Annales de I’Institut Henri Poincaré - Probabilités et Statistiques
2017, Vol. 53, No. 2, 957-996

DOI: 10.1214/16-AIHP745

© Association des Publications de 1’Institut Henri Poincaré, 2017

ANNALES
DE LINSTITUT
HENRI
POINCARE

PROBABILITES
ET STATISTIQUES

www.imstat.org/aihp

Strong stationary times for one-dimensional diffusions

Laurent Miclo

Institut de Mathématiques de Toulouse, Université Paul Sabatier, 118, route de Narbonne, 31062 Toulouse Cedex 9, France.
E-mail: miclo@math.univ-toulouse.fr

Received 12 June 2015; revised 16 January 2016; accepted 7 February 2016

Abstract. A necessary and sufficient condition is obtained for the existence of strong stationary times for ergodic one-dimensional
diffusions, whatever the initial distribution. The strong stationary times are constructed through intertwinings with dual processes,
in the Diaconis—Fill sense, taking values in the set of segments of the extended line R LI {—00, 4-00}. They can be seen as natural
Doob transforms of the extensions to the diffusion framework of the evolving sets of Morris—Peres. Starting from a singleton set,
the dual process begins by evolving into true segments in the same way a Bessel process of dimension 3 escapes from 0. The strong
stationary time corresponds to the first time the full segment [—oc0, +00] is reached. The benchmark Ornstein—Uhlenbeck process
cannot be treated in this way; it will nevertheless be seen how to use other strong times to recover its optimal exponential rate of
convergence to equilibrium in the total variation sense.

Résumé. Une condition nécessaire et suffisante est obtenue pour I’existence de temps fort de stationnarité, quelque soit la condition
initiale. Les temps forts de stationnarité sont construits par le biais d’entrelacements avec des processus duaux, au sens de Diaconis—
Fill, prenant leurs valeurs dans 1’ensemble des segments de la droite étendue R LI {—o00, +00}. IIs peuvent étre vus comme des
transformées de Doob d’extensions au cadre diffusif des ensembles évoluants de Morris—Peres. Partant d’un singleton, le processus
dual commence par évoluer en segments de la méme maniere qu’un processus de Bessel de dimension 3 s’échappe de 0. Le temps
fort de stationnarité correspond au premier temps d’atteinte de [—oo, +00]. Le processus d’Ornstein—Uhlenbeck ne peut pas étre
traiter de la sorte, il est toutefois possible d’utiliser d’autres temps forts pour retrouver son taux exponentiel optimal de convergence
aI’équilibre en variation totale.
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Keywords: Strong (stationary) time; Ergodic one-dimensional diffusion; Intertwining; Dual process; Evolving segments; Explosion time; Bessel
process; Ornstein—Uhlenbeck process; Spectral decomposition and quasi-stationary measure

1. Introduction

A strong stationary time t is a stopping time relative to the filtration generated by an ergodic Markov process (X;);>0
(and possibly some independent randomness) which is such that T and X, are independent and X is distributed
according to the underlying invariant probability distribution. They were first introduced by Aldous and Diaconis [1]
in the context of finite Markov chains. Staying in the finite framework, Diaconis and Fill [12] developed the important
tool of intertwining with absorbed Markov chains to construct strong stationary times. Intertwining of diffusions
was also investigated by Rogers and Pitman [32] and Carmona, Petit and Yor [7], especially to deduce identities in
law for particular processes. Recently, Pal and Shkolnikov [29] studied some conditions insuring that there exists an
intertwining between two Markov semi-groups and their article also provides a welcome survey of applications of
intertwining relations. Among other recent works in this direction, such as Lorek and Szekli [25] and Huillet and
Martinez [19], the article [18] of Fill and Lyzinski is the closest to the present paper (see Remark 6). Our goal here is
to come back to the investigation of strong stationary times through intertwining, but in the context of diffusions. We
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will also point out a relation with an extension to this continuous setting of the evolving sets of Morris and Peres [28].
More precisely, we are to be mainly concerned with one-dimensional diffusions, the simplest continuous framework
and nevertheless already displaying some interesting features. Of course, extensions to multidimensional situations
are more promising and challenging. They are outside the scope of this paper, which can be seen as only working out
the preliminary steps in this direction that we hope to investigate in the future.

Consider the one-dimensional Markov generator given by

L:=ad>+bd, (1)

where @ > 0 and b are two functions defined on R. We won’t be interested in regularity issues, so we assume that
they are smooth and L can be interpreted as an operator from C°(R) to itself. It is often convenient to extend it as a
self-adjoint operator on a L2 space. Indeed, consider the two positive functions defined by

Vx eR, s(x):= exp(— /x @dy),
o a(y)

1
2a(x)s(x)

@)

m(x) :=
and the associated scale and speed measures S and M characterized by

¥
Vx <yeR, S[x,y]:/ s(u)du,
X

Mlx,y]= /ym(u) du.

The diffusion is said to be positive recurrent if
M (—00, 00) < 00 3

and if
0 [ee)
/ M[y,0]S(dy) =+o0 and / My, 0]S(dy) = +o0. (@]
oo 0

The first condition implies that the second can be replaced by
S(—00,0] =400 and S[0, 0c0) =+o00.
Under these conditions (3) and (4),

VxeR, x(x):= ﬂ ®)
M (—o0, 00)
becomes the stationary density function. We will denote by the same symbol 7 the probability measure admitting the
function 7 as density with respect to the Lebesgue measure. It is well-known (cf. for instance the Chapter 15 of the
book of Karlin and Taylor [21]), and elementary to recover, that the operator L is symmetric in L.2(rr), so we can
consider the corresponding self-adjoint Friedrichs extension.

Let X := (X;);>0 be a diffusion process whose generator is L, in the sense of martingale problems. Assumption (4)
prevents X from exploding in finite time (see for instance Theorem 3.2(3) of Chapter 6 of the book of Ikeda and Watan-
abe [20]). By self-adjointness of L, the probability 7 is reversible for X, this is always the case for one-dimensional
positive recurrent diffusions (see e.g. Kent [22]). The reversibility of continuous processes can be equivalently char-
acterized as follows: when a process (X;)o<;<7 starts from the reversible distribution 7, it has the same law as the
reversed process (X7—;)o<:<7 (for cadlag processes, the right and left limits and continuities of the trajectories have
to be exchanged), see for instance Liggett [24].
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The process X is a priori defined on a probability space (€2, F, P) endowed with the filtration (F;);>0 generated
by X. For instance, Q2 can be taken to be the set of continuous trajectories C([0, +00), (—o0, +00)) endowed with
the o-field and the filtration generated by the canonical coordinate process. But to allow for extra randomness, it is
useful to enlarge the initial setting (2, F, P, (F;)s>0) into (€, F, P, (]:',),20), preserving the fact that X := (X;);>0
is a continuous process starting from xg, Markovian with respect to the filtration (]}z)tzo and whose generator is L.
This is often done by considering the tensor product of (€2, F, P, (F;);>0) with another probability space.

A random time 7 taking values in [0, 00] is said to be a stopping time, if it is defined on a framework
(Q, F,P, (]:_t)tzo) as above and if it a stopping time with respect to the filtration (]:",),20, namely if

V>0, {t<t}eF.

From a practical point of view, it means that 7 is constructed from X and from some independent randomness Y in
such a way that for any ¢ > 0 and in view of Y, to decide whether T < ¢ or not, it is sufficient to look at the trajectory
Xi0,11 = (Xs)sefo,-

The stopping time 7, taking values in [0, 00), is said to be strong, if v and X, are independent. It is said to be a
strong stationary time, if furthermore X, is distributed according to .

Our main goal is to investigate the existence of strong stationary times for X. To state our first result, we need the
following quantities

0 +o00
I_ ::/ S[x,0]M(dx) and I; ::/ ST0, x]M (dx),
0

—00

I :=max(/_, I).

The points —oo and oo are said to be entrance boundaries if, respectively, I_ < 400 and Iy < +oo. If X starts
from an entrance boundary, it quickly moves into the interior of the state space but never return to this boundary, see
for instance Karlin and Taylor [21]. This will be our main assumption, namely / < +o00c. Note that the role of 0 is
irrelevant: it could be replaced by any other point of R. But if we were looking for quantitative bounds, it should be
chosen more carefully, maybe replacing it by x¢ in the case where X starts from the initial deterministic condition
X0 = x¢. For the next result, we allow any initial distribution for £(Xg).

Theorem 1. Assume that X is positive recurrent. There exists a strong stationary time for X, whatever its initial
distribution, if and only if —oo and 400 are entrance boundaries for X.

Remark 2. Despite the deliberate choice made in this paper not to get involved in optimal regularity questions, let
us mention that the natural framework for the previous result is that of general one-dimensional diffusions (see for
instance Chapter 15 of the book of Karlin and Taylor [21]): the generator is no longer described by (1), but under the
form L = diM (f—s, where M and S are still the speed and scale measures, which may no longer admit densities with
respect to the Lebesgue measure, contrary to our regular setting. We expect Theorem 1 to be still true in this context.

Remark 3. Instead of the whole line R, we could have considered the half-line R with usual reflection at 0. Similar
notions can be introduced in this context and the arguments can be adapted to show that the corresponding Theorem 1
is valid, where I is replaced by 1. Cheng and Mao [9] shows that the assumption 1, < +00 is equivalent to several
conditions, among which are the strong ergodicity of X and the fact that the essential spectrum of L is empty and that
the sum of the inverses of its non-zero eigenvalues is finite. This amounts to saying that the associated centered Green
operator (which is the inverse of the generator on the space of functions whose mean with respect to the invariant
measure vanishes) has a finite trace. In the recent paper [27], the result of Cheng and Mao [9] was extended, by
showing that the condition I < 400 is equally equivalent to the finiteness of the trace of the centered Green operator
associated to L, and this is indeed true for quantum graphs admitting only a finite number of splitting vertices and a
finite number of infinite rays. Namely, for regular and reversible diffusions on these state spaces, to have only entrance
boundaries is equivalent to the finiteness of the trace of the centered Green operator. We also believe this is necessary
and sufficient for the process to admit strong stationary times, whatever the initial condition, similarly to Theorem 1
for R.
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We believe that the finiteness of the trace of the centered Green operator is always a sufficient condition for the
existence of strong stationary times, but the necessity of this property cannot be true in full generality: consider a
probability T on a general measurable space and let L be the generator acting on functions f € L>() by L[ f] :=
n[f11 — f. A strong stationary time, whatever the initial distribution, is given by the first jump. The spectrum of L
consists of O (with multiplicity 1) and of —1 with multiplicity the dimension of { f € L>() : [ f1=0}. So if the latter
dimension is infinite, we get a counter-example to the necessity condition outside the framework of one-dimensional
diffusions.

As announced at the beginning of this section, a strong stationary time will be constructed through duality via
intertwining relations. More precisely, let

E* = {(xvy):-X’y € [—OO, +OO]7X 5)’} \ {(_OO, _00)7 (+OO, +OO)},
E*:={(x,y) eR*:x <y}

be the interior of E* and D* := {(x, x) : x € R} C E* be the diagonal of R?. Consider the Markov kernel A from E*
to R defined by

) 5.(A),  ify=nx,
V(.x, y) eE . VA e B(R)s A((-xv y)v A) = { M otherwise
a([x,yD ’

where B(RR) stands for the set of Borel sets from R.

Transposing to the diffusion setting the program described by Diaconis and Fill [1] for finite Markov chains, we
are looking for a diffusion generator L* on E* satisfying the intertwining relation AL = L*A, in the sense that at
least on E* \ (D* U {(—o00, +00)}),

VfeCXM), A[LLfI]=L*[ALf]]. (6)
Here is one solution that will be derived later in the paper: on E*,
L* = (va()dy — Va@)dy)” + (@' (x)/2 = b(x))dx + (' ()/2 — b(1))dy

T4 N0 5, — ). v

while on R x {+o00},

L* = (‘/a(x)ax)2 + (a'(x)/2 = b(x)) 0, — 27”l(x)”(x)‘/a(x)ax 8)
7 ([x, +00))

and on {—o0} x R,

L*:= (\/a(y)ay)2 + (a'(y»)/2 = b(»))dy + 2%\/0()’)3)“ )

Formally, (8) and (9) are obtained by respectively replacing y by +0o0 and x by —oo in (7). Such extensions of (7)
will be called natural in the sequel.

We put a Dirichlet condition at (—oo, +00), insuring that it is an absorbing point.

It is not necessary to make precise the boundary condition on the diagonal D*, because it will be shown in Section 2
to be an entrance boundary:

Proposition 4. For any xo € R, there is a continuous Markov process Z* := (Z[);>0 starting from (xo, xo), whose
generator is L* (in the sense of martingale problems) and satisfying for all t > 0, Z} € E* \ D*. The law of this



Strong stationary times for one-dimensional diffusions 961

process is unique if we impose that after the possibly finite time
=inf{t > 0: Z} = (—00, +00)}, (10)
Z* stays at position (—oo, +00) (i.e. if we consider the minimal process).

The generator L* defined in (7) is not the unique one satisfying (6). As we will see later, this relation is also true if
L* is replaced by

ti= (Va()dy + Va@)dx)® + (' @)/2 — b)) oy + (a'(7)/2 — b()dy
Va(y w(y) —a(x) ”(x)(ﬁa _}_Ma ) (€8Y)

m([x,y])

(on E* and its natural extensions on R x {+00} and {—o0} x R). For this operator, D* is not an entrance boundary:
an associated process starting on D* stays in D*. This is related to the fact that on D*, L7 can be written using only
vector fields tangential to D* (note also that the mapping E* \ D* 3 (x, y) = (Va(y)m(y) — Va(x)mw(x))/7([x, y])
can be naturally extended into a symmetric and smooth function on R?).

