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Abstract. We consider a jump type diffusion X = (X;); with infinitesimal generator given by
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where u is of infinite total mass. We prove Harris recurrence of X using a regeneration scheme which is entirely based on the
jumps of the process. Moreover we state explicit conditions in terms of the coefficients of the process allowing to control the speed
of convergence to equilibrium in terms of deviation inequalities for integrable additive functionals.

Résumé. On considére une diffusion X = (X;);, avec des sauts, correspondant au générateur infinitésimal suivant :
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ou p est de masse totale infinie. On prouve ici la récurrence au sens de Harris de X en utilisant un schéma de régénération
entierement basé sur les sauts du processus. De plus, on donnera des conditions explicites en terme de coefficients du processus X
permettant de contrdler la vitesse de convergence a 1’équilibre en terme d’inégalités de déviations pour des fonctionnelles additives
intégrables.
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1. Introduction

Let N(ds, dz, du) be a Poisson random measure on Ry x R? x R, defined on a probability space (2, A, P) with
intensity measure dsu(dz) du, where u is a o-finite measure on R?. We consider a process X = (X;)>0, X; € RY,
solution of

t t
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x € RY, where W is an m-dimensional Brownian motion. The associated infinitesimal generator is given for smooth
test functions by

2

1
Ly=5 > aij()

I<i,j=<d

V(x) +g(x)Vir(x) +/ (¥ (x + ez, 0) = ¥ () y (z, x)u(da), (1.2)

ax,' 3)(]' R4

where a = oo ™. Notice that the jump rate at time ¢ of process depends on the position of the process X, itself, i.e.
the intensity measure in the infinitesimal operator L is y (z, x)u(dz). We will suppose that f y(z,x)u(dz) = o0, i.e.,
jumps occur with infinite activity and the process possesses infinitely many small jumps during any finite time interval
[0, T].

The principal aim of the present paper is to give easily verifiable conditions on the coefficients g, o, ¢ and y under
which the process is recurrent in the sense of Harris and satisfies the ergodic theorem, without imposing any non-
degeneracy condition on the diffusive part. Recall that a process X is called recurrent in the sense of Harris if it
possesses an invariant measure m such that any set A with m(A) > 0 is visited infinitely often almost surely (see
Azéma, Duflo and Revuz [2] (1969)): For all x € R?,

PXUOO 1A(Xs)ds=oo} =1.
0

For classical jump diffusions there starts to be a huge literature on this subject, see e.g. Masuda [9] (2007) who
works in a simpler situation where the intensity term 1, <, (;, x,_) is not present. In order to prove recurrence, Masuda
follows the Meyn and Tweedie approach developed in [10] or [11]. Kulik [7] (2009) uses the stratification method
in order to prove exponential ergodicity of jump diffusions, but the models he considers do not include the situation
with a position dependent jump rate neither. Finally, let us mention Duan and Qiao [4] (2014) who are interested in
solutions driven by non-Lipschitz coefficients.

On the contrary to the above mentioned papers, in our model, jumps occur at a given intensity depending both on
the current position of the process and on an additional variable z chosen according to p(dz). The presence of this
intensity term y (z, Xs—) in (1.1) is in fact quite natural, but it implies that the study of X is technically more involved
than the easier situation when y is lower-bounded and strictly positive.

The aim of the present paper is to show that the jumps themselves can be used in order to generate a splitting
scheme which implies the recurrence of the process. The method we use is the so-called regeneration method which
we apply to the big jumps. More precisely, for some suitable set E such that i (E) < oo, we cut the trajectory of X into
excursions between successive jumps appearing due to choices of z in E. In spirit of the splitting technique introduced
by Nummelin [12] (1978) and Athreya and Ney [1] (1978), we state a non-degeneracy condition which guarantees that
the jump operator associated to the big jumps possesses a Lebesgue absolutely continuous component. This amounts
to imposing that the partial derivatives of the jump term ¢ with respect to z are sufficiently non-degenerate, see (2.6)
and (2.7) below. We stress that we do not need any non-degeneracy condition for the diffusion coefficient o.

In this situation we will be able to construct a sequence of regeneration times R, such that the trajectories
(X(Ry+1),t<Rps1—RyJn>1 are ii.d. In particular, ‘regeneration generates independence immediately,” i.e. at each re-
generation time R, the ‘future’ Xg 1, ¢ > 0 is independent of the past o {X;,s < R,}, without imposing any time
lag as usual in the study of processes in continuous time.

Notice that we do not apply the splitting technique to an extracted sampled chain nor to the resolvent chain as
in Meyn and Tweedie [11] (1993); the loss of memory needed for regeneration is produced only by big jumps. This
approach is very natural in this context, but does not seem to be used so far in the literature, except for Xu [15] (2011),
who works in a very specific frame where the jumps do not depend on the position of the process.

Our paper is organized as follows. In Section 2 we state our main assumptions, prove a lower bound which is
of local Doeblin type and state our main results on Harris recurrence and speed of convergence to equilibrium of
the process. Section 3 introduces the regeneration technique based on big jumps and proves the existence of certain
(polynomial) moments of the associated regeneration times. Section 4 is devoted to an informal discussion on explicit
and easily verifiable conditions stated in terms of the coefficients g, o, ¢ and y which imply the Harris recurrence.
Finally, we give in Section 5 a proof of the local Doeblin condition.
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2. Basic assumptions and main results
Consider a Poisson random measure N (ds, dz, du) on Ry x R? x R, defined on a probability space (2, A, P),

with intensity measure dsu(dz) du, where u is a o-finite measure on (R, B(R?)). Let X = (X >0, X; € R bea
solution of

t t
X;=x —i—/ g(Xs)ds +/ o(Xy)dWs +/ / c(z, Xs ) lu<yz,x,_)N(ds, dz, du), 2.1
0 0 [0,6] JRIXR,

x € R4, where W is an m-dimensional Brownian motion, n > 1. Write F = (F1)r>0 for the canonical filtration of the
process given by

Fi=0{Ws,N([0,s] x A x B),s <t, Ae B(R?), B e B[R})}.

Throughout this paper, for any x € R4, |x| will denote the Euclidean norm on RY. Moreover, for d x d matrices A,
|lA]l denotes the associated operator norm.

2.1. Existence of the process and non-degeneracy of the jump measure

In order to grant existence and uniqueness of the above equation, throughout this article, we impose the following
conditions on the coefficients g, o, c and y.
Assumption 2.1.

1. g and o are globally Lipschitz continuous.
2. ¢ and y are Lipschitz continuous with respect to x, i.e.

ez, x) —c(z.x)| < Le@x =x'| and [y (z,x) =y (z.x)| < Ly @)]x = x|,
where L., L, are functions RY — R;.
3. sup, fra(Le(2)y (2, X) 4+ Ly (2)lc(z, x)Diu(dz) < oo.

4. sup, [ra ¥ (2, X)|c(z, x)|pn(dz) < oo.

Under these assumptions, Theorem 1.2. of Graham [5] (1992) implies that (2.1) admits a unique strong non-
explosive adapted solution which is Markov, having cadlag trajectories.
Notice that our assumptions do not imply that there exists a finite total jump rate

/ y (z, x)u(dz)
R4

for any x € R. In other words, the above integral might be equal to 400, and jumps occur with infinite activity. We
also stress that due to the presence of the intensity term 1, <, (;,x,_) in equation (2.1) we are not in the classical frame
of jump diffusions where the jump term depends in a smooth manner on z and x.

In the present article we are seeking for conditions ensuring that the process X is recurrent in the sense of Harris
without using additional regularity of the coefficients, based on some minimal non-degeneracy of the jumps and
without imposing any non-degeneracy condition on o. Recall that a process X is called recurrent in the sense of
Harris if it possesses an invariant measure m such that any set A of positive m-measure m(A) > 0 is visited infinitely
often by the process almost surely (see Azéma, Duflo and Revuz [2] (1969)): For all x € R¢,

Px|:/‘00 IA(Xx)ds=oo:| =1.
0

We will prove Harris recurrence by introducing a splitting scheme that is entirely based on the big jumps of X. In
order to do so, we introduce the following additional assumption which is a non-degeneracy condition on the jump
noise and the associated jump rate.
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Assumption 2.2. Writing the Lebesgue decomposition (L = (iqe + s, With ac(dz) = h(z) dz, for some measurable
function h >0 € LllOC (L), A the Lebesgue measure on R, we suppose that there exist xo, zo € R and r, R > 0 such
that

inf y(z,x)h(z) =¢ > 0.

zilz—zo|=R,x:lx—xo|<r
In the following we explain what we mean by big jumps.
2.2. Coupling with a dominating Poisson process

In order to introduce what we shall call big jumps, we impose the following condition which implies that the measure
y (x, z) 0 (dz) is sigma-finite, uniformly in x.

