The Annals of Applied Probability

2017, Vol. 27, No. 1, 582-630

DOI: 10.1214/16-AAP1212

© Institute of Mathematical Statistics, 2017

LOOKING FOR VERTEX NUMBER ONE

BY ALAN FRIEZE' AND WESLEY PEGDEN?
Carnegie Mellon University

Given an instance of the preferential attachment graph G, = ([n], Ej),
we would like to find vertex 1, using only “local” information about the
graph; that is, by exploring the neighborhoods of small sets of vertices. Borgs
et al. gave an algorithm which runs in time 0(10g4 n), which is local in the
sense that at each step, it needs only to search the neighborhood of a set of
vertices of size O (log4 n). We give an algorithm to find vertex 1, which w.h.p.
runs in time O (wlogn) and which is local in the strongest sense of operating
only on neighborhoods of single vertices. Here w = w(n) is any function that
goes to infinity with n.

1. Introduction. The preferential attachment graph G, was first discussed
by Barabasi and Albert [2] and then rigorously analysed by Bollobas, Riordan,
Spencer and Tusnddy [4]. It is perhaps the simplest model of a natural process that
produces a graph with a power law degree sequence.

The preferential attachment graph can be viewed as a sequence of random
graphs G1, Ga, ..., G, where G4 is obtained from G; as follows: Given Gy,
we add vertex ¢ + 1 and m random edges {e; = (¢ + 1, u;) : 1 <i < m} incident
with vertex ¢ 4 1. Here the constant m is a parameter of the model. The vertices u;
are not chosen uniformly from V;, instead they are chosen with probabilities pro-
portional to their degrees. This tends to generate some very high degree vertices,
compared with what one would expect in Erd6s—Rényi models with the same edge-
density. We refer to uy, us, ..., u, as the left choices of vertex ¢ + 1. We also say
that # + 1 is a right neighbor of u; fori =1,2,...,m.

We consider the problem of searching through the preferential attachment graph
looking for vertex number 1, using only local information. This was addressed by
Borgs, Brautbar, Chayes, Khanna and Lucier [5] in the context of the preferential
attachment graph G, = (V,,, E,). Here V,, = [n] = {1, 2, ..., n}. They present the
following local algorithm that searches for vertex 1, in a graph which may be too
large to hold in memory in its entirety.

1: Initialize a list £ to contain an arbitrary node u in the graph.
2: while £ does not contain node 1 do
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3:  Add anode of maximum degree in N(£) to £ od;
4: return L.

Here for vertex set £, welet N(£) ={w ¢ L:3v € Ls.t. {v, w} € E,}.

They show that w.h.p. the algorithm succeeds in reaching vertex 1 in O (log* n)
steps. (We assume that an algorithm can recognize vertex 1 when it is reached.)
In [5], they also show how a local algorithm to find vertex 1 can be used to give
local algorithms for some other problems. We also note that Brautbar and Kearns
[6] considered local algorithms in a more general context. There the algorithm is
allowed to jump to random vertices as well as crawl around the graph in the search
for vertices of high degree and high clustering coefficient.

We should note that, as the maximum degree in G, is n!'/>=°() w.h.p., one
cannot hope to have a polylog(n) time algorithm if we have to check the degrees of
the neighbors as we progress. Thus the algorithm above operates on the assumption
that we can find the highest-degree neighbor of a vertex in O(1) time. This would
be the case, for example, if the neighborhood of a vertex is stored as a linked-
list which is sorted by degrees. In the same situation, we can also determine the K
highest degree neighbors of a vertex in constant time for any constant K, and in the
present manuscript we assume such a constant-time step is possible. In particular,
in this setting, each of steps 2—7 of the following Degree Climbing Algorithm takes
constant time.

We let d,, (v) denote the degree of vertex v € V,,.

Algorithm DCA:

The algorithm generates a sequence of vertices vy, va, ..., until vertex 1 is
reached.

Step 1 Carry out arandom walk on G until it is mixed; that is, until the variation
distance between the current vertex and the steady state is o(1). We let v; be the
terminal vertex of the walk. (See Remark 1.1 for comments on this step.)

Step2 1 < 1.

Step 3 repeat

Step 4 Let C; = {wy, w2, ..., wy 2} be the m/2 neighbors of v, of largest de-
gree.

(In the case of ties for the m /2th largest degree, vertices will be placed randomly
in C; in order to make |C;| =m /2. Also m is large here and we could replace m /2
by [m/2] if m is odd without affecting the analysis by very much.)

Step 5 Choose v;41 randomly from C;.

Step 6 t <1+ 1.

Step 7 until d,(v,) > bg’;}—{ﬁ% (SUCCESS) or > 2wlog,3n (FAILURE),

where w — oo is arbitrary.
Step 8 Assuming SUCCESS, starting from vy, where T is the value of ¢ at this

. . 172 . .
point, do a random walk on the vertices of degree at least longOn until vertex 1 is
reached.
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REMARK 1.1. It is known that w.h.p. the mixing time of a random walk on
G, is O (logn), see Mihail, Papadimitriou and Saberi [10]. So we can assume that
the distribution of v is close to the steady state w, = %.

Note that Algorithm DCA is a local algorithm in a strong sense: the algorithm
only requires access to the current vertex and its neighborhood. (Unlike the al-
gorithm from [5], it does not need access to the neighborhood of the entire set
P, ={v1, ..., v} of vertices visited so far.) Our main result is the following theo-
rem.

THEOREM 1.2. If m is sufficiently large then w.h.p. Algorithm DCA finds
vertex 1 in G, in O(wlogn) time.

DCA is thus currently the fastest as well as the “most local” algorithm to find
vertex 1. We conjecture that the factor w in the running time is unnecessary.

CONIJECTURE 1.3. Algorithm finds vertex 1 in G, in O(logn) time, w.h.p.
We note that w.h.p. the diameter of G, is ~ ; Og’lgo’én
improve the execution time much below O (logn).

The bulk of our proof consists of showing that the execution of Steps 2—7 re-
quires only time O (wlogn) w.h.p. for any w = w(n) — oo. This analysis requires
a careful accounting of conditional probabilities. This is facilitated by the condi-
tional model of the preferential attachment graph due to Bollobds and Riordan [3].
One contribution of our paper is to recast their model in terms of sums of indepen-
dent copies of the rate one exponential random variables; this will be essential to
our analysis.

and so we cannot expect to

Outline of the paper. In Section 2, we reformulate the construction of Bollobdas
and Riordan [3] in terms of sums of independent copies of the exponential random
variable of rate one.

Section 3 is the heart of the paper. The aim is to show that if v; is not too small,
then the ratio v;41/v; is bounded above by 3/4 in expectation. We deduce from
this that w.h.p. the main loop, Steps 2—7, only takes O (wlogn) rounds. The idea is
to determine a degree bound A such that many of v,’s left neighbors have degree
at least A, while only few of v;’s right neighbors have degree at least A. In this
way, vy41 is likely to be significantly smaller than v;.

Once we find a vertex vr of high enough degree, then we know that w.h.p. vr is
not very large and lies in a small connected subgraph of vertices of high degree that
contains vertex one. Then a simple argument based on the worst-case covertime of
a graph suffices to show that only o(logn) more steps are required.
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Our proofs will use various parameters. For convenience, we collect here in ta-
ble form a dictionary of some notations, giving a brief (and imprecise) description
of the role each plays in our proof, for later reference.

Definition Role in proof
w = O(loglogn) An arbitrarily chosen slowly growing function.
Ao = log4+/’"n A (usually valid) lower bound on random variables n;

(cf. Section 2.1).

ny :=1log!/1%p W.h.p. the main loop never visits v < nj.

Py :={vy,...,v} The set of vertices visited up to time 7.

W := (loglogn)'® Vertices v > W, will not be important in the search for v; 1.
L:=m!'/3 A large constant, significantly smaller than m.

Notation: We write A, ~ By, if A, = (14 0(1))B,, as n — 0o. We write o <
in place of & < o(1) + (1 4+ 0(1))B.

2. Preliminaries.

2.1. A different model of the preferential attachment graph. Bollobds and Ri-
ordan [3] gave an ingenious construction equivalent to the preferential attach-
ment graph model. We choose x1, x2, ..., X2,,;, independently and uniformly from
[0, 1]. We then let {¢;,r;} = {x2;_1, x0;} where £; <r; fori =1,2,...,mn. We
then sort the #; in increasing order R] < Ry < --- < Ry, and let Ry = 0. We then
let

WJ':ij and wj:Wj—Wj_l and IjZ(Wj_l,Wj]

for j =1,2,...,n. Given this we can define G,, as follows: It has vertex set V,, =
[n] and an edge {x, y}, x <y for each pair ¢;, r;, where {; € I, and r; € I,.

We recast the construction of Bollobas and Riordan as follows: we can generate
the sequence Ri, R, ..., Ry, by letting

Y 1/2
(1) R,:( ! ) ,

Tmn—i—l

where Yy =0 and

Tv=&+&+---+&N for N > 1

and where &1, &, ..., &,,+1 are independent exponential rate one random vari-
ables, that is, Pr(§; > x) = ¢™* for all i. This is because rlz, r22, e r,%m are in-

dependent and uniform in [0, 1] (as they are each chosen as the maximum of two
uniform points) and the order statistics of N independent uniform [0, 1] random
variables can be expressed as the ratios Y; /Yy4+1 for 1 <i < N.

We refer to the distribution of Y as ERL(N), as it is known in the literature as
the Erlang distribution.
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2.2. Important properties.

The advantage of our modification of the variant of

the Bollobas and Riordan construction is that if we define

Ni :=&i—1m+1 +&i—vm+2+ -+ &im,

then 7; is closely related to the size of I;. It can then be used to estimate the degree
of vertex i. This will simplify the analysis since 7; is simply a sum of exponentials.

In this section, we make this claim (along with other more obscure asymptotic
properties of this model) precise. In particular, we let £ denote the event that the
following properties hold for G,. In the Appendix, we prove that G, has all these

properties w.h.p.

(P1) For Yi ¢ = Y — Y¢, we have

Yk € (k— £)|:1 +

for (k,€) = (mn +1,0) or
k—1¢

lv

k—1> log2n,
log!/3% .

A2n 1

0 _

wlogn’ Ao = log?%/m >

Here, where ng =

logk,

x1/2
(k—0)'72,

(k — 0)*?logn

n1/2 ’
n

Ok,e =

w3/2log’n’
Similarly define

K2,
k*?logn

Ok = W7z
n

w3/21log’n’

e{w,w+1,...,n}

L6} }

3k — )12

and

=0,
k>10g"n,1>0,
0<l<k<log30n.

w§l<k§10g30n,

w<k<n?1=0,

10g30n <k §n2/5,

n?’ <k <ny,
no <k.

k <n2/5,
n?> <k <ny,

no <k.

; L6}”* ; .
(P2) Wi e (D)1 + S~ ()P forw<i<n.

216!?