There are other generators satisfying (6), e.g. the elliptic operator

Ly = a(y)&ﬁ + a(x)8y2 + (a'(x)/2 = b(x))0x + (a'(¥)/2 — b(¥)) 0,

1
2m(a(y)ﬂ(y)8y — a(x)m(x)dx) 12)

(on E* and its natural extensions on R x {400} and {—o0} x R). One would have remarked that Ll/2 =(L*+LY)/2,
and more generally for any « € (0, 1), the generator L} := (1 — o) L* 4 o L7 satisfies (6) and is elliptic. But as it will
be seen in Remark 15 at the end of the next section, these generators lead to strong stationary times which are larger
than those obtained from L*.

The generator L* defined in (7) has another interest: it is related via a Doob transform to the continuous equivalent
of the evolving sets introduced by Morris and Peres [28] for denumerable Markov chains. Consider the generator given
by

= (Va(»dy — \/ﬂl(x)ax)2 +(a' () /2 = b(x)) 3 + (a'()/2 = b(1)) By 13)

(on E* and its natural extensions on R x {+o0} and {—o0} x R). It is explained in Appendix B how to associate
Markov processes (X,, Yl)t>0 to L, so that the segment-valued process ([Xt, Y,])t>o can be seen as a continuous
evolving set in R.

Next define the mapping 4 on E* by

Vz=(x,y) €E*, h(z):=n([x,y]). (14)
It will be checked in Lemma 9 of the next section that L[] = 0 on £*. Then L* is the Doob transform of L through h:

L*[1= —L[h]

b‘l»—*

= L[]+ T'[Inh), -],
where I is the squared field operator associated to L: for any smooth functions f, g defined on E*,

U(f.g):=LIfgl— fLIgl — gLIf].

Let us now come back to a diffusion process X as in Theorem 1 and denote by my its initial distribution. Consider
the probability mj defined on E* by mf := [ 8, xymo(dx), so that m§j A = my. In general it is not the only probability
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on E* satisfying this relation, for instance if mo = A(z, -), with z € E*, it seems more appropriate to choose mg = 4.
The strong stationary time constructed in Proposition 5 below does depend on the choice of mj, but in this paper we
will not consider the important question of finding the best possible choice for mj (the next section will show how to
construct a process Z* starting from any initial distribution on E*, indeed Proposition 4 presented the most difficult
cases). As it is explained by Diaconis and Fill [12] in the finite setting, the relations m(“;A = mg and (6) should enable
coupling X with the process Z*, defined similarly as in Proposition 4 but with mg as initial distribution, in such a
way that for any ¢ > 0, the conditional law of X; knowing the trajectory kao,z] is given by A(Z}, -). The extension to

the positive recurrent one-dimensional diffusion case turned out to be quite tricky and will be developed in Section 4
(unfortunately the results of Pal and Shkolnikov [29] cannot be applied straightforwardly). Let us admit this technical
point for the time being. A convenient feature of this coupling is that it can be obtained by starting with a trajectory
X and by constructing Z* from X and independent randomness. More precisely, for any ¢t > 0, the piece of trajectory
ZE"O’ q is constructed from X|o ;] and independent randomness. Thus any stopping time T with respect to the filtration
generated by the process Z* is also a stopping time for X. This is important, because the previous conditional property
extends to any finite stopping time t with respect to the filtration generated by the process Z*:

£(X:1Zj.01) = A(Z2.), as)

where the Lh.s. is the conditional law of X; knowing the trajectory kao,r]' In particular if we consider the stopping
time t* defined in (10) and if we impose conditions such that this Z*-stopping time is a.s. finite, then it is a strong
stationary time for X. Indeed, the above considerations show that t* is a stopping time for X. Next note that X«
is independent from ZE"O’T*], because according to (15), L(X = |ZE"0’T*]) = A((—o00, +00), -) = m does not depend on
kao, - It follows that t* is strong because it is measurable with respect to kao,r*]' Finally it is a strong stationary
time for X, since from the above identity, £(X.+) = 7.

Up to the construction of the intertwining, these few standard arguments provide the direct implication in Theo-

rem 1:

Proposition 5. If I < 400, then the random time t* defined in (10) is a.s. finite and by consequence it is a strong
Stationary time for the positive recurrent diffusion X .

Remark 6. Fill and Lyzinski [18] recently studied the existence of strong stationary times via the duality of diffusion
processes (see also Cheng and Mao [8], up to the construction of the intertwining coupling). They consider a diffusion
X on [0,1], starting from O and they assume that 1 is either reflecting or entrance. Next they construct a diffusion
dual Y* on [0,1], starting from O and for which 1 is absorbing or exit, according to the behavior of X at 1 (see
also [13], which deals with strong quasi-stationary times for finite birth and death process, but whose formalism is
adapted to treat diffusion processes starting from the boundary). A strong stationary time is given by the first time Y*
reaches 1. Up to a rescaling of the state space and at least in the entrance situation, our dual process Z* is then equal
to (0, Y*). It should be seen as the segment-valued dual process ([0, Y;1);>0. That the left boundary of this segment
is fixed and equal to the left boundary O of the state space comes directly from the fact that X starts from 0. To deal
with more general initial distributions, we will consider segment-valued dual processes whose both boundaries are
moving (except when one of the boundaries, —oo or 400, of the state space is attained, it will then remains fixed), this
explains why our dual process will be 2-dimensional. We will see that it is better for our purposes that these motions
of the left and right boundaries are strongly correlated (they will share the same driving Brownian motion), so from a
theoretical point of view, one could come back to a one-dimensional dual process. The same technique can be applied
to birth and death processes on Z for which oo and 400 are entrance boundaries. In certain symmetric situations, it
is possible to come back directly to a one-dimensional dual, see Remark 37.

Remark 7. As it is mentioned in Diaconis and Fill [12], a special case of construction of a strong stationary time
dates back to Dubins [15]: consider on [0, A], with A > 0, a Brownian motion X reflected in 0 and A and starting
from Q. Let t1 be the first time it hits A /2, next let T2 be the first time after t1 that A/4 or 3A /4 are reached and call
Y, this point. If T, and Y, have been constructed for some n > 2, let T4 be the first time after t, that Y, + A/2"+!
is reached and call this point Y, 41. The limit T := lim,_, o T, exists a.s. and is a strong stationary time for X .
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Proposition 5 opens the way to a quantitative study of the convergence to equilibrium for X in the separation sense.
Let us recall that the separation discrepancy s(v, ) between two probability measures v and 7 defined on the same
state space E is given by

dv
s(v,m):=esssupl — —,
T dn

where the essential supremum is taken with respect to = and where j—; is the Radon—Nikodym derivative of the
absolutely continuous part of v with respect to . Strictly speaking, the separation discrepancy is not a distance
because it is not symmetric in its arguments. The computations of Aldous and Diaconis [1] show that for any strong

stationary time t for X, we have
Vi>0, s(L(X,),7)<P[r>1] (16)

Thus Proposition 5 enables us to get upper bounds on the speed of convergence of X toward its equilibrium 7 in the
separation sense, by studying the speed of absorption at (—oo, +00) of Z*. The inequalities (16) may be equalities
for all times # > 0 and such times 7 are then stochastically minimal among all strong stationary times. They are
called sharp stationary times in Diaconis and Fill [12] (in the finite setting). The proof of the converse implication in
Theorem 1 will rely on the fact that for initial distributions of X of the form A ((—o0, x), -) and A((x, +00), -), with
x € R, the random time t* defined in (10) is indeed a sharp stationary time.

When is the condition I < 400 of Proposition 5 satisfied? It is convenient to consider the case of Langevin diffu-
sions, where a = 1 and b = —U’, where U : R — R is a smooth potential. In dimension 1 and up to shrinking the state
space R to an open interval (through a smooth transformation), it is not really a restriction. The invariant measure
admits a density proportional to exp(—U). An application of Fubini’s formula shows that the condition I < +o00 can
be written as

0 +00
max(/ n((—oo,x))de,/‘ n((x, —i—oo))%dx) < +00. (17
0

—00 7(x) w(x

The Lh.s. is bounded below by

maX(su 7((=00, ) / "L e supr (03, +00) / y#dx)
0 Y y g 0 m(x)

y=<0 7 (x) y=0

and if 0 was chosen to be the median of 7 (up to a translation there is not lack of generality in this choice), the previous
quantity is the inverse of the spectral gap of L in >(;r) up to a factor 4 (see e.g. Bobkov and Gétze [6]). So at least
for Langevin diffusions, the existence of a strong stationary time, whatever the initial distribution, implies a positive
spectral gap. As it appears in the example below and as it can be expected from Remark 3, this is far from being a
sufficient condition.

Example 8. If for |x| large enough, we have U (x) = |x|* 4+ V (x), with o > 0 and V :R — R a bounded function,
then condition (17) is satisfied if and only if @ > 2 (whereas the existence of a spectral gap is equivalent to o > 1).
For this example, the eigenvalues of —L are not known, but we deduce from Remark 3 that the sum of their inverses
(except 0) is finite. The expressions given in (7) and (13) for the generators L* and L can be simplified to

7 (x) +7(y)

L™ = (3 = )" = (In(m) ()3, = (In(m)) ()0, + 2=

9y — dx),
L= —d)*— (In(m) ()3 — (In(m)) (»)d,
(with similar reductions for LT and L’l“/2 in (11) and (12)).

In particular, the important case of the Ornstein—Uhlenbeck process is not covered by Proposition 5. Does it mean
that the previous approach is useless in this situation? Indeed, it is possible to get around this difficulty by considering
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strong times t where the distribution of X is close to the invariant probability 7. This possibility is presented in
Section 2.5 of Diaconis and Fill [12] in the framework of finite state spaces. Put in practice in Section 5, this technique
will enable us to recover good quantitative bounds on the convergence of the Ornstein—Uhlenbeck process toward the
Gaussian distribution in the total variation sense.

The discrete analogues of one-dimensional diffusions are the birth and death processes. In this context, the strong
stationary duality have been used to investigate perfect sampling by Fill [16], cut-off phenomenon by Diaconis and
Saloff-Coste [14] and fastest mixing by Fill and Kahn [17]. It would be interesting to extend these consequences to
the diffusion framework.

Let us just give a glimpse of why it could also be interesting to investigate the multidimensional situation. Let X
be a hypoelliptic diffusion taking values in a smooth manifold M of dimension (strictly) larger than 1. Assume that it
is possible to construct a process Z* taking values in the set E* of singletons and non-empty open subsets of M and
which is intertwined with X through the Markov kernel A from E* to M given by

. 5 (), ifz={x},
VzeE®, A(z,):=1 acn»
Az) ?

if z is a non-empty subset of M,

where A is a o -finite measure on M giving positive weights to all non-empty open subsets (for instance A could be
the invariant measure for X, but it could also be a more tractable measure). Then we would have at our disposal the
following representation of the time marginal laws of X for all > 0,

VxeM, L(X)(dx) :/A(z,dx)C(Zt*)(dz),

from which absolute continuity and regularity properties can be deduced. It would be instructive to begin with a
simple instance of X satisfying Hérmander’s conditions and to see which features could be deduced for corresponding
processes Z*, especially in small times. Entrance boundary properties of singletons analogous to that presented in
Proposition 4 would be particularly desirable.

The paper is constructed on the following plan. In the next section we investigate the dual process Z*, making a
link with the Bessel process of dimension 3 and we prove Proposition 4. Explosion times and Proposition 5 are the
subject of Section 3. Section 4 ends the proof of Theorem 1, providing the missing details about the coupling of X
with Z* and showing the converse implication. The last section and Appendix A are devoted to the counter-example
of the benchmark Ornstein—Uhlenbeck process, giving us the opportunity to see why it is interesting to consider
more general strong times than strong stationary times. Appendix B presents some details about the analogy with the
Morris—Peres evolving sets, through a Liggett duality.

2. Description of the dual process
We study here the solutions of the stochastic differential equations associated with the generator L* given by (7), (8)
and (9).

We begin by verifying the assertion made in the introduction about the relation between L* and L defined in (13).

Lemma 9. Let h be the function introduced in (14). On E* we have L[h] =0 and for any F € C*® (E*),
5 1.
Vze E*, L*[Fl(z) = ZL[hF](Z)'
These properties extend to R x {+o00} and {—oo} x R, up to the natural modifications.

Proof. For (x,y) € 137*, we have

Oxh(x,y)=—m(x) and dyh(x,y)=m(y),
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so that

(Va(dy —Va()d,) h(x, y) = (Va(»)d, — va@)d,) (Var () + vam (x))
=Va(dy(vVa()m(y)) — vax)d(vVax)m(x)).

Taking into account that

, b—d
= 7,
a
we get that
(Va()dy — Va@)a, ) hx, y) = (b(y) _Z éy)>rr(y) — (b(x) _4 ;x)>n(x)

—(a@'()/2 = b(x))dxh(x, y) — (@' (y)/2 = b(y))dyh(x, y),

namely L[h] = 0. In the same way one shows that L[h]=0o0n (R x {+oo}) U ({—oo} x R).
By definition of I", we observe that for any F € C°°(E*) and any z € E*,

L[hF1(z) = —(hLIF1+ FL[h] +T'[h, F1)

| =
S| o=

~ 1~
= LIF1+ ; T[h. F].
A direct computation shows that for any F, G € C*°(E*) and any z = (x, y) € E*,

FIG. F1=2(J/a(dy — Va@)d:)G(x, »)(Va()dy — va®)dy) F(x, y).