Assumption 2.3. There exists a non-decreasing sequence (E,), of subsets of R? and an increasing sequence of
positive numbers T, with Ty, 1 400 as n — oo, such that | J E, = R,

/ Y, x)p(dz) =1y (x) =Ty <00 (2.2)

Ey

foralln.

We fix some n. Thanks to (2.2), we can couple the process X; with a rate I',-Poisson process N (nl — (N;[n])tzo
such that jumps of X; produced by noise z € E,,,

o
AXI Z/ f C(Z’Xt—)l{ufy(Z,X;f)}N(dtadza du)a
nJ0

can only occur at the jump times Tk["], k> 1, of N, We will construct our regeneration scheme based on these big

jumps Tk[”], k > 1, for a suitably chosen truncation level n.
Let

Mx, dy) = LK g | X g = x)(d) 2.3)
k k
be the associated transition kernel. Our aim is to obtain a local Doeblin condition of the type

I(x,dy) = Ic(x)Bv(dy), (2.4)

for a suitable measurable set C, some 8 € ]0, 1[ and a suitable probability measure v.
First notice that I', in (2.2) is only an upper bound on the total jump rate produced by noise belonging to Ej,.
As a consequence, for any kK > 1 and on the event that X ;. _ = x, jumps are only accepted with probability y"r—(x)
k n
Moreover, it is easy to see that the following lower bound holds. Write I = {x € R? : |z — zo| < R} with zp and R
chosen according to Assumption 2.2. Then for all V € B(RY),

n

M(x,V) > L/ y (2, 0) 1y (x +c(z, x)) u(dz)
Ty Je,nk

> — ¥ (@ )1y (x +c(z, x))h(2) dz, 2.5)
Tn JE,nK

where & is the Lebesgue density of the absolute continuous part of w. It is natural to use a change of variables in the
r.h.s. of the above lower bound, i.e. to replace, for fixed initial position x, the argument x + c(x, z) by y = y(z), on
suitable subsets of R? where z — x + c(x, z) is a diffeomorphism. The difficulty is to control the dependence on the
starting point x, since we are seeking for uniform lower bounds (2.4), uniform in x € C.
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To be able to achieve such a control we impose the following regularity condition on the jump height ¢(z, x) which

implies that z — c(z, x) is a local diffeomorphism, uniformly with respect to x where x is allowed to vary in some
small balls.

Assumption 2.4. Let xo, zo € R? and r, R > 0 as in Assumption 2.2.

1. We assume that for all x € RY with |x — xo| <r, there exists A > 0 with
|V.c(zo, x)y| > Alyl, VyeR9. (2.6)

2. There exists K > 0 such that for all x, z € R9 with lz—2z0| < Rand |x —xo| <r,

—1 9%c
[(Vee(zo, ) || Z]‘ 707, (z,%)| = = 2.7)
3. S= sup sup  sup|dc(z, x)| < o0, (2.8)

z:lz—z0l SR x:|lx—xo|<r i

where h(z) is the Lebesgue density of the absolutely continuous part of |.

Remark 2.5. Let us explain briefly the heuristic of the preceding assumptions. Our main objective is to obtain a lower
bound of the type

inf  P[X,meV|[Xm_=x]= inf T, V)=cr(VNB)
k k

x:lx—xo|l<n x:|lx—xp|<n

(compare to (2.9) below), where c is some constant, . the Lebesgue measure on R and where the radius n has to be
determined. Since we have (2.5), we need to find B(zg, R) and B(xq, n) such that there exists a ball B verifying

BC \I’X(B(Z(), R)), Vx € B(xo, 1),

with W, (2) :=x + c¢(x, 2).

Assumption 2.4 implies the existence of a such a ball as we will explain now.

Let us fix x and suppose first that z € R and that V). (z0) = 1. Then a condition of the type |V (z)| < K, nearby zo,
will ensure that WV is ‘close’ to the identity (plus a constant): there will exist consequently B C Wy (B(zp, R)) ‘large’
enough for our future needs. In the multidimensional case, if V,c(z0,x) = VW, (z0) = Id, the same mechanism
applies and (2.7) appears to be merely the multidimensional version of |} (z)| < K.

If VW, (z0) # Id, we have to use an intermediate renormalized function

F(@) = (Vec(z0, 1) ™ W, (2)

in order to use the preceding point, and the condition (2.7) leads again to the existence of a ball BC f(B(zo, R))).
Now we use the condition (2.6) to transform B into a set ‘not flat’ (i.e. containing the wanted ball B) included in
W, (B(z0, R)).

This whole heuristic is basically the pattern behind the proof of Lemma 5.1 (stated and proved in Section 5); result
which will help us to show the next proposition.

Proposition 2.6. Grant Assumptions 2.2,2.3 and 2.4. Fix nq such that {z € R?:|z—z9| <R} C Ey,. Then there exist
n > 0 and some ball B C R9 such that for all n > ng and for all V € B(Rd),for all k> 1,

inf P[X, meV|X eM(V N B), 2.9
k

=x]>
x:lx—xol<n I

[n]
T - sd

n

where X denotes the Lebesgue measure on RY.
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As a consequence of Proposition 2.6, the local Doeblin condition (2.4) holds with C = {x € R? : |x — xo| < 7},

MBYE 1 and v(dy) = ——15(y)dy. (2.10)

p= r,sd A(B)

Notice that the set C is not a ‘petite’ set in the sense of Meyn and Tweedie (1993) [11].

Remark 2.7. It is important to have a control on the radius 1 of the set C, because return times to C will serve as
candidates for regeneration times. Such a control is possible if the jump height function c(z, x) is Lipschitz continuous
in x, uniformly in z,i.e. L, := SUP,. |z z0|<R L (2) < 00, where L:(z) has been introduced in Assumption 2.1 2. In this
case we can choose

1
A(R/\ZK)/\}’ (2.11)

T=a+Ly "

see Lemma 5.1 in Section 5 below, and see the end of Section 5 for a proof of (2.11).
We close this section with two examples.

Example 2.8 (Growth-fragmentation processes). In reminiscence to Krell [6] (2015), we consider a one-dimensional
growth-fragmentation-type process X; which is solution of

dX; = dt+/ [k(2) = 1Y (X2 L= p(x,_)zy N (dr, dz, du).
RyxRy

The ingredients of the above equation are

— the intensity measure j1(dz) = 1g, (z)e”*dz;

— a 1-Lipschitz function v : Ry — [a, b] which is a smooth version of a v x A b for 0 < a < b < 0o. The function
is supposed to be increasing, such that ¥ (x) = x for all x € [l, L] for some fixed thresholds a <l < L < b;

— an increasing, bounded Lipschitz function f : Ry — Ry with f(x) > 0 for all x;

— afunction k : Ry — 18, 1], C2, Lipschitz continuous, with k (0) = 1 and k’(z) # 0 for all z > 0.

Such a process serves e.g. as a model for the size of a marked Escherichia coli cell. The drift g(x) = 1 implies that
cells grow at deterministic rate 1. Notice that there is no diffusive part here At a jump time, a cell of sizel <x <L is
replaced by a cell of size k (2)x, and jumps happen at rate y (z,x) = f(x) which is strictly positive for z, x > 0.

It is straightforward to check that for this model, Assumptions 2.1-2. 4 hold. The details are given at the end of
Section 5.

Example 2.9. We consider the one-dimensional case d = 1 with u(dz) = dz. Throughout this example, xo and r will
be fixed and  and f will be bounded 1-Lipschitz functions such that ¥ (x) > 0 for all x and | f(x)| = f > 0 for all
X such that |x — xg| <r.

1. Suppose that c(z,x) =[1 — ‘Zl]f(x) and y(z,x) = —| _|Z|1/f(x) Then Assumption 2.1 holds, which can be seen
as in Example 2.8 above. It is evident that Assumptions 2.2 and 2.3 hold. Finally, in order to check Assumption 2.4,
fix R and zgy such that |z0| > R + a, for some a > 0. Then |3c (z0,x)| = |f(x)e_|10|| > A with A = fe lzol
implying item 1. of Assumption 2.4. In order to check item 2. we notice that

(o)
a7 0o

for all z such that |z — zo| < R. Item 3. clearly holds by continuity of g—;(z, x)inzandinx.