~ i ;
1+ 7] )72 forw <i <n.
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(P4) Ao <n; <40mloglogn fori € [log30 n].
(P5) n; <logn fori € [n].

Some properties give asymptotics for intermediate quantities in the Bol-
lobas/Riordan model [e.g., (P2), (P3)], while the rest give worst-case bounds on
parameters in various ranges for i. The very technical (P1) is just giving constraints
on the gaps between the points Y} in the Bollobas/Riordan model.

2.3. Inequalities. We will use the following inequalities from Hoeffding [9] at
several points in the paper. Let Z = Z; + Z, + - - - + Z x be the sum of independent
[0, 1] random variables and suppose that u = E(Z). Then if @ > 1 we have

2

2 exp{ au} a<l
i S esh
@ Pr(ZZ(l—i_a)“)feXp{ 2+01/3}S eXP{_%} o> 1
3 9 b
e\ Br
3) PMZzﬁmseﬂ(E) . B

e
4) Pr(ZS(l—oz);L)fexp{—T}, 0<ac<l.
Our main use for these inequalities is to get a bound on vertex degrees, see Sec-
tion 2.4.

In addition to these concentration inequalities, we use various inequalities
bounding the tails of the random variable 1. We note that the probability den-
sity ¢ (x) of the sum n of m independent exponential rate one random variables is
given by

that is,

b
) Hw5nsw=f¢@M%

The equation (5) is a standard result, which can be verified by induction on m (e.g.,
see Exercise 4.14.10 of Grimmett and Stirzaker [8]). Although we will frequently
need to bound the probability (5), this integral cannot be evaluated exactly in gen-
eral, and thus we will often use simple bounds on ¢ (). We summarise what we
need in the following lemma.

LEMMA 2.1. (a)

1
(6) Pr(n <xm) <m(xe! )" forx <1——.
m
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(b)
7 Pr(n<x) <(1—e™)" <x™.
()
eB\" _ _3m/10
Pl‘(nzﬂm)i(e—ﬂ) <em/ for Bp>2.
(d
Pr(n>(1+4+a)m) < e~ ’m/3 forO0<a < 1.
(e

—a?m/2

Pr(n<(1—a)m)<e for0<a < 1.

PROOF. (a) ¢(n) is maximized at n = m — 1. Taking ¢ (mx) (x <1 —1/m)

as an upper bound on ¢ (y) for y € [0, mx] and m! > (m/e)™ in (5) gives us (6).
(b) Writing n =& + & + -+ + &, we have Pr(n < x) <[]/, Pr(& <x).
©Ifn=8+&+ - +&n,thenwitha=(8—-1)/B,

Pr(n > fm) = Pr(e" > ™) < e HPME (M) = ¢ lm—[ E (")
(®) -
=e M1 — )T = (e BT
(d) Putting 8 =1 + « into (8) we see that
Pr(n> (1 +a)ym) < (1 +a)e™®)" <e~*m/3,
(e) With A = o/(1 — @) we now have
Prin<(1—-a)m)= Pr(e_)"’ > e_k(l_“)m) < ek(l_a)mE(e_M)
= HMI=om ﬁ E(e™%)
i=1
=M )T = (1 —@)e®)" < e—’m/2, O

2.4. Properties of the degree sequence. We will use the following properties
of the degree sequence throughout: let

0 (1) (1 (1) - Stisiuny
cw)= i n w3/4logn )’

1/2 PN\ 1/2 5L1ogl
(10) o= (5) (1= (5) T+ ).
i n w3/4logn
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Note that
. .. e 2loglogn
(11) (i) ~eta) i 5n<1—7),
logn
N\ 1/2
(12) (i) ~ (—) ifi =o(n).
l

Also, let d,, (i) denote the expected value of d,,(i) in G,,.

LEMMA 2.2. (a) If € occurs then d, —m € [n;¢ (i), nic T ()]

(b) Pr(dy(i) —m < (1 —e)nig (D) < e~ MWO2 for0 < < 1.
© Pr(dy() —m > (1 +a)nig (i) < e m OB for0 <o < 1.
(d) Pr(dy(i) —m > Bnic ™ (i) < (/Y1 D for g > 2.

(&) Whp.ni> and w <i < nl/2 implies that d, (i) ~ n; ( Yz,
f) Whp.ow<i < 10g3on implies that d, (i) ~ n; (l Yz,

(g) Whp.w<i<n'?implies d,(i) < max{l, 77,-}(’;—.)1/2.

(h) W.h.p. n'2<i<n implies d, (i) < nl/3.

() Whp.1<i<log"* n implies that d, (i) > og 11//220

(G) Wh.p.d, (z)> 1/20 implies i <log'/°n

PROOF. We defer the proof, which is straightforward but tedious, to the Ap-
pendix. [J

REMARK 2.3. We will for the rest of the paper condition on the occurrence
of £. All probabilities include this conditioning. We will omit the conditioning in
the text in order to simplify expressions.

3. Analysis of the main loop. Since the variation distance after Step 1 is o(1),
it suffices to prove Theorem 1.2 under the assumption that we begin Step 2, with
v1 chosen randomly, exactly according to the stationary distribution.

The main loop consists of Steps 2—7. Let vo = 1 and vy, v2, ..., vs for s > 1 be
the sequence of vertices followed by the algorithm up to time s. Let p; = v;+1/vs,
and define T, 75 by

Ty =min{t : v, < log30n} and T» =T +30wlog,3logn and
(13)
To = min{2wlogy 31, T2}

We will prove, see Lemma 3.2, that

3
(14) E(p) < 2 for1 <t <Tp.
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Recalling that T is the time when Step 8 begins, we note thatif T < ¢t < Tj then this
statement is meaningless. So, we will keep to the following notational convention:
if X; is some quantity that dependson ¢t <7 and t > T then X; = Xr.

Now, roughly speaking, if r = 2logy/3n and p is the number of steps in the
main loop, then we would hope to have

1 1
Pr(n=>r) < PI'(PO,Ol R ;) =nE(pop1---pr) =

and so w.h.p. the algorithm will complete the main loop within 21log, 37 steps.
Unfortunately, we cannot justify the last inequality, seeing as the p; are not in-
dependent. That is, we cannot replace E(pop1 - -- pr) by [;_o E(p;). We proceed
instead as in the next lemma.

LEMMA 3.1. Assuming (14) we have the w.h.p. DCA completes the main loop
in at most Ty steps with SUCCESS.

PROOF. We let sg denote the number of vertices visited by the main loop, and
then define Z; = pop; - - - ps for s < so, and Z; = pop; - -+ pso(%)s‘sﬂ for s > 5.

Suppose first that 71 > wlog, ;3 n. Now (14) and Jensen’s inequality implies that
fors > 1,

min(s,sq) s 3
E(log(Z))= > E(log(p))+ 3 log;
i=0 min(s,sg)+1

(15)

min(s,sq) 3

< Z logE(p;) + Z log e slog(3/4).
min(s,sg)+1

Now
(16) log(Zs) = (s — sp) log(3/4) —logn > slog(3/4) — logn

since p1p2--- ps, = 1/n.
Now let

a = Pr(log(Z,) < (1 — B)slog(3/4)),
where «, B are to be determined. Then, (15), (16) imply that
(1 —a)(1 — B)slog(3/4) + a(slog(3/4) —logn)
< E(log(Zy)) < slog(3/4).

17)

Equation (17) then implies that

Bslog(4/3)
~ Bslog(4/3) +logn’

(18)
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Now putting s = wlog, ,3n and = 1/2 we see that (18) becomes

2
a>1———==1-o().
w+2
So w.h.p. after at most wlog, 3n steps, we will have exited the main loop with
SUCCESS.
Suppose now that 71 < wlogy 3n. Using the argument that gave us (18), we
obtain

T —Th <wlogys 1og30n w.h.p. 0

To prove Lemma 3.2, we will use a method of deferred decisions, exposing
various parameters of G, as we proceed. At time ¢, we will consider all random
variables in the model from Section 2.1 as being exposed if they have affected
the algorithm’s trajectory thus far, and condition on their particular evaluation. To
reduce the conditioning necessary, we will actually analyze a modified algorithm,
NARROW-DCA(t), and then later show that the trajectory of NARROW-DCA(7) is
the same as that of the DCA algorithm, w.h.p., when identical sources of random-
ness are used.

NARROW-DCA(7) is the same as the DCA algorithm, except that for the first t
rounds of the algorithm, a modified version of Step 4 is used:

Modified Step 4. Let

Ct = {wlv w27 MR wm/Z}

be the m/2 neighbors of v, of largest degree from {1,..., Wv,;} where W :=
(loglogn)'©.

Forrounds t + 1,7+ 2, ..., the behavior of NARROW-DCA (1) is the same as
for DCA.

Notice that NARROW-DCA “cheats” by using the indices of the vertices, which
we do not actually expect to be able to use. Nevertheless, we will see later that
w.h.p., for T =2wlog, 3 n, the path of this algorithm is the same as for the DCA
algorithm, justifying its role in our analysis.

3.1. Analyzing one step. Our analysis of one step of the main loop consists of
the following lemma.

LEMMA 3.2. Let p; be the ratio of vi+1/vs which appears in a run of the
algorithm NARROW-DCA(t). Then for all t < Ty [see (13)], we have that

3
(19) E(p)) =~ and Pr(p;=V)<—5—.
4 log“n
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The first statement ensures that NARROW-DCA(t) makes progress in expecta-
tion in the 7th jump. The second part of this statement implies by induction that for
any t < wlogn, the behavior of NARROW-DCA(t) is identical to the behavior of
the DCA algorithm for the first ¢ steps. Thus together these statements give (14).

To prove Lemma 3.2, we will prove a stronger statement which is conditioned
on the history of the algorithm at time . The history H; of the process at the end
of step ¢ consists of

(H1) The sequence vy, va, ..., vy.
(H2) The left-choices A(vy, 1), A(vg, 2), ..., A(vg,m), 1 <s <t and the corre-
sponding left neighbors Ny, (vs) = {u1,5, 2,5, - -, Um,s}. These are the m £;’s that

correspond to the m r;’s associated with vs as defined at the beginning of Sec-
tion 2.1.

(H3) The lists uy ;,u5 o, ..., u,  of all vertices u; ; which have the property
that (i) vy € Np (u;(,s) and (ii) u;(’s < Wy, for 1 <s < ¢. (It is important to notice
that s < ¢ here.)

(H4) The values n,, and the intervals [, fori =1,2,...,¢.

(H5) The values 5, and the intervals I, and the degrees deg(w), for w €

::1 N(Ul).
Here,
N@) = Nr(v) UNg®) where Ng(v) = {w < Wv:v e Np(w)}.

We note that at any step ¢, and for a fixed random sequence used in the
NARROW-DCA(t) algorithm, H; contains all random variables which have de-
termined the behavior of the algorithm so far, in the sense that if we modify any
random variables from the random graph model described in Section 2.1 while
preserving all values in the history, then the trajectory of the algorithm will not
change. We write H; to refer to a particular evaluation of the history (so that we
will be conditioning on events of the form H; = H;).