Applying this formula with G = h, we obtain that L*[F] = %i[h F], as announced. Again these considerations extend
without difficulty to (R x {+o00}) U ({—o0} x R). O

Remark 10. Similar computations are valid for the generators given by (11) and (12). Indeed, they are respectively
the Doob transforms through h of the generators defined by

= (Va(y)dy + a(X)3x)2 + (a'(x)/2 = b(x))0x + (a'(¥)/2 — b(¥))dy (18)
and
Lij2 = a(y)d2 +a()d2 + (a'(x)/2 — b(x))dx + (a'(7)/2 — b(1))dy (19)

(on E* and their natural extensions on R x {+o00} and {—oo} x R). Essentially relying on the fact that 9,9yh =0,
one deduces L1[h] =0 from L[h] =0 and L1 ,2[h] =0 from L1y = (L + L1)/2.

Note that the generator L* described in (7) expands into

L* = a(x)d} +a(y)d; — 2V/a(x)y/a(y)d.dy
+ (a'(x) = b(x)) 0y + (a'(y) — b(»)) 0y

RIE) n:cz[; g;wn@) (Va(mdy — Va@)d,).
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It follows that on E*, the stochastic differential equation for Z* = (X*, Y*) associated to (7) can be written as

X = (a/(Xl*)_b(Xt*)_2\/a(X§k)7r(X,*)—l—‘/a(Y,*")n(Y,*) /—a(x;)> dt — J2a(xF) dB,.

(X7, YD

dyF = (a/(Y;")— b(r) + L, Va&DT (XD +a(¥D)mw (V) /—a(Yz*)> dt + [2a(v7) dB,.

(X7, YD

where B = (B;);>0 is a standard (one dimensional) Brownian motion. Starting from an initial condition in E * the
regularity of the coefficients and standard results (see for instance the book of Tkeda and Watanabe [20]) show that
the solution Z* exists and is unique up to the explosion time v (a.s. with respect to B). This stopping time for Z* is
defined by

" i= min(ty, 1, 73), (20)
where
1= lim inf{r >0: X} < —r},
r—>+00
7 := lim inf{t >0:Y} > r},
r——+00

t3:= lim inf{r >0:Y - X7 <1/r}.

r—+0o0

Of course, we have v < 7*, where t* is defined in (10). The next result shows that 73 plays no role.

Lemma 11. Let Z* start from an initial condition in E*. Then a.s. h(Z}) converges as t goes to t¥ toward a positive
quantity. In particular t¥ = min(ty, ©2) and Z* can exit E* only through (R x {+o00}) U ({—00} x R) U {(—o00, +00)}.

Proof. According to Lemma 9, we have on E * L*[1/h] = I:(]l) /h =0, where 1 is the function always taking the
value 1 on E*. It follows that the process M = (M;);>0, defined by

1
ViE>0, M;:=—m—0,
Wz,

is a local martingale. Since it is furthermore positive, it is a positive supermartingale and thus must converge as ¢ goes
to infinity (see for instance Theorem 28 page 24 of the book of Dellacherie and Meyer [11]). The announced results
follow. -

We can now obtain the equivalent of Proposition 4 but for initial conditions in E*.

Proposition 12. For any zg € E*, there is a continuous Markov process Z* 1= (Z);>0 starting from zo and whose
generator is L*. The law of this process is unique if we impose that after the possibly finite time T, defined as in (10),
Z* stays at position (—o0, +00). Furthermore for allt > 0, Z} € E* \ D*.

Proof. According to the previous arguments, we already have the existence and uniqueness of Z* up to the time
7. If ¥ = 400, the construction is over. If 7 < 400, we deduce from Lemma 11 that either 7; = t¥ < +o0,
or 7o = ' < 400. We only consider the first case, the second can be treated in the same way. By the required
continuity of the trajectories, we must have Z:‘T =X ;‘1 , +00), where X ; € [—00, +00). We first consider the case
where X7 # —oo. By the assumption on the form of L* on R x {+o0}, Z* must stay there after time ¥, Let us
denote for any r > 0, X ,T := X7, 4~ The process X T must be (and is constructed as) a solution of the one-dimensional
stochastic differential equation

o
x| = (a/(x,*) —b(x]) - 2M) dr —\J2a(x])dB,

7 ([X], +00))
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(where B = (B;);>0 is a standard Brownian motion), starting from X ;*l . Due to the regularity of the coefficients, there
is no difficulty in getting existence and uniqueness of the solution up to the time

T:= lim inf{r>0: }XT|>r}

r——+00

As in the proof of Lemma 11, the process M= (M,T),Zo, defined by
. 1

vt >0, =——",
h((X],,.+00))

is a positive local martingale. From its convergence we deduce that

lim X, S
t—>T—
and it follows that ¥ 4 7 = r*. Note that this identity is trivial if X7, = —oo. The analogue result is satisfied in

the situation 7 = t'. Thus the law of VAN 0.7+ 18 uniquely determined and since we impose that Z} = (—o0, +00)
for 1 > t* (by continuity for r = t*), the law of the whole process Z* is also uniquely determmed The fact that
Z} e E*\ D* for all t > 0 is obvious from the previous martingale arguments. O

For zg € E *, designate by PP, the law on the set of trajectories C(Ry, E*) of Z* starting from zo and constructed
as above. One way to construct [P, for zo = (x9, x9) € D*, is to consider for &, g >0, Pyy—e,xo+¢" and to let &, &’ go
to zero. To make clearer the convergence, we will consider a transformation of C(R,., E*) so that all the difficulties

are encapsulated into a Bessel process of dimension 3.
Here is how it appears: under P, for some zg € E*, consider

T* 5
=2 X* X* +4/alYs Y* d 0, + 21
9 /O ( a( S)JT( s) a( s)n( S‘)) s€( o] 21

(with the convention v/a(£00)m (£00) = 0), and the time change (6;);¢[0,c] defined by

wie.sl, 2 [ (Ja(esn(x) + Ja(re)n(r) s =1 @

We are interested in the process R := (R;);>0 given by

Vi =0, Ry :=h(Z, ). (23)

Proposition 13. Under P, with zp € E*, R has the law of a Bessel process of dimension 3 starting from h(zp) € (0, 1)
and stopped at 1. In particular ¢ is distributed as the first hitting time of 1 for this process.

Proof. We begin by computing L*[A]: in view of Lemma 9 we have on E*,
1~
L*[h] = ZL[h2]
1 ~ ~
= E(zhL[h] + [k, 1)

1~
= —TI'[h, h].
h[ ]

Taking into account the stochastic differential equations satisfied by the coordinates X* and Y* of Z*, Itd’s formula
give us

dh(z7) = h(;*)F[h, n(z) i+ (2a(x7)7 (%) + 2a(r) (7)) B,
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In Lemma 9 we have already seen that

Ve=(xr,y) € E*, Tlhh2) =2(Va)r @) + Vam)r(»)’.

Classical stochastic time change calculus (cf. for instance Chapter 5 of the book [31] of Revuz and Yor) then shows
that the process R satisfies for r < ¢:

do, 1 - 1d6; [=
dR; = — ———T'[h, h](Z} ) dt —/T[h, K I(Z}) dW;,
t s h(Zg[) [ ]( g,) + ar [ ]( Gr) t

where W = (W;);> is a standard Brownian motion. From the definition of the time change (6;)¢[0,¢), we have

Vi e0,¢) o _ !
SN T Fmg)

so we end up with
1
R;

One recognizes the stochastic differential equation characterizing the Bessel process of dimension 3 (see e.g. Chap-
ter 11 of the book [31] of Revuz and Yor). Since Z* is stopped when it reaches (—oo, +00), namely when h(Z*)
hits 1, R is stopped when it reaches 1, which shows the assertions of the proposition. (]

Here is a first consequence of the previous result:

Corollary 14. We have almost surely,

lim X =—o0,
t—>1%—

lim Y = +o0.

t— -Lr*_
Proof. From (21) and (22), we get that as ¢ converges to ¢ —, 6; converges to 7*—. It follows that

. w1 _
t—lgr*l—h(zt)_tll}?—Rt_l'

Recalling the definition of 4 given in (14), this is possible if and only if the limits described in the above corollary
take place. (]

There is no difficulty in letting a Bessel process of dimension 3 start from 0. The idea behind the proof of Proposi-
tion 4 is to come back to this situation by distorting the state space of Z*, so that the length of segment-valued process
becomes a Bessel process. This transformation of martingale problem associated to L*, suggested by Proposition 13,
enables us to solve it when the starting point zg is on the diagonal. It also appears that the solution is the limit of the
unique (in law) Markov processes associated to L* and starting from points off the diagonal but converging to zg.
Conversely, any solution of the martingale problem associated to L* and starting from zo can be approximated in this
way (because of the requirements that the trajectories are continuous and that the process never comes back to the
diagonal), feature which leads to the uniqueness of this solution.

Proof of Proposition 4. First we remark that it is sufficient to show that for any xo € R, there is a continuous
Markov process (Z;k)ze[o.z*)» where 77 is defined as in (20), starting from (xg, xo), living in E* \ D* for t € (0, h),
and whose generator is L*. Furthermore, we will check that the law of this process is unique. Indeed, the proof of
Proposition 12 could next be used again to uniquely extend (Z7),¢(o ;) into (Z7);>0. This observation brings us back

to the martingale problem associated to the initial condition (xg, x¢) and to the restriction of the generator L* to E*.
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But we begin by replacing (xg, xo) by (xo — &, xo + &’), with e, e’~> 0, and we consider the time change described
in (22). This amounts to replacing the generator L* by L := (1/T"(h, h))L*. Or, equivalently, we could apply the
following transformation to the trajectories

(Z;k)te[o’.[’f) = (21‘)1‘6[0,5‘) = (th)[e[o’g)v

where

G = zfor‘ (,/a(Xj)n(Xj) +,/a(YS*)JT(YS*))2ds € (0, +o0]

and (6;):¢[0,¢) is defined as in (22). The reverse mapping is given by

(Zoret.0) = (2 1eg0.01) = Zorero.c):

where

ot % fo g(\/ao?s)no?s) +ya@on @) ds € O, o]

and

O — . — .-
v e [0, 1), %/ (\/a(Xs)n(Xs)—F a(YS)n(YS)> 2ds:t.
0

The stochastic differential equation for (/Z\,),e[(), o= (Y ‘ f’\,),e[o, ¢) associated to L on E*is given by

dX; =b1(X;, V) dt +o01(X,, Y,)dBy,

vt €0, ¢), { ~ =~ A =~ A
dY; =by(X,, Yy )dt +02(X;, Y,)d By,

where for any (x, y) € E*,

bi(x. y) = a’(x) — b(x) 3 Ja(x)

’ 2(Jan(y) + Va@r(x)?  (Var(y) + va@)mx)m([x, y])’
by(x. y) = a'(y) —b(y) Ja(y)

’ 2(Va(r(y) +Va@)m ()2 (Var () + Va@)mwx)m(x, y])
o1(x,y):=— a(x)

T Van(y) + Vam(x)
02(x.y) = o)

T Ja)n(y) + Vatm(x)

Finally we consider the transformation W of the state space E* U D* given by
E*UD*> (x,y) > (h(x, ), u(x,y)),

where w(x, y) is the middle point of [x, y] when R is endowed with the Riemannian structure for which ad? is the
Laplace—Beltrami operator. More prosaically, i (x, y) is defined as the unique point in [x, y] such that

/M(x,y) 1 y 1
du =/ ———du.
x Va(u) wix,y) vau)

Its main interest is that

Vix,y) € E*,  Va(ayu(x,y) —yax)deulx, y) =0,
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because

dence ) =5 [T an e,y = 5 [T (24)
2 a(x) a(y)

It is - not difficult to see that W is a smooth diffeomorphism from E* U D* to its image. Denote (R;, S’)’EL 0,¢) =
v (Zt))te[o ¢)- From Proposition 13 and (24) we deduce that the stochastic differential equation satisfied by Z;¢[o, ¢)
is transformed into

dR; = R%d: +dW;,

(25)
dS; = p(Ry, Sp)dt,

Vi €0, 5), {
where W = (W;);>0 is a standard Brownian motion and where the mapping 8 is defined on \I'(E° * U D*) by

1

B(W(x,y)) = <b18x,u + badyp + 5[
_ a(p(x,y)) (a/(x) —2b(x) + a'(y) — 2b(y)>
8(Va(y)m(y) + va(x)m(x))? Va(x) va(y) ’

forany (x,y) € E*11 D*. This function is clearly smooth on its domain. So the resolution of (25) is quite obvious. The
initial condition is (Ryp, Sp) = W((xg — &, xo + €')). Then one solves the autonomous stochastic differential equation
satisfied by R := (R;);>0. The solution R is defined for all # > 0, and as it was more precisely seen in Proposition 13,
it is a Bessel process of dimension 3 starting from h(xp — &, xo + &’) > 0. The trajectory R being constructed, it
remains to investigate the ordinary differential equation < dS' = B(R;, S;), starting from Sp. Since B is smooth, it gives

0'1233[1, +0282M +o’10’23x8‘/14])()€, y)

us a solution, up to the possible explosion time ¢ when (Rg,, Sc_) reaches the boundary of lIJ(E * U D*). From the
form of W, the time ¢ is necessarily the first time when either X explodes to —oo or Y explodes to 400, where
(X, Y,) :=WU(R,, S, fort € [0, ¢), as wanted.