9% 2l — lzol—a
8—22(Z,X) |f( e < elolmt = K,

If( x)|
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2. We suppose now that c(z, x) = f(x)[1 +z217" and y (z, x) = k (2)¥ (x), where k and Y are continuous functions
taking values in some interval [l,r], with 0 <l < r < oco. Then Assumptions 2.1-2.3 hold. In order to check
Assumption 2.4, fix zo and R such that |z9| > R + a, for some a > 0. Then for all x such that |x — xo| <r,

— (20, X

‘ (20.3)| = 'f( ) 1)2
2

with A = (Zziff)‘z . In the same way it can be seen that items 2. and 3. of Assumption 2.4 hold.
0

2.3. Lyapunov condition

The set C = {x € R? : |x — x¢| < 1} appearing in the local Doeblin condition (2.4) and (2.9) will play the role of a
small set in the sense of Nummelin [12] (1978) and Meyn-Tweedie [10] (1993). In order to be able to profit from the
lower bound (2.9), we have to show that (X T[n]_)k comes back to the set C infinitely often. For that sake, we introduce

a Lyapunov condition in terms of the continuous time process, inspired by Douc, Fort and Guillin [3] (2009).

Assumption 2.10. There exists a continuous function V : R4 — [1, oo[ which belongs to the domain D(L)of the
extended generator L of the process, an increasing concave positive function ® : [1, oo[— (0, 00) and a constant
b < oo such that for any x € R¢,

LV(x)<—®oV(x)+ble(x), (2.12)
where C' = {x e R? : |x — x¢| < n/2}, n as in Proposition 2.6.

This Lyapunov condition implies that V (X;) evolves as a nonnegative supermartingale as long as X, is in R¢ \ C’.
Hence a.s. the process X, with starting point x ¢ C’ will enter the set C’ in finite time. This implies that the process
comes back to the set C' = {x : |x — xp| < n/2} infinitely often. The choice of 1/2 is on purpose and will be explained
by Proposition 3.3 below.

We discuss in Section 4 examples where (2.12) is verified.

Remark 2.11. Notice that since ® is increasing strictly positive and since V takes values in [1, oo[, (2.12) implies in
particular that

LV(x) < —c+ble(x), 2.13)

for c = ®(1) > 0. This is (2.12) for a constant function ® = c. We will use (2.13) in order to show that (X;);>0 is
positive Harris recurrent, in Section 3.3 below.

For the function @ of (2.12) put

“ ds
H<1>(u)=/1 6’ ux>1l, (2.14)
and
ro(s) =r(s) =®o Hy ' (s). (2.15)

Then Theorem 4.1 of Douc, Fort and Guillin [3] (2009) implies that for any § > 0 and putting 7¢/(8) :=inf{t > § :
Xt € C/},

701 (8) b 8
Ex/o r(s)ds <Vx)+ m r(s)ds. (2.16)
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In most of the cases, we will deal with the case ®(v) = cv* for some fixed 0 < o < 1 and ¢ > 0. In this case, it is
easy to see that

r(s)=clc(l —a)s + 1]ﬁ, and thus r(s) ~CsTa, ass— 0o, (2.17)
where C = c[c(1 — oz)]%, giving rise to polynomial rates of convergence.
2.4. Main results

Theorem 2.12. Grant Assumptions 2.1,2.2, 2.3, 2.4 and 2.10.

1. The process X is recurrent in the sense of Harris having a unique invariant probability measure m such that
® o V e L'(m). The invariant probability measure m is the unique solution of

/Rd Ly (x)m(dx) =0, (2.18)

for all ¢ € C2(R?) being of compact support.
2. Moreover, for any measurable function f € L' (m), we have

1 t
—/ f(Xs)ds = m(f)
tJo

as t — 0o, Py-almost surely for any x € R9.

The above ergodic theorem is an important tool e.g. for statistical inference based on observations of the process
X in continuous time. In this direction, the following deviation inequality is of particular interest. Recall that v is the
measure given in the local Doeblin condition (2.4).

Theorem 2.13. Grant the Assumptions 2.1, 2.2, 2.3, 2.4 and 2.10 with ® (v) = cv*, for some 0 <a <1 and c > 1.
Put p=1/(1 —a). Let f € L'(m) with || f |lso < 00, x be any initial point and 0 < 8 < || f |loo. Then for all t > 1 the
following inequality holds:

l t
Px(‘;/ JX)ds =m(f)] > 8) < K(p,v, X)V(x)r~?=D
0

1 2(p—1) .
X{BZ(,,—UHfHOo ifp=2. } 2.19)

L F 115 ifl<p<2

Here K (p, v, X) is a positive constant, different in the two cases, which depends on p, v and on the process X, but
which does not depend on f,t, 8.

Finally, we obtain the following quantitative control of the convergence of ergodic averages.

Proposition 2.14. Grant the Assumptions 2.1,2.2,2.3, 2.4 and 2.10 with ®(v) = cv?, for some 0 <a < 1 and c > 1.
Then for any x,y € R?,

1 [ L[
'—/ Ps(x,~)ds——/ Ps(y,-)ds
tJo t Jo

where C > 0 is a constant. In particular, if o > %, then

1 t
'_/ Py(x,)ds —m
tJo

< C;(V(x)(l_“) +Vviyn'), (2.20)

TV

1
< C;V(x)“*“). (2.21)

TV
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We continue Example 2.8 and show that Theorem 2.12, Theorem 2.13 and Proposition 2.14 hold for growth-
fragmentation processes as considered there.

Example 2.15 (Example 2.8 continued). We continue the discussion of the growth-fragmentation model introduced
in Example 2.8. We have already checked that Assumptions 2.1, 2.2, 2.3, 2.4 hold. It remains to check Assumption 2.10
with ® (v) = cv®, for some 0 < o < 1. It is evident that in the dynamics of the growth-fragmentation process there is a
competition between the deterministic growth rate of one cell, which is always 1, and pushes the process up, and the
Jjumps, which make the process go down.

Recall that n was given in (2.11). We introduce V (x) = x2 4+ 1 and choose xo = 0. We will show at the end of
Section 5 that under the following condition

/001(1 (2))e*d 2 (2.22)
—(1 —« e > —, .
0 2 SRR YY)
we have
LV < —c(V =12, (2.23)

for all x > n/2. Therefore, condition (2.13) holds with ® (v) = c+/v — 1, and as a consequence, Theorem 2.12, Theo-
rem 2.13 and Proposition 2.14 hold.

Example 2.16. We continue Example 2.9 item 2. in the case when xo = 0 and o = 0. We suppose additionally that
(x,g(x)) < —clx|"** — D|x|

for all x e R\ C’, where D := sup,cp | f(x)|¥(x) ffooo H17K(z) dz. We show at the end of Section 4 below that in
this case for V(x) = |x| + 1, LV (x) < —c|x|%, for all x ¢ C’', and therefore, (2.13) holds with ®(v) = c(v — 1)?,
implying that Theorem 2.12, Theorem 2.13 and Proposition 2.14 hold.

The proofs of Theorems 2.12 and 2.13 and of Proposition 2.14 relies on the regeneration method that we are going
to introduce now.

3. Regeneration for the chain of big jumps
3.1. Regeneration times

We show how the lower bound

I(x,dy) = 1c(x)Bv(dy)

of (2.4) for the jump kernel, with the choice of parameters in (2.10), allows us to introduce regeneration times for the
process X.

We start ‘splitting’ the jump transition kernel IT(x,dy) of (2.3) in the following way. Since IT(x,dy) >
Blc(x)v(dy), we may introduce a split kernel Q((x, u),dy), which is a transition kernel from RY x [0, 1] to RY,
defined by

v(dy) if (x,u) e C x [0, B8],
O((x,u),dy) = ﬁ(ﬂ(x,dy) —Bv(dy)) if (x,u) € Cx]B,1], 3.D
I(x, dy) ifx ¢ C.

Notice that

1
/0 Q((x, u), dy) du =T (x, dy);
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it is in this sense that Q((x, u),dy) can be considered as ‘splitting’ the original transition kernel IT by means of the
additional ‘color’ u.