Structure of the proof. The essential structure of our proof of Lemma 3.2 is as
follows:

Part 1 We will define the notion of a typical history H;.

Part 2 We will prove that for ¢+ < Ty and any typical history H;, random vari-
ables 1, which are not explicitly exposed in H; are essentially unconditioned by
the event H; = H; (Lemma 3.3).

Part 3 We will prove by induction that H; is typical w.h.p., for ¢ < Tj.

Part 4 We will use Parts 2 and 3 to prove that for ¢ < Tp,

21y, L3
+— and Pr(po, >V|H;) <
mL m?

by using nearly unconditioned distributions of random variables which are not
revealed in H; to estimate the probabilities of various events. Here E(po;|H;) is

2
20 E(p/|Hy) < =
(20) (pe|Hp) = 3 + o



LOOKING FOR VERTEX NUMBER ONE 593

short for E(p;|H; = H;). [Note that ,, in (20) is simply a real number determined
by H;.] In this context, we always work under the assumption that H; is typical.
Part 5 We will also prove for ¢ < Tj that

(21) E(ny,,,) <4m.
Now the expected value statement in (19) follows from (21) and the first part
of (20), by removing the conditioning on H;.

Part 1. Let Py denote the sequence of vertices vy, va, ..., v; determined by the
history H;. We now define the notion of a typical history H;. For this purpose, we

consider the reordered values 0 < A(t) < Aét) k(t)
AY =00 A = sl s <1 <i < m).
Given this we define v = vy) to be the index such that )»S.t) € I, and then let

viP=p 1< < NGO
We also define
VP ={v:veNg(P)).
Now let us reorder
t) ) () () ()
vO - {x)” <x" <- <xM(t)} VU Ve

(1) (0

We define the extreme points x,° =0 and x| =n + 1 and define

M(t)+1

Xﬁ-t) = [xj(-tll +1, x;t) —1] and x© = U Xy) =[]\ V® and

0 _ | x®
N;=1X]

’

Ul =[w, 0 W] and U = UU(” and

(0 (0
LY =u").
A typical history H;, t < Ty is now one with the following properties:

(S1) There do not exist s1,s2 <t such that either (i) s1 <¢ — 2 and vy, and
vy, are neighbors or (ii) s1 <t — 3 and there exists a vertex w such that w €
N (vg,) N N (vy,). (We say that the path is self-avoiding.)

(S2) The points of A® are well-separated, in the following sense:
(22) |x () — (f) > log®n, xj-tll >1log*'n,
J = 17400

log otherwise.
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We observe that

(T1) If H; is typical then v; 1 is chosen from X forall j <1.
(T2) Each U;l) is the union of intervals I,,, v € X y).

Part2. We prove the following lemma.

LEMMA 3.3. For any vertex v e X", any interval R C R, and any typical
history H;, we have that v ¢ P; U N (Py) implies

(23) Pr(n, € R|H;) ~ Pr(ERL(m) € R).
The following lemma is the starting point for the proof of Lemma 3.3.

LEMMA 3.4. Let j € [M(t) + 1], let H, be any typical history, and let X' be
the value of X;t) in Hy. Then the distribution of the random variables n,,v € X’
conditioned on H; = H; is equivalent to the distribution of the random variables
Nv, v € X' conditioned only on the relationship ", cx' 1y = A% — A2, where Ay, A
are the values of ij(;)_l and Wx]@l T respectively, in H;.

PROOF. Suppose we fix everything except for 7,, v € X’. By everything we
mean every other 1,, and all of the A (v, i) and the random bits we use to make our
choices in Step 5 of DCA; we let H; be the corresponding history. Suppose now
that we replace 1y, v € X’ with 5/, v € X’ without changing the sum Y_, . x’ 1y.
Then Wx](_;)l 41 remains the same, as it depends only on 7, for v ¢ X', and thus

Wx(’)—l remains the same as well, since the difference A% — A% is unchanged.

j

In particular, this implies that H, remains a valid history. We confirm this by
induction. Suppose that H,,s < ¢ remains valid. We first note that because the

A(vs, 1) are unchanged, none of v;’s left neighbors are in X;t). Also, Ng(vs) and
the vertex degrees for w € Ng(vs) will not be affected by the change, even if

Vg < min Xy). So H; will be unchanged, completing the induction. [J

We are now ready to prove Lemma 3.3.

PROOF OF LEMMA 3.3. Suppose that v € X' = Xy), then M = NJ(.” > —
00. We now use Lemma 3.4 to write

Pr(n, < x|H;) =Pl’(77u fx’ Z Nw = A% - A%)v

weX’

where A and Aq are the values of Wx(z) 1 and Wx(z) , respectively, in H;, so
i Jj=D+1

that A — Ag is the value of Ly) in H;.
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Now from (P1) we have that A := A7 — A3 € [(1 — &)mM, (1 + &)mM] for
M = |X'| wh.p., for any & > 0. Thus we fix any u € [(1 — e)ymM, (1 + e)mM]
and show that

Pr(’?v = X) Z Nw = M) = (14 O(¢)) Pr(ERL(m) < x).

weX’

The lemma follows since ¢ is arbitrary.

We write
Pr(nv fx‘ Z Nw =M)
weX'’
xogn=le™ (p — pyM=Dm=le=(=m (Mm — 1)
"o m =D (M —Dm—1D!  pMmlgnu
_ X nlﬂ—le—n (1-— %)(M—l)m—ler) HT:l(Mm i) .
B n=0 (m —1)! wn n

x nm—le—n

=[G e - @m0 o())]
X (1 + 0<%>> dn

x pm—1,-7
—(1+0) /nzo%dn.

Here we used that H, typical implies that M > log'/4®n — co. O

Part 3. In the next section, we will need a lower bound on vy . Let
1

o v > 10g30n,

_Jlog’n

by = 1 0
_ v <log™’n.
(loglogn)3

LEMMA 3.5. W.hp. pr > ¢y, for 1 <t <Tp.

PROOF. The values of A(vy,i),i = 1,2,...,m are unconditioned by H;,
see (H2). It then follows from (P2) that if v, > log30 n then

W¢, m
< gy < 1/2 _
(24) Pr(vl‘+1 < ¢v, UllHl) ~m th ~ m¢v[ 10g3/2 " .

There are O (wlogn) choices for ¢ and so this deals with v; > log30 n.
Now there are O (loglogn) choices of ¢ € [T1, Tp] for which v, < 10g30n. In
this case, we can replace the RHS of (24) by 1/(loglogn)3/?. O
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We will also need to bound the size of Ng(v;) for all 7.

LEMMA 3.6. W.h.p., forallt < Ty,

3 30
‘NR(Ut)| = log” . 20 U= 10g30n,
(loglogn)=", vy <log™ n.

PROOF. The size of Ng(v), v = v; is stochastically bounded by Bin(Vwv, n,/
v). This is because if w € Ng(v) then w < Wwv. Also, for any such w, the prob-
ability that it has v as a left neighbor is at most mw,/W,, < 77,)/(vw)1/2 < ny/v.
This uses property (S1) to see that the values of A(w,i),i =1,2,...,m are un-
conditioned by H;. Thus, if 8, = log®n if v > log>*n and equal to (loglogn)?°
otherwise,

(25) Pr(|Nr(v)| 2 6s| Hi) < <\Zv) (%)0 = <e\gvnv>9v

If v > log®* 1 then the RHS of (25) is at most (e/ log n)l°g3” which is clearly small
enough to handle T possible values for ¢. If v < log>’n then the RHS of (25) is at
most (40e/(loglog n)g)(loglog”>20 which is small enough to handle O (wloglogn)
possible values for 7 such that v < log**n. 0

Continuing Part 3, we now show that the DCA walk doesn’t contain cycles.
LEMMA 3.7. W.h.p. the path P;,t < Ty is self avoiding.

PROOF. We proceed by induction and assume that the claim of the lemma is
valid up to time ¢ — 1. Now consider the choice of v;.

Case 1: There is an edge vsv; where s <t — 2:

(@): vy € Np(vg) N N (v—1).

We bound the probability of this (conditional on &£, H;) asymptotically by

mwv
(26) > X XY s

sE[t— 2]veNL(vs) - se[t 2] veN (vy)

Here, and throughout the proof of Case 1, v denotes a possibility for v, and
muw,/W,,_, bounds the probability that v;_; chooses v. Remember that these
choices are still uniform, given the history.

We split the sum in (26) as

Z Z 2(vu, 1)1/2+ Z Z 2(vv; 1)1/2

s€[t—2] veNp (vy) s€[t—2] veNp (vy)
v:>log30n vsflogmn
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Consider the first sum. There are less than ¢ choices for s; m choices for v and
Ny <logn. Now v € N (vs) and Lemma 3.5 implies that v > log27n. So we can

bound the first sum by
1 B 1
log?"/?n B 0<log“ n)
Summing this estimate over t < Ty gives o(1).

For the second sum, we bound the number of choices of s by O(wloglogn)
and n, by O(loglogn), since v < vs. We use the fact (see Section 3.2) that v;_| >
log!/1% 5. So we can therefore bound the second sum by

1
(#ofs)- (#of v) - (maxny) - —7 <To-m-logn -

<p wloglogn - m -loglogn -

1
(iogrom, )

[We use A <, B in place of A = O(B).]

There are O(wloglogn) choices for 7o >t > s > T} and so we can sum this
estimate over choices of 7.

(b): v € N (vs) N NR(vi—1).

Using vy € Ng(v;—1), we bound the probability of this asymptotically by

77v, 1 nvr 1
> + >
12 12
selim2] veNy () 20U 2012 seli—2] ueNL(v)z(vvf 2(v-)1/?
Vg >10g30 n Vg Slog

1
1/2
Vg

(#of 5) - (# of v) - (maxn,) - log /20

For the first sum, we use the argument of Case (a) without any change, except
for bounding 7,,_, by logn as opposed to bounding 1, by the same. This gives a
bound

1 1 1
(#of s)- (#of v) - (maxn,, ,)- i <pTp-m-logn - lgT/ZZO(long)'

This is small enough to inflate by the number of choices for ¢.
For the second sum, we split into two cases: (i) v;—1 > 10g30n and (il) v,_1 <
log** n. This enables us to control n,,_,. For the first case, we obtain

1 1 1
(#of s)-(#of v)-(maxny,_,)- v,l/zl <wloglogn-m-logn- loglsn = 0(10g13 )
The RHS is small enough to handle the O (wlogn) choices for ¢.