These observations are also valid if Ry = 0 and enable the construction of P(y, y,) by reversing the previous trans-
formations, starting from the initial condition (R, So) = (0, x¢). It is also seen to be the limit of Py _¢ xo+¢) a8
e, & > 0 converge to zero. In the last sentence, the weak convergence of the probability measures is with respect to
the uniform convergence of the trajectories over compact time intervals, when the state space E* is endowed with
a bounded distance compatible with its natural topology (inherited from that of the compact set [—o0, +00]?). This
continuity property and the requirements made on P(y, x,) in Proposition 4 enable us to be convinced of its unique-
ness. Indeed, consider [P another probability on the set of trajectories C(R4, E*) satisfying the same properties. On
C(R4, E*) consider the natural time-shift maps ®,, for ¢ > 0: if (Z});>0 stands for the canonical coordinate process,
we have Z7(0,) = Z[,  forall t,s > 0. Let ' be a bounded and continuous functional on C(R4., E*). By the Markov
property we must have that for any ¢ > 0,

E[F(©))] =/JEZ[F]mz(dz),

where m; is the law of Z; under IP. By the requirements that Z; belongs to E* \ D* a.s. under P and that [P’ is a solution
to the martingale problem associated to L*, the expectations [, in the r.h.s. are relative to the laws constructed in
Proposition 12. By the continuity of the trajectories and the assumption that Z* = (xg, xo) under P, m, converges
weakly to the Dirac mass at (xo, xo) as ¢ goes to 0. Thus lim, o, fIEZ[F]mt(dz) = E(x,xo)[F] by the continuity
of z — P, at (xo, xo). On the other hand, by the dominated convergence theorem, lim; .o, E[F(®;)] = E[F]. Thus
E[F] = E(xy,x,)[F] for all bounded and continuous functional F on C(Ry, E*). This is sufficient to insure that P =
P(xy,x0) and ends the proof of Proposition 4. ]

Remark 15. Proposition 12 and its proof are also valid for the generators defined in (11) and (12) and more generally
for the generators L}, := (1 —a)L* +aL7, where a € [0, 1]. But Proposition 4 is not true for L}: as it was mentioned
in the introduction, due to the regularity of the coefficients of L}, the unique solutions Py ; for the corresponding
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martingale problem can be directly constructed for all the initial conditions 7z € E* and the mapping 7 +— P, is
continuous. Unfortunately, starting from z € D*, the process cannot escape from D*, except by possibly exploding
at one of its two ends (Lemma 11 is not helping to prevent this event: h(Z]) remains null). Indeed in this degenerate
situation one may have to add the two absorbing points (—o00, —o0) and (+00, +00) to the state space E*.

This problem is not encountered by the generators L}, for a € [0, 1), to which the above considerations (corre-
sponding to the case a = 0) can be extended. Let us put a correspondzng index a to all the objects we have considered
so far when L* is replaced by L},. For instance we introduce the generator Lo :=(1 —a)L + aL and we compute
that its squared field operator Ty satisfies

Vi=(n,y) € B, Tolh, hl() = 2(Va(y)m () + Va)r(x)* — 8ay/a(n)a(y)m (x)7(y)
=TI'[h, h](2) — 8ay/a(x)a(y) 7 (x)7 (). (26)

It leads us to replace (21), (22) and (23) respectively by

*

o ;:/ Tolh, h1(Z)ds € (0, o0, @7
0

Oui
V1 €10, gl / Talh, h1(Z})ds =1
0

and

V120, Rei:=h(Z;,, )
The interest of the latter process is that under Py ., it is again a square process of dimension 3 starting from h(zo)
and stopped at 1. The proof is identical to that of Proposition 13.

But from (26), we get that for any 7 € E* \ D*, the quantity f'a [h, h](z) is non-increasing in o € [0, 1) (it is
decreasing when 7 € E*). It follows from (27), that for any fixed z¢ € E* U D*, if a1 < ap €[0,1), then the law
of T under Py, -, is strictly larger than the law of t* under Py, ,,, with respect to the usual stochastic ordering
of laws on Ry U {+00}. Hence among all the generators Ly, for a € [0, 1), L* = L leads to the dual process Z*
to be the fastestly absorbed at (—oo, +00) and thus is the most adequate for our purpose of constructing relatively
small stationary times for L. In words, the mirror-symmetry coupling of the Brownian motions at the boundary of the
evolving segment is optimal and the identical coupling is the worst (being utterly useless for the evolving segments
starting from a singleton). The heuristic intuition behind the mirror-symmetry coupling being the best one is that the
underlying Brownian motion should help the boundaries to expand the segment, since the drift is taking care of the
segment not shrinking too much.

3. Explosion times

Our main objective here is to prove the finiteness assertion of Proposition 5. The arguments are based on comparisons
with some appropriate diffusions on half-lines.

Consider Z* = (X*, Y*) the process described in Proposition 4 (for some fixed xg € R) and constructed in the
previous section. We are interested in the (total) explosion time 7* defined in (10) and our main task is to show that it
is almost surely finite if / < 4-00. So let us consider the (partial) explosion times

T = inf{t >0:X) = —oo},
t=inf{r > 0: ¥, = +o0}.

For our purpose it is sufficient to show the following result (recall that /_ and I, were defined just above the statement
of Theorem 1).

Proposition 16. If I, < +o0, then T is a.s. finite.
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Indeed, by symmetry it will follow that if /_ < +o0, then 77 is a.s. finite, so that t* =77 Vv T < 400 as. if
I < 4o00.

The proof of Proposition 16 relies on the comparison of Y* with a diffusion U := (U;);>0 taking values in R LI
{+o0}, reflected at 0, absorbed at 400 and whose generator on (0, 400) is ad?® — (b — a’ + 2ak’)d, where k is the
mapping R > x — In(r ((—oo, x])). More precisely, we take for U the solution of the stochastic differential equation

dU; = (d'(Uy) — b(Uy) +2a(U)K (Uy)) dt + /2a(Uy) d B, + dl; (U), (28)

up to the explosion time 7(U) = inf{t > 0:U; = +o0}, where (I;(U));>¢ is the local time of U at 0 and where
B = (By);>0 is the same standard Brownian motion as the one driving the s.d.e. satisfied by Y*

o = (a, () b (Yt*)+2,/a(X;k)7r(X,*)+\/a(Yt*_)7r(Yt*) /—a(yt*)) di + J2a(v7) dB..

m([X7, YD

for + < ™ (with the natural modification of the drift term if X = —o0). The interest is that the quantity

[VaX)Hr (X)) + Ja¥Y)n (Y)W aF)/m (X}, YD) —a(¥Y[)k'(Y/) is non-negative and even positive for 0 < ¢ <

7. Soif U and Y* started from the same initial condition ug € (0, +00), then U stays below Y* up to the time
T :=inf{t > 0:U; =0}
and this is true whatever the behavior of X*:

Lemma 17. Forallt € [0, T], we have U; < Y/*.

As usual, this assertion has to be understood a.s., but not to burden the presentation, this is assumed to be implicit
from now on. Note also that after the time 7', the local time (I;(U));>0 starts to play a role and U can end being
above Y*.

Proof. This kind of comparison result is standard, see for instance Section 1 of Chapter 6 of the book of Ikeda
and Watanabe [20]. Nevertheless, we find more illuminating to present a simple and direct proof than to check their
assumptions via localizing arguments.

It is convenient to first transform R LI {—o00, 400} via the mapping A given by

|
Vue Ry U{+oo}, Au) .:/O Wczv.

Next we consider the processes U:= (Ij,),zo = (A(U;))>0 and Y= (?z)zzo = (A(Y}"))s>0. Owing to Itd’s formula,
fort € [0, T A tT), they satisfies respectively the s.d.e.

dU, = f(U,)dt +dB;,
d?l = (f(Yt) + St) dt +dB;,
where
VueR, f@):=(a'(u)—bu)+2a@)k'w))A' ) +aw)A” (u)

and S := (S;)s>0 is the previsible process given by
XN (XF Y ) (Y
s 1= 2V AEDTED £ VaTOTWD) (i (1)
n([X7, YD

R
n([X7, YD 7 (=00, ¥/

vVt >0,
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_ Joa(r)TEDT (o0, X))
I (IXF YD (=00, YD)
> 0.

As already mentioned, what is important is this non-negativity of S. Consider
=inf{t €[0,7):U; > Y, }.

with the usual convention that o := +o0 if the set in the r.h.s. is empty. We proceed by contradiction: assume that
o < T (and in partlculzlr o 1s~ﬁn1te) Necessarily we also have o < T, because Yt A(H+o0) > A(Uy) = U, for all
t > tT. By continuity U, = Y,; and we consider two cases:

e If 0 < 17, then S; > 0, thus there exists ¢ > 0 such that for s € [0,0 + ¢], f(?s) + S5 — f(f]s) > 0. From the
above s.d.e. we deduce that for all ¢’ € (0, ¢],

o+é’

?a+£’ - 0a+s’ :/ f(?s) + 85 — f(l}s)ds >0

o

and this contradicts the definition of o. It follows that 0, <Y, ; for all + € [0, T') and by continuity this is also true
fort=T. ~ _
e lfo>t":fort>17,8 =0,50 (U)r-<t<rnrr+ and (Y;);— <, <7 .+ follow the same s.d.e. whose coefficients are

regular. Since U, = Y, , the local uniqueness of the solution of their s.d.e. implies that U and ¥ keep on being equal
for some time after o and this is again contradictory with the definition of 0. (]

The advantage of the process U is that its explosion time 7 (U) is well-understood, as we deduce from Theorem 3.2
of Chapter 6 of the book of Ikeda and Watanabe [20] the following criterion:

Proposition 18. The explosion time t(U) is finite almost surely if and only if 11 < +00.

Proof. The most convenient way to exploit Section 3 of Chapter 6 of the book of Ikeda and Watanabe [20] seems to
symmetrize U: consider the functions @ and b defined by

~ . fal), if x >0,
ax) = {a(—x), if x <0,
d'(x) — b(x) + 2a(x)k' (x), ifx >0,
—b(—x), ifx <0,

Vx e R,
b(x) = {

to which we associate the operator
L:=ad> +bd.

Since @ is continuous and positive and b is measurable and locally bounded, we can use Theorem 3.3 of Chapter 4 of
the book of Ikeda and Watanabe [20] and usual localization procedures to obtain, for any given starting point v € R,
the existence and uniqueness of the solution V := (V;)o</<r(v) of the s.d.e. associated to v and L:

Vo=,
{th =b(V))dt +/2a(V)d B,

up to the explosion time (V) :=inf{t > 0:lim;_,;,_ |V;| = 400}, and where B = (B;);>¢ is a standard Brownian
motion. Tanaka’s formula (e.g. Chapter 6 of the book [31] of Revuz and Yor) enables us to see that (|V;[)o<i<z(v)
coincides in law with the process (U;)o<; < (v) starting from |v|. Formally, if Theorem 3.2(3) of Chapter 6 of the book
of Ikeda and Watanabe [20] is applied (take ¢ = O there), we get that the a.s. finiteness of 7(U) = t(V) (independently
of the initial condition) is equivalent to

oo by 0
/0 exp(‘f ) y>/o exp(/ aw) ”)@d’“m 29)
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Taking into account the expressions for @ and b, we compute that

weke, [ b 1y = [ LI 2K,

a®y) a(y)

_ 1n<“EO;) +In(s () +2(k(x) — k(0)),

so that the Lh.s. of (29) is proportional to the quantity

+00 X ) 1
/0 ( /0 ( (=00, 1) S(dy)>mn(dx).

Since 0 < 7 ((—00,0]) < ((—o0,x]) < 1forx e R+, the finiteness of the previous expression is equivalent to that of
1. The only problem is that the coefficients @ and b were required to be of class C! by Ikeda and Watanabe. But one
can check directly in Section 3 of Chapter 6 of their book [20] that the proof extends to the situation where the lack
of regularity is restricted to 0, where @ is assumed to be continuous and positive and Elocally bounded. Alternatively,
one can come back to the smooth situation in the following way. Define

Vx e Ru{—o0, 400}, (V,x):=inf{t >0:V, =x}.

As a consequence of the Markov property and of the symmetry of V, the fact that t(V) is finite a.s., whatever the
initial point, is equivalent to

{P[t(V, D AT(V,2) <400|Vop=0]=1, 30)

Plz(V,+00) <t(V, 1|V =2]>0.

The Girsanov transformation enables us to see that the first of these conditions is true as soon as d is continuous and
positive on [—2,2] and b is bounded on [—2,2]. The second condition is not affected by modifications of @ and b
in (—2,2). So we can first apply Theorem 3.2(3) of Chapter 6 of the book of Ikeda and Watanabe [20] to symmetric
smoothings of @ and b in (—2,2) (this does not change the condition I, < 400 either) and next deduce the same
conclusion for the original process V via (30). ]

Now we have at our disposal all the ingredients necessary to the proof of Proposition 16. So let us assume that
1 + < +o00.
We begin by defining the following stopping times.

=inf{r >0:Y/ > 1}.
By Corollary 14 we already know that lim;_, ;o ¥;* = 400 so that 6y is finite a.s. Next consider
00 = inf{t >60:Y =4oc0o0r Y= O}.

