gy)
YRk M(A)
m Bj

S T § R e
y

@M@A) j_j E(X’ biy

/ 1_[ (y J'xj) ’ P(X /y /)]<I<m(dx)
M(A)

=1 E(X )
Thus,
ﬁ‘ i “i <j<m
lim S I x;! PXi/y izjzm (dx)
y—>00 ]_[j:Kj>0 P(Xj > y¥i)
- - B; 5 .
_ i PUEijzn € y @ MA)) [T=1 EQXGD) [ g0 P(X > ¥'9)
Y=o HjIKj>0P(ij >ylzj) 1_[7'1=1 ij'Bj Hj:/cj>0P(Xj > y*7) ,
where the first factor converges to
_ K )i
/ X5 2R(d0) ey 0)) ® PPV (A () =)
M) JiKj >0
b . . _ (1 ,31) (17/3/;1)71
y the assumption. Substitute (y1, ..., ym) := (x; R ) and note that (xq, ...,

alent to (y1, ..., ym) € M(A), so the expression in (5.48) equals

/ l_[ (1_,8,/')))] (d(y/){j Kj>0})®P( U _0)(d(yj){j:xj:0})
M(A)

Jii>0
i—2 1
= [T -8y [T ()"
M)\ J . J J
Jicj>0 Jicj=0
A (X jjxcj=01 AP
A(d(yj){]:/c_,->0}) ®P J (d(yj){/:/c_/:O})-
The second factor in (5.47) converges to
ﬁ.
l_[j:Kj=OE(XjJ)
l_[j:/(j>0(1 —Bj)

by (5.46). Taken together, this yields the statement of the proposition.

(5.47)

(5.48)

Xm) €M (A) is equiv-



Joint exceedances of random products 465
Acknowledgement

We thank an anonymous referee for useful comments which helped to improve an earlier version of this paper.

References

[1] N. H. Bingham, C. M. Goldie and J. L. Teugels. Regular Variation. Cambridge University Press, Cambridge, 1987. MR0898871
[2] L. Breiman. On some limit theorems similar to the arc-sin law. Theory Probab. Appl. 10 (1965) 323-331.
[3] D. Cline. Infinite series of random variables with regularly varying tails. Technical Report, Inst. Appl. Math. Statist., Univ. British Columbia,
1983.
[4] P. Embrechts, E. Hashorva and T. Mikosch. Aggregation of log-linear risks. J. Appl. Probab. 51A (2014) 203-212. MR3317359
[5] H. Hult and F. Lindskog. Regular variation for measures on metric spaces. Publ. Inst. Math. (Beograd) (N.S.) 80 (94) (2006) 121-140.
MR2281910
[6] A. Janflen and H. Drees. A stochastic volatility model with flexible extremal dependence structure. Bernoulli 22 (2016) 1448-1490.
MR3474822
[71 A. W. Ledford and J. Tawn. Modelling dependence within joint tail regions. J. R. Stat. Soc., B 59 (1997) 475-499. MR1440592
[8] F. Lindskog, S. I. Resnick and J. Roy. Regularly varying measures on metric spaces: Hidden regular variation and hidden jumps. Probab.
Surv. 11 (2014) 270-314. MR3271332
[9] K. Maulik, S. I. Resnick and H. Rootzén. Asymptotic independence and a network traffic model. J. Appl. Probab. 39 (2002) 671-699.
MR1938164
[10] S.I. Resnick. Heavy-Tail Phenomena. Springer, New York, 2007. MR2271424
[11] G. Sierksma. Linear and Integer Programming: Theory and Practice. Dekker, New York, 1996. MR 1449398


http://www.ams.org/mathscinet-getitem?mr=0898871
http://www.ams.org/mathscinet-getitem?mr=3317359
http://www.ams.org/mathscinet-getitem?mr=2281910
http://www.ams.org/mathscinet-getitem?mr=3474822
http://www.ams.org/mathscinet-getitem?mr=1440592
http://www.ams.org/mathscinet-getitem?mr=3271332
http://www.ams.org/mathscinet-getitem?mr=1938164
http://www.ams.org/mathscinet-getitem?mr=2271424
http://www.ams.org/mathscinet-getitem?mr=1449398

	Introduction
	Notations and conventions

	General regular variation on cones
	Joint extremal behavior of random power products
	Extremal behavior of subvectors
	Proofs and auxiliary results
	Proof of Theorem 3.1
	Proof of Theorem 3.3
	Auxiliary results

	Acknowledgement
	References