For the second case, we obtain

1 1
(#of s) - (# of v) - (maxny,_,) - 7 = wloglogn - m -loglogn - m

Vg
. 1
=0 log!/3%0, )
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The RHS is small enough to handle the O (wloglogn) choices for ¢.
(¢): vr € Nr(vs) N Np(v;—1).
Using v; € N (vs—1), we bound the probability of this asymptotically by

> X + 22

12 12
seli—2] veNR(v)z(vv )/ seli—2] veNR(v)z(UU’ 1)/
vs>log29n vsslogzgn

For the first sum, we use v > v and the argument of Case (a) without change, but
notice we split over vy > log?® n or not here. This gives a bound of

1 1 1
(#ofs) - #ofv)  (maxny) - — <Tp-m-logn - 1g29/2 :0<log12 )

For the second sum, we use v < Wy, to bound v by log30n. We also use
Lemma 3.6 to bound the number of choices of v by (loglogn)?’. This gives a
bound of

(#ofs) - (#of v) - (maxny) - 7
Vi1

<p wloglogn - (loglog n)?0. loglogn -

1
0<log'/300n)'

(d): v; € Ng(vs) N Ng(v—1).
Using v; € Ng(v;—1), we bound the probability of this asymptotically by

nl)[ 1 nv[ 1
+
> > 12 > > 2
selim2] veNg(y) 2001 20,12 selim2] veNpu) 2(VV— 2vv—)?
Us>10g30n vsflogmn

log'/20

For the first sum, we use v > vy and Lemma 3.6 to bound the number of choices
for v and then we have a bound of

1 1 1
(#of s) - (#of v) - (maxny,_ 1) <Tp- log n-logn - 715=0( 5 )
log™” n log”n
For the second sum, we split into two cases: (i) v;—1 > log30n and (il) v, <
log30n. This enables us to control n,, ;. We also use Lemma 3.6 to bound the
number of choices for v in each case. Thus in the first case, we have the bound

1

log" n

<p wloglogn - log n-logn -

()
=0 .
log''n

1
172
Vg

(#of s) - (#of v) - (maxny,_,) -
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In the second case, we have
(#of s)- (#of v) - (maxn,, ) -

12
Ui

<p wloglogn - (loglogn)20 -loglogn -

1
- 0(10g1/300n>'

Case 2: There is a path vs, v, vy where s < .
The calculations that we have done for Case 1 carry through unchanged. We

just replace v;_1 by v, throughout the calculation and treat v as an arbitrary vertex
as opposed to a choice of v;. [

log /200

The x](-t) are separated. 'We now prove that w.h.p. points A; are well-separated.
Let

Ji={j:v; >1ogn}.
LEMMA 3.8. Equation (22) holds w.h.p. for all t < Ty.

PROOF. We consider cases.

() BN (3] (1)
Case 1 Xjo1X; eVp'.
For this, we write
¢ logzn, min{v, w} > 10g30n,
e logl/ 30011, otherwise,

PI‘(HI <5 =<t,ve Nr(vy), w € Ng(vy) : [v—w| <&y wl&, Ht)

5 Z Z Nvg N,

T —
1<s<t<TpveNg(vs),weNRg(v;) (vsvVw)

[v—w|<&y,w

27) < Z Z Sv,wNvs Mo,

— 12
1<s<t<TpveNg(vy) (v gv,w)(vsvt)

* Nr(v
(28) <2 Z C‘y,znvsnv,| ]/Iz( s)|

| <s=1<Tp (vsvy)

Here ¢, will be a bound on the possible value of ¢, ,, in (27).
Case 1a: max{vy, v;} > 10g29n
In this case ¢, < log® n and we can bound the summand of (28) by

1 1

2 3
L -login -log'n - 972, 152,

log - log
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Multiplying by a bound TO2 on the number of summands gives a bound of o(1).
Here, and in the next case, we use Lemma 3.6 to bound |Ng (vy)].

Case 1b: max{vy, v;} < log29

Here we have max{v, w} < ¥ log29 n< log30 n. In this case, we can bound the
summand of (28) by

1 (loglogn)?
1/300 2, 20, =
n - (40mloglogn)“ - (loglogn) log! /100, ( log!/200 )

log

We only have to inflate this by (Tp — 2= 0w loglog n)?). This completes the
case where x( ) y) e RO,

Case 2: xj J ) e V(t)
We first show that the gaps A; — A ;1 are large. Define

10g15/2 10g1/300n
B1= 7 and B = 2
and
& = ﬁla )"j=)"(vl‘ai)’vl‘€]17
J B2, otherwise,
and
o1= log™>2 1 and 03 = log1/20 ;-

We drop the superscript ¢ for the rest of the lemma.

CLAIM 3.9.
Pr(3r; € Ag:Aj1 > A; —¢j|H) =o0(1).

PROOF. This follows from the fact that
Pr(EIj :)\j—l >)\.j —8]')
<o(l) + (14 o(1))(m*Tio1 +m*(To — T1)(Tio1 + (To — T1)02)).

We have fewer than szl2 choices for s = 7(j — 1), = t(j) € Ji. Assume first
that s < ¢. Given such a choice, we have that w.h.p. W, 2 logh n/n'/? by (P2).
Now A ; will have been chosen uniformly from 0 to ~ W,, and so the probability
itliesin [A;_1,A;_1 +¢&;]is at most ~ 1/ W, , which explains the term m2T1201 .
If s > ¢ then we repeat the above argument with [A; 1, A; 1 + &1] replaced by
[)\. j — €1, A j]-

The term mz(To — T1)Ty0 arises in the same way with j — 1 € Jy, j ¢ J; or
vice-versa.
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The term mz(To — T1)202 arises from the case where j — 1, j ¢ Ji. Here
we can only assume that W; 2 logl/ 200, / n'/2. This follows from (P2), (P4)
and Lemma 2.2 and the fact that we exit the main loop with SUCCESS when
we see a vertex of degree at least n'/%/log!/1% 5. Assuming that s < 1 we
see that the probability that A; lies in [A;_1,A;_1 + &2] is at most B/ W,, ~
B2/(log!*Pn/n'/?) = o). O

Given the Claim and (P4), (P5) we have that w.h.p.
logn

p1 — 1/2_2;31, jen,
(29) va) 1~ W 5’)14—1 40mloglogn 1 ,
,BZ—TEE,BZ, JE
Now,
Tue)-0 "> Tmag-n+n\'7?
Wo_=Wo =|—F—"— -
J Vj-1 Tmn+1 Tmn+1
Tne()=1) = Ym-D+D
172 12 172 :
mn+1(Tm(t(j)—1) + e (j—+1))
Or,
12 12 12
Z Nu —(W (” -1 WU(QIH)TmnH(Tm(z(j)—l)+Tm(z(j—1)+1))
ueX(t) !
pin'/? J€Ji,
pan'/? J&J.
It follows that w.h.p.
12
n
) 0) ) ﬂll ’ J e
t t t ogn
|x 17X |=|Xj | > %32”1/2
_ & Jq.
40m loglogn ¢

Case 3: x](.t) € VL(t), xj(le € VI({):
Let 6, = B1, v > log** n and 6, = B, otherwise. We write
Pr(3s <t,v,k:v e Ng(vy), A(v, k) € I, £6,|E, Hy)

(30) < Mo Wot 260
B s.tvk (Uvs)l/2 Wv,

2nl/2g
S Z < 77v577v12+ v?vzs)‘
v(vsv)2 7 v(vsu)V

s,t,v0,k
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We bound the sum in the RHS of (30) as follows: If max{v, vs} > log30 n then we
bound the first sum by

n
1
(#s,1,k)-log>n - > —-

212 2
<p (0" log”n)-log”n -logn - —=— =o0(1).
v loghn = ( g'n)-log & loghn i
We bound the second sum by
(#s, 1 k)-zlog”/zn.logn-il-L
o =V logn
< (w?log?n) -1og">?n - logn - logn - =o(1).

loghn
When max{v, vy, v;} < log>*n we bound the first sum by

log*¥n 1 1
(#s.1,k) - (40loglogn)® - Y

17200
v=1 n

v log
€1y
2 2 —
<p (wloglogn)~ - (loglogn)~ - loglogn - log!/2,, =o0(1).

We bound the second sum by

log30n 1 1
#s,1,k) -10g'*%n . 401oglogn - e
(#s,1,k) -log n oglogn UZ=:1 v log/2%0,
(32) ]
2 1aol/300 ] _
<p (wloglogn)~ - log n -loglogn log!/2,, o(1).

Finally, if max{v, vs} < log30n < 10g30n then we have to replace (#s,1,k) in
(31), (32) by O(w?lognloglogn). But this is compensated by a factor 1/1),1/2 <
1/ log15 n.

It follows that (29) holds w.h.p. and the proof continues as for Case 2. [

Part4. 'We now assume ¢ < Ty. We begin by showing that DCA only uncovers
a small part of the distribution of the 7’s.
Let E[=P[UN(P[) and

Sl‘,j: Z Wy.

ve E[

LEMMA 3.10. Wh.p., S; j =o(W;) forlog/'%n < jand 1 <t < Ty.
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PROOF. Assume first that j > 10g30n. It follows from (P2), (P3), (P5) and
Lemma 3.6 that w.h.p.

Tologn(m + log3 n)

max 1y,
Sl,j < T() X W X (m +maX|NR(US)|) S 2mn1/2
1 5
_ 0<7“) o8 ")
nl/2
i\ 1/2 1 10
] og''n

This completes this case. Now assume that j < logson. (P2), (P3), (P4) and
Lemma 3.6 imply that w.h.p.

wlog, ;logn i\ /2
St,j S40mloglogn x % x (m + (loglogn)QO) LW~ (%)
for log!/1%n < j <log*n. O

Dealing with left neighbors. The calculation of the ratio p; takes contributions
from two cases: where v;41 is a left neighbor of v;, and where v,y is a right
neighbor of v;.

LEMMA 3.11.

2
E(Pllv,+1<v, |Hy) < 5

PROOF. Let D denote the (m/2)th largest degree of a vertex in Ng(v;). We
write

E(ptlv,H <vy |Ht) = ZE(ptlv,H <vy |Ht|D = d) PI’(D = d)
d

< ZE(‘E) Pr(D =d)
d

Uy

+(2)
Uy

where ¢, is the index of the smallest degree left neighbor of v, that has degree at
least d. We let ¢z = 0 if there are no such left neighbors. We now couple ¢ with a
random variable that is independent of the algorithm and can be used in its place.
Going back to Section 2.1 let us associate ¢4 for k > w with an index u; chosen
uniformly from [|k/m]. In this way, vertex i > w is associated with m uniformly
chosen vertices a;,1,4;2,...,a;m,m in [i — 1]. Furthermore, we can couple these
choices so that if Ny (i) = {b; 1, b2, ..., bin} then we have (i) Pr(b; j < a; ;) >
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I —o(1) and (ii) b; j < 2a; j for all i, j. This because Pr(b; ; < k) ~ Wi/ W; ~
(k/i)'/? [giving ()] and (k/i)'/? > k/i and (1 — o(1))(k/i)'/? > k/2i [giving
@i].

So now let u be the index of the uniform choice associated with the largest
degree left neighbor of v, that has degree at least D. Thus

) < (ﬁ)_l 2
E(UZ>NE ) =3 +o =3, -

Dealing with right neighbors. It will be more difficult to consider the contri-
bution of right neighbors. In preparation, for Ag <y <1 — 1/m we define

A;, =m+ym{(),

where (i), ¢ T (i) are defined in (9), (10) respectively. We note that n; ¢ (i) is a
lower bound for the expected degree of vertex i,i > w, see Lemma 2.2(a). Note
also that n;¢ (i) is an upper bound for the expected degree of vertex i,i > w.