Since I} < 400, we deduce from Lemma 17 and Proposition 18 that &y is finite a.s. and we have either YA* =400
or YA = 0. Indeed knowing the trajectory Z[o Gol’ the conditional probability that YA = 400 is bounded below
by IP’[t(U) < t(U,0)|Uy = Y:O] where (U, 0) = inf{t > 0:U; = 0}. Since the mapplng Rysx+—Plr(U) <
(U, 0)|Uy = x] is non-decreasing, we get that

P[YZ =400l F3 ] = ps:=P[r(U) < 7(U,0)|Uy=1] > 0,

where F will designate the o -field associated to the stopping time o in the filtration generated by the process Z*:
more explicitly F is generated by the piece of trajectory Zfo,a] (see e.g. Chapter 1 of the book [31] of Revuz and
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Yor). It follows that ]P’[Y;O =400] > py. If YE*O = +00, we set N = 0 and otherwise the value of the random variable
N will be defined later on in the procedure. Indeed, if YE*O =0, we consider

01 ::inf{t >00:Y) = 1},

o1 :=inf{t > 51:Y," = +o0 or ¥, =0}.

These stopping times are again a.s. finite (still conditionally on Y;O =0). If Ygl = 400, we set N = 1. Note that as
before,

P[YZ =00l FL . Y2 =0] = p..

op’ T 0g =

The construction goes on similarly: if for some n € N, o,, has been defined, we set N = n if Yé“n = +0o0 and the
procedure stops. Otherwise, namely if Ya”fn = 0, we consider the a.s. finite random times

Optl:= inf{t >0, Y = 1},
Gng1 :=inf{t > 6,41 : ¥ =400 or ¥ =0}
and weset N =n + 1 if Ya’f”H = +4-00. The previous arguments show that

P[YZ = =+4o00|FL,YE =0] > p..

On+1 Op’ = Op

The validity of this property for all n € Z(J)r implies that N is stochastically bounded below by a geometric random
variable of parameter 1 — p, < 1:

VneZ, PIN=n]<(l—p)"

In particular, N is a.s. finite as well as ™ = . This ends the proof of Proposition 16 and the finiteness assertion of
Proposition 5. As explained in the introduction, this implies that 7 is a strong stationary time for X, once X and Z*
are intertwined through A.

4. Intertwining

In the two previous sections, the process Z* has been studied in some details. It is time now to check that it can be
intertwined with the initial one-dimensional positive recurrent diffusion X.
We begin by verifying that the commutation relation (6) is satisfied with L* defined by (7), (8) and (9).

Lemma 19. Forany f € C2(R) such that f and L[ f] belong to L'(x), we have

Vze E*\ (D*u{(—o0,+00)}), A[LIf1](z) = L*[ALf1](2).

Proof. A priori there are three situations to be considered z € E* ze {—o0} x Rand z € R x {400}. We are to deal
only with the first case, the other ones being similar (and even easier). So let f € C2(R) be given (the integrability
assumptions are needed only for z € {—oo} x R and z € R x {400} to insure the integrability of f and L[ f] with
respect to 7 on semi-infinite intervals). For z := (x, y) € R? with x < y, we have

1
h(x,y)

where h was defined in (14). Taking into account Lemma 9, we get that

Alf1(2) =

y
/ f)m(du),

1 -
L*[ALf]]2) = mL[F](z),
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where L was given in (13) and where F is the function defined on E* by
y/
V(x',y) e E*, F(x',y):= / fw)m(du). (31)
x/

For (x,y) € E*, O F(x,y)=—m(x)f(x)and 0, F (x,y) =7 (y) f(y), so that we get that

LIF](x, y) = (Va()dy — Va(®)d,) (Vam)m () f () + Va@)m (x) £ (x))
— (' (x)/2 = b)) (x) f(x) + (@' (1)/2 = b)) £ ()
= Va()d,(Vamr () f () — Va@)d (Va)m (x) £ (x))
— (' (x)/2 = b)) (x) f () + (@' (1)/2 = b)) T () £ ()
= a7 ()dy f () — a@)m(0)dy f(x) — g(6) F(X) + () F (), (32)

where g is the function defined by

Vx eR, gx):=ax)i(vVax)m(x))+ (a'(x)/2—bx))m(x).

Recalling the definition of 7 given in (5), we compute that g vanishes identically, so that we obtain

Vix,y) e E*, L*[ALA](x, y) = (@7 (dy f () — a()7(x)dy £ (x)).

1
h(x,y)
We turn now to the computation of A[L[f]] on E*. Note that L can be factorized into

L-=aexp(In(s))d (exp(—1In(s))9-) = %8(51718-).

It follows that for all f € C>2(R) and (x, y) € E*,

/}'L[f](u)ﬂ(du) = [yva(aﬂaf)(u)du

=aWr f' () —a@)m @) f'(x).

The wanted commutation relation follows at once, on E*. O

Remark 20. If in the above proof Lis replaced by the generators L1 or Ly, defined respectively by (18) and (19) (on
E* and their natural extensions on R x {400} and by {—o0} x R), the same computations are still valid. Indeed, in
(32) the cross differentiation 9,0y vanishes, meaning that on E* and for the function F defined in (31),

LIF]=L\[F]=Lp[F]

(simpler considerations are also valid on {—o00} x RUR x {+00}). The commutation relations AL = LTA and
AL=L7 /2A for the generators LY and L} P (defined respectively in (11) and (12)) are then also true, because these
operators are the h-transforms of L1 and Ly 2, as it was mentioned in Remark 10. This justifies the assertions made
after Proposition 4 in the Introduction.

Even if some of the subsequent developments could be extended to these generators, recall that their interest is
limited, due to the observations made in Remark 15.

We are now going to lift the commutation relation of Lemma 19 to the level of the corresponding semi-groups.
More precisely, let (P;);>0 be the semi-group associated to L. From a probabilistic point of view, it is constructed in
the following way. For any x € R, consider (X;);cr the solution starting from x of the s.d.e.

dX; =b(X;)dt ++/2a(X;)dB;, (33)
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where (B;);>0 is a standard Brownian motion. Then for any ¢ > 0 and any bounded and continuous mapping f on R,
we have

P10 =E[ f(X0)]-

The semi-group (P/*);>0 can be constructed similarly. For z € E* N R x R, consider the process Z* starting from
z defined in Proposition 4 or 12, depending if z € D* or not (if z = (—o0, +00), Z* stays forever at (—oo, +00)). For
z€{—o0} x RorzeR x {400}, Z* is constructed as explained in the proof of Proposition 12. Then for any # > 0
and any bounded and continuous mapping f on E*, we take

PYLf1G) = B[ £(Z7)].

Proposition 21. Assume that X is positive recurrent. Then for all T > 0 and all bounded and continuous function f
on R, we have

Vze E*,  A[Prlf1](z) = PE[ALf]](@).

Formally, writing P; = exp(tL) and P = exp(tL*), the deduction of these commutation relations from their
infinitesimal version given in Lemma 19 may seem clear. Nevertheless a direct rigorous justification does not seem
so obvious (see Remark 23 below). We found it preferable to follow a recurrent idea in the study of semi-groups a la
Bakry [3] and Ledoux [23].

Proof of Proposition 21. It consists in investigating the evolution of
[0, 7131+ PF[A[Pr—(£1]],

for given T > 0 and first for f € C°(R).

We begin by recalling how to exploit the martingale property of Z*. A function defined on E* is said to be C? if it
is continuous on E* and if it is C2 on E*, on {—oo} UR and on R U {+o00}. Similarly, a continuous function defined
on Ry x E* is said to be C1? if it is C! with respect with the first variable in R and C? with respect to the second
variable in E*, the corresponding partial derivatives being continuous on Ry x E*, on Ry x ({—o00} x R) and on
R+ x (R x {4+00}). Denote by Cé’z(R+ x E*) the set of such functions F which are furthermore bounded, as well
as the mapping Ry x (E* \ (D* U {(—o00, +00)})) > (¢t,2) > 0;F(t,z) + L*[F(¢,-)](z). Let us prove that for any
z€ E*\ D*,1>0and F € CL?(Ry x E*),

*

INT
E[F(tAnt* Z}ses)] = F(0,2) + E; U O F (s, Z7) + L*[F(s,)](Z}) ds}. (34)
0

First we treat the case where z = (x, y) € E* and we replace t* by 7T which was defined in (20). Indeed, for n € N

large enough, say n > ng, where ng € N is such that y — x > 1/ng, consider
t1(n) :==inf{t > 0: X} < —n},

T (n) :=inf{t = 0:Y; > n},

w3(n) :==inf{t > 0: ¥ — X} < 1/n},

T (n) = min(rl (n), 1a(n), t3(n)),

where Z* = (X[, Y;*);>0. The sequence (rT(n))nznO is a localizing sequence for Z* on the random time interval
[0, rT), in the sense that

f = 1im ()
n—>oo
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and for any F € Cé’2(R+ x E*), we can write

inttn)
Vi>0, F(tnt'(n),Z )=F(0,z)+/ O F (s, Z7) + L*[F(s,)](Z}) ds + M,
0

tatt(n)

where for any n > no, the process (M, ,;+(,))1>0 is a martingale starting from 0.
So taking expectations, we end up with

t/\tT(n)
E[F(tnti(n), 2 ;)] =F(0,2) +E. [/ O F(s, Z¥) + L*[F(s,)](Z)) ds].
0

tAtt(n)

Our boundedness and continuity assumptions on F enable us to use the bounded convergence theorem to get

tatt

E[F(tn<t, ZF )] =FQ, z)+]EZUMr dF (s, Z7) +L*[F(s,.)](z;‘)ds]. (35)
0

Recall from Lemma 11 that if 7 < 400, then Z}k belongs to {(—oo, +00)} U ({—o0} x R) LU (R x {+00}). Note
also that if 77 < +00 and Z;"+ = (—00, +00), then T* = ¥ so

E:[F(ent, 28 et <128 =(-ooboon] = B[ F(t AT 25,0 ) e <1, 22, =00, 100 |

Thus to prove (34), taking into account the strong Markov property at time ¢ A ¥ (which is true by construction of
Z%), it is sufficient to see that for all z € ({—o0} x R) U (R x {4+00}),

*

INT
E[F(tAnt* Z}sps)] = F(0,2) + E; U O F (s, Z7) + L*[F(s,)](Z}) ds}. (36)
0

This is immediate, following a localization procedure similar to that leading to (35).
Since (—o0, +00) is absorbing, if T* <t we can write for F € Cg’z(R+ x E*),

F(t,Z}) = F(t, (=00, +00))

t
= F(t¥, (—00, +00)) +/ s F (s, (—00, +00)) ds

t
:F(f*,z;z)+f 0 F (5. 27) ds.

T
so that, recalling the Dirichlet condition for L* at (—oo, +00), (36) can be transformed into

t

E.[F(r. 2)] = F(0.2) +E. [ [ a2+ F6.0)2) dsi|,
0

namely in semi-group notations,

t
PI[F(t,)](z) = F(0,z2) +/ P95 F (s, ) + L*[F (s, ) ]] () ds. (37)
0

Let T > 0 and f € C°(R) be fixed, we want to apply the previous considerations with the function F' defined on
[0, T] x E* by

V(t,2) €[0,T]1 x E*, F(t,2) := A[Pr—[f]](@).

Since Ry x R > (¢, x) — Pi[f](x) is well-known to be smooth, it is clear that F is C'2. Furthermore, recall that
the semi-group (P;);>0 can be extended into a self-adjoint continuous semi-group on L2(xr), whose generator is the
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Friedrichs extension of L on L2 (). It follows that the relation o, P;[ f] = L P;[ f] is satisfied in the usual sense and
in L%(7r) and we get

Vi€[0,T),Vz€ E*, 0,F(t,2) = —A[L[Pr—[f1]](). (38)
Since the mapping R 3 x — Pr_,[f](x) is C? and

m[|Pr— L A1]] = =[I 1],

w[|L[Pr— [ A]|] = 7 [|Pr—[LLA]|] = = [|LLA]].

we are in position to apply Lemma 19 (with f replaced by Pr_[ f]) to get that in the r.h.s. of (38), we can replace
A[L[Pr—:[f111(z) by L*[A[Pr—:[f111(z), at least for z € E* \ (D* U {(—00, +00)}). Thus we get that

Vt €[0,T1,Vz € E*\ (D* U {(—00, +00)}), & F(t,z)+L*[F(t,)]() =0.
This relation is also true for z = (—00, +00). Indeed, due to the fact that X is positive recurrent, we get

Vi >0, F(t,(—o00,+00)) =n[P[fl]=7[f],
so that

& F(t, (=00, +00)) = 0. (39)
In particular it is licit to apply (37) (for ¢ € [0, T']) to get

Vze E*, PF[F(T,)]@ =F(,2),

which is just the conclusion stated in the proposition, at least for f € CX°(R). To extend it to any bounded and
continuous function f, note that for any fixed 7 > 0 and z € E*, the mappings

R3 A A[Pr[14l]z) and R3 A PF[A[LA]](2)

(R stands for the o-algebra of Borel subsets of R) define two probability measures. Because they coincide on every
f € CF(R), they must be equal. O

Remark 22. The assumption that X is positive recurrent is really necessary for the previous result. Indeed, there
exists generators L satisfying (3) but not (4). For the associated semi-group (Py):>0, for any time T > 0 and any point
x € R we have Pr[1](x) < 1. As a consequence, for any T > 0 and z € E*, A[Pr[1]]1(2) < 1, while by construction
Pr[A[L]](2) = PF[1](2) = 1.

In the above proof, the positive recurrence of X is encapsulated in (39).

Remark 23. When F doesn’t depend on the time variable, (37) can be written in the familiar form
& PI[F] = L*[P}[F]].