We now show how to construct a version of the process X recursively over time intervals [Tk["], Tk[ill [Lk>0.We
start at time # = 0 with Xy = x and introduce the process Z; defined by

t t t o0
zi=x+ [ szoas+ [[o@oawir [ [ [T e@ 2oz N dzdw.
0 0 o Jec Jo

For t < Tl["], we clearly have Z, = X,. Notice also that Tl["] is independent of the r.h.s. of the above equation and
exponentially distributed with parameter I',,. We put X = ZT[,,J_ (notice that ZT[,,J = ZT[nJ_, since Z almost
1 1 1

= x’, we do the following.

Tlm_
surely does not jump at time Tl["]). On X im_
1
1. We choose a uniform random variable Uy, uniformly distributed on [0, 1], independently of anything else.
2. On U} = u, we choose a random variable V| ~ Q((x’, u), dy) and we put
XTl[n] =V. 3.2)

We then restart the above procedure with the new starting point V; instead of x.
We will write X, for the d 4+ 1-dimensional process with additional color Uy, defined by

X, = kz gt g ( (X1, Up),
>0

i.e. X; = (X;, Ur) on each interval [Tk["], Tk[fr]l [, keeping trace of the additional color Uy.

Remark 3.1. Notice that the above splitting procedure does not even use the strong Markov property of the underlying
process. It only uses the independence properties of the driving Poisson random measure.

This new process is clearly Markov with respect to its filtration, and by abuse of notation we will not distinguish
between the original filtration [ introduced in Section 2 and the canonical filtration of X;. In this richer structure,
where we have added the component Uy, to the process, we obtain regeneration times for the process X. More precisely,
write

A:=C x [0, B8]
and put

Ry :=0, Riy1 i=inf{ T > R, : X € A}. (3.3)

gy

Then we clearly have

Proposition 3.2.

(a) Xg, ~v(dx)ljo,17(u)(du) on Ry < oo, for all k > 1.
(b) Xg,+. is independent of Fg,— on Ry < oo, forall k > 1.
(c) If Rk < oo for all k, then the sequence (X, )ik>1 is i.i.d.

It is clear that in this way the speed of convergence to equilibrium of the process is determined by the moments of
the extended stopping times Ry. In the next section we show that the drift condition of Assumption 2.10 ensures in
particular that Ry < oo Py-almost surely for any x.

3.2. Existence of moments of the regeneration times

Recall the local Doeblin condition (2.4), the definition of the set C = {x : |x — xg| < n} and of C’' = {x : |x — xo| <
n/2}. Let tc/(8) = inf{r > &8 : X; € C'} be the first hitting time of C’ after time §. Recall that condition (2.12) implies
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that

10)) b 8
< R
Ex/o r(s)ds < V(x)+ o /o r(s)ds, (3.4
where r is given as in (2.15), by Theorem 4.1 of Douc, Fort and Guillin [3] (2009).

In particular, equation (2.16) implies that t¢r < co Py -surely for all x. We show that this implies that the regener-
ation times Ry introduced in (3.3) above are finite almost surely. Recall that Tk[”] are the successive jump times of the
dominating Poisson point process N having rate I',,. The regeneration times Rj are expressed in terms of the jump
chain X 7l k > 0. We have to ensure that the control of return times to C’ for the continuous time process imply
analogous moments for the jump chain.

The main idea is to show that once the continuous time process has reached C’, it takes some time to exit from C.
Taking I';,, the rate of the dominating Poisson process, sufficiently large, the probability that a jump Tk["] arises during
this time, i.e. before exiting from C, can then be made arbitrarily large.

Proposition 3.3. There exists ng, such that for any n > no,

inf Po(X,m_€C)> . (3.5)
xeC’ 1

N =

Remark 3.4. The choice % in the above lower bound is arbitrary, by choosing larger values of n, we could achieve
any bound 1 — € on the right hand side of (3.5).

Proof. Before starting the proof, let B be such that |g(x)| Vv |o (x)| < B(1+|x|), Vx € R?. Since g and o are supposed
to be globally Lipschitz continuous, such a constant B clearly exists.
Recall the process Z; defined by

t t t 00
Zi=x +/ 8(Zs)ds +/ o (Zy)dW; +/ / / c(z, Zs—)lugy(z,ZS_)N(dS, dz, du)
0 0 o Jec Jo

and recall that for any ¢t < Tl["], Z; = X;. Recall also that Tl["] is independent of the r.h.s. of the above equation,
exponentially distributed with parameter I',,. Now let x € C’. We are looking for an upper-bound on

PelXpu_ ¢ C1=PulZp_ ¢ C1=Pe[|Z70_ — x| > n/2].

Clearly, P,[|Z; — x| > %] < %Ex[|Zt — x|], and we will therefore establish upper bounds on Ey[|Z; — x|]. More
precisely, we shall prove that there exist constants d; and d; such that

sup Ex(1Z; — x|) < div/1e®". (3.6)

xeC’

In the sequel, we will be mainly interested in the small time behavior of the above control, i.e. the leading control in ¢
of the above formula is the term /7 — see also (3.11) below.
In order to prove (3.6), we proceed in two steps. In a first step, we obtain a control on E (sup; .7 | Z;]). In a second
step, we shall consider the deviation E,(|Z; — x|). -
Step 1. We first fix some 7' > 0 and introduce Z7 = sup,¢(o 7 |Z:|. Put moreover ty =inf{t > 0: Zj > N}. Then
B[ Zfcy) = 01+ B sup

for any fixed N > 1,
T
] + Ex U Ig(ZWN)|ds]
1<T 0

T Aty o0
s [/ / / le(z. Zs)[luzy .2, )N (ds. dz, du)}
0 <Jo

t
/ U(Zs/\rN) dw;
0
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< |x[+ Ex [Sup

T
} + E, U Ig(ZWN)|ds]
t<T 0

T Aty o0
+ Ex [/() / . [) |C(Z, Zs—)ilufy(z,Zs,)N(dsy dz, du):|

We follow the arguments of the proof of Theorem 1.2 of Graham [5] (1992) and use the Burkholder—Davis—Gundy

inequality in order to get
T 1/2
} < CO)E, m/ 0% (Zyney) ds ) }
0

|0 (Zsney)| < B(1+ 1 Zgary|) < B(1 + Z5.,,)-

t
/ 0 (Zspey) dWs
0

t
/ 0 (Zspey) dWs
0

E, [sup

t<T

But

This implies that

t
E, [SUP /é U(Zs/\rN)dWs

t<T

}SC(I)Bﬁ[l + ExZ}pry )

The same argument shows that

T T
Ex[/ |g(ZsArN)‘ds] fEx|:/ B(1+|Zs/\rN|)ds:|
0 0

<BT[1+E.Z},,,]

Finally, we upper bound

T/\TN o0
Ea [/ / / |e(z. Zs)[luzy .2, )N (ds. dz, du)}
0 <Jo
T 00
:Ex[/(; / /(; |C(Z7 ZS_)|1"§V(Z,ZX)dZdlL(Z)du]

< Tsup/Ec!c(z,x)|y<z,x)du(z> < Tsup/Rd|c(z,x)|y<z,x>du<z)
and put
Dy = sup/d|c(z,x)|y(z,x) du@+[C)+1]B,  Dy=[C(1)+1]B. 3.7
x JIR

Now, fix some parameter 0 < a < 1 and choose T < 1 sufficiently small such that Dzﬁ < a and such that moreover
Dlﬁ < 1. Notice that since T < 1, we have JT >T.
Therefore, resuming the above steps,

Ey[Zfpey] S 151+ DINT + DyNTE(Z3 ) < x|+ 1+ aE(Z3,.,,)-

Since a < 1, we obtain

1
1—a

Ex[Zpey] < (Jx]+1),
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and letting N — oo implies the same upper bound

1
E [Z}] < — (lx] +1). (3.8)

Iterating the above procedure and using the Markov property, we obtain

Ex[ sup |Zt|]§<;(l—a)k>l+( )n| |< S 1 + |x]]. (3.9)

(n—1)T<t<nT

Now fix ¢ > 0 and let n be such that (n — 1)T <t <nT.Hencen <t/T + 1 and

1
ELZN]<E]  swp  1Zi]] = =TT 14 ],
(n—1)T<t<nT a

Observing that |x| < |xo| + n/2 for x € C’, it follows from (3.9) that for ¢; = ¢1(xg, n) = 1 log( )(1 + |xo| +1/2)

and ¢; = log(ﬁ) . %,

sup Ex[1Zi1] < cre®, (3.10)

xeC’

for all # > 0 (let us emphasize that we are interested here in the case where ¢ is ‘small,” so the exponential behavior of
this upper bound is not a concern in our framework).
Step 2. In order to prove (3.6), we now iterate the arguments that led to (3.8) and obtain in the same way

1
[supth —x|] < l—Dlﬁ(l +1x]),

t<T

but now we keep the factor /7 explicitly since it will be important later.
Using a telescopic sum and the Markov property gives

Dlﬁ "
Ex[ sup - x|] Z Ex [ sup  |Z; — Z(k—l)T|] =< E([l+|Zg-nrl]-
L. = Lu-nriskr I-ai3

By (3.10), forall k <n, Ex[1 + | Zg—17|l < 1+c1eT <[1+4c1]e®"T, if x € C". Hence

D\VT
1 —

sup Ex[ sup |Zt—x|] n[1+c1] canT

xeC’ (n—D)T<t<nT

Using that ne®?"T < ¢3¢"T for some constant 3, and using the same trick that allowed to deduce (3.10) from (3.9),
this implies (3.6), for suitable constants d; and d.