The parameter Ag/ is a degree threshold. For a suitable parameter y, we wish it
to be the case that there should be many left neighbor but few right neighbor which
have degree greater than A;,. We define

v =max{y : |{j € NL() :dy(j) > A;/H >m/2}.

A;’* is a lower bound on the degree needed for vertex j > v; to be considered by

DCIA as the next vertex; thus we proceed by analyzing the distribution of ;. We
first derive upper bounds for Pr(y:t <vy|H;).

LEMMA 3.12. There exists ¢y > 0 such that

2
(33) PI‘(]/;; < y|Ht) 5 (yl/Zel_ylﬂ)clm +me—61y'/2m, 0

[A
<
IA

ool —

172

2
(G4)  Pr(y; <ylH) S (2! ) fmeman 0

A
<
A

O | —

—Cc|1m
e

N

5
(35) Pr(;/;; < Z‘H’>
(36) Pr(yl=y|H) Sy ", y > 10°.
PROOF. For j < v;, we define events A; = {n; < yl/zm} and Dj ={d,(j) <

Af}}. We need to estimate Pr((7) ;s D;) for subsets S € Ny (v;) of size m/2. We
write

(37) DS (AU NDH) S (A U[JA ND).

jes jes jes jes
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Now, using inequality (6) and equation (23), we see that if 0 <y < 1/8 then for
j < V¢,

(38) Pr(n; <y'2mH) Sm(y'2e! =77y,

The RHS of (38) includes a factor of 1 + o(1) due to conditioning on &, H;.
So,
) < 172 1—y1/2\ym\|S|
(39) Pr ﬂAJ‘Hl S(m(y /e )"
jes
Furthermore, because j € Ny (vy) implies that i > j and hence ¢ (vy) < ¢(j),

Pr((d,(j) < AL) A Aj|H;)

(40) < Pr(d,(j) —m < ym¢(j)| Hy) Pr(n; > y'/*m|H;)
_ 17232
Sexp{—%yl/zmm)}.

Explanation of (40): We remark first that the conditioning on £, H; only adds a
(1 + o(1)) factor to the upper bound on our probability estimate. We now apply
Lemma 2.2(b) with | —a =y and n; > y2m.

From (37) [summing over all m /2 subsets of Ny (v;)] and (40) [summing over
Ny (v;)] we obtain

Pr(y; <y|H)

@) =Pr(|{j e NL(w) :da(j) < ALY = m/2 | Hy)
(1—y'22
2

We observe that j € N (vy) implies that d,(j) > m + 1. So,

S om ((m(yl/Zel—yl/Z)m))m/Z + mexp{— yl/zmé(v;)}.

) 1
(42) m+1< A’y implies ¢ (v;) > —.
my

Using (42) in (41) verifies (34), after bounding 2’"((m()/1/2e1_3’1/2
(yl/Zel—yl/z)clmz‘
From (37) and (40),
Pr(y, <vy|H;)

@3) < (m(y' ety Hymyms

)™)™/? by

. 1 — 1/2)2
+PrCA ) + e H)mexp LY 1 (1))
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Here

e

Explanation of (43): The first term is from (39). If Ay holds then v, has at least
one left neighbor j < 9n/10. The final term comes from using (40) and ¢(j) >

£(n/10). The factor Pr(Al) ! handles the conditioning on A;. The factor m is
the union bound for choices of ;.

Now [Ny (v;) N [%]l is dominated by the binomial Bin(m,n/10) and so
Pr(A|H;) < e~dm Now £On/10) > 1/20 and plugging these facts into (43)
yields (33). Here we have absorbed the =% term into me=17'*m and we will
do so again below.

We continue with the proof of (35). For j € N (v;), we observe that if d,(j) <
Al and y < % then

5
du(j) —m < T’";(U,).

We now estimate the probability that a uniform random choice of j € Ny (v;) (for
fixed H;, which determines v;) has certain properties.
We first observe that

@ w3 (- 5)-(-0) )3

[For this we used (P2).]
Now (6) implies that

(45) Pr(n; <0.99m|H,) < e~ ™.

Moreover, for n; > 0.99m and j < 3v,/5, we have
t(j) (w)l/z(l—(%)l/z—e) . <v,)1/2
c)  \j L=(GHV2—e)=\j)

_ SLloglogn

where
46 = .
(46) w3/*logn

Thus we have
5\ 1/2
E(dy () = ml ) = 1;¢()) 2099 (3) ¢wo.

Now 0.99 x (5/3)!/2=1.278... > 1.01 x 5/4 and so
5 (v)
Pr(dy () —m = 2

\Ht) < Pr(dnu) —m< %\Hf)

47) .
< ¢~ B1i¢() < e dam
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using Lemma 2.2(b). It follows from (44) and (45) and (47) that
5 2
Pr(yjf < Z‘H,) < Pr(Bin(m, e—dm 4 p=dam g) > n;) < e dm,
This completes the proof of (35).
To deal with (36) we observe that if d,,(j) > AJ”} and y > 10° then

Ut v J\V? 1/4
JENL(y) and j<—5 or njzy/m<—> >y /4m
Y V¢
dn(j) —m =y ().
But

WUt/V1/2 < 1
Wy, ~yl4

(48) Pr(j € Ny(v)and j < — 1/2 ]H,)

And, using (P3) and y > 107,

Pr(n; Zy1/4m|H / ————dn;
( J t) M /y WU[ m=y/4m (m — ])'

v
t e }/

S YA
1=2v;/y 2(vl’l)

(49)

< e_y1/4m

607

or

Lastly, using (44), (45) and Lemma 2.2(d) and ¢+ (j) < ¢ () for j < 3n/5 we have

2 tedm o <041,

(50)  Pr(d,(j) —m =y *n;c(j)H) < 5

It follows from (48), (49) and (50) that
1
Pr(y, > y|H) < Pr(Bin(m, 1+ 0(1))( 77+ e vtm . 41)) %
< e dm,

This completes the proof of the lemma. [

COROLLARY 3.13. Whp. y; = 1/(loglogn)® for s = 1,2,...,T

O(logn).

PROOF. The value of yjs is determined when vy is first visited and in this case

we can apply Lemma 3.12. In which case the result follows directly from (34).

g
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We now have a handle on the distribution of y,;;. We now put bounds on the
expected number of j > v, that can be considered to be a candidate for v, 1,
conditioned on the value of y,. In particular, we let

D;’:{j>v,:dn(j)zA;’}.

We will bound the size of D;, by dividing D; into many parts bounding each part;
in particular, x € N we let

| [i,l—z}ﬂD;, =0,
s Je=1r 7

() (o reee 2
Y [ - ) SK =
)/2 L )/2 L 14 i

Note that ];*O =gify>1.
Finally, we let

r)",’" =\J)’;"‘] and r}", :=Zr)‘;"‘
k>0
(52)
k+1
-y L=+ )
KZOjEJ;’K k>0 y

REMARK 3.14. We have that E(m oSy Yi|Hy) is an upper bound on the expec-
tation of the ratio p; = -+, conditioned on the event that v;4| > v, since each

right neighbor whose 1ndex is included in the sum s, has probability of at most E
of being chosen by the algorithm.

LEMMA 3.15.  Ifv, <n(1 — 3L, then

"”Lf (L max{0, (1 — )} +7 + 10Le2 L),

(53) E(rl|H,) <

) <

If v, <n/5 and k > (loglogn)* and y > 1/(loglogn)? then
1
log’n’

sl
(54) E(l
Ut

";’L (Lmax{0, (1 — y)} + 13+ 100Le =2 L),

Moreover,

(55)

Pr(r) r) > 0) <

Note that (55) implies the second inequality in (19).

PROOF OF LEMMA 3.15. Recall from Lemma 3.10 that w.h.p.,
(56) Sr.j=o0(W;)  forj>1log"'%n,
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We write
E (0 )
m—1
1 < Y @’gt,/ion(;l_el); Pr(d, (j) = A%|H,, 1;) dn;
jeJ;,j"K N
1 o g el N A
58  Sny Y Z(Ut—j)m/m:ow Pr(d, (j) > A%|Hy, nj) dn;.

jeytt

Explanation of (57) and (58): We sum over the relevant j and fix n;. We multiply
by the density of 7; and integrate. Using (56), we see that
MWy, MWy, 1y,
W;—58. W; 2(v; j)1/2

This is asymptotically equal to the expected number of times j chooses v; as a

neighbor.
Thus,
N,
(59) E(r’“|H;) < — I
IR S JZ 2 )2
where
o) n’]" 1 nj
Ij= /n-—OW l'(dn(j) = A;ﬂHz, Uj)dﬂj <1
= !
If m is large, then
0, y>1,
60 E(ruCH,) < My, l—y
(60) (y |H) S Z 2(1),])1/25””’ vt y <1
J€dy' )
Continuing, for x > 1, we write
(61) I} S AL+ A+ Az,

where

/a 1/Lyym nt = e~
n

Pr(d,(j) = A |nj)dnj,

;=0 (m—l)!
(14+1/L)ym m 1 e i .
- Pr(d,(j) > A%|n;)dn;,
/—(1 1/L)m (m—l)' Pr(dy(j) = V|’71) nj

ml—y]]

d.(i)>AYIn:)dn;
/71,—(1+1/L)m (m—1)! r( n(Jj) = y|’7]) nj
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and then write r)""* = r;”"’l + r)'j”"’z + r)'jf*"’3. Here r)‘j“’"l is equal to the RHS
of (59) with I; replaced by A;. The implicit (1 + o(1)) factor in (61) arises from
replacing Pr(d, (j) > A;j’ Inj, Hy) by Pr(d,(j) > A;j’ [n;) in the integrals, that is,
ignoring the conditioning due to H;. Since j > vy, the only effect of H; is on
W; through w,,. Here we have that w.h.p. W; ~ (%)1/2 and w,, ~ W =
1
O(Qm((;g,:l)]/z) = O(Wv[)
Case 1: n; <v, <n/5:

Note that in this case

12
62) c<vt>zl<ﬁ) -1,
2 Uy

In the following, we use Lemma 2.1 to estimate the integrals over n;. We observe
that

E(r)*!H;)

< Z Ny, /‘(1— m 77;” le nj (d ()= A H )d
S — - = ,1j)dn;
S 2D Jymo = 1)) SR
Y
(63) D -
N jU’ K 2(vt.])l/2
Y

/(1—%)”1 njm_le_”/
X —
n;=0 (m—1)!