But from an analytical point of view, it is not clear a priori in which Banach space one should interpret this evolution
equation to deduce the semi-group (P;");>o from L*. If we were to work with the elliptic generator L’l‘/2 defined in
(12), there is a natural > Hilbert setting. Indeed, let 7j be the o -finite measure on R whose density with respect to
the Lebesgue measure is exp(—c). The generator L1,y given in (19) is then symmetric with respect to the measure
n which coincides on E* with the restriction of (7] + 8_oo + 8400)%2. Since Ly P corresponds to the h-transform
of Ly, it is symmetric relatively to the measure v admitting h? as density with respect to 1. Thus the relations
Pl*/Z,t = exp(tL’l‘/z),for t >0, could be given a meaning in > (v). Heuristically, the intertwining between L and L*
can be seen as “weak conjugation relation” between them, so we can expect that L* is equally reversible with respect
to some o -finite measure on E*. Unfortunately we have not been able to find it and in addition we have no idea about
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possible quasi-invariant measures of L*. Nevertheless, we believe that this subject really deserves to be investigated
further, especially from a quantitative point of view. An initiation of this program in a very particular case is presented
in the next section.

Proposition 21 is the main technical point to get the intertwined coupling of X with Z*. Indeed, we can follow
the construction of Diaconis and Fill [12] by applying it to skeletons of X with Z*. Passing to the limit in the latter
approximations will enable us to justify the arguments given before the statement of Proposition 5 in the introduction.

Assume mg and mg are two probability measures, respectively on R and E*, such that mjA = mo. We want to
construct an intertwining of X with Z* whose initial distribution is described by no(dx, dz*) := m{j(dz*)A(z*, dx)
(in particular the laws of X¢ and Z; are respectively mq and mg). For fixed N € N, define a discrete time Markov

chain (X fg,) N> Z,(gj,))n ez > intertwined through A, in the following way: its initial distribution is 1o and its transition

kernel QW) is given by

-~ - e A(ZF,dx
Q(N)((x, z*), d(x, z*)) = Py~ (x, dx)Pz*,N (Z*, df)m
(from (x,z*) € R4 x E* to the infinitesimal neighborhood d(x, z*) of (x,z*) € Ry x E*), where the last ratio
is the Radon—-Nikodym derivative of the measure A(z*,dx) with respect to A,-~(z*,dX) := (PZ*,N A)(z¥,dx) =
(APy-~)(z*,dX). One would have remarked that due to Propositions 4 and 12, for any z* € E*, A,-n (2%, ) is
equivalent to the Lebesgue measure. So except if z* corresponds to a singleton, we have A(Z*,-) K A,-n (2%, ).
But P2*_N (z*,dz*)-a.s. Z* does not correspond to a singleton, so Q™) is indeed a transition kernel (not only a sub-
Markovian kernel, if the mass of the singular part of A(Z*, -) with respect to A,-~(z*, -) was missing). The compu-
tations of Diaconis and Fill [12] can then be adapted to this setting, because of the structure of the initial distribution

and of Proposition 21, to show that the Markov chain ()_(r(g,) N Z,(gij;))nez . thus constructed satisfies the following
properties:
()_(1(112\7,),\,)%ZJr and (X,»-~)nez, have the same law, (40)
(Zr(g_’f,))neh and (Z:2—N)nez+ have the same law, 41)
Vm € Z., the conditional law of )_("(n]\;),,\, knowing Z(()N’*), Z;IY;V*), e, Z’(nl\;;*]z, is A(Z’%j\), ) (42)
Vm € Z, the conditional law of (Z(()N’*), Zé’ﬁ’;v*), e, Z,(,gf*%) knowing (ng)N)neZJr
only depends on )_((()N), 5(;’_%, s }_(f’g)_N. (43)

(N)

Next we embed the Markov chain (X N

ZWNAy = (X, Z,(N’*)),eﬂh, by taking

21(112\’_”;,)),,62 . into the (time-inhomogeneous) Markov process (X,

(V) SN ._ (5 (V) 5 (N %)
vi>0, (X, Z )._(XLﬂNJz_N,ZmNJz_N),

where | -] stands for the integer part.

Proposition 24. The sequence of the laws of (XN, ZN9)), for N € N, on the Skorokhod space D(R,, R x E*),
is relatively compact. We can thus extract a subsequence converging to a probability measure P’ which is necessarily
supported by the set of continuous trajectories. Under P the canonical coordinate process (X, Z});er, is a coupling
of X with Z* satisfying for all t € R,

the conditional law of X, knowing kao,z] is A(Z,*, ~), 44)

the conditional law of Z[*(), . knowing X depends only on X [0,]- (45)
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Proof. Using traditional properties of the Skorokhod topology on the Polish space D(R, R x E*) (see for instance
the book [5] of Billingsley), we deduce from (40) and (41) that the laws of X™ and Z(V-* converge respectively to-
ward those of X and Z*. This observation implies without difficulty the first three assertions of the above proposition.
For the last two ones, note that as consequences of (42) and (43), we have

Vt > 0, the conditional law of )_(,(N) knowing Z[(évt’]*) is A(Z,(N’*), ~),

Vt > 0, the conditional law of Z[(év []* ) knowing X depends only on X [(év z)]'

The deduction of (44) and (45) is then a standard exercise on conditional expectations: use on one hand that the o -
algebra generated by &/ /), where t > 0 and £ is either X or Z*, is the same as that generated by mappings of the form
F(,,...,&,), where r €N, 11, ..., are dyadic numbers satisfying 0 <#; <--- <t <t and F is a bounded and
continuous function on either R” or (E*)", and on the other hand that such mappings are P-a.s. continuous. ]

Remark 25. Pal and Shkolnikov [29] investigated the existence of intertwinings between diffusion semi-groups whose
generators are appropriately linked by a Markov kernel. Unfortunately the assumptions of their Theorem 3 do not
cover our situation, essentially due to the lack of ellipticity of Z*. The intertwining of L with L} 2 (defined in (12)) is

more amenable to their conditions, after looking at X through the chartR > s — f(; a~V2(u) du (and correspondingly
for Z*). Nevertheless it would still remain to check their boundary conditions. In the approach presented above, we
escaped the corresponding delicate description of what happens to the intertwined process (X, Z*) when X enters in
contact with one of the boundaries of Z* by resorting to the computations of Diaconis and Fill [12] applied to the
skeleton chains. A similar approach is discussed in Fill and Lyzinski [18], for diffusions starting from the boundary.

Proposition 24 enables us to prove the direct part of Theorem 1 along the arguments given before Proposition 4.
To end this section, we show the converse implication, by considering the diffusion X whose initial distribution
is  conditioned to be on R_ (namely A((—00,0), -), the cases where the initial distribution is A((—o0, x), -) or
A((x, 4+00), ), for some x € R, can be treated similarly).

In this situation the process Z* has the form (—oo, Y*), where Y* is the solution starting from O of the s.d.e.

4y = (a’(Y,*) ~ () 42 YOm0 a(Yt*)> dt + 2a(¥7) dB,.

(=00, Y]

Because X* = —o0, this evolution of Y* is the same as that of the process U defined in (28), except that U is forced
to stay non-negative. From Corollary 14, we know a priori that lim,_, ;o ¥;* = +00. So there is a random time after
which the evolutions of Y* and U are the same. As in Section 3 with Proposition 18, one can conclude that the
boundary +oo will be reached by Y* in finite time (a.s.) if and only if I, < +oc0. The hitting time of 400 by Y* is
indeed the random time 7* defined in (10). If we assume that X admits a strong stationary time and if we show that
such a strong stationary time is stochastically larger than 7*, we would then get that I, < +o00. Symmetrically we
would prove that the existence of a strong stationary time for X starting from A ((0, +00), -) implies that /_ < +o00
and the converse part of Theorem 1 will be shown. Thus according to (16), it remains to check that

Lemma 26. Under the previous assumption on X, we have
vt >0, 5(£(X,), n) = IF’[I* > t].
The following arguments are an adaptation to our setting of Remark 2.39 of Diaconis and Fill [12].

Proof. Consider the intertwining of X and Z* = (—o0, Y'*) obtained in Proposition 24. It follows that for all r > 0,

£0x) =E[A((~00. 7). )]
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In particular, we get that

s(L(Xp),7) = suﬂgIE
xe

dm

=1- ianE[
dn

xeR

The above Radon—Nikodym derivative is easy to compute: for all x € R,

dA((—oo, Y,*)w)( ) 1 1 @)
X) = _ (X ).
dm (=00, Y[ T
Note that the r.h.s. is non-increasing as a function of x € R, so the same is true of the expression E[%;‘Y’*)“)(x)]
and we get

s(L(X),m)=1— lim E

X—>+00

]
T

=1—-P[Y; =+o0]
=P[Y} < +o0]
=P[c* >1]. 0

5. On the Ornstein—-Uhlenbeck counter-example

In the study of convergence to equilibrium for diffusions, the Ornstein—Uhlenbeck process is a benchmark, in partic-
ular due to its Gaussian feature which enables explicit computations. Unfortunately, according to Example 8, it is just
outside the domain of validity of the assumption I < 400 of Proposition 5. We will see here how the method can
nevertheless be adapted to recover sharp information.

The Ornstein—Uhlenbeck process corresponds to the choice in (1) of a = 1 and b(x) = —x, for all x € R. The
associated reversible measure is the centered and standard Gaussian distribution y whose density is given by y (x) =
exp(—x2/2)//2m, for all x € R. A traditional integration by parts leads to

¥ ([x, +00)) ~ @

where ~ means that the ratio of the Lh.s. to the r.h.s. converges to 1 as x goes to 4oc0. It follows that the second
integral of the Lh.s. of (17) is infinite. Theorem 1 then asserts that there exist initial distributions for which it is not
possible to construct strong stationary times for the associated process X. Indeed, this is true as soon as the initial
distribution m( has a compact support. To see it, let us recall how the law L£(X;) is easily computed in this situation:
since X satisfies the s.d.e.

Vi>0, dX,=—-X,dt++~2dB,
(where B = (B;);>0 is a standard Brownian motion), the variation of parameters method gives us:
t
X =exp(—1)Xo + \/5/ exp(s — 1) dBs.
0
It follows that m; := £(X,) is the convolution of £(exp(—t)Xg) with y|_exp(—2r), the centered Gaussian distribution
of variance 1 — exp(—2t) =2 f(; exp(2(s — t))ds. Thus if mg has compact support, we get that for any fixed ¢ > 0,

the separation discrepancy of m, with y is one:

s(my,y)= lim 1———(x)=
|x]— 400 d
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(a similar reasoning, considering only the limit at —oo or +o00, would lead to the same conclusion if the support of
my is bounded below or above: this enables us to include the initial distributions considered for the reverse part of
Theorem 1). The bound (16) then implies that there is no strong stationary time for X.

To simplify the presentation, we will assume that the initial distribution is the Dirac mass at 0. We deduce from
the above considerations that for any ¢ > 0, £(X;) = y1_exp(—2r)- In particular £(X;) converges toward y in total
variation. Let us check that the exponential rate for this convergence is 2:

Lemma 27. We have

1
tim_—~In(lm =y ) = ~2.

t—+00

Proof. By one of the characterization of the total variation norm, we have for all ¢ > 0,

Ime =yl = / (fi — Dy dy, (46)

where f; is the Radon—Nikodym derivative of m, with respect to y. We compute that

—2t..2
) e "X
VieR, fix)=(1-e%) /e"p(_m>

and we deduce that

[ 21 =l <x=y/(1-e)In(l —e2).

The quantity x, converges toward 1 when ¢ goes to infinity. A simple expansion of the expression f;(x) — 1 then leads
to

lm: =y llw =2/0 Ji(x) = ly (dx)

1
~ e—2’/ 1 —x%y(dx),
0

for large ¢ > 0. The announced result follows at once. (]

Remark 28. The logarithmic Sobolev constant associated to L is 4, so starting from any initial distribution mq such
that the relative entropy of m; with respect to y is finite for some t > 0, we get that the exponential rate of converge
in the relative entropy sense is at least 4. Using next Pinsker’s inequality, we recover that the above exponential rate
of convergence in total variation is at least 2. For this traditional approach, see for instance the book [2] of Ané,
Blachere, Chafai, Fougeres, Gentil, Malrieu, Roberto and Scheffer. The Ornstein—Uhlenbeck process is also critical
for the use of the logarithmic Sobolev inequalities method, but it is in the “interior boundary” of the domain of
application.

Let us show how to recover this exponential rate 2 for the convergence in total variation by using strong (non-
stationary) times. So the emphasis is on testing the method, not in the result itself. It will also enable us to illustrate
on this example the directions suggested by Remark 23.

We begin by noting that the construction of the process Z* = (X™*, Y*) made in Section 2 is still valid. By symmetry
and since we are considering Z = (0, 0), we have that X* = —Y™*. It comes from the fact that Z* and (—Y*, Y™)
satisfy the same well-posed martingale problem. The diffusion Y* is given as the solution starting from O (which is an
entrance boundary for Y*) of the s.d.e.

Vi >0, dyv;=(Y;+g(¥}))dt+~2dB,, 7
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where as usual B := (B;);>0 is a standard Brownian motion, and where g is the mapping defined by

v(y)

Y 0, =2 .
y= 0 s =200 0

(48)

The coupling of X and Y* constructed in Section 4 is equally valid. We deduce that any stopping time for Y* is a
strong time for X. For any M > 0, we are particularly interested in the following stopping time

Ty =inf{r > 0: Y= M}.

It has the property that 7, and X 73, are independent and that X ,;4 is distributed according to y[—us, ], the conditioning
of y on the interval [—M, M]. The interest of the independence of the time and the position appears in the proof of

the following result. It is a particular continuous analogue of the considerations about early stopping bounds on total
variation via duality presented in Section 2.5 of Diaconis and Fill [12]. It could be extended to general one-dimensional
diffusions by considering the first time the dual process covers a large segment.