Now, we choose n such that I';, > d. Recall that Tl["] is independent from (Z;);, exponentially distributed with
parameter [';,. Moreover, almost surely, Z does not jump at Tl[n]. Therefore,

+00
Ex[|le[n]_ —x|]= Ex[|le[n] —x] 5/0 diNte®' Tpe Tt dr

+00 re 1
=T,d, f Vie =t qr = 1,4, (72) =T,d, ﬁi (3.11)
0

(T — dy)? 2 Iy —dy)?

for every x € C’. We choose ng such that for all n > ny,

1
rd Y

- (3.12)
2 (T, —dy)?

A~
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and obtain

n
sup PX[XTM_ ¢ C] < sup Px|:|ZTm_ —x|> —]
xeC’ 1 xeC’ ! 2

<s 2E [1Z 1] !
up — n — X < —.
_xeg/n X Tl[]7 ) O

Let S = inf{ Tk["], k=1:X,m_ € C}. Then the above arguments imply the following statement.
k

Corollary 3.5. P,(S1 <o00) =1 forall x.

Proof. We introduce the following sequence of stopping times.
= 1c, s1:inf{Tk["]:Tk["]>t1}, L
n=inf{s >s_1: X, €C'}, 5= inf{Tk[”] : Tk["] >}

The above stopping times are all finite almost surely. We put
7. =inf{l : X, € C}.

Then, using (3.5), for any x € RY,

1\"
Py (te > np) < (E) s

which shows that 7, < co Py-almost surely for all x. In particular,
S1 <5, <00

P,-almost surely for all x. O

In case that ® (v) = cv® for some fixed 0 < o < 1, by (2.17) we know that r(s) < Cs%/(1=® and in this case (2.16)
provides a polynomial control obtained for the first entrance time in C’. We now show that this polynomial control
remains true for Sj.

Proposition 3.6. Grant Assumption 2.10 with ® (v) = cv¥, for some 0 <« < 1 and ¢ > 1. Then there exists a constant
C such that

EX(SI‘+“) < CV(x). (3.13)

Proof. We adopt the notations of the proof of Corollary 3.5 and start with some preliminary considerations concerning
the rate function introduced in (2.17) above.
0. For rate functions as in (2.17), the most important technical feature is the following sub-additivity property

r(t45) < C(r@t) +r(s)), (3.14)
for ¢, s > 0 and C a positive constant. We shall also use that for (2.17),
r(t+s) <r(r(s), (3.15)

for all 7, s > 0, which follows from the sub-linearity of Ry 3 x > In(1 + x) and the fact that the constant ¢ in the
formula of (s) in (2.17) is strictly larger than 1. !

1Supposing that ¢ > 1 is actually no restriction, since we might multiply (2.12) by any suitably large constant.
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1. Since r(s) > cle(1 — )]*/ (1= s2/(=0) by (2.17), it is sufficient to show that
Sty 5
Ex/ r(s)ds < CV(x), (3.16)
0
for a suitable constant C, in order to prove (3.13) . Indeed, (3.16) and the fact that 1 < s, imply that

Si ~
Ex/ s/0=0) 4 < CV (x).
0

1
Then (3.13) follows, since fOS] se/d=0) qg — CSIIT‘”.
We are going to prove (3.16) in the next steps. In what follows, C will denote a constant that might change from
line to line and even within the same line.
2. We start by studying E f(; Yr(s)ds, where s = inf{Tk["] : Tk[”] > t¢r}. Recall that T, is the rate of the Poisson

process associated to Tk["], k > 1. Then by definition of sy,

S1

S1 Tc! S1
Ex/ r(s)ds = Ex/ r(s)ds + Ex/ r(s)ds <Vx) + Exf r(s)ds,
0 0 Ter T,

C/

where we have used (2.16) with § = 0.
Now, using that s1 — 7¢ is independent of 77 ,, exponentially distributed with parameter I',, and using (3.15),

51 S1—T¢c/
Ex/ r(s)ds = ExEXfC, / r(ter +s)ds
T 0

c!

S1—T¢r
<EEx, [ rere)ds
0

= E.(r(zc)) EcEx,,, ( /O e r(s)ds>

) t
=Ex (r(fc/))ExEer, (/0 [e ! |:/() r(s) ds] dt)

=CE; (V(TC’)),

where Cy = [;° Tye ! [ [§ #(s) ds]dt < co.

Notice that lim;_, o #?)ds =0, by (2.17). This implies that there exists a suitable constant C such that
0

t
() <C+ / r(s)ds, forall > 0. (3.17)
0
Therefore,
Ter
Ey(r(zce) < C + Ey / r(s)ds < C + V(x),
0
by (2.16) with § = 0, implying that
51
E/ F(s)ds < C1 - C+CIV(x) < [C1C + OV (x), (3.18)
0

where we have used that V (x) > 1.



Ergodicity for multidimensional jump diffusions 1151

3. In a next step we consider the following situation. Let x € C’, then 71 = 0 and #, = inf{r > 51 : X, € C'}. Since
s1 is independent of the process, exponentially distributed with parameter I';,, we may apply (2.16) in order to obtain,
forx e C/,

%) 00 Teor (1)
Ex/ r(s)ds:/ Fne_F”’<Ex/ r(s)ds> dt
0 0 0
o0 b t
5/ Fne_r"t(V(x)—i——/ r(s)ds) dr
0 ¢ Jo

S V(x)+C(Fnb3c)7 (3.]9)
where C(I',,b, ¢) is a constant depending on I',, b and ¢ = ®(1), since ¢ — fot r(s)ds is of polynomial growth and

therefore integrable with respect to I',e~In? dr. As a consequence,

19}
sup Ex/ r(s)ds < oo. (3.20)
0

xeC’

4. We now use r(t +s) < r(t)r(s) in order to obtain a control of E f(;’* r(s)ds. We certainly have
41

29 1
Ex/ r(s)ds:Ex/ r(s)ds + E Ex/ r(s)dsli<c,
0 0

n>1 In

tn+l_tn
<V + ZEX<1{,,_1<T*}/ r(ty +s)ds). (3.21)
0

n>1

Since r(t, + 5) < r(t,)r(s), we may continue as follows.

29 Iht1—In
E, / F)ds < Ve + Y jEx(l{nm*}r(tn) / r(s)ds)
0 0

n>1
1
=V + ZEx<l{n—l<r*}r(tn)EXt” /0 V(S)dS)
n>1
SV@+ Y Ex(lp-1<nyrt)V(X,,)). (3.22)
n>1

where we have used (2.16) and the fact that 1{,_1,) is F;,_,-measurable. Now, X, belonging to C ', we can upper-
bound V(X;,) <sup,cc V(x) =: ||V |lco,c’» and obtain

try
E, fo F©)ds <V + IVioe Y Ee(lpot e (). (3.23)

n>1

We use that by definition of the stopping times t#,, t, = t| + t,—1 o 6;,, where 6;, denotes the shift operator on
DR, ,R%). But

r(ty) =r(ty +th—106y) <r@)rty—1006y),
due to (3.15). Using the Markov property with respect to #; and the fact that X,;, € C’, we obtain

Ex(l{n71<r*}r(tn)) < Eyr(t) sup Ey(”(tnfl)l{n72<r*})- (3.24)
yeC’
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Using (3.17), the first factor can be treated as follows

t
E,r()) <C+ Ex/ l r(s)ds <C+V(x) <[CH+1]V(x), (3.25)
0

since V(x) > 1.
We are now going to treat the second factor. For that sake, let p € ]1770‘ v, é[, and ¢ > 1 with % + é =1. Then,

using that P(n —2 < 7,) < (§)"72,

1

1p (n=2)/q
Ey(l{n—2<r*}r(tn—1)) = Ey(rp(tn—l)) (5) . (3.26)