1, I=k=10L))
X e
(e(L /i) /2)dorms o o joL i

Explanation of (63): We remark first that the conditioning on H; only adds a (1 +
o(1)) factor to the upper bound on our probability estimate. We will use Lemma 2.2
to bound the probability that degrees are large. Now with our bound on v; and
within the range of integration, the ratio of AYY —m to the mean of d,(j) —m is

Ay —m _ym(G) (1 - (%)‘/2 —o(1) _ m(i)‘/z
SEG o WIPA= (D2 +o()) T g

Uy

(64)

>
~ L—-1 L —\L

We then use (11) and Lemma 2.2(d) with § = (K/L)l/z.
Continuing, we observe that

65 . K 1/2 | K —1 1/2 1
_ _ <
(65) <+L) (+ . ) <o

L k= I\/2_ (k\12
<1 + > > (—) when « > 10L.
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and so
—m/(2L%) 1/2 _ 1/2
el Ny, e ™ Kk+1 k—1
E(r}‘/’ K |H,)§ tyvtl/z_(<<1+ 7 Uy —((1+ 7 vy
1, 1 <k <10L,
(66) x <{(6(L/K)1/2)d()ym§(vt)’ x> 10L )
Ny e ([1, 1<k <10L,
==L doymg (vr) 101 :
yL (e(L /i)l /2)dormed = e S 0L
Continuing, it follows from (65) that
1 vy 1/2
(67) Z JIT = y—L’
jer"

E(r)*? H,)
(+1/Lm "L
nv, / J . V,
<§ S Pr(d > AY|H;,n;)dn;

vf LK

nj=(1—1/Lym (m — 1)!

JEJy
1, Kk <3,
d

©) < 3 # x exp{—%g(vt)}, 4<k<10L,

. vt K U J

jely’ ! (e(L/K)l/Z)dOme(Ut)’ > 10L

1, <k =<3,
69) <y} omdiymeun/L? 4<k<10L
p— L 9 —_— J— b

(e(L/i)/2)dovmetn = 5 10L,

where we have used (67).
Explanation for (68): We proceed in a similar manner to (64) and use

A;t —m ym(vﬁ)l/Z(l_(l;l_z)l/Z_O(l)) |
= : - >14 —
£ () n(I2A— (D2 ye T L

1
ife >4, n;,>(1—— |m.
if kK > 77]_( L)m

Then we use Lemma 2.2(c), (d).
Continuing,

E(r)“3| Hy)
(70)

> /oo 1 o

= 20v )12 L Pr(d,(j) = A%|H,, n;)dn;.

_jejv,,K 2(Uzj)1/2 nj=(+1/L)m (m—l)! (n(])_ J/| ln./) n;
y
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We bound the integral in (70) by something independent of j and then as above,
there is a factor n,, /y L arising from the sum over j.
Forall 1 <k <80L + 1, we simply use the bound

1 —p;
00 ;7'." e d
) / U dny <expl -,
nj=m(+4) (m—1)! L

For « > 80L + 2, we split the integral from (70) into pieces B, B; (whose defi-
nition depends on « ), which we will bound individually.
In particular, we use

) n;"_le_"j
BK:[ ~ Pr(d,(j)> AY|H,, n:)dn;
il A i T s L
1 —n:
00 r)m e i
(72) 5/ Sy,
nj=m(1+<H4 (m —1)!

< g~ damle/L)

and

(A e )
BK=/ < _Pr(d,(j) = AY|H,,n;)dn;

27 Jymmas ) (m—1)! (dn()) = Ay 1Hr, 1) dnj
(73)

_ ) K —1\1/4 eL1/4\ daym¢(v)
5Pl‘<dn(J) = Ayt|Ht,77j §m<1 + 7 ) ) =< (W)

to bound the integral in (70) by B} + B; for all « > 80L + 2.

Therefore, gathering the many terms together [and using that x < # from
(51)] and relying on m large to allow crude upper bounding, we see that

L
YRy H,)

Uy
< Lmax{0, (1 — )} [from (60)] + 10Le™™/@L") [from (66)]
£ 10Le~MymE@D/L? [from (69)]

(74) 2
2nLy“/i 172~ doyme (v;)
L oy
L@ty Yy <6Kl_/2) [from (66) and (69)]
k=10L

+ 6 [from (69)] + 100L exp{ - dz—’f } [from (71)]

2nLy?/i 1/4~ daymt (v
L yym¢ (vr)
+ Z (ed3m(K/L)l/4 + (eKI/4 ) ) [from (72) and (73)].
k=80L—+2
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We first observe that if ﬂ < = then the summations k = 10L, ..., 2nLy? /v, etc.

above are empty. For larger n / v; we can therefore assume that ym(n/v)"/? > m

which implies [see (62)] that ym{ (v;) > m /2 and then we can assume that

Z”LXV%/“I eL1/2\ doym& (vy) 1 Z”Lf/“f eL1/4N daym& (vy) 1
cotoL VK / 1000 c—80L41 N K / 1000

Plugging these estimates into (74) and making some simplifications, we ob-
tain (53).
Going back to (52), we have

3 Ut
L 2s
r= E( y Ht)

Ny, mi
< Lmax{0, (1 —y)}

+200Le~"/CLY 4 1o0Le—hrmew)/L?

+(2+e*m/(2L2)) > L\ 12

2nLy /vt 2k (eLl/z)d()ym{(v[)
k=10L

dom
+ 12+ 1O4Lexp{—7}

2nLy? /v, 1/4~ dyym¢ (vy)

2K ( _4 1/4 el 4ym (v

(k/L)

+ E ( 3mie + < /4 ) )
k=80L—+2

Making similar estimates to what we did for (75) gives us (54).
We obtain (55) from (P5), (66), (69), (72) and (73). Indeed, if Jy Uk —£ & then

from its definition we must have v, < ZLy L

. Together with v; <n/5 we obtain

that ¢ (vy) > 2L'j2 . Thus, in this case,

eL1/2N\ doym& (vy) eL1/2 dom(loglogn)?/2L'/2 1
76 —_— < —of —
(76) ( /2 ) < ) 0(10g )

This deals with the probabilities in (66) and (69). For (69) we rely m large to show
that e—dm@/DV* o(1/ log10 n). Equation (72) is dealt with in a similar manner
to (66). Here we have (eL )d‘””mf @) which is the square root of (76).
Case2:n/5<v; <n(l — %).
The upper bound on v; implies that

(loglogn)?

me(vy) > L.
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Using the same definitions of r;f”"l ,1=1,2,3 as above:

Y E(ry*'H)

Kk>1

-1 )
(1——)m e N
E 2 : nv, / 7]
a o 20 )2 im0 m—1y1 M

—m/@2L?)
<> > 2(U;Jt)1/2 " from Lemma 2.1(e)

k>1 je JurK

<M (1)1/ 2 —myer?)
YV \U

1/2
_ 5P w2y
Y
Y E(r)*?|H,
Kk>1
(1+1/Lym n;fl—le—nj
Pr(d,(j) = AY|n;)dn;

S Z 2(th)1/2 /

K= je i nj=(1—1/Lym (m — 1)!

<
LY s
m—1 1’ = 3’
A+1/Lym  n' = e d
/ A e A e (V2
nj=(1-1/Lym (m —1)! [2
(e(L/K)l/Z) 6}’m§(vt)’ > 10L
2, Kk <3,
_ N Do JAem BT, 4<k<I0L,
- yL L1/2\deyL?
k>1 (61—/2) , x> 10L,
K
OB,
Kk>1
00 nm e Nj
J
<
KZ>:1 th K 2(UtJ)l/2 /n, =(41/Lym (m —1)!
= Z _ M pmm/GLY from Lemma 2.1(d)

2(v )2

KZI UtK
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< ﬂe—m/mz)(ﬁ)l/z
Y Ut

1/2
< 51/ N, e—m/(3L2)‘
14

The above upper bounds are small enough to give the lemma in this case, without
trouble. [

We are now in a position to prove (20). We confirmed the second part of the
statement (20) above, using (55), so only the first part remains. The first part fol-
lows immediately from Lemma 3.11 and the following, by addition:

LEMMA 3.16.

211, +L_;
mL m

E(o: 1y, >y, | Hy) <

PROOF. We consider cases.
Casel:n; <v; <n(l — %): Then,

E(oly, >v | H) < + D+ I3 + Iy,

where
5/4 . .
h :/ 1/8E(pt1“’+13”t|yvz =y)dPr(y, <y)
y:
5/4 /2% 83 7L
= “~ 4+13+100L _CWL))dP *
‘fy:1/8< mpL X < g T 15+ 100Le r(yy <)

77 by Remark 3.14, Lemma 3.15

1000n,, [5/4
< / dPr(y; <y)
14

m =1/8
< nye " from (35),
10,000 /2 . )
h= 13+ 100Le™ dPr(v* <
2 /y=5/4 (my3L Xy % (13 + ¢ )> (Vv, <vy)
(78)
- 201y, ’
- mL
I3 = foo (L X My, X (13 + IOOLe_CZVL)>dPr(y* <v)
y=10,000 \my3L vt S
27 00
(79) T y~"dy from (36)

=
105 Lm J,=100
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271y, 1
= X y
1015Lm ~ 102em=D(em — 1)
18 * *
Iy= / E(piLy,, =v vy, =7)dPr(y, <v)
y=0
(80)
Jp—rs

To obtain the term e—%™"* in (80) we use (33) and (34) to obtain
max|y €[0,1/8]:y 2 Pr(y* <y)}

<max{y €[0,1/8]: (y1/274/(c1m2)617},1/2)61m2}

+max(y €[0,1/8]:my " >min{e~c1r ema1/r'?

H

2 172, »~ 2 1/2
< (84/(c1m )—1/281—1/8/ )Clm + m2e—c1m / ‘

The first case of the lemma now follows from (77), (78), (79) and (80).
3
Case 2: vy >n(1l — 3%):
We observe first that n < v, (1 + 4m£). Then we let Z = d,,(v;) — m be the num-

ber of right neighbors of v;. Furthermore,

3
n v (1+4£)

w
EZIH)S Y, — 5
j=ve+1 Jj=v+1

413\ 1/? 413
Snv;<(1+7> _1> f’?vrv'
Case 2a: ny, > 1/LY/2.

We use (81) and Lemma 2.2(d) to prove

1/2
H:) < el < ol

My,
2(v, Y2
(81)

(82) Pr(Z > v
L

Then we can write

413 —a L2 2my 3y
E(pi1y, > |H) < (14—7) x e ! +L—mI§L—mI.
Explanation: p; will be at most (1 + 4L3) if the unlikely event in (82) occurs.

m
ZZ < 2771);

Failing this, the chance that p; > 1 is at most &< TL.

Case 2b: n,, < 1/L/2,
It follows from (81) that E(Z|H;) < 4L5/2/m. It then follows from Lem-
ma 2.2(d) that

3
Pr(Z > L—‘H,) < bl
3m
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We then have
213 L3
— <

413 —dL12
E(ptlv[+12vt|Ht) = (1 + 7) X e~ 4 + 3 = 3? 0

Part 5. We now prove (21). To do this, we will obtain a recurrence for
E(nv,,,1H;), and, at the end, obtain the bound 4m by averaging over the possi-
ble histories H;.