Lemma 29. Forallt >0 and M > 0, we have

lme =y lle < Plzyy > ]+ lvi—m,m1 = ¥ llev-

Proof. An equivalent formulation to (46) of the total variation is given by

Sup E[f(X0] =711 (49)

N[ =

lm: — vl =

where the supremum is taken over all measurable functions f taking values in [—1, 1].

Let .7-",;4 be the o-field generated by the piece of trajectory of the intertwined process (X, Y*) up to time j;. Itis
in fact generated by X (0,71 and some randomness independent from the whole trajectory X. Using the strong Markov
property, we get for any function f as above,

E[f (X)) =y f11Fe ] = Pregy il F1X ez 0 = 71f1,

where (P;);>0 18 the semi-group generated by L. Taking into account that a(tj{‘,[), the o-field generated by r;f,l, is
included into ]:77(4 and that X T is independent from 7, and distributed according to y|—a, a1, We get on the event
{ty <t

E[f (X0 = y[A1lo (r)r)] = E[E[f (X0) = y [F 1 Fz, ]lo (z37)]
=E[Pr_e, [/1(Xeg) — v 1f1lo (37)]
= E[/ P [f100)y—m,m1(dx) — y[f]|g(ff4)]
=2lvi—zz, = Vv,

where for any s € [0, 1], vi—s := Y[—m M Pr—s 1s the law of X;_, when X is started from the initial distribution
Yi—M, M- As a consequence of the Jensen inequality (relatively to the absolute value), it is well-known that the mapping

Rysse s —ylw

is non-increasing, so we have proved that

E[f (X)) = v [Nl (thp) ez, <ty < 207-m.m1 = ¥ v
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The announced result is a consequence of this bound, by writing

E[f(X) = y[f1] =E[(f(X) =y [/ D)Lz, 0] +E[(f (XD = v 1) Lz, <]
< 2P[c}; > t] + E[E[ (X)) — y[f1lo (t}) |1 (ez, <n]
<2P[ry; > t] + 2ly—m.m1 — ¥ s
and of (49), by taking the supremum over all measurable functions f taking values in [—1, 1]. O

The last term of the previous bound is immediate to evaluate:

Lemma 30. Forall M > 0, we have

V2
IVm.am — ¥l < o exp(—M?/2).

Proof. One sees that

dJ/[—M,M] (x) —

Vx e R, =— 1
dy y([—M, M])

=M, m)(x),

so coming back to (46), it appears that
M 1
oman =vlo = [ e -
=1-y([-M, M])
=2y ((M, +00))

ldy

2

< \/\;—M exp(—M?/2). 0

In view of Lemma 29, it remains to study the queues of the distribution of zj,. The first idea is to use a probabilistic
approach via natural comparisons of Y* with simpler processes. This is presented in the first appendix, where the
weakness of this method is also explained. Indeed the efficient approach is via spectral considerations in the direction
suggested by Remark 23.

In the above computations, only Y* was needed, so X (starting from 0) was in fact intertwined with Y*. It is
convenient to adopt the corresponding notations. Let L' be the generator of Y*: it acts on functions f € C((0, +00))

via

VyeRy, LAIG) ="M+ VOO,

where

2

So LT factorizes under the form exp(—V)d exp(V)d, making it apparent that L™ is symmetric in > (v), where v is the
o -finite measure on R whose density is exp(V'). Thus L' can be extended into its Friedrichs extension in L2(v). We
will denote (P:),zo the associated semi-group. At least on functions of I.>(v) which are non-negative, it coincides
with its probabilistic representation given on measurable and non-negative functions f by

VyeRy, P =E[£(¥)].
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where the y in index of the expectation indicates that Y* starts from y. Besides, we designate by AT the Markov
kernel from R to R inherited from A:

if y=0,

i S0(A),
VyeRy, VA€ BR), A'(y,A):=1rv0yy0d)  jpoice

y(=y.yD
From the previous considerations, we deduce the intertwining relation
LTAT=ATL. (50)
This weak conjugacy relation suggests that the spectral decomposition of L' should be related to that of L. So let us
recall the latter. Consider (Hy),ez, the Hermite polynomials defined by

VneZi, Vx eR,  Hy(x):=(—1)"exp(x?/2)d" exp(—x?/2).

They form a orthogonal basis of Lz(y) and diagonalize L (cf. e.g. the book of Ané et al. [2] or of Bakry, Gentil and
Ledoux [4]):

VneZy, L[H,]=—-nH,.

Note that H), is even (respectively odd) if n is even (resp. odd). It follows that AY[H,]=0if n is odd. Since Hy =1,
we get that AT[Hy] = 1 and this function does not belong to I.?(v) because v has an infinite mass. For the remaining
Hermite polynomials, we have:

Lemma 31. Forall n € N, denote H;n = AT[Hy, ). This function belongs to ]Lz(v) \ {0}, satisfies LTH;n = —2nH2Tn
and is given by

Vy>0, H) (y)= Hay—1 () exp(—y%/2).

1
V2ry (10, y])

Proof. Indeed, we compute that for any n € Nand y > 0,

1 y
A [Hyl(y) = m Hy, (x) exp(—x2/2) dx
—y, .

1 y
= 9% exp(—x2/2) d
oy =y 9D /—y p=x/2)x
1
2y -y, y))
. 2
V2ry(—y,y])

[92"! exp(—x2/2)]iy
32}1—1 exp(_y2/2)

1
= Hon—1(y) exp(—y?/2).

2y ([0, ¥
Thus recalling that for y > 0, v(y) = (¥ ([0, y]))? exp(y?/2), we get that

. 1 +o00
() =50 [ H o rexn(—y/2)dy
1
= ﬁy[l_]%n—l]
=(2n—1)!

(taking into account that for any n € Z., y[an] = +/2mn!). In particular, H;n belongs to L.2(v) for n € N.
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The fact that H;n is an eigenfunction associated to the eigenvalue —2n is a consequence of (50) applied
to Hy,. O

Let n be the positive measure on R4 whose density is given by

Vy >0, n(y) :=yy([0. y]).

It has an infinite weight, but it should nevertheless be seen as a quasi-invariant measure:
Lemma 32. For all t > 0 and all measurable and non-negative function f:Ry — Ry, we have (in Ry U {+00}),
i — _
[P/ Lf1] = exp(=20)n[ f1.
Proof. Consider H;, from Lemma 31 we have for all r > 0, P,T[HZT] = exp(—2t)H;. So for any f € L2(v),
v[Hy P/1F1] = v[P[H)]7]
= exp(—20)v[H; f].

This is the identity announced in the lemma, at least for f € L?(v), as a consequence of the proportionality of the
densities n and szJr :

Vy >0, v)H] () =—(r(10, 1)) exp(—y*/2) (=y%/2)

1
Hi(exp
N R

1
= —EV([O, Y1) Hi(y)

1
= —\/T—nU(Y)‘

The extension to all measurable and non-negative functions f comes from the representation of P;f as a probability
kernel and from a usual application of the monotone class theorem. (]

This result readily shows that the queues of zj, admits the exponential rate 2, at least for convenient initial distri-
butions of ¥

Lemma 33. Assume that the law mg of Xo has a bounded density with respect to 1. Then there exists C > 0 depending
on mq such that

Vi >0,YM >0, Py [t} >1t] < CM*exp(—21).

Proof. Denote f the Radon—Nikodym derivate of mq with respect to n and let C > 0 be an upper bound of f. We
have

Puo[th > 1] < Puo[Y; €10, M]]
= n[fPtT[ﬂ[O,M]]]
< Cn[ P 1110,1]

< Cexp(—20)n([0, M])

M
< CeXP(—Zt)/O yy ([0, y1) dy
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M
< Cexp(—21) / ydy
0
< CM?exp(=21). 0O

We want to extend the previous bound to the case where m is the Dirac mass at 0. To do so, first remark that we can
restrict ourselves to M > 1, because tj; is increasing in M. Next fix o > 0 small enough such that P[z{ < o] < 1/2
and denote £ the sub-probability which is the image by Y} of the restriction of Py on {z{" > o}, namely given by
E[f1=Eolf (Y;")Jlrf«>g] for any bounded and measurable function f on R, . Its interest is:

Lemma 34. We have for all t > 0 and for all M > 1,
Po[rj‘,l >0+ t] < 2[?’5[15",1 > t].
Proof. This is a consequence of the strong Markov property applied to the stopping time o A 7/":
Po[zyy > o +1] =Eo[f o ATf, Y7 r)].
where
Vs €[0,0],¥y >0, f(s.y):=Py[tj;>1+0—5s].
Note that the quantity f (s, y) is non-decreasing in s and non-increasing in y. We deduce that
Eo[Liri <o) f (0 A T] Yo p )] = Bol Lz <o) £ (71, 1)]
< f(o, l)IPo[rl* < a].
Since IP’O[II* <o]<1/2and f(o,1) < f(o,y) forall y € [0, 1], we get
F@ B[t} <07 < Eo[ 11201 £ (0. ¥3)]
< Eo[Lizrz0) f (o AT Y1)
It follows that
Po[zyy > 0 +1] = 2Bo[ 1120 f (0, ¥5)]
= 2P [ty > 1]. O
Thus to prove that there exists a constant C > 0 such that
Vi>o, VM >1, Py[tj; >1] < CM?exp(-21), (51)

it remains to show that £ admits a density with respect to n which is bounded above. This is not a priori obvious,
because 7(y) is of order y? for small y > 0. But it is true, essentially due to the behavior of the function g defined in
(48) near 0.

Lemma 35. There exists a constant C > 0 such that
d
Vy >0, —g(y) <C.
dn
Proof. Consider the process Y := (¥;);>0 starting from O and solution of the s.d.e.

2
Vi >0, dYt:?dl‘—i-\/det, (52)
t
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where B = (B;);>0 is a standard Brownian motion. Up to the change of time Ry >+ /2, Y is a Bessel process of
dimension 3. It follows (see the Section 1 of Chapter 11 of Revuz and Yor [31]), that there exists a constant K > 0
(depending on o) such that the density x of Y, has the form Ky?exp(—y?/(40)). In particular, we can find another
constant K’ > 0 such that

vy>0. L)<k (53)
n

To compare with the law of Y;*, we use the Girsanov’s formula. More precisely, define the function ¢ on R, by

Y yw 2
Vy >0, go(y)._2/0 u+27y([0,u]) udu

Elementary computations show that these integrals are well-defined, because the integrand is equivalent to u/3 for
u > 0 small. It also appears that |¢|, |¢’| and |¢”|, as well u — |¢'(u)/u| are bounded on (0, o]. Since the s.d.e.
satisfied by Y* can be written

2
Vi>0, dY)= (F + <p’(Y,*)> dt +~2dB;,
t
Girsanov’s formula (e.g. Chapter 8 of Revuz and Yor [31]) gives us

vy >0, M = EO[exp(ﬁ/ (p/(Ys)st _/ (‘p/(Ys))zds>]1rl(Y)>o|Yo = )’]a
x() 0 0

where Y is the solution of (52) starting from O and t;(Y) is its hitting time of 1. To evaluate the latter conditional
expectation, we write that

fz/(fgo’(n)st =o(Yy) —f
0 0

o

2 / 1/

—¢ (Yy) +¢" (Yy)ds,
Y

which enables us to see that

EO[exp(ﬁ[) (p/(ys)st _'/(; (w/(ys))2d5>]lrl(Y)>0|Y0 = y]

=exp(¢(»))Eo [exp<—/0 w(mds) Ly (vy>ol¥Yo = y},

where
2 / 1" / 2
Vy>0, ¥(y):= 3¢ M +e" M+ (¢ M)".

From our previous observations, | (y)| and |¢(y)| are bounded for y € (0, o]. It follows that the function &/ is
bounded on (0, o]. This also true on (o, +00), since & vanishes there. In conjunction with (53), it ends the proof of
the lemma. (I

Note that there is no difficulty in transforming (51) into
Vi >0,YM >0, Po[ry; >1]<C(1vM)>?exp(-21),

up to a change of the constant C > 0. Thus putting together all the previous results, we have proven that there exists a
constant C > 0 such that for all # > 0 and all M > 0, we have

V2
I —yllw < C(1V M)? exp(—21) + WY

exp(—M2/2).
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One could try to minimize the r.h.s. in M > 0 for fixed > 0, but it is sufficient to take M = +/2¢ to see that ||m; — ¥ ||t
converges exponentially fast to zero and that

. 1
lim sup p In(|lm; — yllw) < -2,

t——+00

Lemma 27 shows that we have recovered the optimal rate, so that the approach via strong times is quite sharp.

Remark 36. Denote by H the Hilbert space generated by the Hy, with n € N. The operator A* is compact from H to
L2(v) and one to one. Indeed, this is an immediate consequence of

Vn,meN, v[H, HS |= Y [Hon Hop ],

1
24/2mn
which is shown as in the proof of Lemma 31. This leads us to introduce G := AT(H) and to check that G is dense in

L2 (v). It is sufficient to see that any smooth mapping F : R, — R with compact support belongs to AT (H), i.e. that
we can find a measurable function f : (0, 4+00) — R with f0+°° fdy =0, f0+°o f2dy <400 and

foyfdy _

v 0,
Y L0,y

F(y)

(we will then have F = N¥[ f] where f is the symmetrization of f, which belongs to H). So just take
Vx>0, fx):= B(F(x)y([O, x])).