We use the precise form of r given in (2.17) and obtain, using Holder’s inequality, the fact that % > 1 and writing
thatt,_1 =01+ (12— 1)+ + (tlh—1 — th—2),

PP(taet) < (0 = DTG [P (0) 4o 4 7P (1t — 10-2)]. (3.27)
Our intention is now to show that for all ¢, r”(t) < C fé r(s)ds, for a suitable constant C. In order to do so,
recall that by (2.17), r?(t) < Ctﬁp, as t — 00. Since p < 1/a, we have %p —1< ﬁé — 1= % Moreover,

o . 11—«
1= P > 1, since p > ——=. Therefore,

o 1 t o 1 t o t
tTaP=— | sl lgs=— | sTads<C r(s)ds,
o o
l—ozp_1 0 p—1Jo 0

1—a

implying the desired assertion.
As a consequence we may upper bound each term appearing in (3.27) by r?(t1) < Cfot' r(s)ds,...,rP(t,—1 —
th_2) <C fé”’lit”’z r(s) ds and obtain, for a new constant C,

ap 1
rP(t,—1) <C(n — 1)m—1</ : r(s)ds+~'+/
0 0

n—1—Ih—2

r(s) ds) .
Using successively the Markov property at times 0, #1, t2, .. ., t,—2 and that X;, € C ! for 1 <i <n — 2, we obtain

«, )
EyrP(ty_1) < C(n — )T sup EZ/ r(s) ds.
0

zeC’

Finally, by (3.20), sup, . E; féz r(s)ds < 0o, and therefore

sup (EyrP (t,-1))"/? <Cn—1)Ta,
yeC’

Coming back to (3.23) and using (3.24)—(3.26), we conclude that, for a suitable constant C,
n—2
q

1% 1 o -
Exf r(s)ds < V(x) + CV(x)Z(§> (n—1)T= <CV(x).
0

n>1
5. We conclude as follows. For a constant C that might change from line to line,

Sk 1% Sk
Exf r(s)ds:Ex/ r(s)ds+Ex/ r(s)ds
0 0 t

Tk

Sn
SOV + Y Bl [ 10188
In

n>1
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Sn—1n
<CV(x)+ ZEXI{I*>n—1}r(tn)/ r(s)ds
0

n>1

K
<CV(x)+ ZEX[I{T*>n_1}r(t,,) sup Ey/O r(s)ds]
yeC’

n>1
1
<CV(x)+ (sup Ey/ r(s)ds) ZEX[I{,*M,]}r(tn)]
yeC’ 0 n>1

<CVx)+C Z E, 1{r*>n71}r(tn)’

n>1
where we have used that r(t, + s) < r(t,)r (s), the Markov property with respect to 7, and the fact that by (3.18),

S1
sup Ey/ r(s)ds < oo.
0

yeC’

The last sum an] E1{zx>pn—1yr(ty) is treated as (3.23), and this concludes our proof. U

The above result implies an analogous control for moments of the regeneration times Ry of (3.3). More precisely,
we can now define

S =inf{T" > 8§_1:X m_eC}, 1>2,
) =inf{T," > 5 Tk[]_e} >
and let
R =inf{S; : U; < B}, Riy+1 =inf{S; > R, : U; < B}. (3.28)

An analogous argument as the one used in the proof of Proposition 3.6 then implies the following theorem.

Theorem 3.7. Grant Assumption 2.10 with ® (v) = cv®, for some 0 <a < 1,andlet p=1/(1 — ). Then
ExRY <CV(x). (3.29)
We are now ready to prove Theorems 2.12 and 2.13.
3.3. Proofs of Theorems 2.12 and 2.13

Proof of Theorem 2.12. Let

Ry
m(0) :=E/ 1o (Xy)ds,
Ry
for any measurable set O. By the strong law of large numbers, any set O with m(O) > 0 is visited i.0. Py-almost
surely by the process X, for any starting point (x,u) € R? x [0, 1]. Hence, the process is recurrent in the sense of
Harris, and by the Kac occupation time formula, m is the unique invariant measure of the process (unique up to
multiplication with a constant).

Now, recall that v is of compact support, hence V € L!(v). Recall that by Remark 2.11, the Lyapunov condition
(2.12) holds in particular for a constant function ® = ®(1) =c, i.e. ®(v) = cv® with & = 0. Using (3.29) in the case
o =0, we obtain m(R¢ x [0, 1) =E(Ry — R1) = E, Ry <cv(V) < 00. This implies that X is positive recurrent.

The invariant measure m of the original process X is the projection onto the first coordinate of m. In particular, X
is also positive Harris recurrent, and m can be represented as

Ry

m(f)=E f(Xs)ds.

Ry
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The ergodic theorem is then simply a consequence of the positive Harris property of X. Finally, the fact that @ o V €
L(m) is an immediate consequence of (2.12), based on Dynkin’s formula. O

Proof of Theorem 2.13. Theorem 2.13 follows from Theorem 5.2 of Locherbach and Loukianova (2013) in [8]
together with Proposition 3.6. (]

We finally proceed to the proof of Proposition 2.14.

Proof of Proposition 2.14. Let X and Y be a copies of the process, issued from x (from y respectively) at time 0.
Let Ry and R; be the respective regeneration times. Using the same realization Vj for X and for Y (recall (3.2)), it is
clear that Ry and R are shift-coupling epochs for X and for ¥, ie. Xg,y. =Y |+ If follows then from Thorisson
[14] (1994), see also Roberts and Rosenthal [13] (1996), Proposition 5, that

1 [t 1 [
H—/ Ps(x,-)ds——/ Ps(y,-)ds
tJo tJo

Recall that p =1/(1 — «). Then

1
sci(EARD-kEARD) (3.30)

TV

1 1—
E.(Ry) < (ExRD)"? < c(v() '™,
Now, if a > %, then 1 — o < « and therefore,
E«(R) <c®oV(x)eL'(m).

In this case, we can integrate (3.30) against m(dy) and obtain the second part of the assertion. O

4. Discussing the Lyapunov condition

In this section, we discuss in an informal way several easily verifiable sufficient conditions implying Assumption 2.10
with ®(v) = cv¥,0 <« < 1. These conditions will involve different coefficients of the process. Recall that the in-
finitesimal generator L of the process X is given for every C>-function ¥ with compact support on R? by

1 9?
Ly =3 lzj:aij (x)mlﬂ(x) + () Vi (x) + /Rd [¥(x +c(z.x) = ¥ (x) ]y (z, x)u(dz),
where a = oo*. In order to grant Assumption 2.10, we are seeking for conditions implying that

LV < —cV%x) +blc(x), 4.1)

for some 0 <o < 1, b, ¢ > 0. Recall that C' = {x : |[x — x¢| < %} has been introduced in (2.10) above; the radius n
comes from the local Doeblin condition established in Proposition 2.6.

Example 4.1. If we choose for instance V (x) = |x — xo|* and a = % it suffices to impose that for all x e R4 \ C’,

Tr(oo™) 4+ 2(g(x), x — xo) + /d<2(x —x0) 4 ¢(z,x), c(z, X))y (z, X)) u(dz) < —clx — xo| 4.2)
R
and
sup / (20x = x0) + ¢(z, %), c(z, )y (z, x) u(dz) < +00. 4.3)
xeC' JRE



Ergodicity for multidimensional jump diffusions 1155

We now discuss several concrete sufficient conditions implying (4.1). In this context, it is interesting to notice that
the influence of the different coefficients can be quite different. Some coefficients can work in a favorable way in order
to ensure (4.1). In that case we will say that they are ‘pushing’ the diffusion into the set C’. Other coefficients might
play a neutral role or even work against (4.1). Since we have three natural parts of coefficients (diffusion part, drift
and the jump part), we will discuss here the following cases: ‘pushing’ with the jumps only, ‘pushing’ with jumps and
drift together and ‘pushing’ with the drift only.

Pushing with the jumps

We choose V (x) = |x — xo|*> 4 1 and will impose both global and local conditions with respect to z.
1. Global condition with respect to 7. Vz € RY, Vx e R4 \C’,

(c(z, x) +2(x — x0), c(z,x)) 0. (4.4)

Moreover we impose that

sup f |{e(z, x) +2(x — x0), c(z, 1)) |y (z, X)u(dz) < o0. 4.5)
E

xeC’
2. Local conditions with respect to z on some set IC. There exists a set X such that the following holds.