We begin by writing
(83) E(nv,+| |H;) = E(nv,H lv,+1 <y |Hy) + E(nv,+| lvf+| >y |Hy).

We consider each term in (83) separately. For the first term, since
Mot Loy <o, <max{m : 1 <l <v;,l e Np(u) 1y, <u,
<max{n:1<Il<wv,l€NL(v)}

we have that

E(’?U[+11v[+1<v,|Hl)
<E(max{n; :1<l<wv,l€Np(v)} H)

o0

= Pr(max{n;:1 <l <v;,l € Np(v;)} =nlH;)dn
n=0
o0

= Pr(EIl§l<v,,leNL(vt):mZn|H,)d

Ut—l

/ > Pr(l € Np(v,) and ;> n|H;) dn
n=

0=1
-1 _
wy 00 nm e M
/ ————dmdn
n=0 1=1 th n=n (m - 1)

00 U[—l

(84) <

~

vr—1 m—1_—n;

ni moe
< dnd
NZ/ /m w 2m(u) 72 (m — 1y

o0 nl e —n
<2m+ (1+o(1) / / dmdn
n=2m Jyy=n (m —1)!

o0
<2m+ 431710 gy from Lemma 2.1(c)
;7:2m

< 2m + 2033

< 3m.

We now bound the second term of (83). We consider two cases, according to
properties of the history H; (which determines v; and n,, ).



618 A. FRIEZE AND W. PEGDEN

Case 1: Hy is such that v; < (1 — —7)n.
In this case, we have that

E(my, Lo, >y | Hr)
<E(max{n; :v, <l <n,v41 € NL(1), dp(l) > A;J,}t o 5o | Hy)
<E(max{n; : v, <l <n,v41 € NL(1), dp(l) > A;}t } Hy).
So we have that

E(’?U[+11U[+1>v,|HZ)
= E(maX{m v <l <n,v1€NL(),dy(l) > A;t* }lHt)
v

o
= Pr(max{n; :v; <l <n,v; € Np(I),d, () > Ai’* } > nlH;)dn
}7:0 vt
(85) ~
:/ Pr(3v, <l <n,v, e Np():m >n,d, (l)>A |H;)
n=0

Z/ Pr((vr € NL(D) A Gt 2 1) A (da(D) = AL ) Hy, i) dy
l vr+1

n m le_nl
< Uy d l > A'Ut* H d d ‘
~ 2(lvt)1/2£] O\/ﬂl — (m—l)' r( n()_ Vvtl t,?][) nan

Recall that in the final two lines, v; and 7,, are not random variables, but are the
actual values of these random variables in the history H;, so this is a deterministic
upper bound on E(ny, . 1y, > v, | Hy).

We split the sum in the RHS of (85) into £ + E»> + E3 + E4 according to the
ranges of / and 7, and bound each separately. The first part consists of

n
Ei= )

l:l)[+1

’lvt1154m2v,/(y;)2
2(lv)1/2

_ .
/’7 '/;n = (M—l)! r(d"(l)ZAy;;IHt,m)dmdn.

Even though v; and n,, are constants (determined by H;), we caution that y;j
and so also E| are random variables.
Observe that we have that

o0 n;n 18_771 v o0 n;n_l —n
M€ pr(d, 1) = A |Hyum dms/ M€ <1
/771=n (m —1)! (e vi, 1Hos ) m=n (m — 1)!

which allows us to write
n
(86)  Eilyr<sju<lyr<s/a >
l:U[+1

2mn, Ly <amv, )y )2 - Sm? Moy
2(lv,) 12 v

Uy

yi, <5/4-
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We will use this expression when we take the expectation over y, < 5/4.
We also have that

[e.¢] r)m 1 n
(87) —(’ o Pr((dy(1) = Aye) A vy, > 5/4) Hy ) dny < I + L+ I,
n=n — 1)
where
Tm/8 pym—1,—m 7 m
I :/ udm §m<—e1/8> fefdom from Lemma 2.1(a),
m=n (m—1)! 8
00 m—1 ,—y
b =/ udm <edm from Lemma 2.1(d),
m=9m/8 (m — 1)!
. 9m/8 nmfle—mP i .
I :/ -+ Pr —m=>vy " mé(v
@) =] o PO —m = yime w)

A vy > 5/4)|Hy, i) dm
9m /8 n;n—lefm 5
< / —Pr(dn(l) —m> —m§(vz)‘Hz, m) dn.
n=7Tm/8 (m—1)! 4

‘We bound I3 with two subcases:
Subcase 1a: ¢ (1) > 0.

9m /8 nlm—le—m 10¢ (vy)
e (a0 —m = S| ) an

) 8
> —
|:smce m > 9mi|

(102 (v) = 95 (1)*mi

- 9m /8 ,7;11—167771 expi — 8120) , 10¢ (v;) < 18¢(1),
/,,,:7m/8 (m—1)! exp _(10§(Ut) —94“(1))771} 10¢ (vy) > 182 (1)
(89) 27
[from (2) and € > v, + 1]
7
[ arten forls L 0 < 180,
S R
m=Tm/8 (=D oxp j'";;;””}, 10¢ (v) > 18¢ (1)

< = mE(w)/100,

Subcase 1b: ¢(1) <O0.
In this case, we go back to (89) and use ¢ (/) in place of ¢ (1), see (10).

om/8 ny—le—nz <d 0 - 10¢ (vy)

+
1 =7m/8 (m — 1)' - 9;-—1—(1) orr ; ( )’Hh nl) dﬂl

00) I < fn
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For ¢ as in (46), we see that ¢ (I) < 0 implies that [ > n(1 — ¢)2. In which case

1) ) < 12—8 < 3.

On the other hand, v; <1 — 1 —77 implies that

1
92) f(vt)Zm—28Zm-

Comparing (91) and (92), we see that ¢(v,) > ¢ (I). From this and (3) with 8 =

19%(2’[’)) > —L we deduce that

10¢ (vy)
B 9€+(l)

Pr(d ) — 1§+(l)‘H;, 771) < (68601/2)10771{@[)

< (68w1/2)35m§(vt)/36'

Plugging this estimate into (90) we obtain something stronger than (90), finishing
Subcase 1b and giving that I3 < ¢=¢@)/100 ip a]] cases.
Having bounded the three terms in (87), we then have that

My, ll§4m2vt/(y1j‘t )2
(lv)!/?

n
Eily.sy< Y. (e=dam 4 =mE@)/100)

1=U;+1

Sm e ™M¢)/100 N 1
=y (e“’z’"— +—— —

" 172 72
Yo, v/ 1=t ! /

=n 4 dm +e —mg(v n-+ 2 1/2
( ) = v < me ? Z( r)/lOO ( 1) I/ (U + 1) / )
t

v, 1/2

< 1y, (dme™ B 427 (v)e 8@/ 100)

200
S 77vt (4me_d2m + 7)-

It follows from (86) and (93) that
2

Sm 200
Ey <y, <—*1y;;<5/4 + (4me_d2m + —))
V4 m

Ut

We continue with the other parts of the RHS of (85):

n My 11<4 2 *)2
. Z Ai<amo /)

1/2
L 2

/ foo T e dn®) > A Hy, ) dt
. m n=n (m—l)‘ n - y* 12
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4m vt/(Vu,)2 - -
= — dn;dn
- v+l 2(lvt>1/2/n zm/n, n (m—1)!
4m>v /(y3)?
My, o (en/m\"™
%94) = — / ( ) dn from Lemma 2.1(c)
l:%;rl 2(lv)V2 Jy=om \ en/m
4m?v [ (r)? . ~
Ut —3mx /10
=< ——— X m/ e dx
l=§|—l 2(11);)1/2 x=2
2 * 2
_4m l%(:yv,) 107’]1,[6_3”1/5
N et GO
<
Yy,

Note that we absorbed an O (m) factor into the expression in (95). This is valid
because m is large. We continue to do this where possible:

E3= )

l:v;—l—l

Vo Ufvp)'? m—1 ,—n
x/ ’ / T " prd, ) = A, |H,)dm dn
n=0 m=n (m —1)! Yo
n

5 my, /y;;a/v,wz /00 e
N2 — 5y anman
2(11)[)1/2 n

I=4m2v, [ (y:)? n=0 1=y (/v)1? (m—1)!
vt

’7vf11>4m2u,/(y;§)2
2(lv) /2

A

n

Ny,
< PR el
- Z 2(lv,)‘/2

I=4m?v /(v)?

y:(l/v )1/2 3 * l v 1/2
x/t t exp{—%}dn from Lemma 2.1(c)
n=0

5 o {_3@ (Z/vt>1/2}

———5 €X
I=4m2v, ) (7:)? 20w/ 10

1/2
5 Mo, Vo, /" exp{_3y;’j(x/vt)/ }dx
Ut x=4m?v, /(y)? 10

*
< o Yy X 8:t2/oo ye 35 dy
Ut (yvt) y=m
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— nvteidz‘m
ve
n 77Utll>4m2vz/()/5§)2
Ey= 12
& 2wV
foo fOO n;ﬂ—le—m ( v )
% —————Pr(d, () > A\ [H;, i) dnidn
=y /o) 2 Jy=y (m — 1) ’ i
n m—1 ,—n
nvt /'OO /Oo nl €
l=4m2%;(y,j‘,)2 2(lv;)1/2 n=y3 (/v)2 Jy=n (m —1)!
n n o
- v / =3n/10 4
- Z 2(lv)12 Jy=y; (l/v)‘/ze !
I1=4m2v; /(y:)? LA
Sy ] U
< 172
a2 3(lvy) 10
172
< xmexp{_m}dx
— i1/2 X:4m21}t/()/u*r)2 10
4 00
_ 77:, / e=3/10 gy
Vo, Jy=2m
- nvfe—d5m
Vo,
Thus,

E(nv,_H 1U[+1>U[|Ht)
<E\t+E+E3s+Ey

5m2  e~dem Tm?
( + )771), < gl Vo, <5/4,

< )ﬁ)tti J/ljkt Ut
| /e~ ™ 200 .
v + e LIS Yy, > S/4.

We now integrate with respect to the value of VJ;- [Note that V;; is actually a
discrete random variable, so that Pr(ylj’: < y|Hy) is discontinuous, but one can
view this as a Riemann—Stieltjes integral. We write Pr' (yy, < v) below in place
of Pr(y, < y|H;).] Using Lemma 3.12, we see that if m is large then integrating
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over y,

E(nv,+11v,+1>v,|Ht)

5/47m
fnu,<f —dPri(y} <vy)
y=0 VY

o—dm 200
/ dPr(yE <y) + )
y=5/4 VYV m

5/4 Tm? 200
S’Iv:(/ —dpr' (Vo <v)+e —d8m+—)
y=0 V¥ m

1/m 7m
= ——dPri(y* <
nv, </);:0 )/ (yut — y)

Tm? 1/m 1/m'2 72
< nv,<[7PrT(Vﬁ‘, < J/)] +/ . y—Pr (vy, <v)dy
y:

54 7 200
+/ APy <y) e 4 —>
y=1/m ¥ ' m

514 73 L
—l—j —dPr' (Vo Sv)+e @+ —) from (34)
\/m Y m

1
< M, (e—dgml/Z + e—d10m1/2 + 7’/’14 Plj(; < y;k[ < 5/4>

200
e B —)

m

200
<y (e‘d”’"”4 + —>

m

Combining (84) and (95) via (83), we have that

— Ny, -

200
(96) E(n,, | H) <3m + (e—cm”“ + )

This completes Case 1. Case 2 is much shorter.