It follows that (H;n)neN is an orthogonal Hilbertian basis of L?(v) consisting of eigenvectors of L. Thus the
spectrum of L' is —2N. By self-adjointness, we deduce that

Vi=0,Yf €L?W), [Plf1]La, <exp(=201 fllLo)-

This could also have been used to recover the exponential rate 2 in (51) (just use the Cauchy—Schwarz inequality in
Lemma 33, under the assumption that dmg/dn € IL2(n), and note in the proof of Lemma 35 that dx /dn € L2(n)),
nevertheless we find it more instructive to work with the quasi-stationary measure 1.

In the same spirit as Remark 3, taking into account Theorem 3.3 of the recent preprint of Cheng and Mao [9], we
could also have deduced that Y* is non-explosive from the fact that the sum of the inverse of the eigenvalues of —L7
in L2(v) is infinite, namely, according to the previous considerations, from )", . 1/(2n) = oco. For more information
on the eigentime identity, which states that certain reversible Markov processes are explosive if and only if the sum of
the inverse of its eigenvalues is finite, we refer to the paper of Mao [26].

Let us end this section by mentioning that the duality between X and Y* used above can be extended to a large
class of symmetric diffusions X starting from O.

Remark 37. Assume that in (1), a is an even smooth function with a(x) > 0 for every x € R, and that b is an odd
smooth function. Then the scale function s and the speed function m defined in (2) are even. When the non-explosive

diffusion X associated to L starts from 0, the process Z* has the form (—=Y*,Y™), where Y* is the solution starting
from 0 of the s.d.e.

Vi>0, dY)= <a’(y,*) —b(Y}) + %) dt +/2a(Y})dB;,
t

where B := (B;);>0 is a standard Brownian motion and where M is given by

Vy=0, M(y) = fo m(E) dt.
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It is not difficult to see that 0 is an entrance boundary for Y*, which by consequence is positive for positive times.
The processes X and Y* are intertwined through the kernel A from R to R defined by

. 80(A), ify =0,
Vy € R+, VA e B(R), A (v, A) = f[fy_y]nAm(x)dx

M) , otherwise.

The construction of the bivariate process (X, Y*) does not require M (00) < 00.
The considerations of Section 2 also apply to this situation. In particular, define

N

u
V>0, 6 := inf{u > 0:8/ a(Y*)mz(YS*) ds = t}.
0
According to Proposition 13, the process (R;)>0 := 2M (Yé‘;)),zo is a 3-dimensional Bessel process starting from 0.
Consider the usual Brownian motion B := (B;);>0, where a=1/2 and b =0. Then we get s =1 =m and
Vt>0, R;= 2Y;;8.

So using the homogeneity of the 3-dimensional Bessel process, Y* is itself a 3-dimensional Bessel process. Thus
we recover the fact that the Brownian motion is intertwined with the 3-dimensional Bessel process (starting from Q)
through the link:

Vy e R+ VA € B(R Ai A) = “. X ify ’
y ’ ( )’ (y7 ) f[*.v-,‘Z];‘_A s otherwise.

This result is due to Pitman [30], who furthermore gave an explicit construction of an intertwining dual Y := (Y;)s>0:
Vi>0, Y= 2max(BS :s €10, t]) — B;.

It would be interesting to extend such path constructions, in order to avoid the considerations of Section 4.

Appendix A: A probabilistic estimate on queues of 7y,

In the previous section we have seen that is important to upper bound quantities like P[z;, > ] and we obtained
nice estimates via spectral considerations. We were lucky because the spectral decomposition of L is explicit in the
Ornstein—Uhlenbeck example. In general a probabilistic approach is more flexible, even if in the example at hand we
did not succeed in recovering the optimal rate using this method. Let us nevertheless present this approach. At the end
we will see another interplay between probability and spectral theories.

The basic idea is to compare Y* with the simpler process Y := (¥;);>0 starting from 0 and solution of the s.d.e.

Vt>0, dY, =Y, dt+~2dB,, (54)
where B := (B;);>0 is a Brownian motion. We then define for all M > 0,

Ty =inf{r > 0:|Y;| = M}.
Lemma 38. The law of t}; is stochastically dominated by that of Ty.

Proof. Recall the following behaviors of the mapping g defined in (48): as y goes to O, g(y) ~2/y and as y goes
to 400, g(y) < 1/y. So we can define

a :=inf{y>0:g(y)= l/y}.
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We first compare Y* and Y up to the time 7. Let Y be an independent copy of Y: it starts from 0 and is a solution of
the s.d.e.

VIZO, dYIZYtdt‘i‘\/zdét,

where B := (Bz)zzo is a Brownian motion independent from B. Consider the process Y= (2),20 given by

Vi>0, Y, :=\Y>+TV2

Simple Itd’s computations lead to the fact that Y is the solution starting from O of the s.d.e.

t

(1
vt >0, dY,:(Y,—i—?)dt—}—x/Eth,

where W := (W;);>0 is the Brownian motion defined by

ro
Vi >0, W,::/ —
0 J¥2 472

Comparing with (47), where we replace B with W, it appears that |Y;| < ?, <Y/, at least for ¢ < 7. In particular,
for any M € (0, a], the law of 7y is stochastically dominated by that of 7. Using the strong Markov property at T,
to prove the same domination for M > a, it is sufficient to deal with the following situation. Assume that Y* is the
solution of (47) starting from @ and that Y is solution of (54) with an initial distribution supported on [0, a]. Let B
be the same in (47) and in (54), then a.s., for all > 0, |Y;| < Y;*. Indeed, using Tanaka’s formula (see for instance

Chapter 6 of the book of Revuz and Yor [31]), we have

(YsdBs + Ys dBy).

*

Vi >0, d|Y,|=|Y,|dt+2dB, +dl,,
where (I;);>0 is the local time at O of Y. Consider
o :=inf{r >0:1Y;| > Y'}.

If 0 < 400, then we have Y, = Y. Recall from Section 2 that necessarily Y > 0 and since /; is only increasing
when Y, = 0, there exists a random interval of the form [0, o + €) on which this local time remains constant. But we
have

Vi>0, d(Y)—Y])= (Y —Y:l)dt+g(Y})dt —dl,,

which, via the parameter variation method, leads to

Vi>0, Y., —|Youul=¢ /Ot e (g(Yy)ds —dly).
If t € [0, €), the r.h.s. is non-negative, which in contradiction with the definition of o. O
In particular, we get that
VM >0,Vt>0, Pty >1] <Pley >1]. (55)

The advantage is that the r.h.s. is simpler to evaluate:
Lemma 39. We have for any M > 0 and any t > 0,

2

= —t
1—e27¢

Plty >t] <
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Proof. Using once again the parameter variation method, we get that
t
Vi>0, Y, = ﬁ/ exp(t — s) d By,
0

In particular, Y; is a centered Gaussian random variable of variance ¢’ — 1. Besides, by definition, we have
Plry > 1] =P[Vs €[0,1], |Y,| < M]
<P[Y;| < M]

_/M ox <_ y? ) dy
L2 =0 ) e o
_ oM

T 2 — 1) O

These computations leads to the bound

* 2 —t
Vi>0,YM >0, Pty >t]< |———F—Me",
(1—e 2

which asymptotically for # > 0 large, has not the optimal exponential rate (1 instead of 2).

So where is the weak link in the above arguments? It is the stochastic dominance (55), because the exponential rate
of P[tys > t] for large t > 0 is almost 1 (for large M > 0), as will be shown below. So the strong repulsion of Y* in 0
is the reason for the exponential rate 2 for ;. The process Y (or |Y|) has more freedom to wander around 0, which is
the best place to “stay” to avoid the points —M and M, and this accounts for thelr exit rate 1.

Since the generator of ¥ is L := exp(—V)dexp(V)d, where V:R 5 y > y2/2, it appears that the measure ¥
admitting the density exp(V) with respect to the Lebesgue measure is “reversible”: L can be extended into its self-
adjoint Friedrichs extension on IL?(7). From the general Markovian theory of absorption (see e.g. the book [10] of
Collet, Martinez and San Martin), we have

1
lim —ln(IP’[tM>t]) —Xo(M),

t—+4o00

where

M 2 g~
“y(fHrd
ro(M) = inf Lu " dv - 4 )
feCx-MM: f~m=fan=0 (M 245

Lemma 39 implies that Ag(M) > 1 for all M > 0 and this bound is asymptotically optimal as M goes to infinity:

Lemma 40. We have

lim Ao(M) = 1.
M— 400

Proof. Let fj; be the function defined on [—M, M] by
Vye[-M, M1, fu() = exp(=y*/2) —exp(~M?/2).
Elementary computations show that
M 2 g~
()7 dv
liminf Ap(M) > lim M
M—+o00

—+400 f fMdv
=1. O
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The functions fy, for M > 0, were suggested by the spectral decomposition of L on L2(y), which can be obtained
by a method somewhat dual to the one presented in the previous section. Consider, on the appropriate domain of I.?(y),
the linear mapping K : f > exp(—V)df € L2(9). Since L = exp(—V)dexp(V)d and L = exp(V)d exp(—V)d, we
get at once the intertwining relation LK = KL (with a non-Markovian link K, but its inverse is a positive kernel quite
close to AT). So a priori the I:In := K[H,], for n € N, are good candidates to be the eigenvectors of I:, associated
respectively to the eigenvalues —n. Indeed, we compute that

VneN,VyeR, H,(y) =nexp(—y*/2)Hy—1(y),

so that (H )neN 1S an orthogonal Hilbertian basis of L2(), so the spectrum of L is —N. The measure n:i= Hiv=
exp(— V) is quasi-stationary for L and its adaptation to the Dirichlet boundary conditions on [—M, M] furnishes fy,,
for M > 0. One can also deduce the spectral decomposition of the generator of |Y|: restrict everything to R, but just
keep the H, with n odd. In particular its spectrum is {—1, =3, =5, ...}.

Appendix B: Liggett duality for one-dimensional diffusions

The assertion that the generator L defined in (13) is a continuous analogue of the discrete generator of the Morris—
Peres evolving sets will be justified here.

We begin by recalling the notion of duality introduced by Liggett in [24]. Let X := (X;);>0 and 7Z:= (ZT)IZO be
two Markov processes, on respective state spaces E and E. Let E be a measurable mapping from E x E to R. The
processes X and 7 are said to be dual with respect to the link Z if

Vxe E,VZe E,Vt >0, E[EG X)]=E:[E(Z.x)]. (56)

This definition equally holds in the discrete-time setting.

Let us next consider the example of the evolving sets introduced by Morris and Peres in [28]. On a denumerable
space E, let P be a transition probability, reversible with respect to a probability 7 giving a positive weight to all
points of E. Denote by L the generator / — P where [ is the identity operator and let X := (X;);>0 be a jump Markov
process generated by L. Let E be the set of all non-empty subsets of E and let & be the link defined by

Vie E\Nx € E, E(,x):= 1z (x).

Morris and Peres [28] constructed a E-valued process 7= (Z,),Zo which is dual to X with respect to E. It is defined
in the following way. For any z € E and u € [0, 1], denote

7 .= {y € E:ZP(y,v) Zu}.

veZ

The generator L of Z acts on any bounded function F on E via
o 1
VieE, L[FIQZ) ::/ F(z") — FZ)du
0

(note that Z is absorbed at E ).
A straightforward computation enables checking that

VieE,VxcE, L[E(,0)]E =L[EE )]w).
So, if (P;);>0 and (15,),20 are the semi-groups generated by L and I:, differentiating the mapping

[0,T]5t+ P ® Pr_[E]GZ, x),
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shows it is constant and in particular for any 7' > 0,
Pr[EGE )] = Pr[E(.0)]@),

which is just a rewriting of (56).

We now come back to the positive recurrent one-dimensional diffusion X considered in the introduction. Let
E :={(x, y) € R?: x < y} on which we consider the generator L given in (13). The diagonal is not an entrance bound-
ary for this generator and we impose Neumann boundary conditions on D* on the Markov processes 7Z:=(X,, Yl‘)lZO
associated to L (or rather on their minimal versions, namely up to the time when (—oo, +00), (—00, —00) or
(+00, +00) is reached, note that the two latter exit boundary points can now also be attained with positive proba-
bilities, namely the evolving segment [X t Y,] can vanish in finite time). It amounts to seeing Lasa generator on R?2
and to identifying (x, y) with (y, x) for any point (x, y) of the plane.

For any smooth and bounded function f given on R, introduce the mapping Z[ f] defined on E by

- y
Yx,y)e E, E[f]lx,y) :=/ fW)m(u)du.
X
In the proof of Lemma 19, we have seen that

V(x,y) € E, L[EIf]](x,y) = E[LLf]](x, ).

Taking into account that E[ f] satisfies the Neumann condition on the boundary, the arguments of Proposition 21 lead
to

VT >0,¥(x,y) € E, Pr[E[f]](x.y) = E[PrLf]](x. y),

where (ﬁT)Tzo is the semi-group generated by L.
With probabilistic notation, this can written in the form

y
E(x,y) |:/Z S u) du:| :/ E, [f(X,)]JT(u) du. (57)

By Fubini’s theorem, the 1.h.s. is equal to

/RE(X,y) (15, ()] f @) () du.
The r.h.s. of (57) can be transformed into
B [11x,1(X0) f (X0)] = Ex [112,31(X0) f (X0) ]
:/REM[11[x,);](xt)]f(u)n(du).

Since this is true for all smooth and bounded function f, it follows that for almost every u € R,

B[z, @)] = Ey[11e (X))

This equality is trivial for 7 = 0 and for 7 > 0 the Lh.s. and the r.h.s. are continuous with respect to u € R, essentially
because the event that u belongs to the boundary of Z; and the event that X; € {x, y} are negligible.
Thus (56) holds, with formally the same link as the one considered by Morris and Peres [28].
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