1. there exists & > 0 such that for all x € R4 \C’,
/}C\C(Z,X)b/(z, X)pu(dz) > &. (4.6)

2. There exists ¢ € (0, 1] such that for all z € KC and for all x € R4 \C’

(e(z,x) +2(x = x0), c(z, X)) < —¢|e(z, x) +2(x — x0)||c(z, )| (4.7)
3. Forall z € K and for all x e R¢ \ C’,

ez, 0)| < |x = xol. (4.8)

Notice that this last condition implies in particular that |c(z, x) + 2(x — xg)| > |x — xo].
Let us write J V for the jump part of the infinitesimal generator of the process X, i.e. JV (x) = f g(Vx+c(z,x)) —
V(x))y (z, x)u(dz). Then under the above conditions (4.4)—(4.8), for all x € R4 \ C’,

JV(x) =/E(V(x+c(z,x)) — V(x))y(z, x)u(dz)

:/E(c(z,x)+2(x—xo),c(z,x)>y(z,x)u(dz)

<—¢ /KIC(Z,x) +2(x — x0)||e(z, )|y (2, ¥)p(dz)
< —¢lx — x| /;c ez )|y (2 1) (de)
< ¢l —xol = (V) — 1) =~ o V(x) (4.9)

with ¢ = ¢& > 0 and @ (v) = c(v — 1)7.

Remark 4.2.

1. Using the Cauchy-Schwarz inequality, (4.4) implies that for all z € R? and for all x e R4\ C’, |¢(z, x)| < 2|x — xo].
In particular for all x e RY\ C’, Sup, crd lc(z, x)| < +o00.
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2. Condition (4.8) is a condition on the size of jumps ensuring that, at least for choices of z belonging to IC, jumps
are bounded from above by the distance to the point xo. This implies that for starting points x close to C', there is
a possibility for the process to jump into C'.

3. There is a simple geometric interpretation of the conditions (4.7) and (4.8). Indeed, they lead to the (effective)
condition

(c(z, %) +2(x — x0), c(z. %)) < —¢|x — x0l|c(z, )|
or
2((x — x0), ¢(z. 1)) + ez, 0)[* < —¢x — xol[e(z, x)).

On the one hand, this implies that ((x — xg), c(z, x)) < —%|x — xollc(z, x)|, which means that c(z, x) belongs to
the convex cone of direction (xo — x) and angle arccos(%). On the other hand, using (4.8), the following condition

2((x — x0), ¢z, 0)) + |e(z, 1)|Ix = x0l < —¢lx — xol|e(z, 0|

1
_( ;C)Lx

is a sufficient (but not necessary) condition which leads to {(x — xg), c(z,x)) < — xo0llc(z, x)|. In other

words, it suffices that c(z, x) belongs to the convex cone of direction (xo — x) and angle arccos(@).

In (4.9) above, we have only achieved a control on the jump part of the infinitesimal generator L'V of the process X.
We impose the following additional conditions on the diffusion coefficient o and on the drift vector g implying that the

continuous part AV (x) = % o< j<d Gij (x) 31‘13(5) + g(x)VV (x) is negligible with respect to the jump part JV (x).
<i,j<d L. i 0x;
We suppose
T *
sup Tr(oo*(x)) <00 and ¥ = sup [Tre®)o™ ()] <00 (4.10)
xeR4 xeR4:|x—xg|>n/2 |x — xol
Moreover, we suppose that
LE> 2. 4.11)
Finally, concerning the drift part, we assume that
(x —x0,g(x)) <0 forallx e R\ C’. 4.12)

Proposition 4.3. Under conditions (4.4)—(4.8), (4.10), (4.11) and (4.12), for V (x) = |x — xo|> + 1, we have
LV(x) < —c[V(x) — 1]%,

forall x e R\ C’, where ¢ = ¢ & — . Moreover, sup,.cc |ILV (x)] < oo.

Pushing with both jumps and drift part

The conditions we made on the jump mechanism in the above paragraph are of course very strong. In this paragraph,
we will therefore consider that these conditions hold only for x belonging to some set E1. Moreover, we will suppose
that the drift coefficient contributes to force the diffusion into C’ when x belongs to another set E;.

More precisely, we suppose that E; ¢ RY \ C’ and take E» such that E; U E; =R?\ C'.

We will impose the global condition (4.4) and (4.5), but we aim to weaken the conditions (4.6), (4.7) and (4.8) and
impose them only for x € E. For x € E», we assume additionally that

Tr(ao*) + 2<g(x), X — xo) < —c|x — xg|. (4.13)
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Finally, we suppose that

| Tr(o (x)o™(x))]
p—m<

sup Tr(aa*(x)) <00, thatX = su 00, (4.14)
xeRd xeE lx — xol

that (4.11) holds and
(x —x0,8(x)) <0 forallx € Ej. 4.15)

Then under the above conditions,
1
LV(x) < —c[V(x) —1]?,
forall x e R? \ C’, and sup, . |LV (x)| < 0.

Example 4.4. We continue Example 2.9 item 1. and take xo = 0. We suppose additionally that for all x € R\ C’,
| f(x)| < |x| and sgn(f(x)) = —sgn(x). Finally, we impose (4.10) and (4.12).

Put Ey = [—M — 31U [4 + M] and choose K = [a,a + 2R)] in such a way that [,-[1 — e 1N dz = % It follows
from our assumptions on y and c that for all (z,x) € K x Ej

Y@ x)=y >0 and f(x)=f>0. (4.16)

Moreover, we assume that
)

: 2
Lr>27

4.17)

It is clear that (4.6) is verified for all x € E1, and, moreover, that the jumps are strong enough to ensure the drift
condition even in presence of the Brownian part.

Since | f(x)| < |x| for all x ¢ C’, (4.8) is satisfied. Finally (4.4) follows from the fact that sgn( f (x)) = —sgn(x),
forall x ¢ C’', and (4.7) follows with ¢ = 1.

Pushing only with the drift

In order to exploit the effect of a drift vector, it might be suitable to consider a different Lyapunov function as we are
going to explain in the present section. Let for example xo =0 and V(x) = |x|+ 1=, /xl2 4+ 4 xﬁ + 1. Then
32 5,' j XiXj

X
V() =, Vx) = 2 Nt
O=1 e VT TP

Due to Assumption 2.1 item 4., we know that
sup/ |c(z,x)|y(z,x),u(dz) =:D < o0.
x JE

We suppose moreover that o is bounded and take D sufficiently large such that |a;;| < D, where a = oo *.
We denote by |x|; = |x1|+ - - - + |x4| the L'-norm on R? and use that ﬁml < |x|. We impose the following drift

condition on g. For every x ¢ C’,

(x, g(x)) < —c|x|"*® — D|x| — dD, (4.18)
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for some 0 < o < 1. Then it is immediate to see that for all x ¢ C’,

LV(X)SB(S—'+ ) le-llle)Jr (x, 8(x)) +[|c(z,x)|y(z,x),u(dz)
E

3
2 1 Td |x| x|
<D
D(d le%> (x, g(x))
==+ L)y =24 p
2 <|x| |x|3 x|
dD ,
_4p (x, 8(x)) D
x| | x|
dD 1
< 20— (el Dl + dD) + D = .
X X

5. Proofs

In the following, B(x,r) ={y € R? : |y — x| < r} denotes the ball with radius » and center x € R?. Moreover, for
B € R?%dxd e shall write ||| B|| for the associated operator norm ; we will also denote by dg(a) the differential of a
function g at a. The main ingredient of the proof of Proposition 2.6 is the following result.

Lemma 5.1. Let WV, (z) = x + ¢(z,x), K={z: |z — 20| < R}, ¥,(K) = {V,(2),z € K} and ay = x + ¢(z9,x) =
W, (z0). Put

_Apa ] (5.1)
=3 2K ) ‘
Then there exists n > 0 such that
0
B <axo, 5) c () w. (5.2)
x€B(xp,n)
Moreover, for all x such that |x — xo| < r, we have B(ay, p) C V,(K), and there exists K, C K such that z — W, (z)

is a C'-diffeomorphism from KC; to B(ay, p).

Remark 5.2. The ball B appearing in (2.9) can be chosen as B = B(ax,, p/2) with p as in (5.1) and ay, = xo +
(20, X0)-

We will first admit this lemma and show how we can use it to prove Proposition 2.6.