623

200
<1, (e—d9n11/4 + €_d10m1/2 + 7m4e—c1m + e—dgm 4 _) from (35)
m



624 A. FRIEZE AND W. PEGDEN

Case 2: H; is such that v; > (1 — %)n.

(nUH—]' f) 2(11}[)1/2/); O,/m - (m . 1)' 771 77

m—i

~ v e
Z 2<zvz)1/2fn 0 Z(m TR

l='Ut+1

n
mny,

2(0v,)1/2

l='Ut+1
n+DV2 =@, + D2
(v + D1/2

mny,

~

mny,
= o2

This completes Case 2. In particular, for sufficiently large n we see that for any
typical H; (i.e., in both Cases 1 and 2), the bound from (96) is valid. Putting

& = EN{H; is typical}

we deduce from (96) that

200
©97) E(n,.,1€) <3m + (e—”"”“ + —)E(nv, )

200
(98) <3m+ (e‘“"”“ 4 —)E(nv,wz D,

We obtain (98) from (97) because & C &1 and so
E(10, 1€-1) = E(0y, |€) Pr(&|E-1) ~ E(04,1).
Because m is large, (21) will follow by induction once we have shown that
(99) E(y,) =3m.

Here we will use the assumption that v; is chosen exactly according to the station-
ary distribution for a simple random walk on G,,. In particular, we have

n d, (i
Pl’(ﬂv1 >n) < E(Z ﬂlﬂqi’?)’

—~ 2mn
i=1

and Lemma 2.2 implies that if n > 2m
1/2 roo m,—n 1/2
. n n"e n _
_ <(Z U <(Z n/2
E((d, () m)lnvlz,,)N(i> /;7:2m (m—l)!dn’v(i) X dme )
Furthermore,

E(mly, =) =mPr(n, >n) <5me ">,
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So, if n > 2m, then

Qe /2 1 3
Pr(jy, =m) S — 17 Z 1/2 <102,

Therefore,

o.¢]
E(ny,) <2m + / Pr(n,, > n)dn <2m + 10 "2 dn
n=2m n=2m

and (99) follows.

3.2. Exiting the main loop with SUCCESS. In summary, it follows that w.h.p.
DCA reaches Step 7 in O (wlogn) time. Also, at this time vy < log!/* n. This
follows from Lemma 2.2(g), (h) and (P4). Furthermore, this justifies using n; as a
lower bound on vertices visited during the main loop. The random walk of Step 8
will w.h.p. take place on [log'/? n]. This follows from Lemma 2.2(j). Vertex 1 will
be in the same component as v; in the subgraph of G, induced by vertices of
degree at least m;:ll—//;“n' This is because there is a path from vr to vertex 1 through
vertices in [vr] only and furthermore it follows from Lemma 2.2(i) that w.h.p.
every vertex on this path has degree at least % The expected time to visit

all vertices of a graph with v vertices is O (v3); see, for example, Aleliunas, Karp,
Lipton, Lovasz and Rackoff [1]. Consequently, vertex 1 will be reached in a further
0((log1/9 n)3) = o(logn) steps w.h.p., completing the proof of Theorem 1.2. [

4. Concluding remarks. We have described an algorithm that finds a distin-
guished vertex quickly and which is local in a strong sense. There are some natural
questions that are left unanswered:

e Can the running time be improved from O (wlogn) to O(logn)?

e Can we get polylog expected running time for DCA if m =27

e Can we extend the analysis to other more general models of web graphs, for
example, Cooper and Frieze [7]. In this case, we would not be able to use the
model described in Section 2.

As a final observation, the algorithm DCA could be used to find the vertex of
largest degree: if we replace Step 8 by “Do the random walk for logn steps and
output the vertex of largest degree encountered” then w.h.p. this will produce a
vertex of highest degree. This is because logn will be enough time to visit all
vertices v < log!/3” n, where the maximum degree vertex lies.

APPENDIX A: PROOFS OF PROPERTIES (P1)—(P5)

In this section we give proofs of (P1)—(P5), which we list here for convenience.
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(P1) For Y¢ ¢ = Y — Y¢, we have

1/2

(100) Yioek—0)|1+ LB
e —_ -
o [ 3(k — @1/2}
for (k,£) = (mn +1,0) or
L0 1, =0,
elw,w+1,...,n} and k—1I[> logzn, kzlog30n,l>0,
10g1/300n, O<l<k< 10g30n.
H R
ereno—m, O—W,
logk, w<l<k<log¥n,I>1,
k2, w<k<n?1=0,
k — )2, log**n <k <n?P,
Okt =1 (k — 0)3/21
()1#’ 25 <k <no.
n
n
_ no < k.
w3/2log?n 0

; Lo!? ; .
(P2) W; € (%)1(2[1 + 1~ (D)2 forw <i <n.
(P3) w; ~Wforw§i§n.

(P4) Ao <n; <40mloglogn fori € [log30 nl.
(P5) n; <logn fori € [n].

Proof of (P1). Applying Lemma 2.1(d), (e) to (1) for i > 1 we see that

Pr(—|(P1))
" L?6 " L%0
5226xp{— 27k’0} +2 Z exp{— 27”}
k=w k—é—log1/3°°n
L?6
+ Zexp{—izgﬂ’o }

n?/3 125172 no L2632 logn

= k=n2/5+1

n+1 2
L
+2 E exp{——n}

2
Pl 2703/%log™ n
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log*%n 2 n?> 2 1/2
L-logk L~k —1¢)
2 — 2 -
+ Z exp{ 77 } + Z exp{ 77 }
k—t=log!/3%0 k—t=log**n
20 L?>(k — £)*?1logn
+2 Z exp{ — 1T }
k—0=n2/541
" L*n
+2 Z exp{ - }
PR 27032 log™n

—o(1).

Proof of (P2). For this we use

Then,
iN2r L6l
1
we () [ S
implies that either
Lo)/? L01/2
Tmn+1 ¢(ml’l+1)|:1:|:3(’nn7_;_1)1/21| or Tml ¢ml|:1:|: 3; 172 :|

These events are ruled out w.h.p. by (P1).

Proof of (P3). Weuse (1 +x)!/? <1+ % for 0 <|x| < 1. Then,

w_( Tmi )l/Z_(T mi— )1/2
l Tmn+1 Tmn-i—l

_(Tm(i—l))l/2(<l+ i )1/2_1)
Ymnt1 TmG—1)

. LO/ 1/2
(m@ —1(1+ m)) / ni
- L6 12 L6}”?
((mn + 1)1 — W)) 2m(@i — D - m)

ni 216}/?
< 1+ L .
- 2m(in)1/2< m1/2i1/2>

A similar calculation gives

om 216"
Wi = 2mGm) 2\ ml2i2)
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Proof of (P4). The upper bound follows from Lemma 2.1(c). For the lower
bound, we observe by (7) that the expected number of i < log>® n with n; < Ag is
at most log*n x Ay =o(l).

Proof of (P5). This follows from Lemma 2.1(c).

APPENDIX B: PROOF OF LEMMA 2.2

We restate the lemma for convenience.

LEMMA B.1.

(@) If € occurs then d, —m € [n;¢ (i), n;ic ()]

(b) Pr(dy (i) —m < (1 —aymg(j) <e MO foro<a < 1.
©) Pr(d,(i) —m> (1 +a)ymc+(j)) <e ' m¢ OB foro <o < 1.
(d) Pr(d, (i) —m = pms*(j)) < (e/B)P"¢" D for g > 2.

(e) Wh.p.ni > roand w <i <n'/? implies that d,, (i) ~ ni(’l’—.)l/z.
() Whp. w <i <log* n implies that d, (i) ~ ni(’:—.)l/z.

(g) Whp. w<i<n'/?implies that d,, (i) < max{l, 77,-}(’1’—.)1/2.

(h) W.h.p. n'2<i<n implies d, (i) < nl/3.

(i) Whp.1<i <log"* n implies that d, (i) > 10;1//220”-

(G) Whp.d,(@) > 10g,+0n implies i <log'/°n

PROOF. (a) Suppose that we fix the values for Wy, Wy, ..., W,,. Then the de-
gree dy, (i) of vertex i can be expressed

n m
dy()=m=+Y_> ik
j=ik=1

where the ¢; ; are independent Bernouilli random variables such that

w, W
Pr(;,k—ne[w i 1]

So, putting
gn (l) = E(dn (l))

we have
n

1 - " 1
muw; E — <d,(i) —m <mw; E —.
— W; = W;
J=i v j=l—1
Now assuming that (P2), we have for v <i <n,

Ew=26) 05k

Jj=i
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But
12 25 n
n gl s 0 loel/2p n nl/2
Y=Y mat X n1/g4-1/4+ > 3% loan
j=o 4 j=w j=n2/541 J j=no+17 g
—an'/10 4 4n'/? 3n!/21oglogn
- 3w3/4logn w3/*logn

- 4n'/?loglogn
w3/*logn
It follows that
9Ln'/?loglogn
w3/*logn )

(1) (1= (2) - L - Shdegoen
- i n nl/2il/2 2w3/4logn )’
after using (P3). B
A similar calculation gives a similar upper bound for d,, (i) and this proves that
SLloglogn
w3/*logn :|

Czn(i) >m +mw,~n1/2(2(n1/2 — (i + 1)1/2) _

B n 1/2 i 1/2
i > w implies that d, (i) em+n,~(7> [1 — (—) +
i n
It follows from (2) and (4) that

L2nn/?
Pr(d, (i) —m < (1 —a)n; £ (D)|n;) < expy——p—75
= = 4i121/2 |

L2nin'/?
Pr(d, (i) —m > (1 + a)n;£()|n;) < expy——5—75 |-
= = 4i1/201/2

(a) For n; > Ag and w <i < ng we have

exp{— leninl/z } < o~ LPlogn/,
4i1/241/2

(b) This follows from (a) and (4).

(c) This follows from (a) and (2).

(d) This follows from (a) and (3).

(e) This follows from (a), (b), (c) and (12).

(f) This follows from (e) and (P4).

(g) This follows from (c) and (12).

(h) The degree of i > n'/? is stochastically dominated by the degree of n'/2.
Also, the probability that d,(n'/?) exceeds the stated upper bound is o(1/n). So
(h) follows from (g).

() Forow<i< 10g1/49n, this follows from (f) and (P4). For 1 <i < w we can
use (b) with n; > A9 and @ = n~1/10,

(j) This follows from (e), (f) and (g) and (P4). U
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