Proof of Proposition 2.6. We admit Lemma 5.1 and take IC = {z : [z — zo| < R} as there. As a consequence, there
exists a ball B(xp,n) such that for all x € B(xo, 1), B(ay,, %) C W, (K). Choose K" C K such that ¥y : K" —
B(ay,, %) is a C'-diffeomorphism for all x € B(xo, n).> Since for all (z,x) € K x B(xo, n), ¥ (z,x)h(z) > &, we now
have

[ wm@penamoze [ wm@)e=e [ wvol,amle.

args5)
Put z = 1/f;l(y), then

1
[Ty, ()] |det(V,e(z, x))|

2Indeed, from Lemma 5.1, there exists K’ C K such that W, : K/ — B(ay,p) isa Cl—diffeomorphism, and since B(ay,, %) C B(ay, p), there
exists K C K’ C K such that W, : K" — Bl(ay,, %) is a C!-diffeomorphism.
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and, using Hadamard’s Inequality,

d
|det(V.c(z, 1)) ]_[ 9, ¢(z, %))

As a consequence, we obtain

& o
/ Ly (V2 (2)y (z, %) du(z) > g)»(VﬂB(axo, 5)) (5.3)
Ey
which, together with (2.5), ends the proof. O

It remains to give a proof of Lemma 5.1. This proof goes through several intermediate steps which are given now.

Lemma 5.3. Let g : R? — RY be a C2-function such that

1. g(0)=0,
2. (dg)(0) =1d,
3. there exist R, K > 0 such that for all z € B(0, R),

i,j.k

LN

82, 0z

Put R=R A 5. Then B(0, &) C ¢(B(0, R)).
Proof. The third condition allows to apply the Mean Value Inequality to z — (dg)(z) since
[ldde)@|| < K. VzeB(,R).

Therefore, with R = R A 5%,
[dg(z) —1d| = |[dg(z) —dg(0)| < K|z| < % Vz e B(0, R).

Letnow y € B(0, £) and set 7 : B0, R) > RY, z+> h(z2) := y + z — g(z). We have
ah@] = |1~ dg@)] = 5. Ve BO.R).

Using again the Mean Value Inequality, we obtain for all z, 7’ € B(0, R),

1
@) - h(&)| = e~

In particular [h(z)] < 51z — 2| + (2], s0 |h(2)] < %Izl +1h(0)| = |zl + |y < R, forall z € B(0, R).

This last result highlights two facts. First, £ is an 2 -contraction from the complete space B(0, R) into itself, so the

fixed-point theorem gives us the existence of z € B(0, 15) such that h(z) = z, and, secondly, the range of & defined
on B(0, R) is B(0, R). So we have in fact the existence of z € B(0, R) such that h(z) = z, or equivalently, g(z) =y

which ends the proof. (]
Remark 5.4.

1. g is in fact a C'-diffeomorphism from V = B(0, R)N g (B0, E)) to B(0, E).

2. We could have chosen R = R A 1}5/ for any &’ €10, 1[.
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Lemma 5.5. Let A be a d x d matrix such that
VyeRY Ayl = Klyl.

Then
B(Au,KR) C A(B(u, R)).

Proof. Notice first that A is clearly invertible. Let now y € B(Au, K R). Then for v € R4,
v =]A(A™"Y)| = K|A™ 0,

so, withv =y — Au,

’

KR>|y—Au|>K|A7'(y — Aw)| =K |A7 'y —u

or, equivalently, R > |[A~!y — u| implying that A='y € B(u, R) and y € A(B(u, R)).
We now have the following extension of Lemma 5.3.

Proposition 5.6. Let f:R? — R? a C*-function and a € R? such that

L. |df(a)y| > Aly| forall y e R?,
2. there exist R, K > 0 such that for all y € B(a, R),

. 2 f
[(df @)™ Zj’ v,

K
<—.
—d

. D __ 1
Then, with R =R A 5E

R -
B<f(a), AE) C f(B(a, R)).

Proof. (/) We use Lemma 5.3 with

-1
g =(df@) (fla+2) — f(@).
All hypotheses needed in Lemma 5.3 are satisfied since

d%g _ 1 0f
9z; 9z, @ = (4f @) dz; 3z

(a +2).
Thus
R N
B(O, 5) C g(B(0, R)).
(2) Since f(y) =df(a)g(y —a)+ f(a), using Lemma 5.5,

B(O, A§> c df(a)(B (o, g)) cdf(ag(BO, R),

where we have used the preceding step in order to obtain the last inclusion. Therefore,

R .
B<f(a), A3> C f(B(a, R)).



Ergodicity for multidimensional jump diffusions 1161
We are now able to prove Lemma 5.1.

Proof of Lemma 5.1. (/) Let x € B(xg, ). We can apply Proposition 5.6 with a = z9, f = W, which gives p =
%(R A ﬁ) such that

B(ay, p) C Y, (B (ZO7 2%)) C V. (K),

where we recall that K = B(zg, R). Since our conditions are uniform in x, the radius o will be the same for all
x € B(xq,r).
(2) The previous point implies in particular that

B(axoa p) C \Ijxo ().
Since x — W, (zp) is continuous, there exists n with » > n > 0 such that
0
lx—xol<n = |Wi(20) — W (20)| <35 (5.4)

Therefore,

(| Blay.p) C ¥ (K),

Y€B(x0,1)
so it is sufficient to prove that
Blag.2)c () B0
R)
Y€EB(x0,1)
which can be seen as follows. Let y € B(ay,, %) and x € B(xg, n), then
lay — Y| < lax, — y| + lax — ax|

= lax, — yl+ ’\Ijx(ZO) - \Ijxo(ZO)|

o P
<=+ =—=0p,
2t =r

so y € B(ay, p), for every x € B(xgp, ) and the statement is proved. O

Proofs of Remarks 2.7 and 5.2. Recall that we have imposed the additional hypothesis L. = sup,¢x L¢(z) < o0.
Since

lez.x) —c@ )| <L:@Ix—yl. Vx,yeR! VzeE,

it is sufficient to set

0

= —F—- A
T= 20+ Ly

r’

in order to grant (5.4). O

We finish this section showing that the growth-fragmentation model introduced in Section 2 satisfies our assump-
tions.

Proof of Example 2.8. We show that Example 2.8 satisfies our Assumptions 2.1-2.4.
Indeed, items 1. and 2. of Assumption 2.1 follow immediately.
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In order to check points 3. and 4. of Assumption 2.1, the main point is that for any fixed x and for small z,
v(z,x)|c(z,x)| = f(x)w(x)%[l — k()] ~ f(x)¥(x)k’(0), which is integrable in z € [0, §], for any § > 0. Assump-
tion 2.2 holds on {x > 0: |x —xg| < r} for any xop > 0 and > 0, since f(x) > O for any x. We are now going to check
Assumption 2.4. In order to check (2.6), note that

d-¢(z0, %) = ¥ ()’ (z0),
implying that (2.6) holds with

A=k'(z0) inf ¢ (x)=«"(z0)a. (5.5)

x:lx—xo|<r

Moreover, (2.7) holds due to the non-degeneracy of «’(z) # 0 for all z > 0, with a constant K only depending on zg
and on R, but not on xg, nor on r. Finally, (2.8) trivially holds. ¥ being 1-Lipschitz, we have that L.(z) = «(z), and
therefore L =sup,.|,_ . <g Lc(2) =sup,.,_. < g ¥ (2), implying that the radius 7 given in (2.11) can be chosen as

n=C(z0, R)a nr, (5.6)
where C(zg, R) is a constant depending on K and on L., but not on xp nor on r.
Finally, we give the proof of (2.23): Indeed,
o
LV(x)=2x+ / e ¢ [2x +c(z, x)]c(z, x)y(z,x)dz,
0

with ¢(z,x) = (k(z) = DY (x) and y(z,x) = f(x)1. But for x > n/2, using that (k(z) — 1)* < |«(z) — 1], since
lk(z) — 11 <1,
[2x + c(z, 0)]e(z, x) = 2x (k(2) — 1) P (x) + (k(2) — 1)21/’2()‘)
< —2x|i(@) — 1|y () + k(@) — 1]y (x)x
=—¥(n/2)x|k(z) — 1

since ¥ (n/2) < ¥ (x) <x forall x > n/2.
As a consequence,

’

LV(x) < —x [w(%) /Ooo %(1 —k(@))e " dz — 2} =—cx=—c(Vix)—1)"?,

where c =y (1) [;° %(l — Kk (z))e"%*dz — 2 > 0 by assumption (2.22). O
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